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Appendix A Proofs
We use the following reduct-based characterization of strong equivalence (Turner 2003]).

Lemma 41. Sets Hy and Ho of infinitary formulas are strongly equivalent iff H! and
HL are classically equivalent for all two-valued interpretations I.

Proof. Let I and J be two-valued interpretations, and H be an infinitary formula. Clearly,
I'E=H7iff INJ = H’. Thus, we only need to consider interpretations such that I C J.
By Lemma 1 due to |[Harrison et al. (2017), we have that I = H” iff (I,.J) is an HT-model
of H. The proposition holds because by Theorem 3 Item (iii) due to Harrison et al. (2017)),
we have that 7, and Hs are strongly equivalent iff they have the same HT models. [

Proof of Proposition[3, Let F = {B(r) — H(r) | r € P}".

First, we consider the case I = F. By Lemma 1 due to Truszczyniski (2012), this implies
that P’ and FT are classically equivalent and thus have the same minimal models
Thus, I is a stable model of P iff I is a stable model of F.

Second, we consider the case I & F and show that I is neither a stable model of F' nor
P. Proposition 1 by |Truszczynski (2012) states that I is a model of F' iff I is a model of
FI. Thus, I is not a stable model of F. Furthermore, because I [~ F, there is a rule r € P
such that I = B(r) — H(r). Consequently, we have I |= B(r) and I = H(r). Using the
above proposition again, we get I = B(r)!. Because I = B(r)! and I }= H(r), we get
I W~ ! and in turn I = P, Thus, I is not a stable model of P either. O

Lemma 42. Let F be a formula, and I and J be interpretations.
If F is positive and I C J, then I |= F implies J = F.

Proof. This property can be shown by induction over the rank of the formula. O
The following two propositions shed some light on the two types of reducts.

Lemma 43. Let F be a formula, and I and J be interpretations.
Then,

(a) if F is positive then F! is positive,
(b) I =FiffIf=F,
(c) if F is strictly positive and I C J then I = F iff I = F7.

Proof.

Property @ Because the reduct only replaces subformulas by L, the resulting formula is
still positive.

Property @ Corresponds to Proposition 1 by [Truszczynski (2012)).
Property . This property can be shown by induction over the rank of the formula. [

Lemma 44. Let F be a formula, and I, J, and X be interpretations.
Then,

(a) Fy is positive,

10 To be precise, Lemma 1 by [Truszczynski (2012)) is stated for a set of formulas, which can be understood
as an infinitary conjunction.
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(b) I =Fiff I Fr,
(c) if F is positive then F = Fy, and
(d) if I CJ then X = Fy implies X = Fy.

Proof.

Property @ Because the ID-reduct replaces all negative occurrences of atoms, the resulting
formula is positive.

Property @ This property holds because when the reduct replaces an atom a, it is
replaced by either T or L depending on whether I |= a or I [~ a. This does not change
the satisfaction of the subformula w.r.t. I.

Property . Because a positive formula does not contain negative occurrences of atoms,
it is not changed by the 1D-reduct.

Property @ We prove by induction over the rank of formula F' that
X E F; implies X | F; and (A1)
X |= Fy implies X = Fy. (A2)
Base. We consider the case that F' is a formula of rank 0.

Fis a formula of rank 0 implies F' is an atom.
First, we show (Al]). We assume X = Fj:

F'is an atom implies F; = F; = F.
Fr =Fjy and X | Fy implies X | F7.

Second, we show (A2)). We assume X |= F}:

F is an atom and X |= Fy implies Fy = T.
F; =T implies F' € I.
FelandICJimplies F € J.
F is an atom and F' € J implies ;7 = T.
F5; =T implies X = F;.
Hypothesis. We assume that and hold for formulas F' of ranks smaller than i.

Step. We only show (Al]) because (A2) can be shown in a similar way. We consider
formulas F' of rank q.
First, we consider the case that F is a conjunction of form H".

X = H) implies X = G for all G € H.
X = Gy implies X = G by hypothesis.
X |= Gy implies X | H}.

The case for disjunctions can be proven in a similar way.
Last, we consider the case that F' is an implication of form G — H. Observe that

F[:GT—>H[ and
FJ:G7_>H.].
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First, we consider the case X [~ G5:

X [~ G5 implies X [~ Gy by hypothesis.
X W~ Gy implies X = F.

Second, we consider the case X = H:

X | Hy implies X = H; by hypothesis.
X | H; implies X | FT. O

Proof of Lemmal[@ This lemma follows from Proposition 14 by [Denecker et al. (2000) ob-
serving that the well-founded operator is a monotone symmetric operator. The proposition
is actually a bit more general stating that the operator maps any consistent four-valued
interpretation to a consistent four-valued interpretation. O

Lemma 45. Let O and O" be monotone operators over complete lattice (L, <) with
O'(z) < O(x) for each x € L.
Then, we get ' < x where ' and = are the least fized points of O’ and O, respectively.

Proof. Let y be a prefixed point of O. We have O(y) < y. Because O'(y) < O(y), we get
O'(y) < y. So each prefixed point of O is also a prefixed point of O’.

Let S’ and S be the set of all prefixed points of O’ and O, respectively. We obtain
S C S’. By Theorem [I|[(a)} we get that @’ is the greatest lower bound of S’. Observe that
2’ is a lower bound for S. By construction of S, we have x € S. Hence, we get ' < z. [

Lemma 46. Let P and P’ be F-programs and I be an interpretation.
Then, P' C P implies Sp/(I) C Sp(I).

Proof. This lemma is a direct consequence of Lemma observing that the one-step
provability operator derives fewer consequences for P’. O

Lemma 47. Let P be an R-program, I be a two-valued interpretation, and J = Sp(I).
Then, X is a stable model of P, I C X, and I C J implies X C J.

Proof. Because X is a stable model of P, it is the only minimal model of PX. Furthermore,
we have that J is a model of P;. To show that X C J, we show that J is also a model of
PX. For this, it is enough to show that for each rule r € P we have J £ B(r); implies
J I~ B(r)X. We prove inductively over the rank of the formula F = B(r) that J & F;
implies J £ FX.

Base. We consider the case that F' is a formula of rank 0.
If X £ F, we get J = FX because FX = 1. Thus, we only have to consider the case
X EF:
F'is a formula of rank 0 implies F' is an atom.
F' is an atom implies F; = F'.
X = F and F is an atom implies F~ = F.
F; = F and FX = F implies F; = FX.
J W~ Fr and Fy = F¥X implies J £ F~.
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Hypothesis. We assume that J = F; implies J = FX holds for formulas F of ranks
smaller than 4.

Step. We consider the case that F' is a formula of rank .

As in the base case, we only have to consider the case X = F. Furthermore, we have
to distinguish the cases that F'is a conjunction, disjunction, or implication.

We first consider the case that F is a conjunction of form F”:

X = F implies FX¥ = {G* |G € ]:}A.

J W Frand F; = {G; | G € F}" implies J £ G for some G € F.
G € F and F has rank ¢ implies G has rank less than 1.
J = Gr and G has rank less than 7 implies J j= GX by hypothesis.

J W GX and FX = {GX | G € F}" implies J £ FX.

The case that F' is a disjunction can be shown in a similar way to the case that F'is a
conjunction.

