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Redox flow batteries (RFBs) are an emerging technology envisioned towards storage of renewably
generated electricity. A promising sub-class of RFBs utilizes single-flow membraneless architectures in an
effort to minimize system cost and complexity. To support multiple functions, including reactant
separation and fast reactant transport to electrode surfaces, electrolyte flow must be carefully designed
and optimized. In this work, we propose adding a secondary channel adjacent to a permeable battery
electrode, and analyze the effects on the single electrolyte flow as well as on the reactant concentration
boundary layer at the electrode. We find that an adjacent channel with gradually changing thickness
leads to a desired nearly-uniform flow through the electrode to the adjacent channel. Consequently, the
thickness of the concentration boundary layer is significantly reduced, increasing reactant transport to
the electrode surface to 140% of the rate of a battery with a constant width adjacent channel, and350% of
the rate of no adjacent channel. Overall, this theory provides insight into the important role of flow physics
on this promising sub-class of flow batteries and will pave the way to create more efficient flow batteries.

DOI:***

0. Auxiliary Functions

This section is used for the definition of auxiliary modules to be used within the document.

The MakeEquationListFlat[EquationList_] function eliminates the {{}} appearing within list of manipu-
lated equations



2 | Supplementary material - Flow Batteries Model.nb

in:= MakeEquationListFlat[EquationList_] :=
Module[ {FlatEquationList}, NumberOfEquations = Length[EquationList];

FlatEquationList =

{Flatten[EquationList[[1, 1]]][[1]] - Flatten[EquationList[[1, 2]]]1[[1]] == ©};
For[n = 2, n <= NumberOfEquations, n++,

FlatEquationList = Append[{FlatEquationList},

{Flatten[EquationList[[n, 1]]1][[1]] - Flatten[EquationList[[n, 2]]]1[[1]] == ©}]

15
FlatEquationList = Flatten[FlatEquationList]]

The first function is the order grabbing function GetEquationListOrder

n2;= GetEquationListOrder [EquationList_, OrderEps_, SmallParameter_] :=
Module[ {EquationListOrder@}, NumberOfEquations = Length[EquationList];
EquationListOrder® = {CoefficientList[EquationList[[1]][[1]],
SmallParameter, OrderEps + 1] [ [OrderEps +1]] - CoefficientList][
EquationList[[1]][[2]] , SmallParameter, OrderEps + 1] [ [OrderEps +1]] == 0};
For[n = 2, n <= NumberOfEquations, n++,
EquationListOrder® = Append[{EquationListOrdere},
{CoefficientList[EquationList[[n]][[1]], SmallParameter, OrderEps +1][[
OrderEps + 1]] - CoefficientList[EquationList[[n]]1[[2]],
SmallParameter, OrderEps + 1] [ [OrderEps +1]] == 0}]
15
EquationListOrdere = Flatten[EquationListOrder@]]

niz= clean2[expr_] :=
HoldForm[expr] /.
h_Symbol[args___]1 /; Context@Unevaluatedeh =!= "System™" =» h

n4r= pdConv[f_] :=
TraditionalForm[
f /. Derivative[inds__][g_][vars__] +» Apply[Defer[D[g[vars], ##]] &,
Transpose[{{vars}, {inds}}] /. {{var_, 0} =
Sequence[], {var_, 1} = {var}}]]

ns:= centering := CellPrint [ExpressionCell[#, "Output", TextAlignment - Center]] &

iner= TextbookEq[expr_] :=
TraditionalForm[{TableForm[expr] // pdConv }[[1]]1[[1]] // clean2] // centering

1. Problem formulation and governing equations

In[7):=

We examine the steady viscous Newtonian flow within a system having an inlet on one side and an
outlet on the other where the flow is pressure driven.

The system, schematically depicted in Figure 1, consists of two channels parted by a permeable separa-
tor layer, allowing mass transfer between the them. The Cartesian coordinate system (x,y), is also
shown, where the x axis denotes the downstream direction and y is perpendicular thereto.
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Fig. 1. Schematic illustration of the configuration of the examined system, showing the coordinate
system and key parameters used for the analysis. The separator layer (dashed line) allows the steady
viscous flow, induced by a pressure gradient in the downstream direction, to cross to the lower channel
and visa versa.

The examined system of length |, consists of two parts, the main channel (Region 1) and a secondary
channel (Region 2). The former is a channel characterized by height h_1, and the latter having a a

bottom wall expanding downstream which is defined by

o= h2EQ = h2[x] == h2 (1 + a1l (x/1)); TextbookEq[h2Eq]
alx
The regions are parted by a separator layer having permeability k, which is defined as the relative

amount of the fluid which is able to pass through the layer, according to the porosity of the layer. l.e.,
the velocity of the fluid perpendicular to the layer will be governed by
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nio)= UYKratio = Uy == k /u AP; TextbookEq[UYKratio]
k AP
Uy=——
o
where Ux_i and Uy_i denote the velocity in the direction of the coordinate and the index indicates the

region.

A. Governing equations in dimensional form

Assuming steady Newtonian, incompressible flow with negligible inertial effects, the fluid motion,
having a dynamics viscosity, y, is governed by the Stokes equations. The equations governing the fluid
in region 1 are given thus by:
In[11]:= TeX‘tbOOqu[
XMomentumConservationEql = u (8(x; (O UXI[X, Y1) +8yyy (B(yy UXI[X, Y1) ) - 8y PLIX, Y] == 0]
TextbookEq [YMomentumConser'vationqu =
#(0exy (00xyUyLIX, Y1) +O¢yy (Oyy UylX, ¥1)) - 84y PLIX, Y] == O]
opl (azuxl quxlj

-— +
Ox 0x? 0y?

apl (azuyl ﬁzuyl]
——tu +
Oy 0x? 0y?

along with the conservation of mass

ni13= TextbookEq[MassConservationEql = 9 UX1[Xx, y] + Oy uyl[x, y] == 0]

Juxl OJuyl
+ =0
0x ay

The suitable boundary conditions are no slip at the top and bottom of the region,

ni141= TextbookEq[NoS1ipUP1 = ux1[x, hl] == @]
TextbookEq[NoS1ipDN1 = ux1[x, 0] == 9]

uxl =0
uxl =0
no penetration at the top of the channel,
6= TextbookEq[NoPenetrationUP1 = uyl[x, h1l] == 0]
uyl =0
and a velocity perpendicular to the channel at the separator layer

nii7)= TextbookEq [F1uxDN1 = uyl[x, @] ==k (p2[x, @] - p1[x, @]) / (W) |
k(—pl +p2)

uyl
wH

The pressure at the inlet and the outlet is
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In[24]:=
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TextbookEq[P1Inlet = p1[0, y] == pin]
TextbookEq[P1Outlet = p1[1, y] == O]

MassConservationEq2 = O(x; UX2[X, Y] + O(y; Uy2[X, y] = 0;
XMomentumConservationEq2 = u (0x; (8(xy UX2[X, Y1) + Byyy (Oqyy UX2[X, Y1)) - 0xy P2[X, Y]
YMomentumConservationEq2 = u (8(x; (O UY2[X, Y1) + 8y (O(y3 UY2[X, Y1) ) - 8(yy P2[X, Y]

- .
== b

== 0;

The governing equations for region 2 are derived in a similar fashion, with the following boundary
conditions

NoS1ipUP2 = ux2[x, 0] = 0;

NoS1ipDN2 = ux2[x, - h2 (1 +al (x /1) +a2 (x /1) ~2+a3 (x/1)~3)] = @;
NoPenetrationDN2 = uy2[x, - h2 (1 +al (x /1) +a2 (x/1)~2+a3 (x /1) 3)] = e;
FluxUP2 = uy2[x, @] =k (p2[x, @] - p1[x, @]);

TextbookEq[P2Inlet = D[p2[x, y], X] = 0]

TextbookEq[P2Inlet = P2Inlet //. x -» 9]

TextbookEq[P20utlet = p2[1, y] == 0]

The full list of equations, initial conditions and boundary conditions, for regions 1 and 2 are thus

TextbookEq[EquationListl =
List [MassConservationEql, XMomentumConservationEql, YMomentumConservationEql,
NoS1lipUP1, NoS1ipDN1l, NoPenetrationUP1l, FluxDN1, P1Inlet, P1Outlet] ]

oux1 + ouyl =0
ox ay
_apl (02ux1 32uxl) -0
ox ox? )]
_opl (Ozuyl d?uyl ) _
ay ox2 )T
uxl =0
uxl =0
uyl =0
__ k(-pl+p2)
uyl = o
pl = pin
pl=0

and

| 5
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nes= TextbookEq[EquationList2 =
List [MassConservationEq2, XMomentumConservationEq2, YMomentumConservationEq2,
NoS1ipUP2, NoS1ipDN2, NoPenetrationDN2, FluxUP2, P2Inlet, P20utlet]]

dux2 duy2 0

ox ay
ap2 9?ux2 Pux2 ) _
" ox ( ox2 a? ) =0
ap2 9uy2 Puy2 |
Ty ( pe a2 ) =0
ux2 =0
ux2 =0
uy2 =0
uy2 =k (—pl +p2)
ap2
a0 0
p2=0

We proceed to perform order-of-magnitude analysis of these equations and boundary conditions.

B.Scaling analysis and normalization of the governing equations

inze:= AssumptionOnScaling = {1 > @, hl > @, h2 > 0, pC1 > 0,
uxC >0, uyC >0, €1 >0, €2>0, u>0, K1>0, K2>0, al >0, Pin > 0};

In order to simplify the governing equations, the following geometrical and physical parameters were

assumed to be positive:

7= TextbookEq[ {1l >0, h1 >0, h2>0, u>0, K>0, al >0, Pin > 0}]

[>0

hl1>0
h2>0
u>0

K>0
al >0
Pin>0

Scaling by the characteristic dimensions, which are assumed to be positive

ines;= TextbookEq[ {uxC > @, uyC > 0, pCl1l > 0}]

uxC >0
uyC >0
pC1>0

we introduce the non-dimensional variables
oo X[x_1 =x /1;Y1[y_] =y /h1; Y2[y_]1 =y /h2;
o= TextbookEq[{X == x /1, Y1 ==y /h1, Y2 ==y /h2}]
x=j
Yi=2

[
Y2—hz

In[31]:=
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and define the slenderness ratio
ShallowRelationl = €1 == h1 /1; ShallowRelation2 = €2 == h2 /1;

TextbookEq[ {ShallowRelationl, ShallowRelation2}]

hl
EI—T

h2
€ = e

Substituting the above scaled coordinates as well as €1 and €2, to get the normalized set of equations
as follows

EquationListl =
Simplify[EquationList1 //. {ux1 - (ux1C UX1[X[#1], Y1[H#2]] &), uyl -» (uyC UY1[X[#1], Y1[H#2]] &),
pl - (pC1 P1[X[#1], Y1[#H2]] &), p2 - (pC1 P2[X[#1], 0] &), pin » (Pin pC1),
x = (X1, y—- (Y1hl)}, AssumptionOnScaling];
TextbookEq[EquationListl]
aUX1 auY1
hl ux1C 7+luyC WZO
ux1C (hl2 ZUX1 L p ﬂ) —h127pCl £

ax? Y12 o
uyCp(n12 250 4 2 200} = h1 2 pC1 2t
ux1CUX1 =0
ux1CUX1 =0
UY1=0
uyCUY1 = kpCl (-P1+P2)

wu
Pin =PI
P1=0

EquationList1 = Flatten[Simplify[EquationList1 //. {Solve[ShallowRelation1, h1]}, AssumptionOnScaling], 6];

Examining the scales of the terms of the continuity equation and assuming that
oUX1 ouy1l

xS of the same order as N

TextbookEq[EquationList1[[1]]]

oUX1 ouY1
ux1Cel +uyC ——=0
oY1
yields the first scaling relation
. . . uyC
TextbookEq [FirstScalingRelationl = = el]
ux1C
uyC
=€l
ux1C

The relation is used to express uyC using the following parameters

TextbookEq[Solve[FirstScalingRelation1, uyC][[1]1[[1]1]1]

uyC - ux1Cel

which is then substituted into the governing equations

| 7
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o= EquationListl =
Flatten[Simplify[EquationList1 //. {Solve[FirstScalingRelation1, uyC]}, AssumptionOnScaling], 6];

1= TextbookEq[EquationList1]

2 oP1 PUX1Y\ _ 02UX1
el?(ipC1 Tl —uxiCp E2 =uxicp 2
oP1 2 UYL 2UY1
IpCl1 m—uxlCu(el P ~T )

ux1CUX1 =0

ux1CUX1 =0

UY1=0

ux1Cel UY1 = ARCLEPLP)
Pin = P1

P1=0

By examining the scales of the streamwise momentum equation, given by

in421= TextbookEq[EquationListl[[2]]]

0P1 0*UX1 0> UX1
€l?|IpCl — —uxICpu =ux1Cpu
oX 0xX? aY1?

by expecting a balance between the viscous terms and pressure related terms, a pressure-dissipation
scaling relation is obtained
nus- TextbookEq[PressureScalel = pCl /1 == uxiCu/ (elelll)]
pCl  wxICpu
I Pe?

