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A The model (Section 2)
A.1 The expressions for V. and V..V, — (V.,)?

The definition V (¢, C,a, A) = u(c,¢/C,a/A) implies that

Vee = tee + 20 ug(escy + C /0y (c/0)s (A.1)
VecVaa = (Vea)® = A *[tice + 20 ueiescy + C e/ (e/0) W0/ A) () )
— A (qr ) + C M ue/0y(a/a)) (A.2)

Proof: The validity of (A.1) and (A.2) is easily verified by using the following results:

V., = uc—i—C_luc/a

Ve = tiee 20 ueteso) + O uiesoye/),
Voo = A ug@say + C  uiescy(asay),

Vo = A a),

Vao = A7u@/a)o/a) W

A.2 The derivation of (8)

The use of the alternative representation of the instantaneous utility function Ve, C,a, A) =

u(c,¢/C,a/A) implies that the current-value Hamiltonian is given by
H=V(c,C,a,A)+ A(ra+wl —¢).

The necessary optimality conditions for an interior equilibrium, H, = 0 and A= pA — H,, can

be written as

A= Ve(e,Ca, A), (A.3)
- _[AT + Va<c7 Ca CL,A) - p>\]

From these two first-order conditions, it follows that
MA=~{r+ Va(e,C,a, A)/Ve(c, Ca, A)] = p}. (A.4)

Obviously, Equations (A.3) and (A.4) are identical to the two equations that are given in (8).
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A.3 The derivation of (12)

A simple transformation of the FOC (4),
A= uc(c,c/Cra/A) +uc (e, c/C, a/A)C™,
yields the following representation:
A= uc(c,c/Cra/A){1+[(c/C)/c] X [uc/c(e,e/Cra/A)uc(e,¢/C alA)l}.
Using the definition of m®/® that is given by (11),

mc/c(c, c/C,a/A) = [(c/C)/c] x [uc/c(c, c/C,a/A)/uc(c,e/C alA)],

we obtain Equation (12):
A= (e, ¢/CraA)[L +m/C(c,c/C,a/A)). W

A.4 The derivation of the transversality condition (13)

Applying simple transformations, Equation (7),

ua/A(c7 C/Ca a/A)A_l

MA= - uc(e, ¢/CajA) + ugyo(e,c/CafA)CT p] ’

r+

can be rewritten as

)-\/)\ _ [r+ [(a/A)/c] X [uqa(c,c/C,a/A)[uc(c,c/C,alA)] c ] '

L+ 1(e/O) /e X [uesc(e.c/CafA) Jucle.c/Coa]A)]  a

Using the definition of m* for z = ¢/C and a/A, given by (11),

m* =m*(c,c/C a/A) = (x/c) X [ug(c,c/Cra/A)uc(c,c/C,alA)l,

we obtain
Sy m¥4(c,c/C,alA) c
AMA=—r+ 1+ m</(c,c/C,alA) “a p] ' (A.5)
Integration of (A.5) yields
t m®4 (v c(v
A(t) = A(0)e* exp {—/0 [r(v) + T mC/(sz) X aivi dv} , (A.6)

where m”(v) = m*(c(v), c(v)/C(v),a(v)/A(v)) for x = ¢/C and a/A. The assumptions made
in (2) that ue > 0 and u./c > 0 together with the first-order condition (4), A = ue + u.)cC™?,
imply that A(t) > 0 for ¢ > 0. Since A(0) > 0, it follows from (A.6) that the transversality
condition (6),

lim e "Xa =0,
t—o0
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is equivalent to the representation given by (13),

. t ma/A(v) c(v) B
tlgonoexp{—/o [T(U)+l+mc/c(v) X a(v)] dv} (t) = 0. [ |

A.5 Properties of the production function and the derivation of (14)

By assumption, each firm ¢ € [0,1] employs the same technology so that y; = f(k;, Bl;) for
i € [0,1]. Since, also by assumption, the common production function f exhibits constant
returns to scale, the following equations hold for ¢ € [0,1] (all results are well-known from

intermediary microeconomics):

yi = f(ki, Bl;) = ki f(1, Bl; /k;), (A7)
fe(ki, Bli) = fi.(1, Bli/ki),  fgy(ki, Bli) = fgy (1, Bli/ki), (A.8)
f(ki, Bl;) = fr(ksi, Bly)k; + f(Bl)(ki, Bl;)BI;. (A.9)

The equations given in (A.8) follow from the fact that the marginal products of capital fj and
effective labor f(p;) are homogeneous of degree zero. Equation (A.9) results from the Euler
theorem.

Real profits of firm i € [0, 1] denoted by 7; are given by m; = f(k;, Bl;) — rk; — wl;. It can

be verified at first glance that the necessary optimality conditions are given by
r= fk(k‘i,Bli), w = f(Bl)(ki, Bli)B, 1€ [0, 1]. (A.lO)

Taking into account that B = K holds by assumption, it is obvious from (A.10) that the

first-order conditions of the representative firm can be written in the form given by (14):

r = fr(k, Kl), w= fpyk, KNK. A

B The decentralized solution — Part I (Section 3)

B.1 Derivation of (15)

Using (A.8) and taking into account that B = K, the necessary optimality conditions (A.10),
r = fx(ki, Bli), w = f(py(ki, Bl;) B, i€10,1],
can be rewritten as
r= fi(1, Kl;/ki), w = fp(1, Kli/ki) K, i €10,1]. (B.1)

The equations given in (B.1) imply that in a macroeconomic equilibrium each firm will choose

the same capital-labor ratio. It is easily verified that
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where K and L denote both the aggregate and the average values of capital and labor input,

respectively. Substituting (B.2) into (B.1) we obtain the two equations given in (15):
T:fk(le)> w:f(Bl)(17L)K u

B.2 Derivation of the Euler equation for aggregate consumption as given by
(17)—(19)

Substituting fx(1, L) = r [see (15)] as well as ¢ = C' and a = A = K [see (16)] into (A.5),

a/A
e ek
we obtain 3
MA == f(1, D) + T;i/(g(é 117)1) X % —pl. (B.3)
Substitution of ¢ = C and a = A [see (16)] into (12),
A= ue(e,¢/CrafA)1+m(c,c/C,a/A),
yields
A =u(C,1,1)[1+m¥C(C,1,1)]. (B.4)
Differentiating (B.4) with respect to time ¢, we obtain
A = {uee(C, 1, D[1 +m“(C,1,1)] + ue(C,1,1)m ¢ (C,1,1)}C. (B.5)
Using (B.4) and (B.5), we obtain
e [CuelCLY) | mlOCLY  mPOLNC) (e g

wW(C 1,1) 1+ meC(C,1,1) " melC(C,1,1)

Using the elasticities of the marginal utility of absolute consumption u. and of the percentage

MRS m“/© with respect to absolute consumption ¢,

g (c,c/CralA) = uelc,c/CralA) X [c/uc(c,c/C alA),
em’“eee/Crald) = mC(c,c/C,alA) x [c/mC (c,c/C,a)A)],

(B.6) can be written as

m/C(C,1,1)
14+ me/C(C,1,1)

MA = [ete(C,1,1) + em’%e(c,1,1)| (C/0). (B.7)
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Substituting (B.7) into (B.3) and solving the resulting equation for C'/C, we obtain the Euler

equation for aggregate consumption C:

m/C(C,1,1) -

c/C
mreee(o, 1,1
1+mc/C(07171)€ ( » Ly )

C/C = — |e%c(C,1,1) +

X

< | £l D) + 5 T;A/(Ciéll)l) x Ii—p] . (B.8)
Introducing the definitions of ”(C) and n”(C) given by (18) and (19),
D _ Uerc m/Y(C, 1,1) me/C ¢ B
o’ (C) = — [5 @¢(C,1,1) + T me/C(C, 1) X € ’ (C,l,l)] , (B.9)
n’(C) = m*NC LD/ +mCC,1,1)],
the Euler equation (B.8) can be written in the form given by (17):
C/C =P (O)fu(1,L) + 17 (C) x (C/K) — p].
Applying the following simple rules for the calculation of elasticities,
Ezlxz2,x _ gzl,a: + 622,:1:’ €z1+z2,x _ [zl/(zl + 22)]62'1,1’ + [z2/(z1 + 22)]6z2,x’
it is easily verified that
8{uc(c,1,1)x[1+mc/0(c,1,1)}},c _ pue(CLD.C + 8[1+mc/C(C,1,1)],C
= g"°C,1,1) +
mIOC L) em e, 1). (B.10)

1+mC(C,1,1)
From (B.9) and (B.10) it then follows that o (C) is the the reciprocal of the magnitude of the
elasticity of the total marginal utility of own consumption,
1

oL (C) = [—eluwc@LDx4me/CCry 0 - g

B.3 Derivation of the Euler equation for individual consumption of the rep-
resentative household

From Equation (12),
A = uc(e,¢/Cra/A)[L+mC (e,¢/C,a/A)),

35



that gives an alternative representation of the FOC for the optimal choice of own consumption
given by (4), A = uc(c,¢/C,a/A) + ucyc(c,¢/C,a/A)C, it follows that

MA = {e%C 4 O )1+ mO)] x €m0 (¢ fe)
{4/ C 4 [mC (14 me/C)] x ™Y (¢fe) — (C/C)]
e A 4 [ Y (1 mO)] x ™Y (afa) — (A4/4)],  (B.11)

mC = mC(c,¢/C,a/A),
gie® = gl¥(c,c/C,alA), smc/c’xzamc/c’z(c,c/C,a/A), r=c,c/C,a/A.