Last, we consider the case that F' is an implication of form G — H. Observe that G is
positive because F' has no occurrences of implications in its antecedent and, furthermore,
given that F' is a formula of rank ¢, H is a formula of rank less than .

We show I |= G:

J b& F] and F] = GT—) H[ implies J ': GT
J = Gy and G is positive implies I = G because Gy = T.

We show J = GX:

G is positive, I C X, and I = G implies X | G by Lemma [42]
XEF, XEG, and F =G — H implies X = H.
G is positive, I C X, and I = G implies I = G by Lemma
G is positive implies G¥ is positive by Lemma @
G is positive, I C J, and I = G implies J = G~ by Lemma [42]

We show J (£ HX:

I = G and F; = G; — Hj implies F1 = Hy because G = T.
Fr = Hy and J (& Fr implies J & Hy.
J W= H; and H has rank less than i implies J & H* by hypothesis.

Because X |= F, we have FX = GX — HX. Using J = G¥X and J [£ HY, we get
J W FX. 0

Proof of Theorem[7 Let X be a stable model of P.
We prove by transfinite induction over the sequence of postfixed points leading to the
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well-founded model:

(IO7 JO) = (@7 2)7
(Iat1, Ja+1) = Wp(1s, Jy) for ordinals «, and
(Ig,Jg) = ( U I, ﬂ Jo) for limit ordinals .
a<pf a<f

We have that o < 5 implies (I, Jo) <p (I3, Jg) for ordinals o and 53, I, C J,, for ordinals
«, and there is a least ordinal « such that (I,J) = (In, Ja)-
Base. We have Ip C X C Jg.
Hypothesis. We assume Ig C X C Jg for all ordinals 8 < «a.

Step. If a« = 5+ 1 is a successor ordinal we have

(I, Ja) = Wp(Ip, Jp)
= (Sp(Js), Sp(1p))-
By the induction hypothesis we have I3 C X C Jg.
First, we show I, C X:
X is a (stable) model implies Sp(X) C X.
X C Jg implies Sp(Js) C Sp(X).
Sp(X) C X and Sp(Jg) C Sp(X) implies Sp(Jz) C X.
I, = Sp(Jg) and Sp(Jsg) C X implies I, C X.

Second, we show X C J,:

B < o implies (I, Jg) <p (Lo, Ja)
(Is,J3) <p (Ia, Jo) and I, C J, implies Ig C J,
X is a stable model, Ig C X,
Jo = Sp(Is), and Ig C J,  implies X C J, by Lemma [47]

We have shown I, C X C J, for successor ordinals.
If «v is a limit ordinal we have

(Las Ja) = ( U Is, ﬂ Jﬁ)'
B<a B<a
Let x € I,. There must be an ordinal 5 < « such that z € Iz. Since Iz C X by the
hypothesis, we have z € X. Thus, I, C X.
Let = € X. For each ordinal 8 < o we have x € Jg because X C Js by the hypothesis.
Thus, we get x € J,. It follows that X C J,.
We have shown I, C X C J, for limit ordinals. O

Lemma 48. Let P be an F-program and (I,J) be a four-valued interpretation.
Then, we have H(PH7) = Tp, (J).

Proof. The program P!/ contains all rules r € P such that J = B(r);. This are exactly
the rules whose heads are gathered by the T operator. O
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Lemma 49. Let P be an F-program and (I,J) be the well-founded model of P.
Then, we have

(a) Spra(I')=J forallI' C I, and
(b) Spr.s(J')=Sp(J') for all JC J'.

Proof. Throughout the proof we use

Sp(J) =1,
SP(I) = ‘]7
PH7 C P, and

I C J because the well-founded model is consistent.

Property@. We show J = Spr.s(I). Let J = Sprs(I) and 7 € P\ P1+7:
pPh7 C P and
J = Spr.s(I) and
J = Sp(I) implies J C J by Lemma [A0]
r ¢ P17 implies J [~ B(r);.
J C J and J { B(r); implies J £ B(r); by Lemma
J = Spr.s(I)and J W B(r); implies J |= P;.
J = P; and J = Sp(I) implies J C J.
JgjandngimpliesJ:j.

Thus, we get that Spr.s(I) = J.
With this we can continue to prove Spr,s(I') = J. Let r € P1/:

r € P/ implies J |= B(r)r.
r e P/ and P17 C P implies r € P.
J = B(r)r, r € P, and Sp(I) = J implies H(r) € J.
J = B(r); and I' C I implies J |= B(r);» by Lemma [44][(d)]
H(r) € J and J = B(r)p implies Spr.s(I") C J.
I'C I and J = Spr.s(I) implies J C Sprs(I").
Thus, we get Spr,u(I') = J.
Propertyl@‘. Let I’ = Spr.s(J') and r € P\ P17:
r ¢ P17 implies J = B(r);.
ICJ,JCJ and J = B(r); implies J |~ B(r) ;. by Lemma [44][(d)].
I'CI,ICJ,and J W B(r)y implies I' = B(r) . by Lemma 42
I' = Sp1,s(J'") and I' £ B(r), implies Sp(J') C Spr.s(J").
PLY C P implies Spr,s(J') € Sp(J’) by Lemma [46}

Thus, we get Spr,u(J') = Sp(J'). O



A-8 R. Kaminski and T. Schaub

]irogf of Theorem[§ By Lemma we have (I,J) = Wpr,s(I,J). Furthermore, we let
(I,J) = WM(PT7):
(I,J) = WM(P"') and (I,J) = Wprs(I,J) implies (I, J) <, (I, J).
by Theorem
T C I implies Spr.s(I) = Spr.s(I)
by Lemma @
J = Spr.s(I) = Sprs(I) = J implies J = J.
I=Sprs(J), Sprs(J) =1, and J = J implies I = I.

We obtain (I,.J) = (I, J). O

Proof of Theorem[9 We first show that all rule bodies removed by the simplification are
falsified by X. Let r € P\ P17 and assume X = B(r):

X | B(r) implies X |= B(r)x by Lemma [44][(b)]
X | B(r)x and I C X implies X |= B(r); by Lemma [44][(d)]
X E B(r)r and X C J implies J |= B(r); by Lemma [12]

This is a contradiction and, thus, X = B(r). We use the following consequence in the
proof below:

X
)

X}~ B(r) implies (P \ PH7)" = 0.

To show the theorem, we show that PX and (PI’J)X have the same minimal models.
Clearly, we have PX = (P1-/yX U(P\ P1/)*. Using this and (P \ PT)~
that PX and (PI"])X have the same minimal models. O

= (), we obtain

Proof of Corollary[I0} The result follows from Theorems [7] to [0 O

Proof of Theorem[11} By Lemma we have Spr.s(X) C So(X
two-valued interpretation X. Thus, by Theorem [8] we get (I, J)

Let (I, J) be a prefixed point of Wq with (1,7) <, (I,J). We have (S
(1,7) <p (1,7).

Q

=

J C J implies Spr.(J) = Sa(J) = Sp(
by Lemma@

So(J) = Sp(J) and Sq(J) C I implies Sp(J) C T.
J C So(I) and Sq(I) C Sp(I) implies J C Sp(I).
Sp(J) C T and J C Sp(I) implies Wp (I, J) <, (I,J).

