Spencer et al. Model D
ul=.; pu2=_;T=_; t=.; t=.;Vv=.; En=.; cl=.; c2=.; kKl =.; k2 =.;j =.;

W= @Hl(Tre+V) gu2(T-t-z-V) (En - (Clt +clt+ kil (t -k2)2+c2(T-t - t)))

e 2 CtTvon b (tven) (En_clt-c2 (-t+T-1) -clt-KL (-k2+1)?)

delwbydelt = D[w, t]
(-cl+c2) @ H2 (-t+T-v-1)-ul (tsvez)
2 (CBTVE) WL (BVeD) (L1 4 y2) (En-clE-C2 (~€+T-1) -clt-KL (-k2+1)2)

delwbydelt = D[w, t]

e 2 BTVl (Bver) (_cl+c2-2KkLl (-k2+ 1)) +
@ M2 (CTT-vorm) il (TeveT) (g 4 2) (En—clt—CZ (-t+T-t) -clt-k1 (-k2+ 7:)2)

sols = Simplify[Solve[{delwbydelt == 0, delwbydelz == 0}, {t, t}]]
Solve:ifun : Inverse functions are being used by Solve, so
some solutions may not be found; use Reduce for complete solution information. >
({€t-> (En (1 -p2) +c2 (-1 +k2pul-Tpul-k2u2+Tu2) +cl (1+Kk2 (-pud+u2))) /
((cl-c2) (ul-u2)), t->Kk2})
Simplify[w /. sols[[1]]]

1 En (-pl+p2)-cl (1+v (ud1-p2) +T p2) +€2 (14T pd+v ul-v u2)

(Cl - C2) e cl-c2

—ul + 2
Negative (since ¢l < c2 and ul < u2)

sols[[1]] /- {En-> 50,cl -» 0.1, c2 » 0.2,
ul - 0.3, p2 » 0.4, T»>20, v->16 -t -, ki - 1, k2 » 1}

{(t->-471., t > 1}

w /. {Enh- 50,cl - 0.1, c2 - 0.2, ul - 0.3, u2 » 0.4, T » 20,
V16 -t-t, kl - 1, k2 » 1} /. {t - -471.00000000000006", t » 1}

-0.00166156

No fully internal solution : must look on boundaries

Boundary | : t=0

wl = Simplify[w /. {t > 0, T > j - V}]

e duled p2-Tu2 (En+cl (-J+V) -KL (-J+k2+Vv)2-¢c2 (-] +T+V))
delwlbydelv = D[wl, V]

e d 2 T2 (0] —c2-2KL (-j +K2+Vv))

veritl = Simplify[Solve[delwlbydelv == 0, v]]
cl-c2+2jkl-2klk2

- 2iL J)
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Simplify[wl /. veritl[[1]1]]

T ed i1 du2Tu2 (c12c22 + 4Enkl-2cl (c2+2k1k2) +4c2kl (k2-T))

Maximize[{wl /. {En- 50, cl -» 0.1, c2 » 0.2, ul -» 0.3,
u2 - 0.4, T >20, jJ - 16, k1 - 1, k2 » 1}, O =< v, v<16}, {V}]

(0.0766019, {Vv > 14.95})

Maximize[{wl /. {En- 50, cl -» 0.1, c2 » 0.2, ul -» 0.3,
w2 - 0.4, T 20, j » 16, k1l - 2, k2 » 1}, O =< v, v <16}, {V}]

(0.0765999, (v - 14.975}}

One edge solution whent=0

Boundary2: =0

w2 = Simplify[w /. {t » 0, VvV » j - t}]
ed i du2Ti2 (En k1 k2?-clt+c2t-c2T)
delw2bydelt = D[w2, t]

(-cl+c2) edrtduzTuz

terit2 = Solve[delw2bydelt == O, t]
{{}}

Maximize[{w2 /. {En- 50, cl -» 0.1, c2 » 0.2, ul -» 0.3,
u2 - 0.4, T >20, jJ - 16, kIl - 1, k2 » 1}, O < t, t<16}, {t}]

(0.0774286, {t > 16.})

One corner solution when r =0

Boundary 3: v=0

w3 = Simplify[w /. {v - 0, © » j - t}]
e J nleju2-Tu2 (En—CltJrCl (-j+t) -KL (-j+k2+t)2+c2 (j 7T)>

delw3bydelt = D[w3, t]
2 @ Il p2-Tu2 g (-J+k2+1)

terit3 = Simplify[Solve[delw3bydelt == 0, t]]
{({t->]J-k2}}

Simplify[w3 /. tcrit3[[1]]]

edH 2Tz (En_clj+c2 (J-T))

Maximize[{w3 /. {En- 50, cl -» 0.1, c2 » 0.2, ul -» 0.3,

w2 - 0.4, T 20, j » 16, k1l - 1, k2 - 1}, O < t, t=<16}, {t}]
{0.0790901, {t->15.}}
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Maximize[{w3 /. {En- 50, cl -» 0.1, c2 » 0.2, pul -» 0.3,
u2 - 0.4, T >20, jJ » 16, kIl - 2, k2 » 1}, 0O =< t, t<16}, {t}]

(0.0790901, {t - 15.}}

One edge solution when v =0

Need to look in the corners, too
w00 = Simplify[w /. {t - 0, t » 0}]
e VHlTuzvi2 (En - k1 k2% -c2T)

w00 /. {En-» 50,cl » 0.1, c2 » 0.2, d » 0.3,
ul - 0.3, u2 > 0.4, vo->16, T » 20, kIl - 1, k2 > 1}

0.0747701

wOT = Simplify[w /. {t - 0, v » 0}]
e THeule2r (En-c2T-kl (k2-1)?-clt+c2r)

wOT /. {En-» 50,cl » 0.1, c2 - 0.2, d » 0.3,
ul - 0.3, u2 » 0.4, t » 16, T » 20, k1l » 1, k2 » 1}

-0.29476

wTO = Simplify[w /. {v » 0, t » 0}]
e tHltu2 T2 (En-Kk1k2?-clt+c2t-c2T)

wTO /. {En-» 50, cl » 0.1, c2 - 0.2, d » 0.3,
ul » 0.3, p2 » 0.4, t » 16, T » 20, k1l » 1, k2 » 1}

0.0774286

Maximize[
{w /. {En-> 50,cl1 » 0.1, c2 - 0.2, d > 0.3, ul - 0.3, u2 - 0.4, T » 20,
V16 -t-t7, kl»>1, k2 » 1}, 0<t, 0<<t, t=<16-t}, {t, t}]

(0.0790901, {t - 15., ¢ -» 1.00001})

Maximize[
{w/. {En-» 50,cl » 0.1, c2 - 0.2, d » 0.3, pul - 0.3, u2 - 0.4, T » 20,
V16 -t-t7, kl»>1, k2 » 2}, 0=<t, 0<<t, t=<16-t}, {t, t}]

{0.0790901, {(t—->14.,t~>2.}}

w /. {En-» 50,cl1l » 0.1, c2 » 0.2, d » 0.3, ul - 0.3,
u2 - 0.4, T 20, v-0, t-8, t->38, kI » 1, k2 » 1}

-0.00232618

w /. {En-» 50,cl » 0.1, c2 » 0.2, d » 0.3, ul » 0.3,
u2 - 0.4, T » 20, v-0, t-»>3, t->13, ki » 1, k2 » 1}

-0.160174