Using this relation to express ux1C as follows

inaa:= TextbookEq[Solve[PressureScalel, ux1C][[1]][[1]]]

IpClel?
wxlC-» ——
M

and substitute it into the governing equations

5= EquationListl = Flatten[Simplify[EquationList1 //. {Solve[PressureScalel, ux1C]}, AssumptionOnScaling], 6];

n461= TextbookEq[EquationListl]
UX1 oUY1 =0

ax aY1
€12 2UX1 | 9UX1 _ 4Pl
X2 Y12 T ax
oPl 14 0*UYI1 2 92UY1
Y1 =el ax? +el Y12
UX1=0
UX1=0
UYl=0

kPLkP2LwelP UYL _
w

Pin = P1

PI1=0
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From the boundary condition expressing the flux at the separator layer, i.e.

in47:= TextbookEq[EquationList1[[7]]]
kPl —kP2+Iwel*UY1

w

an additional dimensional parameter can be extracted

ns= TextbookEq[Kparameterl = K1 =k / (wlel?)]

k
Kl =
Iwel’
resulting in an expression for the permeability K
in49:= TextbookEq[Solve[Kparameterl, £][[1]][[1]]]
k—>Kllwel®

which again is substituted to the governing equations
ns0p= EquationListl = Flatten[Simplify[EquationList1 //. {Solve[Kparameter1, k]}, AssumptionOnScaling], 6];

ns1:= TextbookEq[EquationList1]
QUX1  aUYL _

oX oY1

612 9?UX1 92UX1 — ﬂ
ax? oY 12 X

UX1=0

UX1=0

UYl1=0

K1Pl1 +UY1=KI1P2

Pin = P1

P1=0

Similar scaling is performed for region 2

n521= EquationList2 = Simpli'Fy[
EquationList2 //. {ux2 » (ux2CUX2[X[#1], Y2[#2]] &) , uy2 - (uyCUY2[X[#1], Y2[#2]] &),
p2 » (pC2P2[X[#1], Y2[#2]] &), pl > (pC2P1[X[#1], @] &),
pin » (Pin pC2), x> (X1), y~ (Y2h2)}, AssumptionOnScaling];

nis3:= EquationList2 = Flatten[Simplify[EquationList2 //. {Solve[ShallowRelation2, h2]}, AssumptionOnScaling], 6];

similarly, scaling relations for the second region result in

uyC
ns4- TextbookEq[FirstScalingRelation2 = LA e2]
ux2C
uyC
=e2
ux2C
nissi= TextbookEq[Kparameter2 = K2 =k / (w1le2?)]
k

KZ:
Jwe2?
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In[56]

In[57]

In[58]

In[59]

In[60]

In[61]

In[62]

In[63]

In[64]

In[65]

and
TextbookEq [PressureScale2 = pC2 /1 ==uyCu/ (e2e€2€211)]
pC2  uyCpu
I P

These scaling relations are substituted to the governing equations of region 2 as follows

TextbookEq[Solve[FirstScalingRelation2, ux2C][[1]][[1]]]
uyC

ux2C » ——
€2

EquationList2 =
Flatten[Simplify[EquationList2 //. {Solve[FirstScalingRelation2, ux2C]}, AssumptionOnScaling], 6];

TextbookEq[Solve[PressureScale2, pC2][[1]1[[1]]1]

EquationList2 = Flatten[Simplify[EquationList2 //. {Solve[PressureScale2, pC2]}, AssumptionOnScaling], 6];

TextbookEq[Solve[Kparameter2, k][[1]1]1[[1]1]1]
k—K2Iwe2?

EquationList2 = Flatten[Simplify[EquationList2 //. {Solve[Kparameter2, k]}, AssumptionOnScaling], 6];

Using the scaling relation for region 2 and replacing h2-1 €2 gives

TextbookEq[h2 — €2 /]
h2 > le2

EquationList2 = Flatten[Simplify[EquationList2 //. h2 —» €2 I, AssumptionOnScaling], 6];

TextbookEq[EquationList2]

X2 | auv2 _

X a2

02 PUX2  PUX2 _ P2
€ Tx N2 X
P2 o ( 2 PUY2 | PUY2
a2 €2 (62 ax? aY22 )
Ux2=0
Ux2=0
Uuy2=0
K2wuPl +UY2=K2wuP2
?_0

a0
P2=0

To summarize, the normalized system of equations are given by
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nee= TextbookEq[EquationListl]
TextbookEq[EquationList2]
AUXL | UYL _

ox aY1
12 2UX1 |, 9UX1 __ Pl
€ ox? Y12 T oax
oPl _ 14 0*UYI1 2 92UY1
m_d ax? +el Y12
UX1=0
UX1=0
UYl1=0
K1Pl1 +UY1=KI1P2
Pin =PI
P1=0
aUX2 | UY2 _
ax a2
2 2UX2 | PUX2 _ oP2
€ ax? Y22 T ax
P2 2 (. A2 RUY2 | 2UY2
a2 2 (62 e T v )
UX2=0
UX2=0
Uy2=0
K2wuPl +UY2=K2wuP2
0
a0
P2=0

Asymptotic Scheme

Expanding a regular asymptotic series for velocity and pressure expression with regard to the permeabil
ity parameter K1, i.e. :

UX1-(UX10[X,Y1]+K1 UX11[X,Y1]+K1A2 UX12[X,Y1]

UY1-(UY10[X,Y1]+K1 UY11[X,Y1]+K1/2 UY12[X,Y1]

P1->(P10[X,Y1]+K1 P11[X,Y1]+K1A2 P12[X,Y1]

P2->(P20[X,Y2]+K1 P21[X,Y2]+K1A2 P22[X,Y2]

and substituting into the governing equations gives

ines;:= EquationListl =
Simplify[EquationList1 //. {UX1 - (UX10[#1, #2] + K1 UX11[#1, #2] + K12 UX12[#1, #2] &),
UY1 - (UY10[H1, H#2] + K1 UY11[#H1, H#2] + K172 UY12[#1, #2] &),
P1 - (P10[#1, H#2] + K1 P11[#1, H#2] + K12 P12[#1, H#2] &),
P2 - (P20[#1, H2] + K1 P21[#1, H#2] + K12 P22[H1, H#2] &)}];
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neo:= TextbookEq[EquationListl]

In[70]:=

In[71]:=

out[71]=

In[72]:=

JUX10 AUX11 2 9UX12 | dUY10 UY11 2 dUYI12
X +Kl1 X +Kl1 X aY1 +Kl1 aY1 +Kl1 aY1 =0

2UX10 2UXII 2UX10 2UXI11 2UX12 2UX12 _ P10 oP11 oP12
+KI +612(‘, +K1(‘—+K1‘ ))+K12’ =2 +KI(° +K1f7)
0

Y12 Y12 ax? ax? ax? aY12 ax ax
P10 aP11 aP12\ _ 12 (#UY10 ”UY11 2(02UY10 (02UY11 oZUle)) 2 aZUylz)
a1 T Kl ( a1 T Kl aY1 ) =el ( Y12 +KI1 aY12 +el o+ Kl o+ Kl ax? +KI1 Y12

UX10 + K1 (UX11 +K1UX12)=0

UX10 + K1 (UX11 +K1UX12)=0

UY10+K1(UY11+K1UY12)=0

K1 (P10 +K1 (P11 +K1P12))+UY10+KIUYI1 +K12UYI2 =K1 (P20 + K1 (P21 + K1 P22))
Pin=P10 + K1 (P11 + K1P12)

P10+ K1 (P11 +K1P12)=0

The leading order is given by

EquationListlLeadingOrder = GetEquationListOrder [EquationListl, 0, €1];
EquationListlLeadingOrder = GetEquationListOrder [EquationListlLeadingOrder, 0, K1];
EquationListilLeadingOrder

{uvie®Y X, Y1] +UX10*® [X, Y1] = @, UX10®? [X, Y1] - P10»? [X, Y1] =@,
P10 (%1 [X, Y1] =0, UX10[X, 1] == 0, UX18[X, 0] =0, UY10[X, 1] == 0,
UY10[X, @] =@, Pin-P1@[e, Y1] =@, P10[1, Y1] == 0|

TextbookEq [EquationListlLeadingOrder]

oUX10 | 9UYI0 _

ax aYl
_9P10 | 4PUXI0

axX aY1?
aP10
mzo
UX10=0
UX10=0
UY10=0
UY10=20
Pin-P10=0
P10=0

Similarly for region 2:

UX2-(UX20[X,Y2]+K1 UX21[X,Y2]+K1A2 UX22[X,Y2]
UY2—(UY20[X,Y2] +K1 UY21[X,Y2] +K172 UY22[X,Y2]
P2-(P20[X,Y2] +K1 P21[X,Y2] +K1A2 P22[X,Y2]

7= EquationList2 =

Simplify[EquationList2 //. {UX2 —» (UX20[#1, #2] + K1 UX21[#1, #2] + K12 UX22[#1, H#2] &),
UY2 - (UY20[#1, H#2] + K1 UY21[#1, H#2] + K112 UY22[#1, #2] &),
P2 —» (P20[#1, #2] + K1 P21[#1, #2] + K12 P22[#1, #2] &)}, AssumptionOnScaling];
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in7a;= TextbookEq[EquationList2]

9UX20 aUX21 2 9UX22 | 9UY20 aUY21 2 dUY22
X +Kl1 X +Kl1 X Y2 +Kl1 Y2 +Kl1 Y2 =0

92UX20 92UX21 2 [ 9*UX20 92UX21 92UX22 2 2UX22 _ aP20 oP21 P22
aY2? +Kl1 aY2? +e2 ( g + Kl( g +KI1 X2 )) +Kl Y22 T X +Kl1 ( oxX +Kl oxX )

P20 aP21 P22\ 2 (#UY20 ”UY21 2 (02UY20 (02UY21 2UY22 )) 2 aZUyzz)
aY2 +Kl1 ( aY2 +Kl1 aY2 ) =e2 ( aY22 +Kl Y22 +e e +Kl1 e +Kl1 e +Kl1 ay22

UX20 + K1 (UX21 +K1UX22)=0
UX20 + K1 (UX21 + K1 UX22)=0
UY20+K1(UY21 +K1UY22)=0
K2wuPl +UY20 + K1 (UY21 +K1UY22) =K2wu (P20 + K1 (P21 + K1 P22))

aP20 oP21 oP22\
W+K1(W+K1 T)_0

P20 + K1 (P21 + K1P22)=0

Note: GetEquationListOrder[EquationList2,1,€2] gives the multiplier in EquationList2 of term having €2
of the 1st order.

n7s1= EquationList2LeadingOrder = GetEquationListOrder [EquationList2, 1, €2];
n76i= EquationList2LeadingOrder = GetEquationListOrder [EquationList2, 2, €2];

n771= EquationList2LeadingOrder = GetEquationListOrder [EquationList2, @, €2];
EquationList2LeadingOrder = GetEquationListOrder [EquationList2LeadingOrder, 0, K1];

The leading order of region 2 is given by

nr9;- EquationList2LeadingOrder
ourre- {UY20(®1) [X, Y27 +UX20 29 [X, Y2] = 0,
Ux20@-2) [X, Y2] - P201:® [X, Y2] = @, P20V [X, Y2] =0, UX20[X, @] = 0,
UX20 X, -1-alX-a2X>-a3X?| =0, UY20(X, -1-alX-a2X*-a3X’| =,
K2wuPL1[X, @] -K2w 0 P20[X, @] +UY20[X, @] == 0, P20>% [0, Y2] =@, P20[1, Y2] == 0}

nisoi= TextbookEq[EquationList2LeadingOrder]

aUX20 ouUY20

ax aY2

_9P20 | 22UX20 _
X a2

920 _
ay2
Ux20=0
Ux20=0
UyY20=0
K2wuPl - K2wuP20+UY20=0
P20 _

0
P20=0

2. Solving the leading order of region 1

The leading order for region 1 is given by:
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ns1:= EquationListlLeadingOrder

ouet= {UY10 @1 [X, Y1] + UX10 29 [X, Y1] = 0, UX18'®? [X, Y1] - P18 %9 [X, Y1] = 0,
P10(%1) [X, Y1] =0, UX10[X, 1] == 0, UX18[X, 0] =0, UY10[X, 1] =0,
UY10[X, @] =@, Pin-P1@[0, Y1] =@, P10[1, Y1] = 0|

ns2= TextbookEq[EquationListlLeadingOrder]

dUX10 | 4UYI0 _

ax aYl
_ P10, UXI0 _ 0
axX aY1?
aP10
UX10=0
UX10=0
UYy10=20
UY10=0
Pin-P10=0
P10=0