Wp(T,J) <, (I,7) implies (I,.7) <, (I, J)
by Theorem @
(1,.J) <, (I,J) and (I,J) <, (I,J) implies (I, J) = (I, J).
By Theorem we obtain that WM (Q) = (I, J). O
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Proof of Corollary[T3 Observe that P/ = Q7. With this, the corollary follows from
Corollary [I0] and Theorem [T1} 0

Alternatively, the incorporation of context atoms can also be seen as a form of partial
evaluation applied to the underlying program.

Definition 22. Let IC be a two-valued interpretation.
We define the partial evaluation of an F-formula w.r.t. IC as follows:

pera(a) =T ifa € IC pere(a) =a
perc(a) =aifa ¢ IC
perc(H") = {perc(F) | F € H}" peic(H") = {pesa(F) | F € H}"
perc(HY) = {pejc(F) | F € H}' pere(H") = {pera(F) | F € H}'
pejo(F — G) = perg(F) = peo(G) pera(F = G) = pejo(F) = pera(G)

where a is an atom, H a set of formulas, and F and G are formulas.

The partial evaluation of an F-program P w.r.t. a two-valued interpretation IC' is
pe;o(P) = {pe;c(r) | r € P} where pe;o(r) = H(h) < pe;o(B(r)). Accordingly, the
partial evaluation of rules boils down to replacing satisfied positive occurrences of atoms
in rule bodies by T.

We observe the following relationship between the relative one-step operators and
partial evaluations.

Observation 50. Let P be a positive F-program and IC be a two-valued interpretation.
Then, we have for any two-valued interpretation I that

THE(I) = Tpe,,(p) (1)
Note that pelc(P)J = pelc(PJ).
Proof of Proposition[I3 Clearly, pe;-(P) is positive whenever P is positive. Using Ob-
servation we obtain that T£° is monotone.

The second property directly follows from the monotonicity of the one-step provability
operator. O

Lemma 51. Let P be an F-program and IC be a two-valued interpretation.
For any two-valued interpretation J, we get

St (J) = LM (pe e (P).y)-
Proof. This lemma immediately follows from Observation O

Proof of Proposition[Ij} Both properties can be shown by inspecting the reduced pro-
grams.

Property J' C J implies SK°(J) C SE(J'). Observe that we can use Lemma m to
equivalently write SI¢(J) = Spe,(p)(J) and ST = Spe,o(p)(J'). With this and
Proposition [4] we see that the relative stable operator is antimonotone just as the stable
operator.
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Property IC" C IC implies SIC'(J) C SI(J). Observe that SI(.J) is equal to the least
fixed point of Tf;? and S IIDC/(J ) is equal to the least fixed point of T]{,‘?. Furthermore,
observe that T g,?/(X ) € THP(X) for any two-valued interpretation X because IC" C IC
and the underlying T operator is monotone. With this and Lemma we have shown
the property. O

Observation 52. Let P be an F-program, and IC and J be two-valued interpretations.
We get the following properties:

(2) Sp(J) = Sp(J),
(b) SE'(J) € H(P), and

() SIE(J) =5 PP (1A B(P)7).

Proof of Proposition[I5. Both properties can be shown by using the monotonicity of the
underlying relative stable operator:

Property (I',J') <, (I,J) implies WE7C (1", 0"y <, W79 (1,.J). Given that SIC is
antimonotone and J'U JC C J U JC, we have SE°(JU JC) C SK'(J' U JC). Analogously,
we can show SZC(I' U IC) C SEC(I U IC). We get (SK(Ju JO),SEC(I U IC)) <,
(SIE(J' U JO), S (I' U IC)).

1C,JC .
Hence, Wp is monotone.

Property (IC', JC") <, (IC,JC) implies WéC,’JC'(I, J) < Wlic"]C(I7 J). We have to
show (SIC"(J U JC"), S (TUIC)) <, (SKE(JUJC), S (TUIC)).

Given that IC’ C IC and J U JC C JU JC', we obtain SI¢(J U JC') € SIC(JU JC)
using Proposition The same argument can be used for the possible atoms of the
four-valued interpretations. Given that JC C JC' and I U IC’ C I U IC, we obtain
SPC(IuIC) C S (IUIC') using Proposition

Hence, we have shown Wl{jcl’Jc,(I, J) <, W, . O

Observation 53. Let P be an F-program, and I, I' and IC' be two-valued interpretations.
We get the following properties:

(a) I =P and IC C I implies I = pe;-(P),
(b) I & pe;(P) and I' N B(P)* C IC implies I UI' |= pe;o(P), and
(¢) I = pej(P) implies I = P.
Lemma 54. Let PB and PT be F-programs, IC and J be two-valued interpretations,
I=S pr(J)), IE=1nN (B(PB)Jr NH(PT)), IB = SISVE(]), and IT = SIGVIB(J).
Then, we have I = IBU IT.

Proof. Let I=IBUIT. Furthermore, we use the following programs:

PB = pe;c(PB ) IBE:WICUIE(PBJ):P@IE(PB)
PT = Pelc(PTJ) PT = peICuIB(PTJ) = pep(PT)

Observe that
I =Si%upr(J) = LM(PBUPT),
IB = SIPP(J) = LM(PB), and
IT = SISYIB(J) = LM(PT).
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To show that Zg I, we show that I is a model of both PB and PT. To show that I - f,
we show that I is a model of both PB and PT.

Property I = PB.
I = LM(PB U PT) implies I = PB.
I'= PB and IE C I implies I |= PB
by Observation @
Property I = PT.
I = LM(PB U PT) implies I = PT.
I = PB and IB = LM(PB) implies IB C I.
I = PT and IB C I implies I |= PT.
by Observation @
Property I = PB. Let E = B(PB)" N H(PT):
ICTIand IE = INE implies ITNE C IE.
IT = LM (PT) implies IT C H(PT).
ITNE C IE and IT C H(PT) implies IT N B(PB)" C IE.
IT N B(PB)" C IE implies IT N B(PB)" C IE.
ITNB(FB)" C IE and IB = LM (PB) implies I = PB
by Observation @
I = PB implies IE= PB
by Observation
Property T E PT.
IT = LM (PT) implies I = PT
by Observation @
IE= PT implies IE= PT
by Observation O

Proof of Theorem[16, Let P = PBU PT and E = B(PB)jE N H(PT). We begin by
evaluating P, PB and PT w.r.t. (I,J) and obtain

(1,J) = Wi’ )
= (SI¢(JCcug), S ucun),
(]/R jE) _ ng;C,JC)u(IE,JE)(I’ J)
= (SISVIE(JC U JE U J), SEEYE(IC U IE U T)), and
(T, JT) = Wi 72011y
= (SICYIB(jCc' U JB U J), SLSY7B(1C U IB U I)).
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Using (IE, JE) E (1, J), we get
(IB, JB) = (S5 "2 (JC U ), S5V 7R (IC U T)).

By Lemma |54 and Observation we get
(IB,JB) C (I, J),
(IT, JT) = (SEYP(JC U J), SPGY7E(IC U T)), and
(1,J) = (IB,JB)u (IT, JT).
We first show (IB, JB) = (IB, JB) and then (IT,JT) = (IT,JT).
Property (IB, JB) <, (I/E, jE)
(IB,JB) C (I,J) and
(IE,JE) = (I,J) N E implies (IB, JB) U (IE, JE) T (I, J).
(I1,J) = (IB,JB) U (IT, JT) implies (IT, JT) C (I, .J).
(IT,JT) T H(PT) implies (IT,JT) N B(PB)* C (IT,JT)NE
(IT,JT)n B(PB)* C (IT,JT) M E and
(IT,JT) C (I,.J) implies (IT, JT) N B(PB)* C (IE, JE).
(IT,JT) N B(PB)* C (IE, JE) and
(I,J) = (IB,JB)U (IT, JT) implies (I,J) 1 B(PB)* C (IB, JB) U (IE, JE).

