
!"

!"#$%&'()*+,-%&$&$+.()"./)-+-01"&$+.)$.)%*+.+,$*)

2#+3&45)&4%+#')"./)%,-$#$*6)
)

#$%&'()"*+,,-".)) ) /)'&01)",#2*34#2-"5)) ) 67)89007":23;#:3!<)

)

)

+.)7)1$.%)"--%./$*%6)"()8)"./)*)
=!"#$%!#&!'&'$(")$*+,-%./#%"!>!!

"

"

"

"#!$!%&#'!())'#*&+!(5) %96:);<=>)7);?@>)
"

?')@"ABCD"=E>"90F"=G>"70"(H&"@970"(&I(J"

=#!>"" D"

+C70K"(H&"CL@@&('7M"&BN7$7%'7N@"9CCN@O(7)0"P=ABD"QR>"70"(H&"(&I(P"=#!>"9%)8&"M90"%&"'&M9C("9CJ"

=#G>"" S" " TH&'&" D"

?')@"(H&"9KK'&K9(&"O')FNM(7)0"UN0M(7)0"=ABD"!>"90F"(H&"HLO)(H&C7C")U"CL@@&('L"=ABD"QR>J"

=#V>"""" D"

+C70K"ABD"=!E>"70"(H&"(&I("90F"&BN9(70K"=#G>"90F"=#V>"9%)8&"L7&$FJ"

=#Q>"" S"" " TH&'&" S"90F" D"

W$NKK70K"=#Q>"70()"ABD"=!Q>"70"(H&"@970"(&I("F&$78&'CJ"

=#E>"" S"" " TH&'&" D"

,)0C&BN&0($LJ"

=#QR>"" D"""""

+C70K"ABD"=X>S"ABD"=Y>"70"(H&"(&I("M90"%&"'&ZT'7((&0"9CJ"

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

."+078&'C7(L" )U"[7$90" =\A[[" 90F" ?706')" /9%>S" ,A-]" =+078&'C7(L" )U" 2)@&" ^:)'" ;&'K9(9R>S" 90F" 2,A#" =27@707" ,&0(&'" U)'"
AM)0)@7M"#09$LC7C>"

"

5"*ABBCDEAFGHFI)"JKLAB:"+078&'C7(L")U"2)@&"^:)'";&'K9(9R"=\A?"90F",A-]>S"90F"?706')"/9%"=+078&'C7(L")U"[7$90>D"AZ@97$"
9FF'&CCJ"$)'&01)DM9'%)09'7_N07')@9GD7("

"

<"+078&'C7(L")U"2)@&"^:)'";&'K9(9R"=\A?"90F",A-]>S"90F"?706')"/9%"=+078&'C7(L")U"[7$90>"

( ) ( )
( )

!

! !!

"

! !

!
"

#

$ " " $ "

%! &! '! '!

! !

( ) * +' *
" # #

α

α

β β

α
−

−−

 
   =     

 
∫

! !

!" #"

#" "

" "

$ $
% &

' & &

α α

Φα
− −

    
=     
    

( )! !!α βΦ ≡  − −  

( )!
!" #"

!" "

" "

$ $
% &

& &

α α

Φα

−

   
= −    

   

!
!"

! #

"

$
% & %

$

α

α

− 
≡ =  

 

!"

!

"

#
$

#
≡

!"

!

"

#
$

#
=

( )
( )!

!
! "
# #

$

α

α α

 
= − 

− +  

!"

!

"

#
$

#
≡

( )

( )
( )

!
!

!
! "

#
$ $

#

α

α α

 −
= − 

− +  



! G"

=#X>"" D"

#$)0K"9"*6WS"9$$"89'79%$&C"F&O&0F70K")0"(7@&"K')T"9("M)0C(90("&IO)0&0(79$"'9(&CS"TH7MH"7@O$7&C"(H9(" "7C"

M)0C(90("=C&&"ABD"!V"70"(H&"(&I(>D":HNCS" "&BN9$CJ"

=#XR>"" S" "" S"" D"

4)(&"(H9("U)'"90L" S" S" S" "90F" S" "7C"O)C7(78&" "TH&0J"

D"

678&0" S"U')@"ABD"=`>"70"(H&"@970"(&I("7("U)$$)TCJ"

=#a>"" D"

b&"M90"0)T"NC&"9K970"ABD"=!E>"70"(H&"@970"(&I("90F"&BN9$71&"=#G>"90F"=#a>S"C)")%(97070KJ"

=#`>"" D"

?')@"=#G>S"=#V>"90F"=#a>S"T&")%C&'8&"(H9("9$)0K"9"*6WJ"

=#Y>"" D"

:H7C"'&CN$("7C")%(970&F"%L"0)(7M70K"=C&&"ABD"a"70"(H&"@970"(&I(>"(H9("70"9"*6W"&BN7$7%'7N@J"

D"

-0")'F&'" ()" U70F")N(" (H&" CH9'&C")U" $9%)'" 9$$)M9(&F" ()" (H&" U709$" )N(ON(S" 70(&'@&F79(&C" 90F" '&C&9'MH" C&M()'C"

= S" S"90F" S"'&CO&M(78&$L>S"U7'C(")U"9$$"0)(7M&"(H9("ABD"=#`>"M90"%&"'&M9C("9CJ"

=#`R>"" S"TH&'&" "%L"NC70K"ABD"=a>"70"(H&"(&I(D"

ABN9$719(7)0")U"=#`R>"90F"=#E>S"(H&0S"F&$78&'CJ"

D"

#$)0K"9"*6WS" "9C"$)0K"9C" S"90F" D"678&0" S"T&"M90")%(970" "U')@"=#E>J"

S"

90F" "U')@"=#QR>J"

D"

b7(H" S" 7(" 7C" 7@@&F79(&" ()"C&&" (H9(" "90F" S" ())D"?')@"ABD" =!c>" 70" (H&" (&I(S"T&"

H98&J"

=#!c>"" D"

( )
!

!
!

" # $#

% &

'!

!

( ()
* ' + $

) ' '

τ
α α

Φτ τ
τ

τ τ

α τ

∞ −
−∫   − 

=     
    ∫

!

!"
#

( )

!

!

!

!" #" "

$"

" " $

% % $&
'

& $ $ ( )

α α
Φ

α
Φ γ

−
   − 

=       − + −       

!

!

"
#

"
≡

!

!

"

!

"

"
γ ≡

!

( )!"#α ∈ !! > !
!
" > !

!
" > !! >

!"
# !!∀ ≥

( )!
!

" # Φ γ> − −

!"
#

( )

!

!

! !

!

! "! #! !

$!

$! ! ! $

$ % % $&
'

% & $ $ ( )

α α
φ Φ

λ
α

χ Φ γ

−

−

   − 
=       − + −       

( )
!

!
!

!

!"

# !

" "

$
% & '

( $ !

λ

φ

χ
Φ γ

−

−

 
=  − + −    − 

!" #" $" "

$

!" #" $" "

% % % %

% % % %
Φγ

• • • •

= = ≡ =

( )!
!

"λ φ γ= −

! !" "
# $ % $≡

! !" "
# $ % $≡

! !" "
# $ % $≡

( )
!

!
!

!

" # # #

!

$
% % % & '

( #

λ
λ

φ

χ
Φ γ

−
−

−

 
=  − + −    −  !

!
!

"

! "

#
$
"

λ

λ

φ χγ

−

−

−
≡

( )

( )
( ) ( )

!

!

! !

!

!

!

"
#

$ %

" "

α
α α

Φ γ α
γ α α

 
 

− + 
=
 − + −

+ 
− − + 

( )!"#
!
" ∈ ( )!

!
" # Φ γ> − − !

!
γ >

!
"

!
"

( )
( )!

!
! "
# #

$

α

α α

 
= − 

− +  

!
"

( )

( )
( )

!
!

!
! "

#
$ $

#

α

α α

 −
= − 

− +  

( )!"#
!
" ∈ ( )!"#

!
" ∈ ( )!"#

!
" ∈

! ! !

!

! ! !

