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1. INTRODUCTION

The principal goal of the Supplementary Material is to prove propositions and comments thereof
in the main manuscript. For that purpose, I prepare many lemmas. I also (re-)introduce all
notations so that the Supplementary Material are self-contained. Note that notation is different
between the main manuscript and the Supplementary Material. In the main manuscript, I use
conventional notation so that readers can easily understand the paper. If I used the same nota-
tion in the Supplementary Material, however, I’m afraid the Supplementary Material would be
much longer and harder to read. In addition, the Supplementary Material presents propositions,
sometimes with their (tedious) closed forms. The proposition and (sub-)section numbers corre-
spond to those in the main manuscript up to the third section, though the equation numbers do
not. The fourth section showcases an application. The fifth section compares this study with
Imai & Jiang (2018). The sixth section concludes.

Pairwise randomized experiments is also called matched-pair design or study (Donner &
Klar 2000, Imai et al. 2009), pair-matched study (Hayward et al. 2006), paired randomization
or (randomized) experiments (Abadie & Imbens 2008; Glennerster & Takavarasha 2013, 158–
160; Imbens & Rubin 2015, 53–54; Snedecor & Cochran 1980, ch. 6), or randomized paired
(comparison) design (Box et al. 2005, 81–91; Imbens & Rubin 2015, 52, 219). The design
follows a golden rule, “block what you can and randomize what you cannot” (Box et al. 2005,
93).

A major problem of pairwise randomized experiments is attrition; outcome values of some
units are sometimes missing (Donner & Klar 2000, p. 40; Hayes & Moulton 2009, pp. 72–74;
Glennerster & Takavarasha 2013, p. 159). This problem arises more frequently than generally
acknowledged. For instance, nurses depart from protocol requirements (Family Heart Study
Group 1994), care homes are unable to provide regular data on outcomes (Hayward et al.
2006), no residents meet eligibility criteria for enrollment in a nursing home (Loeb et al. 2006),
elections are uncontested (Panagopoulos & Green 2008), schools withdraw from experiments
after randomization but before outcome measurement(Angrist & Lavy 2009), and subjects are
tired of responding to follow-up survey (Enos 2014).

Moreover, attrition might be non-ignorable (or, in different terminology, not missing at
random (Little & Rubin 2002, p. 12) or not missing independent of a potential outcome (Gerber
& Green 2012, ch. 7, esp., p. 219)). For example, in the treated group of a remedial education
program, as compared with the control group, low-achieving children are more likely to do well
and remain in the program, but high-achieving children tend to leave the school because they
are unhappy that they must study with low-achieving students (Glennerster & Takavarasha
2013, pp. 307–309). In this case, attrition is associated with test scores.

Examples of studies which use the UDE are Loeb et al. (2006), Angrist & Lavy (2009),
and Panagopoulos & Green (2008). Application examples of the PDE are Family Heart Study
Group (1994), Hayward et al. (2006), and Enos (2014).

As Dunning (2011) and Gerber & Green (2012) warn and I will also formalize , the PDE can
“lead[s] to bias when attrition is a function of potential outcomes” (243). Though King et al.
(2007) argue that the PDE is unbiased as long as units are missing “for a reason related to one
or more of the variables we matched on” (490), this manuscript shows otherwise. Additionally,
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while Imai et al. (2009) claim that the PDE “retain[s] the benefits of randomization . . . regardless
of the missing data mechanism” (44), this manuscript demonstrates that the missing data
mechanism matters for the properties of the PDE.

2. FINITE SAMPLE

2.1. Setting
2.1.1. Notation

Realized Values. Suppose that there are n(≥ 2) pairs and each pair is composed of two units.
Unit i ∈ {1, 2} in pair j ∈ {1, 2, . . . , n} is denoted by unit ij. We assign either treatment or
control to unit ij. Denote

• Yij : the outcome of unit ij

• Rij : the response of unit ij

Rij =

{
1 if Yij is observed,
0 if Yij is missing.

• XT
ij : the treatment indicator of unit ij

XT
ij =

{
1 when treatment is assigned to unit ij,
0 when control is assigned to unit ij.

• XC
ij : the control indicator of unit ij

XC
ij =

{
0 when treatment is assigned to unit ij,
1 when control is assigned to unit ij.

Stochastic variables are denoted by upper-case letters. Note also that superscript T means not
transpose but treatment. Moreover, the generic assignment indicator is denoted by XA

ij where
A ∈ {T,C}. It immediately follows ∑

A

XA
ij = 1, (1)

where
∑

A ≡
∑

A∈{T,C}.

The pairwise randomized experiments (or the matched-pair design) implies that∑
i

XA
ij = 1, (2)

where
∑

i ≡
∑2

i=1, namely, for every j, either XT
1j = XC

2j = 1 (and, thus, according to Equa-

tion1, XT
2j = XC

1j = 0) or XT
1j = XC

2j = 0 (and thus XT
2j = XC

1j = 1).
Potential Values. The stable unit treatment value assumption (Imbens & Rubin 2015) is applied
not only to Yij but also to Rij . Define

• yTij : the potential outcome of unit ij if treatment were assigned to unit ij.

• yCij : the potential outcome of unit ij if control were assigned to unit ij.

• rTij : the potential response of unit ij if treatment were assigned to unit ij.

rTij =

{
1 if Yij = yTij is observed with treatment assigned to unit ij,

0 if Yij = yTij is missing with treatment assigned to unit ij.
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• rCij : the potential response of unit ij if control were assigned to unit ij.

rCij =

{
1 if Yij = yCij is observed with control assigned to unit ij,

0 if Yij = yCij is missing with control assigned to unit ij.

(Fixed values are denoted by lower-case letters.) It immediately follows

Yij =
∑
A

yAijX
A
ij ,

Rij =
∑
A

rAijX
A
ij .

(3)

Let Qij be the generic quantity of unit ij. Its vector is denoted by by the corresponding
bold face:

Q ≡ {Qij}2n11 ≡ (Q11, Q21, Q12, Q22, . . . , Q1n, Q2n).

Let q the generic quantity which is constant irrespective of X. When Qij = q is constant across
units, we denote

Q = q ≡ {q}2n11 .

For unit ij, denote the value of the other unit of the same pair (i.e., pair mate) by Q−ij .
Specifically,

Q−ij ≡
{
Q2j when i = 1,
Q1j when i = 2.

Denote

Q−i ≡ {Q−ij}2n11 ,∑
h

Q(h) ≡
{∑

h

Q
(h)
ij

}2n

11
,

∏
h

Q(h) ≡
{∏

h

Q
(h)
ij

}2n

11
,

Qh ≡
h∏

h′=1

Q,

qQ ≡ qQ,
−Q ≡ (−1)Q,

Q(1) −Q(2) ≡ Q(1) + (−Q(2)),

where h is the generic counter,
∑

h ≡
∑hmax

h=1 . Note that Q(1)Q(2) denote element-wise multipli-
cation, neither inner nor outer product of two vectors.

Denote the dummy variable vector space by

U ≡ {U |Uij ∈ {0, 1}}.

For Q and the generic weight Z, where Zij ≥ 0, when Z 6= 0, the weighted mean operator
is defined as

E(Q|Z) ≡
∑

j

∑
i ZijQij∑

j

∑
i Zij

, (4)

where
∑

j ≡
∑n

j=1, and, by abusing notation,

E(Q|0) ≡ 0. (5)
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Lemma 1 (Arithmetic of Vectors). (1)

Q(1) +Q(2) = Q(2) +Q(1)

(2)

Q(1)Q(2) = Q(2)Q(1)

(3)

(Q(1) ±Q(2))Q(3) = Q(1)Q(3) ±Q(2)Q(3)

(4) ∑
i

Q−ij =
∑
i

Qij

(5) For U ∈ U,

U2 = U

1−U ∈ U
U−i ∈ U.

(6) When U (h) ∈ U, ∏
h

U (h) ∈ U.

Proof. (1)–(3) Obvious.
(4) ∑

i

Q−ij = Q2j +Q1j

=
∑
i

Qij

(5) It is obvious that U−i ∈ U. Since Uij ∈ {0, 1},

U2
ij = Uij

1− Uij ∈ {0, 1}

The desired results immediately follow.
(6) Obvious.

�

Since Lemma 1 (1)–(3) is obvious, I do not mention them even when I invoke them in the
following proof.

Lemma 2 (Generic Assignment Indicator). (1)

XA = X−A−i

(2) ∏
A

XA = 0

(3)
XAXA

−i = 0

(4)
XAX−A−i = XA
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Proof. (1)

XA = 1−X−A (∵ Equation 1

= X−A−i (∵ Equation 2)

(2)

XAX−A = XA(1−XA) (∵ Equation 1)

= XA − (XA)2

= XA −XA (∵XA ∈ U,Lemma 1 (5))

= 0

(3)

XAXA
−i = XAX−A (∵ Lemma 2 (1))

= 0 (∵ Lemma 2 (2))

(4)

XAX−A−i = (XA)2 (∵ Lemma 2 (1))

= XA (∵XA ∈ U,Lemma 1 (5))

�

Lemma 3 (Arithmetic of Weighted Mean). (1)

E
(∑

h

Q(h)
∣∣∣Z) =

∑
h

E(Q(h)|Z).

(2)

E(qQ|Z) = qE(Q|Z).

(3) When Z 6= 0,

E(q|Z) = q.

(4) When Z(1)Z(2) = Z(2),

E(Z(1)Q|Z(2)) = E(Q|Z(2)).

(5) When Z(1) 6= 0

E(Q|Z(1)) =

∑
j

∑
i Z

(1)
ij Z

(2)
ij∑

j

∑
i Z

(1)
ij

E(Q|Z(1)Z(2)) +
(

1−
∑

j

∑
i Z

(1)
ij Z

(2)
ij∑

j

∑
i Z

(1)
ij

)
E{Q|Z(1)(1−Z(2))}.

Proof. (1) When Z = 0, this is obvious thanks to Equation 5. Otherwise,

E
(∑

h

Q(h)
∣∣∣Z) =

∑
j

∑
i Zij

∑
hQ

(h)
ij∑

j

∑
i Zij

(∵ Equation 4)

=
∑
h

∑
j

∑
i ZijQ

(h)
ij∑

j

∑
i Zij

=
∑
h

E(Q(h)|Z) (∵ Equation 4)
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(2) When Z = 0, this is obvious thanks to Equation 5. Otherwise,

E(qQ|Z) =

∑
j

∑
i ZijqQij∑

j

∑
i Zij

(∵ Equation 4)

= q

∑
j

∑
i ZijQij∑

j

∑
i Zij

= qE(Q|Z) (∵ Equation 4)

(3)

E(q|Z) =

∑
j

∑
i Zijq∑

j

∑
i Zij

(∵ Equation 4)

= q

∑
j

∑
i Zij∑

j

∑
i Zij

= q.

(4) When Z(2) = 0, this is obvious thanks to Equation 5. Otherwise,

E(Z(1)Q|Z(2)) =

∑
j

∑
Z

(2)
ij Z

(1)
ij Qij∑

j

∑
Z

(2)
ij

(∵ Equation 4)

=

∑
j

∑
Z

(2)
ij Qij∑

j

∑
Z

(2)
ij

(∵ Z(1)Z(2) = Z(2))

= E(Q|Z(2)) (∵ Equation 4)

(5) When Z(1)Z(2) 6= 0 and Z(1)(1−Z(2)) 6= 0,

E(Q|Z(1))

=

∑
j

∑
i Z

(1)
ij Qij∑

j

∑
i Z

(1)
ij

(∵ Equation 4, Z(1) 6= 0)

=

∑
j

∑
i Z

(1)
ij {Z

(2)
ij + (1− Z(2)

ij )}Qij∑
j

∑
i Z

(1)
ij

=

∑
j

∑
i Z

(1)
ij Z

(2)
ij Qij∑

j

∑
i Z

(1)
ij

+

∑
j

∑
i Z

(1)
ij (1− Z(2)

ij )Qij∑
j

∑
i Z

(1)
ij

=

∑
j

∑
i Z

(1)
ij Z

(2)
ij∑

j

∑
i Z

(1)
ij

∑
j

∑
i Z

(1)
ij Z

(2)
ij Qij∑

j

∑
i Z

(1)
ij Z

(2)
ij

+

∑
j

∑
i Z

(1)
ij (1− Z(2)

ij )∑
j

∑
i Z

(1)
ij

∑
j

∑
i Z

(1)
ij (1− Z(2)

ij )Qij∑
j

∑
i Z

(1)
ij (1− Z(2)

ij )

(∵ Z(1)Z(2) 6= 0,Z(1)(1−Z(2)) 6= 0)

=

∑
j

∑
i Z

(1)
ij Z

(2)
ij∑

j

∑
i Z

(1)
ij

E(Q|Z(1)Z(2)) +
(

1−
∑

j

∑
i Z

(1)
ij Z

(2)
ij∑

j

∑
i Z

(1)
ij

)
E{Q|Z(1)(1−Z(2))} (∵ Equation 4)

When Z(1)Z(2) = 0, it follows that∑
j

∑
i

Z
(1)
ij Z

(2)
ij = 0

Z(1)(1−Z(2)) = Z(1) −Z(1)Z(2) (∵ Lemma 1 (3))

= Z(1)
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Therefore,∑
j

∑
i Z

(1)
ij Z

(2)
ij∑

j

∑
i Z

(1)
ij

E(Q|Z(1)Z(2)) +
(

1−
∑

j

∑
i Z

(1)
ij Z

(2)
ij∑

j

∑
i Z

(1)
ij

)
E{Q|Z(1)(1−Z(2))}

=
0∑

j

∑
i Z

(1)
ij

E(Q|0) +
(

1− 0∑
j

∑
i Z

(1)
ij

)
E(Q|Z(1))

= E(Q|Z(1)).

The case of Z(1)(1−Z(2)) = 0 is similar.
�

2.1.2. Estimation
The vector of the unit level treatment effects is defined as

τ ≡ yT − yC . (6)

(Unobservable quantities are denoted by Greek letters.) Thus, the main estimand of this section,
the finite sample average treatment effect, is defined as

τ̄ ≡ E(τ |1). (7)

Denote the generic realized category indicator, which is a function of X, by KG ∈ U. Define

• kTG,ij : the generic potential category indicator of unit ij if treatment were assigned to unit
ij.

• kCG,ij : the generic potential category indicator of unit ij if control were assigned to unit ij.

It immediately follows

KG =
∑
A

kAGX
A. (8)

Denote the number of units in the treatment status A which take a value of KG,ij = 1 by

NA
G ≡ NA(KG)

≡
∑
j

∑
i

KG,ijX
A
ij .

(9)

For KG, the generic ATE estimator is defined as

τ̂G ≡ τ̂(KG)

≡ E(Y |KGX
T )− E(Y |KGX

C) (10)

only if (but not always if) NA
G ≥ 1.

The full sample estimator is defined as

τ̂F ≡ τ̂(KF ) (11)

only when R = 1, where

KF = 1

∴ kTF = kCF
≡ kF
= 1

NT
F ≡ NT (KF )

= NC
F ≡ NC(KF )

≡ NF

= n (∵ Equations 1 and 9)

(12)
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The unitwise deletion estimator (UDE) is defined as

τ̂U ≡ τ̂(KU ) (13)

only when NA
U ≡ NA(KU ) ≥ 1, where

KU = R

∴ kAU ≡ rA.
(14)

Let

−A =

{
C when A = T
T when A = C.

The pairwise deletion estimator (PDE) is defined as

τ̂P ≡ τ̂(KP ), (15)

only when NP ≥ 1, where

KP = RR−i

∴ kAP ≡ rAr−A−i ,
NT

P ≡ NT (KP )

= NC
P ≡ NC(KP )

≡ NP .

(16)

The last equality follows because

NA
P =

∑
j

∑
i

RijR−ijX
A
ij (∵ Equations 9 and 16)

=
∑
j

∑
i

R−ijRijX
−A
−ij (∵ Lemma 2 (1))

=
∑
j

∑
i

RijR−ijX
−A
ij (∵ exchanging i and −i, Lemma 1 (4))

= N−AP .

Obviously, τ̂F is not available in the situation of interest where some outcomes are missing
(R 6= 1). Rather, analysis of τ̂F , whose results are already reported in Imai (2008) and Imbens &
Rubin (2015, ch. 10) (without a few exceptions mentioned below), provides reference benchmarks
against which this study compares properties of τ̂P and τ̂U . I also define potential category
indicators as kF ≡ 1, kTU ≡ rT , kCU ≡ rC , kP ≡ rTrC−i.

2.1.3. Decomposition
In order to clarify properties of estimators, we decompose potential outcomes into three com-
ponents. We define the mean of potential outcome as

µA ≡ E(yA|1), (17)

the between-pair deviation of potential outcome as

βA ≡ 1

2
(yA + yA−i)− µA

=
1

2
(yA−i + yA)− µA

= βA
−i,

(18)
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and the within-pair deviation of potential outcome as

ωA ≡ yA − 1

2
(yA + yA−i)

= −
{
yA−i −

1

2
(yA−i + yA)

}
= −ωA

−i.

(19)

Generally, denote the sets of the generic between-pair and within-pair component of potential
outcome by

B ≡ {β|β = β−i} (20)

W ≡ {ω|ω = −ω−i}, (21)

respectively, whose elements are constant irrespective of XA (because they are part of potential
outcome). When β ∈ B, we denote β·j ≡ β1j = β2j .

Lemma 4 (Decomposition). (1)

yA = µA + βA + ωA

(2)
τ̄ = µT − µC

(3)
τ = τ̄ + βT − βC + ωT − ωC

Lemma 4 (3) means that the unit treatment effects can be heterogeneous.

Proof. (1)

yA =
1

2
(yA + yA−i) + ωA (∵ Equation 19)

= µA + βA + ωA. (∵ Equation 18)

(2)

τ̄ = E{τ |1} (∵ Equation 7)

= E{yT − yC |1} (∵ Equation 6)

= µT − µC (∵ Lemma 3, Equation 17)

(3)

τ = yT − yC (∵ Equation 6)

= (µT + βT + ωT )− (µC + βC + ωC) (∵ Lemma 4 (1))

= τ̄ + βT − βC + ωT − ωC (∵ Lemma 4 (2))

�

Lemma 5 (Average of Deviation). (1) When ω ∈W,∑
i

ωij = 0, E(ω|1) = 0.

(2) ∑
j

βA·j = 0, E(βA|1) = 0.
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Proof. (1) It holds ∑
i

ωij = ωij + ω−ij

= ωij − ωij (∵ ω ∈W)

= 0.

It also holds

E(ω|1) =

∑
j

∑
i ωij∑

j

∑
i 1

=

∑
j 0

2n
= 0

(2) It holds ∑
j

βA·j =
∑
j

{1

2
(yAij + yA−ij)− µA

}
(∵ Equation 18)

=
1

2

∑
j

∑
i

yAij −
∑
j

µA

=
1

2
· 2nµA − nµA (∵ Equation 17)

= 0.

It also holds

E(βA|1) =

∑
j

∑
i β

A
ij∑

j

∑
i 1

=
2
∑

j β
A
·j

2n

=
0

n
= 0

�

Lemma 6 (Estimation Error: FS). (1)

τ̂F − τ̄ = E(ωT + ωC |KFX
T )

= −E(ωT + ωC |KFX
C)

(2) When NP ≥ 1,

τ̂P − τ̄ = E(βT − βC + ωT + ωC |KPX
T )

= E{(βT − βC)− (ωT + ωC)|KPX
C}

(3) When NA
U ≥ 1,

τ̂U − τ̄ = E(βT + ωT |KUX
T )− E(βC + ωC |KUX

C).

Proof. Note

Y XA =
(∑

A′

yA
′
XA′

)
XA (∵ Equation 3)

= yAXA (∵XA ∈ U,Lemmas 1 (5) and 2 (2))

(22)
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For KG ∈ U,

E(Y |KGX
A)

= E(Y XA|KGX
A) (∵XA ∈ U,Lemma 1 (5) and 3 (4))

= E(yAXA|KGX
A) (∵XA ∈ U,Equation 22)

= E(yA|KGX
A) (∵XA ∈ U,Lemma 1 (5) and 3 (4) )

(23)

When NA
G ≥ 1,

τ̂G − τ̄
= E(Y |KGX

T )− E(Y |KGX
C)− τ̄ (∵ NA

G ≥ 1,Equation 10)

= E(yT |KGX
T )− E(yC |KGX

C)− τ̄ (∵ Equation 23)

= E(µT + βT + ωT |KGX
T )− E(µC + βC + ωC |KGX

C)− τ̄ (∵ Lemma 4 (1))

= µT + E(βT + ωT |KGX
T )− µC − E(βC + ωC |KGX

C)− τ̄ (∵ Lemma 3 (1) and (2))

= E(βT + ωT |KGX
T )− E(βC + ωC |KGX

C) (∵ Lemma 4 (2))

(24)

(3) Substitute KG = KU . When NA
U ≥ 1, it follows that NA

G ≥ 1 (∵ Equation 9) and, thus,
Equation 24 is equivalent to the desired result where τ̂G = τ̂U .

(2) Note

KP = RR−i (∵ Equations 16)

= R−iR

= KP,−i (∵ Equations 16)

(25)

It holds

E(βA + ωA|KPX
A) = E(βA

−i − ωA
−i|KP,−iX

−A
−i ) (∵ Equations 18, 19, and 25, Lemma 2 (1))

= E(βA − ωA|KPX
−A) (∵ exchanging i and −i)

(26)

Substitute KG = KP . When NP ≥ 1, it follows that NA
G ≥ 1 (∵ Equations 9 and 16) and,

thus,

τ̂P − τ̄ = E(βT + ωT |KPX
T )− E(βC + ωC |KPX

C) (∵ Equation 24)

= E(βT + ωT |KPX
T )− E(βC − ωC |KPX

T ) (∵ Equation 26)

= E(βT − βC + ωT + ωC |KPX
T ) (∵ Lemma 3 (1))

Similarly,
τ̂P − τ̄ = E{(βT − βC)− (ωT + ωC)|KPX

C}.

(1)

E(βA|KFX
A′) =

∑
j

∑
iKF,ijX

A′
ij β

A
ij∑

j

∑
iKF.ijXA′

ij

(∵KFX
A′ 6= 0,Equation 4)

=

∑
j 1 · βA·j

∑
iX

A′
ij∑

j 1
∑

iX
A′
ij

(∵ Equations 12 and 18)

=

∑
j β

A
·j · 1∑
j 1

(∵ Equation 2)

= 0. (∵ Lemma 5 (2))

(27)
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When we substitute R = 1, it follows that KP = KF , τ̂P = τ̂F , NP = NF = n ≥ 2 > 1, and
thus

τ̂F − τ̄ = E(βT − βC + ωT + ωC |KFX
T ) (∵ Lemma 6 (2))

= E(ωT + ωC |KFX
T ) (∵ Equations 3 (1) and 27)

Similarly,
τ̂F − τ̄ = −E(ωT + ωC |KFX

C)

�

2.1.4. Assumption
Mandatory Assumption of Random Treatment Assignment. We suppose that yT , yC , rT , rC ,

kTG, and kCG (or variables and vectors which are denoted by lower-case letters) are fixed but XA

(and, thus, Y , R, and KG as well as variables and vectors which are denoted by upper-case
letters) is stochastic. Let Ymax be the set of values Yij ’s can take (or Ymax = Y∗, which will
appear in the next section). We assume

• Ignorability of treatment assignment: for any y(1),y(2) ∈ Ymax and any r(1), r(2) ∈ U,

Pr{XA|yT = y(1),yC = y(2), rT = r(1), rC = r(2)} = Pr(XA) (28)

• Independence of treatment assignment: for any i ∈ {1, 2},

Pr(XA) =
∏
j

Pr(XA
ij ) (29)

• Isoprobability of treatment assignment:

Pr(XA
ij = 1) = Pr(XA

ij = 0) =
1

2
(30)

My conjecture is that the assumption of isoprobability of treatment assignment will not be
essential. Let πAij ≡ Pr(XA

ij = 1). Instead of Equations 18 and 19, probably we only have to
redefine

βA ≡ (πAyA + πA
−iy

A
−i)− µA

and
ωA
ij ≡ yA − (πAyA + πA

−iy
A
−i)

so that we retain most results below.
Optional Assumption of Potential Response Match. For KG ∈ U, we define the following con-

dition:

Condition 1 (Matched Attrition: FS).

kAG = kAG,−i.

Under Condition 1, define

nAG ≡ n(kAG)

≡
∑
j

kAG,·j
(31)

which is constant irrespective of XA because kAG,·j ’s are constant irrespective of XA.
While the above assumptions of random treatment assignment is mandatory, the following

five assumptions of potential response (and outcome) are optional; we may invoke one or more
of them in some lemmas and propositions below.

When KG = KF , Condition 1 always holds and Xdef(τ̂G) = Xmax is equivalent to
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Assumption 1 (No Attrition: FS).

rT = rC = 1.

When KG = KU , Condition 1 is equivalent to

Assumption 2 (Unitwise Matched Attrition: FS).

rT = rT−i,

rC = rC−i.

When KG = KP , Condition 1 is equivalent to

Assumption 3 (Pairwise Matched Attrition: FS).

rTrC−i = rT−ir
C .

Optional Assumption of Ignorable Potential Response. Define conditional empirical distribu-
tion by

P (Q = q|Z = z) ≡
∑

j

∑
i I(Qij = q)I(Zij = z)∑
j

∑
i I(Zij = z)

, (32)

only when
∑

j

∑
i I(Zij = z) ≥ 1, where

I(Qij = q) =

{
1 when Qij = q

0 otherwise.

In particular, for U ∈ U, it follows that I(Uij = 1) = Uij . Define (marginal) empirical distribu-
tion by

P (Q = q) ≡ P (Q = q|1 = 1)

=

∑
j

∑
i I(Qij = q)

2n
,

(33)

which can be always defined.
Let YA ⊆ Ymax be the sets of all values yAij take, namely,

YA = {y(h)|h ∈ {1, . . . , hmax}, ∀h,∃ij, y(h) = yAij , ∀ij,∃h, y(h) = yAij}

We define the following condition as well:

Condition 2 (Ignorable Attrition: FS). For any yA ∈ YA,

P (kAG = 1|yA = yA) = P (kAG = 1).

Note that
∑

j

∑
i I(yAij = yA) ≥ 1 because yA ∈ YA.

In general, when U ∈ U, u ∈ {0, 1}, and
∑

j

∑
i I(Zij = z) ≥ 1,

P (U = 1− u|Z = z) =

∑
j

∑
i I(Uij = 1− u)I(Zij = z)∑

j

∑
i I(Zij = z)

(∵ Equation 32)

=

∑
j

∑
i{1− I(Uij = u)}I(Zij = z)∑

j

∑
i I(Zij = z)

(∵ U ∈ U, u ∈ {0, 1})

= 1−
∑

j

∑
i I(Uij = u)I(Zij = z)∑
j

∑
i I(Zij = z)

= 1− P (U = u|Z = z) (∵ Equation 32)

(34)
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Therefore, under Condition 2, for any yA ∈ Y,

P (kAG = 0|yA = yA) = 1− P (kAG = 1|yA = yA) (∵KG ∈ U,Equation 34)

= 1− P (kAG = 1) (∵ Condition 2)

= P (kAG = 0) (∵KG ∈ U,Equations 33 and 34)

When KG = KF , Condition 2 always holds.
When KG = KU , Condition 2 is equivalent to

Assumption 4 (Unitwise Ignorable Attrition : FS). For any yT ∈ YT and yC ∈
YC ,

P (rT = 1|yT = yT ) = P (rT = 1)

P (rC = 1|yC = yC) = P (rC = 1).

Note that it always hold

P (Q = q) =
1

2n

∑
j

∑
i

I(Qij = q) (∵ Equation 33)

=
1

2n

∑
j

∑
i

I(Q−ij = q) (∵ Lemma 1 (4))

= P (Q−i = q) (∵ Equation 33)

Thus, when KG = KP , Condition 2 is equivalent to

Assumption 5 (Pairwise Ignorable Attrition : FS). For any yT ∈ YT and yC ∈ YC ,

P (rTrC−i = 1|yT = yT ) = P (rTrC−i = 1)

= P (rT−ir
C = 1|yC = yC) = P (rT−ir

C = 1)

Unfortunately, it is unusual that attrition is ignorable in either sense. For example, in the
evaluation of a medication, attrition due to poor health including death may be increased in the
control group (rCij is more likely to be 0 as yCij becomes smaller), but “attrition due to the fact
that the subject feel[s] healthier and stop[s] complying with the experimental protocol may be
increased in the treatment group” (rTij is more likely to be 0 as yTij becomes larger) (Duflo et al.
2008, p. 3943). Since the main object of this study is non-ignorable attrition, Assumptions 4 and
5 simply offer benchmarks against which this study compares cases of non-ignorable attrition.

Barnard et al. (2003, 304) assume (latent) ignorability where “potential outcomes are in-
dependent of missingness” (given observed covariates conditional on the compliance strata).
Their assumption means that, in terms of my framework, for any yT ∈ YT , yC ∈ YC ,and
r(1), r(2) ∈ {0, 1},

P (rT = r(1), rC = r(2)|yT = yT ),yC = yC) = P (rT = r(1), rC = r(2))

which is stronger than Assumption 4 or 5.

Lemma 7 (Expectation Representation of Weighted Mean). When Z ∈ U,Z 6=
0,

E(Q|Z) =
∑
q

P (Q = q|Z = 1)q

where ∑
q

≡
∑
q∈Q

Q ⊇ {q(h)|h ∈ {1, . . . , hmax},∀h,∃ij, q(h) = Qij ,∀ij,∃h, q(h) = Qij}.
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Proof.

E(Q|Z) =

∑
j

∑
i ZijQij∑

j

∑
i Zij

(∵ Equation 4, Z 6= 0)

=

∑
j

∑
i I(Zij = 1)Qij∑

j

∑
i I(Zij = 1)

(∵ Z ∈ U)

=

∑
j

∑
i I(Zij = 1)

∑
q I(Qij = q)q∑

j

∑
i I(Zij = 1)

=
∑
q

∑
j

∑
i I(Zij = 1)I(Qij = q)∑
j

∑
i I(Zij = 1)

q

=
∑
q

P (Q = q|Z = 1)q (∵ Equation 32)

�

Lemma 8 (Realized Category and Potential Response).

KGX
A = kAGX

A

Proof.

KGX
A = (kAGX

A + k−AG X−A)XA (∵ Equation 8)

= kAGX
A + k−AG · 0 (∵XA ∈ U,Lemma 1 (5) and 2 (2))

= kAGX
A

�

Lemma 9 (Implication of Assumption). (1) Under Assumption 3,

kTP = kCP
≡ kP

NP = n(kP )

≡ nP .

(2) Under Assumption 2, in addition to Lemma 9 (1),∏
A

kAU = kP

NA
U = n(kAU )

≡ nAU

(3) Under Assumption 4, for any y ∈ Y, r ∈ {0, 1}, rA 6= 1− r,

P (yA = y|rA = r) = P (yA = y)

(4) Under Assumption 5, for any y ∈ Y, r ∈ {0, 1}, rAr−A−i 6= 1− r,

P (yA = y|rAr−A−i = r) = P (yA = y)

(5) Under Assumption 2, Assumption 3 holds.
(6) Under Assumption 1, Assumption 2 and 3 hold.

When KG = KF , Condition 1 always holds. Thus, I can define

nF ≡ n(kF )

= n (∵ Equations 12 and 31)
(35)
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Proof. (1)–(2) Suppose that KG ∈ U satisfies Condition 1.

NA
G =

∑
j

∑
i

KG,ijX
A
ij (∵ Equation 9)

=
∑
j

∑
i

kAG,ijX
A
ij (∵ Lemma 8)

=
∑
j

kAG,·j
∑
i

XA
ij (∵ Condition 1)

=
∑
j

kAG,·j (∵ Equation 2)

= n(kAG) (∵ Equation 31)

(36)

(1)

kAP = rAr−A−i (∵ Equation 16)

= rA−ir
−A (∵ Assumption 3 (1))

= k−AP (∵ Equation 16)

≡ kP .

(37)

Substitute KG = KP . Under Assumption 3, it follows that Condition 1 holds. It follows that

NP = N(KA
P ) (∵ Equation 16)

= n(kAP ) (∵ Equations 9, 31, and 36)

= n(kP ) (∵ Equation 37)

≡ nP .

(2) Thanks to Lemma 9 (5), Lemma 9 (1) holds. It also holds

∏
A

kAU = rTrC (∵ Equation 14)

= rTrC−i (∵ Assumption 2)

= kP (∵ Equation 16, Lemma 9 (1))

Substitute KG = KU . Under Assumption 2, it follows that Condition 1 holds. According to
Equation 36, it follows NA

U = nAU .

(3)–(4) Denote
∑

y ≡
∑

y∈Y. Under Condition 2, y ∈ Y, and kAG 6= 0, it follows that, in the
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spirit of Bayes’ Rule,

P (yA = y|kAG = 1)

=

∑
j

∑
i k

A
G,ijI(yAij = y)∑

j

∑
i k

A
G,ij

(∵ Equation 32,kAG ∈ U,kAG 6= 0,
∑
j

∑
i

I(kAG,ij = 1) ≥ 1)

=

∑
j

∑
i k

A
G,ijI(yAij = y)∑

j

∑
i k

A
G,ij

∑
y′ I(yAij = y′)

(∵
∑
y′

I(yAij = y′) = 1)

=

∑
j

∑
i k

A
G,ijI(yAij = y)∑

y′
∑

j

∑
i k

A
G,ijI(yAij = y′)

=
[{∑

j

∑
i

I(yAij = y)
}∑

j

∑
i k

A
G,ijI(yAij = y)∑

j

∑
i I(yAij = y)

]
÷
∑
y′

[{∑
j

∑
i

I(yAij = y′)
}∑

j

∑
i k

A
G,ijI(yAij = y′)∑

j

∑
i I(yAij = y′)

]
(∵ y, y′ ∈ Y,

∑
j

∑
i

I(yAij = y) ≥ 1,
∑
j

∑
i

I(yAij = y′) ≥ 1)

=

∑
j

∑
i I(yAij = y)P (kAG = 1|yAij = y)∑

y′
∑

j

∑
i I(yAij = y′)P (kAG = 1|yAij = y′)

(∵ Equation 32,kAG ∈ U)

=

∑
j

∑
i I(yAij = y)P (kAG = 1)∑

y′
∑

j

∑
i I(yAij = y′)P (kAG = 1)

(∵ Condition 2)

=
P (kAG = 1)

∑
j

∑
i I(yAij = y)

P (kAG = 1)
∑

j

∑
i

∑
y′ I(yAij = y′)

=

∑
j

∑
i 1 · I(yAij = y)∑

j

∑
i 1

= P (yA = y). (∵ Equation 33)

(38)

When Condition 2 holds for KG, it also holds for K ′G ≡ 1−KG because

P (kA′G = r|yA = y) = P (1− kAG = r|yA = y) (∵K ′G = 1−KG)

= P (kAG = 1− r|yA = y) (∵KG ∈ U)

= P (kAG = 1− r) (∵ Condition 2, 1− r ∈ {0, 1})
= P (1− kAG = r) (∵KG ∈ U)

= P (kA′G = r) (∵K ′G = 1−KG)

Thus, when kAG 6= 1,

P (yA = y|kAG = 0) = P (yA = y|1− kAG = 1) (∵KG ∈ U)

= P (yA = y|kA′G = 1) (∵K ′G ≡ 1−KG)

= P (yA = y) (∵ Condition 2, Equation 38)

(39)

(3) Substitute KG = KU . Under Assumption 4, it follows that Condition 2 holds. Equations
38 and 39 are equivalent to the desired results.

(4) Substitute KG = KP . Under Assumption 5, it follows that Condition 2 holds. Equations
38 and 39 are equivalent to the desired results.

(5) and (6) Obvious.
�
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Note that Frangakis & Rubin (1999, 369) make Lemma 9 (3) (conditoned on the latent
compliance indicator) their assumption, rather than lemma derived from it. What matters is
that, under (latent) ignorability, “[p]otential outcomes and associated potential non-response
indicators are independent” (within each level of the latent compliance covariate).

2.2. Bias
For the generic function of the treatment assignment vector, f(XA), the expectation operator
is defined as

E{f(XA)} ≡
∑

x∈Xdef(f)

Pr{XA = x|XA ∈ Xdef(f)}f(x) (40)

only when the assignment space is not empty, that is,

Xdef(f) ≡ {x|x ∈ Xmax, f(x) can be defined}
6= ∅,

where
Xmax ≡

{
x
∣∣∣x ∈ U,

∑
i

xij = 1
}
.

Specifically, when Xdef(f) = Xmax,

E{f(XA)} =
∑

x∈Xmax

Pr(XA = x)f(x)

=

1∑
x11=0

1∑
x12=0

· · ·
1∑

x1n=0

Pr(XA = x)f(x)

=

1∑
x11=0

1∑
x12=0

· · ·
1∑

x1n=0

{∏
j

Pr(XA
1j = x1j)

}
f(x) (∵ Equation 29)

=

1∑
x11=0

1∑
x12=0

· · ·
1∑

x1n=0

(1

2

)n
f(x) (∵ Equation 30)

(41)

When XA = x(0) is realized and f(x(0)) can be defined, Xdef(f) 6= ∅ (∵ x(0) ∈ Xdef(f)) and,
therefore, E{f(XA)} can be defined.

Lemma 10 (Arithmetic of Expectation). (1) When Xdef(
∑

h f
(h)) = Xdef(f

(h′)) for
any h′ ∈ {1, 2, . . . , hmax},

E
{∑

h

f (h)(XA)
}

=
∑
h

E{f (h)(XA)}

(2)
E{qf(XA)} = qE{f(XA)}

Proof. (1)

E
{∑

h

f (h)(XA)
}

=
∑

x∈Xdef(
∑

h f (h))

Pr
{
XA = x

∣∣∣XA ∈ Xdef

(∑
h

f (h)
)}∑

h

f (h)(x)

=
∑
h

∑
x∈Xdef(f (h))

Pr{XA = x|XA ∈ Xdef(f
(h))}f (h)(x) (∵ Xdef

(∑
h

f (h)
)

= Xdef(f
(h′)))

=
∑
h

E{f (h)(XA)}
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(2) Note that f ′(XA) ≡ qf(XA) can be defined if and only if f(XA) can be defined. Thus,
Xdef(f

′) = Xdef(f). It follows

E{qf(XA)} =
∑

x∈Xdef(f ′)

Pr{XA = x|XA ∈ Xdef(f
′)}qf(x)

= q
∑

x∈Xdef(f)

Pr{XA = x|XA ∈ Xdef(f)}f(x)

(∵ q is constant irrespective of XA,Xdef(f
′) = Xdef(f))

= qE{f(XA)}

�

Lemma 11 (Full Assignment Space). (1)

E(XA
ij ) =

1

2

(2) For j′ 6= j and x ∈ {0, 1},
E(XA

ij |XA
i′j′ = x) =

1

2

Proof. (1)

E(XA
ij ) =

1∑
xi1=0

1∑
xi2=0

· · ·
1∑

xin=0

{∏
j′

Pr(XA
ij′ = xij′)

}
xij (∵ Xdef(X

A
ij ) = Xmax, Equation 41)

=

1∑
xi1=0

· · ·
1∑

xi(j′′−1)=0

1∑
xi(j′′+1)=0

· · ·
1∑

xin=0

{ 1∑
xij′′=0

Pr(XA
ij′′ = xij′′)

}{ ∏
j′ 6=j′′

Pr(XA
ij′ = xij′)

}
xij

(where j′′ 6= j)

=

1∑
xi1=0

· · ·
1∑

xi(j′′−1)=0

1∑
xi(j′′+1)=0

· · ·
1∑

xin=0

{ ∏
j′ 6=j′′

Pr(XA
ij′ = xij′)

}
xij

(∵
1∑

xij′′=0

Pr(XA
ij′′ = xij′′) = 1)

=

1∑
xij=0

Pr(XA
ij = xij)xij (∵ repeating for all j′’s except j)

= Pr(XA
ij = 1)

=
1

2
(∵ Equation 30)

(2) The third line of the above equalities is equal to E(XA
ij |XA

i′j′′ = x) where x ∈ {0, 1}. The
desired result immediately follows.

�

Lemma 12 (Expectation of Weighted Mean). Suppose ω ∈ W,β ∈ B, and KG ∈ U
satisfies Condition 1.

(1)

E{E(ω|KGX
A)} = E{E(ω|kAGXA)}

= E(ω|kAG)

= 0.
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(2)

E{E(β|KGX
A)} = E{E(β|kAGXA)}

= E(β|kAGXA)

= E(β|kAG).

When kAG 6= 0,

E{E(β|KGX
A)} =

∑
j k

A
G,·jβ·j∑

j k
A
G,·j

Proof. (1) Because of Lemma 8,

E{E(ω|KGX
A)} = E{E(ω|kAGXA)}.

When kAG 6= 0, it holds

E{E(ω|kAGXA)}

=
1

nAG
E
(∑

j

kAG,·j
∑
i

XA
ijωij

)
(∵ Condition 1, kAGX

A 6= 0, Equations 4, 9, and 36, Lemma 10 (2))

=
1

nAG

∑
j

E
(
kAG,·j

∑
i

XA
ijωij

)
(∵ Lemma 10 (1), Xdef(

∑
j

kAG,·j
∑
i

XA
ijωij) = Xdef(k

A
G,·j

∑
i

XA
ijωij) = Xmax)

=
1

nAG

∑
j

kAG,·jE
(∑

i

XA
ijωij

)
(∵ Lemma 10 (2), kAG,·j is constant irrespective of XA)

=
1

nAG

∑
j

kAG,·j
∑
i

E(XA
ijωij) (∵ Lemma 10 (1), Xdef(

∑
i

XA
ijωij) = Xdef(X

A
ijωij) = Xmax)

=
1

nAG

∑
j

kAG,·j
∑
i

E(XA
ij )ωij (∵ Lemma 10 (2), ωij is constant irrespective of XA)

=
1

nAG

∑
j

kAG,·j
∑
i

1

2
ωij (∵ Lemma 11 (1) )

=
1

nAG

∑
j

kAG,·j · 0 (∵ Equation 21)

= 0.

It also holds

E(ω|kAG) =

∑
j

∑
i k

A
G,·jωij∑

j

∑
i k

A
G,·j

(∵ Equation 4 and 36, Condition 1)

=

∑
j k

A
G,·j

∑
i ωij∑

j k
A
G,·j

∑
i 1

=

∑
j k

A
G,·j · 0

2nAG
(∵ Lemma 5 (1), Equation 36)

= 0.

When kAG = 0, the desired results follow thanks to Equation 5 and kAGX
A = 0.
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(2) Because of Lemma 8,

E{E(β|KGX
A)} = E{E(β|kAGXA)}.

When kAG 6= 0,

E(β|kAGXA) =

∑
j

∑
i k

A
G,·jX

A
ijβ·j∑

j

∑
i k

A
G,·jX

A
ij

(∵ Condition 1, kAGX
A 6= 0, Equation 4 and 36)

=

∑
j k

A
G,·jβ·j

∑
iX

A
ij∑

j k
A
G,·j

∑
iX

A
ij

=

∑
j k

A
G,·jβ·j∑

j k
A
G,·j

(∵ Equation 2)

=

∑
j

∑
i k

A
G,·jβ·j∑

j

∑
i k

A
G,·j

= E(β|kAG) (∵ Equation 4)

Taking expectation of both sides of the previous equation, we obtain

E{E(β|kAGXA)} = E{E(β|kAG)}
= E(β|kAG) (∵ Equation 10 (2))

where the second equality follows because β and kAG is constant irrespective of XA and, thus,
so is E(β|kAG).

When kAG = 0,

E(β|kAG) = 0 (∵ Equation 5)

∴ E{E(β|kAG)} = 0 (∵ Lemma 10)

E{E(β|kAGXA)} = 0 (∵ kAGX
A = 0,Equation 5, Lemma 10)

�

Lemma 13 (Substitution). Below, kTC
G (Equation 103), nTC

G (Equation 104), Equations
105 through 108 will be defined or proved in the next subsection.

(1) When KG = KF holds, it follows that Condition 1 (∵ Equation 12) holds and

τ̂G = τ̂F (∵ Equations 10 and 11)

kTG = kCG = kTC
G ≡ kG = kF (∵ Equation 12)

nTG = nCG = nTC
G ≡ nG = nF = n (∵ Equations 31, 35, and 104)

(2) When KG = KP and Assumption 3 hold, it follows that Condition 1 (∵ Assumption 3)
holds and

τ̂G = τ̂P (∵ Equations 10 and 15)

kTG = kCG = kTC
G ≡ kG = kP (∵ Lemma 9 (1), Equation 107)

nTG = nCG = nTC
G ≡ nG = nP (∵ Lemma 9 (1), Equations 31 and 108)

(3) When KG = KU and Assumption 2 hold, it follows that Condition 1 (∵ Assumption 2)
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holds and

τ̂G = τ̂U (∵ Equations 10 and 13)

kTG = kTU (∵ by definition)

kCG = kCU (∵ by definition)

nTG = nTU (∵ Equations 31, Lemma 9 (2))

nCG = nCU (∵ Equations 31, Lemma 9 (2))

kTC
G = kTC

U = kP (∵ Equation 105)

nTC
G = nTC

U = nP (∵ Equation 106)

Proof. As annotated in the lemma. �

Proposition 1 (Bias of ATE Estimators: FS). (1) Under Assumption 1,

E(τ̂F )− τ̄ = 0.

(2) Under Assumption 3 and nP ≥ 1,

E(τ̂P )− τ̄ = E(βT − βC |kP ).

(3) Under Assumption 2 and nTU , n
C
U ≥ 1,

E(τ̂U )− τ̄ = E(βT |kTU )− E(βC |kCU ).

(4) Under Assumptions 3 and 5, and nP ≥ 1,

E(τ̂P )− τ̄ = 0.

(5) Under Assumptions 2 and 4, and nTU , n
C
U ≥ 1,

E(τ̂U )− τ̄ = 0.

Proof. (1)–(3) Suppose that Xdef(τ̂G) = Xmax. Thus, for any X ∈ Xmax, it holds that
NA

G ≥ 1. It follows

E(τ̂G)− τ̄ = E(τ̂G − τ̄) (∵ Lemma 10)

= E{E(βT + ωT |KGX
T )− E(βC + ωC |KGX

C)} (∵ Equation 24, NA
G ≥ 1,

Xdef(τ̂G − τ̄) = Xdef{E(βT + ωT |KGX
T )− E(βC + ωC |KGX

C)} = Xmax)

(42)

In addition, suppose that KG ∈ U satisfies Condition 1 as well. Applying Lemmas 3, 10, and
12 to Equation 42, we obtain

E(τ̂G)− τ̄ = E(βT |kTG)− E(βC |kCG). (43)

In particular, when kTG = kCG ≡ kG, Equation 43 leads to

E(βT |kG)− E(βC |kG) = E(βT − βC |kG). (∵ Lemma 3 (1)) (44)

(1) Under Assumption 1, it holds that Xdef(τ̂F ) = Xmax. When KG = KF ∈ U, it follows
that

E(τ̂F )− τ̄ = E(βT − βC |kF ) (∵ Lemma 13 (1), Equations 43 and 44)

= 0 (∵ Lemmas 3 (1) and 5 (2), Equation 12)

(2) Under Assumption 3 and NP = nP ≥ 1 (∵ Lemma 9 (1)), it holds that Xdef(τ̂P ) = Xmax.
When KG = KP ∈ U, according to Lemma 13 (2), it follows that Equations 43 and 44 are
equivalent to the desired result.



Supplementary Material 23

(3) Under Assumption 2 and NA
U = nAU ≥ 1 (∵ Lemma 9 (2)), it holds that Xdef(τ̂U ) = Xmax.

When KG = KU ∈ U, according to Lemma 13 (3), it follows that Equation 43 is equivalent to
the desired result.

(4)–(5) Suppose that KG ∈ U satisfies Condition 2 . When kAG 6= 0, it follows

E(yA|kAG) =
∑
y

P (yA = y|kAG = 1)y (∵ Lemma 7, kAG 6= 0)

=
∑
y

P (yA = y|1 = 1)y (∵ Equations 33 and 38,kAG 6= 0)

= E(yA|1) (∵ Lemma 7)

= µA. (∵ Equation 17 )

(45)

In addition, suppose that KG satisfies Condition 1 as well. It follows

E(βA|kAG) = E(µA|kAG)− µA + E(βA|kAG) + E(ωA|kAG) (∵ Lemmas 3 (3) and 12 (1), ωA ∈W)

= E(µA + βA + ωA|kAG)− µA (∵ Lemma 3 (1))

= E(yA|kAG)− µA (∵ Lemma 4)

= 0 (∵ Equation 45)

(46)

In addition, suppose that Xdef(τ̂G) = Xmax. It follows that

E(τ̂G)− τ̄ = E(βT |kTG)− E(βC |kCG) (∵ Equation 43)

= 0. (∵ Equation 46 )
(47)

(4) Substitute KG = KP . Under Assumption 3 and 5, it follows that Conditions 1 and 2
hold. When nP ≥ 1, it holds that kAG 6= 0 (∵ Lemma 14(4)) and Xdef(τ̂G) = Xmax. Equation 47
is equivalent to the desired result.