With the above, we use Observation [52) E to show that (IB, JB) is a fixed point of
W(IC’ JC)(JC,JE),

_ W([C JC)U(IE,JE)

)((1,.7) 1 B(PB)*)
= WS ORUEIE) (TR B U (IE, JE))

_ W (IC,JC)U(IE,JE) (IB JB)
Thus, by Theorem [1][(c)} (1B, JB) <, (1B, JB).
Property (IB, JB) = (TE jE) To show the property, let
I, (IB,JB)U (IE, JE) U (IT, JT),

J) =
(IE, JE) = W1, J)NE,
(IB,JB) = (S ICUIE(JO U J), SISYE (10 U 1)),
(IT,JT) = (SISYIB (JC U J), SISY/B (10 U T)), and
Wi(T, J) = (IB, JB) U (IT, JT) by Lemma |54}

We get:
(IB, JB) <, (IB, JB) implies (I,.J) <, (I,.J).
(I,J) <, (I,J) implies W} JC(I J) <, (I, ).
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WlC'9(T, J) <, (I,J) implies (IE, JE) <, (IE, JE).
(IT,JT) N B(PB)* C (IE, JE) implies (I,.J) " B(PB)* C (IB, JB) U (IE, JE).
(I, )1 B(PB)* C (IB, JB) U (IE, JE) implies IB = SSTE(JC' U JE U JB)
and  JB = S{SYUE(IC U IE U IB).
by Observation
IB = SISYIE(JC' U JE U JB) and
JB = S{SYE(1C U IE U IB) and
IB = SKPP(JC U JE U JB) and
JB = S{EYE(IC U IE U IB) and
(IE, JE) <, (IE, JE) implies (IB, JB) <, (IB, JB)
by Proposition
(IB, JB) <, (IB, JB) and
(IB, JB) <, (IB, JB) implies (IB, JB) <, (IB, JB).
IT = SISVIB(jC'U J) and

JT = §$S97B(1C' U T) and

)
)
)
)
IT = SISVIB(jC' U J) and
JT = S{SY7B(10 U T) and
(IB, JB) <, (IB, JB) and
(I,J) <p (I,J) implies (IT, JT) <, (IT, JT)

by Proposition
wle(T, J) = (IB, JB) u (IT, JT) and
(IB, JB) <, (IB, JB) and
(IT,JT) <, (IT, JT) implies W.°'(I, J) <, (IB, JB) U (IT, JT).
(IE, JE) <, (IE, JE) and
(IE, JE) T W}C'(T,J) and

WiCIC(I,J) <, (IB,JB)U (IT,JT) and
(I,J) = (IB,JB) U (IE, JE) U (IT, JT) implies W2°'°(I, ) <, (I, J).

WMIIC (P) = (1,.7)
J)

WIC JC(I J) (

and
implies (I, J) <, (I,J)
by Theorem@
(I,J) <, (I,J) and (I,J) <, (I, J) implies (I, J) = (I,.J).
(I,J) = (IB,JB) U (IE, JE) U (IT, JT) implies (IB, JB) U (IE, JE) C (I, J).
(I,J) = (IB,JB)U (IE, JE) U (IT, JT) and
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(IT,JT) " B(PB)* C (IE, JE) implies (I, J) 1 B(PB)* C (IB, JB) U (IE, JE).

(I1,J)=(I,J) and

(IB,JB) U (IE, JE) C (I, J) and

(I,J)N B(PB)* C (IB, JB) U (IE, JE) and

(IB, JB) = WSS /ORUEIE) (1B 1B) and

(IB, JB) = WHE/ORUEIE) (1 7y implies (IB, JB) = (IB, JB)
by Observation

Property (1/7\’, ﬁ’) = (IT,JT). Observe that the lemma can be applied with PB and PT
exchanged. Let

E = B(PT)* n H(PB),
(IE,JE) = (I,J)NE,
(IT, JT) = WM ICIOUIEIE) (pry and
(18, 7B) = WHCHOMTTID) )
Using the properties shown so far, we obtain

(I1,J) = (IT,JT)U (IB, JB).
With this we get:
(IB, JB) = (IB, JB) and
(I,J) = (IB,JB)U (IT,JT) and
(IB,JB) C H(PB) and
(IE,JE) = (1,.J) N E implies (IB, JB) N B(PT)* C (IE, JE).
(I,J) = (IT,JT) U (IB, JB) and
(IB,JB) T H(PB) and
(IE,JE) = (1,.J) N E implies (IB, JB) N B(PT)* C (IE, JE).
(IB,JB) N B(PT)* C (IE, JE) and
(I,J) = (IT,JT) U (IB, JB) implies (I,.J) N B(PB)* C (IT,JT) U (IE, JE).
(IB,JB) N B(PT)* C (IE, JE) and
(I,J)N B(PB)* C (IT,JT) U (IE, JE) and
(IT JT) (IC JC)U(IE, JE)(IT JT)
(IT,JT) = W,&’f HORUBIB) (T 1y implies (IT, JT) = (IT, JT)
by Observation
(IB,JB) N B(PT)* C (IE, JE) and
(IT, JT) = WMUC-IOUUIEIE) (ppY ang
(IT,JT) = WMUCTOUUBIB) (pTY implies (IT, JT) = (IT, JT)

and
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by Observation
Thus, we get (ﬁ’, ﬁ) =(IT,JT). O

Proof of Theorem[I7 The theorem can be shown by transfinite induction over the se-
quence indices. We do not give the full induction proof here but focus on the key idea. Let
(I}, J!) be the intermediate interpretations as in when computing the well-founded

7 (2

model of the sequence. Furthermore, let
(I;, J;) = WM(ICuJCi)U(]EmJEi)(PZ,)

be the intermediate interpretations where (IC;, JC;) is the union of the intermediate
interpretations as in and
(IE;,JE;)=(1,J)NE

with E; as in
Observe that w1th Theorem., we have WM (U, Ps) = U, c1(Li, Ji). By Proposition
we have (I}, J;) <, (I;,J;) and, thus, we obtain that WM ((P;);c;) <p WM (U1 Pi). O

1)
Proof of Theorem[I8 By Theorem [I7] we have
| (7 J2) <p (1,7

i€l
We get ;o Ii € I and, thus,

UIZ- =10, Ul CI.
i<k

Using J C J;¢p Ji and J; € H(P;), we get

JNBP)* < (| v JHEP)) NBP)*
i<k k<i
- (U J; UEk) ﬂB(Pk)i
i<k

C (JCx U Jy U Ey) N B(Py)*.
Using both results, we obtain
((IC, JCx) U (0, Ex) U (I, Jx)) 1 B(Pe)™ <, (I, J) 1 B(P)™.
Because the body literals determine the simplification, we get

PkI,J C P]gICk,JCk)u(Q,Ek)u(Ik,.]k). 0

Lemma 55. Let (P;),. be a sequence of R-programs, and (I,J) be the well-founded

model of U, Pi
Then, J;cr Pl and | J;¢; Qi with PiI"] C Q; C P; have the same well-founded and stable
models.