While the derivation of Equation (B.11) seems to be complicated at first glance, its validity is

easily verified by applying the following simple rules for the calculation of elasticities:
€z1><22,w _ gzl,m + 522’1, €z1+22,x _ [21/(21 + 22)]521”” + [22/(21 + 22)]522””.
Substituting the expression for A/A given by (B.11) into (A.5),
MA = —{r+ [ /(1+m79)] x (¢/a) = p},

where m¢/¢ = m¢%(¢c,¢/C,a/A) and m¥4 = m¥4(c,¢/C,a/A), and solving for ¢/c we ob-
tain the following representation of the Euler equation for the individual consumption of the

representative household:

(¢/e) = " x{r+m /(1 +m)] x (c/a) - p
_(Euac/c + [mC/C/(l + mc/C)] « Emc/qc/C)(Cv/C)
e 4 [/ ) (14 m )] x e ) (a/a) — (A/A)]}, (BA2)

where
O_h = _{8uc,c + 5uc,c/C + [mc/C/(l + mc/C)] X (EmC/C’C + 5mC/C7c/C)}—1 (B13)

denotes the elasticity of intertemporal substitution at the level of the individual household.
Please note that o = o”(c,c/C,a/A).

The Euler equation that governs the dynamic evolution of individual consumption at the
level of the individual household can be used to derive the Fuler equation for aggregate con-

sumption in a symmetric macroeconomic equilibrium in which

c=0C, a=A=K, r= fr(1,L) (B.14)
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holds. Substitution of (B.14) into (B.12) and (B.13) yields

(C/C) = " x {fi(1, L) + [m* /(1 +m)] x (C/K) = p
_(Euc,c/C + [mc/C/(l + mc/C)] % gmc/qc/C)(C/C)},

where

nelC = w11, mol = maA (G, 1),
Euam — 6uc,x(o, 1’ 1)’ Emc/cgj — 5m6/07$(07 1’ 1)7 T =c, C/C, a/A;

so that also o = ¢”(C,1,1). Solving for C'/C' we obtain

C/C — *{SUC’C + [mc/C/(l +mc/C’)] X 6mC/C’C}—1 x
x{fe(1, L) + [m**/(14+m)] x (C/K) - p}.

Obviously, this representation is equivalent to that given by (17),
C/C=aP(O)[fi(1,L) +1"(C) x (C/K) = pl,

where the definitions of o”(C) and n”(C) are given by (18) and (19),

-1

c/C .
“ (C,l7l> xe™ /070(071>1) )

1+me/C(C,1,1)
() = m¥AC1,1)/[1 +m“C(C,1,1)].

Q

w)

Q
Il

— |(C,1,1) +

Please note that four elasticities that are present in the Euler equation for the individual con-

uc,c/C7 uc,a/A, me/C c/C mc/c,a/A7

sumption of the representative household, namely e € € , and €

disappear in the symmetric macroeconomic equilibrium.

B.4 Derivation of (20)
Substitution of B = K and (B.2), k;/l; = K/L for i € [0,1], into y; = ki f(1, Bl;/k;) [see (A.7)]
yields y; = k; f(1, L) for i € [0,1]. This, in turn, implies that aggregate output Y is given by

Y = f(1,L)K. (B.15)

Using the Euler theorem (A.9) and the necessary optimality conditions (A.10), we obtain y; =
rk; + wl;. Since the adding-up theorem holds at the level of the individual firm, it holds at the

aggregate level, too:
Y =rK+wL. (B.16)

Combining (B.15) and (B.16), we obtain

rK +wL =Y = f(1,L)K. (B.17)
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Substitution of (16), i.e., c=C,a = A = K, and [ = L, into the flow budget constraint (1),

a =ra+ wl—c, yields

K =rK+wL-C. (B.18)
From (B.17) and (B.18) it then follows that
K=Y -C=f(1,L)K - C. (B.19)
Dividing both sides of (B.19) by K, we obtain (20):
K/K=f(1,L)-C/K. W

B.5 Derivation of (22)

Using (A.7)—(A.9),
yi = f(ki, Bl;) = ki f(1, Bl; /k;),

fe(ki, Bli) = fi(1, Bli/ki),  fgiy(ki, Bli) = fmy (1, Bli/k:),
f(ki, Bly) = fr(ki, Bli)ki + fgi)(ki, Bli) Bli,
the following equation is easily derived:
(1, Bli/ki) = fx(1, Bli/ki) + fpy(1, Bli/ ki) (Bli/ki). (B.20)

Substitution of (B.2), k;/l; = K/L for i € [0,1], and B = K into (B.20) yields
f(L,L) = fu(1,L) + fimy(1, L) L.
Taking into account that f(g; > 0, we obtain (22):
f(LL) > fi(1,L). W

B.6 Extended Proof of Proposition 1

In Part I we give a proof for all assertions made in proposition 1. In Part II we derive the con-
ditions for the occurrence of excessive wealth accumulation in the sense that the transversality
condition of the standard model is violated. In Part IIT we show that the decentralized solution
has no transitional dynamics.

Part I: Assumption (23),

oPC)=6, PC)=7n  VC>0, (B.21)

where & > 0 and 7} > 0 are constants, implies that the Euler equation for aggregate consumption
(17) simplifies to
C/C = 6[fi(L.L) + i) x (C/K) — pl. (B.22)

The differential equation for aggregate capital given by (20) is unaffected by the assumptions
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made in (23) [= (B.21)]. Consequently, we have
K/K = f(1,L) — (C/K). (B.23)

Taking into account that L is exogenously given and constant over time and that both & and 7
are constants, it is obvious from (B.22) and (B.23) that a balanced growth path (BGP) exists in
which C and K grow at the same constant rate so that C'/K remains unchanged over time. The
steady-state value of the common growth rate of aggregate consumption and aggregate physical
capital denoted by gP = (C/C)P = (K/K)P and the steady value of the consumption-capital
ratio denoted by (C/K)P are determined by the two equations that are given in (27):

97 =6[fi(1,L) + 7 x (C/K)P —p] and (C/K)” = f(1,L) - g". (B.24)
Solving the two equations given in (B.24) for g”, we obtain (25):
g” =1(1/6) + 0" fe(1, L) = p+2f (1, L)]. (B.25)

The first equation given in (26), (C/K)” = f(1,L) — g7, is identical to the second equation
given in (B.24). The second equation given in (26), (K/Y)? = g”/f(1, L), is easily obtained
by using the following three facts:

(K/Y)=(K/K)/(Y/K), Y=[f1LK  (K/K"=g4"
Substitution of the solution for g given by (B.25) into (C/K)P = f(1,L) — g” yields
(C/K)P = [(1/6) + 0] H{(1/8)f(1, L) = [fe(1, L) — p]}. (B.26)
From (B.25) it is obvious that
g >0 p< fiu(1,L)+7f(1,L) = p9. (B.27)
From (B.26) it follows that
(C/K)? >0 p> fill,L) — (1/6)f(1, L) = p°/%. (B.28)

Since, by assumption, n”(C) = # > 0 holds for VC > 0, the transversality condition (21)

simplifies to

Jim exp (= [ U(1LL) 4 0 x C@)/KE)]do) () =o.

Along the BGP, we have C/K = (C/K)P and K/K = ¢gP at any point in time. Hence, the
transversality condition requires that —[fx(1,L) + 7 x (C/K)P] + gP < 0. Using the fact that

—[fe(1, L)+ x (C/K)P]+ P = —[(1/6) + 4] {[(1/6) = 1] [fe (1, L) +7f (1, L)] + (L + )p},
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we obtain
~[fe(1,L) + 7 x (C/K)P] +¢° <0 =

A 1 . e (B.29)
p>[1—@1/6)(X+0)" [fe(1, L) +0f(1,L)] = p"",
where the superscript “T'C” stands for “transversality condition”. Obviously,
P = 11— (1/)](1 + 7). (B.30)

From (B.27) it follows that p9 > 0. By contrast, both p©/K and pT¢ [see (B.28) and (B.29)
or (B.30)] may be of either sign. It is easily verified that

pT¢ — pK = (1+ )" M[(1/6) + Al[f (1, L) — fu(1,L)].

Taking into account that f(1,L) > fx(1,L) [see (22)] it is clear that p¢/% < pTC. Moreover,

we have
P —p"C = 1+ 0)7(1/6) + 4] [fr(1, L) + 7 f(1,L)] > 0.

These results imply that p¢/% < pT¢ < p9 holds. Hence, if the condition

ptC < p<p? (B.31)

is satisfied (so that also pC/E < p holds due to the fact that p¢/% < pT), then the solutions
given by (B.25) and (B.26) are economically meaningful in the sense that 1) the common growth
rate gP is strictly positive (due to p < p9), 2) the consumption-capital ratio (C/K)P is strictly
positive (due to p“/% < p), and 3) the transversality condition (21) is satisfied (due to p”¢ < p).
Using (B.27) and (B.30) the condition (B.31) can be written in a form that is identical to the
condition (24):

L= /e +p) ! <p<p’  p?=fill,L) +if(L,L). (B.32)

Please note that if 6 < 1 holds, then the lower bound for p given by [1 — (1/6)](1 + %) 1p9 is
negative and, hence, redundant since p > 0 has to hold by assumption anyway. Bl
Part II: Next, we give the condition for the occurrence of excessive wealth accumulation

in the sense that the transversality condition of the standard model as given by
t
lim exp (—/ fk(l,L)dv> K()=0
t—o0 0

is violated. Along the BGP, we have K /K = g” at any point in time. Since L is exogenously
given and constant over time, the fulfillment of the standard transversality condition obviously
requires that —fi.(1, L) + g” < 0. Using the solution for g” given by (B.25),

g” =1[(1/6) + 9] [fe(1,L) — p+ 0 f(1,L)],
we obtain
—fk(,L) +g” <0 p>[1 = (1/6)fx(1, L) +4[f(1,L) = fr(1,L)] = (p" )™=, (B.33)
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where the superscripts “T'C"” and “stan” stand for “transversality condition” and “standard”.
Please note that (p7¢)%® may be of either sign. Using (B.33) as well as (B.27), (B.29), and
(B.30),

pg = fk(laL) + ﬁf(laL)a
p'¢ = 1= (1/&))(+ )" [fu(1, L) +7f(1, L)]
= [1-/a)A+n)""p,
it is easily verified that
(prOyen =t = (L+a) i+ (1/6)][f(1, L) — fr(1,L)] = 0,

p? = (PP = [(1/6) + il fu(1,L) > 0.