(5) Substitute KG = KU . Under Assumption 2 and 4, it follows that Conditions 1 and 2
hold. When nTU , n

C
U ≥ 1, it holds that kAG 6= 0 (∵ Lemma 14(4)) and Xdef(τ̂G) = Xmax. Equation

47 is equivalent to the desired result.
�

It is well known that in the case of no missing values, τ̂F is unbiased for τ̄ (e.g., Imai 2008,
4861). When attrition is matched (Assumption 2 or 3) but not ignorable (Assumption 4 or
5) , τ̂U and τ̂P are biased (except for knife-edge situations such as E(βT − βC |kP ) = 0 or
E(βT |kTU )−E(βC |kCU ) = 0) . This is true even if the pair matching is perfectly effective in the
sense that in every pair the realized outcome of one unit is the counter-factual outcome of the
other unit, namely, yT = yT−i and yC = yC−i. Interestingly, both advocates and critics of τ̂P
seem to share misunderstanding of conditions in which τ̂P is unbiased. That is, they mistakenly
think that matched attrition (Assumption 2 or 3) is a sufficient condition. According to King
et al. (2007), proponents of τ̂P , “if we lose a cluster [i.e., unit] for a reason related to one or more
of the variables we matched on [i.e., Assumption 2], . . . we would be fully protected from bias
due to any variable we were able to match on” (490). Dunning (2011), denouncing τ̂P , argues
similarly that, for τ̂P to be unbiased, “we have to assume that all units with the same values of
the blocked covariate respond similarly to treatment assignment” (15), that is, Assumption 2.
Both statements, however, are not true according to Proposition 1 (2). (Recall that Assumption
2 leads to Assumption 3.)
LATE of Observable Pairs. When kP 6= 0, define the local average treatment effect (LATE) of
“always-reporting pairs” by

τ̄P ≡ E(τ |kP )

= E(τ̄ + βT − βC + ωT − ωC |kP ) (∵ Lemma 4 (3))

= τ̄ + E(βT − βC |kP ) (∵ kP 6= 0,Lemmas 3 (1) and (3) and 12 (1))
(48)
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It follows

E(τ̂P )− τ̄P = {E(τ̂P )− τ̄} − (τ̄P − τ̄)

= E(βT − βC |kP )− E(βT − βC |kP ) (∵ Equation 48)

= 0.

Non-compliance. Now, we consider non-compliance cases briefly. Let R′ compliance indicator.

Define rA′ accordingly. Define treatment received as

XA′ ≡ R′XA + (1−R′)X−A (49)

and redefine realized outcome as

Y ′ ≡
∑
A

XA′yA

=
∑
A

{R′XA + (1−R′)X−A}yA (∵ Equation 49)

=
∑
A

{rA′yA + (1− rA′)y−A}XA (∵ Lemma 8)

(50)

Assume matched potential compliance (rA′ = rA′−i), which corresponds to Assumption 2.
Denote a set of pairs which share compliance status by

JR′(gT , gC) ≡
{
j
∣∣∣∏

A

(rA′·j )g
A

(1− rA′·j )1−gA

= 1
}
.

It follows that JR′(1, 1), JR′(1, 0), JR′(0, 1), and JR′(0, 0) are sets of compliers, always takers,
never takers, and defiers, respectively.

The general ATE estimator is defined as

τ̂ ′(KG) ≡ E(Y ′|KGX
T )− E(Y ′|KGX

C) (51)

only when NA
G ≥ 1.

Suppose KG ∈ U satisfies Condition 1, kTG = kCG ≡ kG 6= 0, and monotonicity (or no defiers,
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JR′(0, 0) = ∅). It follows

τ̂ ′(KG) =

∑
j

∑
i kG,·jX

T
ijY
′
ij∑

j

∑
i kG,·jXT

ij

−
∑

j

∑
i kG,·jX

C
ijY
′
ij∑

j

∑
i kG,·jXC

ij

(∵ Equations 4 and 51, Lemma 8, Condition 1, kTG = kCG ≡ kG 6= 0, NG = nG ≥ 1)

=
1

nG

∑
j

kG,·j
∑
i

Y ′ij(X
T
ij −XC

ij )

=
1

nG

∑
j

kG,·j
∑
i

[{rT ′·j yTij + (1− rT ′·j )yCij}XT
ij − {rC′·j yCij + (1− rC′·j )yTij}XC

ij ]

(∵ Lemma 1 (5), 2 (2), Equation 50)

=
1

nG

{ ∑
j∈JR′ (1,1)

kG,·j
∑
i

(yTijX
T
ij − yCijXC

ij ) +
∑

j∈JR′ (1,0)

kG,·j
∑
i

(yTijX
T
ij − yTijXC

ij )

+
∑

j∈JR′ (0,1)

kG,·j
∑
i

(yCijX
T
ij − yCijXC

ij )
}

(∵ JR′(0, 0) = ∅)

=
1

nG

{ ∑
j∈JR′ (1,1)

kG,·j
∑
i

(yTij − yC−ij)XT
ij +

∑
j∈JR′ (1,0)

kG,·j
∑
i

(yTij − yT−ij)XT
ij

+
∑

j∈JR′ (0,1)

kG,·j
∑
i

(yCij − yC−ij)XT
ij

}
(∵ Lemmas 1 (4) and 2 (1))

=
1

nG

[ ∑
j∈JR′ (1,1)

kG,·j
∑
i

{(µT + βT·j + ωT
ij)− (µC + βC·j + ωC

−ij)}XT
ij

+
∑

j∈JR′ (1,0)

kG,·j
∑
i

{(µT + βT·j + ωT
ij)− (µT + βT·j + ωT

−ij)}XT
ij

+
∑

j∈JR′ (0,1)

kG,·j
∑
i

{(µC + βC·j + ωC
ij)− (µC + βC·j + ωC

−ij)}XT
ij

]
(∵ Lemma 4 (1))

=
1

nG

{ ∑
j∈JR′ (1,1)

kG,·j
∑
i

(τij + 2ωC
ij)X

T
ij +

∑
j∈JR′ (1,0)

kG,·j
∑
i

2ωT
ijX

T
ij

+
∑

j∈JR′ (0,1)

kG,·j
∑
i

2ωC
ijX

T
ij

}
(∵ Lemmas 4 (2) and (3) and 5 (1))

(52)

Let nR′(kG) ≡
∑

j r
T ′
·j r

C′
·j kG,·j . It follows

E{τ̂ ′(KG)} =
1

nG

{ ∑
j∈JR′ (1,1)

kG,·j
∑
i

(τij + 2ωC
ij)E(XT

ij) +
∑

j∈JR′ (1,0)

kG,·j
∑
i

2ωT
ijE(XT

ij)

+
∑

j∈JR′ (0,1)

kG,·j
∑
i

2ωC
ijE(XT

ij)
}

(∵ Equation 52, Lemma 10 (1))

=
1

nG

∑
j∈JR′ (1,1)

kG,·j
∑
i

1

2
τij (∵ Lemmas 5 (1) and 11 (1))

=
1

2nG

∑
j

∑
i

rT ′·j r
C′
·j kG,·jτij

=
nR′(kG)

nG
E(τ |rT ′rC′kG).

(53)
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Let K ′P ≡ R′R′−i. It follows

kA′P = rA′r−A′−i

= rA′r−A′ (∵ rA′ = rA′−i)

= k−A′P

≡ k′P ,

(54)

which corresponds to Assumption 3. It also follows that

N ′P ≡ NA(K ′P ) (∵ Equation 16)

= n(k′P ) (∵ Equation 54, Lemma 9 (1))

≡ n′P .
(55)

Specifically, the intention-to-treat estimator is denoted by

τ̂ ′F ≡ τ̂ ′(KF )

=
1

n

{ ∑
j∈JR′ (1,1)

∑
i

(τij + 2ωC
ij)X

T
ij +

∑
j∈JR′ (1,0)

∑
i

2ωT
ijX

T
ij +

∑
j∈JR′ (0,1)

∑
i

2ωC
ijX

T
ij

}
(∵KF ∈ U satisfies Condition 1, kTF = kCF 6= 0, Equations 12 and 52)

(56)

and its expectation is equal to

E(τ̂ ′F ) =
nR′(kF )

nF
E(τ |rT ′rC′kF ) (∵ Equation 53)

=
n′P
n
E(τ |k′P ) (∵ k′P = rT ′rC′kF , n

′
P = nR′(kF ), Equation 54)

(57)

When N ′P ≥ 1, the pairwise deletion estimator is defined as

τ̂ ′P ≡ τ̂ ′(K ′P )

=
1

n′P

∑
j∈JR′ (1,1)

∑
i

(τij + 2ωC
ij)X

T
ij (∵K ′P ∈ U satisfies Condition 1, Equations 52, 54,

and 55, N ′P = n′P ≥ 1,k′P 6= 0, kP,·j = 1∀j ∈ JR′(1, 1), kP,·j = 0∀j ∈ JR′(1, 0) ∪ JR′(0, 1))

(58)

and its expectation is equal to

E(τ̂ ′P ) =
nR′(kP )

n′P
E(τ |rT ′rC′k′P ) (∵ Equation 53)

= E(τ |k′P ) (∵ rT ′rC′k′P = (k′P )2 = k′P , nR′(kP ) = n′P , Equation 54)

≡ τ̄ ′P ,

(59)

which is the local average treatment effect of compliers ({j|k′P = 1} = JR′(1, 1)).

When N ′P ≥ 1, denote the instrumental variable estimator by

τ̂ ′IV ≡
E(Y ′|XT )− E(Y ′|XC)

E(XT ′|XT )− E(XT ′|XC)

=
(N ′P
n

)−1
τ̂ ′F (∵ Equations 12, 52, and 56)

(60)
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because

E(XT ′|XT )− E(XT ′|XC)

=
1

n

∑
j

∑
i

(XT
ij −XC

ij ){R′ijXT
ij + (1−R′ij)XC

ij } (∵ Equations 2, 4, and 49)

=
1

n

∑
j

∑
i

{XT
ijr

T ′
ij −XC

ij (1− rC′ij )} (∵ Equations 1 (5) and 2 (2), Lemma 8)

=
1

n

[∑
j

∑
i

XT
ijr

T ′
·j {rC′·j + (1− rC′·j )} −

∑
j

∑
i

XT
ij(1− rC′·j )

]
(∵ Lemmas 1 (4) and 2 (1))

=
1

n

{∑
j

∑
i

XT
ijr

T ′
·j r

C′
·j −

∑
j

∑
i

XT
ij(1− rT ′·j )(1− rC′·j )

}
=

1

n

∑
j

rT ′·j r
C′
·j (∵ JR′(0, 0) = ∅,Equation 1)

=
N ′P
n

(∵ Equations 54 and 55)

(61)

Therefore, when n′P ≥ 1,

E(τ̂ ′IV ) =
(n′P
n

)−1
E(τ̂ ′F ) (∵ Equations 55 and 60, Lemma 10 (1))

= τ̄ ′P (∵ Equations 57 and 59)

= E(τ̂ ′P ) (∵ Equation 59)

This means that both τ̂ ′IV and τ̂ ′P are unbiased estimators for τ̄ ′P . Note that, according to
Equations 55, 56, 58, and 60,

τ̂ ′IV − τ̂ ′P =
1

n′P

{ ∑
j∈JR′ (1,0)

∑
i

2ωT
ijX

T
ij +

∑
j∈JR′ (0,1)

∑
i

2ωC
ijX

T
ij

}
,

which is not equal to zero except knife-edge situation.
Complete Randomization. Only in this part, we assume complete randomization instead of
pairwise randomization. That is, we keep Equation 28, while, instead of Equations 29 and 30,
we assume isoprobability of treatment assignment: for any x(1),x(2) ∈ XCR

max,

PrCR(XA = x(1)) = PrCR(XA = x(2)), (62)

where
XCR

max ≡
{
x
∣∣∣x ∈ U,

∑
j

∑
i

xij = n
}
.

Expectation operator is denoted by

ECR{f(XA)} ≡
∑

x∈XCR
def (f)

Pr{XA = x|XA ∈ XCR
def (f)}f(x)

where

XCR
def (f) ≡ {x|x ∈ XCR

max, f(x) can be defined}
6= ∅.

We assume that KG ∈ U does NOT satisfy Condition 1 but NA
G ≥ 1 for any XA ∈ XCR

max,
that is, nA·CR

G > n, where

nA·CR
G =

∑
j

∑
i

kAG,ij .
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There are nA·CR
G

CNA
G

ways of assigning treatment to NA
G units from nA·CR

G units of {ij|kAG,ij = 1}.
Among them, there are nA·CR

G −1CNA
G−1 ways of assigning treatment to unit ij ∈ {ij|kAG,ij = 1}

and NA1
G −1 units from nA·CR

G −1 units of {i′j′|kAG,i′j′ = 1}\{ij}. Therefore, for ij ∈ {ij|kAG,ij =

1}, it follows

ECR(XA
ij |NA

G ) = PrCR(XA
ij = 1|NA

G )

= PrCR(XA
ij = 1, NA

G )÷ Pr(NA
G )

= PrCR
(
XA

ij = 1,
∑

i′j′∈{i′j′|kA
G,i′j′=1}\{ij}

XA
i′j′ = NA

G − 1
)
÷ Pr(NA

G )

= nA·CR
G −1CNA

G−1 ÷ nA·CR
G

CNA
G

(∵ Equation 62)

=
(nA·CR

G − 1)!

{(nA·CR
G − 1)− (NA

G − 1)}!(NA
G − 1)!

÷
nA·CR
G !

(nA·CR
G −NA

G )!NA
G !

(∵ Equation 192)

=
NA

G

nA·CR
G

.

(63)

It follows

ECR{E(Y |KGX
A)} = ECR

( 1

NA
G

∑
j

∑
i

kAG,ijX
A
ijy

A
ij

)
(∵ Equations 4 and 9)

= ECR
{ 1

NA
G

ECR
( ∑

ij:kA
G,ij=0

0 ·XA
ijy

A
ij +

∑
ij:kA

G,ij=1

1 ·XA
ijy

A
1j

∣∣∣NA
G

)}
= ECR

{ 1

NA
G

∑
ij:kA

G,ij=1

ECR(XA
ij |NA

G )yAij

}
(∵ Lemma 10)

= ECR
( 1

NA
G

∑
ij:kA

G,ij=1

NA
G

nA·CR
G

yAij

)
(∵ Equation 63)

=
1

nA·CR
G

∑
ij:kA

G,ij=1

yAij

= E(yA|kAG).

(64)

In addition, suppose that XCR
def (τ̂G) = XCR

max (thus, NA
G ≥ 1 for any A and XA ∈ XCR

max). It
follows

ECR(τ̂G) = ECR{E(Y |KGX
T )− E(Y |KGX

C)}
(∵ NA

G ≥ 1,XCR
def (τ̂G) = XCR

def {E(Y |KGX
A)− E(Y |KGX

C)} = XCR
max)

= E(yT |kTG)− E(yC |kCG) (∵ Lemma 10 (1), Equation 64)

(65)

If we assume Condition 2 but not Condition 1, it follows

ECR(τ̂G) = E(yT |kTG)− E(yC |kCG) (∵ Equation 65)

= µT − µC (∵ Condition 2, Equation 45)

= τ̄ (∵ Lemma 4 (2))

∴ ECR(τ̂G)− τ̄ = 0.

Or if we only assume kTG = kCG ≡ kG but not Condition 1, it follows

ECR(τ̂G) = E(yT |kG)− E(yC |kG) (∵ Equation 65,kTU = kCU ≡ kU )

= E(τ |kG) (∵ Lemma 3 (1), Equation 6)
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which is the local average treatment effect of such units that kG,ij = 1 or a principal effect
where the corresponding principal stratum is {ij|kG,ij = 1}.
No Attrition Match. When attrition is ignorable (Assumption 4 or 5) but not matched (i.e.,
Assumptions 2 and 3 do not hold), τ̂U and τ̂P are unbiased for τ̄ under complete random-
ization, as is well known, but biased for τ̄ (=τ̄P ) under pairwise randomization (except for
knife-edge situations). An intuitive reason follows. Suppose that Assumption 2 does not hold
and kTU,1j1 = 1, kTU,2j1 = 0, kTU,1j2 = kTU,2j2 = 1. Denote NT

U,−j ≡
∑

j′ 6=j

∑
iKU,ij′Xij′ . In calculat-

ing E{E(Y |KUX)}, under complete randomization, the weights for Y1j1 and Yij2 are the same,
1/(
∑

j

∑
i k

T
U,ij). Thus, it holds that E{E(Y |KUX)} = E(yT |kTU ). Under pairwise random-

ization, however, the weight for Y1j1 is E{1/2(NT
U,−j1 + 1)} (note that either unit 1j2 or unit

2j2 is always observed), while the weight for Yij2 is the average between E{1/2(NT
U,−j1 + 1)}

(in the case of X1j1 = 1, where the set of treated and observed units contains unit 1j1) and
E(1/2NT

U,−j1) (in the case of X1j1 = 0, where the set of treated and observed units contains

neither unit 1j1 (not treated) nor unit 2j1 (treated but not observed)). Since the weight for
Y1j1 is smaller than the weight for Yij2 , E{E(Y |KUX)} is not equal to E(yT |kTU ) any more.

Relatedly, if we assume Rij(1) = Rij(0) for all i and j but not Assumption 2 and define τ̄U ≡
E{Yij(1) − Yij(0) | Rij(1) = Rij(0) = 1}, τ̂U is unbiased for τ̄U under complete randomization
but biased for τ̄U under pairwise randomization (except for knife-edge situations).

Below, we give more general argument. We assume pairwise randomization (Equations 28,
29, and 30, not 62) again. For KG ∈ U and h ∈ {0, 1, 2}, let

JAh
G ≡

{
j
∣∣∣∑

i

kAG,ij = h
}

NAh
G ≡

∑
j∈JAh

G

∑
i

KG,ijX
A
ij

=
∑
j∈JAh

G

∑
i

kAG,ijX
A
ij . (∵ Lemma 8)

(66)

For j ∈ JA1
G , without loss of generality, suppose kAG,1j = 1, kAG,2j = 0 (or renumber i accordingly).

Specifically,

NA0
G =

∑
j∈JA0

G

∑
i

0 ·XA
ij

= 0,

(67)

and

NA1
G =

∑
j∈JA1

G

(1 ·XA
1j + 0 ·XA

2j)

=
∑
j∈JA1

G

XA
1j ,

(68)

and

NA2
G =

∑
j∈JA2

G

∑
i

1 ·XA
ij

=
∑
j∈JA2

G

1 (∵ Equation 2)

= |JA2
G |

≡ nA2
G .

(69)
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It follows

NA
G = NA0

G +NA1
G +NA2

G

(∵ Equations 9 and 66, JAh
G ∩ JAh′

G = ∅ for any h 6= h′,

2⋃
h=0

JAh
G = {1, 2, . . . , n})

= NA1
G + nA2

G . (∵ Equations 67, 68, and 69)

(70)

Note that 0 ≤ NA1
G ≤ nA1

G,max where

nA1
G,max ≡ |JA1

G |

=
∑
j∈JA1

G

1.

Assume that KG does NOT satisfy Condition 1 (that is, for some A, nA1
G,max ≥ 1). There are

nA1
G,max

CNA1
G

ways of assigning treatment to unit i = 1 of NA1
G pairs from nA1

G,max pairs in JA1
G

(see also Equation 192). Among them, there are nA1
G,max−1CNA1

G −1 ways of assigning treatment

to unit 1j, where j ∈ JA1
G , and unit i = 1 of NA1

G − 1 pairs from nA1
G,max − 1 pairs in JA1

G \ {j}.
Therefore, for j ∈ JA1

G , it follows

E(XA
ij |NA

G ) = Pr(XA
ij = 1|NA

G − nA2
G ) (∵ XA

ij ∈ {0, 1}, nA2
G is constant)

= Pr(XA
ij = 1|NA1

G ) (∵ Equation 70)

= Pr(XA
ij = 1, NA1

G )÷ Pr(NA1
G )

= Pr
(
XA

ij = 1,
∑

j′∈JA1
G ,j′ 6=j

XA
1j′ = NA1

G − 1
)
÷ Pr(NA1

G ) (∵ Equation 68)

= nA1
G,max−1CNA1

G −1 ÷ nA1
G,max

CNA1
G

(∵ Equations 29 and 30)

=
(nA1

G,max − 1)!

{(nA1
G,max − 1)− (NA1

G − 1)}!(NA1
G − 1)!

÷
nA1
G,max!

(nA1
G,max −NA1

G )!NA1
G !

(∵ Equation 192)

=
NA1

G

nA1
G,max

.

(71)

For j ∈ JA2
G , it holds

E(XA
ij |NA

G ) = Pr(XA
ij = 1|NA1

G )

= Pr(XA
ij = 1)

=
1

2
. (∵ Lemma 11 (1))

(72)
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In addition, assume NA
G ≥ 1 for any XA ∈ Xmax (that is, nA2

G ≥ 1). It follows

E{E(Y |KGX
A)}

= E
( 1

NA
G

∑
j

∑
i

kAG,ijX
A
ijy

A
ij

)
(∵ Equations 4 and 9)

= E
[ 1

NA
G

E
{ ∑

j∈JA0
G

∑
i

0 ·XA
ijy

A
ij +

∑
j∈JA1

G

(1 ·XA
1jy

A
1j + 0 ·XA

2jy
A
2j) +

∑
j∈JA2

G

∑
i

1 ·XA
ijy

A
ij

∣∣∣NA
G

}]
= E

[ 1

NA
G

{ ∑
j∈JA1

G

E(XA
1j |NA

G )yA1j +
∑
j∈JA2

G

∑
i

E(XA
ij |NA

G )yAij

}]
(∵ Lemma 10)

= E
[ 1

NA
G

{ ∑
j∈JA1

G

NA1
G

nA1
G,max

yA1j +
∑
j∈JA2

G

∑
i

1

2
yAij

}]
(∵ Equations 71 and 72)

= E
(NA1

G

NA
G

) 1

nA1
G,max

∑
j∈JA1

G

yA1j + E
( 1

NA
G

)1

2

∑
j∈JA2

G

∑
i

yAij

= E
( NA1

G

NA1
G + nA2

G

)
E{yA|kAG(1− kAG,−i)}+ E

( nA2
G

NA1
G + nA2

G

)
E(yA|kAGkAG,−i).

(∵ Equations 4, 9, and 70)

(73)

For integers n̄, n̄max and a real number p, where n̄max ≥ n̄ ≥ 0, 1 > p > 0, we denote binomial
distribution as

B(n̄|n̄max, p) ≡ n̄max
Cn̄p

n̄(1− p)n̄max−n̄

(see also Equation 192). According to Equations 29 and 30,

NA1
G ∼ B

(
n̄
∣∣∣nA1

G,max,
1

2

)
= nA1

G,max
Cn̄

(1

2

)nA1
G,max

.

(74)

Recall that expectation of binomial distribution is

n̄max∑
n̄=0

B(n̄|n̄max, p)n̄ = pn̄max. (75)

Thus,

nA1
G,mean ≡ E(NA1

G )

=
1

2
nA1
G,max. (∵ Equation 75)

(76)

In general, when q(1), q(2) > 0, since 1
q is convex,

1

q(1) − q(2)
+

1

q(1) + q(2)
>

2

q(1)
. (77)

For q > 0,

E
( 1

NA1
G + q

)
=
(1

2

)nA1
G,max

nA1
G,max∑
n̄=0

1

n̄+ q n
A1
G,max

Cn̄ (∵ Equation 74) (78)

When nA1
G,max is an even number, let

hmax ≡
nA1
G,max

2
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and note that, for h = {1, 2, . . . , hmax},

nA1
G,max

CnA1
G,mean−h =

nA1
G,max!

(nA1
G,mean − h)!{nA1

G,max − (nA1
G,mean − h)}!

(∵ Equation 192)

=
nA1
G,max!

(
nA1

G,max

2 − h)!{nA1
G,max − (

nA1
G,max

2 − h)}!
(∵ Equation 76)

=
nA1
G,max!

{nA1
G,max − (nA1

G,mean + h)}!(nA1
G,mean + h)!

(∵ Equation 76)

= nA1
G,max

CnA1
G,mean+h (∵ Equation 192)

(79)

Equation 78 leads to(1

2

)nA1
G,max

{ hmax∑
h=1

( 1

nA1
G,mean − h+ q

+
1

nA1
G,mean + h+ q

)
nA1

G,max
CnA1

G,mean−h

+
1

nA1
G,mean + q

nA1
G,max

CnA1
G,mean

}
(∵ Equation 79)

>
(1

2

)nA1
G,max

{ hmax∑
h=1

2

nA1
G,mean + q

nA1
G,max

CnA1
G,mean−h +

1

nA1
G,mean + q

nA1
G,max

CnA1
G,mean

}
(∵ Equation 77 where q(1) = nA1

G,mean + q, q(2) = h)

=
1

nA1
G,mean + q

nA1
G,max∑
n̄=0

nA1
G,max

Cn̄

(1

2

)nA1
G,max

=
1

nA1
G,mean + q

(∵ Equation 74 and axiom of probability)

(80)

When nA1
G,max is an odd number, let

hmax ≡
nA1
G,max + 1

2

and note that, for h = {1, 2, . . . , hmax} and h′ = h− 0.5,

nA1
G,max

CnA1
G,mean−h′ = nA1

G,max
CnA1

G,mean+h′ . (81)

Equation 78 leads to(1

2

)nA1
G,max

hmax∑
h=1

( 1

nA1
G,mean − h′ + q

+
1

nA1
G,mean + h′ + q

)
nA1

G,max
CnA1

G,mean−h′ (∵ Equation 81)

>
(1

2

)nA1
G,max

hmax∑
h=1

2

nA1
G,mean + q

nA1
G,max

CnA1
G,mean−h′

=
1

nA1
G,mean + q

nA1
G,max∑
n̄=0

nA1
G,max

Cn̄

(1

2

)nA1
G,max

=
1

nA1
G,mean + q

(82)

Therefore, whichever nA1
G,max is an even or odd number, Equations 78, 80, and 82 lead to

E
( 1

NA1
G + q

)
>

1

nA1
G,mean + q

. (83)
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Therefore,

E
( nA2

G

NA1
G + nA2

G

)
>

nA2
G

nA1
G,mean + nA2

G

(∵ Lemma 10 (2), Equation 83 where q = nA2
G > 0) (84)

and

E
( NA1

G

NA1
G + nA2

G

)
= E

(
1−

nA2
G

NA1
G + nA2

G

)
< 1−

nA2
G

nA1
G,mean + nA2

G

(∵ Lemma 10, Equation 84)

=
nA1
G,mean

nA1
G,mean + nA2

G

.

(85)

It holds

E(yA|kAG)

=
nA1
G,max

nA1
G,max + 2nA2

G

E{yA|kAG(1− kAG,−i)}+
2nA2

G

nA1
G,max + 2nA2

G

E(yA|kAGkAG,−i) (∵ Lemma 3 (5))

=
nA1
G,mean

nA1
G,mean + nA2

G

E{yA|kAG(1− kAG,−i)}+
nA2
G

nA1
G,mean + nA2

G

E(yA|kAGkAG,−i). (∵ Equation 76)

(86)

According to Equations 73, 84, 85, and 86, it follows that E{E(Y |KGX
A)} is not equal to

E(yA|kAG) without knife-edge situation. Thus, Equation 43 does not hold; even if we assume
Condition 2, it does not follow that τ̂G is unbiased for τ̄ ; if we assume kTG = kCG ≡ kG, it follows
that τ̂G is not necessarily unbiased for E(τ |kG) but for a particular principal effect:

E(τ̂G) = E{E(Y |KGX
T )− E(Y |KGX

C)}
(∵ NA

G ≥ 1,Xdef(τ̂G) = Xdef{E(Y |KGX
A)− E(Y |KGX

C)} = Xmax)

=
[
E
( N ·1G
N ·1G + n·2G

)
E{yT |kG(1− kG,−i)}+ E

( n·2G
N ·1G + n·2G

)
E(yT |kGkG,−i)

]
−
[
E
( N ·1G
N ·1G + n·2G

)
E{yC |kG(1− kG,−i)}+ E

( n·2G
N ·1G + n·2G

)
E(yC |kGkG,−i)

]
(∵ Equation 73,kTG = kCG ≡ kG)

= E
( N ·1G
N ·1G + n·2G

)
E{τ |kG(1− kG,−i)}+ E

( n·2G
N ·1G + n·2G

)
E(τ |kGkG,−i)

(∵ Lemma 3 (1), Equation 6)

(87)

where the corresponding principal stratum is {ij|kG,ij(1 − kG,−ij) = 1} ∪ {ij|kG,ijkG,−ij = 1};
this is a local weighted average treatment effect.

Equations 84 and 85 imply that the weight for j ∈ JA1
G is smaller than that for j ∈ JA2

G :

E
( NA1

G

NA1
G + nA2

G

) 1

nA1
G,mean

<
1

nA1
G,mean + nA2

G

< E
( nA2

G

NA1
G + nA2

G

) 1

nA2
G

.

Below, I will give an alternative, and more intuitive, reason. Denote

NA
G,−j ≡

∑
j

∑
i

KG,ijX
A
ij .
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For j ∈ JA1
G , assume NA

G,−j ≥ 1 for any XA ∈ Xmax. It follows

E{E(Y |KGX
A)}

= E{E(yA|kAGXA)|XA
1j = 0}Pr(XA

1j = 0) + E{E(yA|kAGXA)|XA
1j = 1}Pr(XA

1j = 1)

= E
( 1

NA
G,−j

∑
j′ 6=j

∑
i

kAG,ij′X
A
ij′y

A
ij′

)1

2
+ E

{ 1

NA
G,−j + 1

(∑
j′ 6=j

∑
i

kAG,ij′X
A
ij′y

A
ij′ + yA1j

)}1

2

(∵ Equations 4 and 29, Lemma 11 (1), kAG,1j = 1, kAG,2j = 0, NA
G,−j ≥ 1)

=
1

2
E
[
E
{ 1

NA
G,−j

∑
j′ 6=j

∑
i

kAG,ij′X
A
ij′y

A
ij′ +

1

NA
G,−j + 1

(∑
j′ 6=j

∑
i

kAG,ij′X
A
ij′y

A
ij′ + yA1j

)∣∣∣NA
G,−j

}]
=

1

2
E
{( 1

NA
G,−j

+
1

NA
G,−j + 1

)∑
j′ 6=j

∑
i

kAG,ij′E(XA
ij′ |NA

G,−j)y
A
ij′ +

1

NA
G,−j + 1

yA1j

}
=
∑

j′∈JA2
G

∑
i

1

2
E
{( 1

NA
G,−j

+
1

NA
G,−j + 1

)1

2

}
1 · yAij′

+
∑

j′∈JA1
G \{j}

1

2
E
{( 1

NA
G,−j

+
1

NA
G,−j + 1

) NA
G,−j

nA1
G,max − 1

}
(1 · yA1j′ + 0 · yA2j′)

+
1

2
E
( 1

NA
G,−j + 1

)
yA1j

Thus, the weight for j ∈ JA1
G is 1

2E
(

1
NA

G,−j+1

)
and that for j′ ∈ JA2

G is 1
2E
{(

1
NA

G,−j
+ 1

NA
G,−j+1

)
1
2

}
,

while the difference is

1

2
E
{( 1

NA
G,−j

+
1

NA
G,−j + 1

)1

2

}
− 1

2
E
( 1

NA
G,−j + 1

)
=

1

4
E
( 1

NA
G,−j

− 1

NA
G,−j + 1

)
=

1

4
E
{ 1

NA
G,−j(N

A
G,−j + 1)

}
> 0.

For instance, when KG = KU and A = T , the denominator of the weight for j ∈ JT1
U is the

number of other treated and observed units (NT
U,−j) and j itself (+1), though that for j′ ∈ JT2

U

is the number of treated and observed units including j (NT
U,−j + 1) in the case of XT

ij = 1 (half

cases) but the number of treated and observed units excluding j (NT
U,−j) in the case of XT

ij = 0

(the other half cases). Note that NT
U,−j does not depend on XT

ij′ . Obviously, the former weight
is smaller than the latter.

2.3. Variance

Variance. The sample deviation is defined as

D(Q|Z) ≡ Q−E(Q|Z). (88)
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where E(Q|Z) ≡ {E(Q|Z)}2n11 . The weighted covariance and weighted variance operators are
defined as

V (Q(1),Q(2)|Z) ≡ V 2
h=1(Q(h)|Z)

≡ E
{ 2∏

h=1

D(Q(h)|Z)
∣∣∣Z} (89)

V 2(Q|Z) ≡ V 2
h=1(Q|Z). (90)

It follows that

V 2
h=1(Q(h)|0) = E

{ 2∏
h=1

D(Q(h)|0)
∣∣∣0} (∵ Equation 89)

= 0. (∵ Equation 5)

(91)

The population deviation, covariance operator, and variance operator are defined as

D{f(XA)} ≡ f(XA)− E{f(XA)} (92)

V{f (1)(XA), f (2)(XA)} ≡ V2
h=1{f (h)(XA)}

≡ E
[ 2∏
h=1

D{f (h)(XA)}
]

(93)

V2{f(XA))} ≡ V2
h=1{f(XA)} (94)

= E[{f(XA)}2]− [E{f(XA)}]2

Number of Units. For KG ∈ U, let

KSQ
G ≡KSQ(KG)

≡KGKG,−i

= KG,−iKG

= KSQ
G,−i (∵ by definition).

(95)

We also define

NTC
G ≡ NTC(KG)

≡
∑
j

∑
i

KG,ijX
A
ijKG,−ijX

−A
−ij

=
∑
j

∑
i

KSQ
G,ij(X

A
ij )2 (∵ Equation 95, Lemma 2 (1))

=
∑
j

∑
i

KSQ
G,ijX

A
ij (∵XA ∈ U,Lemma 1 (5))

(96)

This is constant irrespective of A ∈ {T,C} because∑
j

∑
i

KSQ
G,ijX

−A
ij =

∑
j

∑
i

KSQ
G,−ijX

−A
−ij (∵ exchanging i and −i, Lemma 1 (4))

=
∑
j

∑
i

KSQ
G,ijX

A
ij (∵ Equation 95, Lemma 2 (1))



36 Fukumoto

Specifically, when KG = KF ,

KSQ
F ≡ KSQ(KF )

= KFKF,−i (∵ Equation 95)

= 1 · 1−i (∵ Equation 12)

= KF (∵ Equation 12) (97)

NTC
F ≡ NTC(KF )

=
∑
j

∑
i

KSQ
F,ijX

A
ij (∵ Equation 96)

=
∑
j

∑
i

KF,ijX
A
ij (∵ Equation 97)

= NF (∵ Equations 9 and 12) (98)

when KG = KU ,

KSQ
U ≡ KSQ(KU )

= KUKU,−i (∵ Equation 95)

= RR−i (∵ Equation 14)

= KP (∵ Equation 16) (99)

NTC
U ≡ NTC(KU )

=
∑
j

∑
i

KSQ
U,ijX

A
ij (∵ Equation 96)

=
∑
j

∑
i

KP,ijX
A
ij (∵ Equation 99)

= NP (∵ Equations 9 and 16) (100)

and, when KG = KP ,

KSQ
P ≡ KSQ(KP )

= KPKP,−i (∵ Equation 95)

= RR−iR−iR (∵ Equation 16)

= RR−i (∵ R ∈ U,Lemma 1 (5))

= KP (∵ Equation 16) (101)

NTC
P ≡ NTC(KP )

=
∑
j

∑
i

KSQ
P,ijX

A
ij (∵ Equation 96)

=
∑
j

∑
i

KP,ijX
A
ij (∵ Equation 101)

= NP (∵ Equations 9 and 16) (102)

Let
kTC
G ≡ kTC(KG) ≡ kTGkCG,−i (103)

and, under Condition 1,

nTC
G ≡ n(kTC

G ) ≡
∑
j

kTC
G,·j . (104)

Specifically, under Assumption 2,

kTC
U ≡ kTC(KU )

= kTUk
C
U,−i (∵ Equation 103)

= rTrC (∵ Equation 14, Assumption 2)

= kP (∵ Lemma 9 (2))

(105)
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and

nTC
U ≡ n(kTC

U )

=
∑
j

kTC
U,·j (∵ Equation 104)

=
∑
j

kP,·j (∵ Equation 105)

= nP . (∵ Lemma 9 (1), Equation 31).

(106)

Under Assumption 3,

kTC
P ≡ kTC(KP )

= kTPk
C
P,−i (∵ Equation 103)

= kPkP,−i (∵ Lemma 9 (1))

= (kP )2 (∵ Assumption 3)

= kP (∵ kP ∈ U,Lemma 1 (5))

(107)

and,

nTC
P ≡ n(kTC

P )

=
∑
j

kTC
P,·j (∵ Equation 104)

=
∑
j

kP,·j (∵ Equation 107)

= nP . (∵ Lemma 9 (2))

(108)

For h ∈ {1, 2}, let k
(h)
G ∈ {kTG,kCG}. Under Condition 1, define

n
(1)·(2)
G ≡

∑
j

2∏
h=1

k
(h)
G,·j , (109)

which is constant irrespective of XA.

Lemma 14 (Number of Units). Suppose that KG ∈ U.
(1) When KG = KG,−i,

KSQ
G = KG

NT
G = NC

G = NTC
G ≡ NG.

(2) Under Condition 1, ∏
A

kAG = kTC
G = kTC

G,−i

NTC
G = nTC

G

nTC
G ≤ nAG

(3) For h ∈ {1, 2}, let k
(h)
G ∈ {kTG,kCG}. When k

(1)
G = k

(2)
G ≡ kG,

2∏
h=1

k
(h)
G = kG

n
(1)
G = n

(2)
G = n

(1)·(2)
G ≡ nG.
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(4) Under Condition 1, if and only if nAG = 0, it holds kAG = 0. If and only if nTC
G = 0, it

holds kTC
G = 0.

(5)
NTC

G ≤ NA
G

Proof. (1) Note

KSQ
G = KGKG,−i (∵ Equation 95)

= (KG)2 (∵KG = KG,−i)

= KG (∵KG ∈ U,Lemma 1 (5))

(110)

It follows

NA
G =

∑
j

∑
i

KG,ijX
A
ij (∵ Equation 9)

=
∑
j

∑
i

KG,−ijX
−A
−ij (∵KG = KG,−i,Lemma 2 (1))

=
∑
j

∑
i

KG,ijX
−A
ij (∵ exchanging i and −i, Lemma 1 (4))

= N−AG

≡ NG

(111)

It holds that

NTC
G =

∑
j

∑
i

KSQ
G,ijX

A
ij (∵ Equation 96)

=
∑
j

∑
i

KG,ijX
A
ij (∵ Equation 110)

= NA
G (∵ Equation 9)

= NG (∵ Equation 111)

(2) It holds ∏
A

kAG = kTGk
C
G,−i (∵ Condition 1)

= kTC
G (∵ Equation 103)∏

A

kAG = kTG,−ik
C
G (∵ Condition 1)

= kTC
G,−i (∵ Equation 103)

and

NTC
G =

∑
j

∑
i

KG,ijX
T
ijKG,−ijX

C
−ij (∵ Equation 96)

=
∑
j

∑
i

kTG,ijX
T
ijk

C
G,−ijX

C
−ij (∵ Lemma 8)

=
∑
j

kTG,·jk
C
G,·j

∑
i

XT
ij (∵ Condition 1, Lemma 2 (4))

=
∑
j

∏
A

kAG,·j · 1 (∵ Equation 2)

= nTC
G (∵ Equation 109)

(112)
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and

kTC
G,ij = kTG,ijk

C
G,−ij (∵ Equation 103)

≤ kAG,ij (∵ kAG,ij ∈ {0, 1})
∴ nTC

G ≤ nAG (∵ Equations 31 and 104)

(3)

2∏
h=1

k
(h)
G = (kG)2 (∵ k(1)

G = k
(2)
G = kG)

= kG (∵ kG ∈ U,Lemma 1 (5))

It is obvious that n
(1)
G = n

(2)
G = nG.

n
(1)·(2)
G =

∑
j

2∏
h=1

k
(h)
G,·j (∵ Equation 109)

=
∑
j

(kG,·j)
2 (∵ k(1)

G = k
(2)
G = kG)

=
∑
j

kG,·j (∵ kG ∈ U,Lemma 1 (5))

= nG (∵ Equations 36)

(113)

(4) If kAG = 0, it follows that nAG = 0 due to Equation 31.
Suppose that kAG 6= 0. Since KG ∈ U, there is j such that kAG,·j = 1 (for, otherwise, kAG = 0).

Thus, according to Equation 31, nAG > 0.
Therefore, kAG = 0 is equivalent to nAG = 0.
Similarly, we can show that kTC

G = 0 is equivalent to nTC
G = 0.

(5)

KSQ
G,ij = KG,ijKG,−ij (∵ Equation 103)

≤ KG,ij (∵ KG,−ij ∈ {0, 1})
∴ NTC

G ≤ NA
G (∵ Equations 9 and 96 )

�

Lemma 15 (Arithmetic of Deviation and Variance). (1) When Z(2) 6= 0,

D{D(Q|Z(1))|Z(2)} = D(Q|Z(2))

(2)

V 2
h=1{D(Q(h)|Z)|Z} = V 2

h=1(Q(h)|Z)

(3) When Z(h)U = U ∈ U for h ∈ {1, 2},

V 2
h=1(Z(h)Q(h)|U) = V 2

h=1(Q(h)|U)

(4)

V 2
h=1(q

(h)
const + q

(h)
multiQ

(h)|Z) =
( 2∏

h=1

q
(h)
multi

)
V 2
h=1(Q(h)|Z)

(5)

D
(∑

h

Q(h)
∣∣∣Z) =

∑
h

D(Q(h)|Z)
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In particular,

D(Q(1) ±Q(2)|Z) = D(Q(1)|Z)±D(Q(2)|Z)

(6)

Hmax(1)∑
H(1)=1

Hmax(2)∑
H(2)=1

V 2
h=1(Q(h,H(h))|Z) = V 2

h=1

(Hmax(h)∑
H(h)=1

Q(h,H(h))
∣∣∣Z)

In particular,

2∑
h=1

V 2(Q(h)|Z)± 2V 2
h=1(Q(h)|Z) = V 2(Q(1) ±Q(2)|Z)

(7)

V 2
h=1(Q(h)|Z) = E

( 2∏
h=1

Q(h)
∣∣∣Z)− 2∏

h=1

E(Q(h)|Z)

(8)When KG = KG,−i,

V (Q,Q−i|KGX
A) = V (Q,Q−i|KGX

−A).

These hold even if we replace E(·), D(·), and V (·) by E(·), D(·), and V(·), repsectively.

Proof. (1)

E{D(Q|Z(1))|Z(2)} = E{Q−E(Q|Z(1))|Z(2)} (∵ Equation 88)

= E(Q|Z(2))− E{E(Q|Z(1))|Z(2)} (∵ Lemma 3 (1))

= E(Q|Z(2))− E(Q|Z(1)) (∵ Lemma 3 (3),Z(2) 6= 0).

(114)

Thus,

D{D(Q|Z(1))|Z(2)}
= D(Q|Z(1))−E{D(Q|Z(1))|Z(2)} (∵ Equation 88)

= {Q−E(Q|Z(1))} − {E(Q|Z(2))−E(Q|Z(1))} (∵ Equations 88 and 114 )

= Q−E(Q|Z(2))

= D(Q|Z(2)) (∵ Equation 88)

(2) When Z = 0, this is obvious thanks to Equations 5 and 88 (or Equation 91). Otherwise,

V 2
h=1{D(Q(h)|Z)|Z} = E

[ 2∏
h=1

D{D(Q(h)|Z)|Z}
∣∣∣Z] (∵ Equation 89)

= E
{ 2∏

h=1

D(Q(h)|Z)
∣∣∣Z} (∵ Lemma 15 (1),Z 6= 0)

= V 2
h=1(Q(h)|Z) (∵ Equation 89)
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(3)

V 2
h=1(Z(h)Q(h)|U)

= E
{ 2∏

h=1

D(Z(h)Q(h)|U)
∣∣∣U} (∵ Equation 89)

= E
[ 2∏
h=1

{Z(h)Q(h) −E(Z(h)Q(h)|U)}
∣∣∣U] (∵ Equation 88)

= E
[ 2∏
h=1

{Z(h)Q(h) −E(Q(h)|U)}
∣∣∣U] (∵ Lemma 3 (4))

= E
[ 2∏
h=1

U{Z(h)Q(h) −E(Q(h)|U)}
∣∣∣U] (∵ U ∈ U,Lemmas 1 (5) and 3 (4))

= E
[ 2∏
h=1

U{Q(h) −E(Q(h)|U)}
∣∣∣U] (∵ Z(h)U = U for h ∈ {1, 2})

= E
[ 2∏
h=1

{Q(h) −E(Q(h)|U)}
∣∣∣U] (∵ U ∈ U,Lemmas 1 (5) and 3 (4))

= E
{ 2∏

h=1

D(Q(h)|U)
∣∣∣U} (∵ Equation 88)

= V 2
h=1(Q(h)|U) (∵ Equation 89)

(4) When Z = 0, thanks to Equation 91, both sides of the equation are equal to each other
(zero). Below, suppose Z 6= 0. Note

D(qconst + qmultiQ|Z)

= qconst + qmultiQ−E(qconst + qmultiQ|Z) (∵ Equation 88)

= {qconst + qmultiQ} − {qconst + qmultiE(Q|Z)} (∵ Z 6= 0,Lemma 3 (1), (2), and (3))

= qmulti{Q−E(Q|Z)}
= qmultiD(Q|Z) (∵ Equation 88)

(115)

Thus,

V 2
h=1(q

(h)
const + q

(h)
multiQ

(h)|Z) = E
{ 2∏

h=1

D(q
(h)
const + q

(h)
multiQ

(h)|Z)
∣∣∣Z} (∵ Equation 89)

= E
{ 2∏

h=1

q
(h)
multiD(Q(h)|Z)

∣∣∣Z} (∵ Equation 115)

=
( 2∏

h=1

q
(h)
multi

)
E
{ 2∏

h=1

D(Q(h)|Z)
∣∣∣Z} (∵ Lemma 3 (2))

=
( 2∏

h=1

q
(h)
multi

)
V 2
h=1(Q(h)|Z) (∵ Equation 90)
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(5)

D
(∑

h

Q(h)
∣∣∣Z) =

∑
h

Q(h) −E
(∑

h

Q(h)
∣∣∣Z) (∵ Equation 88)

=
∑
h

Q(h) −
∑
h

E(Q(h)|Z) (∵ Lemma 3 (1))

=
∑
h

D(Q(h)|Z) (∵ Equation 88)

In particular,

D(Q(1) ±Q(2)|Z) = (Q(1) ±Q(2))−E(Q(1) ±Q(2)|Z) (∵ Equation 88)

= (Q(1) ±Q(2))− {E(Q(1)|Z)±E(Q(2)|Z)} (∵ Lemma 3 (1))

= {Q(1) −E(Q(1)|Z)} ± {Q(2) −E(Q(2)|Z)}
= D(Q(1)|Z)±D(Q(2)|Z) (∵ Equation 88)

(6)

V 2
h=1

(Hmax(h)∑
H(h)=1

Q(h,H(h))
∣∣∣Z) = E

{ 2∏
h=1

D
(Hmax(h)∑

H(h)=1

Q(h,H(h))
∣∣∣Z)∣∣∣Z} (∵ Equation 90)

= E
{ 2∏

h=1

Hmax(h)∑
H(h)=1

D(Q(h,H(h))|Z)
∣∣∣Z} (∵ Lemma 15 (5))

=

Hmax(1)∑
H(1)=1

Hmax(2)∑
H(2)=1

E
{ 2∏

h=1

D(Q(h,H(h))|Z)
∣∣∣Z} (∵ Lemmas 3 (1) and 16 (1))

=

Hmax(1)∑
H(1)=1

Hmax(2)∑
H(2)=1

V 2
h=1(Q(h,H(h))|Z)

In particular,

2∑
h=1

V 2(Q(h)|Z)± 2V 2
h=1(Q(h)|Z)

=

2∑
h=1

E[{D(Q(h)|Z)}2|Z]± 2E
{ 2∏

h=1

D(Q(h)|Z)
∣∣∣Z} (∵ Equation 90)

= E
[ 2∑
h=1

{D(Q(h)|Z)}2 ± 2

2∏
h=1

D(Q(h)|Z)
∣∣∣Z] (∵ Lemma 3 (1))

= E[{D(Q(1)|Z)±D(Q(2)|Z)}2|Z]

= E[{D(Q(1) ±Q(2)|Z)}2|Z] (∵ Lemma 15 (5))

= V 2(Q(1) ±Q(2)|Z) (∵ Lemma 90)
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(7)

V 2
h=1(Q(h)|Z)

= E[{Q(1) −E(Q(1)|Z)}{Q(2) −E(Q(2)|Z)}|Z] (∵ Equation 90)

= E{Q(1)Q(2) +E(Q(1)|Z)E(Q(2)|Z)−Q(1)E(Q(2)|Z)−E(Q(1)|Z)Q(2)|Z}
= E(Q(1)Q(2)|Z) + E{E(Q(1)|Z)E(Q(2)|Z)|Z} − E{Q(1)E(Q(2)|Z)|Z}
− E{E(Q(1)|Z)E{Q(2)|Z)|Z} (∵ Equation 3 (1))

= E(Q(1)Q(2)|Z) + E(Q(1)|Z)E(Q(2)|Z)− E(Q(1)|Z)E(Q(2)|Z)

− E(Q(1)|Z)E(Q(2)|Z) (∵ Equation 3 (2))

= E
( 2∏

h=1

Q(h)
∣∣∣Z)− 2∏

h=1

E(Q(h)|Z)

(8) Note

V (Q(1),Q(2)|Z) = E{D(Q(1)|Z)D(Q(2)|Z)|Z} (∵ Equation 90)

= E{D(Q(2)|Z)D(Q(1)|Z)|Z}
= V (Q(2),Q(1)|Z) (∵ Equation 90)

(116)

Thus,

V (Q,±Q−i|KGX
A)

= ±V (Q−i,Q|KG,−iX
−A
−i ) (∵KG = KG,−i,Equation 116, Lemmas 2 (1) and 15 (4))

= V (Q,±Q−i|KGX
−A). (∵ exchanging i and −i, Lemma 15 (4))

(117)

�

Lemma 16 (Square of Sum). Let l be index of Q where, in the case of l = i and L = I =
{1, 2}, given j,

Ql = Qij ,
∑
l∈L

=
∑
i∈I
,

in the case of l = j and L = J ⊆ {1, 2, . . . , n},

Ql = Q·j ,
∑
l∈L

=
∑
j∈J

,

in the case of l = ij and L = I× J,

Ql = Qij ,
∑
l∈L

=
∑
j∈J

∑
i∈I
,

and, in the case of l ∈ L = {0, 1},

Ql = f
(l)
Q (Q),

∑
l∈L

=
∑

l∈{0,1}

.