Momentum in the Y direction gives
insa;= EquationListllLeadingOrder([[3]]
oursz= P10 (%1 [X, Y1) ==
we thus see that P10 is not a function of Y1, only X, and thus

ns4:= EquationListlLeadingOrder = Simplify[EquationList1 LeadingOrder //. {P10 —» (G10[#1] &)}]
ouga= {UY10(®1) [X, Y1] + UX10 9 [X, Y1] = @, G10'[X] == UX10(®*) [X, Y1], True, UX18[X, 1] = O,
UX10[X, @] =8, UY18[X, 1] == 0, UY1@[X, @] =0, Pin == G18[@], G1o[1] == 0}

We now solve the X momentum conservation equation, given by

ingsi= EquationListl1LeadingOrder[[2]]
ourssi= G1@’ [X] = UX10(®-2) [X, Y1)

The solution for Ux along with the no-slip boundary condition is

ingel= UX10Func[X_, Y1_] = Flatten[DSolve[{EquationListl LeadingOrder[[2]],
EquationList1LeadingOrder[[4]], EquationListlLeadingOrder[[5]]}, UX10[X, Y1], {Y1}]1[[1, 2]]

1 2
ouigelr — (-Y1G10'[X] +Y1% G1@' [X])

N

Substituting the solution for Ux into the leading order equations
ing7:= EquationListlLeadingOrder = EquationListl LeadingOrder /. {UX10 - Function[{X, Y1}, UX10Func[X, Y1]]}
1 2 0,1
ouer= { = (-Y1G10” [X] +Y1®G1@” [X]) +UY10 > [X, Y1] =@, True, True,
2

True, True, UY10[X, 1] == @, UY10[X, @] == 0, Pin == G10[0], G10[1] = 0]

We now solve the mass conservation equation, given by



Supplementary material - Flow Batteries Model.nb | 15

inss;:= EquationListl1LeadingOrder[[1]]

1 2 0,1
oueel= — (-Y1G10” [X] +Y1%G1@” [X]) +UY10® [X, Y1] =@
2

The expression for Uy is given when solving the mass conservation equation and by using the no
penetration boundary condition at the top of region 1, i.e. UY10[X,1]==0:

ingor= UY10Func[X_, Y1_] = Flatten[
DSolve[{EquationListl LeadingOrder[[1]], EquationListl1LeadingOrder[[6]]}, UY10[X, Y11, {Y1}]1[[1, 2]]

1
ouiger — (-G1@” [X] +3Y1%G1@” [X] - 2Y1? G1@” [X])
12

Substituting the expression for Uy10 into the equation list for the leading order gives:
o= EquationListlLeadingOrder = EquationListl LeadingOrder /. {UY10 - Function[{X, Y1}, UY10Func[X, Y1]]}

1 1
oureorr {— (6 Y1 G10”[X] - 6 Y1* G10” [X] ) + — (-Y1G1@” [X] + Y1*G10"[X]) == @,
12 2

1
True, True, True, True, True, - — G10" [X] == @, Pin == G10[0], G1O[1] == }
12

The pressure of the leading order for region 1 is a pressure driven channel flow:

net:= G10Func[X_] = Flatten[DSolve[{EquationList1 LeadingOrder[[7]],
EquationList1LeadingOrder[[8]], EquationListl LeadingOrder[[9]]}, G10[X], {X}]][[1, 2]]

ouet= Pin - Pin X

Substituting the solution for P1 into the leading order equations shows that all the equations are
satisfied.

2= EquationListllLeadingOrder = EquationListllLeadingOrder //. {G10 - Function[{X}, G1@Func[X]]}

oufe2= {True, True, True, True, True, True, True, True, True}

As expected for a pressure driven channel flow, Uy in the leading order is zero

3= UY10Func[X_, Y1_] = UY10Func[X, Y1] //. {G10 - Function[{X}, G10Func[X]]}

outje3l= @

UY10, the leading order of the velocity in the direction perpendicular to the channel is zero sinceitis a
pressure driven channel flow.

ine41= UX10Func[X_, Y1_] = UX10Func[X, Y1]//. {G10 - Function[{X}, G10Func[X]]}

1. . )
outio4l= — (Pln Y1 -PinY1l )
2

In summary, the pressure, Ux, uy:



16 | Supplementary material - Flow Batteries Model.nb

inesl= G10Fune[X]
UX10Func[X, Y1]
UY10Func[X, Y1]

outes= Pin - Pin X
1. . )
outieel= — (Pln Y1 -PinY1l )
2

out[97]= @

3. Solving the leading order of region 2

Polynomial h2 case:

The set of equations for the leading order of region 2:

noes:= EquationList2LeadingOrder
oues {UY20(®1) [X, Y27 +UX20 29 [X, Y2] = 0,
Ux20(@-2) [X, Y2] - P201-® [X, Y2] = @, P20(®1) [X, Y2] =0, UX20[X, @] = 0,
UX20 X, -1-alX-a2X>-a3X?] =0, UY20(X, -1-alX-a2X?-a3X’| =,
K2wpPL[X, @] -K2w i P20[X, @] + UY20[X, @] =0, P20»% [0, Y2] =@, P20[1, Y2] == 0}

noe;= TextbookEq[EquationList2LeadingOrder]
aUX20 | 4UY20 _

ax aY2

P20 | 22UX20 _
X aY22

P20
aY2
Ux20=0
UX20=0
UyY20=0
K2wuPl -K2wuP20+UY20=0
P20 _

0
P20=0

Referring to the simplified case where the bottom wall of region 2 expands linearly downstream

inf100}= a2 = @;
a3 = 0;
The simplified set of equations for the leading order of region 2:

nfoz= EquationList2LeadingOrder

ouroz= {UY20(®Y [X, Y2] + UX20 29 [X, Y2] = @, UX20(%2?) [X, Y2] - P20::?) [X, V2] =@,
P20(®:1) [X, Y2] == @, UX20[X, 0] == 0, UX20[X, -1-alX] =0, UY20[X, -1-al1X] = 0,
K2wP1[X, @] -K2wn P20[X, @] +UY20[X, @] =0, P20>? [0, Y2] =@, P20[1, Y2] = 0|

Assuming pC=pin, which is the most interesting limit
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inros= EquationList2LeadingOrder = Flatten[Simplify[
{EquationList2LeadingOrder //. {P1 - Function[{X}, G1O0Func[X]]}}, AssumptionOnScaling]]

ouros= {UY20(®Y [X, Y2] + UX20 %9 [X, Y2] = @, UX20(®?) [X, Y2] = P20%9 [X, Y2],
P20(®:1) [X, Y2] == @, UX20[X, 0] == 0, UX20[X, -1-alX] =0, UY20[X, -1-al1X] = 0,
UY20 [X, @] = K2wu (Pin (-1+X) +P20[X, 0]), P20»? [0, Y2] == @, P20[1, Y2] == 0}

info4= TextbookEq[EquationList2LeadingOrder]

QUX20 | AUY20 _
X a2
PUX20 _ 9P20
Y22 X
920 _
Y2
UX20=0
UX20=0
UY20=0
UY20 =K2wu (Pin (-1 + X) + P20)
?20 _ o
0
P20=0

Momentum in the Y direction gives

inros;= TextbookEq[EquationList2LeadingOrder[[3]]]
0P20
=0

Y2
we thus see that P20 is not a function of Y2, and thus

infos)= EquationList2LeadingOrder = Simplify[EquationList2LeadingOrder //. {P20 » (G20[#1] &)}]
ouros= {UY20(®1) [X, Y2] + UX20 19 [X, Y2] =@, G20'[X] == UX20(®?) [X, Y2],

True, UX20[X, 0] =0, UX20[X, -1 -al1X] =0, UY20[X, -1-alX] =0,

UY20 [X, @] = K2wu (Pin (-1+X) +G20[X]), G20’ [@] =0, G20[1] = 0}

We now solve the X momentum conservation equation, given by

inr107:= TextbookEq[EquationList2LeadingOrder[[2]]]
0G20  §2UX20

0X 0Y?2?

Solving the equation for Ux while implementing the no slip boundary conditions at the top and bottom
walls of region 2:

infio8;= TextbookEq[
UX20Func[X_, Y2_] = Flatten[DSolve[{EquationList2LeadingOrder[[2]], EquationList2LeadingOrder[[4]],
EquationList2LeadingOrder[[5]]}, UX20[X, Y21, {Y2}]1I[1, 2]1]

1 4G20 4G20 8G20
— (Yz +al XY2 +Y2? )
2 X oX
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ni09)= EquationList2LeadingOrder = EquationList2LeadingOrder /. {UX20 — Function[{X, Y2}, UX20Func[X, Y2]]}

1
ouroe= { = (a1Y2G20' [X] +Y2G20” [X] +al X Y2G20" [X] + Y22 G20 [X] ) + UY20®Y) [X, Y2] =@, True,
2
1
True, True, — ((-1—a1x) G20’ [X] +alX (-1-alX) G20 [X] + (-1—a1x)2620'm) =0,
2
UY20 [X, -1-alX] =0, UY20[X, 8] = K2wu (Pin (-1+X) +G20([X] ), G20’ [0] == 0, G20[1] == 0}

ni110= EquationList2LeadingOrder;

We now solve the mass conservation equation, given by

n111:= TextbookEq[EquationList2LeadingOrder[[1]]]

1 8G20 82G20 8*G20 8%G20) AUY20
—la1Y2 +Y2 +al XY2 +Y2? + =
2 X ox? )¢ )¢ dY2

To obtain a solution for UY20

ni1121= TextbooKEq[UY20Func[X_, Y2_] =
Flatten[DSolve[{EquationList2LeadingOrder[[1]], EquationList2LeadingOrder[[6]]}, UY20[X, Y2], {Y2}]1[[

1, 2111
1 8G20 8G20 9G20 dG20  62G20 82 G20
—1]3al +6al?X ——+3al’xX2 —— —3a1Y2? + +3alX +
12 oX 0xX oX 0X 0X? 0X?
82G20 82 G20 82 G20 82 G20 82 G20
3al? x? +al’ x® -3Y2? —3al XY2? -2Y23
X2 0X? X2 X2 0X2

ni113)= EquationList2LeadingOrder = EquationList2LeadingOrder /. {UY20 - Function[{X, Y2}, UY20Func[X, Y2]]}

1
ourtae {— (-6alY2G20' [X] - 6Y2G20" [X] - 621X Y2G20” [X] - 6Y2% G20 [X]) +
12

(a1Y2G20' [X] +Y2G20” [X] +alXY2G20" [X] +Y2®G20” [X]) == @, True, True,

N |

True,

N R

((—1—a1X) G20’ [X] +alX (-1-alX) G20 [X] + (—1—a1X)2GZO’[X]) =0,

(3 al G20 [X] +6al*X G20’ [X] +3al®X* G20’ [X] -3al (-1-alX) 2G20' [X] +
12

G20 [X] +3alXG20” [X] +3al?X?G20” [X] +al>X3G20" [X] -
3 (-1-a1X)?G20”([X] -3alX (-1-al1X)?G20"([X] -2 (-1- a1x)3eze”[x1) =0,

— (3a1G20" [X] +6al1?X G20’ [X] + 3 al® X* G20’ [X] + G20 [X] + 3 al X G20 [X] +
12

3a1?X? G20 [X] +a1®X?>G20” [X]) = K2wu (Pin (-1+X) +G20[X]), G20'[@] = @, G20[1] == 0}

n14= TextbookEq[FullSimplify [EquationList2LeadingOrder[[7]]]]
G20 02G20]

0
12K2 wu (Pin (=1 + X) + G20) = (1 + al X)*|3 al +(1+alX)

0X?
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ini1s5= TextbookEq[EquationList2LeadingOrder[[7]]]
TextbookEq[EquationList2LeadingOrder[[8]]]
TextbookEq [EquationList2LeadingOrder[[9]]]