If 9§ > 0, then these results imply that
pTC < (pTC)stan < pg'
Consequently, if
(pTC’)stan <p< pg

holds (in addition to p > 0), then the decentralized solution is economically meaningful and,
in addition, satisfies the standard version of the transversality condition. By contrast, the

economically meaningful decentralized solution exhibits excessive wealth accumulation, if

TC

0< p TC’)stan

<p§(p or pTC<0<p§(pTC’)stan

holds. On the one hand, p < (p7¢)%**" means that households are sufficiently patient so that
the standard transversality condition is violated. On the other hand, p’¢ < p implies that
agents are sufficiently impatient so that the modified transversality condition holds. W

Part III: We show that if the condition (23) [= (B.21)] is satisfied so that ¢”(C) =& > 0
and n?(C) = 1) > 0 hold for C' > 0, then the model has no transitional dynamics. Let Z = C/K.
Since K is a state variable and C' is a control variable, Z = C'/K is a control-like variable (this
notion is used by Barro and Sala-i-Martin (1995) on p. 162). In contrast to K, both C' and
Z = C/K can jump at any point in time. Using (B.22), (B.23), and C/K = Z, we obtain

C/C = 6[fu(1,L)+7x Z—p, (B.34)
K/K = f(Q,L)-Z, (B.35)

which, in turn implies that
Z=(C/C)~ (K/K)|Z=—~{f(1,L) = 6[fs(1,L) = p| = (1 + 60)Z}Z = ®(2).
Solving Z = ®(Z) = 0 for Z, we obtain {Z = 0} and {Z = ZP}, where
ZP =[(1/6) +q]7{(1/6)f (1, L) — [fr(1, L) — p]}. (B.36)
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Obviously, ZP given by (B.36) is identical to (C/K)P given by (B.26). If the condition (B.32)
[= (24)] is satisfied, then ZP = (C/K)P > 0, so that ZP is the economically meaningful steady

state value of the consumption-capital ratio. From
'(Z) = (1+o0)Z —{f(1,L) = 6[fe(1,L) — p| — (1L + 60) Z}

and (B.36) it follows that
®'(ZP)=(1+67)2Z" >0,

because the expression within curly brackets vanishes. ®'(Z”) > 0 implies that the econom-
ically meaningful steady state of the differential equation Z = ®(Z) is unstable. Hence, the
equilibrium path of Z has no transitional dynamics, i.e., Z(t) = ZP for t > 0. The initial value
of the jump variable Z has to be chosen in such a way that Z(0) = ZP. From Z = C/K and
7ZP = (C/K)P it then follows that the initial value of the jump variable C' has to be chosen
according to C(0) = (C/K)P x Ky, where (C/K)P is given by (B.26) and Kj is exogenously
given. Since Z(t) = ZP holds for ¢ > 0, it then follows from (B.34), (B.35), (B.36), and (B.25)
that

C/C = 61, L) +7x ZP — p]

= [(1/8) + 4] ' fx(1, L) = p+4f(1,L)] = g7,
K/K = fQ,L)-2z"

= [(1/6) + i) [fu(1. L) = p+0f(L.L)] = g”

hold for ¢t > 0. The growth rates of C' and K are constant over time, identical, and equal to

gP. Consequently, these growth rates have no transitional dynamics. B

B.7 Proof of Proposition 2

We restrict our attention to a proof of the mathematical results presented in (28)—(30). Taking
the partial derivatives of g¥ as given by (25) [= (B.25)],

gP =[(1/6) + 0 '[fe(1,L) — p+ 0 f(1,L)] > 0,

with respect to ¢ and 7, we obtain

agP o6 = 672[(1/6) + ) (1, L) — p+0f(1,L)]

= 672[(1/6) + 7] tgP >0, (B.37)
ag®/on = [(1/6) +4172{(1/6)f(1, L) — [fx(1, L) — p]}

= [(1/6) +7 1 (C/K)P > 0. (B.38)

Using (B.37)—(B.38) and taking into account that

(C/K)P =f(L,L)-¢” and (K/Y)?=¢"/f(L,L)
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hold according to (26), we obtain

AK/YP o6 = [f(1,L)] 194" /05) > 0, (B.39)
a(K/Y)P/on = [f(1,L)] " (8¢" /00) > 0, (B.40)
AC/KYP o6 = —0gP /o6 <0, (B.41)
o(C/KYPjon = —agP/om <o. (B.42)

Substituting the expression for g” given by (25) [= (B.25)] into (C/K)P = f(1,L) — gP yields
the representation of the solution for (C/K)” as given by (B.26):

(C/K)P =[(1/6) + 0] H{(1/8) f(1, L) — [fu(L, L) — p]} > 0.
The resulting solution for the CIER,
i x (C/K)P = [(1/6) + )~ a{(1/6)f(1, L) — [fu(1, L) — p]} 2 0,

has the following properties:

ol x (C/K)P)/on = &6 '(1/6) + Al ~*{(1/6) (1, L) — [fr(1, L) — pl}
“HA/e) + i) HO/K)P >0, (B.43)

I
Q»

Q>

ol x (C/K)P)jo6 = —672(1/6) + 0] *Alfe(1,L) — p+ 0 f(1,L)]
= —o72[(1/5) + 0] Tig”.

From the last result and ¢g” > 0 it follows that
sgn(9[f x (C/K)P]/05) = —sgn(i). (B.44)
The validity of the assertions made in (28),
ogP /06 >0,  O(K/Y)PJ/os >0,  9(C/K)P /o5 <0,

follows from (B.37), (B.39), and (B.41). Analogously, the validity of the assertions made in
(29),
agP /o0 >0,  A(K/Y)P/on>0,  O(C/K)P/on <0,

is obvious from (B.38), (B.40), and (B.42). Finally, (30),
o x (C/K)7)/97 >0, sgn(dl x (C/K)"]/95) = —sgn(),
is obtained by using (B.43) and (B.44). W

B.8 Proof of Proposition 3

Proof of (32)
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In (31) we make the following assumptions:
m/C(C,1,1) =m/Y, mTHC,1,1) = w4, "el(C,1,1) = &', VO >0,

where /¢ > 0, m*4 > 0 (with m“¢ > 0V m*4 > 0), and %€ < 0 are constants. From
m/C(C,1,1) = m/C, ¥C > 0, it then follows that mg/C(C, 1,1) = 0, VC > 0. Taking into
account that e™”“¢ = ;& x (¢/m“), we also have emc/c’c(C, 1,1) = 0, VC > 0. Substituting
the latter result and the assumptions made in (31) into the definitions of o”(C) and n”(C)
given by (18) and (19),

-1

c/C .
“ (0,1,1) xe™ /070(07171) )

1+me/C(C,1,1)
nP(C) = mYA(C,1,1)/[1+mC(C,1,1)],

dP(0) = —|e%c(C,1,1)+

we obtain (32),
() =1/)g%c =6 >0, °(C)=mY/1+m/)=p>0, VC>0 M

Proof of (33)

From Proposition 1 we know that if these results for & and 7 satisfy condition (24),

L=/ +n) "0 <p<p?,  p?=fill,L)+0f(1,L),

where p > 0 holds by assumption, then an economically meaningful decentralized BGP exists.
To calculate the corresponding BGP growth, we substitute the expressions for & and 7 into

Equation (25) given in Proposition 1,

g” =1(1/8) + ) "' fe(1, L) — p+ i f(1, L)].
In doing so, we finally obtain (33):

g0 = fe(L, L) = p+ [ /(1 + )] x f(1,L)

.
el A 1+ 7T O
B.9 An extended version of Proposition 5
Recall that we use ¢*% = (0z/0x;) X (x;/z) to denote the elasticity of z with respect to x;,
where z = z(x1,...,x,) is an arbitrary function of arbitrary variables x;, i = 1,...,n.

Proposition 8. (Extended version of Proposition 5)
Let the instantaneous utility function u result from the transformation T of a multiplicatively

separable function v,
u(c,c/C,a/A) = Tv(e,¢/C,a/A)], v(e,e/Cra/A) = P(c)Q(c/C,alA), (B.45)

where the functions T(v), P(c), and Q(c/C,a/A) satisfy the following assumptions over their
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corresponding domains:
T >0, T'<0;, P>0, P >0, &"vebeqeleco, (B.46)

Q >0, QC/C >0, Qa/A > 0, QC/C >0V Qa/A > 0;
if Qejc > 0, then eT'we@e/C 4 gQe/ce/C < g (B.47)
if Qasa >0, then T weQia/A | Qajaa/A - ()

A) The assumptions made in (B.46) and (B.47) are sufficient for the well-behavedness of the
utility function (B.45) in the sense that it satisfies all assumptions made in (2).