(1) ∑
l(1)∈L(1)

∑
l(2)∈L(2)

2∏
h=1

Ql(h) =

2∏
h=1

∑
l(h)∈L(h)

Ql(h)
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(2) For h ∈ {1, 2}, suppose that, for some fX(·), q(h), f2
EQ, and f2

DF , all of which are constant

irrespective of X(h) ∈ {XT ,XC},

Q
(h)
l(h) = fX(X

(h)
l(h))q

(h)
l(h) (118)

E
{ 2∏

h=1

fX(X
(h)
l(h))

}
=

{
f2

EQ if l(1) = l(2)

f2
DF if l(1) 6= l(2).

(119)

and for any l(1) ∈ L(1), l(2) ∈ L(2),

Xdef

( ∑
l′(1)∈L(1)

∑
l′(2)∈L(2)

2∏
h=1

Q
(h)
l′(h)

)
= Xdef

( 2∏
h=1

Q
(h)
l(h)

)
. (120)

It follows

E
( ∑

l(1)∈L(1)

∑
l(2)∈L(2)

2∏
h=1

Ql(h)

)
= (f2

EQ−f2
DF )

∑
l∈

⋂2
h=1 L(h)

2∏
h=1

q
(h)
l +f2

DF

∑
l(1)∈L(1)

∑
l(2)∈L(2)

2∏
h=1

q
(h)
l(h)

Proof. (1)

∑
l(1)∈L(1)

∑
l(2)∈L(2)

2∏
h=1

Ql(h) =
∑

l(1)∈L(1)

∑
l(2)∈L(2)

Ql(1)Ql(2)

=
∑

l(1)∈L(1)

Ql(1)

∑
l(2)∈L(2)

Ql(2)

=
( ∑

l(1)∈L(1)

Ql(1)

)( ∑
l(2)∈L(2)

Ql(2)

)

=

2∏
h=1

∑
l(h)∈L(h)

Ql(h)

(2)

E
( 2∏

h=1

Q
(h)
l(h)

)
= E

{ 2∏
h=1

fX(X
(h)
l(h))q

(h)
l(h)

}
(∵ Equations 118)

= E
{ 2∏

h=1

fX(X
(h)
l(h))

} 2∏
h=1

q
(h)
l(h) (∵ Lemma 10 (2))

(121)



Supplementary Material 45

Therefore,

E
( ∑

l(1)∈L(1)

∑
l(2)∈L(2)

2∏
h=1

Q
(h)
l(h)

)

=
∑

l(1)∈L(1)

∑
l(2)∈L(2)

E
( 2∏

h=1

Q
(h)
l(h)

)
(∵ Lemma 10 (1), Equation 120)

=
∑

l∈
⋂2

h=1 L(h)

E
( 2∏

h=1

Q
(h)
l

)
+

∑
l(1)∈L(1)

∑
l(2)∈L(2)\{l(1)}

E
( 2∏

h=1

Q
(h)
l(h)

)

=
∑

l∈
⋂2

h=1 L(h)

f2
EQ

2∏
h=1

q
(h)
l +

∑
l(1)∈L(1)

∑
l(2)∈L(2)\{l(1)}

f2
DF

2∏
h=1

q
(h)
l(h) (∵ Equations 119 and 121)

= f2
EQ

∑
l∈

⋂2
h=1 L(h)

2∏
h=1

q
(h)
l + f2

DF

( ∑
l(1)∈L(1)

∑
l(2)∈L(2)

2∏
h=1

q
(h)
l(h) −

∑
l∈

⋂2
h=1 L(h)

2∏
h=1

q
(h)
l

)

= (f2
EQ − f2

DF )
∑

l∈
⋂2

h=1 L(h)

2∏
h=1

q
(h)
l + f2

DF

∑
l(1)∈L(1)

∑
l(2)∈L(2)

2∏
h=1

q
(h)
l(h)

�

Lemma 17 (Squared Mean). Suppose that KG ∈ U satisfies Condition 1. For h ∈ {1, 2},
let ω(h) ∈W,kG,k

(h)
G ∈ {kTG,kCG},X(h) ∈ {XT ,XC}.

(1)

E
( 2∏

h=1

ω(h)
∣∣∣kGXA

)
= E

( 2∏
h=1

ω(h)
∣∣∣kG)

= V 2
h=1(ω(h)|kG)

(2) When k
(h)
G 6= 0,

E
{ 2∏

h=1

E(ω(h)|k(h)
G X(h))

}
= {2 · I(X(1) = X(2))− 1}

n
(1)·(2)
G

n
(1)
G n

(2)
G

V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
(h)
G

)
In particular, when kG 6= 0,

E[{E(ω|kGXA)}2] =
1

nG
V 2(ω|kG)

Proof. (1) When kG = 0,

E
( 2∏

h=1

ω(h)
∣∣∣kGXA

)
= E

( 2∏
h=1

ω(h)
∣∣∣kG) (∵ kGX

A = kG = 0)

= 0 (∵ Equation 5)

V 2
h=1(ω(h)|kG) = 0 (∵ Equation 91)
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When kG 6= 0,

E
( 2∏

h=1

ω(h)
∣∣∣kGXA

)
=

1

nG

∑
j

∑
i

kG,·jX
A
ij

2∏
h=1

ω
(h)
ij (∵ Equations 4, 9, and 36, Condition 1 )

=
1

nG

∑
j

kG,·j

(
XA

ij

2∏
h=1

ω
(h)
ij +XA

−ij

2∏
h=1

ω
(h)
−ij

)

=
1

nG

∑
j

kG,·j

{
XA

ij

2∏
h=1

ω
(h)
ij + (1−XA

ij )

2∏
h=1

−ω(h)
ij

}
(∵ Equations 2 and 21)

=
1

nG

∑
j

kG,·j

2∏
h=1

ω
(h)
ij

=
1

nG

∑
j

kG,·j
1

2

( 2∏
h=1

ω
(h)
ij +

2∏
h=1

−ω(h)
ij

)

=
1

2nG

∑
j

kG,·j

( 2∏
h=1

ω
(h)
ij +

2∏
h=1

ω
(h)
−ij

)
(∵ Equations 2 and 21)

=

∑
j

∑
i kG,·j

∏2
h=1 ω

(h)
ij∑

j

∑
i kG,·j

= E
( 2∏

h=1

ω(h)
∣∣∣kG) (∵ Equation 4)

It also holds that

V 2
h=1(ω(h)|kG) = E

( 2∏
h=1

ω(h)
∣∣∣kG)− 2∏

h=1

E(ω(h)|kG) (∵ Lemma 15 (7))

= E
( 2∏

h=1

ω(h)
∣∣∣kG) (∵ Lemma 12 (1))

(2) Denote

X2
EQ{i(1), i(2)} ≡ E

( 2∏
h=1

X
(h)
i(h)j

)
(122)

and, for any j(1) 6= j(2),

X2
DF ≡ E

( 2∏
h=1

X
(h)
i(h)j(h)

)
= E{X(1)

i(1)j(1)E(X
(2)
i(2)j(2)|X

(1)
i(1)j(1))}

=
1

2
E(X

(1)
i(1)j(1)) (∵ j(1) 6= j(2), Lemmas 10 (2) and 11 (2))

=
1

4
(∵ Lemma 11 (1))

(123)
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It holds that

E
{ 2∏

h=1

E(ω(h)|k(h)
G X(h))

}

= E
( 2∏

h=1

∑
j(h)

∑
i(h) k

(h)
G,i(h)j(h)X

(h)
i(h)j(h)ω

(h)
i(h)j(h)∑

j(h)

∑
i(h) k

(h)
G,i(h)j(h)X

(h)
i(h)j(h)

)
(∵ Equations 4 and 36, k

(h)
G 6= 0)

=
1

n
(1)
G n

(2)
G

E
( 2∏

h=1

∑
j(h)

∑
i(h)

k
(h)
G,i(h)j(h)X

(h)
i(h)j(h)ω

(h)
i(h)j(h)

)
(∵ n(1)

G n
(2)
G is constant irrespective of XA)

=
1

n
(1)
G n

(2)
G

E
(∑

i(1)

∑
i(2)

∑
j(1)

∑
j(2)

2∏
h=1

k
(h)
G,·j(h)X

(h)
i(h)j(h)ω

(h)
i(h)j(h)

)
(∵ Lemma 16 (1),

where l(h) = i(h)j(h),L(h) = I× J, J = {1, 2, . . . , n}, Q(h)
l(h) = k

(h)
G,·j(h)X

(h)
i(h)j(h)ω

(h)
i(h)j(h))

=
1

n
(1)
G n

(2)
G

∑
i(1)

∑
i(2)

(
[X2

EQ{i(1), i(2)} −X2
DF ]

∑
j

2∏
h=1

k
(h)
G,·j(h)ω

(h)
i(h)j(h)

+X2
DF

∑
j(1)

∑
j(2)

2∏
h=1

k
(h)
G,·j(h)ω

(h)
i(h)j(h)

)
(∵ Lemma 16 (2), where l(h) = j(h),L(h) = {1, 2, . . . , n}, fX(X

(h)
l(h)) = X

(h)
i(h)j(h),

q
(h)
l(h) = k

(h)
G,·j(h)ω

(h)
i(h)j(h), f

2
EQ = X2

EQ{i(1), i(2)}, f2
DF = X2

DF )

=
1

n
(1)
G n

(2)
G

{∑
j

( 2∏
h=1

k
(h)
G,·j

)∑
i(1)

∑
i(2)

[
X2

EQ{i(1), i(2)} −X2
DF

] 2∏
h=1

ω
(h)
i(h)j

+X2
DF

∑
j(1)

∑
j(2)

∑
i(1)

∑
i(2)

2∏
h=1

k
(h)
G,·j(h)ω

(h)
i(h)j(h)

}
(∵ Equation 123)

=
1

n
(1)
G n

(2)
G

{∑
j

( 2∏
h=1

k
(h)
G,·j

)∑
i

[{
X2

EQ(i, i)−X2
DF

} 2∏
h=1

ω
(h)
ij

+
{
X2

EQ(i,−i)−X2
DF

}
ω

(1)
ij ω

(2)
−ij

]
+X2

DF

∑
j(1)

∑
j(2)

2∏
h=1

∑
i(h)

k
(h)
G,·j(h)ω

(h)
i(h)j(h)

}
(∵ Lemma 16 (1), where l(h) = i(h),L(h) = {1, 2}, Q(h)

l(h) = k
(h)
G,·j(h)ω

(h)
i(h)j(h))

=
1

n
(1)
G n

(2)
G

∑
j

( 2∏
h=1

k
(h)
G,·j

)∑
i

[
{X2

EQ(i, i)−X2
DF }

2∏
h=1

ω
(h)
ij − {X2

EQ(i,−i)−X2
DF }

2∏
h=1

ω
(h)
ij

]
(∵ Lemma 5 (1), Equation 21)

=
1

n
(1)
G n

(2)
G

∑
j

( 2∏
h=1

k
(h)
G,·j

)∑
i

{X2
EQ(i, i)−X2

EQ(i,−i)}
2∏

h=1

ω
(h)
ij

(124)
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When X(1) = X(2) ≡XA, it follows that

X2
EQ{i(1), i(2)} = E

( 2∏
h=1

XA
i(h)j

)
(∵ Equation 122)

=


1

2
if i(1) = i(2) (∵ Lemmas 1 (5) and 11 (1))

0 if i(1) 6= i(2) (∵ Lemma 2 (3))

(125)

and, therefore,

E
{ 2∏

h=1

E(ω(h)|k(h)
G X(h))

}
=

1

n
(1)
G n

(2)
G

∑
j

( 2∏
h=1

k
(h)
G,·j

)∑
i

1

2

2∏
h=1

ω
(h)
ij (∵ Equations 124 and 125)

=
n

(1)·(2)
G

n
(1)
G n

(2)
G

E
( 2∏

h=1

ω(h)
∣∣∣ 2∏
h=1

k
(h)
G

)
=

n
(1)·(2)
G

n
(1)
G n

(2)
G

V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
(h)
G

)
(∵ Lemma 17 (1))

(126)

In addition, when ω(1) = ω(2) ≡ ω,k(1)
G = k

(2)
G ≡ kG, it follows that

E
{ 2∏

h=1

E(ω(h)|k(h)
G X(h))

}
=

1

nG
V 2
h=1

(
ω
∣∣∣ 2∏
h=1

kG

)
(∵ Equation 126, Lemma 14 (3))

=
1

nG
V 2(ω|kG) (∵ kG ∈ U,Lemma 1 (5), Equation 90)

Similarly, when X(1) = XA,X(2) = X−A, it follows that

X2
EQ{i(1), i(2)} = E(XA

i(1)jX
−A
i(2)j) (∵ Equation 122)

=

0 if i(1) = i(2) (∵ Lemma 2 (3))

1

2
if i(1) 6= i(2) (∵ Lemmas 2 (4) and 11 (1))

(127)

and, therefore,

E
{ 2∏

h=1

E(ω(h)|k(h)
G X(h))

}
=

1

n
(1)
G n

(2)
G

∑
j

( 2∏
h=1

k
(h)
G,·j

)∑
i

(
− 1

2

) 2∏
h=1

ω
(h)
ij (∵ Equations 124 and 127)

= −
n

(1)·(2)
G

n
(1)
G n

(2)
G

V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
(h)
G

)
�

Proposition 2 (Variance of ATE Estimators: FS). (1) Under Assumption 1,

V2(τ̂F ) =
1

nF
V 2(ωT + ωC |kF ).

(2) Under Assumption 3 and nP ≥ 1,

V2(τ̂P ) =
1

nP
V 2(ωT + ωC |kP ).
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(3) Under Assumption 2 and nTU , n
C
U ≥ 1,

V2(τ̂U ) =
1

nTU
V 2(ωT |kTU ) +

1

nCU
V 2(ωC |kCU ) +

2nP

nTUn
C
U

V (ωT ,ωC |kP ).

Proof. Suppose that KG ∈ U satisfies Condition 1 and Xdef(τ̂G) = Xmax. Thus and
according to Equation 36, for any X ∈ Xmax, it holds that NA

G = nAG ≥ 1. According to Lemma
14 (4), it holds that kAG 6= 0. It follows that

V2(τ̂G)

= E[{τ̂G − E(τ̂G)}2] (∵ Equation 94 where f(XA) = τ̂G)

= E([(τ̂G − τ̄)− {E(τ̂G)− τ̄}]2)

= E([{E(βT + ωT |KGX
T )− E(βC + ωC |KGX

C)} − {E(βT |kTG)− E(βC |kCG)}]2)

(∵ Condition 1, Xdef(τ̂G) = Xmax, N
A
G ≥ 1 for any X ∈ Xmax, Equations 24 and 43)

= E([{E(βT + ωT |kTGXT )− E(βC + ωC |kCGXC)} − {E(βT |kTGXT )− E(βC |kCGXC)}]2)

(∵ Lemmas 8 and 12 (2))

= E[{E(ωT |kTGXT )− E(ωC |kCGXC)}2] (∵ Lemma 3 (1))

= E[{E(ωT |kTGXT )}2 + {E(ωC |kCGXC)}2 − 2E(ωT |kTGXT )E(ωC |kCGXC)]

= E[{E(ωT |kTGXT )}2] + E[{E(ωC |kCGXC)}2 − 2E{E(ωT |kTGXT )E(ωC |kCGXC)}
(∵ Lemma 10 (1))

=
1

nTG
V 2(ωT |kTG) +

1

nCG
V 2(ωC |kCG) +

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

(∵ kTG,k
C
G 6= 0,Lemmas 14 (2) and 17 (2)).

(128)

In particular, when kTG = kCG ≡ kG,

V2(τ̂G) =
1

nG
V 2(ωT |kG) +

1

nG
V 2(ωC |kG) +

2

nG
V (ωT ,ωC |kG) (∵ Equation 128, Lemma 14 (3))

=
1

nG
V 2(ωT + ωC |kG) (∵ Lemma 15 (6)).

(129)

(1) Under Assumption 1, it holds that Xdef(τ̂F ) = Xmax. When KG = KF ∈ U, according
to Lemma 13 (1), it follows that Equation 129 is equivalent to the desired result.

(2) Under Assumption 3 and NP = nP ≥ 1 (∵ Lemma 9 (1)), it holds that Xdef(τ̂P ) = Xmax.
When KG = KP ∈ U, according to Lemma 13 (2), it follows that Equation 129 is equivalent
to the desired result.

(3) Under Assumption 2 and NA
U = nAU ≥ 1 (∵ Lemma 9 (2)), it holds that Xdef(τ̂U ) = Xmax.

When KG = KU ∈ U, according to Lemma 13 (3), it follows that Equation 128 is equivalent
to the desired result.

�

In terms of my notation, Imbens & Rubin (2015, 227) and Imai (2008, 4861, Equation (8))
formalize V2(τ̂F ) as

1

(2n)2

2n/2∑
j=1

{(yC1j + yT1j)− (yC2j + yT2j)}2
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which leads to

1

4n2

∑
j

{(µC + βC1j + ωC
1j) + (µT + βT1j + ωT

1j)

− (µC + βC2j + ωC
2j)− (µT + βT2j + ωT

2j)}2 (∵ Lemma 4 (1))

=
1

4n2

∑
j

{(ωC
1j + ωT

1j)− (ωC
2j + ωT

2j)}2 (∵ Equation 18)

=
1

4n2

∑
j

{2(ωC
1j + ωT

1j)}2 (∵ Equations 19,)

=
1

n

∑
j(ω

C
ij + ωT

ij)
2∑

j 1

=
1

n
E{(ωC + ωT )2|1} (∵ Equation 12 (2))

where β ≡ (ωC + ωT )2 = {−(ωC
−i + ωT

−i)}2 = (ωC
−i + ωT

−i)
2 = β−i)

=
1

n
V 2(ωT + ωC |kF ) (∵ Lemma 17 (1))

= V2(τ̂F ) (∵ Proposition 2 (1))

Thus, our representation and theirs of V2(τ̂F ) are equivalent.

It follows:

V2(τ̂U )− V2(τ̂P )

=
1

nTU
V 2(ωT |kTU ) +

1

nCU
V 2(ωC |kCU ) +

2nP

nTUn
C
U

V (ωT ,ωC |kP )

−
{ 1

nP
V 2(ωT |kP ) +

1

nP
V 2(ωC |kP ) +

2nP
nPnP

V (ωT ,ωC |kP )
}

(∵ Proposition 2 (3), Equation 128)

=
{nPV 2(ωT |κT

U )

nTUV
2(ωT |κP )

− 1
} 1

nP
V 2(ωT |κP ) +

{nPV 2(ωC |κC
U )

nCUV
2(ωC |κP )

− 1
} 1

nP
V 2(ωC |κP )

+ 2
( n2

P

nTUn
C
U

− 1
) 1

nP
V (ωT ,ωC |κP ).

Note that

V 2(ωA|κA
U ) = E{(ωA)2|κA

U} (∵ Lemma 17 (1))

=
nP

nAU
E{(ωA)2|κP }+

(
1− nP

nAU

)
E{(ωA)2|κA

U − κP } (∵ Lemma 3 (5),κA
U 6= 0)

=
nP

nAU
V 2(ωA|κP ) +

(
1− nP

nAU

)
V 2(ωA|κA

U − κP ) (∵ Lemma 17 (1))

Therefore,

V 2(ωA|κA
U )− V 2(ωA|κP ) =

nAU − nP
nAU

{V 2(ωA|κA
U − κP )− V 2(ωA|κP )}. (130)

In the case of nA
U−nP

nA
U

> 0, if and only if V 2(ωA|κA
U − κP ) > V 2(ωA|κP ), it follows that

V 2(ωA|κA
U ) > V 2(ωA|κP ).
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2.4. Variance Estimator
2.4.1. Derivation
Neyman Variance Estimator. First, I derive Neyman variance estimator in a different way from

Imbens & Rubin (2015, 92). For KG ∈ U, suppose NA
G ≥ 2. According to Lemma 4 (1),

ωA = yA − µA − βA.

A natural estimator of µA is E(Y |KGX
A). When we observe XA

ij = 1,KG,ij = 1 and, thus,

yAij = Yij and regard βA as 0, we may estimate ωA
ij by

ω̂A
ij ≡ Yij − 0− E(Y |KGX

A).

Therefore, we may estimate ωA by

ω̂A ≡KGX
AD(Y |KGX

A). (131)

A natural estimator of V 2(ωA|kAG) is

NA
G

NA
G − 1

V 2(ω̂A|KGX
A)

=
NA

G

NA
G − 1

V 2{KGX
AD(Y |KGX

A)|KGX
A} (∵ Equation 131)

=
NA

G

NA
G − 1

V 2(D(Y |KGX
A)|KGX

A) (∵ Lemma 15 (3),KG,X
A ∈ U,Lemma 1 (5) and (6))

=
NA

G

NA
G − 1

V 2(Y |KGX
A) (∵ Lemma 15 (2)).

(132)

By estimating V 2(ωA|kAG) in Equation 128 by Equation 132, replacing nAG in Equation 128
by NA

G , and dismissing the third term of Equation 128, in the case of NA
G ≥ 2, I derive Neyman

variance estimator of V2(τ̂G) as

V̂Neyman(τ̂G) ≡
∑
A

1

NA
G − 1

V 2(Y |KGX
A), (133)

though we do not suppose Condition 1 and Xdef(τ̂G) = Xmax (as we do in deriving Equation
128). Note Equations 12 and 16.

In terms of my notation, Imbens & Rubin (2015, 92, 228) regard a pairwise randomized

experiment as a completely randomized experiment and apply V̂Neyman(τ̂F ), which they define
as ∑

A

1

n

1

n− 1

∑
j

∑
i

XA
ij{Yij − E(Y |XA)}2

and which leads to ∑
A

1

n

1

n− 1

n∑
j

∑
iX

A
ij

∑
j

∑
i

XA
ij{Yij − E(Y |XA)}2

=
∑
A

1

n− 1
E[{Y −E(Y |XA)}2|XA] (∵ Equation 4)

=
∑
A

1

n− 1
V 2(Y |XA) (∵ Equations 89 and 90)

= V̂Neyman(τ̂F ) (∵ Equations 12 and 133)

Thus, our definition and theirs of V̂Neyman(τ̂F ) are equivalent.
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Adjusted Neyman Variance Estimator. Actually, thanks to pairwise randomization, we do not

have to give up estimating the third term of Equation 128. Even if XA
ij = 1, noting ω−A = −ω−A−i

due to Equation 19, in the case of KG,−ij = 1, we may estimate ω−Aij by ω̂−Aij ≡ −ω̂−A−ij =

−{Y−ij − E(Y |KGX
−A)}, which is available because X−A−ij = 1 and y−A−ij = Y−ij is observed.

When NTC
G ≥ 2, it follows that KSQ

G XT 6= 0 (for, otherwise, due to Equation 96, NTC
G = 0, a

contradiction) and we may estimate V (ωT ,ωC |kTC
G ) by

NTC
G

NTC
G − 1

V (ω̂T ,−ω̂C
−i|KGX

TKG,−iX
C
−i)

= −
NTC

G

NTC
G − 1

V {KGX
TD(Y |KGX

T ),KG,−iX
C
−iD(Y−i|KG,−iX

C
−i)|K

SQ
G XT }

(∵ Equations 95 and 131, Lemmas 2 (4) and 15 (4))

= −
NTC

G

NTC
G − 1

V {D(Y |KGX
T ),D(Y−i|KG,−iX

C
−i)|K

SQ
G XT )}

(∵KG,X
A ∈ U,Equation 95, Lemmas 1 (5), 2 (4), and 15 (3), where Z(1) = KGX

T ,

Q(1) = D(Y |KGX
T ),Z(2) = KG,−iX

C
−i,Q

(2) = D(Y−i|KG,−iX
C
−i),U = KSQ

G XT )

= −
NTC

G

NTC
G − 1

E
[
D
{
D(Y |KGX

T )
∣∣∣KSQ

G XT
}
D
{
D(Y−i|KG,−iX

C
−i)
∣∣∣KSQ

G XT
}∣∣∣KSQ

G XT
]

(∵ Equation 89)

= −
NTC

G

NTC
G − 1

E{D(Y |KSQ
G XT )D(Y−i|KSQ

G XT )|KSQ
G XT } (∵ Lemma 15 (1),KSQ

G XT 6= 0)

= −
NTC

G

NTC
G − 1

V (Y ,Y−i|KSQ
G XT ) (∵ Equation 90)

= −
NTC

G

NTC
G − 1

V (Y ,Y−i|KSQ
G XA) (∵ Equation 95, Lemma 15 (8)).

(134)

By estimating V (ωT ,ωC |kTC
G ) by Equation 134 and replacing nTC

G by NTC
G in the third term

of Equation 128 and estimating the first and second terms of Equation 128 by V̂Neyman(τ̂G), in
the case of NTC

G ≥ 2 (which implies NA
G ≥ 2 according to Lemma 14 (5)), I propose adjusted

Neyman variance estimator of V2(τ̂G) as

V̂Adj-Neyman(τ̂G) ≡
∑
A

1

NA
G − 1

V 2(Y |KGX
A)−

2(NTC
G )2

NT
GN

C
G (NTC

G − 1)
V (Y ,Y−i|KSQ

G XA), (135)

though we do not suppose Condition 1 and Xdef(τ̂G) = Xmax. Note Equations 12, 16, 97 through
102.
Pairwise Variance Estimator. Suppose KG = KG,−i and NG ≥ 2 (c.f. Lemma 14 (1)). Note

ω̂T − ω̂C
−i = KGX

TD(Y |KGX
T )−KG,−iX

C
−iD(Y−i|KG,−iX

C
−i) (∵ Equation 131)

= KGX
T {Y −E(Y |KGX

T )} −KGX
T {Y−i −E(Y−i|KGX

T )}
(∵ Equation 88, KG = KG,−i, Lemma 2 (1))

= KGX
T {(Y − Y−i)−E(Y − Y−i|KGX

T )} (∵ Lemma 3 (1))

= KGX
TD(Y − Y−i|KGX

T ) (∵ Equation 88)

(136)

By estimating ωA by Equations 19 and 131, we may estimate V 2(ωT + ωC |kG) by

NG

NG − 1
V 2(ω̂T − ω̂C

−i|KGX
T ). (137)
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When NG ≥ 2, by substituting Equation 137 and replacing nG by NG in Equation 129, I
define the pairwise variance estimator of V2(τ̂G) as

V̂pair(τ̂G) ≡ 1

NG

{ NG

NG − 1
V 2(ω̂T − ω̂C

−i|KGX
T )
}

=
1

NG − 1
V 2{KGX

TD(Y − Y−i|KGX
T )|KGX

T } (∵ Equation 136)

=
1

NG − 1
V 2{D(Y − Y−i|KGX

T )|KGX
T } (∵ Lemma 15 (3))

=
1

NG − 1
V 2(Y − Y−i|KGX

T ) (∵ Lemma 15 (2))

=
1

NG − 1
V 2(Y − Y−i|KGX

A) (∵ Lemma 15 (8))

(138)

Note that we can define V̂pair(τ̂F ) (∵ KF = KF,−i, NF ≥ 2, Equation 12) and, in the case

of NP ≥ 2, V̂pair(τ̂P ) (∵ Equation 25) but not V̂pair(τ̂U ) (because it is not always true that
KU = KU,−i). Note that Equations 12 and 16.

In terms of my notation, Imbens & Rubin (2015, 227) and Imai (2008, 4861, Equation (9))

define V̂pair(τ̂F ) as
4

2n(2n− 2)

∑
j

{τ̂(j)− τ̂F }2, (139)

where
τ̂(j) ≡

∑
i

(2XT
ij − 1)Yij . (140)

Note

τ̂F = E(Y |KFX
T )− E(Y |KFX

C) (∵ Equation 11 and 12)

= E(Y |KFX
T )− E(Y |KF,−iX

T
−i) (∵ Lemma 2 (1), Equation 12)

= E(Y |KFX
T )− E(Y−i|KFX

T ) (∵ exchanging i and −i)
= E(Y − Y−i|KFX

T ) (∵ Lemma 3)

(141)

Equation 139 leads to

1

n(n− 1)

∑
j

{∑
i

(2XT
ij − 1)Yij − E(Y − Y−i|KFX

T )
}2

(∵ Equations 140 and 141)

=
1

n(n− 1)

∑
j

∑
i

KF,ijX
T
ij{(2XT

ij − 1)Yij + (2XT
−ij − 1)Y−ij − E(Y − Y−i|KFX

T )}2

=
1

n(n− 1)

∑
j

∑
i

KF,ij [{2(XT
ij)

2 −XT
ij}Yij + (2XT

ijX
T
−ij −XT

ij)Y−ij −XT
ijE(Y − Y−i|KFX

T )]2

=
1

n(n− 1)

∑
j

∑
i

KF,ij{XT
ijYij −XT

ijY−ij −XT
ijE(Y − Y−i|KFX

T )}2 (∵ Lemma 1 (5) and 2 (3))

=
1

n(n− 1)

n∑
j

∑
iKF,ijXT

ij

∑
j

∑
i

KF,ijX
T
ij{(Yij − Y−ij)− E(Y − Y−i|KFX

T )}2

=
1

n− 1
E[{(Y − Y−i)−E(Y − Y−i|KFX

T )}2|KFX
T ] (∵ Equations 3 (1) and 4)

=
1

n− 1
E[{D(Y − Y−i|KFX

T )}2|KFX
T ] (∵ Equation 88)

=
1

NF−1
V 2(Y − Y−i|KFX

T ) (∵ Equation 90)

= V̂pair(τ̂F ). (∵ Equations 12 and 138)
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Thus, our definition and theirs of V̂pair(τ̂F ) are equivalent. Note that, in deriving the variance
estimator, Imbens & Rubin (2015) “assume that the treatment effect is constant and additive,
not only within pairs but also across pairs” (226), namely, according to Lemmas 4 (3) and 5
(1), ωT − ωC = 0 and, thus, βT − βC = 0 , though we assume βT = βC = 0.

2.4.2. Properties
Lemma 18 (FS Expectation of FS Covariance). Suppose that KG ∈ U satisfies Con-

dition 1. For h ∈ {1, 2}, let ω,ω(h) ∈W,β,β(h) ∈ B,kG ∈ {kTG,kCG}.
(1)

E{V 2
h=1(β(h)|kGXA)} = V 2

h=1(β(h)|kG)

(2) When kG 6= 0,

E{V 2
h=1(ω(h)|kGXA)} =

nG − 1

nG
V 2
h=1(ω(h)|kG)

(3)
E{V (β,ω|kGXA)} = 0

Proof. (1) Note

D(β(h)|kGXA) = β(h) −E(β(h)|kGXA) (∵ Equation 88)

= β(h) −E(β(h)|kG) (∵ Lemma 12 (2))

= D(β(h)|kG), (∵ Equation 88)

(142)

Let

β′ =

2∏
h=1

D(β(h)|kG) (143)

It follows

β′−i =

2∏
h=1

D(β
(h)
−i |kG) (∵ Equation 143)

=

2∏
h=1

D(β(h)|kG) (∵ Equation 20)

= β′ (∵ Equation 143)

∴ β′ ∈ B

(144)

Thus,

E{V 2
h=1(β(h)|kGXA)}

= E
[
E
{ 2∏

h=1

D(β(h)|kGXA)
∣∣∣kGXA

}]
(∵ Equation 89

= E
[
E
{ 2∏

h=1

D(β(h)|kG)
∣∣∣kGXA

}]
(∵ Equation 142)

= E
{ 2∏

h=1

D(β(h)|kG)
∣∣∣kG} (∵ Lemma 12 (2), Equations 143 and 144)

= V 2
h=1(β(h)|kG) (∵ Equation 89)

(2) Note

D(ω|kG) = ω −E(ω|kG) (∵ Equation 88)

= ω (∵ Lemma 12 (1))
(145)
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Let

β′ =

2∏
h=1

ω(h) (146)

It follows

β′−i =

2∏
h=1

ω
(h)
−i (∵ Equation 146)

=

2∏
h=1

−ω(h) (∵ Equation 21)

=

2∏
h=1

ω(h)

= β′ (∵ Equation 146)

∴ β′ ∈ B

(147)

It holds

E
{
E
( 2∏

h=1

ω(h)
∣∣∣kGXA

)}
= E

( 2∏
h=1

ω(h)
∣∣∣kG) (∵ Lemma 12 (2), Equations 146 and 147)

= E
{ 2∏

h=1

D(ω(h)|kG)
∣∣∣kG}. (∵ Equation 145)

= V 2
h=1(ω(h)|kG) (∵ Equation 90)

(148)

Thus,

E{V 2
h=1(ω(h)|kGXA)}

= E
{
E
( 2∏

h=1

ω(h)
∣∣∣kGXA

)
−

2∏
h=1

E(ω(h)|kGXA)
}

(∵ Lemma 15 (7))

= V 2
h=1(ω(h)|kG)− 1

nG
V 2
h=1(ω(h)|kG) (∵ kG 6= 0,Equation 148, Lemmas 10, 14 (3) and 17 (2))

=
nG − 1

nG
V 2
h=1(ω(h)|kG)

(3) Let

ω′ = βω. (149)

It follows

ω′−i = β−iω−i (∵ Equation 149)

= β(−ω) (∵ Equations 20 and 21)

= −ω′ (∵ Equation 149)

∴ ω′ ∈W

(150)
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Thus,

E{V (β,ω|kGXA)}
= E{E(βω|kGXA)− E(β|kGXA)E(ω|kGXA)} (∵ Lemma 15 (7))

= E{E(ω′|kGXA)} − E(β|kG)E{E(ω|kGXA)} (∵ Lemma 10 and 12 (2), Equation 149)

= 0− E(β|kG) · 0 (∵ Lemma 12 (1), Equation 150)

= 0

(151)

�

Proposition 3 (Bias of the Neyman Variance Estimators: FS). (1) Under Assump-
tion 1,

E{V̂Neyman(τ̂F )} − V2(τ̂F ) =
1

nF − 1
{V 2(βT |kF ) + V 2(βC |kF )} − 2

nF
V (ωT ,ωC |kF ).

(2) Under Assumption 3 and nP ≥ 2,

E{V̂Neyman(τ̂P )} − V2(τ̂P ) =
1

nP − 1
{V 2(βT |kP ) + V 2(βC |kP )} − 2

nP
V (ωT ,ωC |kP ).

(3) Under Assumption 2 and nTU , n
C
U ≥ 2,

E{V̂Neyman(τ̂U )} − V2(τ̂U ) =
1

nTU − 1
V 2(βT |kTU ) +

1

nCU − 1
V 2(βC |kCU )− 2nP

nTUn
C
U

V (ωT ,ωC |kP ).

Proof. Note

D(yA|Z) = yA −E(yA|Z) (∵ Equation 88)

= µA + βA + ωA −E(µA + βA + ωA|Z) (∵ Lemma 4 (1))

= (µA − µA) + {βA −E(βA|Z)}+ {ωA −E(ωA|Z)} (∵ Lemma 3)

= D(βA|Z) +D(ωA|Z) (∵ Equation 88).

(152)

Suppose that KG ∈ U satisfies Condition 1 and Xdef{V̂Neyman(τ̂G)} = Xmax. It follows that
nAG ≥ 2, kAG 6= 0 (due to Lemma 14 (4)), and

E{V 2(Y |KGX
A)}

= E{V 2(Y XA|KGX
A)} (∵XA ∈ U,Lemma 1 (5) and 15 (3))

= E{V 2(yAXA|kAGXA)} (∵ Equation 22, Lemma 8)

= E{V 2(yA|kAGXA)} (∵ Lemma 15 (3))

= E(E[{D(yA|kAGXA)}2|kAGXA]) (∵ Equation 90)

= E(E[{D(βA|kAGXA) +D(ωA|kAGXA)}2|kAGXA]) (∵ Equation 152)

= E(E[{D(βA|kAGXA)}2|kAGXA]) + E(E[{D(ωA|kAGXA)}2|kAGXA])

+ 2E[E{D(βA|kAGXA)D(ωA|kAGXA)|kAGXA}] (∵ Lemma 10)

= E{V 2(βA|kAGXA)}+ E{V 2(ωA|kAGXA)}+ 2E{V (βA,ωA|kAGXA)} (∵ Equation 89

= V 2(βA|kAG) +
nAG − 1

nAG
V 2(ωA|kAG) + 0 (∵ kAG 6= 0,Lemma 18)

(153)



Supplementary Material 57

Since Xmax = Xdef{V̂Neyman(τ̂G)} ⊆ Xdef(τ̂G) ⊆ Xmax, it holds that Xdef(τ̂G) = Xmax. Therefore,

E{V̂Neyman(τ̂G)} − V2(τ̂G)

= E
{∑

A

1

NA
G − 1

V 2(Y |KGX
A)
}
−
{∑

A

1

nAG
V 2(ωA|kAG) +

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

}
(∵ Equations 128 and 133, Xdef(τ̂G) = Xmax)

=
∑
A

[ 1

nAG − 1

{
V 2(βA|kAG) +

nAG − 1

nAG
V 2(ωA|kAG)

}
− 1

nAG
V 2(ωA|kAG)

]
−

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

(∵ Equations 36 and 153, Lemma 10 )

=
∑
A

1

nAG − 1
V 2(βA|kAG)−

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

(154)

(1) Under Assumption 1, it holds that Xdef{V̂Neyman(τ̂F )} = Xmax (∵ Equation 12, NA
F =

n ≥ 2). When KG = KF ∈ U, according to Lemma 13 (1), it follows that Equation 154 is
equivalent to the desired result.

(2) Under Assumption 3 and NA
P = NP = nP ≥ 2 (∵ Equation 16, Lemma 9 (1)), it holds

that Xdef{V̂Neyman(τ̂P )} = Xmax. When KG = KP ∈ U, according to Lemma 13 (2), it follows
that Equation 154 is equivalent to the desired result.

(3) Under Assumption 2 andNA
U = nAU ≥ 2 (∵ Lemma 9 (2)), it holds that Xdef{V̂Neyman(τ̂U )} =

Xmax. When KG = KU ∈ U, according to Lemma 13 (3), it follows that Equation 154 is equiv-
alent to the desired result.

�

Proposition 4 (Bias of the Adjusted Neyman Variance Estimators: FS). (1) Un-
der Assumption 1,

E{V̂Adj-Neyman(τ̂F )} − V2(τ̂F ) =
1

nF − 1
V 2(βT − βC |kF ) ≥ 0.

(2) Under Assumption 3 and nP ≥ 2,

E{V̂Adj-Neyman(τ̂P )} − V2(τ̂P ) =
1

nP − 1
V 2(βT − βC |kP ) ≥ 0.

(3) Under Assumption 2 and nP ≥ 2,

E{V̂Adj-Neyman(τ̂U )} − V2(τ̂U )

=
1

nTU − 1
V 2(βT |kTU ) +

1

nCU − 1
V 2(βC |kCU )−

2n2
P

nTUn
C
U (nP − 1)

V (βT ,βC |kP ).

Note that, unlike Proposition 3 (3), one of the conditions of Proposition 4 (3) is not nTU , n
C
U ≥

2 but nP ≥ 2.

Proof. Suppose that KG ∈ U. Note

KSQ
G XT = KGKG,−iX

TXC
−i (∵ Equation 95, Lemma 2 (4))

= kTGX
TkCG,−iX

C
−i (∵ Lemma 8)

= kTC
G XTXC

−i (∵ Equation 103)

(155)

Suppose that KG satisfies Condition 1 and Xdef{V̂Adj-Neyman(τ̂G)} = Xmax. It follows that
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nTC
G ≥ 2 and

E{V (Y ,Y−i|KSQ
G XA)}

= E{V (Y XA,Y−iX
−A
−i |k

TC
G XAX−A−i )}

(∵XA,X−A ∈ U,Lemmas 1 (5) and 15 (3), Equation 155,XTXC
−i = XCXT

−i)

= E{V (yTXA,yC−iX
−A
−i |k

TC
G XAX−A−i )} (∵ Equation 22)

= E{V (yT ,yC−i|kTC
G XAX−A−i )} (∵ Lemma 15 (3))

= E[E{D(yT |kTC
G XA)D(yC−i|kTC

G XA)|kTC
G XA}] (∵ Equation 89, Lemma 2 (1) and (4))

= E(E[{D(βT |kTC
G XA) +D(ωT |kTC

G XA)}{D(βC
−i|kTC

G XA) +D(ωC
−i|kTC

G XA)}|kTC
G XA])

(∵ Equation 152)

= E[E{D(βT |kTC
G XA)D(βC |kTC

G XA)|kTC
G XA}]

+ E[E{D(ωT |kTC
G XA)D(−ωC |kTC

G XA)}|kTC
G XA}]

+ E[E{D(βT |kTC
G XA)D(−ωC |kTC

G XA)}|kTC
G XA}]

+ E[E{D(βC |kTC
G XA)D(ωT |kTC

G XA)|kTC
G XA}]

(∵ Lemmas 3 (1) and 10 (1), Equations 18 and 19)

= E{V (βT ,βC |kTC
G XA)} − E{V (ωT ,ωC |kTC

G XA)} − E{V (βT ,ωC |kTC
G XA)}

+ E{V (βC ,ωT |kTC
G XA)} (∵ Equation 89, Lemma 10 (2) and 15 (4))

= V (βT ,βC |kTC
G )−

nTC
G − 1

nTC
G

V (ωT ,ωC |kTC
G )− 0 + 0

(∵ nTC
G ≥ 2,kTC

G 6= 0,Lemmas 14 (4) and 18, Equation 109)

(156)

Since Xmax = Xdef{V̂Adj-Neyman(τ̂G)} ⊆ Xdef{V̂Neyman(τ̂G)} ⊆ Xmax, it holds that Xdef{V̂Neyman(τ̂G)} =
Xmax. Therefore,

E{V̂Adj-Neyman(τ̂G)} − V(τ̂G)

= E
{
V̂Neyman(τ̂G)−

2nTC
G

nTGn
C
G

nTC
G

nTC
G − 1

V (Y ,Y−i|KSQ
G XA)

}
− V(τ̂G)

(∵ Equations 36, 133 and 135, Lemma14 (2), nAG ≥ nTC
G ≥ 2)

=
[
E{V̂Neyman(τ̂G)} − V(τ̂G)

]
− E

{ 2nTC
G

nTGn
C
G

nTC
G

nTC
G − 1

V (Y ,Y−i|KSQ
G XA)

}
(∵ Lemma 10 (1),Xdef{V̂Adj-Neyman(τ̂G)} = Xdef{V̂Neyman(τ̂G)} = Xmax)

=
∑
A

1

nAG − 1
V 2(βA|kAG)−

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

−
2nTC

G

nTGn
C
G

nTC
G

nTC
G − 1

{
V (βT ,βC |kTC

G )−
nTC
G − 1

nTC
G

V (ωT ,ωC |kTC
G )

}
(∵ Xdef{V̂Neyman(τ̂G)} = Xmax,Equations 154 and 156, Lemma 10 (2))

=
∑
A

1

nAG − 1
V 2(βA|kAG)−

2nTC
G

nTGn
C
G

nTC
G

nTC
G − 1

V (βT ,βC |kTC
G )

(157)
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When kTG = kCG ≡ kG,

E{V̂Adj-Neyman(τ̂G)− V(τ̂G)} =
∑
A

1

nG − 1
V 2(βA|kG)− 2

nG − 1
V (βT ,βC |kG)

(∵ Equation 157, Lemma 14 (3))

=
1

nG − 1
V 2(βT − βC |kG) (∵ Lemma 15 (6))

(158)

(1) Under Assumption 1, it holds that Xdef{V̂Adj-Neyman(τ̂F )} = Xmax (∵ Equations 12 and
98, NTC

F = NF = n ≥ 2). When KG = KF ∈ U, according to Lemma 13 (1), it follows that
Equation 158 is equivalent to the desired result.

(2) Under Assumption 3 and NTC
P = NP = nP ≥ 2 (∵ Equation 102, Lemma 9 (1)), it holds

that Xdef{V̂Adj-Neyman(τ̂P )} = Xmax. When KG = KP ∈ U, according to Lemma 13 (2), it
follows that Equation 158 is equivalent to the desired result.

(3) Under Assumption 2 and NTC
U = NP = nP ≥ 2 (∵ Equation 100, Lemma 9 (2)), it holds

that Xdef{V̂Adj-Neyman(τ̂U )} = Xmax. When KG = KU ∈ U, according to Lemma 13 (3), it
follows that Equation 157 is equivalent to the desired result.

�

Proposition 5 (Equivalence between Variance Estimators). (1)

V̂Adj-Neyman(τ̂F ) = V̂pair(τ̂F ).

(2)

V̂Adj-Neyman(τ̂P ) = V̂pair(τ̂P ).

Proof. When KG = KG,−i and NG ≥ 2 (c.f. Lemma 14 (1)),

V̂Adj-Neyman(τ̂G)

=
1

NG − 1
V 2(Y |KGX

T ) +
1

NG − 1
V 2(Y |KGX

C)− 2

NG − 1
V (Y ,Y−i|KGX

T )

(∵ Equation 135, Lemma 14 (1))

=
1

NG − 1
[E{D(Y |KGX

T )2|KGX
T }+ E{D(Y |KGX

C)2|KGX
C}

− 2E{D(Y |KGX
T )D(Y |KGX

C)|KGX
T }] (∵ Equations 89 and 90)

=
1

NG − 1
[E{D(Y |KGX

T )2|KGX
T }+ E{D(Y |KG,−iX

T
−i)

2|KG,−iX
T
−i}

− 2E{D(Y |KGX
T )D(Y |KG,−iX

T
−i)|KGX

T }] (∵ Lemma 2 (1), KG = KG,−i)

=
1

NG − 1
[E{D(Y |KGX

T )2|KGX
T }+ E{D(Y−i|KGX

T )2|KGX
T }

− 2E{D(Y |KGX
T )D(Y−i|KGX

T )|KGX
T }] (∵ exchanging i and −i)

=
1

NG − 1
E{D(Y |KGX

T )2 +D(Y−i|KGX
T )2 − 2D(Y |KGX

T )D(Y−i|KGX
T )|KGX

T }

(∵ Lemma 3 (1))

=
1

NG − 1
E[{D(Y |KGX

T )−D(Y−i|KGX
T )}2|KGX

T ]

=
1

NG − 1
E[{D(Y − Y−i|KGX

T )}2|KGX
T ] (∵ Lemma 15 (5))

=
1

NG − 1
V 2(Y − Y−i|KGX

T ) (∵ Lemma 90)

= V̂pair(τ̂G) (∵ Equation 138)
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By substituting KG = KF or KG = KP and noting Equations 10, 11, 12, 15, and 25, the
desired results follow.