1 4G20 8G20 dG20  82G20 82 G20 92 G20 8*G20
—|3al +6al?X ——+3al’x2 —— 4+ +3alX +3al? x> +al’ x? =
12 X X X X2 dX? dX2 0X?
K2 wu (Pin (-1 + X) + G20)
8G20
90
G20=0

G(x) Asymptotic expansion

Assuming al<<1l

Expression for G (x)~G0 + al G1

The assumptions on scaling, as mentioned before are:

inf118:= AssumptionOnScaling = {1 > @, hl > @, h2 > 0, pC1 > 0,
uxC >0, uyC >0, €1 >0, €2>0, u>0, K1>0, K2>0, al >0, Pin > 0};

The equation representing the pressure for the leading order in region 2

inf19= GOriginalEq =

1
— (321620’ [X] + 6 al® X G20’ [X] + 3 a1’ X* G20’ [X] + G20" [X] + 3 a1l X G20 [X] + 3 a1> X* G20 [X] +
12

al®> x> G20 [X]) = K2 (Pin (-1+X) +G20[X])

1
ourrie — (3a1G20"[X] +6al* X G20 [X] + 3 al® X* G20’ [X] + G20” [X] +

12
3a1XG20” [X] +3al”X*G20" [X] +al® X’ G20” [X]) = K2 (Pin (-1+X) +G20[X])

npi20= GOriginalEqList = List [GOriginalEq];
nf21= GAsymptoticExpList = Simplify[GOriginalEqList //. {G20 —» (GO[#1] + al G1[H#1] + a1l *2 G2[#1] &)}]

1
{— (1+a1 x)2 (3a1Ge'[X] +3al%Gl'[X] +3al® G2’ [X] +GO”[X] +alXGe" [X] +alGl” [X] +
12

out[121]=

al? X G1”[X] +al® G2 [X] +al®XG2" [X]) = K2 (Pin (-1+X) +GO[X] +alG1[X] +al®G2([X]) |

Dividing the orders of the solution by orders of al. The leading order, i.e. O(a1=0):

in221= GEqLeadingOrder = GetEquationListOrder [GAsymptoticExpList, 9, al]

ourizze {~K2Pin (-1+X) - K2GO[X] + GoTIX] _ o}
12

2= TextbookEq[FullSimplify [GEqLeadingOrder]]
12K2 (Pin (-1 +X) + GO) = 23

As expected, same as the case for a1=0:
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201X - K2 (Pin (-1+X) +G20[X])

inf24= GEqlstOrder = GetEquationListOrder [GAsymptoticExpList, 1, al]
GO’ [X 1 G1” [X

X, ~XGO"[X] + Xl o}
4 4 12

out[124]= {f K2 G1[X] +

inf2s5)= TextbookEq[FullSimplify [GEqlstOrder]]

9GO ?2G0 | @Gl
= +3X + 2

12K2G1 =3 X g X2

Solving by orders.
First, leading order:

Boundary conditions:

26~ GOBC1 = D[GO[X], X] == ©; GOBC1 = GOBC1 //. X - O;
GOBC2 = GO[1] == ©;

inr12e1= FUNcGO [X_] =
Simplify[DSolve[ {GEqLeadingOrder[[1]], GOBC1l, GOBC2}, GO[X], {X}11[[21]11[[2111[[2]]

Pin [6 - Mt I, BT gt V3R (114X —6X)

6 (1+et V3V

out[128]=

inf129)= TextbookEq[FullSimplify[FuncGO[X]]]

\/jf—zﬁmmuo " Vg‘@«/?«/ﬁx
VK2 K2

6(1+¢* V7 VE2)

Pin(6 —6e4~/7m(—1+)()—6x)

Checking BC for GO:

in130= FuncGO[X] /. X > 1
D[FuncGO[X], X] //. X>©

out[1301= @

out[131= @

Next, solving the 1st order:

inf1321= G1BC1 = D[G1[X], X] == ©0; G1BC1 = G1BC1 //. X » O;
G1BC2 = G1[1] == 0;

Substituting GO into the exp. for the 1st order:
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ini34= GEqlstOrderl = GEqlstOrder //. GO » Function[X, FuncGO[X]]

6-6e* V3 VIZ 62 V3VRZ (20 4 62 V3 VRZX) pin

out[134]= { n
24 (14 V3 V2

(-12 V3 €2 V3 VR (20 k2 + 12 43 €2 V¥ VKX k2| PinX 61 [X]
-K2G1[X] + —— =0}
24 (14t V3 V2 12

in3s)= TextbookEq[FullSimplify [GEqlstOrderl]]

1 [3(-1-e* V3 VR 42 V3 YR (26042 V3 VRX|Pin 6 /3 2 V3 VR (200 (L1t V3 VRZC10) YR PinX 2G5 _
E( R + Ve o~ 12K2G1)=0
inr13e1= FUuncG1[X_] =
FullSimplify[DSolve [ {GEqlstOrderl, G1BC1l, G1BC2}, G1[X], {X}], AssumptionOnScaling] [[
11100111012]]
1

Out[136]= —
16 1+e4*/?m)2|<2

e2 V3 VRZ (2-3X) pin (8 €6 V3 VRZX _ 4 o2 V3 VRZ (-142X) _ g4 o2 V3 VRZ (1:2X) | 4 o2 V3 VRZ (-2:3X)
4 @2 V3 VKZ (243X) _ g o2 V3 VRZ (-1+4X) _ 4 o2 V3 VRZ (1+4X)
e V3R @0 (12243 VK2 X+ 12K2XE| ¢ et V3 VRE (120 (142 3 VK2 X+ 12K2 X2 4

et V3 VRZ X (172J§ VK2 X +12K2 (72+x2)) + 8 V3 VK2 X (1+2«/§ VK2 X +12 K2 (72+x2)))

inf371= TextbookEq[FullSimplify[FuncG1l[X]]]
1
16(1 + e* V3 V2 K2
o2 V3 VK2 (2-3X) Pin(8 £6 V3 NRZX _ 4 2 N3 NRZ (-152X) _ 4 2 N3 VR (142X) 4 4,2 V3 VKT (-243X)
42 N3 VRZ (243X) _ 4 2 N3 NRZ (-1+4X) _ 4 2 V3 NVKZ (1+4X) |
et VI VRZ( (L] -2 \3 \JK2 X+ 12K2X3) + & V3 VRZ (129 (L1 42 3 K2 X+ 12K2X%) +
et VI VREX(1 -2 3 K2 X+ 12K2 (-2 +X%)) + 8 V¥ VRZX(1 42 {3 K2 X+ 12K2 (-2 + X?)))

Checking BC for G1:

inp3s;= Simplify [FuncG1[X] /. X -» 1]
Simplify [D[FuncG1l[X], X] //. X~ @]

out[138]= @

out[139]= @

| 21
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inf40p= FuncGO1[X_]1 = Simplify[FuncGO[X] + al FuncG1l[X]]
1

Out[140]=
48 (1 g4 V3 VK2 ) 2

ﬁe-ZWM(-z+x> ﬁezﬁmx
- +

VK2 VK2

Pin ~6etVEVR (L14X) -6X

8(1+e4‘/§m) [6

L 3a1e2v3 VR 23X
K2

(8@6‘5‘/@)(—4@2*/?@(’1*”) _ 42 V3 VRZ (142X) | g4 o2 V3 VRZ (-2+3X 2 /3 VKZ (2+3X) _

J+de
42 V3 VKL (108X g o2 V3 VIZ (16X) | o8 VF VKA (g -2 3 K2 X+ 12K2 X2+

e VI VR (120 (1142 3 VK2 X+ 12K2X2) 4@ V3 VX (122 3 VK2 X+ 12K2 (-2+ %) | +

egﬁmx(uzﬁx/ﬁxuzm(2+x2)))]

inf141:= FuncG201[X_] = FuncGO1[X]
1

Out[141]=
48 (14 ¢4 V3 V2 )

3 ©-2 V3 VRZ (-2:X) 3 o2 V3 VRZ X
Pin |8 (1+e*V? V7 6. V3e i EX ~6e* V3V (L1.X) -6X| -
VK2 VK2

L 3a1e2v3 VR 23X
K2
(8@6ﬁmX74GZWM(_1+2X>74e2\/§m<1+zx>+4e2\/§m<_2+3x) L4 @2 V3 VRZ (2:3%) _

402 V3 VRZ (-144X) _ 4 2 V3 VRZ (1:4X) | o4 V3 VRZ (1:X) (,172\/5 K2 X+12K2X2) +
ef VI VR (120 (1142 3 K2 X+ 12K2X2) 4@ VE VX (1.2 3 VK2 X+ 12K2 (-2 %) | +

es«/?mx(1+2ﬁMX+12K2(—2+X2)))]

inr1421= TextbookEq[FuncG201[X] ]
1

48 (1 + ¢# V3 VRZY?

\/3(2«/’5«/10(729() \/3@2~/’5~/K7X

Pin[8(1+e4~/’fm)[6— —6e4ﬂm(—1+X)—6X]—

+
VK2 VK2
1_3 al 2 V3 M(273X)(886 NI VRZ X _ 4 2 N3 VR (-142X) _ 4 02 V3 VRZ (142) |

K2
42 V3 NKZ(263X) 4 4 o2 V3 VKT (243X) _ 4 2 3 VRZ (F1+4X) _ 4 ,2 N3 VRZ (144)

e VI VRZ() (1] -2 \3 K2 X+ 12K2X%) + ¢ V3 VRZ (129 (11 42 \3 K2 X+ 12K2.X%) +

A VINRIX (1 _2 3 VK2 X+ 12K2(-2+X2)) + €8 V3 YRZX (1 42 {3 K2 X + 12K2(—2+X2)))]



In[143]:=

out[143]=

In[144]:=

Out[144]=

In[145]:=

Out[145]=

In[146]:=

Out[146]=

In[147]:=

out[147]=

In[148]:=

out[148]=

In[149]:=

out[149]=
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Back to analysis - First order 2nd region

EquationList2LeadingOrder1 = FullSimplify[EquationList2LeadingOrder]

{Tr'ue, True, True, True, True, True,
12K2wu (Pin (-1+X) +G20[X]) = (1+al x)2 (3a1G20"[X] + (1+alX) G20 [X]),
G20'[0] =0, G20[1] == 0}

G20EqLead = GetEquationListOrder[EquationList2LeadingOrder, 0, al][[7]]
. G20 [X]
~K2wp (Pin (-1+X) +G20[X]) + ——— =0
12

EquationList2LeadingOrderlal = GetEquationListOrder[EquationList2LeadingOrder, 1, al][[7]]
G20’ [X] 1
———— 4+ = XG20"[X] =0

4 4

FuncGO [X]

Pin [6 - M et T I, LTI g6t V3 VR (14X —6X)

6 (1+e*VZVR2

EquationList2LeadingOrdersub =
Simplify[EquationList2LeadingOrder //. {G20 - Function[{X}, G20Func[X]]}]

{Tr'ue, True, True, True, True, True,

1 5 i
— (1+al1X)*® (3alG20Func’[X] + (1+alX) G2OFunc” [X]) =K2w (Pin (-1 +X) + G2@Func[X] ),
12

G20Func’ [@] = 0, G20Func[1] == 0}

EquationList2LeadingOrdersub
{Tr'ue, True, True, True, True, True,

1 5 i
— (1+al1X)® (3alG20Func’[X] + (1+alX) G20Func” [X]) =K2w (Pin (-1+X) + G2@Func[X] ),
12

G20Func’ [@] = 0, G20Func[1] == 0}

UY20Func[X, Y2]

1
— (321620’ [X] +6al1*X G20’ [X] + 3 al®> X* G20’ [X] - 3alY2?G20' [X] +G20” [X] + 32l XG20" [X] +
12

3a1% X* G20 [X] +al’® X’ G20 [X] - 3Y2? G20 [X] - 3al XY2%G20" [X] - 2Y2>G20" [X])

| 23
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ins0= UY20FuneSub[X_, Y2_] = Simplify[UY20Func[X, Y2] //. {G20 - Function[{X}, FuncG201[X]]}]

1
out[150]= — @2 V3 VRZ (-1+X) pip (1 +alX+ YZ)