Proof. This lemma is a direct consequence of Theorems [11] and [18 and Corollary O
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Proof of Corollary[19 This corollary is a direct consequence of Theorem[I8]and Lemma
O

Proof of Corollary[20. This can be proven in the same way as Theorem [I7] but note that
because E; is empty, we get (I}, J) = (I;, J;). O

29 3

Proof of Corollary[2} This can be proven in the same way as Theorem [I§ but note that
because F; is empty, all <, and most C relations can be replaced with equivalences. [

Whenever head atoms do not interfere with negative body literals, the relative well
founded-model of a program can be calculated with just two applications of the relative
stable operator.

Lemma 56. Let P be an F-program such that B(P)” N H(P) = 0 and (IC,JC) be a
four-valued interpretation.
Then, WM/ (P) = (SI°(JC), S{C(I10)).

Proof. Let (I,J) = WM'7°(P).

We have J = S{C(IC U I). By Observation we get J C H(P). With this
and B(P)” N H(P) = 0, we get B(P)” NnJ = (). Thus, SK(JC U J) = SK(JC) by
Observation

The same arguments apply to show SZ°(IC U T) = SE°(I1C). O

Any sequence as in Corollary 20| in which each P; additionally satisfies the precondition
of Lemma [56] has a total well-founded model. Furthermore, the well-founded model of
such a sequence can be calculated with just two (independent) applications of the relative
stable operator per program P; in the sequence.

Proof of Proposition[23. We use Lemma to show that both formulas are strongly
equivalent.

Property I = n(a)” implies I |= 7(a)” for arbitrary interpretations I. The formulas 7(a)
and 7(a) only differ in the consequents of their implications. Observe that the consequents
in 7(a) are stronger than the ones in 7(a). Thus, it follows that m(a) is stronger than
7(a). Furthermore, observe that the same holds for their reducts.

Property I £ w(a)? implies I = 7(a)? for arbitrary interpretations I. Let G be the set
of all instance of the aggregate elements of a. Because I [~ m(a)’, there must be a set
D C G such that D ¢ a, I = (r(D)")’, and I £ (mo(D)V)”. With this, we construct the
set

D=DU{ecG\D|I[E7(e)’}.
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The construction of D and

D ¢ a and
I (ma(D)Y)” implies D # a and I = (r,(D)")”.
The construction of D and
I (+(D)™) implies I |= (+(D)")”.
D #a and
¥ (7o(D)Y)” and
I (D)) implies T £ 7(a)”. 0

Proof of Proposition[24} Let G be the set of ground instances of the aggregate elements
of a. Furthermore, observe that a monotone aggregate a is either constantly true or not
justified by the empty set.

In case that w(a) = T, we get m(a);r = T and the lemma holds.

Next, we consider the case that the empty set does not justify the aggregate. Observe
that 7, (0) is stronger than m,(D) for any D C G. And, we have that 7(a) contains
the implication T — m,(0). Because of this, we have m(a) = m,(0). Furthermore, all
consequents in 7(a) are positive formulas and, thus, not modified by the reduct. Thus,
the reduct (T — 7m4(0)); is equal to T — m,(0). And as before, it is stronger than all
other implications in 7(a);. Hence, we get m(a); = 7, (0). O

Proof of Theorem [25, Remember that the translation 7(a) is a conjunction of implications.
The antecedents of the implications are conjunctions of aggregate elements and the
consequents are disjunctions of conjunctions of aggregate elements.

Property @ If the conjunction in an antecedent contains an element not in J, then the
conjunction is not satisfied by X and the implication does not affect the satisfiability of
m(a). If a conjunction in a consequent contains an element not in J, then X does not satisfy
the conjunction and the conjunction does not affect the satisfiability of the encompassing
disjunction. Observe that both cases correspond exactly to those subformulas omitted
in my(a).

The remaining two properties follow for similar reasons. O

The next observation summarizes how dependencies transfer from non-ground aggregate
programs to the corresponding ground R-programs.

Observation 57. Let P; and P> be aggregate programs, and G1 = w(Py) and Gy = 7(Py).
Then,

(a) Py does not depend on Py implies B(G1)™ N H(Gy) =0,
(b) Py does not positively depend on Py implies B(G1)" N H(Gy) =0,
(¢c) Py does not negatively depend on Ps implies B(G1)” N H(G2) = 0.

The next two lemmas pin down important properties of instantiation sequences. First
of all, there are no external atoms in the components of instantiation sequences.
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Lemma 58. Let P be an aggregate program and (P;);c; be an instantiation sequence for
P.

Then, for the sequence (G;),op with Gy = n(P;), we have E; = () for each i € I where
E; is defined as in .

Proof. This lemma is a direct consequence of Observation @ and the anti-symmetry
of the dependency relation between components. O

Proof of Theorem [26 This theorem is a direct consequence of Lemma[58 and Corollary [20]
O

Moreover, for each stratified component in an instantiation sequence, we obtain a total
well-founded model.

Lemma 59. Let P be an aggregate program and (P;),.; be an instantiation sequence for
P.

Then, for the sequence (G;);cp with Gy = n(P;), we have I; = J; = S(I;C’(ICZ) for each
stratified component P; where (IC;, JC;) and (I;,J;) are defined as in and in the
construction of the well-founded model of (G;);c; in Definition @

Proof. In the following, we use E; and (/C;, JC;) for the sequence (G;);c; as defined in
and (). Note that, by Lemma 58] we have E; = 0.
We prove by induction.

Base. Let P; be a stratified component that does not depend on any other component.
Because P; does not depend on any other component, we have {J,_; H(G;) N B(G)* =0.
Thus, by Observation @ we get IC; N B(G;)* = JC; N B(G;)* = 0. By Observa-
tion we get (I;,J;) = WMT9:79(G;) = WMT9+1C(G;). Because P; is stratified,
we have B(G;)” N H(G;) = 0. We then use Lemmato obtain I; = J; = SéC(ICz)

Hypothesis. We assume that the theorem holds for any component P; with j < 1.

Step. Let P; be a stratified component. For any j < i, component P; either depends on
P; or not. If P; depends on P;, then P; is stratified and we get I; = J; by the induction
hypothesis. If P; does not depend on Pj, then I; N B(Gi)jE =J;N B(Gi)jE = (. By
Observation we get (I;, J;) = WMI9+79 (@) = WMTCH19(G;). Just as in the
base case, by Lemma we get [; = J; = Séc;b (IC;). O
Lemma 60. Let P be an aggregate program and (Pixj)(i,j)e,]l be a refined instantiation
sequence for P.

Then, for the sequence (Gi’j)(i,j)eﬂ with G; ; = 7(P; ), we have E; ; N B(G; ;)" =0
for each (i, j) € J where E; ; is defined as in .

Proof. The same arguments as in the proof of Lemma [58] can be used but using Observa-

tion @ instead. O

Proof of Theorem[27 Let G = w(P), G' = n(P’) with P’ as in Definition (I,J) =
AMIE7C(P), and (I, J') = WM'CICYVEC (@),
We first show I C I’ or equivalently

s (e c sfPcuECUT).
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Because G’ C G, we get
SsKcuECcuJ)CSEcuECUT).
Because pred(B(P’)" )N E =0, all rules r € G’ satisfy B(r)~ N EC # () and we obtain
SsicuJgyc s cuEcuUg).