" #$
% &

$ $ $

•

= + −



! V"

ABCD"=!X>"70"(H&"(&I("90F"=#XR>"9%)8&"$&9F"()J"

=#!!>"" S"" "" D"

b&"0)T"NC&"=#!!>S"=#Y>S"90F"(H&"U9M("(H9("9$)0K"9"*6W" "70()"=#!c>S"90F"K&(J"

=#!cR>" S" " " d"""" d"""" S"

TH&'&" S" "90F" "9'&"(H&"K78&0"707(79$"89$N&C"=0121S"9(" >")U" S" "90F" S"'&CO&M(78&$LD"

ABD"=#!cR>"CNKK&C(C"(H9("9$)0K"9"*6WS" "90F" "K')T"9("(H&"C9@&"M)0C(90("'9(&S"0121J"

=#!ce>"" D"

:H&"9KK'&K9(&"O')FNM(7)0"UN0M(7)0"=ABD"!>S"()K&(H&'"T7(H"(H&"HLO)(H&C7C")U"CL@@&('L"=ABD"QR>S"F&$78&'CJ"

=#!G>"" D"

:H7C"7@O$7&C"(H9("9$)0K"9"*6WJ"

=#!GR>"" D"

-0"(H7C"&M)0)@L"=C&&"ABD"!c"70"(H&"@970"(&I(>S"9KK'&K9(&"70M)@&"= >"M90"%&"70"O9'("M)0CN@&F"

= >"90F"70"O9'("NC&F"()"9MMN@N$9(&"@)'&"9CC&(C"= >D"-0")(H&'"T)'FCJ"

D"

:H&"$9C("&BN9(7)0"7@O$7&CJ"

D"

#$)0K"9"*6WS" "90F" "9'&"M)0C(90(D":H&'&U)'&S"7("U)$$)TC"(H9("=C&&"ABCD"#!ceS"#!!"90F"#!GR"9%)8&>J"

=#!V>"" D"

+C70K"ABD"=!V>"70"(H&"@970"(&I(S"T&"M90"T'7(&"(H&"K')T(H"'9(&")U"9KK'&K9(&"M)0CN@O(7)0"9CJ"

=#!Q>"" D"

?')@"=#!V>S"=#!Q>"90F"=#!GR>"70"(H7C"9OO&0F7I"T&"K&(J"

=#!E>"" D"

#$)0K"9"*6WJ"

=#!X>"" S"" D"

?')@"=#!E>"90F"=#!X>"7("7C"7@@&F79(&"()")%(970J"

! "
#γ Φγ= +

!

"

!

"

"
γ

•

≡

!
!

"
λ

γ
φ

 
=  − 

( ) ( )

( )

! !

!

!

"

!

# $%
& '

( )
Φγ= − − + ( )! " !! = > ( ) ( )! ! !! "= > ( )! !! >

( )!! ( )!! ( )!! !! =
!
"

!
"

!
"

!
"

!
"

!
!

! !

" #

" #

• •

=

!

!!" #"

" "

" "

$ $
! %

% %

α α

Φ

−

+
   

=    
   

!

" #

!

"
$

"
γ Φγ

•

≡ = +

! ! ! ! !
" # $ % &≡ +

!
"

!
"

•

! ! !
" # $

•

= +

! ! !

! ! !

" # $

$ $ $

•

= +

!

!

"

"

•

!

!

"

#

! ! !

! ! !

" # $

" # $

• • •

= =

( )
!

! !

! !

" #
$ % $

" #
ρ

θ

• •

= + = − +

!
" θ γ ρ= Φ +

!
!

"
λ

γ
φ

 
=  − 

!
!

!

"
#

"
≡ >

!



! Q"

=#!ER>"" D"

,)@%7070K"=#!GR>S"=#!V>"90F"=#!X>"L7&$FCJ"

=#!a>"" D" " "

-0"(H&"&0F")U"(H7C"9OO&0F7I"T&"T90("9$C)"()"@9f&"CN'&"(H9("(H&"('90C8&'C9$7(L"M)0F7(7)0J)

"

H)$FCD"#("(H7C"97@S"0)(&"(H9("U')@"(H&"=0&M&CC9'L>"?3,C"(9f&0")0"(H&"g9@7$()0790"UN0M(7)0"= >J"

S"

T&"H98&J"

=#!`>" " " " " S"

TH&'&" "7C"(H&"M)ZC(9(&"89'79%$&"9CC)M79(&F"()"(H&"C(9(&"89'79%$&S" D"*L"NC70K"(H&"$9C("&BN9(7)0S"9$)0K"T7(H"

=#!!>S"(H&"F&U707(7)0")U" S"90F" S"(H&"('90C8&'C9$7(L"M)0F7(7)0"M90"N$(7@9(&$L"%&"'&M9C("9CJ"

=#!Y>""" D"

-0"=#!Y>" "90F" "9'&"(H&"707(79$"89$N&C"=0121S"9(" >")U"(H&"C(9(&"89'79%$&"3$90F"

(H&" M)ZC(9(&" 89'79%$&" S" '&CO&M(78&$LD" ABD" =#!Y>" '&8&9$C" (H9(" (H&" ('90C8&'C9$7(L" M)0F7(7)0" 7C" C9(7CU7&F"

TH&0&8&'"(H&"U)$$)T70K"70&BN9$7(L"7C"@&(J"

=:,>" D"

#U(&'"NC70K"=#!E>"90F"=#!X>S"7("7C"O)CC7%$&"()"M)0M$NF&"(H9("M)0F7(7)0"=:,>"7C"&BN789$&0("()J"

D"

b7(H" "O')87F&F"%L"=#!a>"9%)8&S"/44567809:$;"70"(H&"@970"(&I("9$$)TC"(H&"$9C("M)0F7(7)0"=0121S"(H&"

('90C8&'C9$7(L"M)0F7(7)0>"()"%&"9$T9LC"MH&Mf&FD"

?709$$LS"0)(7M&"(H9("TH&0"(H&"('90C8&'C9$7(L"M)0F7(7)0"=:,>"7C"C9(7CU7&FS"(H&0"(H&"M)0F7(7)0"(H9("KN9'90(&&C"

(H9(" "7C"O)C7(78&"9("90L"(7@&" "P0121S" P"7C"9$C)"@&("U)'"90L" S"TH7MH"7C"9$T9LC"

('N&"70")N'"@)F&$RC"*6W"&BN7$7%'7N@"PC&&"ABD"=!`>"70"(H&"@970"(&I(D""g"

"
"

"

"

"

!
! "

λ
θ ρ

φ
 

= Φ + − 

!

! ! !

! ! !

" # $
%

" # $

λ
φ

• • •

 
= = =Φ − 

!"# $
!" "

"

!λ
→+∞

=

!

( ) ( )
!

!

!

! "

#

$
% & ' ! # ( $

θ
ρ λ

θ

−
− − −

= +  − + −    − 

!

"

!
λ
•∂

= −
∂

⇔ ( )
!

!

" #
λ

λ

•

= − −

!
λ !

!! " #≡ !
!

" # " $

•

≡

( ) ( ) ( )
!"# $ $ !"# $

!
" # $

%$ $ %
$ $

% % &
γ

λ λ
− − −Φ

→+∞ →+∞
= =

( )! !! > ( )
( )

!
" "

"
!

"
θ

λ = > !! =

!
λ

!
" # γ> +Φ

( )!
!

! !
λ

ρ Φ θ
φ

 
> + −  − 

!

"

!

"

"
γ

•

≡

!"
# !! ≥ ( )!

!
" # Φ γ> − − !