�

Brief comments follow. First, unlike Proposition 3 (3), one of the conditions of Proposition
4 (3) is not nTU , n

C
U ≥ 2 but nP ≥ 2 because NTC(KU ) = NP = nP should be not fewer than

two. Second, Propositions 3 and 4 hold whether or not Assumption 4 or 5 holds.
Note that V̂Adj-Neyman(τ̂F ) = V̂pair(τ̂F ) and V̂Adj-Neyman(τ̂P ) = V̂pair(τ̂P ) have positive bias,

though the directions of the other variance estimators’ bias are unknown. Note that

E{V̂Adj-Neyman(τ̂U )} − V2(τ̂U )

=
∑
A

1

nAU − 1
V 2(βA|kAU )−

n2
P

nTUn
C
U (nP − 1)

V (βT ,βC |kP )

=
∑
A

{ 1

nAU − 1
V 2(βA|kAU )−

2n2
P

nTUn
C
U (nP − 1)

V 2(βA|kP )
}

+
2n2

P

nTUn
C
U (nP − 1)

V 2(βA − βC |kP ).

In a similar way to Eqution 130, we can easily show that V 2(βA|kAU ) can be either larger or

smaller than V 2(βA|kP ). Note also that 1
nA

U−1
can be either larger or smaller than n2

P

nA
Un−A

U (nP−1)
.

For instance, when nAU = 3, n−AU = nP = 2, the former is smaller than the latter.

In terms of my notation, Imbens & Rubin (2015, 222, 227) formalize the bias of V̂pair(τ̂F ) as

4

2n(2n− 2)

∑
j

{τ(j)− τ̄}2 (159)

where

τ(j) ≡ 1

2

∑
i

(yTij − yCij)

=
1

2

∑
i

{(µTij + βTij + ωT
ij)− (µCij + βCij + ωC

ij)} (∵ Lemma 4 (1))

=
1

2
· 2(τ̄ + βT·j − βC·j ) (∵ Lemmas 4 (2) and 5 (1), Equation 18)

= τ̄ + βT·j − βC·j .

(160)

Equation 159 leads to

1

n(n− 1)

∑
j

(τ̄ + βT·j − βC·j − τ̄)2 (∵ Equation 160)

=
1

n− 1

∑
j kF,·j(β

T
·j − βC·j )2∑

j kF,·j
(∵ Equation 12)

=
1

n− 1
E{(βT − βC)2|kF } (∵ Lemma 12 (2))

=
1

n− 1
E[{βT − βC −E(βT − βC |kF )}2|kF ] (∵ Lemma 5 (2), Equation 12)

=
1

n− 1
V (βT − βC |kF ) (∵ Equation 90)

= E{V̂pair(τ̂F )} − V2(τ̂F ) (∵ Propositions 5 and 4 (1), Equation 12)

(161)

In terms of my notation, Imai (2008, 4862, Proposition 1) formalizes the bias of V̂pair(τ̂F ) as

1

(n− 1)n

∑
j

{
τ(j)−

∑
j τ(j)

n

}2
. (162)
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Equation 162 leads to

1

(n− 1)n

∑
j

(
τ̄ + βT·j − βC·j −

∑
j τ̄ + βT·j − βC·j

n

)2
(∵ Equation 160)

=
1

(n− 1)n

∑
j

(τ̄ + βT·j − βC·j − τ̄)2 (∵ Lemma 5 (2))

= E{V̂pair(τ̂F )} − V2(τ̂F ) (∵ Equation 161)

Note that efficiency analysis by Imai (2008, 4863-4866) compares V̂pair(τ̂F ) in pairwise ran-

domized experiments and V̂Neyman(τ̂F ) in completely randomized experiments. Thus, his interest
lies in comparison between the two randomization experiment designs. By contrast, I compare
V̂pair(τ̂F ) = V̂Adj-Neyman(τ̂F ) and V̂Neyman(τ̂F ), both in pairwise randomized experiments. That
is, I focus on comparison between the two variance estimators in pairwise randomized experi-
ments.

Imai (2008, p. 4866) warns that “the variance estimator used when breaking the matches

[i.e., V̂Neyman(τ̂F )] will be biased,” though neither Imai (2008) nor Imbens & Rubin (2015) nor
Snedecor & Cochran (1980, pp. 99–102) derives the bias as Proposition 3 (1) does. Note that

V̂Adj-Neyman(τ̂F ) is also biased (Proposition 4 (1)).

3. SUPER-POPULATION

3.1. Setting
3.1.1. Definition
I introduce super-population from which the above n pairs are drawn. I define super-population
variables and operators in the same way as, and denote them by adding superscript ∗ to, the
corresponding variables and operators for the above n pairs of finite sample. All lemmas and
equations in Section 2 hold in the super-population by adding superscript ∗ to the corresponding
variables and operators unless they are not concerned with both S∗ and E∗(·), which I define
shortly. Accordingly, there are n∗(> n) pairs in the super-population, and unit i∗ ∈ {1, 2} in
pair j∗ ∈ {1, 2, . . . , n∗} is denoted by unit i∗j∗. Define

• S∗i∗j∗ : the sampling indicator of unit i∗j∗

S∗i∗j∗ =

{
1 if pair j∗ is sampled.
0 otherwise.

Thus,

S∗1j∗ = S∗2j∗ ≡ S∗·j∗∑
j∗

S∗·j∗ = n.

When unit i∗j∗ is sampled (S∗i∗j∗ = 1), the unit is denoted by ij in the sampled n pairs, where

i = I(i∗j∗|S∗) ≡ i∗

j = J(j∗|S∗) ≡
j∗∑

j∗′=1

S∗·j∗′ .

For i ∈ {1, 2} and j ∈ {1, . . . , n}, define

I∗(ij|S∗) ≡ I−1(i|S∗) = i

J∗(j|S∗) ≡ J−1(j|S∗).
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Below, for ease of presentation, I simply notate I(i∗j∗), J(j∗), I∗(ij), and J∗(j) without clari-
fying that they are conditioned on S∗. The generic super-population vector is denoted by

Q∗ ≡ {Q∗i∗j∗}2n
∗

11

Denote the generic sampled vector by

Q(∗)(S∗) ≡ {Q∗I∗(ij)J∗(j)}
2n
11 = {Qij}2n11 = Q (163)

It follows

yA = yA(∗)(S∗)

rA = rA(∗)(S∗)

X = X(∗)(S∗)

KG = K
(∗)
G (S∗)

kAG = k
A(∗)
G (S∗)

q = q(∗)(S∗).

(164)

When Z∗ 6= 0∗, the super-population weighted mean operator is defined as

E∗(Q∗|Z∗) ≡
∑

j∗
∑

i∗ Z
∗
i∗j∗Q

∗
i∗j∗∑

j∗
∑

i∗ Z
∗
i∗j∗

, (165)

where Zij ≥ 0,
∑

j∗ ≡
∑n∗

j=1 and
∑

i∗ =
∑2

i∗=1, and, by abusing notation,

E∗(Q∗|0∗) ≡ 0. (166)

Denote
E(∗)(Q∗|Z∗) ≡ {E∗(Q∗|Z∗)}2n11 .

In particular, the super-population estimand, the super-population average treatment effect,
is defined as

τ̄∗ ≡ E∗(τ ∗|1∗). (167)

Lemma 19 (Sample and Super-population). (1)∑
j

∑
i

Q
(∗)
ij (S∗) =

∑
j∗

∑
i∗

S∗i∗j∗Q
∗
i∗j∗

(2) When
∑

hQ
(h)∗ = Q∗, ∑

h

Q(h)(∗)(S∗) = Q(∗)(S∗)

(3) When
∏

hQ
(h)∗ = Q∗, ∏

h

Q(h)(∗)(S∗) = Q(∗)(S∗)

(4)

E{Q(∗)(S∗)|Z(∗)(S∗)} = E∗(Q∗|S∗Z∗)
(5)

µA = µA∗ + E∗(βA∗|S∗)
βA = βA(∗)(S∗)−E(∗)(βA∗|S∗)
ωA = ωA(∗)(S∗)

τ̄ = τ̄∗ + E∗(βT∗ − βC∗|S∗)

(6) ∑
j

∏
i

Q
(∗)
ij (S∗) =

∑
j∗

S∗·j∗
∏
i∗

Q∗i∗j∗
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Proof. (1)

∑
j∗

∑
i∗

S∗i∗j∗Q
∗
i∗j∗ =

∑
j∗

S∗·j∗
∑
i∗

Q∗i∗j∗

=
∑

j∗:S∗·j∗=1

1
∑
i∗

Q∗i∗j∗ +
∑

j∗:S∗·j∗=0

0
∑
i∗

Q∗i∗j∗

=
∑

J(j∗):S∗
·J−1{J(j∗)}

=1

∑
I(i∗j∗)

Q∗I−1{I(i∗j∗)J(j∗)}J−1{J(j∗)}

(∵ changing the index from j∗ and i∗ to J(j∗) and I(i∗j∗), respectively)

=
∑
j

∑
i

Q∗I∗(ij)J∗(j) (∵ substituting J(j∗) with j and I(i∗j∗) with i)

=
∑
j

∑
i

Q
(∗)
ij (S∗) (∵ Equation 163)

(2)

∑
h

Q(h)(∗)(S∗) =
{∑

h

Q
(h)∗
I∗(ij)J∗(j)

}2n∗

11
(∵ Equation 163)

= {Q∗I∗(ij)J∗(j)}
2n∗

11 (∵
∑
h

Q(h)∗ = Q∗)

= Q(∗)(S∗) (∵ Equation 163)

(3)

∏
h

Q(h)(∗)(S∗) =
{∏

h

Q
(h)∗
I∗(ij)J∗(j)

}2n∗

11
(∵ Equation 163)

= {Q∗I∗(ij)J∗(j)}
2n∗

11 (∵
∏
h

Q(h)∗ = Q∗)

= Q(∗)(S∗) (∵ Equation 163)

(4) Let Q∗′ = Z∗Q∗. When S∗Z∗ 6= 0∗, it follows

E∗(Q∗|S∗Z∗) =

∑
j∗
∑

i∗ S
∗
i∗j∗Z

∗
i∗j∗Q

∗
i∗j∗∑

j∗
∑

i∗ S
∗
i∗j∗Z

∗
i∗j∗

(∵ Equation 165)

=

∑
j∗
∑

i∗ S
∗
i∗j∗Q

∗′
i∗j∗∑

j∗
∑

i∗ S
∗
i∗j∗Z

∗
i∗j∗

(∵ Q∗′ = Z∗Q∗)

=

∑
j

∑
iQ

(∗)′
ij (S∗)∑

j

∑
i Z

(∗)
ij (S∗)

(∵ Lemma 19 (1))

=

∑
j

∑
i Z

(∗)
ij (S∗)Q

(∗)
ij (S∗)∑

j

∑
i Z

(∗)
ij (S∗)

(∵ Lemma 19 (3))

= E{Q(∗)(S∗)|Z(∗)(S∗)} (∵ Equation 4)
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When S∗Z∗ = 0∗, ∑
j

∑
i

Z
(∗)
ij (S∗) =

∑
j∗

∑
i∗

S∗i∗j∗Z
∗
i∗j∗ (∵ Lemma 19 (1))

= 0 (∵ S∗Z∗ = 0∗)

∴ Z(∗)(S∗) = 0 (∵ Z∗i∗j∗ ≥ 0)

∴ E{Q(∗)(S∗)|Z(∗)(S∗)} = 0 (∵ Equation 5)

E∗(Q∗|S∗Z∗) = E∗(Q∗|0∗) (∵ S∗Z∗ = 0∗)

= 0 (∵ Equation 166)

∴ E∗(Q∗|S∗Z∗) = E{Q(∗)(S∗)|Z(∗)(S∗)}
(5) It holds

ω
A(∗)
ij (S∗) = ωA∗

I∗(ij)J∗(j) (∵ Equation 163)

= yA∗I∗(ij)J∗(j) −
1

2

∑
i

yA∗I∗(ij)J∗(j) (∵ Equation 19)

= yAij −
1

2

∑
i

yAij (∵ Equation 164)

= ωA
ij (∵ Equation 19)

(168)

Note

E∗(ωA∗|S∗) = E∗(ωA∗|S∗1∗)
= E{ωA(∗)(S∗)|1(∗)(S∗)} (∵ Lemma 19 (4))

= E(ωA|1) (∵ Equations 164 and 168)

= 0 (∵ Lemma 12 (1))

(169)

It follows

µA = E(yA|1) (∵ Equation 17)

= E{yA(∗)(S∗)|1(∗)(S∗)} (∵ Equation 164)

= E∗(yA∗|S∗1∗) (∵ Lemma 19 (4))

= E∗(µA∗ + βA∗ + ωA∗|S∗) (∵ Lemma 4 (1))

= µA∗ + E∗(βA∗|S∗) (∵ Lemma 3 (1) and (2), Equation 169)

(170)

It also holds

βA·j =
1

2

∑
i

yAij − µA (∵ Equation 18)

=
1

2

∑
i

yA∗I∗(ij)J∗(j) − µ
A (∵ Equation 164)

=
1

2

(∑
i

µA∗ + βA∗·J∗(j) + ωA∗
I∗(ij)J∗(j)

)
− {µA∗ + E∗(βA∗|S∗)} (∵ Lemma 4 (1), Equation 170)

= βA∗·J∗(j) − E
∗(βA∗|S∗) (∵ Lemma 5 (1))

= β
A(∗)
·j (S∗)− E∗(βA∗|S∗) (∵ Equation 163)

(171)

It follows

τ̄ = µT − µC (∵ Lemma 4 (2))

= {µT∗ + E∗(βT∗|S∗)} − {µC∗ + E∗(βC∗|S∗)} (∵ Equation 170)

= τ̄∗ + E∗(βT∗ − βC∗|S∗) (∵ Lemma 3 (1) and 4 (2))
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(6)

∑
j∗

S∗·j∗
∏
i∗

Q∗i∗j∗

=
∑

j∗:S∗·j∗=1

1
∏
i∗

Q∗i∗j∗ +
∑

j∗:S∗·j∗=0

0
∏
i∗

Q∗i∗j∗

=
∑

J(j∗):S∗
·J−1{J(j∗)}

=1

∏
I(i∗j∗)

Q∗I−1{I(i∗j∗)J(j∗)}J−1{J(j∗)}

(∵ changing the index from j∗ and i∗ to J(j∗) and I(i∗j∗), respectively)

=
∑
j

∏
i

Q∗I∗(ij)J∗(j) (∵ substituting J(j∗) and I(i∗j∗) with j and i, respectively)

=
∑
j

∏
i

Q
(∗)
ij (S∗) (∵ Equation 163)

�

Lemma 20 (Estimation Error: SP). For any K∗G ∈ U∗, when NA
G ≥ 1,

τ̂G − τ̄∗ = E∗(βT∗ + ωT∗|S∗K∗GXT∗)− E∗(βC∗ + ωC∗|S∗K∗GXC∗)

Proof. Let

δA ≡ βA + ωA

δA∗ ≡ βA∗ −E∗(βA∗|S∗) + ωA∗

ZA ≡KGX
A

ZA∗ ≡K∗GXA∗.

(172)

It follows

δA(∗)(S∗) = βA(∗)(S∗)−E(∗)(βA∗|S∗)(S∗) + ωA(∗)(S∗) (∵ Equation 172, Lemma 19 (2))

= {βA +E(∗)(βA∗|S∗)} −E(∗)(βA∗|S∗) + ωA (∵ Lemma 19 (5), Equation 164)

= βA + ωA

= δA (∵ Equation 172)

(173)

It also holds

ZA(∗)(S∗) = K
(∗)
G (S∗)XA(∗)(S∗) (∵ Equation 172, Lemma 19 (3))

= KGX
A (∵ Equation 164)

= ZA (∵ Equation 172)

(174)
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Therefore,

τ̂G − τ̄∗

= (τ̂G − τ̄)− (τ̄∗ − τ̄)

= {E(βT + ωT |KGX
T )− E(βC + ωC |KGX

C)}+ E∗(βT∗ − βC∗|S∗)
(∵ NA

G ≥ 1,Equation 24, Lemma 19 (5))

= E(δT |ZT )− E(δC |ZC) + E∗(βT∗ − βC∗|S∗) (∵ Equation 172)

= E{δT (∗)(S∗)|ZT (∗)(S∗)} − E{δC(∗)(S∗)|ZC(∗)(S∗)}+ E∗(βT∗ − βC∗|S∗)
(∵ Equations 173, and 174)

= E∗(δT∗|S∗ZT∗)− E∗(δC∗|S∗ZC∗) + E∗(βT∗ − βC∗|S∗) (∵ Lemma 19 (4))

= E∗{βT∗ −E∗(βT∗|S∗) + ωT∗|S∗K∗GXT∗} − E∗{βC∗ −E∗(βC∗|S∗) + ωC∗|S∗K∗GXC∗}
+ E∗(βT∗ − βC∗|S∗) (∵ Equation 172)

= E∗(βT∗ + ωT∗|S∗K∗GXT∗)− E∗(βC∗ + ωC∗|S∗K∗GXC∗) (∵ Lemma 3)

�

3.2. Bias
Sampling. Denote the maximum sampling space by

S∗max ≡
{
s∗
∣∣∣s∗ ∈ U∗, s∗1j∗ = s∗2j∗ ,

∑
j∗

s∗·j∗ = n
}
.

Let

{Θ∗} ≡ {(yT∗,yC∗, rT∗, rC∗)|yT∗,yC∗ ∈ Y∗max, r
T∗, rC∗ ∈ U∗}

We assume random sampling, that is,

• Ignorability of sampling: for any Θ∗ ∈ {Θ∗}, s∗ ∈ S∗max,

Pr(S∗ = s∗|S∗ ∈ S∗max,Θ
∗) = Pr(S∗ = s∗|S∗ ∈ S∗max). (175)

• Isoprobability of sampling: for any s(1)∗, s(2)∗ ∈ S∗max,

Pr(S∗ = s(1)∗|S∗ ∈ S∗max) = Pr(S∗ = s(2)∗|S∗ ∈ S∗max). (176)

Unlike X1j ’s, S
∗
·j ’s are not independent of each other. Instead, Equation 176 leads to conditional

independence (Equation 336). Note that, since n∗ > n, it follows that |S∗max| ≥ n + 1 ≥ 2 (see
Equations 192 and 194).

Note that, for any s∗ ∈ S∗max and the generic sampling space, S∗ ⊆ S∗max, when s∗ ∈ S∗ 6= ∅,

Pr(S∗ = s∗|S∗ ∈ S∗) =
Pr(S∗ = s∗|S∗ ∈ S∗max)

Pr(S∗ ∈ S∗|S∗ ∈ S∗max)
, (177)

and, when s∗ /∈ S∗,
Pr(S∗ = s∗|S∗ ∈ S∗) = 0.

By abusing notation, when S∗ = ∅, I define

Pr(S∗ = s∗|S∗ ∈ S∗) = 0. (178)

Assumption of Potential Outcome and Response. For K∗G ∈ U∗, like Condition 1, we define the
following condition:
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Condition 1∗ (Matched Attrition: SP).

kA∗G = kA∗G,−i.

Under Condition 1∗, for any s∗ ∈ S∗max, Condition 1 holds.
While the above assumptions of random sampling are mandatory, the following five assump-

tions of potential response (and outcome) are optional; we may invoke one or more of them in
some lemmas and propositions below.

When K∗G = K∗F , Condition 1∗ always holds and S∗def(τ̂G) = Smax (which we will explain
shortly) is equivalent to

Assumption 1∗ (No Attrition: SP).

rT∗ = rC∗ = 1∗.

When K∗G = K∗U , Condition 1∗ is equivalent to

Assumption 2∗ (Unitwise Matched Attrition: SP).

rT∗ = rT∗−i

rC∗ = rC∗−i .

When K∗G = K∗P , Condition 1∗ is equivalent to

Assumption 3∗ (Pairwise Matched Attrition: SP).

rT∗rC∗−i = rT∗−ir
C∗.

Like Condition 2, we define the following condition as well:

Condition 2∗ (Ignorable Attrition: SP). For any y∗ ∈ Y∗,

P (kA∗G = 1|yA∗ = y∗) = P (kA∗G = 1).

Unlike Condition 1∗, under Condition 2∗, it is not necessarily true that, for any s∗ ∈ S∗max,
Condition 2 holds.

When K∗G = K∗F , Condition 2∗ always holds.
When K∗G = K∗U , Condition 2∗ is equivalent to

Assumption 4∗ (Unitwise Ignorable Attrition: SP). For any yT∗ ∈ YT∗ and yC∗ ∈
YC∗,

P ∗(rT∗ = 1|yT∗ = yT∗) = P ∗(rT∗ = 1)

P ∗(rC∗ = 1|yC∗ = yC∗) = P ∗(rC∗ = 1)

When K∗G = K∗P , Condition 2∗ is equivalent to

Assumption 5∗ (Pairwise Ignorable Attrition: SP). For any yT∗ ∈ YT∗ and yC∗ ∈
YC∗,

P ∗(rT∗rC∗−i = 1|yT∗ = yT∗) = P ∗(rT∗rC∗−i = 1)

= P ∗(rT∗−ir
C∗ = 1|yC∗ = yC∗) = P ∗(rT∗−ir

C∗ = 1)

On the one hand, under Assumption 1∗, 2∗, and 3∗, for any sample s∗ ∈ S∗max, Assumption 1,
2, and 3 hold, respectively. On the other hand, under Assumptions 4∗ or 5∗, it is not guaranteed
that, for any sample s∗ ∈ S∗max, Assumption 4 and/or 5 hold. In addition, when the outcome is
a continuous variable, it will be less likely that the ignorable attrition assumptions hold. Recall
that the response is a binary variable. In these senses, one may say that the ignorable attrition
assumptions are stronger than the matched attrition assumptions.
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Number of Pairs. For a while, we suppose that K∗G ∈ U∗ satisfies Condition 1∗. Like Equation
31, we can define

nA∗G ≡
∑
j∗

kA∗G,·j∗ . (179)

For g ∈ {0, 1}, define

kA∗G (g) ≡

{
kA∗G if g = 1

1− kA∗G if g = 0,

denote the set of pairs where kA∗G,·j∗(g) = 1 by

JA∗G (g) ≡ {j∗|kA∗G,·j∗(g) = 1},

the number of super-population pairs in JA∗G (g) (namely, |JA∗G (g)|) by

nA∗G (g) ≡
∑
j∗

kA∗G,·j∗(g)

=

{
nA∗G if g = 1

n∗ − nA∗G if g = 0,
(∵ Equation 179)

(180)

and the number of finite-sample pairs from JA∗G (g) by

nAG(g) ≡
∑
j∗

S∗·j∗k
A∗
G,·j∗(g)

=
∑
j

kAG,·j(g) (∵ Lemma 19 (1))

=

{
nAG if g = 1

n− nAG if g = 0,
(∵ Condition 1 holds, Equation 31)

which is equal to the number of finite-sample pairs in JAG(g) (namely, |JAG(g)|).
Similarly, for (gT , gC) ∈ {0, 1}2 ≡ {(0, 0), (0, 1), (1, 0), (1, 1)}, define

k∗G(gT , gC) ≡
∏
A

kA∗G (gA),

denote the set of pairs where kA∗G,·j∗(g
T , gC) = 1 by

J∗G(gT , gC) ≡ {j∗|k∗G,·j∗(g
T , gC) = 1},

the number of super-population pairs in J∗G(gT , gC) (namely, |J∗G(gT , gC)|) by

n∗G(gT , gC) ≡
∑
j∗

k∗G,·j∗(g
T , gC), (181)

and the number of finite-sample pairs from J∗G(gT , gC) by

nG(gT , gC) ≡
∑
j∗

S∗·j∗k
∗
G,·j∗(g

T , gC)

=
∑
j

kG,·j(g
T , gC).

(182)

I also denote

kA∗G (gA, g−A) ≡ kA∗G (gA)k−A∗G (g−A)

= k∗G(gT , gC),
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and JA∗G (gA, g−A), nA∗G (gA, g−A), and nAG(gA, g−A) accordingly. Specifically, for instance,

nA∗G (1, 1) =
∑
j∗

kT∗G,·j∗k
C∗
G,·j∗

= nTC∗
G (∵ Equation 109)

nA∗G (1, 0) =
∑
j∗

kA∗G,·j∗(1− k−A∗G,·j∗)

=
∑
j∗

(kA∗G,·j∗ − kA∗G,·j∗k
−A∗
G,·j∗)

=
∑
j∗

kA∗G,·j∗ −
∑
j∗

kT∗G,·j∗k
C∗
G,·j∗

= nA∗G − nTC∗
G (∵ Equations 109 and 179)

nA∗G (0, 1) = n−A∗G (1, 0)

= n−A∗G − nTC∗
G

nA∗G (0, 0) =
∑
j∗

(1− kT∗G,·j∗)(1− kC∗G,·j∗)

=
∑
j∗

1−
∑
j∗

kT∗G,·j∗ −
∑
j∗

kC∗G,·j∗ +
∑
j∗

kT∗G,·j∗k
C∗
G,·j∗

= n∗ − nT∗G − nC∗G + nTC∗
G

(183)

For any g ∈ {0, 1}, thanks to kAG,·j(g) ∈ {0, 1} and Equation 180, it follows that 0 ≤ nAG(g) ≤
n. For any (gT , gC) ∈ {0, 1}2, thanks to kG,·j(g

T , gC) ∈ {0, 1} and Equation 182, it follows that
0 ≤ nG(gT , gC) ≤ n. Therefore,

max(0, nTG − n, nCG − n, nTG + nCG − n) ≤ nTC
G ≤ min(n, nTG, n

C
G, n

T
G + nCG)

∴ max(nTG + nCG − n, 0) ≤ nTC
G ≤ min(nTG, n

C
G).

Accordingly, define the maximum set of the triplet numbers of observed units as

Nmax ≡ {(nT , nC , nTC)|nT , nC , nTC ∈ {0, 1, . . . , n},max(nT +nC−n, 0) ≤ nTC ≤ min(nT , nC)},
(184)

and, for n̄ ∈ Nmax, where there are bar and no subscript G, and g ∈ {0, 1}, define

n̄A(g) ≡

{
n̄A if g = 1

n− n̄A if g = 0

n̄(gT , gC) ≡


n̄TC if (gT , gC) = (1, 1)

n̄T − n̄TC if (gT , gC) = (1, 0)

n̄C − n̄TC if (gT , gC) = (0, 1)

n− n̄T − n̄C + n̄TC if (gT , gC) = (0, 0)

(185)

I summarize difference among these notations of the number of pairs:

• n̄A(g) and n̄(gT , gC) are functions of n̄ ∈ Nmax and constant irrespective of K∗G, S∗, and
X.

• nA∗G and n∗G(gT , gC) are functions of K∗G and constant irrespective of S∗ and X.

• nAG and n(gT , gC) are functions of K∗G and S∗ and constant irrespective of X = X(∗)(s∗)
given S∗ = s∗.
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For (gTC , g−TC) ∈ {0, 1}2, define

kTC∗
G (gTC , g−TC) ≡


kTC∗
G if (gTC , g−TC) = (1, 1)

1− kTC∗
G if (gTC , g−TC) = (0, 1)

0 if (gTC , g−TC) = (1, 0) or (gTC , g−TC) = (0, 0)

(186)

and define nTC∗
G (gTC , g−TC) and nTC

G (gTC , g−TC) accordingly. Specifically, for instance,

nTC∗
G (gTC , g−TC) =

∑
j∗

κTC∗
G,·j∗(g

TC , g−TC)

=


nTC∗
G if (gTC , g−TC) = (1, 1)

n∗ − nTC∗
G if (gTC , g−TC) = (0, 1)

0 if (gTC , g−TC) = (1, 0) or (gTC , g−TC) = (0, 0)

(187)

Denote the triplet numbers of finite-sample pairs as

nG ≡ n(K∗G) ≡ (nTG, n
C
G, n

TC
G ).

Specifically, according to Lemma 13 and Equation 164,

nF ≡ n(K∗F ) = (n, n, n), (188)

under Assumption 3∗

nP ≡ n(K∗P ) = (nP , nP , nP ), (189)

and, under Assumption 2∗

nU ≡ n(K∗U ) = (nTU , n
C
U , nP ). (190)

For S∗ ⊆ S∗max, let S∗(·) denote the subset of S∗ conditioned that the argument holds for any
X ∈ Xmax. For instance, for n̄ ∈ Nmax,

S∗(nG = n̄) ≡ {s∗|s∗ ∈ S∗,nG = n̄}. (191)

For non-negative integers q∗ and q, when q∗ ≥ q, denote

q∗Cq ≡
q∗!

q!(q∗ − q)!
(192)

and, otherwise, by abusing notation, q∗Cq = 0 .

Lemma 21 (Isoprobability of Sampling). (1) For S∗ ⊆ S∗max,S∗ 6= ∅, s∗ ∈ S∗,

Pr(S∗ = s∗|S∗ ∈ S∗) =
1

|S∗|
.

(2) For s∗ ∈ S∗max,

Pr(S∗ = s∗|S∗ ∈ S∗max) =
n!(n∗ − n)!

n∗!
.

Proof. (1) Since s∗ ∈ S∗, it follows S∗ 6= ∅. When |S∗| = 1 and, thus, S∗ = {s∗}, the
desired result immediately follows. Suppose that |S∗| ≥ 2 and s(1)∗, s(2)∗ ∈ S∗. It follows

Pr(S∗ = s(1)∗|S∗ ∈ S∗) =
Pr(S∗ = s(1)∗|S∗ ∈ S∗max)

Pr(S∗ ∈ S∗|S∗ ∈ S∗max)
(∵ Equation 177, s(1)∗ ∈ S∗ 6= ∅)

=
Pr(S∗ = s(2)∗|S∗ ∈ S∗max)

Pr(S∗ ∈ S∗|S∗ ∈ S∗max)
(∵ Equation 176, s(1)∗, s(2)∗ ∈ S∗ ⊆ S∗max)

= Pr(S∗ = s(2)∗|S∗ ∈ S∗) (∵ Equation 177, s(2)∗ ∈ S∗ 6= ∅)
(193)
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According to the axiom of probability and Equation 193,

1 =
∑
s∗∈S∗

Pr(S∗ = s∗|S∗ ∈ S∗) (∵ the axiom of probability)

= |S∗| × Pr(S∗ = s∗|S∗ ∈ S∗) (for any s∗ ∈ S∗, ∵ Equation 193)

∴ Pr(S∗ = s∗|S∗ ∈ S∗) =
1

|S∗|
(∵ |S∗| ≥ 2)

(2) Since we sample n pairs from J∗ = {1, 2, . . . , n∗}, whose size is n∗, the number of sets of
such n pairs and, thus, the number of values s∗ ∈ S∗max can take is combination of n sampled
j∗’s such that s∗·j∗ = 1, namely,

|S∗max| = n∗Cn. (194)

Therefore,

Pr(S∗ = s∗|S∗ ∈ S∗max) =
1

|S∗max|
(∵ Lemma 21 (1))

=
n!(n∗ − n)!

n∗!
(∵ Equations 192 and 194)

�

Lemma 22 (Conditional Probability of Sampling). Suppose that K∗G ∈ U∗ satisfies
Condition 1∗, n̄ ∈ Nmax, and S∗max(nG = n̄) 6= ∅.

(1) Given (gT , gC) ∈ {0, 1}2, for any j∗ ∈ J∗G(gT , gC),

Pr{S∗·j∗ = 1|S∗ ∈ S∗max(nG = n̄)} =
n̄(gT , gC)

n∗G(gT , gC)

(2) Given (gT (h), gC(h)) ∈ {0, 1}2 for each h ∈ {1, 2}, for any j∗(h) ∈ J∗G(gT (h), gC(h)) for each
h ∈ {1, 2}, when j∗(1) 6= j∗(2),

Pr
{∏2

h=1 S
∗
·j∗(h) = 1

∣∣∣S∗ ∈ S∗max(nG = n̄)}

=


n̄(gT , gC){n̄(gT , gC)− 1}
n∗G(gT , gC){n∗G(gT , gC)− 1}

if (gT (1), gC(1)) = (gT (2), gC(2)) ≡ (gT , gC)

2∏
h=1

n̄(gT (h), gC(h))

n∗G(gT (h), gC(h))
if (gT (1), gC(1)) 6= (gT (2), gC(2))

Proof. Suppose nG = n̄. Since S∗max(nG = n̄) 6= ∅, it follows that n∗G(gT ′, gC′) ≥ n̄(gT ′, gC′)
for any (gT ′, gC′) ∈ {0, 1}2. For, otherwise, n∗G(gT ′, gC′) < n̄(gT ′, gC′) for some (gT ′, gC′) ∈
{0, 1}2 and we cannot sample n̄(gT ′, gC′) pairs from J∗G(gT ′, gC′), which implies S∗max(nG =
n̄) = ∅, a contradiction.

We sample n̄(gT ′, gC′) pairs from J∗G(gT ′, gC′), whose size is n∗G(gT ′, gC′). The number of
sets of such n̄(gT ′, gC′) pairs (including ∅ when n̄(gT ′, gC′) = 0) is n∗G(gT ′,gC′)Cn̄(gT ′,gC′) (note

q∗C0 = 1). Thus, the number of values s∗ ∈ S∗max(nG = n̄) can take is

|S∗max(nG = n̄)| =
∏

(gT ′,gC′)∈{0,1}2
n∗G(gT ′,gC′)Cn̄(gT ′,gC′) (195)

because J∗G(gT ′, gC′) ∩ J∗G(gT ′′, gC′′) = ∅ when (gT ′, gC′) 6= (gT ′′, gC′′).
(1) Since j∗ ∈ J∗G(gT , gC), n∗G(gT , gC) ≥ 1. When n̄(gT , gC) < 1, we cannot sample any pair

from J∗G(gT , gC). Thus, both sides of the equation in Lemma 22 (1) are equal to each other
(zero). Below, we suppose n̄(gT , gC) ≥ 1.

When S∗·j∗ = 1, we sample pair j∗ from J∗G(gT , gC) and n̄(gT , gC)−1 pairs from J∗G(gT , gC)\
{j∗}, whose size is n∗G(gT , gC)−1. The number of sets of such n̄(gT , gC)−1 pairs is {n∗G(gT ,gC)−1}Cn̄(gT ,gC)−1.
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We also sample, for every (gT ′, gC′) ∈ {0, 1}2 \ {(gT , gC)}, n̄(gT ′, gC′) pairs from J∗G(gT ′, gC′).
Thus, the number of values s∗ ∈ S∗max(nG = n̄, S∗·j∗ = 1) can take is

|S∗max(nG = n̄, S∗·j∗ = 1)| = n∗G(gT ,gC)−1Cn̄(gT ,gC)−1

∏
(gT ′,gC′) 6=(gT ,gC)

n∗G(gT ′,gC′)Cn̄(gT ′,gC′). (196)

Therefore,

Pr{S∗·j∗ = 1|S∗ ∈ S∗max(nG = n̄)} = Pr{S∗ ∈ S∗max(nG = n̄, S∗·j∗ = 1)|S∗ ∈ S∗max(nG = n̄)}

=
Pr(S∗ = s∗|S∗ ∈ S∗max)× |S∗max(nG = n̄, S∗·j∗ = 1)|

Pr(S∗ = s∗|S∗ ∈ S∗max)× |S∗max(nG = n̄)|
(∵ S∗max(nG = n̄, S∗·j∗ = 1) ⊂ S∗max(nG = n̄),Equation 176)

=
n∗G(gT ,gC)−1Cn̄(gT ,gC)−1

n∗G(gT ,gC)Cn̄(gT ,gC)
(∵ Equations 195 and 196)

=
n̄(gT , gC)

n∗G(gT , gC)
(∵ Equation 192)

(2) In the case of (gT (1), gC(1)) = (gT (2), gC(2)) ≡ (gT , gC):
Since j∗(h) ∈ J∗G(gT , gC) for every h ∈ {1, 2} and j∗(1) 6= j∗(2), n∗G(gT , gC) ≥ 2. When

n̄(gT , gC) < 2, we cannot sample two pairs from J∗G(gT , gC). Thus, both sides of the equation
in Lemma 22 (2) are equal to each other (zero). Below, we suppose n̄(gT , gC) ≥ 2.

When
∏2

h=1 S
∗
·j∗(h) = 1, we sample pairs j∗(1) and j∗(2) from J∗G(gT , gC) and n̄(gT , gC)− 2

pairs from J∗G(gT , gC) \ {j∗(1), j∗(2)}, whose size is n∗G(gT , gC) − 2 (∵ j∗(1) 6= j∗(2)). The
number of sets of such n̄(gT , gC)−2 pairs is {n∗G(gT ,gC)−2}Cn̄(gT ,gC)−2. We also sample, for every

(gT ′, gC′) ∈ {0, 1}2 \ {(gT , gC)}, n̄(gT ′, gC′) pairs from J∗G(gT ′, gC′). Thus, the number of values

s∗ ∈ S∗max(nG = n̄,
∏2

h=1 S
∗
·j∗(h) = 1) can take is

∣∣∣S∗max

(
nG = n̄,

2∏
h=1

S∗·j∗(h) = 1
)∣∣∣ = n∗G(gT ,gC)−2Cn̄(gT ,gC)−2

∏
(gT ′,gC′)6=(gT ,gC)

n∗G(gT ′,gC′)Cn̄(gT ′,gC′).

(197)
Therefore,

Pr
{ 2∏

h=1

S∗·j∗(h) = 1
∣∣∣S∗ ∈ S∗max(nG = n̄)

}
=
|S∗max(nG = n̄,

∏2
h=1 S

∗
·j∗(h) = 1)|

|S∗max(nG = n̄)|

(∵ S∗max

(
nG = n̄,

2∏
h=1

S∗·j∗(h) = 1
)
∈ S∗max(nG = n̄),Equation 176)

=
n∗G(gT ,gC)−2Cn̄(gT ,gC)−2

n∗G(gT ,gC)Cn̄(gT ,gC)
(∵ Equations 195 and 197)

=
n̄(gT , gC){n̄(gT , gC)− 1}
n∗G(gT , gC){n∗G(gT , gC)− 1}

(∵ Equation 192)

In the case of (gT (1), gC(1)) 6= (gT (2), gC(2)):
Since j∗(h) ∈ J∗G(gT (h), gC(h)) for every h ∈ {1, 2} and

⋂2
h=1 J∗G(gT (h), gC(h)) = ∅ (∵ (gT (1), gC(1)) 6=

(gT (2), gC(2))), it follows that n∗G(gT , gC) ≥ 1. When n̄(gT (h′), gC(h′)) < 1 for some h′ ∈ {1, 2},
we cannot sample any pair from J∗G(gT (h′), gC(h′)). Thus, both sides of the equation in Lemma

22 (2) are equal to each other (zero). Below, we suppose n̄(gT (h), gC(h)) ≥ 1 for every h ∈ {1, 2}.
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When
∏2

h=1 S
∗
·j∗(h) = 1, for every h ∈ {1, 2}, we sample pair j∗(h) from J∗G(gT (h), gC(h))

and n̄(gT (h), gC(h)) − 1 pairs from J∗G(gT (h), gC(h)) \ {j∗(h)}, whose size is n∗G(gT (h), gC(h)) −
1 (∵

⋂2
h=1 J∗G(gT (h), gC(h)) = ∅). The number of sets of such n̄(gT (h), gC(h)) − 1 pairs is

{n∗G(gT (h),gC(h))−1}C{n̄(gT (h),gC(h))−1}. We also sample, for every (gT ′, gC′) ∈ {0, 1}2\{(gT (h), gC(h)), h ∈
{1, 2}}, n̄(gT ′, gC′) pairs from J∗G(gT ′, gC′). Thus, the number of values s∗ ∈ S∗max(nG =

n̄,
∏2

h=1 S
∗
·j∗(h) = 1) can take is

∣∣∣S∗max

(
nG = n̄,

2∏
h=1

S∗·j∗(h) = 1
)∣∣∣

=
[ 2∏
h=1

{n∗G(gT (h),gC(h))−1}C{n̄(gT (h),gC(h))−1}

]
×
[ ∏

(gT ′,gC′)/∈{(gT (h),gC(h)),h∈{1,2}}
n∗G(gT ′,gC′)Cn̄(gT ′,gC′)

]
.

(198)

Therefore,

Pr
{ 2∏

h=1

S∗·j∗(h) = 1
∣∣∣S∗ ∈ S∗max(nG = n̄)}

=

2∏
h=1

{n∗G(gT (h),gC(h))−1}C{n̄(gT (h),gC(h))−1}

n∗G(gT (h),gC(h))Cn̄(gT (h),gC(h))
(∵ Equations 192, 195, and 198)

=

2∏
h=1

n̄(gT (h), gC(h))

n∗G(gT (h), gC(h))
(∵ Equation 176)

�

Expectation. Let

Θ(∗)(S∗) ≡ (yT (∗)(S∗),yT (∗)(S∗), rT (∗)(S∗), rT (∗)(S∗))

= (yT ,yC , rT , rC)

≡ Θ

For the generic function of the super-population treatment assignment vector and the super-
population sampling indicator vector,

f∗X,S(X∗,S∗|Θ∗) ≡ fX{X(∗)(S∗)|Θ(∗)(S∗)},

define the well behaved sampling space as

S∗def(f
∗
X,S) ≡ {s∗|s∗ ∈ S∗max,Xdef[fX{X(∗)(s∗)|Θ(∗)(s∗)}] = Xmax}.

For f∗X,S(X∗,S∗) and S∗ ⊆ S∗def(f
∗
X,S), the super-population expectation operator is defined

as
E∗{f∗X,S(X∗,S∗|Θ∗)|S∗} ≡ E∗S [EX{fX,S(X∗,S∗|Θ∗)}|S∗], (199)

where

EX{fX(X)} ≡ E{fX(X)}
∴ EX{fX,S(X∗, s∗|Θ∗)} = E[fX{X(∗)(s∗)|Θ(∗)(s∗)}]

=
∑

x∈Xmax

Pr{X(∗)(s∗) = x}fX{x|Θ(∗)(s∗)}

≡ f∗S(s∗|Θ∗)

E∗S{f∗S(S∗|Θ∗)|S∗} ≡
∑
s∗∈S∗

Pr(S∗ = s∗|S∗ ∈ S∗)f∗S(s∗|Θ∗).

(200)
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Note

E∗{f∗X,S(X∗,S∗|Θ∗)|∅} = 0 (∵ Equations 178, 199, and 200) (201)

Suppose that K∗G ∈ U∗ satisfies Condition 1∗, S∗ ⊆ S∗max, and n̄ ∈ Nmax. Denote expectation
conditional on the triplet numbers of pairs as

E∗S|N{f
∗
S(S∗)|S∗(nG = n̄)} ≡ E∗{f∗S(S∗)|S∗(nG = n̄)} (202)

and expectation over the triplet numbers of pairs as

E∗N{f∗N (nG)|S∗} ≡ E∗{f∗N (nG)|S∗} (203)

Lemma 23 (Arithmetic of Expectation: SP). (1) When

S∗ ⊆
{
S∗def

(∑
h

f
(h)∗
X,S

)
∩
⋂
h

S∗def(f
(h)∗
X,S )

}
,

It follows

E∗
{∑

h

f
(h)∗
X,S (X∗,S∗)

∣∣∣S∗} =
∑
h

E∗{f (h)∗
X,S (X∗,S∗)|S∗}

(2) Suppose that K∗G ∈ U∗ satisfies Condition 1∗ and S∗ ⊆ S∗max. It follows

E∗S{f∗S(S∗)|S∗} = E∗N [E∗S|N{f
∗
S(S∗)|S∗(nG)}|S∗]

= E∗N{f∗N (nG)|S∗}

=
∑

n̄∈Nmax

Pr(nG = n̄|S∗ ∈ S∗)f∗N (n̄),

where

f∗N (n̄) ≡ E∗{f∗S(S∗)|S∗(nG = n̄)}.

(3) When S∗ 6= ∅,

E(q|S∗) = q.

Proof. (1)

E∗
{∑

h

f
(h)∗
X,S (X∗,S∗)

∣∣∣S∗}
=
∑
s∗∈S∗

Pr(S∗ = s∗|S∗ ∈ S∗)
∑

x∈Xmax

Pr{X(∗)(s∗) = x|X(∗)(s∗) ∈ Xmax}
∑
h

f
(h)
X {x(s∗)}

(∵ Equation 200, S∗ ⊆ S∗def

(∑
h

f
(h)∗
X,S

)
)

=
∑
h

∑
s∗∈S∗

Pr(S∗ = s∗|S∗ ∈ S∗)
∑

x∈Xmax

Pr{X(∗)(s∗) = x|X(∗)(s∗) ∈ Xmax}f (h)
X {x(s∗)}

(∵ S∗ ⊆
⋂
h

S∗def(f
(h)∗
X,S ))

=
∑
h

E∗{f (h)∗
X,S (X∗,S∗)|S∗} (∵ Equation 200)
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(2)

E∗S{f∗S(S∗)|S∗}

=
∑
s∗∈S∗

Pr(S∗ = s∗|S∗ ∈ S∗)f∗S(s∗) (∵ Equation 200)

=
∑

n̄∈Nmax

∑
s∗∈S∗(nG=n̄)

Pr{S∗ = s∗,nG = n̄|S∗ ∈ S∗}f∗S(s∗)

=
∑

n̄∈Nmax

Pr(nG = n̄|S∗ ∈ S∗)
∑

s∗∈S∗(nG=n̄)

Pr{S∗ = s∗|S∗ ∈ S∗(nG = n̄)}f∗S(s∗)

=
∑

n̄∈Nmax

Pr(nG = n̄|S∗ ∈ S∗)E∗S|N{f
∗
S(S∗)|S∗(nG = n̄)} (∵ Equations 200 and 202)

=
∑

n̄∈Nmax

Pr(nG = n̄|S∗ ∈ S∗)f∗N (n̄)

=
∑

n̄∈Nmax

∑
s∗∈S∗

Pr(S∗ = s∗,nG = n̄|S∗ ∈ S∗)f∗N (n̄)

=
∑
s∗∈S∗

∑
n̄∈Nmax

Pr(nG = n̄|S∗ ∈ S∗,S∗ = s∗) Pr(S∗ = s∗|S∗ ∈ S∗)f∗N (n̄)

=
∑
s∗∈S∗

∑
n̄∈Nmax

{I(nG = n̄) · 1 · Pr(S∗ = s∗|S∗ ∈ S∗)f∗N (nG)

+ I(nG 6= n̄) · 0 · Pr(S∗ = s∗|S∗ ∈ S∗)f∗N (n̄)}

=
∑
s∗∈S∗

Pr(S∗ = s∗|S∗ ∈ S∗)f∗N (nG)

= E∗N{f∗N (nG)|S∗} (∵ Equations 200 and 203)

= E∗N [E∗S|N{f
∗
S(S∗)|S∗(nG)}|S∗]

(3)

E∗(q|S∗) =
∑
s∗∈S∗

Pr{S∗ = s∗|S∗ ∈ S∗}q (∵ Equation 200)

= q
∑
s∗∈S∗

Pr{S∗ = s∗|S∗ ∈ S∗}

= q · 1 (∵ S∗ 6= ∅, the axiom of the probability)

= q.

�

For m ∈ {1, 2, . . . , n}, denote

Nm ≡ {n|n ∈ Nmax, n
T , nC ≥ m}

NAm ≡ {n|n ∈ Nmax, n
A ≥ m}.

(204)

It holds NAm ⊇ Nm and, when A(1) 6= A(2), it holds
⋂2

h=1 NA(h)m = Nm.
For n̄ ∈ NA1, define mean of Q∗ weighted by kA∗G and adjusted by n̄ as

E∗N (Q∗|kA∗G , n̄) ≡
1∑

g−A=0

n̄A(1, g−A)

n̄A
E∗{Q∗|kA∗G (1, g−A)} (205)

and when n̄A = 0,
E∗N (Q∗|kA∗G , n̄) ≡ 0. (206)
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Lemma 24 (Expectation of Mean). Suppose that K∗G ∈ U∗ satisfies Condition 1∗, β∗ ∈
B∗, n̄ ∈ N ⊆ Nmax,S∗N ≡ S∗max(nG = n̄),S∗N 6= ∅, and S∗G ≡ S∗max(nG ∈ N).