Because pred(H (P)) Npred(B(P)~) C E and pred(B(P')")N& = 0, all rules r € G’
satisfy B(r)” NJ’' = 0 and we obtain

SI(JC) =SK(Jcug)
cscuECuU.T).

To show J' C J, we use I C I’ and Proposition
sZé(rcur)csifucur. O

Proof of Theorem[28 We begin by showing AM ((F;)
AM((Py);er) <p AM((P))

jer) <p WM(n(P)) and then show

jEJ)'

Property (AM((P;);cy) <p WM (m(P))). Let &;, (IC;, JC;), and (I}, J;) be defined as in
to l) for the sequence (Pj)jeJ' Similarly, let £, (IC;, JC’;-), and (I7, J) be defined
as in (3) to for the sequence (G;),.; with G; = m(F;). Furthermore, let EC; be the
set of all ground atoms over atoms in &;.

We first show E C EC; for each j € J by showing that E} C EC;. By Lemma only
negative body literals have to be taken into account:

B} =B(G)" n | H(Gy)
i<k
=B(G;)” n |J HG).

i<k

Observe that pred(B(G;)~ C pred(B(P;) )) and pred(H(G;)) C pred(H(P;)). Thus, we
get

pred(E}) = pred(B(G;)” N U H(Gy))
i<k
C pred(B(P;)”) npred(| J H(Py))
i<k
C pred(B(P;) ") Npred(|_J H(P%))
i<k
— &,

It follows that E; C EC;.
By Theorem |17, we have | |;y(}, J}) <, WM (7(G)). To show the theorem, we show

(Ij, J;5) <p (I}, J;). We omit the full induction proof and focus on the key idea: Using
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Theorem whose precondition holds by construction of £;, and Proposition we get,
AM;JQj,Jc_j (P) <, WM(ch,ch)u((Z),ECj)(Gj)
Sp WM(ICj’JCj)u(Q)Ej)(Gj).

Property (AM((P;);c1) <p AM((Pivj)(i,j)eJ))' We omit a full induction proof for this
property because it would be very technical. Instead, we focus on the key idea why the
approximate model of a refined instantiation sequence is at least as precise as the one of
an instantiation sequence.

Let & and &; ; be defined as in for the instantiation and refined instantiation
sequence, respectively. Clearly, we have & ; C &; for each (¢,j) € J. Observe, that (due
to rule dependencies and Observation calculating the approximate model of the
refined sequence, using &; instead of &; ; in , would result in the same approximate
model as for the instantiation sequence. With this, the property simply follows from the
monotonicity of the stable operator. O

Proof of Theorem[29 Let &;, (IC;, JC;), and (I;, J;) be defined as in to for the
sequence (P;), ;. Similarly, let E/, (IC}, JC7), and (I}, J}) be defined as in (3) to (5]) for the
sequence (G;);; with G; = 7(F;). Furthermore, we assume w.l.o.g. that I = {1,...,n}.

We have already seen in the proof of Theorem [28| that the atoms E! are a subset
of the ground atoms over predicates & and that (I;,J;) <, (If,J!). Observing that
ground atoms over predicates £; can only appear negatively in rule bodies, we obtain that

GEICQ’JCQ)U(I"{’J;)U(@’ED = Gglcé"]c’/")u(lé"]"{). By Theorem and Lemma a we obtain

that (J;¢; GEIC“JC”U(I“J") and 7(P) have the same well-founded and stable models. To
shorten the notation, we let
F, = 7r(Pi)(IC'i,JCi)u(Ii,Ji), H;, = 0.0 (H)(Ici,JCi)u(Ii,Ji)’
F:UF and H:UH
i€l i€l

With this, it remains to show that programs F' and H have the same well-founded and
stable models.

We let J = (J;¢1
a subformula in H; where both subformulas originate from the translation of the closed

J;. Furthermore, we let 7(a) be a subformula in F; and 7¢,u7, (a) be

aggregate a. (We see below that existence of one implies the existence of the other because
both formulas are identical in their context.)
Because an aggregate always depends positively on the predicates occurring in its

elements, the intersection between J,_, H(Fx) = ;) Jx and the atoms occurring in

i<k
m(a) is empty. Thus the two formulas 750,07, (a) and<7r s(a) are identical. Observe that
each stable model of either F' and H is a subset of J. By Theorem satisfiability of
the aggregates formulas as well as their reducts is the same for subsets of J. Thus, both
formulas have the same stable models. Similarly, the well-founded model of both formulas
must be more-precise than (@, J). By Theorem satisfiability of the aggregate formulas
as well as their ID-reducts is the same. Thus, both formulas have the same well-founded

model. O

Proof of Theorem[30 Clearly, we have & = () if all components are stratified. With this,
the theorem follows from Lemma [59 O
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We can characterize the result of Algorithm [1]| as follows.

Lemma 61. Let r be a safe normal rule, (I,J) be a finite four-valued interpretation,
fe{t, £}, and J' be a finite two-valued interpretation.

Then, a call to GroundRulei)’;J,(L,B(r)) returns the finite set of instances g of r
satisfying

JE7(Bl9))7 and (f =t or B(g)" £ J). (A3)

Proof. Observe that the algorithm does not modify f, r, (I, J), and J’. To shorten the
notation below, let G, 1, = GroundRulei’}] g(o,L).
Calling G, p(r), the algorithm maintains the following invariants in subsequent calls G, .:

(Br)\ L)o* C J )
(B(r)\ LYo~ NI =10, and (12)
each comparison in (B(r) \ L)o holds. (I3)

We only prove the first invariant because the latter two can be shown in a similar way.
We prove by induction.

Base. For the call G, p(,, the invariant holds because the set difference B(r) \ L is empty
for L = B(r).

Hypothesis. We assume the invariant holds for call G, ;, and show that it is maintained
in subsequent calls.

Step. Observe that there are only further calls if L is non-empty. In Line[3] a body literal [
is selected from L. Observe that it is always possible to select such a literal. In case that
there are positive literals in L, we can select any one of them. In case that there are no
positive literals in L, o replaces all variables in the positive body of r. Because r is safe,
all literals in Lo are ground and we can select any one of them.

In case that [ is a positive literal, all substitutions o/, obtained by calling MatcheslI’J(a)
in the following line, ensure

lo' € J.
Furthermore, o is more general than ¢’. Thus, we have

(B(r)\L)o"" = (B(r)\ L)o™
CJ

In Line [5| the algorithm calls G,/ - with L' = L\ {l}. We obtain

(B(r)\ L')o'" = (B(r)\ L)o"" U {io'}
CJ

In case that [ is a comparison or negative literal, we get (B(r) \ L)" = (B(r) \ L\ {I))".
Furthermore, the substitution o is either not changed or is discarded altogether. Thus,
the invariant is maintained in subsequent calls to GroundRule.