!
γ >



! E"

"#!$!%&#'!())'#*&+!,"
"

-0" (H7C"#OO&0F7I"T&" H7KH$7KH(" (H&"@970" F7UU&'&0M&C" =70" (H&" 9CCN@O(7)0C" 90F" 70" (H&" '&CN$(C>" %&(T&&0" )N'"
@)F&$"90F"(H&"M90)07M9$"C&@7Z&0F)K&0)NC"K')T(H"(H&)'L"%L"h)0&C"=<*&S"!YYE>D"-0"(H&"(9%$&"%&$)TS"T&"C(9'("

%L" M)@O9'70K" (H&" (T)"@)F&$CR" (&MH0)$)K7M9$" 9CCN@O(7)0C" =U)'" (H&" C9f&" )U" C7@O$7M7(L" (H&" (7@&Z70F&I" 8" 7C"

CNOO'&CC&F>J"
""

+0#),+/%1) M+.%6);-)'()<NNO>)

S"""""""""""=ABD!>"

"""""" """"""""")

""""""""""""""""""""""""""" """"""""""""""=ABD"#!S"OD"a`c>)

"

S""""""""""" """""""""""""""""=ABD"V>)

=>/$?0@6$8A38$A34$75@BA342C$3$C240D:$B3:>$

>8@3:4?9@6$23BA$5:08$9?$./012/3$0:89$3$
40:DE2$5:08$9?$8A2$0:82@62C0382$0:758>F$$=OD"a`c>$

S"""""""""""""""""""=ABD"a>"

""""""""""""""""" S""""""""""" "

""""""""""" """"""""""""""=ABD"XS"OD"aXE"90F"(H&"U)$$)T70K"

""""""""""""F7CMNCC7)0>"

S"""""""""""" "

"

A87F&0($LS"9M')CC"(H&"(T)"@)F&$CJ)

S" 90F"" """"""" S"

TH&'&" " F&0)(&C" 70" (H&" (T)" U'9@&T)'fC" (H&" 0N@%&'" )U" &I7C(70K" 89'7&(7&C" =70F&I&F" %L" >" )U"

70(&'@&F79(&"70ON(CS"90F" "7C" (H&"9@)N0(")U"(H&"$9%)'Z70ON("&@O$)L&F"70"(H&"'&C&9'MH"C&M()'D"-(" 7C"

9$C)"9OO9'&0("(H9("70"h)0&C"=!YYE>"$9%)'"7C"&@O$)L&F"C)$&$L"()"O')FNM&"U709$")N(ON("90F"()"708&0("0&T"7F&9C"

=70")N'"@)F&$S"70C(&9FS"$9%)'"7C"9$C)"90"70ON("70"(H&"O')FNM(7)0")U"70(&'@&F79(&"70ON(C"P"C&&"%&$)T>D"

"
:H&'&"9'&"(T)"UN'(H&'"=90FS"O')%9%$LS"@)'&"'&$&890(>"F7UU&'&0M&C"9M')CC"(H&"(T)"@)F&$CD":H&"U7'C("7C"'&$9(&F"

()" (H&" T9L" (H&" )O(7@9$" K')CC" @9'fNO" 7C" F&(&'@70&F" 70" (H&" @)0)O)$7C(7M9$$L" M)@O&(7(78&" 70(&'@&F79(&"

C&M()'D"-0"h)0&C"=!YYE>S"(H&"&$9C(7M7(L")U"CN%C(7(N(7)0"=70"9%C)$N(&"89$N&>"%&(T&&0"(T)"K&0&'7M"89'7&(7&C")U"

70(&'@&F79(&"70ON(C"&@O$)L&F"70"(H&"O')FNM(7)0")U"U709$")N(ON("= >"7C"&BN9$"()"

D"

:H7C"&$9C(7M7(L"F&O&0FC")0$L")0" S"TH7MH"7C" (H&"$9%)'ZCH9'&"70"9KK'&K9(&"6\W"=(H&"C&M()'"(H9("O')FNM&C"

U709$")N(ON("7C"O&'U&M($L"M)@O&(7(78&"90F"'&T9'FC"'789$"70ON(C"9("(H&7'"@9'K709$"O')FNM(787(L>D"])S"70"h)0&C"

=!YYE>S" 9MM)'F70K" ()" (H&" NCN9$" G63@H57I@5E2JS" (H&" )O(7@9$" @9'fNOS" 6S" MH9'K&F" )8&'" (H&" @9'K709$"

O')FNM(7)0"M)C("=(H&"'&9$"70(&'&C("'9(&S" >"%L"&9MH"N0M)@O&(7(78&"70(&'@&F79(&"U7'@"7C"

" " =C&&"h)0&CS"!YYES"ABD"#ES"OD"a`c>D"

-0C(&9FS"70")N'"@)F&$"(H&"&$9C(7M7(L")U"CN%C(7(N(7)0"%&(T&&0"90L"(T)"K&0&'7M"89'7&(7&C")U"70(&'@&F79(&"70ON(C"

70" U709$" )N(ON("O')FNM(7)0" 7C" S"TH7MH" 7C" 70F&O&0F&0(")U" (H&" $9%)'ZCH9'&" 70" 9KK'&K9(&"6\W"

= >D"#C"9"M)0C&BN&0M&S"(H&"@9'fNO"= >")U"O'7M&")8&'"(H&"@9'K709$"O')FNM(7)0"M)C("=(H&"T9K&"'9(&S" >"

70"(H&"70(&'@&F79(&"C&M()'"7C"9$C)"70F&O&0F&0(")U"CNMH"CH9'&D"

"
-0"%'7&US" (H&" U7'C(" '&$&890("F7UU&'&0M&"%&(T&&0")N'"@)F&$"90F"h)0&C" =!YYE>" 7C" (H9("TH7$&")N'"@)F&$"F)&C"

F7C&0(90K$&"(H&"K')CC"@9'fNO")U"O'7M&")8&'"(H&"@9'K709$"O')FNM(7)0"M)C("U')@"(H&"CH9'&C")U"U9M()'Z70ON(C"70"

6\WS"h)0&C"=!YYE>"F)&C"0)(D"

( )
!!

"

!

!
"

# !

$ %
$ & ' (%

"

α

α

β

−

 
 =
 
 
∫

( )!"# $%%%%%%%%%%%% #!α ∈ >

!

"

!

" #
" $ % &#

α α−
= ∫

! !
" #= !∀

!

!
! " !

λ φ

χ

•

=

! "λ< ≤ !φ <

!
! " !

λ φδ
•

=

! "λ< ≤ !φ <

! "=
! "
# #=

! "= !

! "
# #=

!

!
!

α
=

α

!

! !
!

! ! ! "

!
"

! #$%&' ()$'!α
= = = >

− − −

( )! !! " ! − >

! α− ! !



! X"

:H&" C&M)0F" UN0F9@&0(9$" F7UU&'&0M&" %&(T&&0" h)0&C" =!YYE>" 90F" )N'" @)F&$" 7C" '&$9(&F" ()" (H&" O')FNM(7)0"

UN0M(7)0"&@O$)L&F"%L"70(&'@&F79(&"U7'@CD"-0"h)0&C"=!YYE>S"7("7C"O)C(N$9(&F"(H9("70(&'@&F79(&"U7'@C"O')FNM&"

%L" &@O$)L70K" N07(C" )U" OHLC7M9$" M9O7(9$" =@)'&" O'&M7C&$LS" N07(C" )U" U)'K)0&" M)0CN@O(7)0>" 9C" 90" 70ON(S"
TH&'&9C"70")N'"@)F&$"(H&L"O')FNM&"=)0&Z()Z)0&>"T7(H"$9%)'D"

"

#U(&'" %'7&U$L" H7KH$7KH(70K" (H&"@970" F7UU&'&0M&C" 70" (H&" 9CCN@O(7)0C" )U" )N'"@)F&$" T7(H" '&CO&M(" ()" h)0&C"

=!YYE>RC"@)F&$S"T&"9'&"0)T"9%$&"()"CH)T"(H9("+]-46":gA"h34A]"=!YYE>R]"#]]+[W:-34]"-4:3"3+2"[3\A/"
(H7C"@)F&$"M90"'&O')FNM&"&I9M($L"(H&"C9@&"*6W"K')T(H"'9(&")U"O&'"M9O7(9"70M)@&")U"h)0&C"=!YYE>D"-0"(H7C"

T9L"7("7C"O)CC7%$&"()"M)0M$NF&"(H9("(H&"F7UU&'&0("O'&F7M(7)0C")U"(H&"(T)"@)F&$C"9%)N("(H&"$)0KZ'N0"K')T(H"

'9(&" )U" (H&" &M)0)@L" 9'&" N$(7@9(&$L" FN&" ()" (H&" @970" (T)" F7UU&'&0M&C" =iNC(" &IO$970&F>" 70" (H&" %9C7M"