48 (1+e4‘/§m)2\/6
(3a13x(2(«f72\/6x> 124 V3 VRZ (\/572\/6X) 72e4‘/§mx(\5+2\/6x) -
24 V3 VRZ (1+X) (\/§+2\/HX) L 4ebVEVRZ «/Hx(374\/§ \/HX+3K2X2) N
42 V3 VRZ (-1:2%) «/Hx(3+4\/§ \/HX+3K2X2) -
e2 V3 VR2 («/5-14\/Hx-12|<23/2x(—2+x2) 1443 K2 (-3+4x2)) .
e2 V3 VKZ (1:2%) (\/§+14\/EX+12K23/2X(—2+X2) 1443 K2 (-3+4x2))) -
8 /3 e2 V3 VK2 (1+e4ﬁm) (e“ﬁm-e“ﬁmx) K2 (-1+Y2+2Y2?)
al VK2 (122 V3 VK2 (10 (1. v2) 4242 V3 VK200 (L1 v2) 4

122 VEVRZ G40 (14v2) ~12 (-1+Y¥2+2Y2?) -12e* V3 VRZ (L1 v242Y22) -
12 V3 VKX (14 v242V22) ~12* VE VR (10 (14 v2 4 2Y22) +e® V3 VK2

(3—3Y2+18Y22+36K2X2 (—1+Y2+2Y22)—2\/§\/EX(—7+11Y2+30Y22))+«32‘/§M
(36K2 (-2+X*%) (-1+Y2+2Y2%) +3 (-1+Y2+10Y2?) -2 /3 VK2 X (—7+11Y2+30Y22)) +
e? V3 VKZ (-1+2X) (3—3Y2+18Y22+36K2X2 (-1+v2+2Y2%) +
243 \/EX(—7+11Y2+30Y22)) + @2 V3 VRZ (12X) (36K2 (-2+X2) (~1+Y2+2Y22) «
3(-1+Yv2+10Y22) +2+/3 VK2 X (-7 +11YV2+30Y2?2) ] +
a12 (12e2ﬁm<*1*x> VK2 X+ 24 @2 V3 VK2 (1%) [K2 X 1+ 12 €2 VZ VRZ 3% Ko X+
e? V3 VRZ (12X (2\/§K2 (X2 (35-24Y2) +18 (-1+Y2)) + VK2 X (45 -42V2) -
36K23/2X (~2+X2) (-2+Y2) -3 3 (-1+vz>) _pet VI VR
(-2Mx(-z+vz) 43 (-1+Y2)) +6e4ﬁmx(2x/ﬁx(-z+vz) NVE) (-1+Y2)) v
6 VI VKN (5 k2 X (-24¥2) + /3 (-1+v2) ] +12 VK2 X (-2+Y2) -6 V3 (-14V2) -
e V3 VK2 k2 X (-33+2 V3 VK2 X (35-24Y2) +36K2X? (-2+Y2) +36V2) -
e2 V3 VRZ (-1:2X) ko X (—33+36K2X2 (-2+Y2) +36Y2+2 /3 /K2 X (-35+24v2)) +
e? V3 VK2 («/Ex(45-42v2) ~36K2%/2X (-2+X2) (-2+Y2) +
34/3 (-1+Y2) +2+/3K2 (-18 (-1+Y2) + X (735+24v2)))))

inf151:= UX20FuncSub[X_, Y2_] = Simplify[UX20Func[X, Y2] //. {G20 - Function[{X}, FuncG201[X]]}]
1

8(1+e4‘5m)2\/6
e2 V3 VRZXpjp (4 (1+<e4“/§m) (—1+e2‘/§mx) (_e4«/?«/ﬁ+e2«/§«/ﬁx) \/6+
al (—2\/Eezﬁm—Z\/gesﬁerZ\/g(ezﬁmu*”)+
2\/5@2‘/?‘/@(3*2)()“5“/7‘/@)((79 \/EX—6\/§K2X2)+
et VIV (L9 k2 X+ 6 V3 K2X?) 4 e VF VR (3 o9 k2 X463 K2 (-24X) ] -
et VZ VRZ (1+X) (\/§+9 VK2 X + 6 43 K2 (72+x2))))vz (1+alX+Y2)

out[151]=

In summary, the pressure and velocities are given by:
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in1521= FuneG201[X]
UY20FuncSub[X, Y2]
UX20FuncSub[X, Y2]
1

Out[152]=
48 (14 ¢4 V3 V7 )

22 N3 VRZ (-2+X) 2 V3 VKZ X
Pin 8(1+e4ﬁm) [6— V3e + V3e ~6e* V3V (L1.X) -6X| -
JK2 JK2

1 3a1e2v3 VR 23X
K2
(8e6ﬁmx—4e2‘/§m“l*zx>—4@2‘/§M(1*2X>+4e2‘/§m<‘2*3x

) 44 @2 V3 VRZ (243X) _

42 V3 VKL (108X) g o2 V3 VIZ (16X) o8 VE VKA (g -2 3 K2 X+ 12K2 X2 +

et V3 VKZ (-1:2X) (71+2«/§ VK2 X+12K2X2) L et V3 VRZX (172\/5 VK2 X + 12 K2 (72+x2))

es‘/?mx(1+2\/§\/§X+12K2(—2+X2)))]

| 25

+
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1
out[153]= — @2 V3 VRZ (-1+X) pip (1 +alX+ YZ)

48 (1+e4‘/§m)2\/6
(3a13x(2(«f72\/6x> 1264 VE VR (\/572\/6X) 72e4‘/§mx(\5+2\/6x) -
2 @4 V3 VRZ (1+X) (\/§+2\/6X) +4 e85 V3 VK2 \/Ex(3,4\/§ \/HX+3K2X2) +
42 V32120 k2 X (34443 VK2 X+3K2X2) -
e2 VF VR («/5-14\/Hx-12|<23/2x(—2+x2) NVANEN'?) (-3+4x2)) +
e VI VRZ 12X (3114 K2 X+ 12K222X (-24X2) +4 V3 K2 (-3+4%2) ] -
83 e VI VK (1, o8 VI VRZ] (8 V3 VR o8 V3 VRZX) ) (14 ¥242Y22) -
a1 VK2 (122 V3 VK2 (10 (1. v2) 4 242 V3 VR 00 (L1 v2) 4

122 VEVRZ G40 (L14v2) ~12 (-1+Y¥2+2Y2?) -12e* V3 VRZ (L1 v242Y22) -
12 V3 VKX (14724 2V22) ~12* V3 VR (10 (14 v2 4 2Y22) + 8 V3 VK2

(3—3Y2+18Y22+36K2X2 (—1+Y2+2Y22)—2\/§\/EX(—7+11Y2+30Y22))+«32‘/§M
(36K2 (-2+X*%) (-1+Y2+2Y2%) +3 (-1+Y2+10Y2?) -2 /3 JK2 X (—7+11Y2+30Y22)) +
e? V3 VKZ (-1+2X) (3—3Y2+18Y22+36K2X2 (-1+v2+2Y2%) +
243 \/EX(—7+11Y2+30Y22)) + @2 V3 VRZ (12X) (36K2 (-2+X2) (~1+Y2+2Y22) +
3(-1+Y2+10Y22) +2+/3 VK2 X (-7 +11Y2+30Y2?)
a12 (12e2‘/§m<*1*x> VK2 X+ 24 2 V3 VK2 (1%) [K2 X 1+ 12 €2 VZ VRZ 3% [k X+
e? V3 VRZ (12X (2\/§K2 (X2 (35-24Y2) +18 (-1+Y2)) + VK2 X (45 -42V2) -
36K23/2X (-2+X2) (-2+Y2) -3 +3 (-1+vz>) _pet VIR
(-2Mx(-z+vz) 43 (-1+Y2)) +6e4ﬁmx(2x/ﬁx(-z+vz) NVE) (-1+Y2)) v
6t VIV 4N (5 k2 X (-24¥2) + /3 (-1+v2) ] +12 VK2 X (-2+Y2) -6 V3 (-14V2) -
e V3 VK2 k2 X (-33+2 V3 VK2 X (35-24Y¥2) +36K2X? (-2+Y2) +36V2) -
e2 V3 VRZ (-1:2X) ko X (—33+36K2X2 (-2+Y2) +36Y2+2 /3 /K2 X (-35+24v2)) +
e? V3 VK2 («/Ex(45-42v2) -36K2%/2X (-2+X2) (-2+Y2) +
343 (-1+Y2) +2+/3K2(-18 (-1+Y2) + X (735+24v2)))))

+

1
8(1+e4“/§m)2\/6
e2 V3 VRZXpjp (4 (1+<e4“/§m) (—1+e2‘/§mx) (_e4«/?«/ﬁ+e2«/§«/ﬁx) \/6+
al (—2\/Eezﬁm—Z\/gesﬁerZ\/g(ezﬁmu*”)+
Z@QZWW(3+2X)+E4«/§MX(79 \/EX—6\/§K2X2)+
e V3 VR2 (—9\/6X+6\/§K2X2)+e4‘/§m («679 VK2 X+ 6 /3 K2 (72+x2))7
e V3 VRZ (14X) (\/§+9 VK2 X + 6 43 K2 (72+x2))))vz (1+alX+Y2)

Out[154]=



4. Solving the first order region 1

n[155]:=

n[156]:=

n[157]:=

n[158]:=

TextbookEq[EquationListl]

{?UX12 oUY10

oUY12
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dUX10 oUX11 2 oUY11 2 _
X +Kl1 axX +Kl1 Y1 +Kl1 Y1 +Kl1 aYlr 0

2UX10 oZan 2 {)ZUXIO 2UX11 2UXI12 2 BUXI2 0P10 oP11
e R ( K1( K1 2% )) +KIZ 22 0 ) (2
P10 aP11 P12 2 (#UY10 dZUYll 2(02UY10 (dZUYll #UY12
aYl Kl(aYl +Kl1 aYl) €l ( aYI2 +K1 aY 12 €l ax? +Kl1 +Kl1 g

UX10 + K1 (UX11 + K1 UX12) =
UX10 + K1 (UX11 + K1 UX12) =
UY10+K1UY11+K1UY12)=

)) +KI12

K1 (P10 +K1 (P11 +K1PI12))+UY10+KIUYI1 +KI12UYI12 =K1 (P20 + K1 (P21 + K1 P22))

Pin=P10 + K1 (P11 + K1P12)
P10+ K1 (P11 +K1PI12)=0

TextbookEq[EquationList1FirstOrder = GetEquationListOrder [EquationListl, 1, K1]]

9?UXI11
aY 12
12 02UY11
Y12

QUXIL | 9UYIL _
X aYl
_PLL 2 #2UX11
X ax?
P _ g4 PUYIL 62UY11 _
oY1
UX11=0
UX11=0
UYll1=0
P10 -P20+UY11=0
-P11=0
PI11=0

=0

0P12)

?2UY12
aY1?

)

| 27

TextbookEq[EquationListlFirstOrder = GetEquationListOrder [EquationList1FirstOrder, 0, €1]]

TextbookEq [EquationList1lFirstOrder]

aUX11 oUY11

=0

=0

X oY1
_9PI1 | $PUXII
X aY 12
P _
aYl
UX11=0
UX11=0
UuYll =0
P10 -P20+UYI11 =0
-P11=0
P11 =0
JUX11 |, dUYII
X oY1
_9PIl | PUXIL _
X a1
P11
Y1 =0
UX11=0
UX11=0
UYll =0

P10-P20+UY11=0

-P11=0
P11=0



28 | Supplementary material - Flow Batteries Model.nb

ins9= TextbookEq[EquationListlFirstOrder([[3]]]
oP11
Yl
we thus see that P11 is not a function of Y1, and thus

6= TextbookEq[EquationList1 FirstOrder = Simplify[EquationList1FirstOrder //. {P11 - (G11[#1] &)}]]

QUXIL | OUYIL _
X Yl
oGl __ 2UXI1

ax T oY
True
UX11=0
UXI11=0
UYIll=0
P10+ UYI11 =P20
Gl1=0
Gl1=0

Substituting P20 into the permeability boundary condition

inii61:= EquationList1FirstOrder = Simplify[EquationList1FirstOrder //. {P20 - Function[{X}, FuncG01[X]]}]
ouper= {UY11(®D [X, Y1] + UX11™9) [X, Y1] = @, G11'[X] == UX11(®?) [X, Y1], True, UX11[X, 1] = O,

1
UX11[X, @] =0, UY11[X, 1] = @, P10[X, @] + UY11[X, 0] =

48 (1+e4‘/§m)2

\/3972V§M(72+x> ﬁezﬁmx
Pin 8(1+e‘“ﬁm) 6 - + ~6e* VI VR (L14X) -6X| -
VK2 VK2
L_;)al(ez«/?m(zam (8e6ﬁmx_4e2«/?«/ﬁ(—l+2x) _4 2 V3 VRZ (142X)