We prove by induction over subsets L of B(r) with corresponding substitution o

satisfying invariants f that G, is finite and that g € G, iff g is a ground
instance of ro that satisfies (A3)).
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Base. We show the base case for L = (). Using invariant , we only have to consider
substitutions o with B (T)Jra C J. Because r is safe and o replaces all variables in its
positive body, o also replaces all variables in its head and negative body. Thus, ro is ground
and the remainder of the algorithm just filters the set {ro’} while the invariants ([I)—(I3)
ensure that J = 7(B(ro))}. The condition in Line 2] cannot apply because L = (). The
condition in Line |9 discards rules ro not satisfying f =t or B(ro)™ ¢ J'.

Hypothesis. We show that the property holds for L # () assuming that it holds for subsets
L' C L with corresponding substitutions o’.

Step. Because L # () we only have to consider the case in Line
First, the algorithm selects an element [ € L. We have already seen that it is always
possible to select such an element. Let L’ = L\ {l}. The algorithm then loops over the set

1,J
¥ = Matches; " (o)
and, in Lines [ to [fl computes the union

Gor=|J Go1v.
o'ex

First, we show that the set G, is finite. In case [ is not a positive literal, the set X
has at most one element. In case [ is a positive literal, observe that there is a one-to-one
correspondence between ¥ and the set {lo’ | ¢’ € £}. We obtain that ¥ is finite because
{lo' | o/ € £} C J and J is finite. Furthermore, using the induction hypothesis, each set
G, 1 in the union G, f, is finite. Hence, the set G, 1, returned by the algorithm is finite.

Second, we show g € G, 1, implies that g is a ground instance of ro satisfying .
We have that g is a member of some G,/ 1. By the induction hypothesis, ¢ is a ground
instance of ro’ satisfying . Observe that ¢ is also a ground instance of ro because o
is more general than o’.

Third, we show that each ground instance g of ro satisfying is also contained in
Go, 1. Because g is a ground instance of ro, there is a substitution § more specific than
o such that g = 6. In case that the selected literal [ € L is a positive literal, we have
10 € J. Then, there is also a substitution ¢’ such that 6’ € match(lo,10). Let 0’ = g0 6.
By Definition we have o’ € X. It follows that g € G, 1, because g € G,/ 1/ by the
induction hypothesis and G,/ 1 € G, 1. In the case that [ is not a positive literal, we
have ¢ € ¥ and can apply a similar argument.

Hence, we have shown that the proposition holds for G, g(,)- O

In terms of the program simplification in Definition [I} the first condition in Lemma
amounts to checking whether H(g) < 7(B(g))" is in 7(P)%*/, which is the simplification
of the (ground) R-program 7(P) preserving all stable models between I and J. The two
last conditions are meant to avoid duplicates from a previous invocation. Since r is a
normal rule, translation 7 is sufficient.

Proof of Proposition[31. The first property directly follows from Lemma [6I] and the
definition of InstI’J({r}).
It remains to show the second property. Let G be the set of all ground instances of r
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and
GFY ={g€ G|Y E7(B)}.(f =t or Blo)" ¢ X)}.

By Lemma and the first property, we can reformulate the second property of the
proposition as GE”J = GE’J U G%] /. We have

Gyl ={geG|JET(B(9)}
P’ ={geG|J ET(Blg))}}, and
GI" ={geG|TET(B9); Blg)" ¢ T}

Observe that, given J' C J, we can equivalently write Gg"]’ as
0,J" _ A + /
Gy' ={9eG|JE=T(Bl9)r,Blg)" € J}
Because B(g)" C J' and B(g)" ¢ J' cancel each other, we get

Go,s = Gpp UGy . O
Proof of Proposition[33. We first show Property and then @

Property @ For a rule r € P, we use r® to refer to the corresponding rule with replaced
aggregate occurrences in P®. Similarly, for a ground instance g of r, we use g* to to refer
to the corresponding instance of r®. Observe that 7;(P)"/ = 7;(Inst”/ (P)). We show
that g € Inst/(P) iff g* € Inst’ /Y (P*). In the following, because the rule bodies of g
and g® only differ regarding aggregates and their replacement atoms, we only consider
rules with aggregates in their bodies.

Case g € Inst’/ (P). Let r be a rule in P containing aggregate a, a be the replacement
atom of form for a, and o be a ground substitution such that ro = g. We show that
for each aggregate ao € B(g), we have €, ,(G,0) UG # 0 and J |= ng(ao); with G =
Nr,o(G",0) and in turn JA |= ao. Because J = w(B(g))7, we get J |= my(ao);. It remains
to show that €, ,(G,0) UG # 0 and 7;(ac) = ng(ao). Observe that m;(ac) = 1g(ao)
because the set G obtained from rules in G" contains all instances of elements of ao whose
conditions are satisfied by J while the remaining literals of these rules are contained in
the body of g. Furthermore, observe that if no aggregate element is satisfied by J, we get
€r,a(G%,0) # 0 because the corresponding ground instance of is satisfied.

Case g% € InstI’JUJA(P"‘). Let r* be a rule in P% containing replacement atom «
of form for aggregate a and o be a ground substitution such that r%c = g¢°.
Because J U JA = 7(B(g9%))}, we have ao € JA. Thus, we get that J | ng(aoc); with
G = 1r,o(G",0). We have already seen in the previous case that 7y(ac) = wg(ao). Thus,
J = ms(ac);. Observing that g = ro and ao € B(g), we get g € Inst"/ (P).

Property . This property follows from Property Theorem and Lemma O

Proof of Proposition[33. We prove Properties @ and @ by showing that the function
calculates the stable model by iteratively calling the T operator until a fixed-point is
reached.
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Pmperty@ and @ At each iteration ¢ of the loop starting with 1, let JA; be the value
of Propagatef;J(Ge7 G") in Line @ G¢, G}, and G¢ be the values on the right-hand-side
of the assignments in Lines and[7 and J; = H(G). Furthermore, let Jo = 0.
By Proposition 31} we get

G; — InStIC,JCUJi,1 (P€)7

G = Instjc"]CUJ"*l(P”)7

JA; = Propagate’” (G¢, GT), and

Ga _ InStIC,JCUJAiUJifl(Pa)

Using Proposition @ and observing the one-to-one correspondence between G§* and

7T(P)IC',JCUJCI-7 we get

Ji = H(GY)
= ﬂ(P)Ic(JCU Jl;l).

Observe that, if the loop exits, then the algorithm computes the fixed point of

T;’gg)w, ie, J=8 i?P)(JC). Furthermore, observe that this fixed point calculation termi-

nates whenever S fT?P)(JC) is finite. Finally, we obtain GroundComponent (P, IC, JC') =
7 ycus(P)1C/CYY using Proposition @

Property . We have seen above that the interpretation J is a fixed point of T7/¢ By

7T(P)[C :
Proposition @ and observing that function Assemble only modifies rule bodies, we
get H(GroundComponent(P, IC, JC)) = J. O

Proof of Theorem[34 Since the program is finite, its instantiation sequences are finite,
too. We assume w.l.o.g. that I = {1,...,n} for some n > 0. We let FC; and GC; be the
values of variables F' and G at iteration ¢ at the beginning of the loop in Lines [4] to[7} and
F; and G; be the results of the calls to GroundComponent in Lines |§| and |Z| at iteration 1.
By Proposition [33] we get that Lines [§ to [7] correspond to an application of the
approximate model operator as given in Definition For each iteration ¢, we get

(FCi, GC;) = | |(F3, G,
(1C;, JC;) = (H(FC;), H(GCY)),
(Ii7 Jz) = (H(Fl),H(GZ)), and

G = Tjo,0 (PZ.)(IC'iJCi)U(InJi)

whenever (I;,J;) is finite. In case that each (I;, J;) is finite, the algorithm returns in
Line [§ the program

GC,UG, =|]JG;
iel
_ U TI0,00, (R)(IC,;,JCI-)LI(II-,‘L;).
i€l
Thus, the algorithm terminates iff each call to GroundComponent is finite, which is exactly

the case when AM ((F;),c;) is finite. O
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Proof of Corollary[35 This is a direct consequence of Theorems [29] and O

Proof of Proposition[36 Let G be the set of ground instances of the aggregate elements
of a and D C G be a set such that D § a.