9CCN@O(7)0C")U"(H&C&"@)F&$CD"
"

-0"9"CL@@&('7M"&BN7$7%'7N@"70"TH7MHJ"

S"" S" =h)0&CS"!YYES"OD"a`!S"ABD"#`>S"

(H&"O')FNM(7)0"UN0M(7)0")U")N'"@)F&$"M90"%&"'&M9C("9C"

"""""""""""""

TH&'&"

S"" " " S"" " " S"

H98&"%&&0"NC&F"=C&&"h)0&CS"!YYES"OD"a`GS"90F"ABD"!ES"OD"aac>D"#$)0K"9"*6WS"(H&"F&M&0('9$71&F"&M)0)@L"

9$$)M9(&C" M)0C(90(" CH9'&C" = " 90F" S" '&CO&M(78&$L>" )U" (H&" 9897$9%$&" $9%)'" U)'M&jO)ON$9(7)0" = >" ()" (H&"

708&0(7)0")U"0&T"7F&9C"90F"()"(H&"O')FNM(7)0")U"U709$")N(ON(S"=h)0&CS"!YYES"ABD"!c"9("OD"aXY>D"

-0"h)0&C"=!YYES"ABD"#!S"OD"a`c>S" D"g&0M&J"

" " """""""" "" " """""""""=*!>"

?')@"=*!>S"(H&"K')T(H"'9(&")U"9KK'&K9(&"6\W"7CJ"

S"""""""""" "=h)0&CS"!YYES"OD"aac>D"

*L"F&U7070K"%L" "(H&")N(ON("O&'"T)'f&'"90F"%L" "(H&"M9O7(9$j$9%)'"'9(7)"=h)0&CS"!YYES"OD"aXa>S"

U')@"(H&"O'&87)NC"&BN9(7)0"T&"M90")%(970"(H&"K')T(H"'9(&")U"O&'"M9O7(9"70M)@&"= >"9CJ"

D" " " """""""""=*G>"

:H&"M)0C(90ML")U" "=h)0&CS"!YYES"OD"a`G>"9$$)TC"NC"()"'&ZT'7(&"ABD"=*G>"9CJ"

S"" " " D"

b&"H98&"9$'&9FL"F7CMNCC&F"9%)8&"(H&"U9M("(H9("70"h)0&C"=!YYE>J"

D"

!

"
# #

$
= = [ ]!"#! "∀ ∈

( ) ( ) ( ) ( )! ! ! !! !

"

!
!

!
"

# ! !

$ %
$ & ' (% ) & * "

"

α

α α βα α α

β

−  − − − −  

 
 = = −
 
 
∫

( )!
!
" # "= −

!
" #"=

! "
# # #+ =

! ! !− !

!β =

( ) ( ) ( ) ( )! ! !! !

"

!
!

!
"

# ! !

$ %
$ & ' (% ) & * "

"

α

α αα α α

β

− −− −

 
 = = −
 
 
∫

( ) ( ) ( ) ( )! ! ! !
! " # $ # $

% & %
! " # $ # $

α α α α α α

• • • • • •

= − + + − = − + + −
!

"
!

•

≡

!
"

#
≡

!
"

#
≡

!! !
•

( ) ( )! !
! " #

$ $ % $
! " #

α α α

• • • 
 = − + + + − −
 
 

!! "

( ) ( )! !
!

"
!

α γ α

•

− = −
! "
γ γ γ= ≡

!

! "
!

"#$%& '(#&)
=

−



! a"

-0")N'"@)F&$S"(H&"$9%)'"CH9'&"70"6\W"7C"&BN9$"()" D"g&0M&S"70")N'"@)F&$"=N0F&'"(H&"9CCN@O(7)0C")U"

h)0&CS"!YYE>"(H&"@9'fNO"T)N$F"%&J"

D"

:H7C"70"(N'0"$&9FC"()J"

D"

-0")(H&'"T)'FCS"

S"" " D"

?709$$LS"U')@")N'"@)F&$RC"2k\"(&MH0)$)KL"T&"M)0M$NF&"(H9("70"9"*6W"&BN7$7%'7N@"70"TH7MH"8A2$D@9K8A$

@3824$9?$3EE$L3@03ME24$3@2$B9:483:8"=h)0&CS"!YYES"OD"a`G>J"

D"

:H7C"7C"(H&"=M)@@)0>"K')T(H"'9(&")U"O&'"M9O7(9"89'79%$&C"70"h)0&C"=!YYES"ABD"`S"OD"aXa>D"-0"(H7C"M9C&S"7("7C"

&87F&0("(H9("=>#A2$D@9K8A$@382$9?$8A2$2B9:96N>C272:C4$9:EN$9:$8A2$D@9K8A$@382$9?$8A2$E3M9@$?9@B2$3:C$

8A2$73@36282@4$ $3:C$ O$KA0BA$C282@60:2$ 8A2$2P82@:3E$ @285@:4$ Q34$K2EE$34$ 8A2$ @285@:4$ 89$ 4B3E2R$ 0:$ 8A2$

)S'$42B89@>F"=h)0&CS"!YYES"OD"aXa>D"

"

,$&9'$LS" b-:g3+:" +]-46" :gA" h34A]R" =!YYE>" #]]+[W:-34]" -4" 3+2" [3\A/S" T&" )%C&'8&" (H9(" 70" 9"

CL@@&('7M"&BN7$7%'7N@" 70"TH7MH" S" " =ABD"QR" 70" (H&"%)FLZ(&I(")U")N'"O9O&'>S" (H&"9KK'&K9(&"

O')FNM(7)0"UN0M(7)0"T)N$F"'&9F"9CJ"

" S"" " "" 90F"" D"

#$)0K" 9" *6WS" (H&" CH9'&C" )U" $9%)'" K)70K" ()" &9MH" C&M()'" (H9(" &@O$)LC" CNMH" 90" 70ON(" = S"

S"90F" >"9'&"M)0C(90("P"C&&"":IE0:2$/772:C0P$/D"g&0M&S"(H&"K')T(H"'9(&")U"9KK'&K9(&"

6\W"7CJ"

S"""""""""" S"" D"

*L"F&U7070K"%L" ")N(ON("O&'"M9O7(9S" "T7$$"%&"&BN9$"()J"

D"

4)(7M&" (H9(" 70" )N'"@)F&$" (H&"@9'fNO" = >" 7C" 70F&O&0F&0(" )U" (H&" U9M()'Z70ON(" CH9'&C" 70"6\WD"?')@")N'"

2k\"(&MH0)$)KLS"T&"C&&"(H9("70"(H&"*6W"&BN7$7%'7N@"

D"

( )! α−

!
!

α
=

( ) ( ) ( )! ! !
! !

"
! !

α γ α α

• •

− = − = −

! " #
γ γ γ γ= = ≡

!

!

!
γ

•

≡

( )!
! " #

! $

!

λ
γ γ γ γ

φ

•

≡ = = = ≡
−

φ λ

!

"

#
$ $

%
= = !∀

( ) ( ) ( )! ! !! !

"

!

!
"

# ! !

$ % $ &
$ ' ( )% * * '"

"

α

α βα α α

β

− − − −  

 
 = =
 
 
∫ !

!

"
#

"
≡

!

!

"
#

"
≡

!
! !
" # #≡

!
! !
" # #≡ !

! !
" # #≡

( ) ( )! ! ! !
! !

" #
$ % $

" #
α β γ α β γ

• •

= + − − = + − −      
!

"
!

•

≡
!

!

!
γ

•

≡

!
"

#
≡ !! !

•

( )
!

" "
! !

"
#

"
Φ

α β γ Φγ

•

≡

=  − −  = !""#""$

!

( )
!

"
!

!
"

!

