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Fig. S1. Left side: graphical presentations of sites sorted to be either under direct exposure (on the light side) or not (on the shadow side) at the interface of an elliptical biconcave object and a perfect sphere for Infrared and Visible beams under a non-degenerate experimental geometry, as shown in Fig. 1B in the article. Right side: profiles of the structures generated using the solution by Mladenov group (Djondjorova et al., 2004).
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Fig. S2. Changes (gains or losses) of the S-polarized vector {0, 1, 0} in the laboratory frame of an IR beam upon passing sites at the surface side, under direct exposure to this field, under a non-degenerate geometry, when 1  2 according to Fig. 1B in the article. Panels from left to right: changes of the X, Y and Z components after transmission. Each site is represented by a small sphere colored according to a linearly scaled blue-white-red blend, the amplitudes of which is according to the minimum-maximum numerical values.
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Fig. S3. Changes (gains or losses) of the S-polarized vector {0, 1, 0} in the laboratory frame of IR beam upon passing sites at the surface side under direct exposure to this field, under a degenerate geometry, when 1 = 2 according to Fig. 1B in the article. Panels from left to right: changes of the X, Y and Z components after transmission. Each site is represented by a small sphere colored according to a linearly scaled blue-white-red blend, the amplitudes of which is according to the minimum-maximum numerical values.

An example of the Mathematica code to express XXX nonlinearity as a function of  and  angles:
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Multiplication with a sine function is according to the numerator integral in Equation A1 in Appendix A.
Comparisons of results of approximate expressions received upon “rotations to angles” (solid red line) with the outcomes of exact integrations (black dots), for nonlinearity XXX. 
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BO = RotationMatrix[(Pi/2) - ¥, {0, 0, 1}]; CO = RotationMatrix[@, {-1, 0, 0}]: D0 = RotationMatrix[(Pi/2) + ¢, {0, 0, -1}]:
D3R = Transpose[B0.C0.D0];

XX XY Xz

RTz = | yx yy ¥z |; TDM = {X, ¥, Z};
2x zy 2z

(+XXX: 1 for X, 2 for ¥, 3 for Zx)

Bl1=1;B2=1;B3=1;

F[¢ , ¢, ¥ 1:=Sum[D3R[[B1, ic]] »Sum[D3A[[B2, jc]1]1 »RTz[[ic, jcll, {ic, 1, 3}1, {ic, 1, 3}1 »Sum[D3A[[B3, kc]1] »TOM[[kc]], {kc, 1, 3}1:
TMP = Integrate[F[¢, &, ¥1, {¥, 0, 2Pi}]:

XXX[¢_, O ]:=Sin[0] » TP
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ROTATION TO ANGLES APPROACH:

we may set Fi angle to zero and vary calculate the expression of this function
according to any desired Theta.

There should be the correspondent normalization scaling factor

B - Plot| X0, €1, {0, 0, Pi}, Plotstyle - Red|

2pi.sine]
This red-line plot will be shown at the end

EXACT INTEGRATIONS

Fi-angle setting:
Pidy -

2
FL - — (Fiky-0.5, Filg +0.5);
0

Theta-angle space:
aind - 251;
ThStp = 0.7
ht = Table[i +ThStp - ThStp, (i, 1, dind}];

L1 - Table[(0, 0}, (1, 1, aind}];
H1-aine - 1;

Do[LMI[[1, 111 = 0.5+ (tAt[[1]1] + tRE[[1 - 111);
LMA[[L, 211 = 0.5+ (EREL1]] + €t [[1 + 111, {1, 2, NL}]:
LMA[[1, 211 = LMILE2, 11];

LMA[[NL+1, 1]] = LMI[INL, 21];

LMA[[NL+ 1, 2] - 180;
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NEF[2 ] := Integrate [Integrate[Sin[7], {#, 0, 2P1}], {¢, FLI[1]], FLL[211}]
HE - Table[0, (1, 1, dind}1;
Do[NF[[1]] = Integrate [NFF[0], {0, LNA[[i, 111, LA[[i, 211M, {3, 1, dind}] 7/
hsoluteTiming
Integration about the Fi-angle interval

Integrate[XXXI[9, 61, {0, FLL[11], FLI[211}]
OFN[O ] := 0.0414695 +Sin[£]° - 0.0413693 » Sin[]* + 0.0103423 4 Sin[2 51
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Integrations about the Theta-angle intervals:

DAT = Table[0, {1, 1, dind}];

Do[1tl=LMI[[1, 1]]; 1¢2 = LMA[[1, 211;
DAT[[1]] - Integrate [OFW[th], (th, 1t1, 1t2}];
Clear[1t1, 1t2], (1, 1, aind}] // WbsoluteTiming
Hormalization;

Do[DAT[[1]] = DATL[11]/NFL[1]], {1, 1, N1+ 1}];

Comparison to the approach by Rotation to angles.
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