(1) For any (gT , gC) ∈ {0, 1}2, when n̄(gT , gC) ≥ 1 or n∗G(gT , gC) = 0,

E∗S|N [E∗{β∗|S∗k∗G(gT , gC)}|S∗N ] = E∗{β∗|k∗G(gT , gC)}.

(2)
E∗S|N{E

∗(β∗|S∗kA∗G )|S∗N} = E∗N (β∗|kA∗G , n̄).

(3)
E∗{E∗(β∗|S∗kA∗G )|S∗G} = E∗{E∗N (β∗|kA∗G ,nG)|S∗G},

Proof. (1) For any S∗ ⊆ S∗max,

E∗(S∗·j∗ |S∗) =
∑
s∗∈S∗

Pr(S∗ = s∗|S∗ ∈ S∗)s∗·j∗ (∵ Equation 200)

=

1∑
s=0

Pr(S∗·j∗ = s|S∗ ∈ S∗)s

= Pr(S∗·j∗ = 1|S∗ ∈ S∗).

(207)

When nG = n̄,

n∗G(gT , gC) ≥ nG(gT , gC) (∵ Equations 181 and 182)

= n̄(gT , gC) (∵ nG = n̄)

≥ 0 (∵ n̄ ∈ Nmax)

(208)

In addition, when n̄(gT , gC) ≥ 1,

n∗G(gT , gC) ≥ 1(∵ Equation 208)

∴ k∗G,·j∗(g
T , gC) 6= 0∗ (∵ Lemma 14 (4))

(209)

It follows

E∗S|N [E∗{β∗|S∗k∗G(gT , gC)}|S∗N ]

= E∗S|N
{∑

j∗ S
∗
j∗k
∗
G,·j∗(g

T , gC)β∗·j∗∑
j∗ S

∗
j∗k
∗
G,·j∗(g

T , gC)

∣∣∣S∗N} (∵ Equations 165 and 209)

=
1

n̄(gT , gC)

∑
j∗

E∗S|N (S∗j∗ |S∗N )k∗G,·j∗(g
T , gC)β∗·j∗

(∵ Equation 36, Lemmas 10, 19 (1), and 23 (1),nG = n̄, n̄(gT , gC) ≥ 1)

=
1

n̄(gT , gC)

∑
j∗

Pr(S∗·j∗ = 1|S∗ ∈ S∗N )k∗G,·j∗(g
T , gC)β∗·j∗ (∵ Equation 207)

=
1

n̄(gT , gC)

∑
j∗∈J∗G(gT ,gC)

Pr(S∗·j∗ = 1|S∗ ∈ S∗N )k∗G,·j∗(g
T , gC)β∗·j∗

(∵ when j∗ /∈ J∗G(gT , gC), k∗G,·j∗(g
T , gC) = 0)

=
1

n̄(gT , gC)

∑
j∗∈J∗G(gT ,gC)

n̄(gT , gC)

n∗G(gT , gC)
k∗G,·j∗(g

T , gC)β∗·j∗ (∵ S∗N 6= ∅,Lemma 22 (1), Equation 209)

=
∑
j∗

k∗G,·j∗(g
T , gC)β∗·j∗

n∗G(gT , gC)
(∵ when j∗ /∈ J∗G(gT , gC), k∗G,·j∗(g

T , gC) = 0)

= E∗{β∗|k∗G(gT , gC)} (∵ Equations 165, 181, and 209)
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When n∗G(gT , gC) = 0, it follows that

k∗G(gT , gC) = 0∗ (∵ Lemma 14 (4))

∴ E∗{β∗|k∗G(gT , gC)} = 0 (∵ Equation 166)

and

E∗{β∗|S∗k∗G(gT , gC)} = 0 (∵ S∗k∗G(gT , gC) = 0∗, Equation 166)

∴ E∗S|N [E∗{β∗|S∗k∗G(gT , gC)}|S∗N ] = 0

For reference, since S∗N 6= ∅, according to Equation 208, n∗G(gT , gC) = 0 leads to n̄(gT , gC) = 0.
(2) Suppose nG = n̄. Thus, it holds that nAG = n̄A and S∗ ∈ S∗N .
When n̄A = 0, it follows that

E∗N (β∗|kA∗G , n̄) = 0 (∵ Equation 206)

and

E∗(β∗|S∗kA∗G ) = 0 (∵ Lemma 14 (4), S∗kA∗G = 0∗, Equation 166)

∴ E∗S|N{E
∗(β∗|S∗kA∗G )|S∗N} = 0

= E∗N (β∗|kA∗G , n̄).

Below, suppose n̄A ≥ 1. It follows

E∗S|N{E
∗(β∗|S∗kA∗G )|S∗N}

= E∗S|N
[ 1∑
g−A=0

nAG(1, g−A)

nAG
E∗{β∗|S∗kA∗G (1, g−A)}

∣∣∣S∗N] (∵ Lemma 3 (5),

where Z(1) = S∗kA∗G 6= 0∗,Z(2) = k−A∗G , Lemmas 14 (4) and 19 (1), Equations 9 and 182)

=

1∑
g−A=0

E∗S|N
[nAG(1, g−A)

nAG
E∗{β∗|S∗kA∗G (1, g−A)}

∣∣∣S∗N] (∵ Lemma 23 (1))

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
E∗S|N [E∗{β∗|S∗kA∗G (1, g−A)}|S∗N ] (∵ Lemma 10 (2), nG = n̄)

(210)

where

S∗def

[ 1∑
g−A=0

nAG(1, g−A)

nAG
E∗{β∗|S∗kA∗G (1, g−A)}

]
= S∗def

[nAG(1, g−A)

nAG
E∗{β∗|S∗kA∗G (1, g−A)}

]
= S∗max(nAG ≥ 1)

S∗N ∈ S∗max(nAG ≥ 1).

When n̄A(1, g−A) ≥ 1 for any g−A ∈ {0, 1}, Equation 210 is equal to

1∑
g−A=0

n̄A(1, g−A)

n̄A
E∗{β∗|k∗G(1, g−A)} (∵ Lemma24 (1))

= E∗N (β∗|kA∗G , n̄) (∵ Equation 205)

When n̄A(1, g−A) ≥ 1 and n̄A(1, 1 − g−A) = 0 for either g−A = 0 or g−A = 1, Equation 210 is
equal to

n̄A(1, g−A)

n̄A
E∗{β∗|k∗G(1, g−A)}+

0

n̄A
· 0

= E∗N (β∗|kA∗G , n̄).
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It is not possible that n̄A(1, g−A) = 0 for any g−A ∈ {0, 1}. Suppose otherwise. It would hold

n̄A =

1∑
g−A=0

n̄A(1, g−A) (∵ Equation 185)

= 0,

a contradiction. This completes the proof.
(3)

E∗{E∗(β∗|S∗kA∗G )|S∗G} = E∗N [E∗S|N{E
∗(β∗|S∗kA∗G )|S∗N}|S∗G] (∵ Lemma 23 (2))

= E∗{E∗N (β∗|kA∗G ,nG)|S∗G} (∵ S∗N 6= ∅,Lemma 24 (2), Equation 203)

�

Suppose that K∗G ∈ U∗ satisfies Condition 1∗. For m ∈ {1, 2, . . . , n}, define m-th moment
feasible sampling space as

Sm∗G ≡ Sm∗(K∗G) ≡ S∗max(nG ∈ Nm)

SAm∗
G ≡ SAm∗(K∗G) ≡ S∗max(nG ∈ NAm).

(211)

Specifically,

Sm∗F ≡ Sm∗(K∗F )

= S∗max(nF ∈ Nm) (∵ Lemma 13 (1), Equations 188 and 211)

= S∗max(n ≥ m) (∵ Equations 188 and 204)

= S∗max (∵ m ∈ {1, 2, . . . , n})

(212)

under Assumption 3∗

Sm∗P ≡ Sm∗(K∗P )

= S∗max(nP ∈ Nm) (∵ Lemma 13 (2), Equations 189 and 211)

= S∗max(nP ≥ m) (∵ Equations 189 and 204)

(213)

and under Assumption 2∗

Sm∗U ≡ Sm∗(K∗U )

= S∗max(nU ∈ Nm) (∵ Lemma 13 (3), Equations 190 and 211)

= S∗max(nAU ≥ m) (∵ Equations 190 and 204)

(214)

Like Equation 48, define

τ̄∗P ≡ E∗(τ ∗|k∗P )

= τ̄∗ + E∗(βT∗ − βC∗|k∗P ).
(215)

Proposition 1∗ (Bias of ATE Estimators: SP). (1) Under Assumption 1∗, it holds that
S∗def(τ̂F ) = S∗max and

E∗(τ̂F |S∗max)− τ̄∗ = 0.

(2) Under Assumption 3∗, it holds that S∗def(τ̂P ) = S1∗
P and, when S1∗

P 6= ∅,

E∗(τ̂P |S1∗
P )− τ̄∗ = E∗(βT∗ − βC∗|k∗P ).

(3) Under Assumption 2∗, it holds that S∗def(τ̂U ) = S1∗
U and, when S1∗

U 6= ∅,

E∗(τ̂U |S1∗
U )− τ̄∗ =

{
E∗
(nP
nTU

∣∣∣S1∗
U

)
E∗(βT∗|k∗P ) + E∗

(nTU − nP
nTU

∣∣∣S1∗
U

)
E∗(βT∗|kT∗U − k∗P )

}
−
{
E∗
(nP
nCU

∣∣∣S1∗
U

)
E∗(βC∗|k∗P ) + E∗

(nCU − nP
nCU

∣∣∣S1∗
U

)
E∗(βC∗|kC∗U − k∗P )

}
.
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(4) Under Assumptions 3∗ and 5∗, it holds that S∗def(τ̂P ) = S1∗
P and, when S1∗

P 6= ∅,

E∗(τ̂P |S1∗
P )− τ̄∗ = 0.

(5) Under Assumptions 2∗, 4∗, and 5∗, it holds that S∗def(τ̂U ) = S1∗
U and, when S1∗

U 6= ∅,

E∗(τ̂U |S1∗
U )− τ̄∗ = 0.

Proof. Suppose that K∗G ∈ U∗ satisfies Condition 1∗, S∗ ⊆ S∗def(τ̂G), and S∗ 6= ∅. It follows

E∗(τ̂G|S∗)− τ̄∗

= E∗(τ̂G|S∗)− E∗(τ̄∗|S∗) (∵ S∗ 6= ∅,Lemma 23 (3))

= E∗(τ̂G − τ̄∗|S∗) (∵ Lemma 23 (1))

= E∗S{EX(τ̂G − τ̄∗)|S∗} (∵ Equation 199)

= E∗S [EX{E∗(βT∗ + ωT∗|S∗K∗GXT∗)− E∗(βC∗ + ωC∗|S∗K∗GXC∗)}|S∗]
(∵ S∗ ⊆ S∗def(τ̂G), NA

G ≥ 1,Lemma 20)

= E∗S{E∗(βT∗|S∗kT∗G )− E∗(βC∗|S∗kC∗G )|S∗} (∵ Lemmas 8 and 12)

= E∗{E∗(βT∗|S∗kT∗G )− E∗(βC∗|S∗kC∗G )|S∗} (∵ Equation 199)

(216)

When, for N ⊆ N1, S∗ = S∗G ≡ S∗max(nG ∈ N) (note that S∗G ⊆ S∗def(τ̂G)), Equation 216 leads
to

E∗{E∗N (βT∗|kT∗G ,nG)− E∗N (βC∗|kC∗G ,nG)|S∗G} (∵ Lemmas 23 (1) and 24 (3))

=
{
E∗
(nTC

G

nTG

∣∣∣S∗G)E∗(βT∗|kTC∗
G ) + E∗

(nTG − nTC
G

nTG

∣∣∣S∗G)E∗(βT∗|kT∗G − kTC∗
G )

}
−
{
E∗
(nTC

G

nCG

∣∣∣S∗G)E∗(βC∗|kTC∗
G ) + E∗

(nCG − nTC
G

nCG

∣∣∣S∗G)E∗(βC∗|kC∗G − kTC∗
G )

}
(∵ Lemma 23 (1) and, thanks to S ∈ S∗G, it follows nAG ≥ m ≥ 1 and Equation 205, )

(217)

In particular, when kT∗G = kC∗G ≡ k∗G, Equation 217 leads to{
E∗
(nG
nG

∣∣∣S∗G)E∗(βT∗|k∗G) + E∗
(nG − nG

nG

∣∣∣S∗G)E∗(βT∗|k∗G − k∗G)
}

−
{
E∗
(nG
nG

∣∣∣S∗G)E∗(βC∗|k∗G) + E∗
(nG − nG

nG

∣∣∣S∗G)E∗(βC∗|k∗G − k∗G)
}

(∵ Lemma 14 (3))

= E∗(βT∗ − βC∗|k∗G) (∵ S∗G = S∗ 6= ∅,Lemmas 3 (1) and 23 (3))

(218)

(1) Under Assumption 1∗, it holds that S∗def(τ̂F ) = S∗max (∵ Assumption 1). When K∗G =
K∗F ∈ U∗ and N = Nn (note that Nn = {(n, n, n)} ⊆ N1 and, obviously, S∗max 6= ∅), it follows
that KG = KF (∵ Equation 164), S∗ = S∗G = Sn∗F = S∗max (∵ Equations 211 and 212),

E∗(τ̂F |S∗max)− τ̄∗ = E∗(βT∗ − βC |k∗F ) (∵ Lemma 13 (1), Equations 216 through 218)

= 0 (∵ Lemmas 3 (1) and 5 (2), Equation 12)

(2) Under Assumption 3∗, it holds that S∗def(τ̂P ) = S1∗
P (∵ Lemma 9 (1), NP = nP ≥ 1,

Equations 204 and 211). When K∗G = K∗P ∈ U∗, N = N1, and S1∗
P 6= ∅, it follows that

KG = KP (∵ Equation 164) and, according to Lemma 13 (2), S∗ = S∗G = S1∗
P (∵ Equations 211

and 213) and Equations 216 through 218 are equivalent to the desired result.
(3) Under Assumption 2∗, it holds that S∗def(τ̂U ) = S1∗

U (∵ Lemma 9 (2), NA
U = nAU ≥ 1,

Equations 204 and 211). When K∗G = K∗U ∈ U∗, N = N1, and S1∗
U 6= ∅, it follows that
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KG = KU (∵ Equation 164) and, according to Lemma 13 (3), S∗ = S∗G = S1∗
U (∵ Equations 211

and 214) and Equations 216 and 217 are equivalent to the desired result, where S∗ = S1∗
U .

(4) Substitute K∗G = K∗P . Under Assumption 3∗ and 5∗, it follows that Conditions 1∗ and
2∗ (by definition) and Proposition 1∗ (2) hold. Thus, according to Equation 46,

E∗(βA∗|k∗P ) = 0. (219)

When S1∗
P 6= ∅,

E∗(τ̂P |S1∗
P )− τ̄∗ = E∗(βT∗ − βC∗|k∗P ) (∵ Proposition 1∗ (2))

= 0 (∵ Lemma 3 (1), Equation 219)

(5) Substitute K∗G = K∗U . Under Assumption 2∗ and 4∗, it follows that Conditions 1∗ and 2∗

hold (by definition). According to Equation 46,

E∗(βA∗|kA∗U ) = 0. (220)

Substitute K∗G = K∗P . Under Assumption 2∗ and 5∗, it follows that Assumption 3∗ (∵ Lemma
9 (5)), Conditions 1∗ and 2∗ and, thus, Equation 219 hold.

Note that
kA∗U − k∗P = kA∗U (1− k−A∗U ) (∵ Lemma 9 (2)) (221)

When kA∗U − k∗P 6= 0, it follows that kA∗U 6= 0 (∵ Lemma 221) and

E∗(βA∗|kA∗U − k∗P )

= E∗{βA∗|kA∗U (1− k−A∗U )} (∵ Equation 221)

=
(nA∗U − n∗P

nA∗U

)−1{
E∗(βA∗|kA∗U )−

n∗P
nA∗U

E∗(βA∗|kA∗U k−A∗U )
}

(∵ Lemmas 3 (5) and 14 (4),kA∗U − k∗P ,kA∗U 6= 0, )

=
nA∗U

nA∗U − n∗P

(
0−

n∗P
nA∗U
× 0
)

(∵ Equations 219 and 220, Lemma 9 (2))

= 0.

(222)

Even when kA∗U −k∗P = 0, thanks to Equation 166, both ends of Equation 222 are equal to each
other. Therefore, when S1∗

U 6= ∅, by applying Equations 219 and 222 to Proposition 1∗ (3) (∵
Assumption 2∗), the desired result follows.

�

The remarks following Proposition 1 apply to Proposition 1∗ with necessary modification,
though E(τ̂G) and E∗(τ̂G) are different in a few ways. First, even when attrition is ignorable in
the super-population (Assumption 4∗ or 5∗), it is not necessarily true that, in all finite samples
(for all s∗ ∈ S∗max), attrition is ignorable (Assumption 4 or 5) and, accordingly, even under
Assumption 2∗ (or 3∗), τ̂U (or τ̂P ) is unbiased for τ̄ .

Second, unlike Proposition 1 (3), the first two terms of the right hand side of Proposition 1∗

(3) are not necessarily equal to

E∗(βT∗|kT∗U ) =
n∗P
nT∗U

E∗(βT∗|k∗P ) +
nT∗U − n∗P
nT∗U

E∗(βT∗|kT∗U − k∗P ) (223)

because

E∗
(nP
nTU

∣∣∣S1∗
U

)
≥

n∗P
nT∗U

, E∗
(nTU − nP

nTU

∣∣∣S1∗
U

)
≤
nT∗U − n∗P
nT∗U

. (224)

In the case of S∗ ∈ S∗max, the probabilities experimenters sample a pair from J∗P and JT∗U \ J∗P
are equal to each other. In the case of S∗ ∈ S1∗

U , however, if they draw no pairs from JC∗U \ J∗P
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(where JC∗U ≡ J∗(kC∗U )), they have to draw at least one pair from J∗P so that nCU ≥ 1. Thus, the
probability that a pair in J∗P is sampled is not smaller than the probability for a pair in JT∗U \J∗P .
Therefore, Equation 224 is derived. The difference between both sides of these inequalities does
not decrease in n∗. The case of the last two terms of the right hand side of Proposition 1∗ (3)
is similar.

Third, Equation 223 also explains why Assumption 5∗ is necessary for unbiasedness of τ̂U in
Proposition 1∗ (5) even though Proposition 1 (5) do not premise Assumption 5. Assumption 2∗

and 4∗ lead to E∗(βT∗|kT∗U ) = E∗(βC∗|kC∗U ) = 0 but not to

E∗(βT∗|k∗P ) = E∗(βT∗|kT∗U − k∗P ) = E∗(βC∗|k∗P ) = E∗(βC∗|kC∗U − k∗P ) = 0, (225)

which would hold if I add Assumption 5∗. By substituting Equation 225 into Proposition 1∗

(3), I obtain Proposition 1∗ (5).
For reference, under Assumption 3∗, it holds that S∗def(τ̂F ) = Sn∗P . When N = Nn and

Sn∗P 6= ∅, it follows that S1∗
P 6= ∅ (∵ S1∗

P ⊇ Sn∗P 6= ∅) and

E∗(τ̂F |Sn∗P )− τ̄∗

= E∗{E∗(βT∗|S∗k∗F )− E∗(βC∗|S∗k∗F )|Sn∗P }
(∵ Equation 216 where K∗G = K∗F ∈ U∗,S∗ = Sn∗P = S∗def(τ̂F ) 6= ∅, Lemma 13 (1))

= E∗{E∗(βT∗|S∗k∗P )− E∗(βC∗|S∗k∗P )|Sn∗P } (∵ S∗ ∈ Sn∗P )

= E∗(βT∗ − βC∗|k∗P )

(∵ Equations 216 through 218 where K∗G = K∗P ∈ U∗,S∗ = S∗G = Sn∗P , Lemma 13 (2))

= E∗(τ̂P |S1∗
P )− τ̄∗ (∵ S1∗

P 6= ∅,Proposition 1∗ (2))

Note that

E∗(τ̂P |S1∗
P )− τ̄∗P = {E∗(τ̂P |S1∗

P )− τ̄∗} − (τ̄∗P − τ̄∗)
= E∗(βT∗ − βC∗|k∗P )− E∗(βT∗ − βC∗|k∗P ) (∵ Equation 215)

= 0.

Closed Form. Before deriving the closed form of Proposition 1∗ (3) in limit, we have to prove
some lemmas.

Suppose that K∗G ∈ U∗ satisfies Condition 1∗, In order to obtain simplified and essential
expression in Lemmas 25 and 26 and Propositions 2∗ through 4∗ and, thus, closed forms of
Propositions 1∗ (3) through 4∗ in limit, I also suppose that for every (gT , gC) ∈ {0, 1}2, either
limn∗→∞ n

∗
G(gT , gC) =∞ or limn∗→∞ n

∗
G(gT , gC) < 2, and

lim
n∗→∞

n∗G(gT , gC)

n∗
≡ p∗G(gT , gC) (226)

exists. Accordingly,

pA∗G (gA) ≡ lim
n∗→∞

nA∗G (gA)

n∗

= lim
n∗→∞

∑1
g−A=0 n

A∗
G (gA, g−A)

n∗

=

1∑
g−A=0

pA∗G (gA, g−A)

(227)

also exists. Denote
pA∗G ≡ pA∗G (1). (228)

For g ∈ {0, 1}, since 0 ≤ nA∗G (g) ≤ n∗ and 0 ≤ n∗G(gT , gC) ≤ n∗, it holds 0 ≤ pA∗G (g) ≤ 1 and
0 ≤ p∗G(gT , gC) ≤ 1.



82 Fukumoto

Note that, for n̄ ∈ Nmax, S∗ ⊆ S∗max, and S∗ 6= ∅,

Pr(nG = n̄|S∗ ∈ S∗) =
∑

s∗∈S∗(nG=n̄)

Pr(S∗ = s∗|S∗ ∈ S∗)

=
|S∗(nG = n̄)|

|S∗|
(∵ Lemma 21 (1), |S∗| 6= 0)

(229)

Lemma 25 (Probability of Number of Pairs). Suppose that K∗G ∈ U∗ satisfies Con-
dition 1∗ and n̄ ∈ Nmax.

(1)

lim
n∗→∞

Pr(nAG = n̄A|S∗ ∈ S∗max) = n!

1∏
g=0

{pA∗G (g)}n̄A(g)

n̄A(g)!

(2)

lim
n∗→∞

Pr(nG = n̄|S∗ ∈ S∗max) = n!
∏

(gT ,gC)∈{0,1}2

{p∗G(gT , gC)}n̄(gT ,gC)

n̄(gT , gC)!

Proof. (1) Suppose nAG = n̄A.

When nA∗G (g) ≥ n̄A(g) for any g ∈ {0, 1}, we sample n̄A(g) pairs from JA∗G (g), whose size is

nA∗G (g). Note that
⋂1

g=0 JA∗G (g) = ∅. Thus, the number of values s∗ ∈ S∗max(nAG = n̄A) can take
is

|S∗max(nAG = n̄A)| =
1∏

g=0

nA∗
G (g)Cn̄A(g). (230)

It follows

Pr(nAG = n̄A|S∗ ∈ S∗max) =
|S∗max(nAG = n̄A)|

|S∗max|
(∵ Equation 229,S∗max 6= ∅)

=
( 1∏

g=0

nA∗
G (g)Cn̄A(g)

)
÷ n∗Cn, (∵ Equations 194 and 230)

(231)

and, therefore,

lim
n∗→∞

Pr(nAG = n̄A|S∗ ∈ S∗max)

= lim
n∗→∞

([ 1∏
g=0

nA∗G (g)!

n̄A(g)!{nA∗G (g)− n̄A(g)}!

]
÷ n∗!

n!(n∗ − n)!

)
(∵ nA∗G (g) ≥ n̄A(g),Equations 192)

= lim
n∗→∞

([ 1∏
g=0

1

n̄A(g)!

n̄A(g)∏
h=1

{nA∗G (g) + 1− h}
]
÷
{ 1

n!

n∏
h=1

(n∗ + 1− h)
})

= n!

1∏
g=0

1

n̄A(g)!

n̄A(g)∏
h=1

lim
n∗→∞

nA∗G (g) + 1− h
n∗ + 1− {h+ g · n̄A(0)}

(∵ Equation 185,

1∑
g=0

n̄A(g) = n)

= n!

1∏
g=0

1

n̄A(g)!

n̄A(g)∏
h=1

pA∗G (g) (∵ Equation 227)

= n!

1∏
g=0

{pA∗G (g)}n̄A(g)

n̄A(g)!
.
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When nA∗G (g) < n̄A(g) for some g ∈ {0, 1}, we cannot sample n̄A(g) pairs from JA∗G (g). Thus,

Pr(nAG = n̄A|S∗ ∈ S∗max) =
( 1∏

g=0

nA∗
G (g)Cn̄A(g)

)
÷ n∗Cn

= 0. (∵ nA∗
G (g)Cn̄A(g) = 0 for some g ∈ {0, 1}).

For any g−A ∈ {0, 1}, it follows limn∗→∞ n
A∗
G (gA, g−A) < 2 where gA = g. For, otherwise,

limn∗→∞ n
A∗
G (gA, g−A) =∞ for some g−A ∈ {0, 1} and

lim
n∗→∞

nA∗G (gA) = lim
n∗→∞

∑
g−A∈{0,1}

nA∗G (gA, g−A) (∵ Equations 180 and 181)

=
∑

g−A∈{0,1}

lim
n∗→∞

nA∗G (gA, g−A)

=∞ (∵ lim
n∗→∞

nA∗G (gA, g−A) =∞, lim
n∗→∞

nA∗G (gA, 1− g−A) = 0 or ∞)

and, thus, nA∗G (gA) > n ≥ n̄A(gA), a contradiction. Therefore, pA∗G (gA) = 0 (∵ Equation 227).
It follows

n!

1∏
gA=0

{pA∗G (gA)}n̄A(gA)

n̄A(gA)!
= 0.

Thus, the desired result follows.
(2) When n∗G(gT , gC) ≥ n̄(gT , gC) for every (gT , gC) ∈ {0, 1}2, it follows

Pr(nG = n̄|S∗ ∈ S∗max) =
|S∗max(nG = n̄)|

|S∗max|
(∵ Equation 229,S∗max 6= ∅)

=
( ∏

(gT ,gC)∈{0,1}2
n∗G(gT ,gC)Cn̄(gT ,gC)

)
÷ n∗Cn, (∵ Equations 194 and 195)

(232)

and, therefore,

lim
n∗→∞

Pr(nG = n̄|S∗ ∈ S∗max)

= lim
n∗→∞

([ 1∏
gT =0

1∏
gC=0

n∗G(gT , gC)!

n̄(gT , gC)!{n∗G(gT , gC)− n̄(gT , gC)}!

]
÷ n∗!

n!(n∗ − n)!

)
(∵ n∗G(gT , gC) ≥ n̄(gT , gC),Equations 192 and 195, Lemma 21 (2))

= lim
n∗→∞

([ ∏
(gT ,gC)∈{0,1}2

1

n̄(gT , gC)!

{ n̄(gT ,gC)∏
h=1

n∗G(gT , gC) + 1− h
}]
÷
{ 1

n!

( n∏
h=1

n∗ + 1− h
)})

= n!
∏

(gT ,gC)∈{0,1}2

1

n̄(gT , gC)!

×
n̄(gT ,gC)∏

h=1

lim
n∗→∞

n∗G(gT , gC) + 1− h
n∗ + 1− [h+ gTn(0, 0) + gC{n(0, 0) + n(1, 0)}+ gT gC{n(0, 1)− n(0, 0)}]

(∵ Equation 185,

1∑
gT =0

1∑
gC=0

n̄(gT , gC) = n)

= n!
∏

(gT ,gC)∈{0,1}2

{p∗G(gT , gC)}n̄(gT ,gC)

n̄(gT , gC)!
(∵ Equation 226)
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When n∗G(gT , gC) < n̄(gT , gC) for some (gT , gC) ∈ {0, 1}2, we cannot sample n̄(gT , gC) pairs
from J∗G(gT , gC). Thus,

Pr(nG = n̄|S∗ ∈ S∗max) =
( ∏

(gT ,gC)∈{0,1}2
n∗G(gT ,gC)Cn̄(gT ,gC)

)
÷ n∗Cn

= 0. (∵ n∗G(gT ,gC)Cn̄(gT ,gC) = 0 for some (gT , gC) ∈ {0, 1}2)

It follows limn∗→∞ n
∗
G(gT , gC) < 2. For, otherwise, limn∗→∞ n

∗
G(gT , gC) =∞ > n ≥ n̄(gT , gC),

a contradiction. Therefore, p∗G(gT , gC) = 0 (∵ Equation 226). It follows

n!
∏

(gT ,gC)∈{0,1}2

{p∗G(gT , gC)}n̄(gT ,gC)

n̄(gT , gC)!
= 0.

Thus, the desired result follows.
�

Lemma 26 (Probability of Sampling Space). Suppose that K∗G ∈ U∗ satisfies Condi-
tion 1∗, S∗ ⊆ S∗max, and N ⊆ Nmax,

Pr{S∗ ∈ S∗(nG ∈ N)|S∗ ∈ S∗} =
∑
n̄∈N

Pr(nG = n̄|S∗ ∈ S∗).

In particular, when S∗ = S∗max, N = N1, it follows that S∗(nG ∈ N) = S1∗
G and, in limit,

lim
n∗→∞

Pr(S∗ ∈ S1∗
G |S∗ ∈ S∗max) = 1− [(1− pT∗G )n + (1− pC∗G )n − {1− (pT∗G + pC∗G − pTC∗

G )}n]

Proof.

Pr{S∗ ∈ S∗(nG ∈ N)|S∗ ∈ S∗} =
∑
s∗∈S∗

Pr(S∗ = s∗,nG ∈ N|S∗ ∈ S∗)

=
∑
n̄∈N

∑
s∗∈S∗

I(nG = n̄) Pr(S∗ = s∗|S∗ ∈ S∗)

=
∑
n̄∈N

Pr(nG = n̄|S∗ ∈ S∗).

In particular, when S∗ = S∗max, N = N1, in limit,

lim
n∗→∞

Pr(S∗ ∈ S1∗
G |S∗ ∈ S∗max)

= lim
n∗→∞

Pr(nTG ≥ 1 ∧ nCG ≥ 1|S∗ ∈ S∗max)

= 1− lim
n∗→∞

Pr(nTG = 0 ∨ nCG = 0|S∗ ∈ S∗max)

= 1− lim
n∗→∞

[Pr(nTG = 0|S∗ ∈ S∗max) + Pr(nCG = 0|S∗ ∈ S∗max)− Pr{nG = (0, 0, 0)|S∗ ∈ S∗max}]

= 1− [{pT∗G (0)}n + {pC∗G (0)}n − {p∗G(0, 0)}n]

(∵ Lemma 25, where n̄A(1) = 0, n̄A(0) = n or n̄A(1, 1) = n̄A(1, 0) = 0, n̄(0, 0) = n)

= 1− [(1− pT∗G )n + (1− pC∗G )n − {1− (pT∗G + pC∗G − pTC∗
G )}n]

(∵ Equations 185, 226, 227, and 228)

�

The closed forms of Proposition 1∗ (3) in limit is obtained as follows. Note that, when
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S1∗
U 6= ∅, it follows that Pr(S∗ ∈ S1∗

U |S∗ ∈ S∗max) > 0 (which implies pA∗U > 0) and

lim
n∗→∞

Pr(nU = n̄|S∗ ∈ S1∗
U ) = lim

n∗→∞
Pr(nU = n̄|S∗ ∈ S∗max)÷ lim

n∗→∞
Pr(S∗ ∈ S1∗

U |S∗ ∈ S∗max)

=
[
n!

∏
(gT ,gC)∈{0,1}2

{p∗U (gT , gC)}n̄(gT ,gC)

n̄(gT , gC)!

]
×
(

1− [(1− pT∗U )n + (1− pC∗U )n − {1− (pT∗U + pC∗U − p∗P )}n]
)−1

.

(∵ Lemmas 25 (2) and 26, pTC∗
U = p∗P )

(233)

Thus, under Assumption 2∗,

lim
n∗→∞

E∗{f∗N (nU )|S1∗
U }

= lim
n∗→∞

∑
n̄∈Nmax

Pr(nU = n̄|S∗ ∈ S1∗
U )f∗N (n̄) (∵ Lemma 23 (2), Equation 203)

=

n∑
n̄T =1

n∑
n̄C=1

min(n̄T ,n̄C)∑
n̄TC=max(n̄T +n̄C−n,0)

lim
n∗→∞

Pr(nU = n̄|S∗ ∈ S1∗
U )f∗N (n̄)

(∵ S∗ ∈ S1∗
U ,nU ∈ N1,Equations 184 and 204)

= n!
(

1− [(1− pT∗U )n + (1− pC∗U )n − {1− (pT∗U + pC∗U − p∗P )}n]
)−1

×
n∑

n̄T =1

n∑
n̄C=1

min(n̄T ,n̄C)∑
n̄TC=max(n̄T +n̄C−n,0)

[ ∏
(gT ,gC)∈{0,1}2

{p∗U (gT , gC)}n̄(gT ,gC)

n̄(gT , gC)!

]
f∗N (n̄)

(∵ Equation 233)

(234)

Specifically,

lim
n∗→∞

E∗(τ̂U |S1∗
U )− τ̄∗

= lim
n∗→∞

E∗{E∗N (βT∗|kT∗U ,nU )− E∗N (βC∗|kC∗U ,nU )|S1∗
U } (∵ Proposition 1∗ (3))

= n!
(

1− [(1− pT∗U )n + (1− pC∗U )n − {1− (pT∗U + pC∗U − p∗P )}n]
)−1

×
n∑

n̄T =1

n∑
n̄C=1

min(n̄T ,n̄C)∑
n̄TC=max(n̄T +n̄C−n,0)

[ ∏
(gT ,gC)∈{0,1}2

{p∗U (gT , gC)}n̄(gT ,gC)

n̄(gT , gC)!

]

×
[ 1∑
gC′=0

n̄T (1, gC′)

n̄T
E∗{βT∗|kT∗U (1, gC′)} −

1∑
gT ′=0

n̄C(1, gT ′)

n̄C
E∗{βC∗|kC∗U (1, gT ′)}

]
(∵ Equations 205 and 234)

Conditional Sampling Probability. Make Assumption 2∗. When S∗ ∈ S∗max, j∗ ∈ J∗U (gT , gC),

and S∗·j∗ = 1, we sample pair j∗ from J∗U (gT , gC) and n − 1 pairs from J∗ \ {j∗}, whose size is
n∗ − 1, where J∗ ≡ {1, 2, . . . , n∗}. The number of sets of such n − 1 pairs is n∗−1Cn−1. Thus,
the number of values s∗ ∈ S∗max(S∗·j∗ = 1) can take is

|S∗max(S∗·j∗ = 1)| = n∗−1Cn−1. (235)
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Therefore,

Pr(S∗·j∗ = 1|S∗ ∈ S∗max) =
|S∗max(S∗·j∗ = 1)|

|S∗max|

=
n∗−1Cn−1

n∗Cn
(∵ Equations 195 and 235)

=
n

n∗
, (∵ Equation 192)

(236)

which is constant for any (gT , gC) ∈ {0, 1}2. Note that J∗P = J∗U (1, 1) and JA∗U \ J∗P = JA∗U (1, 0).
Thus, in the case of S∗ ∈ S∗max, the probabilities we sample a pair from J∗P and JA∗U \ J∗P are
equal to each other.

When S∗ ∈ S1∗
U 6= ∅, j∗ ∈ J∗U (1, 1), and S∗·j∗ = 1, we sample pair j∗ from J∗U (1, 1), which

guarantees nU ∈ N1, and n− 1 pairs from J∗ \ {j∗}. Thus,

Pr(S∗·j∗ = 1|S∗ ∈ S1∗
U ) =

Pr(S∗·j∗ = 1,S∗ ∈ S1∗
U |S∗ ∈ S∗max)

Pr(S∗ ∈ S1∗
U |S∗ ∈ S∗max)

=
|S∗max(S∗·j∗ = 1,nU ∈ N1)|
|S∗max(nU ∈ N1)|

=
|S∗max(S∗·j∗ = 1)|
|S∗max(nU ∈ N1)|

=
n∗−1Cn−1

|S∗max(nU ∈ N1)|
. (∵ Equation 235)

(237)

Consider the case where j∗ ∈ JA∗U (1, 0), S∗·j∗ = 1, and S1∗
U 6= ∅. Suppose n∗ − n−A∗U ≥ n for a

moment. When S∗ /∈ S1∗
U , we sample pair j∗ from JA∗U (1, 0), and n−1 pairs from J−A∗U (0)\{j∗},

whose size is n∗ − n−A∗U − 1. The number of sets of such n − 1 pairs is n∗−n−A∗
U −1Cn−1. Thus,

the number of values s∗ ∈ S∗max(S∗·j∗ = 1,nU /∈ N1) can take is

|S∗max(S∗·j∗ = 1,nU /∈ N1)| = n∗−n−A∗
U −1Cn−1. (238)

Therefore

|S∗max(S∗·j∗ = 1,nU ∈ N1)| = |S∗max(S∗·j∗ = 1)| − |S∗max(S∗·j∗ = 1,nU /∈ N1)|
= n∗−1Cn−1 − n∗−n−A∗

U −1Cn−1 (∵ Equations 235 and 238) (239)

Thus,

Pr(S∗·j∗ = 1|S∗ ∈ S1∗
U ) =

|S∗max(S∗·j∗ = 1,nU ∈ N1)|
|S∗max(nU ∈ N1)|

=
n∗−1Cn−1 − n∗−n−A∗

U −1Cn−1

|S∗max(nU ∈ N1)|
(∵ Equation 239)

(240)
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Accordingly,

Pr{S∗·j∗ = 1|S∗ ∈ S1∗
U , j

∗ ∈ JA∗U (1, 0)}
Pr{S∗·j∗ = 1|S∗ ∈ S1∗

U , j
∗ ∈ JA∗U (1, 1)}

=
n∗−1Cn−1 − n∗−n−A∗

U −1Cn−1

|S∗max(nU ∈ N1)|
÷ n∗−1Cn−1

|S∗max(nU ∈ N1)|
(∵ Equations 237 and 240)

=
n∗−1Cn−1 − n∗−n−A∗

U −1Cn−1

n∗−1Cn−1

= 1−
(n∗ − n−A∗U − 1)!

(n− 1)!{(n∗ − n−A∗U − 1)− (n− 1)}!
÷ (n∗ − 1)!

(n− 1)!{(n∗ − 1)− (n− 1)}!
(∵ Equation 192)

= 1−
n−1∏
h=1

n∗ − n−A∗U − h
n∗ − h

< 1. (∵ S1∗
U 6= ∅, n−A∗ > 0, n∗ − n−A∗U ≥ n > n− 1, 0 <

n∗ − n−A∗U − h
n∗ − h

< 1)

(241)

In limit,

lim
n∗→∞

Pr{S∗·j∗ = 1|S∗ ∈ S1∗
U , j

∗ ∈ JA∗U (1, 0)}
Pr{S∗·j∗ = 1|S∗ ∈ S1∗

U , j
∗ ∈ JA∗U (1, 1)}

= 1−
n−1∏
h=1

lim
n∗→∞

n∗ − n−A∗U − h
n∗ − h

(∵ Equation 241)

= 1−
n−1∏
h=1

(
1− lim

n∗→∞

n−A∗U

n∗
÷ lim

n∗→∞

n∗ − h
n∗

)
= 1− (1− p−A∗U )n−1

≤ 1,

where equality hold if and only if p−A∗U = 1.

When n∗−n−A∗U < n, it follows that n∗−n−A∗
U −1Cn−1 = 0 and, thus, Equations 238, 239, and

240 hold and

Pr{S∗·j∗ = 1|S∗ ∈ S1∗
U , j

∗ ∈ JA∗U (1, 0)}
Pr{S∗·j∗ = 1|S∗ ∈ S1∗

U , j
∗ ∈ JA∗U (1, 1)}

=
n∗−1Cn−1 − n∗−n−A∗

U −1Cn−1

n∗−1Cn−1

=
n∗−1Cn−1

n∗−1Cn−1

= 1.

(242)

Unlike Equation 236, according to Equations 241 and 242, in the case of S∗ ∈ S1∗
U , the probability

that a pair in J∗P = J∗U (1, 1) is sampled is not smaller than the probability for a pair in JA∗U \J∗P =
JA∗U (1, 0).

Equation 224 is derived as follows. Let n̄ ∈ Nmax, n̄
−A = 0,S∗max(nAU = n̄A) 6= ∅ (that is,
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nA∗U (g) ≥ n̄A(g) for all g ∈ {0, 1}). Denote

p−A1
N ≡ Pr{n−AU ≥ 1|S∗ ∈ S∗max(nAU = n̄A)}

= 1− Pr{n−AU = nTC
U = n̄−A = 0|S∗ ∈ S∗max(nAU = n̄A)}

= 1−
Pr(nAU = n̄A, n−AU = nTC

U = n̄−A = 0|S∗ ∈ S∗max)

Pr(nAU = n̄A|S∗ ∈ S∗max)

(∵ Equation 177,S∗max(nAU = n̄A) 6= ∅)

= 1−
{( ∏

(gA,g−A)∈{0,1}2
nA∗

U (gA,g−A)Cn̄A(gA,g−A)

)
÷ n∗Cn

}
÷
{( 1∏

g=0

nA∗
U (g)Cn̄A(g)

)
÷ n∗Cn

}
(∵ Equations 231 and 232)

= 1−
( 1∏

gA=0

nA∗
U (gA,0)Cn̄A(gA)

)
÷
( 1∏

g=0

nA∗
U (g)Cn̄A(g)

)
(∵ n̄A(gA, 1) = 0, n̄A(gA, 0) = n̄A(gA))

≤ 1.

(243)

Case 1: When nA∗U (gA, 0) ≥ n̄A(gA) for all gA ∈ {0, 1}, Equations 192 and 243 lead to

p−A1
N = 1−

1∏
gA=0

{nA∗U (gA, 0)}!
{n̄A(gA)}!{nA∗U (gA, 0)− n̄A(gA)}!

÷
{nA∗U (gA)}!

{n̄A(gA)}!{nA∗U (gA)− n̄A(gA)}!

< 1. (∵ nA∗
U (gA,0)Cn̄A(gA) > 0)

(244)

Case 1.1: When n̄A(gA) 6= 0 for all gA ∈ {0, 1}, Equation 244 leads to

p−A1
N = 1−

1∏
gA=0

n̄A(gA)−1∏
h=0

nA∗U (gA, 0)− h
nA∗U (gA)− h

. (245)

Case 1.1.1: When nA∗U (gA)− nA∗U (gA, 0) = nA∗U (gA, 1) = 0 for all gA ∈ {0, 1} (that is, n−A∗U = 0,

namely, r−A∗U = 0∗), it follows

nA∗U (gA, 0)− h
nA∗U (gA)− h

= 1 (∵ nA∗U (gA) = nA∗U (gA, 0))

∴ p−A1
N = 0. (∵ Equation 245)

Case 1.1.2: When nA∗U (gA)− nA∗U (gA, 0) = nA∗U (gA, 1) > 0 for some gA ∈ {0, 1}, it follows

nA∗U (gA, 0) ≥ n̄A(gA) (∵ Case 1)

> n̄A(gA)− 1

0 <
nA∗U (gA, 0)− h
nA∗U (gA)− h

(∵ nA∗U (gA, 0) > n̄A(gA)− 1)

< 1 (∵ nA∗U (gA) > nA∗U (gA, 0))

∴ 0 < p−A1
N (∵ Equation 245)

< 1.

Case 1.2: When n̄A(gA) = n, n̄A(1− gA) = 0 for some gA ∈ {0, 1}, Equation 244 leads to

p−A1
N = 1−

n−1∏
h=0

nA∗U (gA, 0)− h
nA∗U (gA)− h

.
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Case 1.2.1: When nA∗U (gA)− nA∗U (gA, 0) = nA∗U (gA, 1) = 0, it follows

p−A1
N = 0.

Case 1.2.2: When nA∗U (gA)− nA∗U (gA, 0) = nA∗U (gA, 1) > 0, it follows

0 < p−A1
N < 1.

Case 1.3: n̄A(1) = n̄A(0) = 0. This is impossible because n̄A(1) + n̄A(0) = n.
Case 2: When nA∗U (gA, 0) < n̄A(gA) for some gA ∈ {0, 1}, it follows that nA∗

U (gA,0)Cn̄A(gA) = 0
and Equation 243 leads to

p−A1
N = 1− 0÷

1∏
g=0

nA∗
U (g)Cn̄A(g)

= 1.

It is easier to understand p−A1
N in limit. When pA∗U > 0,

lim
n∗→∞

p−A1
N = 1−

limn∗→∞ Pr(nAU = n̄A, n−AU = nTC
U = 0|S∗ ∈ S∗max)

limn∗→∞ Pr(nAU = n̄A|S∗ ∈ S∗max)

(∵ Equation 243, Lemma 25, pA∗U > 0, n̄A ≥ 1)

= 1− n!

1∏
gA=0

{pA∗U (gA, 0)}n̄A(gA)

n̄A(gA)!
÷ n!

1∏
gA=0

{pA∗U (gA)}n̄A(gA)

n̄A(gA)!
.

(∵ Lemma 25, n̄A(gA, 1) = 0, n̄A(gA, 0) = n̄A(gA))

.
When 0 < pA∗U < 1, it follows that

lim
n∗→∞

p−A1
N = 1−

1∏
gA=0

{p∗U (gA, 0)

p∗U (gA)

}n̄A(gA)

≤ 1,

where equality holds if and only if pA∗U (1, 0) = 0 or pA∗U (0, 0) = 0, n̄A(0) > 0.

When pA∗U = 1, it follows that n̄A(1) = n, n̄A(0) = 0, pA∗U (1, 0) = p−A∗U (0), pA∗U (0, 0) = 0, and

lim
n∗→∞

p−A1
N = 1− {p−A∗U (0)}n

≤ 1,

where equality holds if and only if pA∗U (1, 0) = 0 (when p−A∗U (0) =
∑1

gA=0 p
A∗
U (gA, 0) = 0 and,

thus, p−A∗U = 1).
Let n̄ ∈ Nmax (n̄−A is not necessarily equal to zero). Suppose that, for some gA ∈ {0, 1}, it

holds nAU (gA) = n̄A(gA), nAU (gA, 1) = n̄A(gA, 1), nA∗U (1− gA) ≥ n̄A(1− gA), and nA∗U (gA, g−A) ≥
n̄A(gA, g−A) for every g−A ∈ {0, 1}. We sample n̄A(gA, g−A) pairs from JA∗U (gA, g−A) for
every g−A ∈ {0, 1} and n̄A(1 − gA) pairs from JA∗U (1 − gA). Thus, the number of values
s∗ ∈ S∗max{nAU (gA) = n̄A(gA), nAU (gA, 1) = n̄A(gA, 1)} can take is

|S∗max{nAU (gA) = n̄A(gA), nAU (gA, 1) = n̄A(gA, 1)}|

= nA∗
U (1−gA)Cn̄A(1−gA)

1∏
g−A=0

nA∗
U (gA,g−A)Cn̄A(gA,g−A).

(246)

This equation holds even if nA∗U (1 − gA) < n̄A(1 − gA) or nA∗U (gA, g−A) < n̄A(gA, g−A), when
both sides of the equation are equal to zero.
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It follows

Pr[nAU (gA, 1) = n̄A(gA, 1)|S∗ ∈ S∗max{nAU (gA) = n̄A(gA)}]

=
Pr{nAU (gA) = n̄A(gA), nAU (gA, 1) = n̄A(gA, 1)|S∗ ∈ S∗max}

Pr{nAU (gA) = n̄A(gA)|S∗ ∈ S∗max}
(∵ S∗max{nAU (gA) = n̄A(gA)} 6= ∅)

=
|S∗max{nAU (gA) = n̄A(gA), nAU (gA, 1) = n̄A(gA, 1)}|

|S∗max{nAU (gA) = n̄A(gA)}|

=
(
nA∗

U (1−gA)Cn̄A(1−gA)

1∏
g−A=0

nA∗
U (gA,g−A)Cn̄A(gA,g−A)

)
÷

1∏
gA′=0

nA∗
U (gA′)Cn̄A(gA′)

(∵ Equations 230 and 246)

=
( 1∏

g−A=0

nA∗
U (gA,g−A)Cn̄A(gA,g−A)

)
÷

1∏
gA=0

nA∗
U (gA)Cn̄A(gA).