Ψ

λ
γ

φ

•

≡

≡ =
−
!"#



! `"

:H&'&U)'&S"

D"

"

-("7C"9OO9'&0("(H9("70")N'"@)F&$"=ABD"!Y"70"(H&"(&I(>"(H&"K')T(H"'9(&")U"(H&"&M)0)@L"F&O&0FC"0)(")0$L")0"(H&"

K')T(H" '9(&" )U" (H&" $9%)'" U)'M&" = >" 90F" (H&" O9'9@&(&'C" )U" (H&"2k\" (&MH0)$)KL" " 90F" " =9C" 70" h)0&CS"

!YYE>S" %N(" 9$C)" )0" =(H&" CH9'&" )U"6\W" (H9(" K)&C" ()" 70(&'@&F79(&" 70ON(C>S" (H&"@9'fNO" = >S" 90FS"@)'&"

7@O)'(90($LS"(H&"O9'9@&(&'" S"TH7MH"'&O'&C&0(C"(H&"@970"0)8&$(L")U")N'"T)'fD"

"

#$$"70"9$$S"U')@"9%)8&"7("M90"%&"70U&''&F"(H9("(H&"F7UU&'&0M&"%&(T&&0")N'"&M)0)@LRC"K')T(H"'9(&"=ABD"!Y"70"

(H&"(&I(>S""

S"

90F"(H9(")%(970&F"%L"h)0&C"=!YYES"ABD"`S"OD"aXa>S"

S"

M90"%&"&0(7'&$L"&IO$970&F"%L"(H&"O'&C&0M&")U"(T)"F7UU&'&0("9CCN@O(7)0C"9M')CC"(H&"(T)"9OO')9MH&CS"09@&$L"
%L"(H&"U9M("(H9("70")N'"@)F&$J"

"

=!>! -0(&'@&F79(&"U7'@C"O')FNM&"T7(H"$9%)'"='9(H&'"(H90"OHLC7M9$"M9O7(9$>S"90F"
"

=G>! :H&"K')CC"@9'fNO")U"O'7M&")8&'" (H&"@9'K709$"M)C(")U"O')FNM(7)0"H9C"%&&0"F7C&0(90K$&F"U')@"(H&"

U9M()'Z70ON("CH9'&C"70"6\WD""g"

( )! !
!

"
# $

"
α β γ ΦΨ

•

=  − −  = 

! φ λ

α !

β

( )! !
!

!
" #

!

λ
α β

φ

•

 
= − −     − 

( )!

!
"

!

λ

φ

•

=
−



! Y"

"#!$!%&#'!())'#*&+!45) ;A2]-34"3?":gA"[3\A/"b-:g"g3+]Ag3/\R]"-4;A]:[A4:"-4""

"Wgl]-,#/",#W-:#/"=:gA"34/l"-4W+:"-4":gA"W23\+,:-34"3?"

-4:A2[A\-#:A"-4W+:]>$
"

-0"(H7C"#OO&0F7I"T&"U)'@9$$L"CH)T"(H9(")N'"@)F&$RC"%9C7M"'&CN$(C"F)"0)("BN9$7(9(78&$L"MH90K&" 7U"OHLC7M9$"
M9O7(9$"=9C")OO)C&F"()"$9%)'>S"9MMN@N$9(&F"(H')NKH"H)NC&H)$FCR"C9870KCS"7C"9CCN@&F"()"%&"(H&")0$L"70ON("70"

(H&"O')FNM(7)0")U"70(&'@&F79(&"70ON(CD"#("(H7C"97@S"T&"C(9'("U')@"ABD"=!>"70"(H&"(&I(J"

"" S" " " " S" " " D" """""""""""=!>"

+C70K"ABD"=!>S"7("7C"O)CC7%$&"()"M)@ON(&"(H&"708&'C&"F&@90F"UN0M(7)0"U)'"(H&"0I8A"70(&'@&F79(&J"

D" " " " " " " """""""""""=G>"

?)$$)T70K"2)@&'" =!YYc>S"T&" 0)T"O)C(N$9(&" (H9("@)0)O)$7C(7M9$$L" M)@O&(7(78&" U7'@C" H98&" 9MM&CC" ()" (H&"

C9@&"(&MH0)$)KL"&@O$)L70K"C)$&$L"OHLC7M9$"M9O7(9$"=09@&$LS"U)'K)0&")N(ON(>S" S"9C"90"70ON(J"

S" " " S"" " S" " " " """""""""""=V>"

:HNCS"(H&"@9'K709$"M)C(")U"O')FNM(7)0"7C"0)T"(H&"'&9$"70(&'&C("'9(&S" D"?)'"K78&0" S"ABD"=V>"7@O$7&C"(H9("

(H&"()(9$"9@)N0(")U"M9O7(9$"&@O$)L&F"70"(H&"70(&'@&F79(&"C&M()'"9("(7@&"8"= >"7CJ"

D" " " " " " " " " " """""""""""=Q>"

+0F&'"(H&"9CCN@O(7)0"(H9("(H&'&"&I7C(C"0)"C('9(&K7M"70(&'9M(7)0"9M')CC"70(&'@&F79(&"U7'@CS!"@9I7@719(7)0")U"

(H&"K&0&'7M"0I8A"U7'@RC"70C(90(90&)NC"O')U7("T7(H"'&CO&M("()" "$&9FC"()"(H&"M90)07M9$"63@HI57$@5E2J"

S" " " D" " " " " " " """""""""""=E>"

b&"U)$$)T"(H&"$7(&'9(N'&"=C&&S"9@)0K")(H&'CS"*NMM7"90F"29N'7MHS"Gc!aS"OD"!``>"70"U)MNC70K")0"9"4N6628@0B$
2T50E0M@056"TH&'&J""

" " "
d""" S"" "" S" " "

T7(H" "F&0)(70K"(H&"98&'9K&"9@)N0(")U"OHLC7M9$"M9O7(9$" 70ON("&@O$)L&F"%L"&I7C(70K"70(&'@&F79(&"U7'@CD"

g&0M&S""" "

" ""
90F"" S"" D"

:H&"HLO)(H&C7C")U"CL@@&('L"$&9FC"()J"

S" " " " " " " " " " """"""""""=QR>"

S" " D" " " " """""""""""=X>"

:H&"9KK'&K9(&"2k\"(&MH0)$)KL"7C"C(7$$J"

S" " S" " S" " S" " """""""""""""""=a>"

*&M9NC&"(H&"2k\"C&M()'"7C"M)@O&(7(78&S"(H&'&"7C"U'&&"&0('L"70()"(H7C"@9'f&(J"

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!"[)'&"O'&M7C&$LS"T&"9CCN@&"(H9("&9MH")U"(H&C&"70(&'@&F79(&"U7'@C"7C"C)"C@9$$"(H9("7("(9f&C" "9C"K78&0D"

( )
!!

"

!

!
"

#

$ "

! %! &!

!

% ' ( )&
#

α

α

β

−

 
 =
 
 
∫ ! "α< < !! >

( ) ( )
( )

!

! !!

"

! !

!
"

#

$ " " $ "

%! &! %! %!

! !

' ( ) *% )
# #

α

α

β β
α

−

−−

 
 =
 
 
∫

!

!" !"
# $= [ ]!"#

!
" #∀ ∈ !"# $

!
" ∈ ∞

!
!
"

!
"

! !

! !" "

#! #! !
$ %# & %# '= ≡∫ ∫

!"
#

!" !"
# $%= [ ]!"

!
" #∀ ∈

!" "
# #=

!" "
# #= [ ]!"#

!
" #∀ ∈

!
"

!" "
# #=

!" "
# #= [ ]!"#

!
" #∀ ∈

!

"! !

!

#
$ $

%
= = [ ]!"

!
" #∀ ∈

( )

!

! !! !"# #

$# # #

# #

% &!
'

! ' '

α α

α βπ α π
−

 − −  
   − 

= =    
    

[ ]!"
!

" #∀ ∈

!
!

"! !
" # "

λ φ

χ

•

= ( )! !! > !χ > ( ]!"#λ∈ !φ <

( )

!

!

"

!

!
"

#

$"

%!

!