K2
4 2 V3 VRZ (-243X) | g4 o2 V3 VRZ (2+3X) _ 4 o2 V3 VRZ (-1+4X) _ g o2 V3 VKZ (1+4X)

e V3 VKZ (14X) (7172«/5 \/EX+12K2X2) + et V3 VRZ (102X) (—1+2«/§ «/EX+12K2X2) *
et V3 VRZ X (1—2\/3 VK2 X + 12 K2 (72+x2)) +

€8 V3 VRZX (1+2«/§ VK2 X + 12 K2 (-2+x2))) , G11[0] = 0, G11[1] -- 0}

inie21= EquationList1FirstOrder = Simplify[EquationList1FirstOrder //. {P10 -» Function[{X}, G10Func[X]]}]
ouptezi= {UY11(® [X, Y1] + UX11 9 [X, Y1] =@, G11'[X] == UX11(®%) [X, Y1],

True, UX11[X, 1] == 0, UX11[X, @] == 0, UY11l[X, 1] =0,
1

(1+e4ﬁm) \/6

3 (ale*zﬁmxpin (—4e”§m-4eﬁﬁm+4ezﬁmx+sezﬁW“*X)+4e2ﬁm<4*x>—
462 V3 VKZ (1:2X) _ g4 o2 V3 VKZ (3:2X) | o8 V3 VKZ (_1_2\/5 \/EX+12K2X2) +
e VI VX (14243 VK2 X+ 12K2XP) < et VP V2 (122 43 VK2 X+ 12K2 (-24 X)) 4
ot V3 VEZ (1:X) (1+2\/§ VK2 X+ 12 K2 (-2+x2))) +

2
16 (1+e* V3 m) K2 UY11[X, e}), Gl1[e] == 0, G11[1] == @}

83 €2 V3 VR (L VT T, 8 ¥3 VRIX| pin
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iniies;= TextbookEq[EquationList1FirstOrder[[2]]]
0Gl11  §*UXl1

16 aY1?
The solution along with the no-slip boundary condition is

infie4i= TextbookKEq[UX11Fune[X_, Y1_] =
Flatten[DSolve[{EquationList1FirstOrder[[2]], EquationList1FirstOrder[[4]], EquationList1FirstOrder[[5]]},
UX11[X, Y1], {Y}III1, 2111

1 4Gl11 dGl11
(—Yl +Y12 )

2 X 0X

Substituting into the leading order equations
ines= EquationList1FirstOrder = EquationList1FirstOrder /. {UX11 - Function[{X, Y1}, UX11Func[X, Y1]]}
1
oupes= { = (=Y1G11”[X] +Y1?G11” [X]) + UY11(®Y [X, Y1] = @, True, True, True, True,
2

1
(1+e4ﬁm) VK2
3(a1e’2‘5mXPin (-4e2ﬁm-4e6ﬁm+4e2‘/§mx+se2ﬁm<2+X>+4e2ﬁm<4+x>_
42 V3 NRZ (120 g @2 VT NRZ (3220 4 B VI NRZ (L1 -2 43 VK2 X+ 12K2 X2 4
et V3 VRZ X (_1+2«/§ VK2 X+12K2X2) + et V3 VK2 (1-2\/5 VK2 X + 12 K2 (-2+x2)) +
et V3 VRZ (1) (1+2\/§\/K2 X+12K2(_2+x2)))+

16 1+e4ﬁm)2K2UY11[X, 0}),611[0] -0, G11[1] = @)

UY11[X, 1] = @, 8 /3 2 V3 VRZX (7e4‘/§m+e4“f§mx) Pin =

We now solve the mass conservation equation, given by

inrieei= TextbookEq[EquationList1FirstOrder[[1]]1]
1 9*Gl1 0*Gl1 oUY1l1
~-Y1 2 + _

+Y1
0X? 0X> oY1

2

ini167:= TextbookEq[UY11Func[X_, Y1_] =
Flatten[DSolve[{EquationList1FirstOrder[[1]], EquationList1FirstOrder[[6]]}, UY11[X, Y1], {Y1}]1[[1, 2]]1]
1 0*Gl1 0*Gl1 0*Gl11
- 2Y13

— +3Y1?
12 X2 0X2 oX?
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infies;= EquationList1FirstOrder = Simplify[EquationList1FirstOrder /. {UY11 - Function[{X, Y1}, UY11Func[X, Y1]]}]

ouries- {True, True, True, True, True, True,
8 /3 e2 V3 VK2 X (—e‘“ﬁ m+e”§mx) Pin+4 (1+e4ﬁm) VK2 G117 [X] ==

1

(1+e* V3 V2) k2
3ale?V? VRXpin (42 VI VR L 4c8 VI VRZ g2 VI NRZX, g o2 VE VRZ (20) 4 g o2 VT VRZ (40

42 V3 NRZ (12 g @2 VT NRZ (2200 4 8 VTN (72 3 K2 X+ 12K2X2) 4
et V3 VRZX (-1+2«/§ VK2 X+12K2X2) L et V3 VRZ (1-2\/3 VK2 X + 12 K2 (-2+x2)) +
et V3 VRZ (1:X) (1+2\/§ VK2 X + 12 K2 (-2+x2))), G11(@] - @, G11[1] = @)

nieg= (*EquationListlFirstOrder=
Simplify[EquationListi1FirstOrder//.{P1@-Function[{X},G10Func[X]]}]*)

Now solving the ODE for G11 with the existing BC

inf1701= TextbookEq[EquationList1FirstOrder[[7]]1]
TextbookEq[EquationList1FirstOrder[[8]]]
TextbookEq[EquationList1FirstOrder[[9]]]
#Gl1
o

8\/Ee‘z‘ﬁmx(—e‘“ﬁm+e4‘/§mX)Pin+4(l+@4‘Em)\/E

: 3al ¢2 V3 VK2 Xpip
(1+¢* V3 VR2) (K2
(_462«/’§«/KZ_466«/7«/KZ+462«/§«/KZX+8€2«/§«/Kf(2+X)+4eZ«/§«/KZ(4+X)_462«/§«/KZ(1+2X)_
42 V3 NRZ(E2Y) 4 8 VI VR (L] -2 3 VK2 X+ 12K2X7) + e V3 YRZX (-1 42 {3 VK2 X+ 12K2X7) +
V3 VRZ (12243 VK2 X+ 12K2 (-2 + X2)) +&* V3 VRZ (9 (1 4+ 2 \[3 /K2 X + 12K2 (-2 + X2)))

Gl1=0

Gl1=0
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n73= G11Fune[X_] =
Simplify[DSolve[{EquationList1FirstOrder[[7]], EquationList1FirstOrder[[8]], EquationList1FirstOrder[[9]]},
G11[X], {X}], AssumptionOnScaling][[1]]1[[1]]1[[2]]
1

48 (1+e4‘5m>2K22

2 VF VR Xpin (843 K2 (e V3 VKL 4 B V3 VIZ _ o8 V3 VRZX_ o8 VT VRZ (1) _ g2 VE VRIX (L4 x) o

out[173]=

€2 V3 VRZ (4:) (71+x))+
3a1(—4@2‘5m—4e6ﬁm—4ezﬁmu+zx)—4@2V§m<3+2x)+e2‘/§m”+x> (8-16X) +

e? V3 VRZ 3% (g_16X) + 22 V3 VRZ (2:%) (—5+24K2(—1+X)2+9X)+

38 V3 VK2 (1+2«/§ \/6X+4K2X2) +e4ﬁmx(3—6\/§ x/HX+12K2x2) +

@2 V3 VRZX (L34 (7-24K2) X+24K2X2) + @2 V3 VRZ (%) (34 (7-24K2) X +24K2X?) +
e V3 VRZ (14X) (stﬁ VK2 X+ 12 K2 (72+x2)) +

e* V3 VR (5,6 /3 \/k2 X+ 12K2 (- 2+x2))))

ni74p= TextbookEq[UY11Func [X, Y1]]

1 ( Gl 8 Gl1 8 Gl1
—- +3Y1? 2Y13
12 X2 0Xx2 X2

ni7sp= UY11Fune[X_, Y1_] = Simplify[UY11Func[X, Y1] //. {G11 - Function[{X}, G11Func[X]]}]
1

48 (144 V3 VR )7 k2
3a1(—462‘/?“/@—4@5“5m+4ezﬁmx+8e2ﬁm(2+x)+4®2ﬁm<4+x>—
42 V3 V2 (12X _ g2 V3 VR (3:2) 4 @8 V3 VK2 (L1 - /3 VK2 X+ 12K2X7) +
e VI VX (14243 K2 X+ 12K2XP) < et VF V2 (12243 VK2 X+ 12K2 (-24 X)) 4
e VIV (142 43 VK2 x+12K2 (-24X2) | )] (-1+Y1)? (1+2V1)

23 W xpin (g3 (1468 V3 V| (o83 VR 83 K] G -

out[175]=

ni7er= TextbookEq[UX11Func[X, Y1]]

1 4G11 aGl11
—(—Yl +Y1? ]
2 0X oX
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inf1771= UX11Fune[X_, Y1_] = Simplify[UX11Func[X, Y1] //. {G11 - Function[{X}, G11Func[X]]}]
1

96 (1+e4‘/§m>2K22
(—8(1+e4‘/§m) (\Eezﬁmxfﬁezﬁmﬂ*xuee“ﬁm \/6+6e4“/§mx\/6) VK2 +
3a1(—16@2‘/§m<1*x>—16@2V§m<3*x)+8\/§e2‘/§m\/6+8\/§e6\/§m\/E—
8 /3 2 V3 VKT (120 [k g 3 &2V VRZ (3:2X) (k2 4 6e? VF VKT 2% (3,16K2 (-1+X)) +
12@4‘/§mXK2X(—1+2\/§MX)—lZesﬁmKZX(IJrZ\/;\/EX)+
@2 V3 VRZX (7. 24K2 (-1+2X)) +e? V3 VR (4% (7, 24K2 (-1+2X)) +
4 e V3 VRZ (10 ([ (\/—-3«/EX+6\/§K2(-2+XZ)) -
4e* V3 VR Ko (\/§+3\/6X+6\/§K2<—2+X2)))) (-1+v1) 1

out[177]= @2 V3 VKZXpjip

Summary:
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inf17e;= TextbookEq[G11Func[X]]
TextbookEq[UX11Func[X, Y1]]
TextbookEq[UY11Func[X, Y1]]
1

48 (1 + 4 V3 VR2)P K22
(e4«/3_«/‘KZ__’_eS«/T«/K_Z-_e4«/3_\/K_Z-X_€4«/3_«/‘KZ_(HX)_BZ«/?—\/K_Z-X(_1+X)+82«/3_«/'K2_(4+X)(_1+X))+
3a1(_4€2—\/3_m_4€6—\/3_m_462—\/3_m(l+2){)_4e2«/3_m(3+2X]+eZ«/3_m(I+X)(8_16X)+

e2 V3 VK2 Xpin (8 \3 VK2

e 3 VKRB Q- 16X) +2€> V3 VRIE (_5 424 K2 (-1 + X7 + 9.X) +
3e8«/3'«/10'(1+2\/§ \/EX+4K2X2)+64‘/§MX(3—6\/§ \/EX+12K2X2)+
@ V3 VRIX (L34 (7-24K2) X + 24 K2 X2) + €2 V3 VRZ (4+9) (L3 4 (7 - 24 K2) X + 24 K2 X?) +
VI NRZ (140 (5 6 3 \JK2 X+ 12K2 (<2 + X))+ &4 V¥ VK2 (546 /3 K2 X + 12K2 (-2 + X?))))
1
96 (1 +¢* V3 VKZ)P K22
(_8(1_“?4«/’5«/?2)(\/562«/?«/@)(_\/362«/?«/?5(2+X)+6€4«/’§m\/ﬁ+6€4«/§mx\/§)\/ﬁ+
3al (<1662 V3 VRZ140) 16,62 V3 VRT3 1 g (3 o2 V7 VRZ KD +
8 /3 8 V3 VRZ (KD —8 43 &2 V3 VRZ(122X) \[K) _ 8 \[3 2 V3 VRZ (3429 (K7 4
62 V3 VR (3 4 16 K2 (-1 +X)) + 12¢* V3 VRZXYRD X (-1 +2 /3 VK2 X) -
128V VR K2 X (1+2 43 VK2 X)+ &2 V7 YR X (74 24K2 (-1 +2X)) +
@ V3 NRZ () (7 124 K2 (=1 + 2 X)) + 4 € V3 VRZ 10 (KD (43 =3 K2 X+ 6 43 K2(-2 + X2)) -
44 VI VR K2 (V3 +3 VK2 X+6 3 K2(-2+X2)))) (-1 + YD Y1
1
48 (1 +&* V3 VK2 K2
3al (—4e2 V3 VK2 _ 4 g6 V3 VKT | 42 V3 VRIX | g g2 V3 VRZ(20N) g o2 V3 NRZ(4eX) _
42 VT VRT(1920) _ 4 g2 NT NRT(3420) 1 o8 N VKT (112 3 K2 X+ 12K2X2) +
e4ﬁmX(_l+2\/§ \/EX+12K2X2)+64‘BM(1—2\/§ VK2 X+ 12K2 (-2 +X%)) +
et V3 VR (142 \3 (K2 X +12K2 (-2 + X)) (=1 + YD)> (1 +2 Y1)

e2 V3 NR2Z X pjy

Q—ZﬂmXPin(_g\/3(14_@4«/’5@)(@4\/?«/@_@4\/?«/@)()@_

5. Results

Non-dimensional pressure and velocity functions

K1, K2 to K & ratio of h1/h2

nien- ShallowRelationl = el = h1 /1;
ShallowRelation2 = €2 = h2 /1;

| 33
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uyC
infes= FirstScalingRelationl = y = €l;
ux1C
. . . uyC
FirstScalingRelation2 = = €2;
ux2C

niesi- Kparameterl = K1 == k u/ (1 e13);
Kparameter2 = K2 = ku / (1e23);

infs71= AssumptionOnScaling = {1 > @, hl >0, h2 >0, pC1 > 9, uxC >0,
uyC >0, €1>0,€2>0, u>0,KL>0,K2>0, al >0, Pin>09, R>0};