(247)

Suppose S−A1∗
U (nAU = n̄A) 6= ∅ (namely, p−A1

N > 0, that is, for some gA ∈ {0, 1}, it holds
nA∗U (gA, 0) < n̄A(gA) ≤ nA∗U (gA) or nA∗U (gA) ≥ n̄A(gA) > 0, nA∗U (gA, 1) > 0). For integer
n̄TC ≥ 1, it follows that

Pr{nP = n̄TC |S∗ ∈ S−A1∗
U (nAU = n̄A)}

=
Pr(nAU = n̄A, nP = n̄TC |S∗ ∈ S∗max)

Pr(nAU = n̄A, n−AU ≥ 1|S∗ ∈ S∗max)
(∵ Equation 177, 204, and 211,

S−A1∗
U (nAU = n̄A) = S∗max(nAU = n̄A, n−AU ≥ 1) 6= ∅, n−AU ≥ nP = n̄TC ≥ 1)

=
Pr(nAU = n̄A, nP = n̄TC |S∗ ∈ S∗max)

Pr{S∗max(nAU = n̄A)|S∗ ∈ S∗max}
÷

Pr(nAU = n̄A, n−AU ≥ 1|S∗ ∈ S∗max)

Pr{S∗max(nAU = n̄A)|S∗ ∈ S∗max}
(∵ S∗max(nAU = n̄A) ⊇ S−A1∗

U (nAU = n̄A) 6= ∅)
= Pr{nP = n̄TC |S∗ ∈ S∗max(nAU = n̄A)} ÷ Pr{n−AU ≥ 1|S∗ ∈ S∗max(nAU = n̄A)} (∵ Equation 177)

= Pr{nP = n̄TC |S∗ ∈ S∗max(nAU = n̄A)} ÷ p−A1
N (∵ Equation 243)

(248)

Note that, since S−A1∗
U (nAU = n̄A) 6= ∅, it follows p−A1

N > 0.

For positive integers q∗ and q, when q∗ ≥ q, it follows

q∗Cq =
q∗!

q!(q∗ − q)!
(∵ Equation 192, q∗ ≥ q ≥ 1 > 0)

=
q∗(q∗ − 1)!

q(q − 1)!{(q∗ − 1)− (q − 1)}!

=
q∗

q
q∗−1Cq−1. (∵ Equation 192, q∗ − 1 ≥ q − 1 ≥ 0)

(249)

Equation 249 holds even when q∗ < q because q∗Cq = 0, 0 < q∗ − 1 < q − 1, q∗−1Cq−1 = 0.
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Suppose n̄A ≥ 1. When n∗P ≥ 1,

E∗S|N{nP |S
∗
max(nAU = n̄A)}

=

n̄A∑
n̄TC=0

Pr{nP = n̄TC |S∗ ∈ S∗max(nAU = n̄A)}n̄TC

=

n̄A∑
n̄TC=1

{( 1∏
g−A=0

nA∗
U (1,g−A)Cn̄A(1,g−A)

)
÷ nA∗

U
Cn̄A

}
n̄TC (∵ Equation 247,S∗max(nAU = n̄A) 6= ∅)

=

n̄A∑
n̄TC=1

[{
nA∗

U (1,0)Cn̄A(1,0)
nA∗U (1, 1)

n̄A(1, 1) nA∗
U (1,1)−1Cn̄A(1,1)−1

}
÷
nA∗U
n̄A nA∗

U −1Cn̄A−1

]
n̄A(1, 1)

(∵ Equation 249, nA∗U (1, 1) = n∗P ≥ 1, n̄A(1, 1) = n̄TC ≥ 1,S∗max(nAU = n̄A) 6= ∅, nA∗U ≥ n̄A ≥ 1)

= n̄A
n∗P
nA∗U

n̄A′∑
n̄TC′=0

( 1∏
g−A=0

nA∗′
U (1,g−A)Cn̄A′(1,g−A)

)
÷ nA∗′

U
Cn̄A′

= n̄A
n∗P
nA∗U

n̄A′∑
n̄TC′=0

Pr{nP = n̄TC′|S∗′ ∈ S∗′max(nAU = n̄A′)} (∵ Equation 247,S∗′max(nAU = n̄A′) 6= ∅)

= n̄A
n∗P
nA∗U

. (∵ the axiom of the probability)

(250)

where, in the last three lines, we suppose an alternative setup where nA∗′U (1, 1) ≡ nA∗U (1, 1)−1 ≥
n̄A′(1, 1) ≡ n̄A(1, 1)− 1 ≥ 0 and nA∗′U (1, 0) ≡ nA∗U (1, 0) ≥ n̄A′(1, 0) ≡ n̄A(1, 0) (and, thus, nA∗′U =
nA∗U −1 ≥ n̄A′ = n̄A−1 ≥ 0,S∗′max(nAU = n̄A′) 6= ∅). Note that, since S∗max(nAU = n̄A) 6= ∅, n̄A ≥ 1,
it follows nA∗U ≥ nAU = n̄A ≥ 1.

When n∗P = 0,

nP = 0

∴ E∗S|N{nP |S
∗
max(nAU = n̄A)} = 0.

Thus, both ends of Equation 250 are equal to each other (zero).

Therefore,

E∗S|N{nP |S
−A1∗
U (nAU = n̄A)}

=

n̄A∑
n̄TC=0

Pr{nP = n̄TC |S∗ ∈ S−A1∗
U (nAU = n̄A)}n̄TC (∵ Equation 202, Lemma 23 (2))

=

n̄A∑
n̄TC=1

1

p−A1
N

Pr{nP = n̄TC |S∗ ∈ S∗max(nAU = n̄A)}n̄TC + 0

(∵ Equation 248,S−A1∗
U (nAU = n̄A) 6= ∅, n̄TC ≥ 1)

=
1

p−A1
N

n̄A∑
n̄TC=0

Pr{nP = n̄TC |S∗ ∈ S∗max(nAU = n̄A)}n̄TC

=
1

p−A1
N

n̄A
n∗P
nA∗U

. (∵ Equation 250)

(251)
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It follows

E∗S|N
{nP
nAU

∣∣∣S−A1∗
U (nAU = n̄A)

}
=

1

n̄A
E∗S|N{nP |S

−A1∗
U (nAU = n̄A)} (∵ Lemma 10 (2), n̄A ≥ 1)

=
1

n̄A
1

p−A1
N

n̄A
n∗P
nA∗U

(∵ Equation 251)

=
1

p−A1
N

n∗P
nA∗U

.

(252)

When S1∗
U 6= ∅,

E∗
(nP
nAU

∣∣∣S1∗
U

)
= E∗N

[
E∗S|N

{nP
nAU

∣∣∣S−A1∗
U (nAU )

}∣∣∣S1∗
U

]
(∵ Lemma 23 (2),S−A1∗

U (nAU ) ⊆ S1∗
U )

= E∗
( 1

p−A1
N

n∗P
nA∗U

∣∣∣S1∗
U

)
(∵ Equations 203 and 252,S−A1∗

U 6= ∅, p−A1
N 6= 0)

≥ E∗
( n∗P
nA∗U

∣∣∣S1∗
U

)
(∵ Equation 243)

=
n∗P
nA∗U

, (∵ S1∗
U 6= ∅,Lemma 23 (3))

(253)

where equality holds if and only if, for all S∗ ∈ S1∗
U (i.e., for all values nAU can take), it holds

p−A1
N = 1, that is, for some gA ∈ {0, 1}, it holds nA∗U (gA, 0) < nAU (gA) (Case 2 above). Since it

holds min{nAU (1)} = max{1, n−nA∗U (0)}, min{nAU (0)} = max{0, n−1−nA∗U (1)} and nA∗U (gA, 0) ≥
0, the condition is equivalent to nA∗U (1, 0) = 0 or nA∗U (1, 0) < n− nA∗U (0) or nA∗U (0, 0) < n− 1−
nA∗U (1), where the last two conditions are summarized as

nA∗U (gA, 0) + nA∗U (1− gA) = nA∗U (gA, 0) + nA∗U (gA, 1) + nA∗U (1− gA)− nA∗U (gA, 1)

= n∗ − nA∗U (gA, 1)

< n− (1− gA).

In limit, when pA∗U > 0,

lim
n∗→∞

E∗
(nP
nAU

∣∣∣S1∗
U

)
= E∗

(
lim

n∗→∞

1

p−A1
N

lim
n∗→∞

n∗P
nA∗U

∣∣∣S1∗
U

)
(∵ Equation 253)

≥ lim
n∗→∞

n∗P
nA∗U

(∵ Equations 243,S1∗
U 6= ∅,Lemma 23 (3))

= lim
n∗→∞

n∗P
n∗
÷ lim

n∗→∞

nA∗U
n∗

(∵ pA∗U > 0)

=
p∗P
pA∗U

,

where equality holds if and only if, for all S∗ ∈ S1∗
U , it holds limn∗→∞ p

−A1
N = 1, that is,

pA∗U (1, 0) = 0 (∵ pA∗U > 0,Pr(nAU = n|S1∗
U ) > 0 and, when pA∗U < 1, nAU = n, it does not suffice

that pA∗U (0, 0) = 0), in which case it holds

lim
n∗→∞

E∗
(nP
nAU

∣∣∣S1∗
U

)
=

p∗P
pA∗U

= 1.

Equation 253 is the first inequality in Equation 224, where A = T . By subtracting 1 from
both sides and multiplying them by −1, we obtain the second inequality.
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3.3. Variance
Suppose that K∗G ∈ U∗ satisfies Condition 1∗. Define expectation of variance between between

Q(1)∗ and Q(2)∗ weighted by kA∗G and adjusted by n̄ ∈ Nmax as, when n̄A ≥ 1,

EV 2∗
N,h=1(Q(h)∗|kA∗G , n̄) ≡

1∑
g−A=0

n̄A(1, g−A)

n̄A
V 2∗
h=1{Q(h)∗|kA∗G (1, g−A)} (254)

and, when n̄A = 0,
EV 2∗

N,h=1(Q(h)∗|kA∗G , n̄) ≡ 0.

I also define, in the case of n̄TC ≥ 1,

EV 2∗
N,h=1{Q(h)∗|kTC∗

G , n̄}

≡
1∑

g−TC=0

n̄TC(1, g−TC)

n̄TC
V 2∗
h=1{Q(h)∗|kTC∗

G (1, g−TC)}

=
n̄TC(1, 1)

n̄TC
V 2∗
h=1{Q(h)∗|kTC∗

G (1, 1)}+
n̄TC(1, 0)

n̄TC
V 2∗
h=1{Q(h)∗|kTC∗

G (1, 0)}

=
n̄TC

n̄TC
V 2∗
h=1(Q(h)∗|kTC∗

G ) +
0

n̄TC
V 2∗
h=1(Q(h)∗|0∗) (∵ Equations 186 and 187)

= V 2∗
h=1(Q(h)∗|kTC∗

G ) (∵ Equation 91)

(255)

and, in the case of n̄TC < 1,
EV 2∗

N,h=1{Q(h)∗|kTC∗
G , n̄} ≡ 0.

Define, for non-negative integers q∗ and q,

d(q∗, q) ≡


q − 1

q∗ − 1
if q∗ ≥ 2

0 if q∗ < 2

(256)

and degree-of-freedom adjusted covariance as

Ṽ 2∗
h=1{Q

(h)∗|kA∗G (1, g−A), n̄} ≡ [1− d{nA∗G (1, g−A), n̄A(1, g−A)}]V 2∗
h=1{Q(h)∗|kA∗G (1, g−A)}

Ṽ 2∗
h=1{Q

(h)∗|kTC∗
G (1, g−TC), n̄} ≡ [1− d{nTC∗

G (1, g−TC), n̄TC(1, g−TC)}]V 2∗
h=1{Q(h)∗|kTC∗

G (1, g−TC)}
(257)

Define degree-of-freedom adjusted expectation of variance as, in the case of n̄A ≥ 1,

˜EV 2∗
N,h=1(Q(h)∗|kA∗G , n̄) ≡

1∑
g−A=0

n̄A(1, g−A)

n̄A
Ṽ 2∗
h=1{Q

(h)∗|kA∗G (1, g−A), n̄}, (258)

in the case of n̄A < 1,
˜EV 2∗
N,h=1(Q(h)∗|kA∗G , n̄) ≡ 0,

in the case of n̄TC ≥ 1,

˜EV 2∗
N,h=1{Q

(h)∗|kTC∗
G , n̄}

≡
1∑

g−TC=0

n̄TC(1, g−TC)

n̄TC
Ṽ 2∗
h=1{Q

(h)∗|kTC∗
G (1, g−TC), n̄}

= Ṽ 2∗
h=1(Q(h)∗|kTC∗

G , n̄) (∵ Equations 91, 186, and 187)

= {1− d(nTC∗
G , n̄TC)}V 2∗

h=1(β(h)∗|kTC∗
G ) (∵ Equations 186, 187, and 257)

(259)
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and, in the case of n̄TC < 1,
˜EV 2∗
N,h=1{Q

(h)∗|kTC∗
G , n̄} ≡ 0.

Therefore,

n̄TC ˜EV 2∗
N,h=1{Q

(h)∗|kTC∗
G , n̄} = n̄TC Ṽ 2∗

h=1(Q(h)∗|kTC∗
G , n̄) (260)

Note that V2∗
h=1{f

(h)∗
X,S (·)|S∗} can be defined only when S∗ ⊆

⋂2
h=1 S∗def(f

(h)∗
X,S ). Note

V2∗
h=1{f

(h)∗
X,S (·)|∅} = E∗

[ 2∏
h=1

D(h)∗{f (h)∗
X,S (·)|∅}

∣∣∣∅] (∵ Equation 93)

= E∗
{ 2∏

h=1

f
(h)∗
X,S (·)

∣∣∣∅} (∵ Equations 92 and 201)

= 0 (∵ Equation 201)

(261)

Define

n
A(1)A(2)
G ≡

∑
j

2∏
h=1

k
A(h)
G,·j

=

{
nTC
G when A(1) 6= A(2)

nAG when A(1) = A(2) ≡ A

(262)

Accordingly, define

n̄A(1)A(2) ≡

{
n̄TC when A(1) 6= A(2)

n̄A when A(1) = A(2) ≡ A

Denote
∆E∗(Q∗|kA∗G ) ≡ E∗{Q∗|kA∗G (1, 1)} − E∗{Q∗|kA∗G (1, 0)}. (263)

Lemma 27 (SP Covariance of FS Mean). Let A(h) ∈ {T,C} for h ∈ {1, 2}. Suppose
that K∗G ∈ U∗ satisfies Condition 1∗, N ⊆

⋂2
h=1 NA(h)1, S∗G ≡ S∗max(nG ∈ N), β(h)∗ ∈ B∗, and

ω(h)∗ ∈W∗ for h ∈ {1, 2}.
(1)

V2∗
h=1{E∗(β(h)∗|S∗kA(h)∗

G )|S∗G}

= E∗
{ n

A(1)A(2)
G∏2
h=1 n

A(h)
G

˜EV 2∗
N,h=1

(
β(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G ,nG

)∣∣∣S∗G}+ V2∗
h=1

( nTC
G

n
A(h)
G

∣∣∣S∗G) 2∏
h=1

∆E∗(β(h)∗|kA(h)∗
G )

(2)

V2∗
h=1{E(ω(h)|kA(h)

G XA(h))|S∗G}

= [2 · I{A(1) = A(2)} − 1]E∗
{ n

A(1)A(2)
G∏2
h=1 n

A(h)
G

EV 2∗
N,h=1

(
ω(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G ,nG

)∣∣∣S∗G}
Proof. Given g−A(h) ∈ {0, 1} for all h ∈ {1, 2}, denote

J(h)∗ ≡ JA(h)∗
G (1, g−A(h)) (264)

Note J(1)∗ = J(2)∗ if and only if A(1) = A(2) or g−A(1) = g−A(2) = 1 because, in the case of
A(1) = A(2) = A, obviously,

k
A(1)∗
G (1, g−A(1)) = k

A(2)∗
G (1, g−A(2)) = kA∗G (1, g−A),
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in the case of g−A(1) = g−A(2) = 1,

k
A(1)∗
G (1, g−A(1)) = k

A(2)∗
G (1, g−A(2)) = k∗G(1, 1) ≡ kA∗G (1, g−A),

and, otherwise,

2∏
h=1

k
A(h)∗
G (1, g−A(h)) = kT∗G (1, gC)kC∗G (1, gT ) (∵ A(1) 6= A(2))

= {kT∗G (kC∗G )g
C

(1− kC∗G )1−gC}{kC∗G (kT∗G )g
T

(1− kT∗G )1−gT }
= kT∗G (1− kT∗G )1−gT

kC∗G (1− kC∗G )1−gC

(∵ kA∗G (kA∗G )g
A

= kA∗G )

= 0 (∵ gT = 0 or gC = 0)

∴
2⋂

h=1

J(h)∗ = ∅.

When J(1)∗ = J(2)∗, for h ∈ {1, 2}, we define

nA∗G (1, g−A) ≡ nA(1)∗
G (1, g−A(1)) = n

A(2)∗
G (1, g−A(2))

n̄A(1, g−A) ≡ n̄A(1)(1, g−A(1)) = n̄A(2)(1, g−A(2)).

For any S∗ ⊆ S∗max,

E∗
( 2∏

h=1

S∗·j∗(h)

∣∣∣S∗) =
∑
s∗∈S∗

Pr(S∗ = s∗
∣∣∣S∗ ∈ S∗)

2∏
h=1

s∗·j∗(h) (∵ Equation 200)

=

1∑
s(1)=0

1∑
s(2)=0

Pr(S∗·j∗(1) = s(1), S∗·j∗(2) = s(2)|S∗ ∈ S∗)
2∏

h=1

s(h)

= Pr
( 2∏

h=1

S∗·j∗(h) = 1
∣∣∣S∗ ∈ S∗

)
(265)

Given n̄ ∈ N, denote S∗N ≡ S∗max(nG = n̄). We define

S2
EQ ≡


n̄A(1, g−A)

nA∗G (1, g−A)
if J(1)∗ = J(2)∗,S∗N 6= ∅, nA∗G (1, g−A) ≥ 1

0 otherwise

S2
DF ≡



n̄A(1, g−A){n̄A(1, g−A)− 1}
nA∗G (1, g−A){nA∗G (1, g−A)− 1}

if J(1)∗ = J(2)∗,S∗N 6= ∅, nA∗G (1, g−A) ≥ 2

2∏
h=1

n̄A(h)(1, g−A(h))

n
A(h)∗
G (1, g−A(h))

if J(1)∗ 6= J(2)∗,S∗N 6= ∅, n
A(h)∗
G (1, g−A(h)) ≥ 1

0 otherwise

(266)

When j∗(h) ∈ J(h)∗ for h ∈ {1, 2}, according to Equations 265 and 266 and Lemma 22, it holds

E∗S|N
{ 2∏

h=1

S∗·j∗(h)

∣∣∣S∗N} =

{
S2

EQ if j∗(1) = j∗(2)

S2
DF if j∗(1) 6= j∗(2).

(267)



96 Fukumoto

Note that, when n̄A(h)(1, g−A(h)) ≥ 1 for any h ∈ {1, 2},

E∗S|N
[ 2∏
h=1

n̄A(h)(1, g−A(h))E∗{β(h)∗|S∗kA(h)∗
G (1, g−A(h))}

∣∣∣S∗N]

= E∗S|N
{ 2∏

h=1

n̄A(h)(1, g−A(h))

∑
j∗(h) S

∗
·j∗(h)k

A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h)

n̄A(h)(1, g−A(h))

∣∣∣S∗N}
(∵ Lemma 12 (2), Equation 182,nG = n̄)

= E∗S|N
{∑

j∗(1)

∑
j∗(2)

2∏
h=1

S∗·j∗(h)k
A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h)

∣∣∣S∗N} (∵ Lemma 16 (1)

= E∗S|N
{ 1∑

gA(1)′=0

1∑
g−A(1)′=0

1∑
gA(2)′=0

1∑
g−A(2)′=0

∑
j∗(1)∈JA(1)∗

G (gA(1)′,g−A(1)′)

∑
j∗(2)∈JA(2)∗

G (gA(2)′,g−A(2)′)

2∏
h=1

S∗·j∗(h)k
A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h)

∣∣∣S∗N}
= E∗S|N

{ ∑
j∗(1)∈J(1)∗

∑
j∗(2)∈J(2)∗

2∏
h=1

S∗·j∗(h)k
A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h)

∣∣∣S∗N}

(∵
2∏

h=1

k
A(h)∗
G,·j∗(h)(1, g

−A(h)) = 0 for j∗(h) /∈ J(h)∗)

= {S2
EQ − S2

DF }
∑

j∗∈
⋂2

h=1 J(h)∗

2∏
h=1

k
A(h)∗
G,·j∗ (1, g−A(h))β

(h)∗
·j∗

+ S2
DF

2∏
h=1

∑
j∗(h)∈J(h)∗

k
A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h) (∵ Lemma 16 (2), Equation 267

= {S2
EQ − S2

DF }
∑
j∗

2∏
h=1

k
A(h)∗
G,·j∗ (1, g−A(h))β

(h)∗
·j∗ + S2

DF

2∏
h=1

∑
j∗(h)

k
A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h)

(∵ kA(h)∗
G,·j∗(h)(1, g

−A(h)) = 0 for j∗(h) /∈ J(h)∗)

(268)

where, in applying Lemma 16, we substitute

l(h) = j∗(h)

L(h) = {1, 2, . . . , n∗} or J(h)∗

q
(h)
l(h) = k

A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h)

f{XA(h)
l(h) } = S∗·j∗(h)

E(·) = E∗S|N (·|S∗N )

f2
EQ = S2

EQ

f2
DF = S2

DF

Xdef{fX(Q)} = Sdef{f∗X,S(Q∗)}
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and Equation 120 holds because, for any j∗(h) ∈ J(h)∗,

Sdef

( ∑
j∗′(1)∈J(1)∗

∑
j∗′(2)∈J(2)∗

2∏
h=1

S∗·j∗′(h)k
A(h)∗
G,·j∗′(h)(1, g

−A(h))β
(h)∗
·j∗′(h)

)

= Sdef

( 2∏
h=1

S∗·j∗(h)k
A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h)

)
= S∗max

⊃ S∗N .

Note that both ends of Equation 268 are equal to each other (zero) even when n̄A(h)(1, g−A(h)) <

1 for some h ∈ {1, 2} because S2
EQ = S2

DF = 0.

For a moment, we suppose S∗N 6= ∅. When J(1)∗ 6= J(2)∗, n
A(h)∗
G (1, g−A(h)) ≥ 1 for h ∈ {1, 2},

Equation 268 is equal to

S2
DF

2∏
h=1

∑
j∗(h)

k
A(h)∗
G,·j∗(h)(1, g

−A(h))β
(h)∗
·j∗(h) (∵

2∏
h=1

k
A(h)∗
G,·j∗ (1, g−A(h)) = 0)

=
{ 2∏

h=1

n̄A(h)(1, g−A(h))

n
A(h)∗
G (1, g−A(h))

} 2∏
h=1

n
A(h)∗
G (1, g−A(h))E∗{β(h)∗|kA(h)∗

G (1, g−A(h))}

(∵ Equations 165 and 266)

=

2∏
h=1

n̄A(h)(1, g−A(h))E∗{β(h)∗|kA(h)∗
G (1, g−A(h))}

(269)

Note that both ends of the equation are equal to each other (zero) even when n
A(h)∗
G (1, g−A(h)) <

1 for some h ∈ {1, 2} because

S2
DF = 0 (∵ Equation 266)

k
A(h)∗
G (1, g−A(h)) = 0∗ (∵ Lemma 14 (4))

E∗{β(h)∗|kA(h)∗
G (1, g−A(h))} = 0 (∵ Equation 166)

n̄A(h)(1, g−A(h)) = 0 (∵ Equation 208)

(270)
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When J(1)∗ = J(2)∗, Equation 268 is equal to

(S2
EQ − S2

DF )
∑
j∗

kA∗G,·j∗(1, g
−A)

2∏
h=1

β
(h)∗
·j∗ + S2

DF

2∏
h=1

∑
j∗(h)

kA∗G,·j∗(h)(1, g
−A)β

(h)∗
·j∗(h)

(∵ Lemma 14 (3))

= (S2
EQ − S2

DF )nA∗G (1, g−A)E∗
{ 2∏

h=1

β(h)∗
∣∣∣kA∗G (1, g−A)

}
+ S2

DF

2∏
h=1

nA∗G (1, g−A)E∗{β(h)∗|kA∗G (1, g−A)} (∵ Lemma 12 (2), Equation 181)

= (S2
EQ − S2

DF )nA∗G (1, g−A)
[
V 2∗
h=1{β(h)∗|kA∗G (1, g−A)}+

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)}
]

+ S2
DF {nA∗G (1, g−A)}2

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)} (∵ Lemma 15 (7))

= nA∗G (1, g−A)
(

(S2
EQ − S2

DF )V 2∗
h=1{β(h)∗|kA∗G (1, g−A)}

+ [S2
EQ + S2

DF {nA∗G (1, g−A)− 1}]
2∏

h=1

E∗{β(h)∗|kA∗G (1, g−A)}
)

(271)

When nA∗G (1, g−A) ≥ 2, Equation 271 is equal to

nA∗G (1, g−A)
({ n̄A(1, g−A)

nA∗G (1, g−A)
− n̄A(1, g−A)

nA∗G (1, g−A)

n̄A(1, g−A)− 1

nA∗G (1, g−A)− 1

}
V 2∗
h=1{β(h)∗|kA∗G (1, g−A)}

+
[ n̄A(1, g−A)

nA∗G (1, g−A)
+

n̄A(1, g−A)

nA∗G (1, g−A)

n̄A(1, g−A)− 1

nA∗G (1, g−A)− 1
{nA∗G (1, g−A)− 1}

]
×

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)}
)

(∵ Equation 266)

= n̄A(1, g−A)Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A)}+

2∏
h=1

n̄A(1, g−A)E∗{β(h)∗|kA∗G (1, g−A)}

(∵ Equation 257)

(272)

When nA∗G (1, g−A) = 1, it follows that n̄A(1, g−A) ∈ {0, 1}. (∵ S∗N 6= ∅, Equation 208.) There is

only one such pair j∗(one) that kA∗G (1, g−A)·j∗(one) = 1. That is, for j∗ 6= j∗(one), kA∗G (1, g−A)·j∗ =
0. It follows

E∗{Q(h)∗|kA∗G (1, g−A)} = Q
(h)∗
·j∗(one) (∵ Equation 165)

∴ V 2∗
h=1{Q(h)∗|kA∗G (1, g−A)} =

(Q
(h)∗
·j∗(one) −Q

(h)∗
·j∗(one))

2

1
(∵ Equation 89)

= 0

(273)
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Therefore, Equation 271 is equal to

n̄A(1, g−A)V 2∗
h=1{β(h)∗|kA∗G (1, g−A)}+ n̄A(1, g−A)

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)}

(∵ Equation 266)

= n̄A(1, g−A)Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A)}+

2∏
h=1

n̄A(1, g−A)E∗{β(h)∗|kA∗G (1, g−A)}

(∵ Equation 257, nA∗G (1, g−A) = 1, n̄A(1, g−A) ∈ {0, 1}, {n̄A(1, g−A)}2 = n̄A(1, g−A))

(274)

When nA∗G (1, g−A) = 0, thanks to Equation 270, Equation 271 is equal to

n̄A(1, g−A)Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A)}+

2∏
h=1

n̄A(1, g−A)E∗{β(h)∗|kA∗G (1, g−A)} = 0. (275)

For reference, note also that

S2
EQ = 0 (∵ Equation 266)

V 2∗
h=1{β(h)∗|kA∗G (1, g−A)} = 0 (∵ Equations 89 and 166)

Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A), n̄} = 0 (∵ Equation 257)

(276)

According to Equations 268, 269, 271, 272, 274, and 275, it follows that, when S∗N 6= ∅,

E∗S|N
[ 2∏
h=1

n̄A(h)(1, g−A(h))E∗{β(h)∗|S∗kA(h)∗
G (1, g−A(h))}

∣∣∣S∗N]
=

2∏
h=1

n̄A(h)(1, g−A(h))E∗{β(h)∗|kA(h)∗
G (1, g−A(h))}

+ I(J(1)∗ = J(2)∗)n̄A(1, g−A)Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A), n̄}.

(277)

Denote

D∗S|N{fS(S∗)|S∗N} ≡ fS(S∗)− E∗S|N{fS(S∗)|S∗N}

V2∗
S|N,h=1{f

(h)
S (S∗)|S∗N} ≡ E∗S|N

[ 2∏
h=1

D∗S|N{f
(h)
S (S∗)|S∗N}

]
.

(278)
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When n̄A(h)(1, g−A(h)) ≥ 1 for all h ∈ {1, 2}, it follows that

{ 2∏
h=1

n̄A(h)(1, g−A(h))
}
V2∗
S|N,h=1[E∗{β(h)∗|S∗kA(h)∗

G (1, g−A(h))}|S∗N ]

= E∗S|N
[ 2∏
h=1

n̄A(h)(1, g−A(h))E∗{β(h)∗|S∗kA(h)∗
G (1, g−A(h))}

∣∣∣S∗N]
−

2∏
h=1

n̄A(h)(1, g−A(h))E∗S|N [E∗{β(h)∗|S∗kA(h)∗
G (1, g−A(h))}|S∗N ] (∵ Lemma 15 (7))

=

2∏
h=1

n̄A(h)(1, g−A(h))E∗{β(h)∗|kA(h)∗
G (1, g−A(h))}

+ I(J(1)∗ = J(2)∗)n̄A(1, g−A)Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A), n̄}

−
2∏

h=1

n̄A(h)(1, g−A(h))E∗{β(h)∗|kA(h)∗
G (1, g−A(h))}

(∵ Equation 277, Lemma 24 (1),S∗N 6= ∅, n̄A(h)(1, g−A(h)) ≥ 1)

= I(J(1)∗ = J(2)∗)n̄A(1, g−A)Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A), n̄}.

(279)

and

D∗S|N{E
∗(β(h)∗|S∗kA(h)∗

G )|S∗N}

= E∗(β(h)∗|S∗kA(h)∗
G )− E∗S|N{E

∗(β(h)∗|S∗kA(h)∗
G )|S∗N} (∵ Equation 278)

= E∗(β(h)∗|S∗kA(h)∗
G )− E∗N (β(h)∗|kA(h)∗

G , n̄) (∵ Lemma 24 (2),S∗N 6= ∅)

=

1∑
g−A(h)=0

n̄A(h)(1, g−A(h))

n̄A(h)
[E∗{β(h)∗|S∗kA(h)∗

G (1, g−A(h))} − E∗{β(h)∗|kA(h)∗
G (1, g−A(h))}]

(∵ Lemma 3 (5), where Z(1) = S∗kA(h)∗,Z(2) = k−A(h)∗, and Equation 205, N ⊆ NA(h)1)

=

1∑
g−A(h)=0

n̄A(h)(1, g−A(h))

n̄A(h)
D∗S|N [E∗{β(h)∗|S∗kA(h)∗

G (1, g−A(h))}|S∗N ]

(∵ Lemma 24 (1), n̄A(h)(1, g−A(h)) ≥ 1, Equation 278)

(280)

Even when nA(h)(1, g−A(h)) < 1 for some h ∈ {1, 2}, both ends of Equation 279 (or 280) are
equal to each other (zero).
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When A(1) 6= A(2),

V2∗
S|N,h=1{E

∗(β(h)∗|S∗kA(h)∗
G )|S∗N}

= E∗S|N
[ 2∏
h=1

D∗S|N{E
∗(β(h)∗|S∗kA(h)∗

G )|S∗N}
∣∣∣S∗N] (∵ Equation 93)

= E∗S|N
( 2∏

h=1

1∑
g−A(h)=0

n̄A(h)(1, g−A(h))

n̄A(h)
D∗S|N [E∗{β(h)∗|S∗kA(h)∗

G (1, g−A(h))}|S∗N ]
∣∣∣S∗N)

(∵ Equation 280)

= E∗S|N
( 1∑

g−A(1)=0

1∑
g−A(2)=0

2∏
h=1

n̄A(h)(1, g−A(h))

n̄A(h)
D∗S|N [E∗{β(h)∗|S∗kA(h)∗

G (1, g−A(h))}|S∗N ]
∣∣∣S∗N)

(∵ A(1) 6= A(2), Lemma 16 (1), where l(h) = g−A(h),L(h) = {0, 1}

Ql(h) =
n̄A(h)(1, g−A(h))

n̄A(h)
D∗S|N [E∗{β(h)∗|S∗kA(h)∗

G (1, g−A(h))}|S∗N ])

=
1∏2

h=1 n̄
A(h)

1∑
g−A(1)=0

1∑
g−A(2)=0

{ 2∏
h=1

n̄A(h)(1, g−A(h))
}

E∗S|N
{ 2∏

h=1

D∗S|N [E∗{β(h)∗|S∗kA(h)∗
G (1, g−A(h))}|S∗N ]

∣∣∣S∗N} (∵ Lemmas 10 (2) and 23 (1))

=
1∏2

h=1 n̄
A(h)

1∑
g−A(1)=0

1∑
g−A(2)=0

{ 2∏
h=1

n̄A(h)(1, g−A(h))
}

V2∗
S|N,h=1[E∗{β(h)∗|S∗kA(h)∗

G (1, g−A(h))}|S∗N ](∵ Equation 93)

=
1∏2

h=1 n̄
A(h)

1∑
g−A(1)=0

1∑
g−A(2)=0

I(J(1)∗ = J(2)∗)n̄A(1, g−A)Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A), n̄}

(∵ Equations 264 and 279)

=
n̄A(1)A(2)∏2
h=1 n̄

A(h)
Ṽ 2∗
h=1{β

(h)∗|k∗G(1, 1), n̄}

(∵ J(1)∗ = J(2)∗ only when g−A(1) = g−A(2) = 1 ∵ A(1) 6= A(2), n̄A(1, 1) = n̄A(1)A(2))

=
n̄A(1)A(2)∏2
h=1 n̄

A(h)
˜EV 2∗
N,h=1

(
β(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G , n̄

)
(∵ A(1) 6= A(2),Lemma 14 (2), Equation 260)

(281)
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Similarly, when A(1) = A(2) = A, it follows that J(1)∗ = J(2)∗ and

V2∗
S|N,h=1{E

∗(β(h)∗|S∗kA(h)∗
G )|S∗N}

=
1

(n̄A)2

1∑
g−A=0

{n̄A(1, g−A)}2V2∗
S|N,h=1[E∗{β(h)∗|S∗kA∗G (1, g−A)}|S∗N ]

=
1

n̄A

1∑
g−A=0

n̄A(1, g−A)

n̄A
Ṽ 2∗
h=1{β

(h)∗|kA∗G (1, g−A), n̄}

=
1

n̄A
˜EV 2∗
N,h=1(β(h)∗|kA∗G , n̄) (∵ Equation 258)

=
n̄A(1)A(2)∏2
h=1 n̄

A(h)
˜EV 2∗
N,h=1

(
β(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G , n̄

)

(282)

where the last line follows because

n̄A(1)A(2)∏2
h=1 n̄

A(h)
=

n̄A

(n̄A)2
(∵ A(1) = A(2) = A)

=
1

n̄A
2∏

h=1

k
A(h)∗
G = (kA∗G )2 (∵ A(1) = A(2) = A)

= kA∗G (∵ kA∗G ∈ U∗,Lemma 1 (5))

When S∗N = ∅, according to Equation 261, it follows

V2∗
S|N,h=1{E

∗(β(h)∗|S∗kA(h)∗
G )|S∗N} = 0. (283)
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Let S′∗N ≡ S∗(nG = n̄). Note that, in general,

V2∗
h=1{f

(h)
S (S∗)|S∗}

= E∗
( 2∏

h=1

[f
(h)
S (S∗)− E∗{f (h)

S (S∗)|S∗}]
∣∣∣S∗) (∵ Equations 92 and 93)

= E∗
{ 2∏

h=1

(
[f

(h)
S (S∗)− E∗S|N{f

(h)
S (S∗)|S′∗N}] + [E∗S|N{f

(h)
S (S∗)|S′∗N} − E∗{f (h)

S (S∗)|S∗}]
)∣∣∣S∗}

= E∗
{ 2∏

h=1

(
D∗S|N{f

(h)
S (S∗)|S′∗N}+ D∗[E∗S|N{f

(h)
S (S∗)|S′∗N}|S∗]

)∣∣∣S∗}
(∵ Equations 203 and 278, Lemma 23 (2))

= E∗
( 2∏

h=1

D∗S|N{f
(h)
S (S∗)|S′∗N}

∣∣∣S∗)+ E∗
( 2∏

h=1

D∗[E∗S|N{f
(h)
S (S∗)|S′∗N}|S∗]

∣∣∣S∗)
+ 2E∗

(
D∗S|N{f

(h)
S (S∗)|S′∗N}D∗[E∗S|N{f

(h)
S (S∗)|S′∗N}|S∗]

∣∣∣S∗) (∵ Lemma 23 (1))

= E∗N
{
E∗S|N

( 2∏
h=1

D∗S|N{f
(h)
S (S∗)|S′∗N}

∣∣∣S′∗N)∣∣∣S∗}+ V2∗
h=1[E∗S|N{f

(h)
S (S∗)|S′∗N}|S∗]

+ 2E∗N
{
E∗S|N

(
D∗S|N{f

(h)
S (S∗)|S′∗N}D∗[E∗S|N{f

(h)
S (S∗)|S′∗N}|S∗]

∣∣∣S′∗N)∣∣∣S∗}
(∵ Lemma 23 (2), Equations 92 and 93)

= E∗[V2∗
S|N,h=1{f

(h)
S (S∗)|S′∗N}|S∗] + V2∗

h=1[E∗S|N{f
(h)
S (S∗)|S′∗N}|S∗]

+ 2E∗
(
E∗S|N [D∗S|N{f

(h)
S (S∗)|S′∗N}|S′∗N ]D∗[E∗S|N{f

(h)
S (S∗)|S′∗N}|S∗]

∣∣∣S∗)
(∵ Equations 92, 93, and 203, Lemma 10 (2))

= E∗[V2∗
S|N,h=1{f

(h)
S (S∗)|S′∗N}|S∗] + V2∗

h=1[E∗S|N{f
(h)
S (S∗)|S′∗N}|S∗]

(∵ E∗S|N [D∗S|N{f
(h)
S (S∗)|S′∗N}|S′∗N ] = E∗S|N{f

(h)
S (S∗)|S′∗N} − E∗S|N{f

(h)
S (S∗)|S′∗N} = 0)

(284)

Note

D∗
{nAG(1, 0)

nAG

∣∣∣S∗} = D∗
{

1−
nAG(1, 1)

nAG

∣∣∣S∗}) (∵ Equations 180 and 182)

= −D∗
{nAG(1, 1)

nAG

∣∣∣S∗} (∵ Lemma 15 (4))

(285)
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When S∗ ⊆
⋂2

h=1 S
A(h)1∗
G ,

V2∗
h=1{E∗N (Q(h)∗|kA(h)∗

G ,nG)|S∗}

= E∗
( 2∏

h=1

D∗
[ 1∑
g−A(h)=0

n
A(h)
G (1, g−A(h))

n
A(h)
G

E∗{Q(h)∗|kA(h)∗
G (1, g−A(h))}

∣∣∣S∗]∣∣∣S∗)

(∵ S∗ ⊆
2⋂

h=1

SA(h)1∗
G ,Equations 93 and 205)

= E∗
[ 2∏
h=1

1∑
g−A(h)=0

D∗
{nA(h)

G (1, g−A(h))

n
A(h)
G

∣∣∣S∗}E∗{Q(h)∗|kA(h)∗
G (1, g−A(h))}

∣∣∣S∗]
(∵ Lemma 15 (5), Equation 115)

= E∗
( 2∏

h=1

D∗
{nA(h)

G (1, 1)

n
A(h)
G

∣∣∣S∗}[E∗{Q(h)∗|kA(h)∗
G (1, 1)} − E∗{Q(h)∗|kA(h)∗

G (1, 0)}]
∣∣∣S∗)

(∵ Equation 285)

= E∗
{ 2∏

h=1

D∗
( nTC

G

n
A(h)
G

∣∣∣S∗)∣∣∣S∗} 2∏
h=1

∆E∗(Q(h)∗|kA(h)∗
G )

(∵ Equation 263, Lemma 10 (2))

= V2∗
h=1

( nTC
G

n
A(h)
G

∣∣∣S∗) 2∏
h=1

∆E∗(Q(h)∗|kA(h)∗
G ) (∵ Equation 93)

(286)

To conclude,

V2∗
h=1{E∗(β(h)∗|S∗kA(h)∗

G )|S∗G}

= E∗[V2∗
S|N,h=1{E

∗(β(h)∗|S∗kA(h)∗
G )|S∗N}|S∗G] + V2∗

h=1[E∗S|N{E
∗(β(h)∗|S∗kA(h)∗

G )|S∗N}|S∗G]

(∵ Equation 284 where S∗ = S∗G,S′∗N = S∗G(nG = n̄) = S∗N )

= E∗
{ n

A(1)A(2)
G∏2
h=1 n

A(h)
G

˜EV 2∗
N,h=1

(
β(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G ,nG

)∣∣∣S∗G}+ V2∗
h=1

( nTC
G

n
A(h)
G

∣∣∣S∗) 2∏
h=1

∆E∗(β(h)∗|kA(h)∗
G )

(∵ Equations 281, 282, 283, and 286, where S∗ = S∗G ⊆
⋂
A

SA1∗
G (∵ N ⊆

2⋂
h=1

NA(h)1),

Lemma 24 (2))

(2) Note that

V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
A(h)
G

)
= E

( 2∏
h=1

ω(h)
∣∣∣ 2∏
h=1

k
A(h)
G

)
(∵ Lemma 17 (1))

= E
( 2∏

h=1

ω(h)(∗)(S∗)
∣∣∣ 2∏
h=1

k
A(h)(∗)
G (S∗)

)
(∵ Lemma 19 (5), Equation 164)

= E∗
( 2∏

h=1

ω(h)∗
∣∣∣S∗ 2∏

h=1

k
A(h)∗
G

)
(∵ Lemma 19 (4))

(287)

Given n̄ ∈ N, let S∗N = S∗max(nG = n̄). Suppose that S∗N 6= ∅. When A(1) = A(2) ≡ A, it
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follows

E∗S|N
{
V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
A(h)
G )

∣∣∣S∗N}
= E∗S|N

{
E∗
( 2∏

h=1

ω(h)∗
∣∣∣S∗kA∗G )∣∣∣S∗N} (∵ Equation 287, Lemma 14 (3))

= E∗N

( 2∏
h=1

ω(h)∗
∣∣∣kA∗G , n̄

)
(∵ S∗N 6= ∅, Lemma 24 (2), where we substitute

2∏
h=1

ω(h)∗ ∈ B with β∗)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
E∗
{ 2∏

h=1

ω(h)∗
∣∣∣kA∗G (1, g−A)

}
(∵ Equation 205, n̄ ∈ N ⊆ NA1))

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
V 2∗
h=1{ω(h)∗|kA∗G (1, g−A)} (∵ Lemma 17 (1))

= EV 2∗
N,h=1(ω(h)∗|kA∗G , n̄) (∵ Equation 254)

= EV 2∗
N,h=1

(
ω(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G , n̄

)
(∵ Lemma 14 (3))

(288)

When A(1) 6= A(2), due to Lemma 14 (2), it follows
∏2

h=1 k
A(h)∗
G = kTC∗

G = k∗G(1, 1) and

E∗S|N
{
V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
A(h)
G )

∣∣∣S∗N}
= E∗S|N

[
E∗
{ 2∏

h=1

ω(h)∗
∣∣∣S∗k∗G(1, 1)

}∣∣∣S∗N] (∵ Equation 287,

2∏
h=1

k
A(h)∗
G = k∗G(1, 1))

= E∗
{ 2∏

h=1

ω(h)∗
∣∣∣k∗G(1, 1)

}
(∵ S∗N 6= ∅, Lemma 24 (1),where we substitute

2∏
h=1

ω(h)∗ ∈ B with β∗)

= V 2∗
h=1{ω(h)∗|k∗G(1, 1)} (∵ Lemma 17 (1))

= EV 2∗
N,h=1

(
ω(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G , n̄

)
(∵ Equation 255,

2∏
h=1

k
A(h)∗
G = kTC∗

G = k∗G(1, 1))

(289)
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Thus,

V2∗
h=1{E(ω(h)|kA(h)

G XA(h))|S∗G}

= E∗
( 2∏

h=1

[
E(ω(h)|kA(h)

G XA(h))− E∗{E(ω(h)|kA(h)
G XA(h))|S∗G}

]∣∣∣S∗G) (∵ Equation 93)

= E
{ 2∏

h=1

E(ω(h)|kA(h)
G XA(h))

∣∣∣S∗G} (∵ Lemma 12 (1))

= E∗S
[
EX

{ 2∏
h=1

E(ω(h)|kA(h)
G XA(h))

}∣∣∣S∗G] (∵ Equation 199)

= E∗S
{

[2 · I{A(1) = A(2)} − 1]
n
A(1)A(2)
G∏2
h=1 n

A(h)
G

V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
A(h)∗
G

)∣∣∣S∗G}
(∵ Lemma 17 (2), nG ∈ N ⊆ NA(h)1)

= [2 · I{A(1) = A(2)} − 1]E∗N
[ n

A(1)A(2)
G∏2
h=1 n

A(h)
G

E∗S|N
{
V 2
h=1

(
ω(h)

∣∣∣ 2∏
h=1

k
A(h)
G

)∣∣∣S∗N}∣∣∣S∗G]
(∵ Lemmas 10 (2) and 23 (2))

= [2 · I{A(1) = A(2)} − 1]E∗N
[ n

A(1)A(2)
G∏2
h=1 n

A(h)
G

{
I(S∗N 6= ∅)EV 2∗

N,h=1

(
ω(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G ,nG

)
+ I(S∗N = ∅) · 0

}∣∣∣S∗G] (∵ Equations 201, 288, and 289)

= [2 · I{A(1) = A(2)} − 1]
∑

n̄∈Nmax

Pr(nG = n̄|S∗ ∈ S∗G)
n̄A(1)A(2)∏2
h=1 n̄

A(h)
I(S∗N 6= ∅)

× EV 2∗
N,h=1

(
ω(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G , n̄

)
(∵ Lemma 23 (2))

= [2 · I{A(1) = A(2)} − 1]
∑

n̄∈Nmax

Pr(nG = n̄|S∗ ∈ S∗G)
n̄A(1)A(2)∏2
h=1 n̄

A(h)

× EV 2∗
N,h=1

(
ω(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G , n̄

)
(∵ when S∗N = ∅, it follows Pr(nG = n̄|S∗ ∈ S∗G) = 0)

= [2 · I{A(1) = A(2)} − 1]E∗
{ n

A(1)A(2)
G∏2
h=1 n

A(h)
G

EV 2∗
N,h=1

(
ω(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
G ,nG

)∣∣∣S∗G}
(∵ Lemma 23 (2))

�

Proposition 2∗ (Variance of ATE Estimators: SP). (1) Under Assumption 1∗, it holds
that S∗def(τ̂F ) = S∗max and

lim
n∗→∞

V2∗(τ̂F |S∗max) =
1

nF
{V 2∗(βT∗ − βC∗|k∗F ) + V 2∗(ωT∗ + ωC∗|k∗F )}.

(2) Under Assumption 3∗, it holds that S∗def(τ̂P ) = S1∗
P and, when S1∗

P 6= ∅,

lim
n∗→∞

V2∗(τ̂P |S1∗
P ) = E∗

( 1

nP

∣∣∣S1∗
P

)
{V 2∗(βT∗ − βC∗|k∗P ) + V 2∗(ωT∗ + ωC∗|k∗P )}
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(3) Under Assumption 2∗, it holds that S∗def(τ̂U ) = S1∗
U and, when S1∗

U 6= ∅,

lim
n∗→∞

V2∗(τ̂U |S1∗
U ) = E∗

{ nP

(nTU )2

∣∣∣S1∗
U

}
{V 2∗(βT∗|k∗P ) + V 2∗(ωT∗|k∗P )}

+ E∗
{nTU − nP

(nTU )2

∣∣∣S1∗
U

}
{V 2∗(βT∗|kT∗U − k∗P ) + V 2∗(ωT∗|kT∗U − k∗P )}

+ E∗
{ nP

(nCU )2

∣∣∣S1∗
U

}
{V 2∗(βC∗|k∗P ) + V 2∗(ωC∗|k∗P )}

+ E∗
{nCU − nP

(nCU )2

∣∣∣S1∗
U

}
{V 2∗(βC∗|kC∗U − k∗P ) + V 2∗(ωC∗|kC∗U − k∗P )}

− 2E∗
{ nP

nTUn
C
U

∣∣∣S1∗
U

}
{V ∗(βT∗,βC∗|k∗P )− V ∗(ωT∗,ωC∗|k∗P )}

+ V2∗
(nP
nTU

∣∣∣S1∗
U

)
{∆E∗(βT∗|kT∗U )}2 + V2∗

(nP
nCU

∣∣∣S1∗
U

)
{∆E∗(βC∗|kC∗U )}2

− 2V∗
(nP
nTU

,
nP

nCU

∣∣∣S1∗
U

)
∆E∗(βT∗|kT∗U )∆E∗(βC∗|kC∗U ).