& '%
#

α

β

−
 
 
 
 
∫



! !c"

S" " " " " " " " " " """""""""""=`>"

TH&'&" "7C"K78&0"%L"

S" " "" S"" " " " " " " """""""""""=Y>"

90F"C9(7CU7&C"(H&":9I3@M08@3D2$B9:C0809:J" D"

"

4+06%4+1/6)

$ :H&"'&O'&C&0(9(78&"H)NC&H)$F"NC&C"C9870KC"()"9MMN@N$9(&"OHLC7M9$"M9O7(9$S"90"70ON("70()"(H&"O')FNM(7)0"

)U"70(&'@&F79(&"70ON(CJ"

S"" " S"" " " " " " """""""""=!c>"

" -0"ABD"=!c>" S" "90F" "F&0)(&S"'&CO&M(78&$LS"9KK'&K9(&"OHLC7M9$"M9O7(9$S"9KK'&K9(&"M)0CN@O(7)0"90F"

(H&"9KK'&K9(&"$9%)'Z70ON(SG"90F" "7C"(H&"'&9$"'9(&")U"'&(N'0")0" D"#MM)'F70K"()"(H7C"&BN9(7)0S"H)NC&H)$FRC"
708&C(@&0("70"OHLC7M9$"M9O7(9$"=(H&"$&U("H90F"C7F&>"&BN9$C"H)NC&H)$FRC"C9870KC"=(H&"'7KH("H90F"C7F&>D"-0"(N'0S"

H)NC&H)$FRC"C9870KC"9'&"&BN9$"()"(H&"F7UU&'&0M&"%&(T&&0"H)NC&H)$FRC"70M)@&"=(H&"CN@")U"70(&'&C("70M)@&S"

O" 90F" $9%)'" 70M)@&S" >" 90F" H)NC&H)$FRC" M)0CN@O(7)0" = >D" ?)'" (H&" C9f&" )U" C7@O$7M7(LS" OHLC7M9$"

M9O7(9$" F)&C" 0)(" F&O'&M79(&" =C&&" 2)@&'S" !YYcS" OD" ]`GS" ABD" G>D" 678&0" (H&" 9%)8&" &IO'&CC7)0S" (H&" $9T" )U"

@)(7)0")U"O&'ZM9O7(9"M9O7(9$"7CJ"

S"" " S" S" " " " """""""""=!!>"

T7(H" " 90F" " '&O'&C&0(70K" O&'ZM9O7(9" OHLC7M9$" M9O7(9$" 90F" O&'ZM9O7(9" M)0CN@O(7)0S"

'&CO&M(78&$LD" b7(H" 9" B9:483:8$ 0:82@I82679@3E$ 2E3480B08N$ 9?$ 45M48085809:$ =,-A]>" 70C(90(90&)NC" N(7$7(L"
UN0M(7)0S" (H&" )%i&M(78&" )U" (H&" H)NC&H)$F" 7C" ()"@9I7@71&S" N0F&'" M)0C('970(S" (H&" F7CM)N0(&F" N(7$7(L" )U" O&'"

M9O7(9"M)0CN@O(7)0")U"9$$"7(C"@&@%&'CJ"""

S" " S" " S"" " """""""""=!G>"

4181U$ S"" " D$

-0"ABD"=!G>"T&"H98&"0)'@9$71&F"O)ON$9(7)0"9("(7@&"c"()")0&S" D":H&"M)0F7(7)0" "

=TH&'&" " 7C" (H&" $)0KZ'N0" M)0C(90(" K')T(H" '9(&" )U" O&'ZM9O7(9" M)0CN@O(7)0>" &0CN'&C" (H9(" (H&" 9((9709%$&"

N(7$7(LS" S"7C"%)N0F&F"90F"(H9("(H&"('90C8&'C9$7(L"M)0F7(7)0"H)$FC"=C&&"%&$)T>D":H&"'&O'&C&0(9(78&"FL09C(7M"

U9@7$L"MH))C&C" (H&")O(7@9$"O9(H")U"O&'ZM9O7(9"M)0CN@O(7)0" S" (9f70K"(H&"'&9$" 70(&'&C("'9(&" "90F"(H&"

T9K&"'9(&" "9C"K78&0D":H&"C)$N(7)0"()"(H7C"O')%$&@"K78&C"(H&"NCN9$")3642NIV2N:24$@5E2J"

D" " " " " " " " " """""""""" """""""""=!V>"

"

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

G"-0"(H7C"C&((70KS"(H&"$9%)'ZU)'M&"M)70M7F&C"T7(H"O)ON$9(7)0S"H&0M&"O&'ZM9O7(9"90F"O&'ZT)'f&'"89'79%$&C"9'&"(H&"C9@&D"[)'&)8&'S"9$$"
$9%)'"7C"&@O$)L&F"90F"9("&BN7$7%'7N@")%(970C"(H&"C9@&"T9K&S" D"

!

!
!

"! "!

"!

"
# $

%

φ

λχ −
=

!"
#

( )

!

" # $#

%!

!

& ' $

τ

τπ τ

∞
−∫

= ∫ τ > !

!" " !" "
# $# π

•

= −

( )
!

"#$%&'#()*%!+,-./0%

!

!
! ! ! ! !

"

# $# % & '

•

≡

= + −
!""#""$

!"""#"""$

( )! !! >

! ! !

! !

!" !" !

( )! ! ! ! !
" # $ " % &

•

= − + − ( )! !! > !
!

"
!

•

≡ >

!! " #≡ !! " #≡

{ }

( )

!

"

#

!

"
$%&

"!

! ! !

" !!

# $

#
% & '!

θ
ρ

θ=+∞
=

+∞
−

− − −
≡  

− ∫ ( ) ( )!
!

"ρ θ γ− > − !θ >

( )! ! ! ! !
" # $ " % &

•

= − + − ( )! !! >

( )! "! ≡ ( ) ( )!
!

"ρ θ γ− > −

!
γ

!

{ }
!

!

!
"

=+∞

= !
"

!
"

( )
!!

" !

!

"
#

"
γ ρ

θ

•

≡ = −

!



! !!"

&4%)1"8+#),"#P%&)"./)&4%)82-)%90$1$8#$0,)

]70M&"$9%)'"7C"UN$$L"&@O$)L&F"90F"F7C('7%N(&F"9M')CC"O')FNM(7)0")U"M)0CN@O(7)0"K))FC"90F"708&0(7)0")U"

0&T"7F&9CS"9("&BN7$7%'7N@"(H&"U)$$)T70K"&BN9$7(7&C"@NC("H)$FJ"

S" " " " " " " " " " " """""""""=!Q>"

D" " " " " " " " " " " """""""""=!E>"

)

) /%Q$.$&$+.5),5)!'67&%&,8&79)

/$,W*$&T50E0M@056$0:$8A04$2B9:96N$04$3:$2T50E0M@056I738A$3E9:D$KA0BAU$

=7>! /EE$L3@03ME24$C272:C0:D$9:$8062$D@9K$38$B9:483:8$2P79:2:803E$@3824X"

=77>! #A2$42B89@3E$4A3@24$9?$E3M9@$267E9N62:8$Q S"T7(H" R$3@2$B9:483:81$

"
-0")'F&'"()"MH9'9M(&'71&"(H&"*6W"&BN7$7%'7N@")U"(H&"@)F&$S"T&"O')M&&F"9C"U)$$)TCD"?')@"ABD"=!>S"N0F&'"(H&"

HLO)(H&C7C")U"CL@@&('L"=ABD"QR>J"

S"" D" " " " " """""""""=!X>"

+C70K"ABD"=X>S"ABD"=Y>"M90"%&"'&ZT'7((&0"9CJ"

D" " " " " " " """""""""=!a>"

#$)0K"(H&"*6WS"FN&"()"(H&"U9M("(H9("9$$"89'79%$&C"F&O&0F70K")0"(7@&"K')T"9("M)0C(90("&IO)0&0(79$"'9(&CS" "

7C"9$C)"M)0C(90("=C&&"ABD"!V>D":HNCS"9U(&'"C)@&"9$K&%'9S" "M90"N$(7@9(&$L"%&"'&M9C("9CJ"

" " """"""""" S"" " """"""""""=!aR>"

S"" """" S" " D"

4)(&"(H9("U)'"90L" S" S" S" S"90F" S" "7C"O)C7(78&"9("90L"(7@&" "TH&0J"

D"" " " " " " " " """""""""=!`>"

678&0" S"U')@"ABD"=`>"7("U)$$)TCJ"

D"" " " """""""""=!Y>"

b&"M90"0)T"NC&"ABD"=!E>"90F"&BN9$71&"=!X>"90F"=!Y>S"C)")%(97070KJ"

D" " " " """""""""=Gc>"

?')@"=!X>"90F"=!Y>"T&"9$C)")%C&'8&"(H9("9$)0K"9"*6WJ"

D" " " " " " " " """""""""=G!>"

:H7C"'&CN$("H9C"%&&0")%(970&F"%L"0)(7M70K"=C&&"ABD"a>"(H9("70"(H&"*6W"&BN7$7%'7N@J"

D"

+0F&'"(H&"HLO)(H&C7C")U"CL@@&('LS"90F"NC70K"ABCD"=E>S"=G>"90F"=QR>S"T&"M90"&IO'&CC" "9CJ"

! "! #!
$ $ $= + !!∀ ≥

!" #"
$ $=

! !" "
# $ % $≡ ! " #$≡

( )!
!" "

!" "

" "

# $
% &

& &

α α

Φα

−

   
= −    

   
( )! !!Φ α β≡  − −  

( )
!