Due to the antimonotonicity of the aggregate, we get m,(D) = L. Thus, the reduct
is constant because all consequents in w(a) as well as 7(a); are equal to L and the
antecedents in 7(a) are completely evaluated by the reduct. Hence, the lemma follows by

Lemma @ O

Proof of Proposition[37 We only show Property [(a)] because the proof of Property [(b)]is
symmetric.

Let a = #sum{E} = b and a; = #sum™ {E} = ¥'. Given an arbitrary two-valued
interpretation J, we consider the following two cases:

Case J [~ w(a)r. There is a set D C G such that D ¥ a, I = 7(D)", and J £ 7 (D)V.
Let D=DU{e€ G|I|=7(e), w(H(e)) < 0}.

Clearly, D ¥ a and I |= 7(D)". Furthermore, J F m,(D)Y because we constructed D
so that m,(D)V is stronger than 7,(D)Y because more elements with negative weights
have to be taken into considerations.

Next, observe that D ¥ a holds because we have #sum™ (H(D)) = #sum™ (H(D))
and #sum™ (H(D)) = #sum™ (T), which corresponds to the value subtracted from the
bound of ay. To show that J [~ 74, (D)V, we show 7Ta+(l/j)v is stronger than 7, (D).
Let C C G\ D be a set of elements such that D U C > a4 . Because the justification of
a4 is independent of elements with negative weights, each clause in 7, (ﬁ)v involving
an element with a negative weight is subsumed by another clause without that element.
Thus, we only consider sets C' containing elements with positive weights. Observe that
DU C'>a holds because we have #sum(H(D U C)) = #sum™ (H(D U C)) + #sum™ (T).

Hence, we get J [~ mq, (D)V.

Case J = m(ay)r. There is a set D C G such that D ¢ ay, I = 7(D)", and J & 7, (D).
Let D=DU{ec G| IEr(e),w(H(e) <0}

Observe that D ¥ ay, I |=7(D)", and J = 7, (D)Y. As in the previous case, we can
show that 7, (D) is stronger than 7, N (D)V because clauses in 7,(D)Y involving elements
with negative weights are subsumed. Hence, we get J [~ 7, (B)v O

Proof of Proposition[38 Let G be the set of ground instances of E, ax = f{E} < b for
aggregate relation <, and J be a two-valued interpretation.

Property @ We show that J = 7(a<); V m(as)r implies J = m(ax)r.

Case J |= m(a<);. Observe that m(a) is conjunction of implications of form 7(D)" —
Ta, (D) with D € G and D §¥ ay. Furthermore, note that D ¥ ay implies D ¢ a..
Thus, m(a<) contains the implication 7(D)" — 7,_(D)". Because J = m(a<)s, we get
I~ 7(D)" or J |= 7m,_(D)V. Hence, the property holds in this case because J |= 7,_(D)Y
implies J |= 7, (D).

Case J |= m(as)r. The property can be shown analogously for this case.

Property @ This property can be shown in a similar way as the previous one. We show
by contraposition that J = m(a=); implies J = m(a<); A w(a>)r.
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Case J = m(a<);. Observe that m(a<) is conjunction of implications of form 7(D)" —

Ta (D)Y with D C G and D ¢ a<. Furthermore, note that D ¢ a< implies D ¥ a—.
Thus, 7(a=) contains the implication 7(D)" — m,_(D)V. Because J k¥ 7(a<)s, we get

I'=7(D)" and J = 7,_ (D) for some D C G with D § a<. Hence, the property holds
in this case because J £ m,_ (D) implies J [~ m,_(D)".

Case J f=m(a>)r. The property can be shown analogously for this case. O

Proof of Proposition[39 We only consider the case that f is the #sum function because
the other ones are special cases of this function. Furthermore, we only consider the only
if directions because we have already established the other directions in Proposition

Let G be the set of ground instances of E, T; = H({g € G | I = B(g)}), and
T;=H({g€G|JE B(g)}).

Property @ Because I C J, we get #sum™ (T7) < #sum™ (T;) and #sum™ (T) <
#sum™ (T7). We prove by contraposition.

Case J }E m(a<)r and J = w(as ). We use Propositions [24] and |37| to get the following

two inequalities:

#sum ™ (Ty) > b — #sum™ (T7) because J = w(a<); and
#sum™(T;) < b — #sum™ (T}) because J = m(as);.

Using #sum™ (T;) < #sum™ (1), we can rearrange as

b— #sum™ (T) < #sum ™ (Ty)
< #sum™ (1)
< b— #sum™ (7).
Using #sum ™ (Ty) < #sum™ (7)), we obtain
#sum™ (Ty) = #sum™ (T7).
Using #sum ™ (Tr) = #sum™ (1), we get
b— #sum ™ (T}) < #sum™ (Ty)
< #sum™ (T7)
< b— #sum™t(T7)
and, thus, obtain
#sum™ (T7) = #sum™ (T;) and
b = #sum(T7)
= #sum(Ty).
Observe that this gives rise to an implication in 7(ax); that is not satisfied by J. Hence,
we get J = m(ax)r.
Property @ Because J C I, we get #sum™ (Ty) < #sum™(T7) and #sum™ (7)) <
#sum™ (7).
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Case J = m(a<)r and J = w(a>)r. Using Propositions [24] and we get

#sum™(T7) > b — #sum™ (T;) because J |= 7(a>); and
#sum™ (Ty) < b — #sum™ (T7) because J |= w(a<);.

Observe that we can proceed as in the proof of the previous property because the relation
symbols are just flipped. We obtain

#sum™ (T7) = #sum™ (T;) and

b = #sum(T7)

= #sum(Ty).
We get J = m(a= ) because for any subset of tuples in Ty that do not satisfy the aggregate,
we have additional tuples in T; that satisfy the aggregate. O

Proof of Proposition[{0} Let ax = f{E} <b for < € {=,#}.

Property @ We prove by contraposition that J = 7(ax)r implies that there is no set
X C Ty such that f(X UTy) =b.

Case there is a set X C Ty such that f(XUT;)=b.Let D={ee G |I | B(e),H(e) €
X UTy}. Because Ty C Ty D P a. Furthermore, we have I |= 7(D)”. Observe that D
contains all elements with conditions satisfied by J. Hence, we get J [~ 7, (D)" and, in
turn, J = m(az)r.

We prove the remaining direction, again, by contraposition.

Case J £ m(ax)r. There is a set D C G such that I |= 7(D)" and J [~ 7, (D)". Let
X = H(D). Because J }£ 7, (D)"Y, we get f(X UTy) =b.

Property[(b)l This property can be shown in a similar way as the previous one. O