B) The representation V(c,C,a,A) = u(c,c/C,a/A) is well-behaved in the sense that all
assumptions made in (3) are satisfied, if, in addition to (B.46) and (B.47), the conditions

0 > €P,C x (ETI,U(SP,C +€P/,C) + 2€P,CEQ,C/C « (ST/’U + 1) +

—i—EQ’C/C % (ETI’UEQ’C/C + EQC/CVC/C), (B.48)

0 < 5Q7a/A X (5T/7U5Q7G/A + EQa/A’a/A) X

><{EP,C « (ET/,'UEP,C +€P’,c> +2x E:P,ch,c/C > (ET’,U + 1) +

+€Q,C/C X (ET/’/UEQ’C/C + ch/Cvc/C)}

_[EP»CEQva/A X (ET/av + 1) + Ech/C X (ET/’/UEQva/A + EQC/C»Q/A)]Q (B49)

are satisfied, where (B.49) is only relevant in case that relative wealth matters for utility
so0 that Qg4 > 0.

C) The instantaneous utility function given by (B.45) has the property that
mC(C,1,1) = m/C, mYAC,1,1) =m4, pP(C)=%, VC >0, (B.50)

where m</C, ma/A

, and 1 are constants, if and only if the function P(c) has the form
P(c) = &, for ¢ > 0. (B.51)
The assumptions P > 0 and P" > 0 listed in (B.46) require that

&>0, & >0. (B.52)

D) Let the instantaneous utility function have the form
u(c,c/C,alA) = T (& Q(c/C,alA)), & >0, & >0, (B.53)

that is obtained by substituting (B.51) into (B.45) and taking into account (B.52). The
specification of u = u(c,c/C,a/A) given by (B.53) has the property that

EUC,C(C7 1, 1) = glieC o'D(C) =0, vC > 0, (B.54)
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Ue,C

where € and & are constants, if and only if the function T'(v) has the form

T(v) = ko + k(1 —0) (w0 = 1), for v > 0. (B.55)
The assumptions T' > 0, T" < 0, and T veb¢ 4+ &' < 0 made in (B.46) require that

k1 >0, >0 1+(0—1)& >0. (B.56)

E) Let the instantaneous utility function have the form
u(c,c/C,a/A) = ko + k1 (1 — 0) " H{[€c Q(c/Ca/A) 0 — 1}, (B.57)

that results from the substitution of (B.51) and (B.55) into (B.45). Let the parameters
satisfy the conditions given in (B.52) and (B.56),

k1>0, >0, &>0, & >0, 1+(@—-1)& >0, (B.58)
and the function Q(c/C,a/A) have the property that

Q>0, Qyc=>0, Qua=>0, Qcc>0VQya>0,
if Qejc > 0, then gQc/c:e/C _ geQie/C < (B.59)
if Qasa >0, then eQa/aa/A _ 9oQa/A

where the second and the third line are obtained by substituting e ¥ = —0 into the corre-
sponding lines of (B.47).

i) The instantaneous utility function uw = u(c,c/C,a/A) given by (B.57) is well-behaved

in the sense that all assumptions made in (2) are satisfied.

it) The representation V(c,C,a,A) = u(c,c/C,a/A) is well-behaved in the sense that all
assumptions made in (3) are satisfied, if, in addition to (B.58) and (B.59), the conditions

0<[1+6(0—1))& +99C[2(0 — 1)&; + 0e9/C — gQerce/C (B.60)

0 < {[1+&(0—1)& +e9/C12(0 — 1)&; + 09/C — Qs
Xnga/A(enga/A _ EQa/Ava/A)

—{[(1 = 0)&; — 9=Qe/C)c@alA 4 Qe/CQe/cra/AY2 (B.61)

are satisfied, where (B.61) is only relevant in case that relative wealth matters for utility
so0 that Qg4 > 0.

i) The conditions given by (31) in Proposition 3 are satisfied, since m®/©(C,1,1) = m®/©,
m¥A(C,1,1) = m®4, and £%°(C,1,1) = %€ hold for C > 0, where

O =gQelCle; >0, mYA =@ >0, ef=—[1+(0-1)] <0, (B.62)
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with
£2e/0 = Qc/C(1 1), gQa/A = [Qa/A( 1), (B.63)

iv) The conditions given in (23) in Proposition 1 are satisfied, because oP(C) = & and
nP(C) = 1) hold for C > 0, where

6=1/[1+0-1)&] >0, 7= E2/&)/[1+EPC/6)] >0 (B.64)
If these constants 6 and 1) satisfy the condition (24),
=@/ +a) e <p<p?,  p?=fi(l,L) +0f(1,L),

where p > 0 holds by assumption, then an economically meaningful decentralized BGP

exists. The corresponding constant common growth rate is given by

b fu(LL L) — p+ (YA &)L+ (89C /€))7 x f(1, L)
1 (0= D&+ (EQUA )1+ (69/C&1)] T

> 0. (B.65)

v) In the instantaneous utility function given by (B.57), we can set, without loss of gen-

erality, ko =0, k1 = 1, and &, = 1 so that

u(e,c/CrajA) = (1—0)"H[cQ(c/C,a/A) 0 —1}. (B.66)

Please note that the representation of the instantaneous utility function given by (B.66)
is identical to the specification that is used in Proposition 5 [see (37)]. Moreover, it is easily

verified that all assumptions and assertions made in Proposition 5 are elements of item E).

Proof
Preliminaries

The specification of the instantaneous utility function v = u(e,¢/C,a/A) given by (B.45),
u(c,¢/C,a/A) =Tlv(c,c/C,a/A)],  w(c,¢/C,a/A) = P(c)Q(c/C,a/A),
implies that

u. = T'x P xQ, ( )

uc)c = T' X PxQc, (B.68)

Ugja = T X P XQqa, (B.69)

we = T'x (P X QP+ T x P x Q. (B.70)
Ueescy = T"XPXQyoxP xQ+T x P xQc, (B.71)
Ug(aja)y = T" X PxQqaxP xQ+T x P xQqna, (B.72)
Ueoye/cy = T"X(PxQuc)* +T x P X Q/c)e/C)s (B.73)
Ue/cyaja) = T" X P xXQqaxPxQuc+T XPXQuc)a/a) (B.74)
Wasayara) = T X (P xQua)®+T X P X Qu/aya/a): (B.75)
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where i) P and P’ are functions of C, ii) Q, Qc/Ca Qa/A, Q(C/C)(C/C)7 Q(c/C)(a/A)7 and Q(a/A)(a/A)
are functions of (¢/C,a/A), and iii) T" and T" are functions of v = v(c,¢/C,a/A).

Using the elasticities

ePe = P'x(¢/P), =P x(c/P), (B.76)
el = T x (0T, (B.77)
e = Qe x[(¢/O)/Q], ¥ = Quya % [(a/A)/Q), (B.78)
gQe/0:c/C Q(c/0)(c/c) X [(¢/C)/Qcscly (B.79)
gQercral4 Q(c/0)(a/a) X [(a/A)/Qcycl; (B.80)
eQe/a A = Qiayiasay % [(a/A)/Qayal, (B.81)

where i) e¢ and eP’¢ are functions of c, ii) e@c/C gQa/A EQC/C’C/C, gQc/cra/A and gQa/aa/A

are functions of (¢/C,a/A), and iii) €7 is a function of v = v(c, ¢/C, a/A) = P(c)Q(c/C,a/A),
Equations (B.67)—(B.75) can be rewritten as follows:
U = ¢ ' xT' xPxQxehe (B.82)
uyc = (¢/C)” xrxprxﬂﬁq (B.83)
Ugia = (a/A)TIx T/ x P xQ x4, (B.84)
Uee = ¢ 2XT xPxQxelx TV xeleqele), (B.85)
Uoiejoy = ¢ He/O) X T x P x Qx el x e@/C x (T 4 1), (B.86)
Ue(a/a) = HafA) TP X T x P x Q x eP¢ x e@/A 5 (70 4 1), (B.87)
U(e/C)(e)C) = (c/O) 2 x T x P xQ x e/ x
x (70 x e@e/C 4 gQe/cre/Cy, (B.88)
Wesoyara) = (¢/C)7x (a/A)Px T' x P x Q x 9¢/C x
x (70 x @A 4 gQe/cra/A) (B.89)
Uasaya/ay = (af/A)2x T x P xQxed4 x
x (70 x @A 4 gQasaa/Ay, (B.90)

Moreover, using (A.1), (A.2), and (B.82)—(B.90) it can be shown by tedious calculations
that

Ve = ¢ 2xT' xPxQxV, (B.91)

VeVaa — (Vea)? = (¢la™ ' xT' x P xQ)? x &, (B.92)
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where

U = EP,C % (ETI,U€P,0+€PI,C) + 2€P,C€Q,C/C « ({_:T/,v + 1) +
+€Q,C/C X (Eleng:C/C + 6Qc/C7c/C)}’ (B93)
(b = nga/A X (Elengva/A + gQa/Ava/A> X

><{&‘P,c % (ETI’U&“P’C +€P’7c> +92x EP,ch,c/C % <6T’,v + 1) +

+€Q7C/C X (ETlvngvc/C + 8@5/(770/0)} —
_[€P7CEQ,G/A X (ET//U + 1) + €Q7C/C X (ETlvngva/A + EQC/C70’/A):|2' (B94)