In fact, I do not have to condition Propositions 2∗ (2) and (3) on S1∗
P 6= ∅ and S1∗

U 6= ∅,
respectively. Similar notes apply to Propositions 3∗ and 4∗ as well.

In Proposition 2∗ (3), the first five lines of the right hand side correspond to expectation of
conditional variance of τ̂U (E∗{V2∗(τ̂U |S1∗

U ,nU )|S1∗
U }), while the last two lines represent variance

of conditional expectation of τ̂U (V2∗{E∗(τ̂U |S1∗
U ,nU )|S1∗

U }), where both conditions depend on
nU ≡ (nTU , n

C
U , nP ). The first and second lines refer to expectation of the conditional variance

of the average outcome for the treated group (E∗[V2∗{E(Y |KUX)|S1∗
U ,nU}|S1∗

U ]), which is re-
duced to a weighted average of the variances of the treated potential outcomes for the pairs in
J∗P (V 2∗(yT∗|k∗P ), the first line) and in JT∗U \ J∗P (V 2∗(yT∗|kT∗U − k∗P ), the second line) divided
by nTU , where weights are nP /n

T
U and (nTU − nP )/nTU , respectively. The third and fourth lines

indicate the equivalent for the control group (E∗(V2∗[E{Y |KU (1 − X)}|S1∗
U ,nU ]|S1∗

U )). The
fifth line deals with the covariance between both groups (−2E∗(V∗[E(Y |KUX), E{Y |KU (1−
X)}|S1∗

U ,nU ]|S1∗
U )). The first and second terms in the sixth line express variances of the condi-

tional expectation of the average outcome for the treated group (V2∗[E∗{E(Y |KUX)|S1∗
U ,nU}|S1∗

U ])
and for the control group (V2∗(E∗[E{Y |KU (1 −X)}|S1∗

U ,nU ]|S1∗
U )), respectively. The seventh

line stands for the covariance between both groups (−2V∗(E∗{E(Y |KUX)|S1∗
U ,nU}E∗[E{Y |KU (1−

X)}|S1∗
U ,nU ]|S1∗

U )).

The closed forms are obtained by using Lemmas 23 (2), 25, 26 and 28 (I will show Lemmad
28 after the proof of this proposition) and Equations 205 and 254. If we do not take the limit,
Equations 297 and 306 show variance of the general case, V(τ̂G|S∗G).

Under Assumption 2∗, 4∗ and 5∗, it follows that Proposition 2∗ (3) holds and

∆E∗(βA∗|kA∗U )

= E∗(βA∗|k∗P )− E∗(βA∗|kA∗U − k∗P ) (∵ Equation 263, Assumption 2∗, Lemma 9 (2))

= 0− 0 (∵ Assumption 2∗, 4∗ and 5∗, Equations 219 and 222)

= 0.

(290)
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Applying Equation 290 to Proposition 2∗ (3), we obtain

lim
n∗→∞

V2∗(τ̂U |S1∗
U ) = E∗

{ nP

(nTU )2

∣∣∣S1∗
U

}
{V 2∗(βT∗|k∗P ) + V 2∗(ωT∗|k∗P )}

+ E∗
{nTU − nP

(nTU )2

∣∣∣S1∗
U

}
{V 2∗(βT∗|kT∗U − k∗P ) + V 2∗(ωT∗|kT∗U − k∗P )}

+ E∗
{ nP

(nCU )2

∣∣∣S1∗
U

}
{V 2∗(βC∗|k∗P ) + V 2∗(ωC∗|k∗P )}

+ E∗
{nCU − nP

(nCU )2

∣∣∣S1∗
U

}
{V 2∗(βC∗|kC∗U − k∗P ) + V 2∗(ωC∗|kC∗U − k∗P )}

− 2E∗
{ nP

nTUn
C
U

∣∣∣S1∗
U

}
{V ∗(βT∗,βC∗|k∗P )− V ∗(ωT∗,ωC∗|k∗P )}.

Proof. Suppose that K∗G ∈ U∗ satisfies Condition 1∗, N ⊆ N1, S∗G = S∗max(nG ∈ N),

∆ω ≡ E(ωT |kTGXT )− E(ωC |kCGXC)

= D∗{E(ωT |kTGXT )|S∗G} − D∗{E(ωC |kCGXC)|S∗G} (∵ Equation 92, Lemma 12 (1))

= D∗{E(ωT |kTGXT )− E(ωC |kCGXC)|S∗G} (∵ Lemma 15 (5))

(291)

and

∆β ≡ [E∗(βT∗|S∗kT∗G )− E∗{E∗(βT∗|S∗kT∗G )|S∗G}]
− [E∗(βC∗|SkC∗G )− E∗{E∗(βC∗|S∗kC∗G )|S∗G}]

= D∗{E∗(βT∗|S∗kT∗G )|S∗G} − D∗{E∗(βC∗|S∗kC∗G )|S∗G} (∵ Equatuion 92)

= D∗{E∗(βT∗|S∗kT∗G )− E∗(βC∗|S∗kC∗G )|S∗G}. (∵ Lemma 15 (5))

(292)

It follows

E∗{(∆ω)2|S∗G}
= V2∗{E(ωT |kTGXT )− E(ωC |kCGXC)|S∗G} (∵ Equations 93 and 291)

=
∑
A

V2∗{E(ωA|kAGXA)|S∗G} − 2V∗{E(ωT |kTGXT ), E(ωC∗|kCGXC)|S∗G} (∵ Lemma 15 (6))

= E∗
{∑

A

1

nAG
EV 2∗

N (ωA∗|kA∗G ,nG) +
2nTC

G

nTGn
C
G

V ∗(ωT∗,ωC∗|kTC∗
G )

∣∣∣S∗G}
(∵ Lemmas 23 (1) and 27 (2), N ⊆ N1)

(293)
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and

E∗{(∆β)2|S∗G}
= V2∗{E∗(βT∗|S∗kT∗G )− E∗(βC∗|S∗kC∗G )|S∗G} (∵ Equations 93 and 292)

=
∑
A

V2∗{E∗(βA∗|S∗kA∗G )|S∗G} − 2V∗{E∗(βT∗|S∗kT∗G ), E∗(βC∗|S∗kC∗G )|S∗G} (∵ Lemma 15 (6))

=
∑
A

[
E∗
{ 1

nAG
ẼV 2∗

N (βA∗|kA∗G ,nG)
∣∣∣S∗G}+ V2∗

(nTC
G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2
]

− 2
[
E∗
{ nTC

G

nTGn
C
G

ẼV 2∗
N (βT∗,βC∗|kTC∗

G ,nG)
∣∣∣S∗G}+ V∗

(nTC
G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )
]

(∵ Lemma 27 (1), N ⊆ N1)

= E∗
{∑

A

1

nAG
ẼV 2∗

N (βA∗|kA∗G ,nG)−
2nTC

G

nTGn
C
G

Ṽ ∗(βT∗,βC∗|kTC∗
G ,nG)

∣∣∣S∗G}
+
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 − 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(∵ Lemma 23 (1), Equation 260)

(294)

and

E∗(∆ω∆β|S∗G) = E∗S{EX(∆ω∆β)|S∗G} (∵ Equation 199)

= E∗S{EX(∆ω)∆β|S∗G} (∵ Lemmas 10 (2))

= E∗S(0 ·∆β|S∗G) (∵ Lemma 12 (1))

= 0.

(295)

Note that, for any β ∈ B,

E(β|kAG) = E{β(∗)(S∗)−E(∗)(β∗|S∗)|kA(∗)
G (S∗)} (∵ Lemma 19 (5), Equation 164)

= E∗(β∗|S∗kA∗G )− E∗(β∗|S∗) (∵ Lemmas 3 (1) and (3) and 19 (4))
(296)
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Suppose that S∗G ⊆ S∗def(τ̂G). It follows

V2∗(τ̂G|S∗G)

= E∗[{τ̂G − E∗(τ̂G|S∗G)}2|S∗G] (∵ Equation 94)

= E∗
{(
τ̂G − [τ̄∗ + E∗{E∗(βT∗|S∗kT∗G )|S∗G} − E∗{E∗(βC∗|S∗kC∗G )|S∗G}]

)2∣∣∣S∗G}
(∵ Equation 216,S∗G ⊆ S∗def(τ̂G))

= E∗
{(
τ̂G − {τ̄ + E(βT |kTG)− E(βC |kCG)}

− [τ̄∗ + E∗{E∗(βT∗|S∗kT∗G )|S∗G} − E∗{E∗(βC∗|S∗kC∗G )|S∗G}

− {τ̄ + E(βT |kTG)− E(βC |kCG)}]
)2∣∣∣S∗G}

(∵ adding and subtracting τ̄ + E(βT |kTG)− E(βC |kCG))

= E∗
{[
{E(ωT + βT |kTGXT )− E(ωC + βC |kCGXC)} − {E(βT |kTG)− E(βC |kCG)}

−
(
τ̄∗ + E∗{E∗(βT∗|S∗kT∗G )|S∗G} − E∗{E∗(βC∗|S∗kC∗G )|S∗G}

− [{τ̄∗ + E∗(βT∗ − βC∗|S∗)}

+ {E∗(βT∗|S∗kT∗G )− E∗(βT∗|S∗)} − {E∗(βC∗|S∗kC∗G )− E∗(βC∗|S∗)}]
)]2∣∣∣S∗G}

(∵ Equations 24 and 296, Lemma 19 (5))

= E∗
{[
{E(ωT |kTGXT )− E(ωC |kCGXC)}+

(
[E∗(βT∗|S∗kT∗G )− E∗{E∗(βT∗|S∗kT∗G )|S∗G}]

− [E∗(βC∗|SkC∗G )− E∗{E∗(βC∗|S∗kC∗G )|S∗G}]
)]2∣∣∣S∗G} (∵ Lemma 12 (2))

= E∗{(∆ω + ∆β)2|S∗G} (∵ Equations 291 and 292)

= E∗{(∆ω)2|S∗G}+ E∗{(∆β)2|S∗G}+ 2E∗(∆ω ·∆β|S∗G) (∵ Lemmas 23 (1))

= E∗
[∑

A

1

nAG
{EV 2∗

N (ωA∗|kA∗G ,nG) + ẼV 2∗
N (βA∗|kA∗G ,nG)}

+
2nTC

G

nTGn
C
G

{V ∗(ωT∗,ωC∗|kTC∗
G )− Ṽ ∗(βT∗,βC∗|kTC∗

G ,nG)}
∣∣∣S∗G]

+
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 − 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(∵ Equations 293, 294, and 295)

(297)

Before we take the limit, we need some preparation. For non-negative integer n̄, when
limn∗→∞ n

A∗
G (1, g−A) =∞,

lim
n∗→∞

d{nA∗G (1, g−A), n̄} = lim
n∗→∞

n̄− 1

nA∗G (1, g−A)− 1
(∵ Equation 256)

= 0 (∵ lim
n∗→∞

nA∗G (1, g−A) =∞)
(298)

and, when limn∗→∞ n
A∗
G (1, g−A) < 2,

lim
n∗→∞

d{nA∗G (1, g−A), n̄} = 0 (∵ Equation 256) (299)
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Accordingly, for n̄ ∈ N,

lim
n∗→∞

Ṽ 2∗
h=1{Q

(h)∗|kA∗G (1, g−A), n̄}

= [1− lim
n∗→∞

d{nA∗G (1, g−A), n̄A(1, g−A)}]V 2∗
h=1{Q(h)∗|kA∗G (1, g−A)} (∵ Equation 257)

= V 2∗
h=1{Q(h)∗|kA∗G (1, g−A)} (∵ Equations 298 and 299)

(300)

and, thus,

lim
n∗→∞

˜EV 2∗
N,h=1(Q(h)∗|kA∗G , n̄)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
lim

n∗→∞
Ṽ 2∗
h=1{Q

(h)∗|kA∗G (1, g−A), n̄} (∵ Equation 258,N ⊆ N1)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
V 2∗
h=1{Q(h)∗|kA∗G (1, g−A)} (∵ Equation 300)

= EV 2∗
N,h=1(Q(h)∗|kA∗G , n̄) (∵ Equation 254)

(301)

When S∗ ⊆ SA1∗
G ,

E∗
{
f(nG)EV 2∗

N,h=1(Q∗|kA∗G ,nG)
∣∣∣S∗}

= E∗
[ 1∑
g−A=0

f(nG)
nAG(1, g−A)

nAG
V 2∗
h=1{Q∗|kA∗G (1, g−A)}

∣∣∣S∗] (∵ S∗ ⊆ SA1∗
G ,Equation 254)

=

1∑
g−A=0

E∗
{
f(nG)

nAG(1, g−A)

nAG

∣∣∣S∗}V 2∗
h=1{Q∗|kA∗G (1, g−A)} (∵ Lemmas 10 (2) and 23 (1))

(302)

To sum,

lim
n∗→∞

V2∗(τ̂G|S∗G)

= E∗
[∑

A

1

nAG
{EV 2∗

N (ωA∗|kA∗G ,nG) + EV 2∗
N (βA∗|kA∗G ,nG)}

+
2nTC

G

nTGn
C
G

{V ∗(ωT∗,ωC∗|kTC∗
G )− V ∗(βT∗,βC∗|kTC∗

G )}
∣∣∣S∗G]

+
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 − 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(∵ Equations 297, 300, and 301)

=
∑
A

1∑
g−A=0

E∗
{nAG(1, g−A)

(nAG)2

∣∣∣S∗G}[V 2∗{βA∗|kA∗G (1, g−A)}+ V 2∗{ωA∗|kA∗G (1, g−A)}]

− 2E∗
{ nTC

G

nTGn
C
G

∣∣∣S∗G}{V ∗(βT∗,βC∗|kTC∗
G )− V ∗(ωT∗,ωC∗|kTC∗

G )}

+
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 − 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(∵ Lemmas 10 (2) and 23 (1), Equation 302, where S∗ = S∗G ⊆ (ST1∗
G ∩ SC1∗

G )(∵ N ⊆ N1) )

(303)
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In particular, when kT∗G = kC∗G ≡ k∗G, it follows that, according to Lemma 14 (3),

kA∗G (1, 1) = k∗G

kA∗G (1, 0) = 0∗

nA∗G (1, 1) = n∗G

nAG(1, 1) = nAG = nG

nAG(1, 0) = 0,

(304)

and, thus,

EV 2∗
N,h=1(Q(h)∗|kA∗G ,nG) =

nAG
nAG

V 2∗
h=1(Q(h)∗|kA∗G ) +

0

nAG
V 2∗
h=1(Q(h)∗|0∗) (∵ Equation 254)

= V 2∗
h=1(Q(h)∗|k∗G)

˜EV 2∗
N,h=1(Q(h)∗|kA∗G ,nG) =

nAG
nAG

Ṽ 2∗
h=1(Q(h)∗|kA∗G ,nG) +

0

nAG
Ṽ 2∗
h=1(Q(h)∗|0∗,nG) (∵ Equation 258)

= {1− d(n∗G, nG)}V 2∗
h=1(Q(h)∗|k∗G) (∵ Equation 257)

∆E∗(Q∗|kA∗G ) = E∗(Q∗|kA∗G )− E∗(Q∗|0∗) (∵ Equation 263)

= E∗(Q∗|kA∗G ) (∵ Equation 166)

(305)

and, therefore,

V2∗(τ̂G|S∗G)

= E∗
(∑

A

1

nG
[V 2∗(ωA∗|k∗G) + {1− d(n∗G, nG)}V 2∗(βA∗|k∗G,nG)]

+
2

nG
[V ∗(ωT∗,ωC∗|k∗G)− {1− d(n∗G, nG)}V ∗(βT∗,βC∗|k∗G)]

∣∣∣S∗G)
+
∑
A

V2∗
(nG
nG

∣∣∣S∗G){E∗(βA∗|k∗G)}2 − 2V∗
(nG
nG

,
nG
nG

∣∣∣S∗G)∏
A

E∗(βA∗|k∗G)

(∵ Equation 297, 305, Lemma 14 (3))

= E∗
( 1

nG

∣∣∣S∗G)V 2∗(ωT∗ + ωC∗|k∗G) + E∗
[ 1

nG
{1− d(n∗G, nG)}

∣∣∣S∗G]V 2∗(βT∗ − βC∗|k∗G)

(∵ Lemmas 10 (2) and 15 (6),V2∗
(nG
nG

∣∣∣S∗G) = V∗
(nG
nG

,
nG
nG

∣∣∣S∗G) = V2∗(1|S∗G) = 0)

(306)

In limit,

lim
n∗→∞

d(n∗G, nG) = lim
n∗→∞

d{nA∗G (1, 1), nG} (∵ Equation 304)

= 0 (∵ Equations 298 and 299, where g−A = 1, n̄ = nG)
(307)

and, thus,

lim
n∗→∞

V2∗(τ̂G|S∗G) = E∗
( 1

nG

∣∣∣S∗G)V 2∗(ωT∗ + ωC∗|k∗G) + E∗
{ 1

nG
(1− 0)

∣∣∣S∗G}V 2∗(βT∗ − βC∗|k∗G)

(∵ Equations 306 and 307)

= E∗
( 1

nG

∣∣∣S∗G){V 2∗(βT∗ − βC∗|k∗G) + V 2∗(ωT∗ + ωC∗|k∗G)}.

(308)

(1) Under Assumption 1∗, it holds that S∗def(τ̂F ) = S∗max (∵ Assumption 1). When K∗G =
K∗F ∈ U∗ and N = Nn, it follows that KG = KF (∵ Equation 164) and, according to Lemma 13
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(1), S∗G = Sn∗F = S∗max (∵ Equations 211 and 212), and Equation 308 is equivalent to the desired
result, where

E∗
( 1

nG

∣∣∣S∗G) = E∗
( 1

nF

∣∣∣S∗G) (∵ Lemma 13 (1))

=
1

nF
. (∵ Equation 35)

(309)

(2) Under Assumption 3∗, it holds that S∗def(τ̂P ) = S1∗
P (∵ Lemma 9 (1), NP = nP ≥ 1,

Equations 204 and 211). When K∗G = K∗P ∈ U∗ and N = N1, it follows that KG = KP (∵
Equation 164) and, according to Lemma 13 (2), S∗G = S1∗

P (∵ Equations 211 and 213) and
Equation 308 is equivalent to the desired result.

(3) Under Assumption 2∗, it holds that S∗def(τ̂U ) = S1∗
U (∵ Lemma 9 (2), NA

U = nAU ≥ 1,
Equations 204 and 211). When K∗G = K∗U ∈ U∗ and N = N1, it follows that KG = KU (∵
Equation 164) and, according to Lemma 13 (3), S∗G = S1∗

U (∵ Equations 211 and 214) and
Equation 303 is equivalent to the desired result.

�

Under Assumption 2∗, 4∗ and 5∗, the sixth and seventh lines in Proposition 2∗ (3) are equal
to zero because Equation 225 leads to

∆E∗(βT∗|kT∗U ) = ∆E∗(βC∗|kC∗U ) = 0, (310)

or because the conditional expectation of τ̂U is constant (E∗(τ̂U |S1∗
U ,nU ) = τ̄∗) and thus its vari-

ance is zero. Note that, under Assumption 3∗, the conditional expectation of τ̂P is also constant
(E∗(τ̂P |S1∗

U , nP ) = τ̄∗P ), while nF = n is always constant. This is a reason why Propositions 2∗

(1) and (2) are simpler than (3). In addition, Propositions 2∗ (1) and (2) hold whether or not
Assumption 4∗ and/or 5∗ hold.

For an analogous reason in the case of Propositions 2, V2∗(τ̂P |S1∗
P ) can be smaller than

V2∗(τ̂U |S1∗
U ) (or V2∗(τ̂U |S1∗

P ), where S1∗
P ⊆ S1∗

U ).

Alternative proof of Proposition 2∗ (3) is as follows. According to Equations 284,

V2∗(τ̂U |S1∗
U ) = E∗{V2∗(τ̂U |S1∗

U ,nU )|S1∗
U }+ V2∗{E∗(τ̂U |S1∗

U ,nU )|S1∗
U }.

It follows

E∗{V2∗(τ̂U |S1∗
U ,nU )|S1∗

U }
= E∗[V2∗{E(Y |KUX

T )− E(Y |KUX
C)|S1∗

U ,nU}|S1∗
U ] (∵ Equations 10 and 13)

= E∗[V2∗{E(Y |KUX
T )|S1∗

U ,nU}|S1∗
U ] + E∗[V2∗{E(Y |KUX

C)|S1∗
U ,nU}|S1∗

U ]

− 2E∗[V∗{E(Y |KUX
T ), E(Y |KUX

C)|S1∗
U ,nU}|S1∗

U ] (∵ Lemmas 15 (6) and 23 (1))
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Let nU ∈ N1,S∗N ≡ S∗max(nU ). Note that S∗ ∈ S1∗
U ,nU if and only if S∗ ∈ S∗N and

V2∗
h=1{E(Y |KUX

A(h))|S1∗
U ,nU}

= V2∗
h=1{E(yA(h)|kA(h)

U XA(h))|S∗N} (∵ Equation 23)

= V2∗
h=1{E(µA(h) + βA(h) + ωA(h)|kA(h)

U XA(h))− µA(h)|S∗N} (∵ Lemmas 4 (1) and 15 (4))

= V2∗
h=1{E(βA(h)|kA(h)

U XA(h)) + E(ωA(h)|kA(h)
U XA(h))|S∗N} (∵ Lemmas 3 (1) and (3))

= V2∗
h=1{E(βA(h)|kA(h)

U )|S∗N}+ V2∗
h=1{E(ωA(h)|kA(h)

U XA(h))|S∗N}

+

2∑
h

V∗{E(βA(h)|kA(h)
U ), E(ωA(−h)|kA(−h)

U XA(−h))|S∗N} (∵ Lemmas 12 (2) and 15 (6))

=
n
A(1)A(2)
U∏2
h=1 n

A(h)
U

ẼV 2∗
N

(
βA(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
U ,nU

)
+ [2 · I{A(1) = A(2)} − 1]

n
A(1)A(2)
U∏2
h=1 n

A(h)
U

EV 2∗
N

(
ωA(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
U ,nU

)
(∵ Lemma 19 (4) and 27 (2), Equation 282)

(311)

where the last line follows because

V∗{E(βA(h)|kA(h)
U ), E(ωA(−h)|kA(−h)

U XA(−h))|S∗N}

= E∗
(

[E(βA(h)|kA(h)
U )− E∗{E(βA(h)|kA(h)

U )|S∗N}]

× [E(ωA(−h)|kA(−h)
U XA(−h))− E∗{E(ωA(−h)|kA(−h)

U XA(−h))|S∗N}]
∣∣∣S∗N) (∵ Equation 93)

= E∗S
{
EX

(
[E(βA(h)|kA(h)

U )− E∗{E(βA(h)|kA(h)
U )|S∗N}]E(ωA(−h)|kA(−h)

U XA(−h))
)∣∣∣S∗N}

(∵ Equation 199, Lemma 12 (1))

= E∗S
(

[E(βA(h)|kA(h)
U )− E∗{E(βA(h)|kA(h)

U )|S∗N}]EX{E(ωA(−h)|kA(−h)
U XA(−h))}

∣∣∣S∗N)
(∵ Lemmas 10 (2))

= E∗S [E(βA(h)|kA(h)
U )− E∗{E(βA(h)|kA(h)

U )|S∗N} · 0|S∗N ] (∵ Lemma 12 (1))

= 0.

Note that, when A(1) = A(2) ≡ A and A(1) 6= A(2), it follows
∏2

h=1 k
A(h)∗
U = kA∗U ≡ kA∗G and
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h=1 k

A(h)∗
U = k∗P ≡ kA∗G , respectively. Therefore,

lim
n∗→∞

E∗[V2∗
h=1{E(Y |KUX

A(h))|S1∗
U ,nU}|S1∗

U ]

= E∗
[ n

A(1)A(2)
U∏2
h=1 n

A(h)
U

{
lim

n∗→∞
ẼV 2∗

N

(
βA(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
U ,nU

)
+ [2 · I{A(1) = A(2)} − 1] lim

n∗→∞
EV 2∗

N

(
ωA(h)∗

∣∣∣ 2∏
h=1

k
A(h)∗
U ,nU

)}∣∣∣S1∗
U

]
(∵ Equation 311)

= E∗
[ n

A(1)A(2)
U∏2
h=1 n

A(h)
U

{
EV 2∗

N (βA(h)∗|kA∗G ,nU ) + [2 · I{A(1) = A(2)} − 1]EV 2∗
N (ωA(h)∗|kA∗G ,nU )

}∣∣∣S1∗
U

]
(∵ Equation 301)

= E∗
{ n

A(1)A(2)
U∏2
h=1 n

A(h)
U

1∑
g−A=0

nAU (1, g−A)

nAU

(
V 2∗{βA∗|kA∗G (1, g−A)}

+ [2 · I{A(1) = A(2)} − 1]V 2∗{ωA∗|kA∗G (1, g−A)}
)∣∣∣S1∗

U

}
(∵ Equation 254)

=

1∑
g−A=0

E∗
( n

A(1)A(2)
U∏2
h=1 n

A(h)
U

nAU (1, g−A)

nAU

∣∣∣S1∗
U

)
[V 2∗{βA∗|kA∗G (1, g−A)}

+ [2 · I{A(1) = A(2)} − 1]V 2∗{ωA∗|kA∗G (1, g−A)}] (∵ Lemmas 10 (2) and 23 (1))

Specifically, when A(1) = A(2) = T , the first and second lines of the right hand side of Propo-
sition 2∗ (3) is equal to

lim
n∗→∞

E∗[V2∗{E(Y |KUX
T )|S1∗

U ,nU}|S1∗
U ]

= E∗
{ nP

(nTU )2

∣∣∣S1∗
U

}
{V 2∗(βT∗|k∗P ) + V 2∗(ωT∗|k∗P )}

+ E∗
{nTU − nP

(nTU )2

∣∣∣S1∗
U

}
{V 2∗(βT∗|kT∗U − k∗P ) + V 2∗(ωT∗|kT∗U − k∗P )},

when A(1) = A(2) = C, the third and fourth lines correspond to

lim
n∗→∞

E∗[V2∗{E(Y |KUX
C)|S1∗

U ,nU}|S1∗
U ]

+ E∗
{ nP

(nCU )2

∣∣∣S1∗
U

}
{V 2∗(βC∗|k∗P ) + V 2∗(ωC∗|k∗P )}

+ E∗
{nCU − nP

(nCU )2

∣∣∣S1∗
U

}
{V 2∗(βC∗|kC∗U − k∗P ) + V 2∗(ωC∗|kC∗U − k∗P )},

and, when A(1) 6= A(2), the fifth line deals with

lim
n∗→∞

E∗[V∗{E(Y |KUX
T ), E(Y |KUX

C)|S1∗
U ,nU}|S1∗

U ]

= E∗
{ nP

nTUn
C
U

∣∣∣S1∗
U

}
{V ∗(βT∗,βC∗|k∗P )− V ∗(ωT∗,ωC∗|k∗P )}
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Finally, the sixth and seventh lines represent

V2∗{E∗(τ̂U |S1∗
U ,nU )|S1∗

U }
= V2∗[E∗{E(Y |KUX

T )− E(Y |KUX
C)|S1∗

U ,nU}|S1∗
U ] (∵ Equations 10 and 13)

= V2∗[E∗{E(µT + βT + ωT |kTUXT )− E(µC + βC + ωC |kCUXC)|S1∗
U ,nU} − τ̄ |S1∗

U ]

(∵ Equation 23, Lemmas 4 (1), 8, and 15 (4))

= V2∗[E∗{E∗(βT∗|S∗kT∗U )− E∗(βC∗|S∗kC∗U )|S1∗
U ,nU}|S1∗

U ]

(∵ Lemmas 3 (1) and (3), 10 (2), 12, 23 (1), and 19 (4))

= V2∗{E∗N (βT∗|kT∗U ,nU )− E∗N (βC∗|kC∗U ,nU )|S1∗
U } (∵ Lemmas 23 (1) and 24 (2))

=
∑
A

V2∗{E∗N (βA∗|kA∗U ,nU )|S1∗
U } − 2V∗{E∗N (βT∗|kT∗U ,nU ), E∗N (βC∗|kC∗U ,nU )|S1∗

U }

(∵ Lemma 15 (6))

=
∑
A

V2∗
(nTC

G

nAG

∣∣∣S1∗
U

)
{∆E∗(βA∗|kA∗G )}2 − 2V∗

( nTC
G

nTGn
C
G

∣∣∣S1∗
U

)∏
A

∆E∗(βA∗|kA∗G ) (∵ Equation 286)

Lemma 28 (Decomposition of Expectation). Suppose that K∗G ∈ U∗ satisfies Condi-
tion 1∗, S∗ ⊆ S∗def(f∗X,S), and, for any n̄such that S∗(nG = n̄) 6= ∅,

E∗S|N [EX{f∗X,S(X∗,S∗)}|S∗(nG = n̄)] =
∑
h

q(h)f
(h)
N (n̄)

and

S∗ ⊆
⋂
h

S∗def{f
(h)
N (nG)}.

It follows

E∗{f∗X,S(X∗,S∗)|S∗} =
∑
h

q(h)E∗{f (h)
N (nG)|S∗}.

Proof.

E∗{f∗X,S(X∗,S∗)|S∗}
= E∗S [EX{f∗X,S(X∗,S∗)|S∗}] (∵ Equation 199)

= E∗N
(
E∗S|N [EX{f∗X,S(X∗,S∗)}|S∗(nG)]

∣∣∣S∗) (∵ Lemma 23 (2))

= E∗N
{∑

h

q(h)f
(h)
N (nG)

∣∣∣S∗}
=
∑
h

q(h)E∗{f (h)
N (nG)|S∗} (∵ Lemmas 10 (2) and 23 (1), Equation 203)

�

3.4. Variance Estimator
Suppose that K∗G ∈ U∗ satisfies Condition 1∗. For β(h)∗ ∈ B∗, h ∈ {1, 2}, define variance of

expectation between β(1)∗ and β(2)∗ weighted by kA∗G and adjusted by n̄ ∈ NA1 as

V E2∗
N,h=1(β(h)∗|kA∗G , n̄) ≡

1∑
g−A=0

n̄A(1, g−A)

n̄A

2∏
h=1

[E∗{β(h)∗|kA∗G (1, g−A)} − E∗N (β(h)∗|kA∗G , n̄)].

(312)
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This quantity can be represented by two other ways:

V E2∗
N,h=1(β(h)∗|kA∗G , n̄)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)}+

1∑
g−A=0

n̄A(1, g−A)

n̄A

2∏
h=1

E∗N (β(h)∗|kA∗G , n̄)

−
2∑

h=1

1∑
g−A=0

n̄A(1, g−A)

n̄A
E∗{β(h)∗|kA∗G (1, g−A)}E∗N (β(−h)∗|kA∗G , n̄) (∵ Equation 312)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)}+

2∏
h=1

E∗N (β(h)∗|kA∗G , n̄)

− 2

2∏
h=1

E∗N (β(h)∗|kA∗G , n̄) (∵ Equation 205)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)} −
2∏

h=1

E∗N (β(h)∗|kA∗G , n̄)

(313)

and

V E2∗
N,h=1(β(h)∗|kA∗G , n̄)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A

2∏
h=1

n̄A(1, 1− g−A)

n̄A
[E∗{β(h)∗|kA∗G (1, g−A)} − E∗{β(h)∗|kA∗G (1, 1− g−A)}]

(∵ Equations 185 and 312, 1− n̄A(1, g−A)

n̄A
=
n̄A(1, 1− g−A)

n̄A
)

=
{ 1∏

g−A=0

n̄A(1, g−A)

n̄A

} 1∑
g−A′=0

n̄A(1, 1− g−A′)
n̄A

2∏
h=1

[E∗{β(h)∗|kA∗G (1, 1)} − E∗{β(h)∗|kA∗G (1, 0)}]

=
{ 1∏

g−A=0

n̄A(1, g−A)

n̄A

} 2∏
h=1

∆E∗(β(h)∗|kA∗G ) (∵ Equation 263)

(314)

Define

NTCm ≡ {n|n ∈ Nmax, n̄
TC ≥ m}. (315)

For n̄ ∈ NTC1, I define

V E2∗
N,h=1(β(h)∗|kTC∗

G , n̄)

≡
1∑

g=0

n̄TC(1, g)

n̄TC

2∏
h=1

[E∗{β(h)∗|kTC∗
G (1, g)} − E∗N (β(h)∗|kTC∗

G , n̄)]

=
n̄TC(1, 1)

n̄TC

2∏
h=1

[E∗{β(h)∗|kTC∗
G (1, 1)} − E∗(β(h)∗|kTC∗

G )] (∵ Equations 186 and 187)

= 0 (∵ Equations 186 and 187)

(316)

Lemma 29 (SP Mean of FS Covariance). Suppose that K∗G ∈ U∗ satisfies Condition

1∗. N ⊆ Nmax, fN (n̄) is a function of n̄ ∈ N, β(h)∗ ∈ B∗, ω(h)∗ ∈ W∗ for h ∈ {1, 2},
S∗G ≡ S∗max(nG ∈ N) ⊆ S∗def{fN (nG)}. It follows
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(1) When N ⊆ NA1,

E∗{fN (nG)V 2∗
h=1(β(h)∗|S∗kA∗G )|S∗G}

= E∗
[
fN (nG)

{
EV 2∗

N,h=1(β(h)∗|kA∗G ,nG)− 1

nAG

˜EV 2∗
N,h=1(β(h)∗|kA∗G ,nG)

+ V E2∗
N,h=1(β(h)∗|kA∗G ,nG)

}∣∣∣S∗G]
(2) When N ⊆ NTC1,

E∗{fN (nG)V 2∗
h=1(β(h)∗|S∗kTC∗

G )|S∗G}

= E∗
(
fN (nG)

[
1− 1

nTC
G

{1− d(nTC∗
G , nTC

G )}
]∣∣∣S∗G)V 2∗

h=1(β(h)∗|kTC∗
G )

(3)

E∗{fN (nG)V 2∗
h=1(ω(h)∗|S∗kA∗G )|S∗G} = E∗{fN (nG)EV 2∗

N,h=1(ω(h)∗|kA∗G ,nG)|S∗G}

(4)

E∗{fN (nG)V 2∗
h=1(ω(h)∗|S∗kTC∗

G )|S∗G} = E∗{fN (nG)|S∗G}V 2∗
h=1(ω(h)∗|kTC∗

G )

Proof. For n̄ ∈ N, let S∗N ≡ S∗max(nG = n̄). Suppose S∗N 6= ∅.
(1) Note

E∗S|N{V
2∗
h=1(β(h)∗|S∗kA∗G )|S∗N}

= E∗S|N
{
E∗
( 2∏

h=1

β(h)∗
∣∣∣S∗kA∗G )− 2∏

h=1

E∗(β(h)∗|S∗kA∗G )
∣∣∣S∗N} (∵ Lemma 15 (7))

= E∗N

( 2∏
h=1

β(h)∗
∣∣∣kA∗G , n̄

)
− E∗S|N

{ 2∏
h=1

E∗(β(h)∗|S∗kA∗G )
∣∣∣S∗N}

(∵ Lemma 23 (1) and 24 (2), where we substitute

2∏
h=1

β(h)∗ ∈ B with β∗,S∗N 6= ∅)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
E∗
{ 2∏

h=1

β(h)∗
∣∣∣kA∗G (1, g−A)

}
−
[
V2
S|N,h=1{E

∗(β(h)∗|S∗kA∗G )|S∗N}

+

2∏
h=1

E∗S|N{E
∗(β(h)∗|S∗kA∗G )|S∗N}

]
(∵ Equation 205, Lemma 15 (7),N ⊆ NA1)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A

[
V 2∗
h=1{β(h)∗|kA∗G (1, g−A)}+

2∏
h=1

E∗{β(h)∗|kA∗G (1, g−A)}
]

− 1

n̄A
˜EV 2∗
N,h=1(β(h)∗|kA∗G , n̄)−

2∏
h=1

E∗N (β(h)∗|kA∗G , n̄)

(∵ Lemmas 14 (3), 15 (7) and 24 (2), Equation 282)

= EV 2∗
N,h=1(β(h)∗|kA∗G , n̄)− 1

n̄A
˜EV 2∗
N,h=1(β(h)∗|kA∗G , n̄) + V E2∗

N,h=1(β(h)∗|kA∗G , n̄)

(∵ Equations 254 and 313)

Note also that S∗def{fN (nG)V 2∗
h=1(β(h)∗|S∗kA∗G )} = S∗def{fN (nG)} ⊇ S∗G. Therefore, by apply-

ing Lemma 23 (2) and substituting n̄ = nG, the desired result follows.
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(2) We can substitute A = TC in the proof of Lemma 29 (1) to obtain

E∗{fN (nG)V 2∗
h=1(β(h)∗|S∗kTC∗

G )|S∗G}

= E∗
[
fN (nG)

{
EV 2∗

N,h=1(β(h)∗|kTC∗
G ,nG)− 1

nTC
G

˜EV 2∗
N,h=1(β(h)∗|kTC∗

G ,nG)

+ V E2∗
N,h=1(β(h)∗|kTC∗

G ,nG)
}∣∣∣S∗G]

= E∗
(
fN (nG)

[
1− 1

nTC
G

{1− d(nTC∗
G , nTC

G )}
]∣∣∣S∗G)V 2∗

h=1(β(h)∗|kTC∗
G )

(∵ N ⊆ NTC1,Equations 186, 187, 255, 259, and 316, Lemma 10 (2))

(3) When n̄A ≥ 1,

E∗S|N{V
2∗
h=1(ω(h)∗|S∗kA∗G )|S∗N}

= E∗S|N
{
E∗
( 2∏

h=1

ω(h)∗
∣∣∣S∗kA∗G )− 2∏

h=1

E∗(ω(h)∗|S∗kA∗G )
∣∣∣S∗N} (∵ Lemma 15 (7))

= E∗N

( 2∏
h=1

ω(h)∗
∣∣∣kA∗G , n̄

)
(∵ Equations 146 and 147, Lemmas 12 (1), 23 (1), and 24 (2), n̄A ≥ 1)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
E∗
{ 2∏

h=1

ω(h)∗
∣∣∣kA∗G (1, g−A)

}
(∵ Equation 205,N ⊆ NA1)

=

1∑
g−A=0

n̄A(1, g−A)

n̄A
V 2∗
h=1{ω(h)∗|kA∗G (1, g−A)} (∵ Lemma 17 (2))

= EV 2∗
N,h=1(ω(h)∗|kA∗G , n̄) (∵ Equation 254)

Even when n̄A < 1, both ends of the above equation are equal to each other (zero). Note that
S∗def{fN (nG)V 2∗

h=1(ω(h)∗|S∗kA∗G )} = S∗def{fN (nG)} ⊇ S∗G. Therefore, by applying Lemma 23 (2)
and substituting n̄ = nG, the desired result follows.

(4) We can substitute A = TC in the proof of Lemma 29 (3) to obtain

E∗{fN (nG)V 2∗
h=1(ω(h)∗|S∗kTC∗

G )|S∗G}

= E∗
{
fN (nG)EV 2∗

N,h=1(ω(h)∗|kTC∗
G ,nG)

∣∣∣S∗G}
= E∗{fN (nG)|S∗G}V 2∗

h=1(ω(h)∗|kTC∗
G ) (∵ Equation 255, Lemma 10 (2))

�

Proposition 3∗ (Bias of the Neyman Variance Estimators: SP). (1) Under Assump-

tion 1∗, it holds that S∗def{V̂Neyman(τ̂F )} = S∗max and

lim
n∗→∞

[E∗{V̂Neyman(τ̂F )|S∗max} − V2∗(τ̂F |S∗max)] =
2

nF
{V 2∗(βT∗,βC∗|k∗F )− V 2∗(ωT∗,ωC∗|k∗F )}.

(2) Under Assumption 3∗, it holds that S∗def{V̂Neyman(τ̂P )} = S2∗
P and, when S2∗

P 6= ∅,

lim
n∗→∞

[E∗{V̂Neyman(τ̂P )|S2∗
P } − V2∗(τ̂P |S2∗

P )]

= 2E∗
( 1

nP

∣∣∣S2∗
P

)
{V 2∗(βT∗,βC∗|k∗P )− V 2∗(ωT∗,ωC∗|k∗P )}.
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(3) Under Assumption 2∗, it holds that S∗def{V̂Neyman(τ̂U )} = S2∗
U and, when S2∗

U 6= ∅,

lim
n∗→∞

[E∗{V̂Neyman(τ̂U )|S2∗
U } − V2∗(τ̂U |S2∗

U )]

= 2E∗
( nP

nTUn
C
U

∣∣∣S2∗
U

)
{V ∗(βT∗,βC∗|k∗P )− V ∗(ωT∗,ωC∗|k∗P )}

+
[
E∗
{ nP (nTU − nP )

(nTU − 1)(nTU )2

∣∣∣S2∗
U

}
− V2∗

(nP
nTU

∣∣∣S2∗
U

)]
{∆E∗(βT∗|kT∗U )}2

+
[
E∗
{ nP (nCU − nP )

(nCU − 1)(nCU )2

∣∣∣S2∗
U

}
− V2∗

(nP
nCU

∣∣∣S2∗
U

)]
{∆E∗(βC∗|kC∗U )}2

+ 2V∗
(nP
nTU

,
nP

nCU

∣∣∣S2∗
U

)
∆E∗(βT∗|kT∗U )∆E∗(βC∗|kC∗U ).

The closed forms are obtained by using Lemmas 23 (2), 25, and 28 and Equation 205. If we do

not take the limit, Equations 318 and 321 show bias of the general case, E∗{V̂Neyman(τ̂G)|S∗G}−
V2∗(τ̂G|S∗G).

Under Assumption 2∗, 4∗, and 5∗, it follows that Proposition 3∗ (3) and Equation 290 hold.
Applying Equation 290 to Proposition 3∗ (3), we obtaion

lim
n∗→∞

[E∗{V̂Neyman(τ̂U )|S2∗
U } − V2∗(τ̂U |S2∗

U )]

= 2E∗
( nP

nTUn
C
U

∣∣∣S2∗
U

)
{V ∗(βT∗,βC∗|k∗P )− V ∗(ωT∗,ωC∗|k∗P )}.

Proof. Suppose that K∗G ∈ U∗ satisfies Condition 1∗, N ⊆ N2, and S∗G ≡ S∗max(nG ∈ N) ⊆
S∗def{V̂Neyman(τ̂G)}. It follows that

E∗{V̂Neyman(τ̂G)|S∗G}
= E∗S [EX{V̂Neyman(τ̂G)}|S∗G] (∵ Equation 199)

= E∗S [EX{V̂Neyman(τ̂G)− VX(τ̂G)}+ VX(τ̂G)|S∗G]

= E∗S
{∑

A

1

nAG − 1
V 2(βA|kAG)−

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

+
∑
A

1

nAG
V 2(ωA|kAG) +

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

∣∣∣S∗G}
(∵ Equations 128 and 154,S∗G ⊆ S∗def{V̂Neyman(τ̂G)},N ⊆ N2)

= E∗
[∑

A

{ 1

nAG − 1
V 2(βA|kAG) +

1

nAG
V 2(ωA|kAG)

}∣∣∣S∗G] (∵ Equation 199)

= E∗
(∑

A

[ 1

nAG − 1

{
EV 2∗

N (βA∗|kA∗G ,nG)− 1

nAG
ẼV 2∗

N (βA∗|kA∗G ,nG) + V E2∗
N (βA∗|kA∗G ,nG)

}
+

1

nAG
EV 2∗

N (ωA∗|kA∗G ,nG)
]∣∣∣S∗G) (∵ Lemmas 23 (1) and 29 (1) and (3), N ⊆ N2 ⊆ N1)

(317)
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Therefore, the bias of Neyman variance estimator is equal to

E∗{V̂Neyman(τ̂G)|S∗G} − V2∗(τ̂G|S∗G)

= E∗
(∑

A

[ 1

nAG − 1

{
EV 2∗

N (βA∗|kA∗G ,nG)− 1

nAG
ẼV 2∗

N (βA∗|kA∗G ,nG) + V E2∗
N (βA∗|kA∗G ,nG)

}
+

1

nAG
EV 2∗

N (ωA∗|kA∗G ,nG)
]∣∣∣S∗G)

− E∗
[∑

A

1

nAG
{EV 2∗

N (ωA∗|kA∗G ,nG) + ẼV 2∗
N (βA∗|kA∗G ,nG)}

+
2nTC

G

nTGn
C
G

{V ∗(ωT∗,ωC∗|kTC∗
G )− Ṽ ∗(βT∗,βC∗|kTC∗

G ,nG)}
∣∣∣S∗G]

−
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 + 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(∵ Equations 297 and 317, S∗G ⊆ S∗def{V̂Neyman(τ̂G)} ⊆ S∗def(τ̂G))

= 2E∗
{ nTC

G

nTGn
C
G

Ṽ ∗(βT∗,βC∗|kTC∗
G ,nG)

∣∣∣S∗G}− 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G )

+ E∗
[∑

A

1

nAG − 1
{V E2∗

N (βA∗|kA∗G ,nG) + EV 2∗
N (βA∗|kA∗G ,nG)− ẼV 2∗

N (βA∗|kA∗G ,nG)}
∣∣∣S∗G]

−
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 + 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

= 2E∗
[ nTC

G

nTGn
C
G

{1− d(nTC∗
G , nTC

G )}
∣∣∣S∗G]V ∗(βT∗,βC∗|kTC∗

G )− 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G )

+ E∗
(∑

A

1

nAG − 1

[{ 1∏
g−A=0

nAG(1, g−A)

nAG

}
{∆E∗(βA∗|kA∗G )}2

+

1∑
g−A=0

nAG(1, g−A)

nAG
d{nA∗G (1, g−A), nAG(1, g−A)}V 2∗

h=1{βA∗|kA∗G (1, g−A)}
]∣∣∣S∗G)

−
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 + 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(∵ Equations 254, 258, 260, and 314)

= 2E∗
[ nTC

G

nTGn
C
G

{1− d(nTC∗
G , nTC

G )}
∣∣∣S∗G]V ∗(βT∗,βC∗|kTC∗

G )− 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G )

+
∑
A

E∗
{ 1

nAG − 1

1∏
g−A=0

nAG(1, g−A)

nAG

∣∣∣S∗G}{∆E∗(βA∗|kA∗G )}2

+
∑
A

1∑
g−A=0

E∗
[ nAG(1, g−A)

(nAG − 1)nAG
d{nA∗G (1, g−A), nAG(1, g−A)}

∣∣∣S∗G]V 2∗
h=1{βA∗|kA∗G (1, g−A)}

−
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 + 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(318)
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In limit, it follows

lim
n∗→∞

[E∗{V̂Neyman(τ̂G)|S∗G} − V2∗(τ̂G|S∗G)]

= 2E∗
{ nTC

G

nTGn
C
G

(1− 0)
∣∣∣S∗G}V ∗(βT∗,βC∗|kTC∗

G )− 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G )

+
∑
A

E∗
{ 1

nAG − 1

1∏
g−A=0

nAG(1, g−A)

nAG

∣∣∣S∗G}{∆E∗(βA∗|kA∗G )}2

+
∑
A

1∑
g−A=0

E∗
{ nAG(1, g−A)

(nAG − 1)nAG
· 0
∣∣∣S∗G}V 2∗

h=1{βA∗|kA∗G (1, g−A)}

−
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 + 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(∵ Equations 298 and 299)

= 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G){V ∗(βT∗,βC∗|kTC∗
G )− V ∗(ωT∗,ωC∗|kTC∗

G )}

+
∑
A

[
E∗
{nTC

G (nAG − nTC
G )

(nAG − 1)(nAG)2

∣∣∣S∗G}− V2∗
(nTC

G

nAG

∣∣∣S∗G)]{∆E∗(βA∗|kA∗G )}2

+ 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G ) (∵ Lemma 10 (2))

(319)

When kT∗G = kC∗G ≡ k∗G, it follows

V2∗
(nG
nG

∣∣∣S∗G) = V∗
(nG
nG

,
nG
nG

∣∣∣S∗G) = V2∗(1|S∗G) = 0 (320)

and Equation 318 leads to

E∗{V̂Neyman(τ̂G)|S∗G} − V2∗(τ̂G|S∗G)

= 2E∗
[ nG
nGnG

{1− d(n∗G, nG)}
∣∣∣S∗G]V ∗(βT∗,βC∗|k∗G)− 2E∗

( nG
nGnG

∣∣∣S∗G)V ∗(ωT∗,ωC∗|k∗G)

+
∑
A

E∗
( 1

nG − 1

1∏
g=0

nG(1, g)

nG

∣∣∣S∗G){∆E∗(βA∗|k∗G)}2

+
∑
A

1∑
g=0

E∗
[ nG(1, g)

(nG − 1)nG
d{n∗G(1, g), nG(1, g)}

∣∣∣S∗G]V 2∗
h=1{βA∗|k∗G(1, g)}

−
∑
A

V2∗
(nG
nG

∣∣∣S∗G){∆E∗(βA∗|k∗G)}2 + 2V∗
(nG
nTG

,
nG

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|k∗G)

(∵ Equations 257 and 305, Lemma 14 (3))

= 2E∗
{1− d(n∗G, nG)

nG

∣∣∣S∗G}V ∗(βT∗,βC∗|k∗G)− 2E∗
( 1

nG

∣∣∣S∗G)V ∗(ωT∗,ωC∗|k∗G)

+ E∗
{d(n∗G, nG)

nG − 1

∣∣∣S∗G}∑
A

V 2∗
h=1(βA∗|k∗G)

(∵ Equations 304 and 320)

(321)
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In limit, it follows

lim
n∗→∞

[E∗{V̂Neyman(τ̂G)|S∗G} − V2∗(τ̂G|S∗G)]

= 2E∗
(1− 0

nG

∣∣∣S∗G)V ∗(βT∗,βC∗|k∗G)− 2E∗
( 1

nG

∣∣∣S∗G)V ∗(ωT∗,ωC∗|k∗G)

+ E∗
( 0

nG − 1

∣∣∣S∗G)∑
A

V 2∗(βA∗|k∗G) (∵ Equations 307 and 321)

= 2E∗
( 1

nG

∣∣∣S∗G){V ∗(βT∗,βC∗|k∗G)− V ∗(ωT∗,ωC∗|k∗G)}.

