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1 Stability analysis

1.1 Basic model without cultural transmission

There are three feasible (non-zero) equilibria to the system (equations 1-4 in the
main text). We investigate the stability conditions for each of these equilibria
in the following sections.

1.1.1 Equilibrium 1
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Let v be the eigenvalue where det(J — vI) = 0. The eigenvalues are,
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1.1.2 Equilibrium 2
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Let v be the eigenvalues. The characteristic polynomial of the jacobian is
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Replace v with V' where V = v — 1, so that the condition for stability is V' < 0.
Let the characteristic polynomial for V be AV? + BV + C = 0 where
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The sum of the roots equals —B/A and the product of roots equals C'/A. For
both roots to be negative, we need —B/A < 0 and C/A > 0. From inspection,
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we get A > 0 always. Therefore, the conditions for V' < 0, and hence stability,
are B < 0 and C' < 0 simultaneously. The boundaries for our parameters are
s>00<f8<1,0<y<1,0<s <land0< X< 1. Solving B < 0 and
C < 0 with those boundaries, we get
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1.1.3 Equilibrium 3
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1.2 Model with cultural transmission

We explore the boundary of the model with cultural transmission (Equations
7-12 in the main text) where the mutualist is extinct. There are two feasible
equilibria at this boundary. We investigate the stability conditions for each of
these equilibria in the following sections.

1.2.1 Equilibrium 1
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1.2.2 Equilibrium 2
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2 Supplementary figures

This section includes the longitudinal dynamics of the basic model and the
model with cultural transmission. Baseline parameter values (y = 0.1, A = 0.1,
B =01 s8=01¢=0.1 a =01, k=0.1and 6 = 0.02) are chosen as an
example to visualise the dynamics and illustrate the thresholds (Figure 3-5 in
the main text).

Microbiota over 150 generations
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Figure S1: Proportions of microbiota types over time in the simple model
using A = 0.1 and A = 0.3. Other parameters are set at baseline values. Initial
conditions are set at 0.5 (equal proportion of host and microbiota types). The
mutualists in the population (M, and M,) and the environment E,, are extinct
under a more leaky vertical transmission (A = 0.3).



Microbiota over 226 generations
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Figure S2: Proportions of microbiota types over time in the model with cul-
tural transmission using A = 0.1 and A = 0.3. Other parameters are set at
baseline values. Initial conditions are set at 0.25 (equal proportion of host and
microbiota types). The mutualists in the population (M, and M,) and the en-
vironment FE,, are extinct under a more leaky vertical transmission (A = 0.3).

3 Supplementary table

This section include non-negative equilibria and stability conditions for the
model with cultural transmission under perfect vertical transmission (A = 0).

Table S1: Non-negative equilibria and the conditions for stability

Equilibrium 1 Equilibrium 2  Equilibrium 3  Equilibrium 4

e
|
>

0 0

M, %
N, 0 k=g 0 0

M, 0 0 1 g

3 5

N, 1 g 0 0
En, 0 0 2 7

E, 1 1 1-2 1-2
Stability 0<k<d d<k<l1
conditions Unstable Unstable y<e<l1 y<ec<l1