!
!

" # $#

%

&!

!

' ()
* & + $

) & &

τ
α α

Φτ τ
τ

τ τ

α τ

∞ −
−∫   − 

=     
    ∫

!

!"
#

( ) ( )

!

!

! !

!" " "

#"

" " $ #

% $ #&
'

& # # ( )

α α
Φ

α
α αγ Φ γ

−
   − 

=       − − − + −       

!

!

"
#

"

•

≡
!

"

!

"

"
γ

•

≡
!

"

!

"

"
γ

•

≡

( )!"#α ∈ !! > !
!
" > !! > !! >

!"
# !! ≥

( ) ( )! !
! "

# $α αγ Φ γ> − + − −

!"
#

( ) ( )

!

!

! !

! !

! "! ! !

#!

#! ! ! $ #

# % $ #&
'

% & # # ( )

α α
φ Φ

λ
α

χ α αγ Φ γ

−

−

   − 
=       − − − + −       

( ) ( )
!

!

!
! !

!

!" #"

! $ #

" " "

% %&
' ( )

% & % #

λ

φ

α
χ α αγ Φ γ

α

−

−

−  ≡ =  − − − + −     −  

!" #" "

$ #

!" #" "

% % %
&

% % %
αγ α Φγ

• • •

= ≡ = − +

!
!

"
λ

γ
φ

 
=  − 

!



! !G"

D" " " " " " " " " " """""""""=GG>"

*&M9NC&" "90F"(H&"C&M()'9$"$9%)'ZCH9'&C"9'&"M)0C(90("9$)0K"9"*6WS"ABD"=GG>"7@O$7&C"(H9(J"

D"" " " " " " " """""""""" """""""""" """""""""=GV>"

+C70K"=GV>"70()"=!`>"90F"70()"=G!>"F&$78&'CS"'&CO&M(78&$LJ"

D" " " " " " " " " " " """"""""=!`R>"

D" " " " " " " " " """"""""=G!R>"

#U(&'"M)@%7070K"=Gc>S"=GV>S"=a>"90F"=!Q>S"70"(H&"&0F"T&"M90"F&(&'@70&"(H&"CH9'&")U"$9%)'"9$$)M9(&F"()"(H&"

O')FNM(7)0")U"U709$"K))FC"9CJ)

D"" " " " " " """""""""=GQ>"

?')@"=!Q>J"

S"

TH&'&" "7C"K78&0"%L"=GQ>D"

b7(H" S" S" " 90F" " =ABD" !`R>S" 7(" 7C" 7@@&F79(&" ()" C&&" (H9(" " 90F"

S"())D"+C70K"ABD"=!c>J"

D" " " " " " " " " " """""""""=GE>""

b&"0)T"NC&"=G!>S"=GV>S"90F" "70()"=GE>"90F")%(970J"

S" " " d"""" " " d"""" """"""""=GER>

" " " " " " " S" " " " """"

TH&'&" S" S"90F" "9'&"(H&"K78&0"707(79$"89$N&C"=0121S"9(" >")U" S" S"90F" S"'&CO&M(78&$LD"

ABD"=GER>"7C"7@O)'(90("%&M9NC&"7("CNKK&C(C"(H9("9$)0K"9"*6WS" "90F" "K')T"9("(H&"C9@&"M)0C(90("'9(&J"

D"" " " " " " " " " " """"""""=GEe>"

:H&"9KK'&K9(&"O')FNM(7)0"UN0M(7)0"=ABD"!>S"()K&(H&'"T7(H"(H&"HLO)(H&C7C")U"CL@@&('L"=ABD"QR>S"F&$78&'CJ"

D"" " " " " " " " " """""""""=GX>"

#U(&'"(9f70K"$)KC"90F"F&'7870K"T7(H"'&CO&M("()"(7@&S"90F"NC70K"=GV>"70()"7(S"ABD"=GX>"9$$)TC"NC"()"M)0M$NF&"

(H9("9$)0K"9"*6WJ"

D" " " " " " " " " " " """"""""=GXR>"

:H&'&U)'&S"%L"M)@%7070K"=GXR>"90F"=GEe>S"T&"C&&"(H9(J"

D" " " " " " " " " """""""""=Ga>"

! !

!" " "
# $ %

&
'

α α Φ
α

− −

=

!

( )( )!
! "

#Φγ α γ= − −

! "
# γ γ> −

!" #" "

$

!" #" "

% % %
&

% % %
γ

• • •

= ≡ = −

( )( )

( )( ) ( )

!

! !

! "#$

#

$ ! " !

% &'
(

' % & %

α γ γ

α γ γ α γ

− + −
≡ =

− + − + −

!
! "
# #= −

!
"

( )!"#α ∈ !! > !
!
γ >

! "
# γ γ> − ( )!"#

!
" ∈

( )!"#
!
" ∈

! ! !

"

! !

# $ %
&

" "
γ= + −

!

!

"
#

"
≡

!

( ) ( )

( )

! !

!

!

"

!

# $%
&

" "
γ= + − ( )! "! ≡ ( )! !! >

( )! !! >

( )!! ( )!! ( )!! !! =
!
"

!
"

!
"

!
"

!
"

!
!

" #

! !

#"

" #
γ γ

••

≡ = ≡

!

!!" "

" "

" "

# $
! %

% %

α α

Φ

−

+
   

=    
   

!

" #

!

"

"
γ γ

•

≡ =

!
! !

" # $

! ! !

# $"

" # $
γ γ γ

• ••

≡ = ≡ = ≡



! !V"

+C70K"ABD"=!V>"90F"(H&"F&U707(7)0")U" S"T&"M90"T'7(&"(H&"K')T(H"'9(&")U"9KK'&K9(&"M)0CN@O(7)0"

9CJ"

D"" " " " " " " " " """""""""=G`>"

?')@"=Ga>S"=G`>"90F"=GV>"T&"K&(J"

D" " " " " " " " " " """""""""=GY>"

#$)0K"9"*6WJ"

D"" " " " " " " " " " """"""""""=aR>"

g&0M&J"

D"" " " " " " " " " """"""""=GYR>"

,)@%7070K"=Ga>S"=!V>"90F"=GYR>"L7&$FCJ"

S" " " " " " """""""""=Vc>""

TH&'&" "7C"O&'ZM9O7(9"6\WD"

*L"M)@O9'70K"ABCD"=aR>S"=Vc>"90F"=GYR>"70"(H7C"9OO&0F7I"T7(H"(H&"M)''&CO)0F70K"ABCD"=!`>S"=!Y>"90F"=Gc>"70"
(H&" @970" (&I(S" 7(" 7C" 7@@&F79(&" ()" C&&" (H9(S" BN9$7(9(78&$LS" '&CN$(C" F)" 0)(" MH90K&" 9(" 9$$" 7U" )0&" M)0C7F&'C"

&IO$7M7($L"(H&"HLO)(H&C7C"(H9("(H&"'&O'&C&0(9(78&"H)NC&H)$F"C98&C"90F"708&C(C"C9870KC"70"(H&"9MMN@N$9(7)0"