Proof of A)
Using (B.67)-(B.69), (B.70), (B.73), (B.75), and (B.76)—(B.81) it can be shown that

0T xP xQ >0,

0T X PxQyc >0,

0T X PxXQua>0,

0& P xQxT x (7 xel+ee) <o,
0<:>P><QC/C % T % (sT',v X5Q70/0+5QC/070/C) <0,

0 P x Qa/A X T/ X (gTIVU X nga/A +€Qa/Ava/A) < 0.

V

Ue

Y

Ue/C

Y

Uq/A

Uce

U(c/C)(c/C)

NN A

U(a/A)(a/A)
Using these results and the assumptions made in (B.46) and (B.47),
T'>0, T"<0;, P>0, P >0, l'wePeyPeoq

Q>0, Qyc>0, Qua>0, Qcc>0VQuua>0,
lf QC/C > 0, then €T/’U€Q’C/C _|_ ch/Cvc/C < 07
if Qu/a > 0, then e7'e@ /4 4 gQa/aa/d < g,

we obtain ue > 0, uee <0, ueyo 2 0, ugya 2 0, ueyc >0V uyq >0, and
Ue/c > 0= Qc/C > 0 Al we@e/C + £Qc/c¢/C < 0 = U(e/C)(c/O) < 0,

Uq/A >0= Qa/A >0A €T/’v€Q’a/A + 8Qa/A’a/A <0= U(a/A)(a/A) < 0.

Consequently, the instantaneous utility function (B.45) is well-behaved in the sense that it

satisfies all assumptions made in (2),

Ue >0, Uee < 0 Ui 20, uga >0, uyc>0Vug g >0;
if Ue/C > 0, then U(e/C)(c/C) < 0; if Ug/a > 0, then U(a/A)(a/A) < 0. |
Proof of B)

Since 7" > 0, P > 0, and @ > 0 holds due to the assumptions made in (B.46) and (B.47),
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it follows from (B.91) and (B.93) that V.. < 0 holds if and only if ¥ < 0, i.e.,

0 > €P,c « (€T’,U€P,c +EP’,C) + 2EP,C€Q,C/C > (ET’,U + 1) +

+€Q,C/C X (Elengvc/C —+ ch/Cvc/C).

This condition is identical to the condition given by (B.48).

Relative wealth matters for utility if and only if @,/4 > 0. Since 7" >0, P >0, and Q > 0
holds due to the assumptions made in (B.46) and (B.47), it follows from (B.92) and (B.94) that
if Qqu/a >0, then VeeVaq — (Vea)? > 0 holds if and only if ® > 0, i.e.,

0 < &«Q:a/A X (ngvng:a/A + EQa/A7a‘/A) X

><{(C:P,c « (gT’,v(gP,c +€P’,C) +92x €P,CEQ,C/C > (ET’,U + 1) +
+€Q:C/C X (ETlvaQ»C/C + €Qc/Czc/C)}

_[E-Pvchva/A X (ET,,’U + 1) + Ech/C X (ETlvngva/A + EQC/C’G'/A)]Z.

This condition is identical to the condition given by (B.49). |
Proof of C)
Substituting (B.82)(B.84) into the definitions of m“ and m®4 given in (11), we obtain

o/ uole,c/CalA) _ €QCe/C,al)
c uc(c,c/CralA) ebe(e) ’

m%(c,¢/C,a/A) =

a/A  tajalc;c/CiafA) 94 (c/C a/A)
c ue(e,e/CralA) ebe(c)

Consequently, in symmetric situations, in which ¢ = C' and a = A hold, we have

m4(c,c/C,ajA) =

mC(C,1,1) = 9/C P, (B.95)
mYAC,1,1) = e@aA)Peo), (B.96)

where the constants £2:¢/C and £9:9/4 give the values that the elasticities €2/ and €94 take
at (¢/C,a/A) = (1,1):

£Qe/C = Qe/C(11), @A = Qe ), (B.97)

The assumptions @ > 0, Qc/c > 0, Qu/a > 0, and Qc/c > 0V Q,/4 > 0, made in (B.47), imply
that
£Qe/C >0, QA S gQe/C 5 v @A S, (B.98)

Substituting (B.95) and (B.96) into the definition of the CIER factor given by (19), we obtain

m¥A(C1,1 £Qa/A JePe(C gQ.a/A
’I’]D(O)E C(C ) - AQC/C’ ISC) = P,c 2Q,c/C” (ng)
1+me/C(C,1,1) 14 [€@c/C [ePe(C)]  ebe(C) + 2@/

From (B.95), (B.96), and (B.99) it is obvious that m®/“(C,1,1), m*4(C,1,1), and nP(C) are

constant functions of C' if and only if the elasticity of the function P(c) with respect to ¢, e/¢(c),
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is a constant function of c. It is easily verified that e7*¢(c) is a constant function of ¢ if and only
if the function P(c) has the form given by (B.51),

P(c) = &, c>0, (B.100)

where &y and £; are constants. These considerations prove the validity of the first assertion

c

made in item B): The functions m¢C, m*4 and nP that result from the specification of the

instantaneous utility function u = u(c,¢/C,a/A) given by (B.45) have the properties described
in (B.50),

mC(C,1,1) =mC, mYC,1,1) = w4, gP(0) =4, YC >0,

if and only if the function P(c) has the form given by (B.100) [= (B.51)].
Next, we derive the parameter restrictions given in (B.52). In (B.46) it is assumed that both
P(c) > 0 and P’(c) > 0 hold for ¢ > 0. From P(c) = &' and P'(c) = &é& ¢! it is obvious

that we have to introduce the following two assumptions with respect to its parameters:
& > 0, & > 0. (B.101)

Obviously, the assumptions made in (B.101) coincide with those made in (B.52).
From (B.100) and (B.101) it follows that

ePle)=€6 >0, Ve>0. (B.102)
Using (B.102), (B.95), (B.96), (B.98), and (B.99), it is easily verified that

mC(C,1,1) = e9C/)e =mC >0, VO >0, (B.103)
mYAC,1,1) = 9V =yt >0, VO >0, (B.104)
nP(C) = (&) /1 + (€979 6 = >0,  vVC>0,  (B.105)

and Mm% > 0V m¥4 > 0, where the definitions of £9:¢/C and é2:%/4 are given by (B.97). The

last three results play an essential role in the proofs of D) and E). |

Proof of D)
Substituting (B.100) [= (B.51)] into (B.45) and taking into account (B.101) [= (B.52)], we

obtain the instantaneous utility function (B.53)
u(c,c/C,alA) = T (& Q(c/C,alA)), & >0, & >0. (B.106)

Since, according to (B.103), mC/C(C’, 1,1) is a constant function of C', we have mE/C(C, 1,1) =
0, YC > 0. Hence, we also have

(0, 1,1) = m¢C(C,1,1) x [C/mC(C,1,1)] =0, VC >0

Substituting the last result into the definition of the effective elasticity of intertemporal substi-

o1



tution given by (18),

-1

c/C .
- (C?ljl) xe™ /070(07171) 9

1+meC(C,1,1)

oP(C) = — |e%°(C,1,1) +

we obtain

oP(C) = —1/e%<(C, 1,1). (B.107)

From (B.107) it follows that oP(C) is a constant function of C' if and only if e%¢(C,1,1) is a
constant function of C. From (B.82) and (B.85) it follows that the elasticity of the marginal

utility of absolute consumption u. with respect to ¢ can be expressed in the following form:

g “(c,c/CralA) = uele,e/CralA) X [c/uc(c,c/CialA)
= P (P()Q(c/C,alA)) + e (c).

The elasticities e°(c), e ¢(c), and e7'¥(v) are defined in (B.76) and (B.77). Obviously, the
elasticity e7"?(v) is evaluated at v = P(¢)Q(c/C,a/A). The specification of P(c) given by
(B.100) [= (B.51)], P(c) = &c*', implies that e5¢(¢) = & and e””¢(¢) = £ — 1 hold for ¢ > 0.

Using these results, we obtain
e"(c,c/CrafA) = &g (& Q(e/CrafA)) + & — 1.
In symmetric situations, in which (¢,¢/C,a/A) = (C,1,1) holds, we thus have
e"(C,1,1) = &M (ECM Q(1, 1)) + & — 1. (B.108)

Obviously, e%¢(C,1,1) and oP(C) = —[¢%*(C,1,1)]7! [see (B.107)] are constant functions of
C' if and only if €7 (£,C4Q(1,1)) is a constant function of C. Since & > 0 and & > 0 [see
(B.101)] and Q(¢/C,a/A) > 0 holds over the domain of Q [see (B.47)], e7"*(£C4Q(1,1)) is a
constant function of C for C' > 0 if and only if €7"¥(v) is a constant function of v for v > 0. The
assumptions made in (B.46) require that 77 > 0 and 7" < 0. Hence, admissible transformations
T have the property that ¢ ?(v) = T"(v) x [v/T’(v)] < 0 holds for v > 0.