Substituting K1 and K2 (Only where K1 or K2 exist):

Region1:

Pressure

inf1ss;= G1OFuUnc [X] ;
G11Func[X];
G11FuncR[X] = Simplify[G1l1lFunc[X] //. K2 » {Kp *R}];

Uy

inr1e11= UX1@Func [X, Y1];
UX11lFunc[X, Y1];
UX11FuncR[X, Y1] = Simplify[UX11Func[X, Y1] //. K2 > {Kp*R}];

uy

inr1e41= UY1@Func [X, Y1];
UY1lFunc[X, Y1];
UY11FuncR[X, Y1] = Simplify[UY11lFunc[X, Y1] //. K2 > {Kp*=R}];



Supplementary material - Flow Batteries Model.nb | 35

Region 1

Pressure - definitions

inr1e71= G1OFuNnc [X] ;
G1l1lFuncR[X];
GFuncAsy[X_, Kp_, R_, Pin_, al_] = G1@Func[X] + Kp G11FuncR[X]
GFuncAsyCorr[X_, Kp_, R_, Pin_, al_] = Kp G11FuncR[X];
1

out[199]= {Pin - PinX +
48 (144 V3 VKPR)ZKpRZ

e 2V3 VKPR X pjip (8\/5 \/m (e4ﬁm+e8ﬁm—e4ﬁ‘/mx—
et V3 VKPR (1+X) _ £2 V3 VKPR X (—1+X) + @2 V3 VRPR (4:X) (—1+X)> +
3a1 (,4(32«5«/m,gfee«/?«/m,zlez\ﬁm(mm _ 4 @2 V3 VKPR (3+2X) | 2 V3 VKPR (L1+X)
(8-16X) +e2 V3 VPR (3:%) (g _16X) + 22 V3 VKPR (2:X) (—5+24KpR (71+x)2+9x) +
3 8 V3 VKPR (1+2«/§ \/mX+4KpRX2) + e V3 VKPR X (3-6@ \/mX+12KpRX2>+
@2 V3 VKPR X (_3, (7-24KpR) X+ 24KpRX?) +e? V3 VKPR (4:X)
(-3+ (7-24KpR) X+24KpRX2) + e* V3 VKPR (1) (5—6\/§ JKpR X +12KpR (72+x2)) +

€4 (50545 G 50 12608 (20|

in2o1:= GFuncAsy[0.5, 0.50, 0.3, 0.1, 1, 0.2];
GFuncAsyCorr[0.5, 0.50, 0.3, 0.1, 1, 0.2];

Pressure - total

The leading order is simple pressure driven channel flow.
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in2os= Manipulate [Plot [GFuncAsy[X, Kp, R, Pin, al], {X, @, 1}, AxesLabel » {X, Pressure}],
{Kp, ©.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

Kp

al

0
J
Pin CD
i

Pressure

0.10
Out[203]= L
0.08
0.06

0.04

0.02

in2o4i= P1lOrder@Fig =
DynamicModule[{al = @.1", Kp = ©.1, Pin = .17, R = 1}, Plot[GFuncAsy[X, Kp, R, Pin, a1],
{X, @, 1}, AxesLabel - {X, Pressure}, LabelStyle -» (FontSize -» 12)]]

Pressure

0.10f
0.08
0.06
Out[204]= t

0.04F

0.02]

Pressure - asymptotic correction

in2osi= GFuncAsyCorr[X, Kp, R, Pin, al];
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inzoei:= Manipulate [Plot [GFuncAsyCorr[X, Kp, R, Pin, al], {X, @, 1}, AxesLabel » {X, Pressure}],
{Kp, ©.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

Kp

al

{
3
Pin CD
3

Pressure

0.2 0.4 0.6 0.8 .0
out[206]= r
-0.001 r

-0.002
-0.003
-0.004 |

-0.005 |

Ux1 - definitions

in2071= UX1@Func [X, Y1];
UX11Func[X, Y1];
UXAsy[X_, Y1_, Kp_, R_, Pin_, al_] = UX1@Func[X, Y1] + Kp UX11FuncR[X, Y1];
UXAsyCorr[X_, Y1_, Kp_, R_, Pin_, al_] = Kp * UX11FuncR[X, Y1];

nz11= UXAsy[0.5, 0.50, 0.3, 0.1, 1, 0.2];
UXAsyCorr[0.5, 0.50, 0.3, 0.1, 1, 0.2];

in213= UX1@Func[X_, Y1_, Kp_, R_, Pin_, al_] = UX1@Func[X, Y1];
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Ux1 - leading order

n214:= Manipulate [ContourPlot [UX1@Func[X, Y1, Kp, R, Pin, al],
{X, @, 1}, {Y1, @, 1}, AxesLabel -» {X, Y1, UX}, PlotLegends -» Automatic],
{Kp, ©.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

4

0.012

out[214]=
0.010
0.6 - —

r 1 0.008

| | 0.006
0.4 7

0.004

0.002

Ux1 - asymptotic correction

n215:= UXAsyCorr[X, Y1, Kp, R, Pin, al];
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in216;:= Manipulate [ContourPlot [UXAsyCorr[X, Y1, Kp, R, Pin, al],

out[216]=

{X, 0, 1}, {Y1, @, 1}, AxesLabel -» {X, Y1, UX}, PlotLegends -» Automatic],

{Kp, 0.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

Kp

Pin

al

oo

0.003

0.002

0.001

-0.001

L

| 39
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Ux1 - total flow

n217:= Manipulate [ContourPlot [UXAsy[X, Y1, Kp, R, Pin, al],
{X, @, 1}, {Y1, @, 1}, AxesLabel -» {X, Y1, UX}, PlotLegends -» Automatic],
{Kp, ©.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

4

0.016
out[217]= 0.014
0.012
0.010
0.008
0.006
0.004

0.002

in218= UY1@Func [X, Y1];
UY11Func[X, Y1];
UYAsy[X_, Y1_, Kp_, R_, Pin_, al_] = UY1@Func[X, Y1] + Kp * UY11FuncR[X, Y1];
UYAsyCorr[X_, Y1_, Kp_, R_, Pin_, al_] = Kp = UY11FuncR[X, Y1];

Since the leading order is essentially zero, only the asymptotic exp. matters in this case.

in2221= UYAsy[0.5, 0.50, 0.5, 0.5, 0.5, 0.5];
UYAsyCorr[0.5, 0.50, 0.5, 0.5, 0.5, 0.5];



Uyl - total flow

in2241= Manipulate [ContourPlot [UYAsy[X, Y1, Kp, R, Pin, al],

{X, @, 1}, {Y1, @, 1}, AxesLabel -» {X, Y1, UX}, PlotLegends -» Automatic],
{Kp, ©.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

Supplementary material - Flow Batteries Model.nb

Kp <

0
0

Pin D
0

al o

out[224]=

-0.001

-0.002

-0.003

-0.004

-0.005

-0.006

-0.007

L

UX and UY stream map - total flow fields

in22s1= UXAsy[X, Y1, Kp, R, Pin, al];
UYAsy[X, Y1, Kp, R, Pin, al];

ne271= UXAsy[1, 0.5, 0.1, 10, 1, 0.1];
UYAsyl[0.5, 0.5, 0.1, 10, 1, 0.1];

n220= VectorPlot[{X, Y1}, {X, @, 1}, {Y1, @, 1}, PlotLegends -> Automatic];

in23o= UXAsy[X, Y1, Kp, R, Pin, al] x9;

| 41
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n2a1= Manipulate[
VectorPlot[ {UXAsy[X, Y1, Kp, R, Pin, al][[1]], UYAsy[X, Y1, Kp, R, Pin, al][[1]]},
{X, 0, 1}, {Y1, o, 1}, PlotLegends -> Automatic],
{Kp, ©.1, 1}, {R, 10, 1000}, {{Pin, 1}, ©.1, 5}, {al, 0.1, 1}]

Kp _D
.R -D

Pin N
U

F B

1.0~ =
B e o e e o I e R R e o o = =
e o e e b = I T o e S i

08— 33—

0.125
R N N N
Outf231)= NN ——— 0.100
06 >
[ > | 0.075
I > |
04 > 0.050
e
- 1 0.025

L " |
02F 22—

[ i e e e s R R e i e e e e e e

L O A A AT ATA A A e e e

o 4 ¥V AV Y H b A At d -

PR I I I | I

0.0 0.2

UX and UY stream map - asymptotic correction

23z = UXAsyCorr[X, Y1, Kp, R, Pin, al];
UYAsyCorr[X, Y1, Kp, R, Pin, al];
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ni234= Manipulate[
VectorPlot [ {UXAsyCorr[X, Y1, Kp, R, Pin, a1][[1]], UYAsyCorr[X, Y1, Kp, R, Pin, a1] [[1]]},
{X, 0, 1}, {Y1, @, 1}, PlotLegends -» Automatic],
{Kp, 0.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al1, 0.1, 1}]

Kp CD
" {]
Pin CD
al CD

’****\\\/ttf«««««’
Foa A AU AU L Y % ///{fkff«—
out[234]= 7\\\\\\ * %///[A/(f¢i
06 AW W Y Y y + V¥ o aaaa
\\\\\*%*////‘/4/"*7 0.004
AR R NN i

RN o

0.

[e2)

0.006

[«

0.