)U"OHLC7M9$"M9O7(9$S"90"70ON("70"(H&"O')FNM(7)0")U"70(&'@&F79(&"K))FC"m70"2)@&'S"!YYcS"70(&'@&F79(&"U7'@C"

9'&" O)C(N$9(&F" ()" &@O$)L" OHLC7M9$" M9O7(9$" =0121S" U)'K)0&" M)0CN@O(7)0>S" 9C" )OO)C&F" ()" $9%)'S" 9C" (H&" )0$L"
70ON(nD"

-0"(H&"&0F")U"(H7C"9OO&0F7I"T&"T90("9$C)"()"@9f&"CN'&"(H9("(H&"('90C8&'C9$7(L"M)0F7(7)0J)

"

F)&C"H)$F"70"(H&"*6W"&BN7$7%'7N@D"?')@"(H&"=0&M&CC9'L>"?3,C"(9f&0")0"(H&"g9@7$()0790"UN0M(7)0"= >J"

S"

T&"H98&J"

" " " " S"" " " " " """""""""=V!>"

TH&'&" " 7C" (H&" M)ZC(9(&" 89'79%$&" 9CC)M79(&F" ()" (H&" C(9(&" 89'79%$&S" D" *L" NC70K" (H&" $9C(" &BN9(7)0S" (H&"

('90C8&'C9$7(L"M)0F7(7)0"M90"%&"'&M9C("9CJ"

D" " " " " " " """""""""=VG>"

-0"=VG>" "90F" "9'&"(H&"707(79$"89$N&C"=0121S"9(" >")U"(H&"C(9(&"89'79%$&S"HS"90F"(H&"

M)ZC(9(&" 89'79%$&S" D" ABD" =VG>" '&8&9$C" (H9(" (H&" ('90C8&'C9$7(L" M)0F7(7)0" 7C" C9(7CU7&F"TH&0" (H&" U)$$)T70K"

70&BN9$7(L"7C"@&(J"

S"

(H9("7C"()"C9L"TH&0J" " " " S"" 9C" D" " " """"""""=:,>"

!
! ! !
" # $≡

( )
!

! !

! !

" #
$ % $

" #
ρ

θ

• •

= + = − +

( )!
!

"
θ

γ ρ
α

Φ
= +

−

!
!

"
λ

γ
φ

 
=  − 

( )! !
! "

θ λ
ρ

α φ
 Φ

= + − − 

( )! !

! ! !
" # $

! ! !

" # $
%

" # $

λ
γ γ γ γ

α φ

• • •

 Φ
≡ = ≡ = ≡ ≡ =  − − 

! " # $≡

!"# $
!" "

"

!λ
→+∞

=

!

( ) ( )
!

!

!

! "

#

$
% & ' ! # ( $

θ
ρ λ

θ

−
− − −

= +  − + −    − 

!

"

!
λ
•∂

= −
∂

⇔ ( )
!

"!

# $
λ

λ

•

= − −

!
λ !

( ) ( ) ( )
!"# $ $ !"# $

!
" # $

!$ $ !
$ $

! ! %
γ

λ λ
− − −

→+∞ →+∞
= =

( )! !! > ( )
( )

!
" "

"
!

"
θ

λ = > !! =

!
λ

!
" # γ> +

!
" γ>

! "
#γ γ= −



! !Q"

4)(7M&"(H9("TH&0"(H&"('90C8&'C9$7(L"M)0F7(7)0"=:,>"7C"C9(7CU7&FS"(H&0"(H&"M)0F7(7)0"(H9("KN9'90(&&C"(H9(" "

7C"O)C7(78&"9("90L"(7@&" "P0121S" "=C&&"ABCD"!`"90F"GV>P"7C"C7@N$(90&)NC$L"@&("U)'"90L" S"

TH7MH"7C"9$T9LC"('N&"70"(H&"*6W"&BN7$7%'7N@")U")N'"@)F&$D"

[9f70K"NC&")U""=GYR>"90F"=Vc>S"(H&"('90C8&'C9$7(L"M)0F7(7)0"=:,>"$&9FC"()"(H&"U)$$)T70K"70&BN9$7(LJ"

D"

:H7C"70&BN9$7(L"7C"9$T9LC"MH&Mf&F"TH&0" S"C&&"ABD"!G"9%)8&D""g"

!"
#

!! ≥
! "

# γ γ> − !
!
γ >

( ) ( )
! !

" " " "

! !
"

" " "

θγ ρ γ

θΦ λ Φ λ
ρ

α φ α φ
≡ + ≡ +

   
+ > +   − − − −   !"""#"""$ !"""#"""$

( ) ( )!
!

"ρ θ γ− > −



1 

ON – LINE APPENDIX D: BALASSA DENSITY INDEX, LAFAY DENSITY 

INDEX AND NETWORK TRADE INDEX 
 
 

Following Ferrarini and Scaramozzino [20], we provide now the definitions of the complexity indexes 

employed in our regressions.  

 

Let ! "# $  denote country i's exports of product j and % "# $  denote country c's imports of product i.  

 

The Balassa index is essentially a normalized export share, i.e.  

 

&'("# $) *
!("# $)+ !("# $),

!("# $)

!("# $),
-./

 

 

where the numerator is the share of industry j in country i's export and the denominator is the share of 

industry j in the total exports of the countries in the sample. If &' "# $ 0 1, indutry j is more important for 

country i's exports than for the exports of the other countries in the sample. Hence, country i has a revealed 

comparative advantage in the production of good j. 

 

The normalized trade balance 2 "# $ can be defined as: 

 

! "# $ *
! "# $ 3 % "# $

! "# $ 4 % "# $
 

 

The trade specialization index, 56 "# $  for each sector j is computed as the difference between a country's 

2 "# $ 7and its total trade balance, across sectors: 

 

56 "# $ * 2 "# $ 3 2 "# $
,

 

 

The Lafay index, 8' "# $ , is obtained by weighing the 56 "# $  by the sector j contribution to trade: 

 

8' "# $ * 56 "# $
! "# $ 4 % "# $

! "# $ 4 % "# $,,

 

 

If country i specializes in sector j, then 8' "# $ 0 9.  

 

We can use the &' "# $ 7or the 8' "# $ to build the following indicator of trade specialization : "# $ : 

 

: "# $ * ;<(=#>)?@ 

 

where A "# $  can be either the &' "# $ or the 8' "# $  and ; is an indicator function giving 1 if A "# $ 0 97and 

0 otherwise. 

 

The degree of closeness of any two production sectors j and k in the global product space is measured by 

the index of proximity B $# C : 

 

B $# C * D"EFGHIJKL "# $ * 1ML "# C * 1N# GHIJKL "# C * 1ML "# $ * 1NO 



! 2 

 

The density index for sector j is the weighted average of the trade specialization indicators, in which the 

weights are the proximities of sector j with all the other sectors: 

 

P "# $ *
B $# C L "# CQ

B $# CQ

 

 

 

The average density of country i is obtained as an average of the density indexes across all sectors: 

 

R * P "# $
,

 

 

The average density refers to the number of paths out of all possible paths within the product space that lead 

to the products that are already part of a country's export basket.  

 

As Ferrarini and Scaramozzino point out, this concept of product space and the related density measure 

account for intra-industry trade within coarse-grained sector balances. To account also for vertical trade in 

the empirical investigation of a complexity-growth model, they suggest to employ the Network Trade Index 

(S5') as a measure of the intensity of trade among countries participating in the international production 

network (Ferrarini [16]). The TUV "# W  of country i with respect to its trade partner z is defined as follows: 

 

TUV "# W
%/#,
X

%/#,
X

X/.X

!,
/

!,
/

,,
 

 

where: %/#,
X  is the value of imports to country i of components of industry j from country z, %/#,

X + %/#,
X

X 7is 

the share of country z's components of industry j on total imports of j in i and !,
/+ !,

/
,  is the share of sector 

j on total exports from country i. The higher S5', the greater the importance of country z in the network of 

productive relations of country i. In its aggregate form, the index is derived as a geometric average across 

sectors. 

 

Throughout the paper, S5', RYZ and R[Z  have been normalized in the interval [0,1]. 

 

!
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