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Appendix A

A.l.

Obviously, (x(t),y(t), 2(t)) remains non-negative. Therefore, we need to show
that z(t) < 1,y(t) < My and z(t) < Mj only. From the first equation
of the model system (2.3), we obtain dz/dt < x(1 — x). Therefore, by
using standard comparison rule, we have limsup x(t) < 1. Now, we define a
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Therefore, y(t) < 1. Again, from the third equation of the system, we

have, for t > 75, dz/dt < —wq1z. Thus, z(t — 1) > z(t)e“™, for t > 7.
Therefore, for t > 75, we have htril Egop z(t) < %

A.2. Proof of Theorem 4.1.

The method used to prove this theorem is to construct a suitable Lyapunov
function and derive sufficient conditions which guarantee that the positive
interior equilibrium E*(z*, y*, z*) of the model system (2.3) is globally asymp-
totically stable. For mathematical convenience, we make the following trans-
formations of the variables:

z(t) = 2*eX® y(t) = y e’ D 2(t) = 2*el %), (A2.1)

These coordinate changes transform the positive equilibrium E* into the
trivial equilibrium X (¢) = Y (t) = Z(¢) = 0 for all t > 0. Due to the above
transformations, the model system (2.3) is reduced as follows:
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Let Vi = |X(t)]. Computing the upper right derivative of Vi(t) along the
solutions of (2.3), we get
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Now, Eq. (A2.3) can be rewritten as

D ey ey @
dt y(z* +wr) y(@* + wr)(@(t — 1) + wr)
+ y*z*(l + LUQZ) (ey(t) B 1)
(y* + (ws + woy*) 2* 4+ wio) (Y + (ws + woy)2 + wio)
B 24 (y* 4 wio) 70 1)
(y* + (ws 4+ woy*) 2* + wio)(y + (ws + woy)z + wio)
P G (e —1)  weya(t —7)  we”® y Y —1)
y(@(t — ) + wr) y(z (t—T1)+w7 y(a* —|—w7)
wewrr*y*(eX=m) — 1) *(1+ wg2)(e¥
+ +
y(or +wr)(x(t —m) +wr)  (y* + (ws + woy )z* + w1o)(y (wg + woy)z + wip)
B 2*(y* + wio) o7 1)
(y* + (ws + woy*)z* 4+ wio) (¥ + (ws + woey)z + wig)
* _ Y(s—71) _ 1
. wels —n)le ) (A2.6)
y(z(s — 1) +wr)

In the above equation we have used the following relation
Y({t—71) dy
eY(t=m) = ¢V ft L€ eV () dx s,

Let Va(t) = |y(t)|. Computing the upper right derivative of Va(t) along
the solution of (2.3), it follows from Eq. (A2.6)
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We find that there exists a 7' > 0, such that y*e¥® < M, for all t > T and
for t > T + 71 we have
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Again due to the structure of (A2.8) we consider the following functional
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whose upper right derivative along the solutions of the system (2.3) is given
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Now, Eq. (A2.4) can be rewritten as
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+ ds.

Again, let V3 = |2(¢)|. Computing the upper right derivative of V3(¢) along
the solutions of (2.3), we get
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We find that there exist a T > 0 such that z*e?® < M, for all ¢ > T and for
t > T + 715, we have
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Again, due to structure of the above equation, we consider the following
functional
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The upper right derivative along the solutions of the system (2.3) is given by
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We now define a Lyapunov functional V' (t) as
V(t) = Vi(t) + Vaa(t) + Vas(t) > [z(t)] + |y(t)| + [2(2)]. (42.12)

Computing the upper right derivative of V() along the solutions of the sys-
tem (2.3), and by using Eqgs. (A2.5),(A2.9) and (A2.11), we get
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Since the model system (2.3) is positive invariant, therefore, for all ¢ > T*,
we have
X = X(t)> X, Ve =Y(t)>Y, 2% = Z(t) > Z.

Using the mean value theorem, we have
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where X*e/(® lies between X* and X (t), Y*e¢%® lies between Y* and Y (1),
Z*e%® lies between Z* and Z(t). Therefore,
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where 7 = min {1 X, %Y, 1Z}.
We note that V() > |z(t)| + |y(t)| + |2(t)|. Hence, by using Eq. (A2.13)
and Lyapunov direct method, we can conclude that the zero solution of the
reduced system (A2.2)-(A2.4) is globally asymptotically stable. Therefore,



the positive equilibrium of the original model system (2.3) is globally asymp-
totically stable.
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A.5.
The expressions of ¢(z, 2), g20, 911, goz and go1 are as follows:
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A.6
H, = —1+61+a162+afE*,
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Py = 2ri|ai]* + ro(aray + aras) + 2rs|as|?.
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