&
&~
~
AN
AN
AN
%
:
:
:

oo} ‘H+ij+++++++++$

0.0 0.2 0.4
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in23s= Manipulate [
StreamPlot [ {UXAsyCorr[X, Y1, Kp, R, Pin, al] [[1]], UYAsyCorr[X, Y1, Kp, R, Pin, a1][[1]]},
{X, @, 1}, {Y1, @, 1}, StreamColorFunction -» Automatic, PlotLegends -> Automatic],
{Kp, 0.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

10§§§§$f”“i:ii

IO\ /“:‘/f’k: ]
IESSN\V/eea=al W

out[235)= i st\\:\} \i l/ // // /‘/*/‘* ,
O ‘ | e
I
04k \\\\\\\\\l l,'“f "y é?//‘; 1 oo
O e
IRl B

| VW 7
AR el e
Region 2
Pressure 2

in236:= FuncG201[X] ;
FuncG201R[X] = Simplify[FuncG201[X] //. K2 -» {Kp *R}];
G2FuncAsy[X_, Y2 _, Kp_, R_, Pin_, al_] = FuncG201R[X];

niser= G2 is not a function of Y2 or K

out2391= a function G2 is K not of or Y2
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in240;= Manipulate [Plot [G2FuncAsy[X, Y2, Kp, R, Pin, al], {X, @, 1}, AxesLabel » {X, Pressure}],
{Kp, ©.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

Kp

al

0
J
Pin CD
i

Pressure
0.025

out[240]= 0.020L
0.015]

0.010}

0.005]

UX2

in2411= UX20FuncSub[X, Y2];
UX20FuncSubR[X, Y2] = Simplify[UX20FuncSub[X, Y2] //. K2 » {Kp=*R}];
UX20Asy[X_, Y2_, Kp_, R_, Pin_, al_] = UX20FuncSubR[X, Y2];
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in44:= Manipulate [Show[ {ContourPlot [UX20Asy[X, Y2, Kp, R, Pin, al],
{X, 9, 1}, {Y2, -1.25, 0}, AxesLabel » {X, Y2, UX}, PlotLegends -» Automatic],
Graphics [Polygon[{{0, -1}, {1, -1-a1}, {1, -1-5al1}, {0, -1-5a1}}]1}1],
{Kp, 0.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.05, 1}]

Kp

al

d
d
Pin CD
J

— 0.004
Out[244]= —+ 0.003
= 0.002

—0.001

+-0.001

-0.002

-0.003

-0.004

uy2

in245:= UY20FuncSub[X, Y2];
UY20FuncSubR[X, Y2] = Simplify[UY20FuncSub[X, Y2] //. K2 - {Kp#*R}];
UY20Asy[X_, Y2_, Kp_, R_, Pin_, al_] = UY20FuncSubR[X, Y2];
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inz4s1= Manipulate [Show[ {ContourPlot [-UY20Asy[X, Y2, Kp, R, Pin, a1],

{X, 0, 1}, {Y2, -1.25, 0}, AxesLabel » {X, Y2, UY}, PlotLegends -» Automatic],
Graphics [Polygon[{{0, -1}, {1, -1-a1}, {1, -1-5al1}, {0, -1-5a1}}]1}1],

{Kp, 0.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, .05, 1}]

Kp

(0 I O O

Pin |

al

out[248]=

0.007

0.006

0.005

0.004

0.003

0.002

0.001

UX2, UY2 - total flow field
in49;= UX20Asy [X, Y2, Kp, R, Pin, a1] [[1]];

n2so= UY2@Asy [X, Y2, Kp, R, Pin, a1][[1]];

| a7
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ines1= Manipulate [Show [
{VectorPlot [ {UX20Asy[X, Y2, Kp, R, Pin, al][[1]], UY20Asy[X, Y2, Kp, R, Pin, a1][[1]]},
{X, 0, 1}, {Y2, -1.25, 0}, PlotLegends -> Automatic],
Graphics[Polygon[{{0, -1}, {1, -1-a1}, {1, -1-5al1}, {0, -1-5a1}}]1}],
{Kp, ©.1, 1}, {R, 10, 1000}, {{Pin, 1}, ©.1, 5}, {al, 0.05, 1}]

Kp CD
.R CD

Pin

()

oof YN YN YN YN YYOYY
A .-
- R N O e e

| ‘ \ N R AAA A A 0.25

out[251]= _0'4f+ ‘ \ \ \\\\\****——»—)»i

0.20
- % \ N A ATA A A e |
G e e A

~0.6 + \ \ N > | 015

r * A AR e

- + A A A e e 0.10
-0.8 =

I R e i

r + A TA A | 0.05
101 S e

L i 0
-1.2- =
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ines2= pl = Manipulate [Show [
{StreamPlot [ {UX20Asy[X, Y2, Kp, R, Pin, a1][[1]], UY2@Asy[X, Y2, Kp, R, Pin, a1][[1]]},
{X, @, 1}, {Y2, -1.25, @}, StreamColorFunction -» Automatic, PlotLegends -> Automatic],
Graphics[Polygon[{{0, -1}, {1, -1-al1}, {1, -1-5a1}, {0, -1-5a1}}]11}]1,
{Kp, 0.1, 1}, {R, 1, 1000}, {Pin, 0.1, 5}, {al, 0.05 , 1}]

Kp

Pin

al o

0.0
-02+
- 0.006

out[252]= 04

-0.6 - - 0.004

0.002

-1.0+

-12- -

Total flow field

iness= H2Border[X_, al_] = - (1 +al * X) 5
H2Border [X, al];
H2Border[0.5, 9.5];
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nzse- Manipulate|
Show[{Str'eamPlot[{UXAsy [X, Y1, Kp, R, Pin, al1][[1]], UYAsy[X, Y1, Kp, R, Pin, a1][[1]1]},
{X, 9, 1}, {Y1, @0, 1}, StreamColorFunction -» Automatic,
PlotLegends -> Automatic, PlotRange -» {{0, 1}, {-1, 1}}],
StreamPlot [ {UX20Asy[X, Y2/ (R~ (-1/3)), Kp, R, Pin, a1][[1]],
UY20Asy[X, Y2/ (R~ (-1/3)), Kp, R, Pin, a1] [[1]11}, {X, @, 1},
{v2, - (R" (—1/3)) (1+a1), @}, streamColorFunction - Automatic,
PlotLegends -> Automatic, PlotRange - All] >

Graphics[Polygon[{{e, -1 (R~ (-1/3))}, {1, (R*(-1/3)) (-1-a1)},

{1, (R~(-1/3)) (-1-5a1)}, {0, (R*(-1/3)) (-1-5a1)}}]]}],

{Kp, @.1, 1}, {{R, 10}, 1, 1000}, {Pin, 0.1, 5}, {al, 0.1, 1}]

Kp

o

i}
(]

Pin {j
al {]
1.0 — — ‘
. T
0.03
0.5+ | 0.0125
Out[256]=
0.0100
- ,:**w»——» B < < 000
= _
0.0075
0.0050
0.01
0.0025

0.0 0.2 0.4 0.6 0.8 1.0
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6. Dimensional velocity and pressure functions

6.1 Top Region - Leading Order

P10

in2571= G10Fune[X];
G10FuncDim[X] =
Simplify[G10Func[X] //. {UX1 - (ux1/ux1C [X[#1], Y1[#2]] &), UY1 - (uyl/uyC [X[H#1], Y1[#2]] &),
P1 - (p1/pC1 [X[H1], Y1[H2]] &), P2 > (p2/pC1 [X[#1], 0] &),
Pin -» (pin/pCl), X - (x/ D, Y1 - (y/hl)}, AssumptionOnScaling];

in2s9i= TextbookEq[G1OFunc [X] ]
TextbookEq [G1OFuncDim[X] ]

Pin — Pin X
pin (I —x)
IpCl1

U10

ine61:= UX10Func[X, Y1]
UX10FuncDim[X, Y1] = Simplify[
UX10Func[X, Y1] //. {UX1 - (ux1/ux1C [X[#1], Y1[#2]] &), UY1 - (uyl/uyC [X[H#1], Y1[#2]] &),

P1 - (p1/pC1 [X[#1], Y1[H2]] &), P2 - (p2/pC1 [X[#1], 0] &),
Pin » (pin/pCl), X > (x/ D, Y1 - (y/hl)}, AssumptionOnScaling];

1. . )
out[261]= — (Pln Y1l -PinY1l )
2

in2esi= TextbookEq [UX10Func [X, Y1]]
TextbookEq [UX1OFuncDim[X, Y1]]

1
—(PinY1-PinY1?)
2

pin(hl —y)y
2h12pCl1
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V10

inesi= UY10Funcl[X, Y1]
UY10FuncDim[X, Y1] =
Simplify[UY10Func[X, Y1] //. {UX1 - (ux1/ux1C [X[#1], Y1[#2]] &), UY1 - (uyl/uyC [X[H1], Y1[H#2]] &),
P1 - (p1/pC1 [X[#1], Y1[H2]] &), P2 > (p2/pC1 [X[#H1], 0] &),
Pin » (pin/pCl), X - (x/ ), Y1 - (y/h1)}, AssumptionOnScaling]

out[265]= @

out[266]= @
6.2 Top Region - First Order

P11

in2671= G11Fune[X];

ines)= G11FuneDim[X] =
Simplify[G11Func[X] //. {UX1 - (ux1/ux1C [X[H#1], Y1[H2]] &), UY1 - (uyl/uyC [X[H#1], Y1[H#2]] &),
P1 - (p1/pC1 [X[#1], Y1[H2]] &), P2 - (p2/pC1 [X[#H1], 0] &), Pin —» (pin/pCl1),
X - (x/ 1), Y1 » (y/hl), K2 » (K (h1/h2))"3}, AssumptionOnScaling];
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ni269)= TextbookEq[G11FuncDim[X]]
1

R \2
48(1 &t VF] h1¢ K8 2 pCl

h13 k3
x

hi3 k3
243 443

h1* K% h1° K 23

8 \/3_ h2:

e4/ Bpin|8 V3 hih2 Jhi 2 &3 1]e V° " lte o l—e -

ni3 &3 13 K3
443

5 () 243 ek INENE x
243 [— (4%
e 1 I+e 1 (I-x)+e =l ’)(—l+x) +

hi3 K3
o (20 R

e RIS V3 ; 2x
3al| 4 PV 12 4l AT W3 de— P4l VN iy

h13
2 43 = (/+x) ENR

8@7h23l(1—2x)+8e V3 7(3*7)h231(1—2x)+

hi3 K3

43

3o (h2* 22 V3 hih2 VhI B2 &P L+ 401 K3 2) +
K
3¢ Ve (hz3 P+2+/3 h1h2 Jh1 2 K3 1x+4h131<3x2)+

hi3 K3

243
e7(24h13l{3x(—1+x)+h23l(—3l+ 7x)) + e

243 "‘K(4+)

h2?

h1° K°

(4013 K x (<l +x) +h22 [(=31+70)+2¢° © N w0 (2*7)(24h131<3(1—x)2+h231(—51+9x))+

hi3 K3

4V—\/_+)

e (5122 =6 V3 h1h2 Vhih2 &2 fx+ 1201 K (-2 + %)) +

hl° K-

¢ VR (502 246 \3 hih2 VI W2 K Ly + 12010 K (<2 + )

Ull

inz7op= UX11Func[X, Y1];

in271:= UX11FuneDim[X, Y1] = Simplify[
UX11Func[X, Y1] //. {UX1 - (ux1/ux1C [X[H#1], Y1[H2]] &), UY1 - (uyl/uyC [X[H#1], Y1[H2]] &),

P1 - (p1/pC1 [X[#1], Y1[H2]] &), P2 > (p2/pC1 [X[#1], 0] &), Pin - (pin/pC1),
X- (x/D, Y1l - (p/hl), K2 - (K (h1/h2))”3}, AssumptionOnScaling];
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ni2721= TextbooKEq[UX11FuncDim[X, Y1]]
1

R \2
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in27a= UY11Func[X, Y1];

n274= UY11FuneDim[X, Y1] = Simplify[
UY11Func[X, Y1] //. {UX1 - (ux1/ux1C [X[H#1], Y1[H2]] &), UY1 - (uyl/uyC [X[#1], Y1[H2]] &),
P1 - (p1/pC1 [X[#1], Y1[H2]] &), P2 —» (p2/pC1 [X[#1], 0] &), Pin — (pin/pC1),
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Supplementary material - Flow Batteries Model.nb | 55

in2751= TextbookEq[UY11FuncDim[X, Y1]]
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6.3 Top Region - Total Flow field

P1

ne7er= P1[X_, Y1_] = G10FuncDim[X] + K G11FuncDim[X];
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nezer= UI[X_, Y1_] = UX10FuncDim[X, Y1] + K UX11FuncDim[X, Y1];
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V1

n[280]:=

TextbookEq[V1[X, Y1]]

VI1[X_, Y1_] =UY10FuncDim[X, Y1] + K UY11FuncDim[X, Y1];
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6.4 Bottom Region - Leading Order (Total Flow field)

P2

ni2e2i= FuncG201[X];

n2g3r= FuneG201Dim[X] =

Simplify[FuncG201[X] //. {UX2 - (ux2/ux2C [X[#1]] &),

h23

UY2 - (uy2/uyC [X[#1]] &), P2 - (p2/pC2 [X[#1]] &), P1 - (p1/pC2 [X[#1]] &),
Pin - (pin/pC2), X » (x/I), Y2 = (y/h2), K2 - (K (h1/h2))*3}, AssumptionOnScaling];
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ni2e4;= TextbookEq[FuncG201Dim[X]]
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ni2ss= UX20FuncSub[X, Y2];

nizeel= UX20FuncSubDim[X, Y2] = Simplify[
UX20FuncSub[X, Y2] //. {UX2 - (ux2/ux2C [X[#1], Y2[H2]] &), UY2 - (uy2/uyC [X[#1], Y2[H2]] &),
P2 - (p2/pC2 [X[#1], Y2[H2]] &), P1 > (p1/pC2 [X[#1], 0] &), Pin » (pin/pC2),
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n2e7;= TextbooKEq[UX20FuncSubDim[X, Y2]]
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