(322)

(1) Under Assumption 1∗, it holds that S∗def{V̂Neyman(τ̂F )} = S∗max (∵ Equation 12, NA
F =

n ≥ 2). When K∗G = K∗F ∈ U∗ and N = Nn, it follows that KG = KF (∵ Equation 164) and,
according to Lemma 13 (1), S∗G = Sn∗F = S∗max (∵ Equations 211 and 212), and Equations 309
and 322 lead to the desired result.

(2) Under Assumption 3∗, it holds that S∗def{V̂Neyman(τ̂P )} = S2∗
P (∵ Equation 16, Lemma

9 (1), NA
P = NP = nP ≥ 2, Equations 204 and 211). When K∗G = K∗P ∈ U∗ and N = N2,

it follows that KG = KP (∵ Equation 164) and, according to Lemma 13 (2), S∗G = S2∗
P (∵

Equations 211 and 213) and Equation 322 is equivalent to the desired result.

(3) Under Assumption 2∗, it holds that S∗def{V̂Neyman(τ̂U )} = S2∗
U (∵ Lemma 9 (2), NA

U =
nAU ≥ 2, Equations 204 and 211). When K∗G = K∗U ∈ U∗ and N = N2, it follows that KG = KU

(∵ Equation 164) and, according to Lemma 13 (3), S∗G = S2∗
U (∵ Equations 211 and 214) and

Equation 319 is equivalent to the desired result.
�

Here are short notes. First, the bias directions of the Neyman variance estimators for all of
these three ATE estimators are unknown. When the pair matching is effective in the sense that
yT∗ and yC∗ are sufficiently close to yT∗−i and yC∗−i , respectively, and the treatment effects are not

so heterogeneous across pairs, V̂Neyman(τ̂F ) and V̂Neyman(τ̂P ) are upwardly biased; otherwise,

they are downwardly biased. The bias direction of V̂Neyman(τ̂U ) in these cases is unknown.
Second, under Assumption 2∗, 4∗ and 5∗, the last three lines in Proposition 3∗ (3) are equal to
zero thanks to Equation 310. Propositions 3∗ (1) and (2) hold whether or not Assumption 4∗

and/or 5∗ hold(s). Third, If only for τ̂F , even Imai (2008) and Imbens & Rubin (2015) do not
derive Proposition 3∗ (1).

Proposition 4∗ (Bias of the Adjusted Neyman Variance Estimators: SP). (1) Un-

der Assumption 1∗, it holds that S∗def{V̂Adj-Neyman(τ̂F )} = S∗max and

lim
n∗→∞

[E∗{V̂Adj-Neyman(τ̂F )|S∗max} − V2∗(τ̂F |S∗max)] = 0.

(2) Under Assumption 3∗, it holds that S∗def{V̂Adj-Neyman(τ̂P )} = S2∗
P and, when S2∗

P 6= ∅,

lim
n∗→∞

[E∗{V̂Adj-Neyman(τ̂P )|S2∗
P } − V2∗(τ̂P |S2∗

P )] = 0.

(3) Under Assumption 2∗, it holds that S∗def{V̂Adj-Neyman(τ̂U )} = S2∗
P and, when S2∗

P 6= ∅,

lim
n∗→∞

[E∗{V̂Adj-Neyman(τ̂U )|S2∗
P } − V2∗(τ̂U |S2∗

P )]

=
[
E∗
{ nP (nTU − nP )

(nTU − 1)(nTU )2

∣∣∣S2∗
P

}
− V2∗

(nP
nTU

∣∣∣S2∗
P

)]
{∆E∗(βT∗|kT∗U )}2

+
[
E∗
{ nP (nCU − nP )

(nCU − 1)(nCU )2

∣∣∣S2∗
P

}
− V2∗

(nP
nCU

∣∣∣S2∗
P

)]
{∆E∗(βC∗|kC∗U )}2

+ 2V∗
(nP
nTU

,
nP

nCU

∣∣∣S2∗
P

)
∆E∗(βT∗|kT∗U )∆E∗(βC∗|kC∗U ).
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The closed forms are obtained by using Lemmas 23 (2), 25, and 28 and Equation 205. If we do

not take the limit, Equations 324 and 326 show bias of the general case, E∗{V̂Adj-Neyman(τ̂G)|S∗G}−
V2∗(τ̂G|S∗G).

Under Assumption 2∗, 4∗, and 5∗, it follows that Proposition 4∗ (3) and Equation 290 hold.
Applying Equation 290 to Proposition 4∗ (3), we obtain

lim
n∗→∞

[E∗{V̂Adj-Neyman(τ̂U )|S2∗
P } − V2∗(τ̂U |S2∗

P )] = 0.

Proof. Suppose that K∗G ∈ U∗ satisfies Condition 1∗, N ⊆ NTC2, S∗G = S∗max(nG ∈
N) ⊆ S∗def{V̂Adj-Neyman(τ̂G)}. Since S∗def{V̂Adj-Neyman(τ̂G)} ⊆ S∗def{V̂Neyman(τ̂G)}, it follows

S∗G ⊆ S∗def{V̂Neyman(τ̂G)}. In addition, since NTC2 ⊆ N2, it follows N ⊆ N2. Thus,

E∗{V̂Adj-Neyman(τ̂G)|S∗G}
= E∗S [EX{V̂Adj-Neyman(τ̂G)}|S∗G] (∵ Equation 199)

= E∗S [EX{V̂Adj-Neyman(τ̂G)− V(τ̂G)}+ V(τ̂G)|S∗G]

= E∗S
{∑

A

1

nAG − 1
V 2(βA|kAG)−

2nTC
G

nTGn
C
G

nTC
G

nTC
G − 1

V (βT ,βC |kTC
G )

+
∑
A

1

nAG
V 2(ωA|kAG) +

2nTC
G

nTGn
C
G

V (ωT ,ωC |kTC
G )

∣∣∣S∗G}
(∵ Equations 128 and 157,S∗G ⊆ S∗def{V̂Adj-Neyman(τ̂G)},N ⊆ NTC2 ⊆ N2)

= E∗{V̂Neyman(τ̂G)|S∗G} − E∗
[ 2nTC

G

nTGn
C
G

{ nTC
G

nTC
G − 1

V (βT ,βC |kTC
G )− V (ωT ,ωC |kTC

G )
}∣∣∣S∗G]

(∵ Lemmas 23 (1), Equations 199 and 317, S∗G ⊆ S∗def{V̂Neyman(τ̂G)} )

= E∗{V̂Neyman(τ̂G)|S∗G}

− 2E∗
( nTC

G

nTGn
C
G

nTC
G

nTC
G − 1

[
1− 1

nTC
G

{1− d(nTC∗
G , nTC

G )}
]∣∣∣S∗G)V ∗(βT∗,βC∗|kTC∗

G )

+ 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G )

(∵ Lemmas 10 (2), 23 (1), 29 (2) and (4),N ⊆ NTC2 ⊆ NTC1).

(323)
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Therefore, the bias of Adjusted Neyman variance estimator is equal to

E∗{V̂Adj-Neyman(τ̂G)|S∗G} − V∗(τ̂G|S∗G)

= E∗{V̂Neyman(τ̂G)|S∗G} − V2∗(τ̂G|S∗G)

− 2E∗
( nTC

G

nTGn
C
G

nTC
G

nTC
G − 1

[
1− 1

nTC
G

{1− d(nTC∗
G , nTC

G )}
]∣∣∣S∗G)V ∗(βT∗,βC∗|kTC∗

G )

+ 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G ) (∵ Equation 323)

= 2E∗
[ nTC

G

nTGn
C
G

{1− d(nTC∗
G , nTC

G )}
∣∣∣S∗G]V ∗(βT∗,βC∗|kTC∗

G )− 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G )

+
∑
A

E∗
{ 1

nAG − 1

1∏
g−A=0

nAG(1, g−A)

nAG

∣∣∣S∗G}{∆E∗(βA∗|kA∗G )}2

+
∑
A

1∑
g−A=0

E∗
[ nAG(1, g−A)

(nAG − 1)nAG
d{nA∗G (1, g−A), nAG(1, g−A)}

∣∣∣S∗G]V 2∗
h=1{βA∗|kA∗G (1, g−A)}

−
∑
A

V2∗
(nTC

G

nAG

∣∣∣S∗G){∆E∗(βA∗|kA∗G )}2 + 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

− 2E∗
( nTC

G

nTGn
C
G

nTC
G

nTC
G − 1

[
1− 1

nTC
G

{1− d(nTC∗
G , nTC

G )}
]∣∣∣S∗G)V ∗(βT∗,βC∗|kTC∗

G )

+ 2E∗
( nTC

G

nTGn
C
G

∣∣∣S∗G)V ∗(ωT∗,ωC∗|kTC∗
G ) (∵ Equation 318)

=
∑
A

[
E∗
{ 1

nAG − 1

1∏
g−A=0

nAG(1, g−A)

nAG

∣∣∣S∗G}− V2∗
(nTC

G

nAG

∣∣∣S∗G)]{∆E∗(βA∗|kA∗G )}2

+ 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

+
∑
A

1∑
g−A=0

E∗
[ nAG(1, g−A)

(nAG − 1)nAG
d{nA∗G (1, g−A), nAG(1, g−A)}

∣∣∣S∗G]V 2∗
h=1{βA∗|kA∗G (1, g−A)}

− 2E∗
{ nTC

G

nTGn
C
G

nTC
G

nTC
G − 1

d(nTC∗
G , nTC

G )
∣∣∣S∗G}V ∗(βT∗,βC∗|kTC∗

G )

(324)
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In limit, it follows

lim
n∗→∞

[E∗{V̂Adj-Neyman(τ̂G)|S∗G} − V∗(τ̂G|S∗G)]

=
∑
A

[
E∗
{ 1

nAG − 1

1∏
g−A=0

nAG(1, g−A)

nAG

∣∣∣S∗G}− V2∗
(nTC

G

nAG

∣∣∣S∗G)]{∆E∗(βA∗|kA∗G )}2

+ 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

+
∑
A

1∑
g−A=0

E∗
{ nAG(1, g−A)

(nAG − 1)nAG
· 0
∣∣∣S∗G}V 2∗

h=1{βA∗|kA∗G (1, g−A)}

− 2E∗
{ nTC

G

nTGn
C
G

nTC
G

nTC
G − 1

· 0
∣∣∣S∗G} · V ∗(βT∗,βC∗|kTC∗

G ) (∵ Equations 183, 298, 299, and 324)

=
∑
A

[
E∗
{ 1

nAG − 1

1∏
g−A=0

nAG(1, g−A)

nAG

∣∣∣S∗G}− V2∗
(nTC

G

nAG

∣∣∣S∗G)]{∆E∗(βA∗|kA∗G )}2

+ 2V∗
(nTC

G

nTG
,
nTC
G

nCG

∣∣∣S∗G)∏
A

∆E∗(βA∗|kA∗G )

(325)

When kT∗G = kC∗G ≡ k∗G, Equation 324 leads to

E∗{V̂Adj-Neyman(τ̂G)|S∗G} − V∗(τ̂G|S∗G)

=
∑
A

[
E∗
{ 1

nG − 1

1∏
g−A=0

nG(1, g−A)

nG

∣∣∣S∗G}− V2∗
(nG
nG

∣∣∣S∗G)]{E∗(βA∗|k∗G)}2

+ 2V∗
(nG
nG

,
nG
nG

∣∣∣S∗G)∏
A

E∗(βA∗|k∗G)

+
∑
A

1∑
g−A=0

E∗
[ nG(1, g−A)

(nG − 1)nG
d{n∗G(1, g−A), nG(1, g−A)}

∣∣∣S∗G]V 2∗
h=1{βA∗|k∗G(1, g−A)}

− 2E∗
{ nG
nGnG

nG
nG − 1

d(n∗G, nG)
∣∣∣S∗G}V ∗(βT∗,βC∗|k∗G) (∵ Lemma 14 (3), Equation 305)

=
∑
A

[
E∗
{ 1

nG − 1

nG
nG

0

nG

∣∣∣S∗G}− 0
]
{E∗(βA∗|k∗G)}2 + 2 · 0 ·

∏
A

E∗(βA∗|k∗G)

+
∑
A

(
E∗
[ nG

(nG − 1)nG
d(n∗G, nG)

∣∣∣S∗G]V 2∗
h=1{βA∗|k∗G}

+ E∗
[ nG

(nG − 1)nG
d(n∗G, nG)

∣∣∣S∗G]V 2∗
h=1{βA∗|k∗G}

)
− 2E∗

{ nG
nGnG

nG
nG − 1

d(n∗G, nG)
∣∣∣S∗G}V ∗(βT∗,βC∗|k∗G) (∵ Equations 304 and 320)

= E∗
{d(n∗G, nG)

nG − 1

∣∣∣S∗G}V 2∗(βT∗ − βC∗|k∗G) (∵ Lemma 15 (6))

=


1

n∗G − 1
V 2∗(βT∗ − βC∗|k∗G) if n∗G ≥ 2 ∵ Equation 256

0 if n∗G < 2 ∵ Equation 256

(326)

In limit, it follows
lim

n∗→∞
[E∗{V̂Adj-Neyman(τ̂G)|S∗G} − V∗(τ̂G|S∗G)] = 0. (327)
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(1) Under Assumption 1∗, it holds that S∗def{V̂Adj-Neyman(τ̂F )} = S∗max (∵ Equation 12 and
98, NTC

F = NF = n ≥ 2). When K∗G = K∗F ∈ U∗ and N = Nn (note Nn ⊆ NTC2), it follows
that KG = KF (∵ Equation 164),

S∗G = S∗max(nG ∈ N) (∵ by definition)

= S∗max(nF ∈ NTC2) (∵ Lemma 13 (1), Equations 188,N = NTC2)

= S∗max(n ≥ 2) (∵ Equations 188 and 315)

= S∗max (∵ n ≥ 2)

and, according to Lemma 13 (1), Equations 309 and 327 lead to the desired result.

(2) Under Assumption 3∗, it holds that S∗def{V̂Adj-Neyman(τ̂P )} = S2∗
P (∵ Equation 102, Lemma

9 (1), NTC
P = NP = nP ≥ 2, Equations 204 and 211). When K∗G = K∗P ∈ U∗ and N = NTC2,

it follows that KG = KP (∵ Equation 164),

S∗G = S∗max(nG ∈ N) (∵ by definition)

= S∗max(nP ∈ NTC2) (∵ Lemma 13 (2), Equations 189,N = NTC2)

= S∗max(nP ≥ 2) (∵ Equations 189 and 315)

= S2∗
P (∵ Equation 213)

and, according to Lemma 13 (2), Equation 327 is equivalent to the desired result.

(3) Under Assumption 2∗, it holds that S∗def{V̂Adj-Neyman(τ̂U )} = S2∗
P (not S2∗

U , ∵ Equation
100, Lemma 9 (2), NTC

U = NP = nP ≥ 2, Equations 204 and 211). When K∗G = K∗U ∈ U∗ and
N = NTC2, it follows that KG = KU (∵ Equation 164),

S∗G = S∗max(nG ∈ N) (∵ by definition)

= S∗max(nU ∈ NTC2) (∵ Lemma 13 (3), Equations 190,N = NTC2)

= S∗max(nP ≥ 2) (∵ Equations 190 and 315)

= S2∗
P (∵ Equation 213)

(note that, except for knife-edge situation, S∗G 6= S2∗
U ), and, according to Lemma 13 (3), Equation

325 is equivalent to the desired result.
�

Proposition 4∗ (2) is surprising. Its alternative and more intuitive proof is as follows. Recall
that Proposition 4∗ (1) has been already established (Imai 2008, 4862-4863, Equations (10)
and (11)). Suppose the following alternative setup for every value of n′ ∈ {2, 3, . . . , n}. We
draw n′ = nP pairs of finite sample J′max ≡ JP from the super-population J′∗max ≡ J∗P which is
composed of n′∗ ≡ n∗P pairs. We also draw n− = n−nP pairs of finite sample J−max ≡ Jmax \ JP
from the super-population J−∗max ≡ J∗max \ J∗P which is composed of n−∗ ≡ n∗ − n∗P pairs, where
Jmax ≡ {1, 2, . . . , n} and J∗max ≡ {1, 2, . . . , n∗}. If we combine the two sets of pairs, we obtain
finite sample as we have dealt with it so far (J′max ∪ J−max = Jmax).

Let j′ ∈ J′max. Denote the h-th smallest j′ by j′(h). Let

Q′ ≡ {Q1j′(1), Q2j′(1), Q1j′(2), Q2j′(2), . . . , Q1j′(n′), Q2j′(n′)}.

Note ∑
j

∑
i

KP,ijQij =
∑

j′∈J′max

∑
i

1 ·Qij′ +
∑

j−∈J−max

∑
i

0 ·Qij−

=
∑

j′∈J′max

∑
i

KF,ij′Qij′ .
(328)
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Therefore,

N ′F =
∑

j′∈J′max

∑
i

KF,ij′X
A
ij′ (∵ Equations 9 and 12)

=
∑
j

∑
i

KP,ijX
A
ij′ (∵ Equation 328)

= NP (∵ Equations 9 and 16)

(329)

and

E′(Q′|K ′FZ ′) =

∑
j′∈J′max

∑
iK
′
F,ij′Z

′
ij′Q

′
ij′∑

j′∈J′max

∑
iK
′
F,ij′Z

′
ij′

(∵ Equation 4)

=

∑
j

∑
iKP,ijZijQij∑

j

∑
iKP,ijZij

(∵ Equation 328)

= E(Q|KPZ) (∵ Equation 4)

(330)

and

τ̂ ′F = E′(Y ′|K ′FXT ′)− E′(Y ′|K ′FXC′) (∵ Equations 10 and 12

= E(Y |KPX
T )− E(Y |KPX

C) (∵ Equation 330)

= τ̂P (∵ Equations 10 and 16

and

V ′(Q(1)′,Q(2)′|K ′FZ ′)
= E′[{Q(1)′ −E′(Q(1)′|K ′FZ ′)}{Q(2)′ −E′(Q(2)′|K ′FZ ′)}|K ′FZ ′] (∵ Equations 88 and 89)

= E′[{Q(1)′ −E(Q(1)|KPZ)}{Q(2)′ −E(Q(2)|KPZ)}|K ′FZ ′] (∵ Equation 330)

= E′(Q′|K ′FZ ′)
= E(Q|KPZ) (∵ Equation 330)

= E′[{Q(1) −E(Q(1)|KPZ)}{Q(2) −E(Q(2)|KPZ)}|K ′FZ ′]
= V (Q(1),Q(2)|KPZ) (∵ Equations 88 and 89)

(331)

where Q′ ≡ {Q(1)′ −E(Q(1)|KPZ)}{Q(2)′ −E(Q(2)|KPZ)}, and

V̂Adj-Neyman′(τ̂ ′F )

=
∑
A

1

N ′F − 1
V 2′(Y ′|K ′FXA′)− 2

N ′F − 1
V ′(Y ′,Y ′−i|K ′FXA′) (∵ Equation 135)

=
∑
A

1

NP − 1
V 2(Y |KPX

A)− 2

NP − 1
V (Y ,Y−i|KPX

A) (∵ Equations 329 and 331)

= V̂Adj-Neyman(τ̂P ) (∵ Equation 135)

(332)

Let j′∗ ∈ J′∗max. Denote the h-th smallest j′∗ by j′∗(h). Let

s′∗ ≡ (s∗·j′∗(1), s
∗
·j′∗(2), . . . s

∗
·j′∗(n′∗))

S′∗max ≡
{
s′∗
∣∣∣s∗·j′∗ = {0, 1},

∑
j′∗∈J′∗max

s∗·j′∗ = n′
}
.

Let j−∗ ∈ J−∗max. Denote the h-th smallest j−∗ by j−∗(h). Let

s−∗ ≡ (s∗·j−∗(1), s
∗
·j−∗(2), . . . s

∗
·j−∗(n−∗))

S−∗max ≡
{
s−∗
∣∣∣s∗·j−∗ = {0, 1},

∑
j−∗∈J−∗max

s∗·j−∗ = n−
}
.
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For S∗ ⊆ S∗max, let S∗N ≡ S∗(nP = n′). Define

S′∗ ≡ {s′∗|s′∗ ∈ S′∗max, s
∗ ∈ S∗N}.

S−∗ ≡ {s−∗|s−∗ ∈ S−∗max, s
∗ ∈ S∗N}.

For a while, suppose n− > 0. Note

|S∗N | = |S′∗| · |S−∗|. (333)

It follows

Pr(S′∗ = s′∗|S′∗ ∈ S′∗) =
∑

s−∗∈S−∗
Pr(S′∗ = s′∗,S−∗ = s−∗|S∗ ∈ S∗N )

=
|S−∗|
|S∗N |

(∵ Lemma 21 (1))

=
1

|S′∗|
(∵ Equation 333)

(334)

Similarly,

Pr(S−∗ = s−∗|S−∗ ∈ S−∗) =
1

|S−∗|
. (335)

It follows

Pr(S∗ = s∗|S∗ ∈ S∗N )

=
1

|S∗N |
(∵ Lemma 21 (1))

=
1

|S′∗|
· 1

|S−∗|
(∵ Equation 333)

= Pr(S′∗ = s′∗|S′∗ ∈ S′∗) Pr(S−∗ = s−∗|S−∗ ∈ S−∗) (∵ Equations 334 and 335)

(336)

Suppose that f ′∗S (s′∗) = f∗S(s∗). It follows that

E∗{f∗S(s∗)|S∗N} =
∑

s∗∈S∗N

Pr(S∗ = s∗|S∗ ∈ S∗N )f∗S(s∗)

=
∑

s−∗∈S−∗

∑
s′∗∈S′∗

Pr(S−∗ = s−∗|S−∗ ∈ S−∗) Pr(S′∗ = s′∗|S′∗ ∈ S′∗)f ′∗S (s′∗)

(∵ Equation 336)

=
{ ∑

s−∗∈S−∗
Pr(S−∗ = s−∗|S−∗ ∈ S−∗)

}{ ∑
s′∗∈S′∗

Pr(S′∗ = s′∗|S′∗ ∈ S′∗)f ′∗S (s′∗)
}

= E∗{f ′∗S (s′∗)|S′∗} (∵ Axiom of probability, Equation 199)

(337)

and

V2∗{f∗S(s∗)|S∗N} = V2∗{f ′∗S (s′∗)|S′∗} (∵ Equation 337) (338)

Even when n− = 0, both ends of Equations 337 and 338 are equal to each other, respectively.
When S∗ = S∗max, it follows that

S′∗ = S′∗max

S−∗ = S−∗max.
(339)
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Accordingly,

E∗{V̂Adj-Neyman(τ̂P )|S2∗
P } − V2∗(τ̂P |S2∗

P )

=

n∑
n′=2

Pr(nP = n′|S2∗
P )[E∗{V̂Adj-Neyman(τ̂P )|S2∗

P , nP = n′} − V2∗(τ̂P |S2∗
P , nP = n′)]

=

n∑
n′=2

Pr(nP = n′|S2∗
P )[E∗{V̂Adj-Neyman(τ̂P )|S∗max(nP = n′)} − V2∗(τ̂P |S∗max(nP = n′))]

=

n∑
n′=2

Pr(nP = n′|S2∗
P )[E∗{V̂Adj-Neyman′(τ̂ ′F )|S′∗max} − V2∗(τ̂ ′F |S′∗max)]

(∵ Equations 332, 337, 338, and 339)

Since nP ≥ 2, it follows that n∗P ≥ nP ≥ 2 and, thus, limn∗→∞ n
′∗ = limn∗→∞ n

∗
P = ∞.

Therefore,

lim
n∗→∞

[E∗{V̂Adj-Neyman(τ̂P )|S2∗
P } − V2∗(τ̂P |S2∗

P )]

=

n∑
n′=2

lim
n∗→∞

Pr(nP = n′|S2∗
P ) lim

n′∗→∞
[E∗{V̂Adj-Neyman′(τ̂ ′F )|S′∗max} − V2∗(τ̂ ′F |S′∗max)]

=

n∑
n′=2

lim
n∗→∞

Pr(nP = n′|S2∗
P ) · 0 (∵ Proposition 4∗ (1))

= 0.

Imai (2008, 4862-4863, Equations (10) and (11)) has already shown (1), but neither (2) nor
(3), of Proposition 4∗. In terms of my notation, Imai (2008, 4863, Equation (11)) formalizes

limn∗→∞ E∗{V̂pair(τ̂F )|S∗max} as

1

n
V 2∗(yT∗ − yC∗−i |1∗).

Note that

yT∗ − yC∗−i = (µT∗ + βT∗ + ωT∗)− (µC∗
−i + βC∗

−i + ωC∗
−i ) (∵ Lemma 4 (1))

= τ ∗ + (βT∗ − βC∗) + (ωT∗ + ωC∗) (∵ Equations 6, 17, 18, and 19)

∴ E∗(yT∗ − yC∗−i |1∗) = E∗(τ ∗|1∗) + E∗(βT∗ − βC∗|1∗) + E∗(ωT∗ + ωC∗|1∗) (∵ Lemmas 3 (1))

= τ̄∗ (∵ Lemmas 3 (3) and 5)

(340)

Denote δ∗ ≡ (βT∗ − βC∗)(ωT∗ + ωC∗). It follows that

δ∗−i = (βT∗
−i − βC∗

−i )(ωT∗
−i + ωC∗

−i )

= (βT∗ − βC∗)(−ωT∗ − ωC∗) (∵ βA∗ ∈ B∗,ωA∗ ∈W∗)
= −δ∗

∴ δ∗ ∈W∗

(341)
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Therefore,

1

n
V 2∗(yT∗ − yC∗−i |1∗)

=
1

n
E∗[{yT∗ − yC∗−i −E∗(yT∗ − yC∗−i |1∗)}2|1∗] (∵ Equations 88, 89, and 90)

=
1

n
E∗[{(βT∗ − βC∗) + (ωT∗ + ωC∗)}2|1∗] (∵ Equation 340)

=
1

n
[E∗{(βT∗ − βC∗)2|1∗}+ E∗{(ωT∗ + ωC∗)2|1∗}+ 2E∗(δ∗|1∗)]

(∵ Lemma 3 (1) and (2))

=
1

n

(
E∗[{βT∗ − βC∗ − E∗(βT∗ − βC∗|1∗)}2|1∗] + V 2∗(ωT∗ + ωC∗|1∗)

)
(∵ Equation 341, Lemmas 5 and 17 (1))

=
1

nF
{V 2∗(βT∗ − βC∗|k∗F ) + V 2∗(ωT∗ + ωC∗|k∗F )} (∵ Equations 35, 88, 89, and 90)

= lim
n∗→∞

V2∗(τ̂F |S∗max) (∵ Proposition 2∗ (1))

(342)

Thus, we confirm that Proposition 4∗ (1):

lim
n∗→∞

[E∗{V̂Adj-Neyman(τ̂F )|S∗max} − V2∗(τ̂F |S∗max)]

=
1

n
V 2∗(yT∗ − yC∗−i |1∗)− lim

n∗→∞
V2∗(τ̂F |S∗max) (∵ Imai (2008, 4863, Equation (11)))

= 0 (∵ Equation 342)

Here is another look. In fact, ω̂T
ij estimates not only ωT

ij but also βTij (Equation (??)). V2(τ̂P )

depends on ωT but not βT , though V2∗(τ̂P |S2∗
P ) takes into account both ωT and βT . (The case

for ω̂C
ij is similar.) This difference corresponds to the contrast where V̂Adj-Neyman(τ̂P ) is biased

for V2(τ̂P ) (where the bias size is related to βT , Proposition 4 (2)) but unbiased for V2∗(τ̂P |S2∗
P )

(Proposition 4∗ (2)). The above argument holds for τ̂F as well.

In Proposition 4∗ (3), note that S∗def{V̂Adj-Neyman(τ̂U )} is not S2∗
U but S2∗

P because neither
nTU nor nCU but NTC(KU ) = NP = nP should be not fewer than two. The bias direction of

V̂Adj-Neyman(τ̂U ) is unknown. Under Assumption 2∗, 4∗ and 5∗, and S2∗
P 6= ∅, thanks to Equation

310, it follows that limn∗→∞[E∗{V̂Adj-Neyman(τ̂U )|S2∗
P } − V2∗(τ̂U |S2∗

P )] = 0.

4. APPLICATION

4.1. Setting
In order to give readers the sense of how (well) τ̂P , τ̂U , V̂Neyman(τ̂G), and V̂Adj-Neyman(τ̂G)
work, this section reanalyzes the data of Angrist & Lavy (2009, Table A1, Copyright American
Economic Association; reproduced with permission of the American Economic Review). The
original authors matched n = 20 pairs of Israeli schools based on the percentages of students
who earned the high school matriculation certificate, or “Bagrut,” in 1999 (hereafter, Bagrut
rate). In December of 2000, they randomly assigned treatment of the Achievement Award
program (X) to one school of every pair. In the program, every student who received a Bagrut
in 2001 was eligible for a payment. Orientation for principals and students took place in January
2001. Tests for Bagrut were taken in June 2001. Student is the unit of analysis in the original
article, but in this manuscript the unit of analysis is school, the original unit of randomization.
Analysts do not have to consider an interference issue among students in the same school which
is always a concern for a cluster randomized design (Imai et al. 2009, pp. 32–34, 40).

Among several outcomes the original authors examine, this manuscript focuses on four annual
Bagrut rates from 1999 to 2002. The outcome of main interest is the Bagrut rate in the
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Table 1. Estimation of the Average Treatment Effects on Bagrut Rate by PDE
(τ̂P ) and UDE (τ̂U ).

Outcome (Y (t)) Year (t) τ̂P τ̂U
Matched-on 1999 τ̂G −0.28 −0.40

{V̂Neyman(τ̂G)}1/2 ( 2.33 ) ( 2.27 )

{V̂Adj-Neyman(τ̂G)}1/2 [ 0.17 ] [ 0.17 ]
Pretreatment 2000 τ̂G −1.58 −2.07

{V̂Neyman(τ̂G)}1/2 ( 6.37 ) ( 6.26 )

{V̂Adj-Neyman(τ̂G)}1/2 [ 6.75 ] [ 6.63 ]
Posttreatment 2001 τ̂G 7.78 7.02

{V̂Neyman(τ̂G)}1/2 ( 6.29 ) ( 6.17 )

{V̂Adj-Neyman(τ̂G)}1/2 [ 6.69 ] [ 6.55 ]
Placebo 2002 τ̂G −5.50 −4.65

{V̂Neyman(τ̂G)}1/2 ( 6.30 ) ( 6.12 )

{V̂Adj-Neyman(τ̂G)}1/2 [ 5.30 ] [ 5.20 ]
NT

U (2002 in parenthesis) 20 (20)
NP , N

C
U (2002 in parenthesis) 19 (18) 19 (18)

posttreatment year, 2001 (Y (2001)), and the original authors theoretically expect that the ATE
is positive; τ̄ (2001) > 0. By design, the Bagrut rates in 1999 (Y (1999)) and 2000 (Y (2000)) should
be pretreatments. Therefore, a priori, scholars should be confident that τ (1999) = τ (2000) = 0
(sharp null) and, therefore, τ̄ (1999) = τ̄ (2000) = 0 (null ATE). Angrist & Lavy (2009) argue that
the Bagrut rate in 2002 (Y (2002)) “can be seen as providing a sort of placebo control” because
“[a]lthough seniors in the 2002 cohort were offered small payment . . . as eleventh graders in 2001,
no further incentives were offered to this cohort since the program was canceled before they
began their senior year” (1395). Thus, the original authors believe τ (2002) = 0 and τ̄ (2002) = 0,
though, admittedly, it is arguable.

Two schools have missing values. Without loss of generality, for every pair j, I label the
treated unit i = 1 and the controlled unit i = 2. Since the control school in pair 6 had closed
before treatment assignment was announced, the original authors do not report its Bagrut rates

for all four years (R
(t)
2,6 = 0 for t = 1999, . . . , 2002). In addition, the control school in pair

17 has a missing value only in 2002 (R
(2002)
2,17 = 0). Since the Bagrut rates of this school were

bad in 2000 (Y
(2000)

2,17 = 0.071, the sixth worst of 39 schools, where the average Bagrut rate

was 0.238) and 2001 (Y
(2001)

2,17 = 0.000), it is reasonable to infer that Y
(2002)

2,17 would be low if
it were observed. If the control school in pair 6 also closed because of its poor performance,

attrition is likely to be non-ignorable. To sum, for t = 1999, 2000, 2001, N
(t)
P = N

C(t)
U = 19,

while N
(2002)
P = N

C(2002)
U = 18. For all years, N

T (t)
U = 20. Since the original authors utilize the

treated schools of pairs 6 and 17 (whose controlled schools have missing values) in student-level
analysis, they employ τ̂U in effect.

4.2. Results
Table 1 displays the results. (The replication materials for this section can be found at
https://doi.org/10.7910/DVN/O9WE06.) Four panels correspond to four annual Bagrut rates
(Y (t)) from t = 1999 (top) to t = 2002 (bottom). In every panel, the point estimates of

the ATE (τ̂G, first row) and their standard errors based on V̂Neyman(τ̂G)(second row) and

V̂Adj-Neyman(τ̂G)(third row) are presented. At the bottom of the table, I report NP , N
T
U , and

NC
U . The first and second columns indicate τ̂P and τ̂U , respectively.

At a first look, it seems that τ̂P and τ̂U make little difference; their point estimates and
standard errors are close to each other; and both ATE estimators lead to the same conclusion
that one cannot reject the null hypothesis τ̄ (t) = 0 from t = 2000 to t = 2002 at the 5%
significance level.

https://doi.org/10.7910/DVN/O9WE06
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There is, however, one important exception for t = 1999. Figure 1 illustrates the point es-

timates of the ATE (τ̂
(1999)
G , indicated by points) and their 95% confidence intervals (indicated

by lines) based on V̂Adj-Neyman(τ̂
(1999)
G ) and a t-distribution with 19 degrees of freedom. I also

demonstrate the case of a t-distribution with 20 degrees of freedom (Figure 2) and the case of

a normal distribution (Figure 3). The upper and lower parts respond to τ̂
(1999)
P and τ̂

(1999)
U ,

respectively. The dotted vertical line indicates the null hypothesis (τ̄ (1999) = 0). Accordingly,

τ̂
(1999)
U rejects the null hypothesis at the 5% significance level, though τ̂

(1999)
P does not. Recall

that, since Y (1999) is a pretreatment, scholars should be sure of τ̄ (1999) = 0. Thus, in this

particular case, inference based on τ̂
(1999)
U is misleading, while that of τ̂

(1999)
P is plausible. This

might be because V̂Adj-Neyman(τ̂
(1999)
U ) < V2(τ̂

(1999)
U ), that is, V̂Adj-Neyman(τ̂

(1999)
U ) is too opti-

mistic, as Propositions 4 (3) and 4∗ (3) allow. I do not argue that this finding confirms that
τ̂P always leads to more valid conclusion than τ̂U ; I simply call attention to the fact that both
ATE estimators can make difference.

−0.8 −0.6 −0.4 −0.2 0.0 0.2

Treatment Effect on Bagrut Rate in 1999 (% Points)

●
UDE

●
PDE

Fig. 1. Inference of the Average Treatment Effect on Bagrut Rate in 1999. Points indicate the point esti-
mates of the ATE (τ̂ (1999)G ). Lines indicate their 95% confidence intervals based on V̂Adj-Neyman(τ̂

(1999)
G ).

The upper and lower parts respond to τ̂ (1999)P and τ̂ (1999)U , respectively. The dotted vertical line indicates
the null hypothesis.

It is also worth mentioning one more important point for t = 1999: V̂Adj-Neyman(τ̂
(1999)
G )

is much smaller than V̂Neyman(τ̂
(1999)
G ). Since Y (1999) is the matched-on variable to match

pairs, it follows that Y (1999) ≈ Y (1999)
−i , which is confirmed by τ̂

(1999)
P ≈ 0. Given τ (1999) = 0

(which implies that the treatment effect is perfectly homogeneous), I would infer that yT (1999) =

yC(1999),βT (1999) = βC(1999),yT (1999) ≈ yT (1999)
−i ,yC(1999) ≈ yC(1999)

−i ,ωT (1999) = ωC(1999) ≈ 0.

Therefore, my conjecture is that V(τ̂
(1999)
G ) is negligible (Proposition 2), V̂Neyman(τ̂

(1999)
G ) is

larger than V(τ̂
(1999)
G ) (Proposition 3), and V̂Adj-Neyman(τ̂

(1999)
G ) is as small as V(τ̂

(1999)
G ) (Propo-

sition 4).

Some minor remarks are in order. First, V̂Adj-Neyman(τ̂
(t)
P ) > V̂Adj-Neyman(τ̂

(t)
U ) and V̂Neyman(τ̂

(t)
P ) >

V̂Neyman(τ̂
(t)
U ) for all four years (t). Second, τ̂

(t)
P is closer to τ̄ (t) = 0 than τ̂

(t)
U for t = 1999 and

2000, though the opposite holds for t = 2002. Note that, however, the case of τ̄ (2002) = 0
is weaker than those of τ̄ (1999) = 0 or τ̄ (2000) = 0. Recall that the original authors expect

τ̄ (2001) > 0. Third, V̂Adj-Neyman(τ̂
(t)
G ) is larger than V̂Neyman(τ̂

(t)
G ) for t = 2000 and 2001, though

the opposite holds for t = 2002. Recall that V̂Adj-Neyman(τ̂P ) is conservative in the finite sample
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Fig. 2. Inference of the Average Treatment Effect on Bagrut Rate in 1999 based on a t-distribution with
20 degrees of freedom.

and unbiased in the super-population (Propositions 4 (2) and 4∗ (2)), while the bias direction

of V̂Neyman(τ̂P ) is unknown (Propositions 3 (2) and 3∗ (2)). Note that, however, all of these
points are concerned with only this application; I cannot generalize these minor remarks to
other cases.

Finally, I emphasize that I do not aim to challenge any findings of the original analysis by
Angrist & Lavy (2009) because their unit of observation is a student and mine is a school. I
repeat that the goal of my reanalysis is to demonstrate how the two ATE estimators and the
two variance estimators work in a real application, not to look for new substantive findings
about the effect of the Achievement Award program on the Bagrut rate.

5. COMPARISON WITH IMAI AND JIANG (2018)

Imai & Jiang (2018) is very relevant to my study. In fact, Imai & Jiang (2018, 2908) cite
an earlier version of my present manuscript, saying “[t]he analytical results and methodology
presented in this paper complement the recent work by Fukumoto who examines the bias due to
missing outcomes under the matched-pairs design” (emphasis added). I completely agree with
them. Below, I compare the main manuscript with Imai & Jiang (2018).

Both studies share an estimand and an estimator. What I call “a kind of local average
treatment effect (LATE) of ‘always-reporting pairs’ ” (τP , p. 3) corresponds to “the average
treatment effect for always-observed pairs (ATOP),” the key concept of Imai & Jiang (2018,
2909). Accordingly, the PDE (τ̂P ) is the same as the “naive difference-in-means estimator,
applied to all the pairs without missing outcomes” (τ̂ATOP) in Imai & Jiang (2018, 2909).

When Imai & Jiang (2018, 2910–2911) consider no-assumption bounds, they make neither
my Assumption 2 nor my Assumption 3. In their sensitivity analysis, Imai & Jiang (2018, 2911)
introduce their Assumption 2:

P{R2j(t) = r | R1j(t) = r} = P{R1j(t) = r | R2j(t) = r} ≥ γ

for r = 0, 1 and t = 0, 1. When γ = 1, this is reduced to my Assumption 2. Thus, their
Assumption 2 is more relaxed than my Assumption 2. All told, Imai & Jiang (2018) derive the
bounds of the ATOP in their Theorems 1 and 3 under assumptions that are more relaxed than
those of my paper.

On the other hand, if (but not only if) γ = 1, the bound is reduced to a point, the ATOP
(= τP ) is identified, and not only my Assumption 2 but also my Assumptions 3 and 3∗ hold.
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Fig. 3. Inference of the Average Treatment Effect on Bagrut Rate in 1999 based on a normal distribution.

My contribution is to show that under my Assumption 3 or 3∗, we can derive the closed form of
the variance of τ̂P = τ̂ATOP (my Proposition 2 (2) or 2∗ (2)) and the Adjusted Neyman variance

estimator (V̂Adj-Neyman(·)) of τ̂P = τ̂ATOP is only upwardly biased (and thus conservative) in
the finite sample (my Proposition 4 (2)) or unbiased in a super-population (my Proposition 4∗

(2)). (In this sense, attention to the difference between a finite sample and a super-population
is essential.) For instance, Table 1 of Imai & Jiang (2018, 2915) reports not only the “[n]aive
estimates using available units” (which I denote by τ̂ATOU and is equal to the UDE (τ̂U ) of my
paper, the top panel) and τ̂ATOP (= τ̂P , the second panel) but also their corresponding confidence
intervals. My paper provides some useful guidance about how to interpret the table. On the one
hand, as long as readers suspect that my Assumption 3 or 3∗ is not violated, my Propositions
1 (2) and 4 (2) (or my Propositions 1∗ (2) and 4∗ (2)) will make them believe that the ATOP
probably falls in the confidence interval of τ̂ATOP. On the other hand, even though readers allow
my Assumption 2 or 2∗, which is stronger than Assumption 3 or 3∗, my Proposition 1 (3) or
1∗ (3) does not guarantee that τ̂ATOU is unbiased for the average treatment effect for always-
observed units (ATOU, E{Yij(1)− Yij(0) | Rij(1) = Rij(0) = 1}), and my Proposition 3 (3) or
3∗ (3) suggests that the confidence interval of τ̂ATOU can be too narrow. Accordingly, readers
should not be confident that the ATOU belongs to the confidence interval of τ̂ATOU.

Furthermore, I argue that we do not have to be as pessimistic as Imai & Jiang (2018).
They warn “in practice, the treatment often affects the missingness pattern [Rij(1) 6= Rij(0)]
and matching is imperfect [R1j(t) 6= R2j(t)]” (p. 2910, emphasis added and square brackets
inserted). Here I hasten to add that this is not always the case. For instance, in the cases of
blind tests, subliminal stimuli, and administrative records, it is likely that Rij(1) = Rij(0) (p. 3);
since unit i of pair j does not recognize treatment status, whether the unit responds or not (Rij)
will not depend on whether treatment is assigned or not. Or, if matched-on variables (e.g., (part
of) DNA) completely explain the missingness pattern (e.g., in the cases of (monozygotic) twins
and littermates of the same sex), R1j(t) = R2j(t) should hold (p. 2). I also emphasize that my
Assumption 3 is more relaxed than the conditions under which Imai & Jiang (2018, 2909–2910)
argue τ̂ATOP “is unbiased for ATOP.” Their condition is either “Rij(1) = Rij(0) for all i and j”
or “R1j(t) = R2j(t) for each t = 0, 1 and j = 1, 2, . . . , J .” Indeed, my Assumption 3 is, for each
pair j, either Rij(1) = Rij(0) for all i or R1j(t) = R2j(t) for each t = 0, 1. Note also that even
under my Assumption 3, τ̂ATOP (= τ̂P ) is unbiased for ATOP (= τP ) according to Section 2.2.

At least, even if we make my Assumption 3 for mathematical reasons, the closed form of the
variance of τ̂P and the closed form of the bias of V̂Adj-Neyman(τ̂P ) make it clear what is mainly
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responsible for the inefficiency and the bias. That is, the variance of τ̂P increases in the variance
of within-pair deviation (ωij(1) + ωij(0)), which represents the quality of pair matching (my

Proposition 2 (2)), while the bias of V̂Adj-Neyman(τ̂P ) increases in the variance of between-pair
deviation (βij(1)− βij(0)), which indicates the between-pair heterogeneity of treatment effects
(my Proposition 4 (2)).

To conclude, I emphasize that Imai & Jiang (2018) and my paper complement each other
on the same topic: non-ignorable attrition in pairwise randomized experiments. Imai & Jiang
(2018) are interested in bounds and its sensitivity to assumptions, while my main focus is on
comparison between the PDE and UDE.

6. CONCLUDING REMARKS

I emphasize that both the PDE and the adjusted Neyman variance estimator have the favorable
properties outlined above because they take advantage of pairwise randomization’s design. It is
clear that basically, one can translate propositions about the full sample estimator into those of
the PDE by replacing kF ,k

∗
F and nF by kP ,k

∗
P and nP , respectively. This is because, under the

assumption of pairwise matched attrition, the PDE regards the always-reporting pairs as the
full sample. This is the case neither with the UDE nor with the Neyman variance estimator;
they “break the match,” or break the design of pairwise randomization. Furthermore, the
framework of this study can also be extended to observational data where scholars apply a
matching method, one outcome variable (e.g., event occurrence) has no missing values, and
another outcome variable (e.g., time-to-event) has some. In this case, too, scholars should use
the PDE rather than the UDE. The Neyman variance estimator can have either positive or
negative bias for both ATE estimators (Propositions 3 and 3∗) and thus is not recommended.

Non-ignorable attrition in pairwise randomized experiments has attracted less attention than
it should and requires thorough consideration. This work aims to move towards a solution for
this problem, though many questions remain unanswered. For instance, researchers can consider
a pair as a stratum which is composed of two units, while, in many studies, a stratum is composed
of more than two units (stratified randomized experiments, Imbens & Rubin 2015, ch. 9). In
this case, inverse probability weighting (e.g. Little & Rubin 2002, pp. 46–47) is available, where
the weighting class is a stratum and the weight variable (Zij) is not a dummy but a non-negative
real number which can be larger than one. The question is whether or under what conditions
the PDE is better than inverse probability weighting. Another example is non-compliance; units
sometimes do not comply with treatment assignment even though their outcomes are observed.
A typical solution is instrumental variable estimation (Angrist et al. 1996). This study sketches
unbiasedness of both the PDE and the instrumental variable estimator for compliers’ LATE,
though it remains unclear which estimator is more efficient. Finally, pairwise randomization is
often applied to cluster randomized experiments, and researchers may conduct not only cluster-
level but also individual-level analyses (Donner & Klar 2000; Hayes & Moulton 2009; Imai et al.
2009). My conjecture is that the implication of the propositions of this manuscript still holds
even at the individual level, even though specific equations should differ. Studying these topics
is a future agenda for causal inference research.
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