We can summarize these considerations as follows: If the transformation 7'(v) is admissible
in the sense that 7'(v) > 0 and T”(v) < 0 hold for v > 0, then the instantaneous utility
function (B.106), u(c, c/C,a/A) = T(£,c* Q(c/C,a/A)), has the property that £%¢(C,1,1) and
oP(C) = —[¢¢(C,1,1)]~! are constant functions of C' for C' > 0 if and only if the function T
satisfies the condition

M) =—-0, v>0, (B.109)

where 6 is an arbitrary strictly positive constant, § > 0. It is well-known that 7 (v) = —6 < 0
holds for v > 0 if and only if the function 7'(v) is of the CRRA type, i.e.,

T(v) = ko + k1(1 —0) L' — 1), v >0, (B.110)

where kg and k; are constants. These considerations prove the validity of the first assertion
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made in item D): The functions e%<¢(C, 1,1) and o (C) that result from the specification of the
instantaneous utility function u(c, ¢/C,a/A) = T(£,c*Q(c/C, a/A)) given by (B.53) [= (B.106)]
have the properties described in (B.54),

EUC,C(C’ 1’ 1) — éuc,c’ UD(C) — (3', VO > 0’

if and only if the function T'(v) has the form given by (B.110) [= (B.55)].

Next, we derive the parameter restrictions given in (B.56). The assumptions made in (B.52),
& > 0and & > 0, imply that P > 0 and P’ > 0. To ensure that the remaining three assumptions
given in (B.46), T' > 0, T" < 0, and 7" veP¢ 4 £’ < 0, where

T'(W) = kv ™0, T'(v) = —k1007 170, T vebepele — g + ¢ —1,
are also satisfied, we assume that
k1 >0, 6>0, 14+(0—-1)& >0 (B.111)

holds in addition to (B.52). Obviously, the assumptions made in (B.111) are identical to those
given in (B.56).
Using (B.108), (B.109), (B.111), and (B.107), we obtain

gUet(C)1,1) = —[14 (0 —1)&] =&%°<0, YC >0, (B.112)
oP(C) = —1/e"(C,1,1)=1/1+ @ —-1)&]=6>0, YC>0. (B.113)

The last two results play an important role in the following proof of E). |

Proof of E-i)

As shown above, the assumptions made in (B.58),

k1>0, >0, &>0, 6>0, 1+(0—-1)& >0,

ensure that all assumptions made in (B.46) are satisfied. Moreover, since el = —0, the as-

sumptions made in (B.59),

Q>0, Quc=>0, Qua>0, Qcc>0VQqa>0,
it Qujc > 0, then £2/0/C _ gQe/C <
if Quja > 0, then eQa/ae/4 _ -Qa/A < g,

imply that all conditions given in (B.47) are satisfied. Hence, it follows directly from item A)
of the proposition that the instantaneous utility function (B.57),

u(e,¢/Cya/A) = ko + ra(1 = 0) {0 Q(c/C,a/A) 7 — 1},

is well-behaved in the sense that all assumptions made in (2) are satisfied.

Proof of E-ii)
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Substitution of

5P,c =&, €P',c =& -1, 6T’,v — 0
into (B.48) and (B.49),

0 > EP’C % (ETI,’UEP,C +€P’,c) + QEP,CEQ,C/C « (ET,’U + 1)

+€Q,C/C X (ET/vngvc/C + EQC/C?C/C)7

0 < EQaa/A X (ET/WE-Q’“/A + EQa/A7a/A) X
X{EP,C « (ET’,UEP,C +€P’,C) +92x% 2,:.P,cg_:C‘),c/C « (gT’,v + 1) +
+€ch/0 X (ET,7UEQ76/C + EQC/Cvc/C>}

_[6P706Q7Q/A X (ET,7U + 1) + Ech/C X (6T,7U€Q7G/A + EQC/C7G//A):|2’
yields (B.60) and (B.61):

0<[1+&(0—1)& +99C[2(0 — 1)& + 0e9/C — £Qcroe/C]

0 < {[14+&(0—1) +@YC12(0 — 1)€; + 09/C — Qe/c¢/CT} x
XEQva/A(gnga/A _ gQa/A7a/A)

_{[(1 — 9)51 — HSch/C]EQaa/A + 5Q7C/C€QC/C7G/A}2,

where the second condition is only relevant in case that relative wealth matters for utility so
that Q,/4 > 0. Hence, if the last two conditions hold in addition to (B.58) and (B.59), then
V(e,C,a,A) = u(e,¢/C,a/A) is well-behaved since all assumptions made in (3) are satisfied.
Proof of E-iii)
From (B.103), (B.104), (B.97), and (B.112) it follows that the conditions given by (31) in
Proposition 3 are satisfied, since m®“(C, 1,1) = m/C, m*4(C,1,1) = m*4, and e%(C,1,1) =
g% ¢ hold for C' > 0, where

mC = gQe/C e >0, mYA =Yg >0, fet=—[14+(0—-1)&]<0.  (B.114)

The constants £9:¢/C and £2:%/4 denote the values that the elasticities of the function Q(¢/C, a/A)
with respect to ¢/C and a/A, e9/%(c/C,a/A) and €244 (c/C,a/A), take in symmetric situa-
tions, i.e., at (¢/C,a/A) = (1,1):

£@e/C = gQe/C(11), QU4 = Qa/A(1,1), (B.115)

These results given in (B.114) and (B.115) prove the validity of (B.62) and (B.63).

Proof of E-iv)
From (B.105), (B.97), and (B.113) it follows that the conditions given in (23) in Proposition
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1 are satisfied, because o”(C) = & and n”(C) = # hold for C' > 0, where
6=1/[L+(0—1&] >0, f§=E2/a)/[1+ E>//a)] =0 (B.116)

These results given in (B.116) prove the validity of (B.64).

We know from Proposition 1 that if these constants ¢ and 7 satisfy the condition (24),

- @/aa+n)~ e <p<p’,  p=full,L)+0f(1,L),

where p > 0 holds by assumption, then an economically meaningful decentralized BGP exists.

Substituting the results for ¢ and 7 given by (B.116) into equation (25) [see Proposition 1],
g” =1(1/6) + A [fe(1, L) — p+9f(1, L)),
we obtain Equation (B.65):

p_ [e(L,L) = p+ (E9YA/&)[1 + (€99 &) x f(1, L)
1+ (0 —1)& + (£9/A/&)[1 + (69/C Jg)] 1

> 0. (B.117)

Proof of E-v)

The results for ¢, m®/4, uec & 4, and ¢gP given in (B.62), (B.64), and (B.65) are
independent of the parameters kg, <1, and &. The well-behavedness of the instantaneous utility
function u = u(c,c¢/C,a/A) given by (B.57) and its alternative representation V(c,C,a, A) =
u(e,c/C,a/A) depends on the signs of § and k; [i.e., { > 0 and k1 > 0 has to hold according
to (B.52) and (B.56)], but not on the magnitudes of these two parameters. Hence, we can set,
without loss of generality, kg = 0, k1 = 1, and £ = 1, and employ the simplified representation
of the utility function given by (B.66):

u(c,c/Cra/A) = (1 —0)"H['Q(c/C,a/A) 0 —1}.

B.10 Proof of item A) of Corollary 1

Let the instantaneous utility function take the form given by (43),
u(e,¢/C,afA) = (1= 8) [ (¢/C)*(a/A)=]' 77 — 1},
where the assumptions with respect to the parameters are given by (44):
>0, & >0,8>086>0,6>0VE6>0 (1-60)(&G+&L+E)<1

Obviously, the alternative representation of the utility function given by V(¢,C, a, A) = u(c,¢/C, a/A)

takes the following form:

Ve, Cya, A) = (1 — )" [(Er 202485 4—63)170 _q).
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The following properties of u and V' are easily verified:

ue = & (¢/C) 2 (a/A)])
Uee = —G[1+&(0—1)]c [ (C/C)52 (a/A)%] "
ugge = &(e/C) T (¢/C)2 (a/A)) Y,
Uesoye/oy = —Ealc/C) P [1+&(0 — 1)][051(0/0)52 (a/A)%)1 "
Ugsa = E3(a/A)TH (¢/C) (afA)S) 0
Uasayaay = —Ea(a/A)7?[1+&s(0 —1)][c™ (C/C)S2 (a/A)%) "
Vo = (& + 52)0—1(661-1-52C—E2aE3A—£3)1—97
Ve = —(G+&)[1+ (& +&)(0— 1)) (e C e85!0
V., = 53(1_1(c§1+52C_52a§3A_§3)1_9,
Vaa = —&[14&(0—1)]a (TR0 %2a2A75)0,

Vo = (&4 &)& (1 —0)(ca) N (F1 TR0 88 A7 8)1 0

)
VeeVaa — (Vca)2 = (fl + 52)53[1 + (9 — 1)(51 + &+ 53)]
><(Ca)*2(C£1+52a£30*52A753)2(1—9)‘

First, we prove that all assumptions made in (2) are satisfied. From the results given above

it is obvious that

ue >0 & >0, Uee < 06 &[1461(0—1)] >0,
Ue/C >0 & >0, U(c/C)(c/C) < 0« 52[1 + 52(0 - 1)] >0, (B118)
ua/AZO<:>§3ZO, U(a/A)(a/A) <0&&l+&(06—1)] >0.

Since by assumption & > 0, £, > 0, &3 > 0, and & > 0V & > 0 hold, we obtain u, > 0,
ue/c > 0, ugyq = 0, and ugyc > 0V ug a > 0.
Next, we show that
1+(0-1)& >0, i=1,2,3 (B.119)

holds for # > 0. The proof is simple: Obviously, § > 1 is sufficient (but not necessary) for the
validity of (B.119). In the opposite case in which 0 < 6 < 1 holds, we make use of the fact that
according to (44) both & > 0V & > 0 and (1 — 0)(&1 + &2 + &3) < 1 hold by assumption and

thus obtain
(1 —9)& < (1 —9)(51 —|—§2—|—£3) <1l=1+ (9— 1)& > 0, = 1,2,3.

Employing (B.118) and (B.119) we obtain the following: i) From & >0 and 1+ & (0 —1) >0
it follows that uc. < 0. ii) If uo/c > 0, then & > 0 and &a[1 + &(60 — 1)] > 0, which, in turn,
implies that wu(./cyc/cy < 0. iil) If ug/a > 0, then {3 > 0 and &3[1 + &3(0 — 1)] > 0, so that
Ua/A)(a/a) < O-
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The following summary of these results shows that all assumptions made in (2) are satisfied:

Ue >0, Uee < 0 o 20, uga 20, ugo >0V uga > 0;
if ue/c > 0, then Ue/c)(e/c) < U5 if Ug/a > 0, then U(a/A)(a)a) < 0.

Second, we prove that all assumptions made in (3) are satisfied. Since & > 0 and & > 0

hold by assumption, it follows from the expression for V.. given above that
Vee <014+ (0—-1)(& + &) > 0.

It is easily verified that
1+0—-1)(&+&)>0 (B.120)

holds for # > 0, so that V.. < 0 holds for # > 0. The proof is simple: Obviously, # > 1 is sufficient
(but not necessary) for the validity of (B.120). In the opposite case in which 0 < § < 1 holds,
we make use of the fact that according to (44) £3 > 0 and (1 — 6)(& + & + &3) < 1 hold by

assumption and thus obtain

1=0)(&+&)<A-0)(G+&L+EE)<1=1+(0-1)(& +&)>0.

Finally, we have to show that if u,/4 > 0 holds, then V..Via — (Vea)? > 0. Recall that
Uqsa > 0 & & > 0. It is obvious from the expression for VeVaa — (Veq)? given above that if
&3 > 0 holds in addition to & > 0 and & > 0, then

VccVaa - (Vca)2 >0« (1 - 9)(51 + 52 + 53) <1l

Since the condition given on the right-hand side is one of the assumptions listed in (44), we
obtain that if Ugja >0 holds, then V..V, , — (Vca)2 >0. N

C The decentralized solution — Part II (Section 4)

C.1 The well-behavedness of specification #4
In specification #4, the function V' = V (¢, C) takes the form

1-6
1 ¢ — kCP\ ¥
Vieo)= [( )

—15, O<kr<l, 0<l—p<b,

1—k

where the domain of V' is given by Oy = {(¢,C)|c > 0,C > 0,c¢¥ — kC¥? > 0}. From

¢ — gOv\ 1-0-9)/¢ p-1
Ve = <H> =
¢ — O\ 170-20)/¢ o1\ 2
Vee = _[0_(1_@](1—/-;) <1—/<;>
o () e
1-—k 1-—k
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it follows that the assumptions 0 < Kk < 1 and 0 < 1 — ¢ < @ are sufficient for V, > 0 and
Vee < 0 so that all assumptions made in (3) are satisfied.

The corresponding representation of the function u = wu(e, ¢/C) is given by (58),

1 1-— /{(C/C)—SD 1/¢ 1-6
uerc/) = 2 |ox (LoRlO1” »
From
y o (1= k(c/C)—#\ 1=/
C 1 . ,
— —p\ (1=0)/¢
Yoo = —fc 0 (M(C/C)> ,
1—k
ko (1= r(c/C)\10-0)/e -
fe/€ = 12 /<561 ' ( 1(—/;{) ) (c/C)#71,
K _ _ 1 — klc/O)—2\ 1-0-20)/¢
Ueorese) =~ e/C) D (1(_/H>> .
X[[G—(l—w)] - —I—(tp—|—1)< R

it follows that the assumptions 0 < Kk < 1 and 0 < 1 — ¢ < 0 are also sufficient for u. > 0,
tee <0, Uy > 0, and u (/o (c/c) < 0, so that all assumptions made in (2) are satisfied.

C.2 Specification #7

Specification #7 has the property that the presence of relative consumption and relative wealth
in the instantaneous utility function u results from the explicit consideration of status prefer-
ences. More precisely, we assume that u can be written as u(c,c/C,a/A) = u(c, s(¢c/C,a/A)),
where s stands for status. To ensure that u(c, ¢/C,a/A) is of the simple form given by (43) and
that & + & + &3 = 1 holds, we employ the following specifications of @(c, s) and s(c/C,a/A):

(e, s) = (1 =)' 0 1], s(c/CLa/A) = (¢/C)(afA)' T, (C.1)

where 6 > 0,0 < B8 < 1,1+ (0 —1)(1—-p8) >0,and 0 < v < 1. It is easily verified that
& =1-05,& = By, and &3 = (1 —~)S. A natural extension of our fundamental factor approach
implies that the percentage-MRS of status s for absolute consumption ¢, defined by m?(c, s) =
(s/c) x [us(c,s)/tuc(c, s)], represents the appropriate measure of the intensity of the quest for
overall status as determined by both relative consumption and relative wealth. The simplicity
of the specification (C.1) entails two significant drawbacks with respect to the application of
the standard analysis: i) Since changes in the parameter v affect both m®¢ = y3/(1 — 8) and
m¥4 = (1 —~)B/(1 — B), the partial derivative dg”/dv is unsuited to analyze the effects of
ceteris paribus changes in the intensity of the relative consumption motive or the relative wealth
motive. ii) The partial derivative dg” /0f is inappropriate to analyze the effects of a change in
the intensity of the quest for overall status. This is due to the following fact: If § # 1, then

a change in [ affects not only the willingness to substitute status for absolute consumption
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as measured by m* = 8/(1 — ), but also the willingness to substitute absolute consumption
=1/[1+ (@ -1)1-p)

All these problems can be easily avoided by i) eliminating the dependence between the

Uc,C

intertemporally as determined by 1/|é

exponents of absolute consumption and status and ii) employing separate parameters for the

exponents of relative consumption and relative wealth so that

u(e,s) = (1— 9)*1[(&9’8)1*9 —1], s(¢/CyalA) = (¢/C) (a)A)7.

D The socially planned solution and the inefficiency of the de-

centralized solution (Section 5)

D.1 The Euler equation (63) and the transversality condition (64)

First, we derive the Euler equation for consumption. The current-value Hamiltonian of the
social planner’s optimization problem is given by H = u(C,1,1) + u[f(1, L)K — C], where the
costate variable u denotes the shadow price of capital. The necessary optimality conditions for
an interior equilibrium, Ho = 0 and &t = pu — Hg, can be written as
= u.(C,1,1), (D.1)
= —[f(L,L) - plp. (D.2)

If, in addition, the transversality condition given by

lim e ”'uK =0 (D.3)

t—o00

holds, then the necessary optimality conditions are also sufficient, where this property follows
from the fact that u.. < 0 holds by assumption. Substituting the FOC (D.1) and its derivative

with respect to time t,

= uc(C,1,1)C,

into (D.2), we obtain
Uee(C,1,1)C = —[f(1, L) — pluc(C,1,1).

Simple transformations yield the Euler equation for consumption:

C/C = —{uc(C,1,1)/[Cuce(C, 1, DL, L) = p)-

Using the definition of the elasticity of the marginal utility of absolute consumption u. with

respect to c,

g (e, c/CyalA) = ue(c,c/CyalA) X [c/uc(c,c/C alA),

the Euler equation can be written in the form given by (63),
C/C=a"(O)f(L,L)=pl,  o"(C)=—1/e"(C,1,1).
Second, we derive the transversality condition. Since the exogenously given aggregate labor
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input L is constant over time, integration of (D.2) yields
lt) = p(0)erte=TOL, (D.4)

The assumption that u. > 0 together with the FOC (D.1) implies that p(¢) > 0 for ¢ > 0. Since
w(0) > 0, it follows from (D.4) that the transversality condition (D.3), limy_ e 'K = 0, is

equivalent to the representation given by (64),

D.2 Proof of Proposition 6

Proof of A) Let the instantaneous utility function u satisfy the conditions (31) that were

introduced in the context of the decentralized economy in Proposition 3, i.e.,
mC(C,1,1) = mC, mYAC,1,1) = m¥4,  Uef(C,1,1) =%, VC >0, (D.5)

where /¢ >0, ¥4 > 0 (with mC > 0V m¥4 > 0), and &% < 0.
First, we prove the validity of (65). According to Proposition 3, the conditions given in (31)
[= (D.5)] imply that
oP(C) =1/g%c|, VO > 0. (D.6)

Using the definition of o¥(C) given in (63),
of(C) = —1/e%¢(C,1,1),

and the assumption that
g ’(C,1,1) =% <0, VC >0,

made in (31) [= (D.5)], we obtain

o) = 1/]e"5),

vC > 0. (D.7)
Combining (D.6) and (D.7), we obtain (65):
ol (C)=oP(C) =1/ =5, VC>O0.

Second, we derive the solutions for ¢”, (C/K)F, and (K/Y)F. Substitution of o (C) = &,
VC > 0, into the Euler equation of aggregate consumption in the socially planned economy that
is given by (63), we obtain

C/C=6[f(1,L) - p. (D-8)

From the economy’s resource constraint K = f(1, L)K — C it follows that
K/K = f(1,L) - (C/K). (D.9)

Taking into account that, by assumption, L is exogenously given and constant over time and
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that & is a constant, it is obvious from the last two differential equations that a BGP exists in
the socially planned economy along which C' and K grow at the same constant rate so that C/ K
remains unchanged over time. The steady-state value of the common growth rate of aggregate
consumption and aggregate physical capital denoted by ¢© = (C/C)’ = (K/K)P and the
steady-state value of the consumption-capital ratio denoted by (C/K)¥ are determined by the

following system of equations:
gP:&[f(l,L)—p], gP:f(l’L)_(C/K)P'

Solving this system of two equations for g and (C/K)P, we obtain

9" =6lf(1,L) = pl, (D.10)
(C/K)" = f(1,L) — g" (D.11)
={1-0)f(1,L)+0p. (D.12)

The solutions for g* and (C/K)F given by (D.10) and (D.11) are identical to those given in
Proposition 6. The validity of (K/Y)P = ¢g”/f(1, L) is obtained by using the following facts:

(K/Y)=(K/K)/(Y/K), Y=[f1LK  (K/K"=g"
Third, we derive condition (66). Using (D.10), we obtain
g >0ep< f1,L). (D.13)
From (D.12) it follows that
(C/K)Y >0e p>(6—-1)(6)" f(1,L). (D.14)

In case that & < 1, condition (D.14) is redundant because p > 0 holds by assumption.
Along the BGP, we have K /K = g" at any point in time. Hence, the transversality condition
(64),
lim e DK (1) = 0,

t—o00

requires that
—f(, L)+ ¢ =—-[1-6)f(1,L) +6p] = —(C/K)¥ < 0. (D.15)

Obviously, the condition that p > (6 — 1)(6)"1f(1, L) given in (D.14) implies not only that
(C/K)F > 0, but also ensures that the transversality condition is satisfied.
The results given by (D.13), (D.14), and (D.15) can be summarized as follows: If the

condition

(6 -1)6f(1,L) < p< f(1,L) (D.16)

is satisfied (where p > 0 holds by assumption), then the BGP is economically meaningful in
the sense that the growth rate and the consumption-capital ratio are strictly positive, g©’ > 0,
(C/K)P > 0, and, in addition, the transversality condition is fulfilled. Obviously, condition
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(D.16) is identical to condition (66). M

Proof of B)

The validity of all assertions made in B) is verified at first glance. Hence, we skip a detailed
proof.

Extra Proof — The socially planned solution has no transitional dynamics

Finally, we show that if the condition (31) [= (D.5)] is satisfied, then the model has no
transitional dynamics. Let Z = C'/K. Since K is a state variable and C' is a control variable,
Z = C/K is a control-like variable (this notion is used by Barro and Sala-i-Martin (1995) on
p. 162). In contrast to K, both C and Z = C/K can jump at any point in time. Using (D.8),
(D.9), and C/K = Z, we obtain the following differential equation:

Z = [(C/0) - (K/K)Z
— {Gl/(L L)~ ~[f(L.L) - Z]}2
— {Z-[1-8)f(LL) +60)}Z = 3(2).

Solving Z = ®(Z) = 0 for Z, we obtain {Z = 0} and {Z = Z"}, where
zP =(1-6)f(1,L) +6p. (D.17)

Obviously, ZF given by (D.17) is identical to (C/K)¥ given by (D.12). If (66) [= (D.16)] holds,
then ZF = (C/K)F > 0, so that Z% is the economically meaningful steady-state value of the
consumption-capital ratio. Rewriting ®(Z) as ®(Z) = (Z — ZF)Z, it is easily verified that

¥2Z)=2+(Zz-2z"), @z")=2z">0.

®'(ZP) > 0 implies that the economically meaningful steady state of the differential equation
Z = ®(Z) is unstable. Hence, the perfect-foresight equilibrium path of Z has no transitional
dynamics, i.e., Z(t) = ZF for t > 0. The initial value of the jump variable Z has to be chosen
in such a way that Z(0) = Z”. From Z = C/K and Z¥ = (C/K)" it then follows that the
initial value of the jump variable C has to be chosen according to C(0) = (C/K)? x Ky, where
(C/K)F = ZF is given by (D.12) or (D.17) and K| is exogenously given.

From Z(t) = Z¥ for t > 0, (D.8), (D.9), Z = C/K, (D.10), and (D.17) it then follows that

¢/C = 6[f(1L)—p]=g" >0,
K/K = fO,L)-2" =6[f(1,L) - pl = g" >0,

hold for ¢t > 0. The growth rates of consumption and capital are constant over time, identical,
and equal to g©'. Consequently, the growth rates of C and K have no transitional dynamics. W
D.3 Proof of Proposition 7

Proof of i) and iii)
The validity of i) and iii) is easily verified by 1) taking into account that, according to
Proposition 6, ¢* is independent of both M€ and m%4, and 2) recalling that 8gD/8m“/A >0

62



and sgn(dgP /om/C) = —sgn(m**) hold according to Proposition 4. Consequently, we have
A(g" — gP)/om¥A < 0 and sgn[d(g"” — gP)/0m/C] =sgn(1m/4).
Proof of ii) We assume that the conditions given by (24) and (66),

L—@/e)+n~ e <p<p’,  p?=fll,L)+0f(1,L),

(6-1)6"'f(1,0) < p< f(1,L), (D.18)

are satisfied so that in both the decentralized economy and the socially planned economy an
economically meaningful BGP exists. The corresponding solutions for g” and g are given by
[see (65) and (67) as well as (25) and (33)]:

g" = 6[f(1,L)—pl
= [f(L,L) - pl/[g"| > 0, (D.19)
g” = 1(1/6) + A [fe(1, L) — p+7f(1,L)]
fe(L,L) = p+ [ /(1 + m9)] x f(1,L)

= > 0. D.20
e+ e/ A (L + ) (20

Using (D.19) and (D.20), the growth rate gap g” — g” can be expressed as a function of the

fundamental factors:

b o JOLL) —p  fu(L,L) = pt /(1 + mlO)] x f(1,L)
g g = |éuc,c| ‘éuc,c + [ma/A/(l + mc/C)] .

(D.21)

Using (D.21) it is easily verified that g — g” = 0 if and only if

ma/A _ (ma/A)crit — [f(lv L) - fk(LL)Kl + mc/C) ~0
- [ = (/e DL L) + (1 |gvechp —

The positive sign of (m®/4)erit
because f(1,L) > fr(1, L) [see (22)] and 7%¢ > 0. The denominator is positive for the following
reasons: The conditions for the existence of an economically meaningful BGP in the socially
planned economy given in (66) [= (D.18)] require that both p < f(1,L) and (6—1)6"1f(1,L) <

p hold, where the latter inequality can be rewritten as

can be verified as follows: The numerator is strictly positive

(1-6)f(1,L)+6p > 0.
Substituting 6 = 1/|é%¢|, this condition can be expressed as

[1 = (/1g" DA, L) + (1/[E"))p > 0,
where the left-hand side is identical to the denominator of (7@ 4)eit,
From (D.21) it follows that

P

9" = 9| sara_o = [F (L L) = fi(1, L)} /|€"] > 0.

63



Taking into account that

P D
U |ﬁza/A:(ma/A)crit =0

and that, according to item i) of the proposition, d(g” — gP)/dm** < 0 holds for m*4 > 0,
we obtain the following properties of g©’ — ¢gP: 1) If 0 < m¥4 < (m®4)eit | then ¢P < ¢g”. 2)
If A = (m®4)°rit then ¢gP = ¢g¥. 3) If m¥4 > (m®4)°it, then gP > ¢g”. These properties

can be summarized in the following compact way:
sanlg” — ¢P) = sl ) — el m

D.4 Illustration: Erroneous conclusions of the standard analysis with respect
to the growth rate gap

In the absence of the relative wealth motive, we have
9" =97 =6lf(L,L) = i1, L)] >0, & =1/[g"*| =1/[1+ (0 —1)&1], (D.22)

irrespective of whether the instantaneous utility function is of the general type (37) or the
simple type (43). Consequently, the variation in a parameter p; leads to a change in the strictly
positive growth rate gap g© — gP if and only if it affects the willingness to substitute absolute
consumption intertemporally as measured by ¢ = 1/|é%¢|. The standard approach is unaware
of (D.22) and might therefore question the assertion made in item iii) of Proposition 7 that —
in the absence of relative wealth preferences — the strength of the relative consumption motive
does not affect the growth gap g© — ¢”. For instance, it might employ the geometric weighted
average specification #1 in which & = 3, &1 =1 — 3, and &3 = 0 holds and point out that

p_p_ f(LL) - fi(1,L)

g -9 _1+(9—1)(1_5):Sgn[a(gp—gD)/aﬂ]=sgn(9—1).

If § > 1, then a rise in 8 causes both g and ¢ to increase, where the rise in g© exceeds that of

D

gP so that g’ — gP increases. Analogously, if § < 1, then a rise in 8 causes both g” and ¢* to

decrease, where the fall in g* exceeds that of g” so that the gap ¢* — g” decreases but remains
strictly positive. Our analysis makes it clear that the (ambiguous) dependence of g© — ¢g” on 3
that exists for § # 1 cannot be used to reject our results. From (55) it is obvious that changes in

B affect the two fundamental factors 1m%/¢ = 3/(1— ) and |£“¢| = 1+ (0 —1)(1— ). However,
D

Ue,C

only the change in |& exerts an effect on g’ — ¢

, namely via the (ambiguous) reaction of

the effective elasticity of intertemporal substitution 6 = 1/|g%¢

. By contrast, the change in

¢/C affects neither ¢ nor ¢g?,

the strength of the relative consumption motive as measured by 1m
and, hence, is irrelevant for g© — g”. Consequently, the variation in the willingness to substitute
absolute consumption intertemporally that results from the change in the exponent of absolute

consumption & = 1 — 3 explains 100 percent of the reaction of g© — ¢g”.
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