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A Stratified bootstrap

The following summarizes the algorithm for the stratified bootstrap discussed in Section 4:
1. For7in 1 to n:

(a) Sample a new A of equal size to A by sampling bills from A with replacement
(b) Sample a new B of equal size to B by sampling bills from B with replacement
(c) Using votes for each legislator from the resampled A and B, compute 7, =

> (—2log (pikem) — 1)

2. Compute the test statistic

> (—=2log (pikem) — 1)
Var (7) 2

Z =

where

2
) I . I
Var(T):n_l'Z<Ti—E ]) .
3. Compute the p-value as 1 — & (2).

Note that, asymptotically, the test statistic z has distribution 7 ~ N (i, 1) with © <0

under the null hypothesis hypothesis that E[> (—21og (pikem) — 1)] < 0.



B Proofs

Definition 1. A vector v is positive if and only if v; > 0 for all 7. A matrix M is positive
if and only if M;; > 0 for all < and j. Note that whether a matrix is positive is distinct from

whether it is positive definite.

Definition 2. A vector v is negative if and only if v; < 0 for all i. A matrix M is negative
if and only if M;; < 0 for all 7 and j. Note that whether a matrix is negative is not the same

as whether it is negative definite.

Definition 3. A nonnegative real number o is a singular value of a real matrix A if and
only if there exist unit vectors w and v such that Av = cu and A'u = ov. The unit
vectors w and v are called left-singular and right-singular vectors corresponding to o,

respectively.

Definition 4. The vectors  and y (x,y € R") are order equivalent if and only if either

Vi g, (i <xj) & (ys <y;) or Vi# j, (x5 < x5) & (4 > ).

Notation 5. Let K denote the number of legislators, and let K = {1,..., K} be the set of

integers between 1 and K.

Definition 6. Let p be a bijection from {(a,b) € K? | a < b} to {1,..., (5)}. Thus, p maps
each unique ordered pair of numbers between 1 and K with the first number less than the

second into a unique integer between 1 to (I;), inclusive.

K

2) elements. One such bijection is

Note. Such a mapping must exist since both sets have (

p(a,b) = G=D0=2) | ; but the choice of mapping will be irrelevant to the results.

2
(5)

Also, note that > X;; = > X, @m): These two forms will be used interchangeably.
j=1 {meK:l<m



Definition 7. Given ideal points & and bijection p, the ideal-point-rank matrix, X, is

defined by

0 ifie{l,m}
Xp(f,m),i = <A1>
ssgn (zp —xg) Y. sgn(x; —ay) otherwise
keK\{£,m,i}

where sgn (+) is the signum function. X is a sorted ideal-point-rank matrix if, additionally,

xr; < xy if and only if ¢ < k.

Note. Thus, for each integer £ and m (1 < ¢ < m < K), the elements of row p (¢, m) are
values from —% to % (in unit increments) in increasing or decreasing order of the ideal
points except for the /" and m™ elements (X p(t;m), and X p(g’m)’m), which are zero, with the
order increasing if z,, > x, or decreasing otherwise. So, each row gives the rank of the ideal

points, except those of legislators ¢ and m, normalized to sum to zero.

Note that each row has mean zero, as

K

1
E Xom),i = E §sgn (T — x0) E sgn (x; — )
i=1 €K\ {£,m} keK\{¢,m.,i}

1
= §sgn (T — x0) | Z | sgn (z; — o)
i, keK\{€,m}:i£k

1
= 5sen (T — x0) | Z | (—sgn (zx, — x;))
i,k€R\{¢,m}:i£k
1
= —558n (T — x0) Z Z sgn (xg — x;)

keK\{¢,;m} | ieK\{¢,m,k}

1
= — Z 5580 (T — T0) | Z sgn (xg — x;)
keK\{t,m} i€K\{£,m,k}
K
= 3" Xyt (A2)
i=1

As a result, the each row of the matrix is equivalent to one found by assigning the integers

from 1 to K — 2 to all but two elements of the row, in increasing or decreasing order of the
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ideal-points, and then mean-centering each row.

The ordering of the rows of X (and, thus, the choice of p) will be irrelevant to the results,
as the right singular vectors of X and their corresponding singular values do not depend on
the order of the rows. For one particular choice of p, the matrix can be generated by the

following R function:

ideal.point.rank.matrix <- function(K=length(theta), theta=1:K)
t(combn(K, 2,
function(x, theta) {
z <- replicate(K, ifelse(1:K %in% x, NA, theta))
return(rowSums (sign(z - t(z)), na.rm=TRUE) / 2) },

theta=theta))
Definition 8. Given vote matrix V and bijection p, the observed ideal-point-rank ma-
trix, X, is defined by
0 ifi € {¢,m}

L= N :
Jo ‘
> sgn (Z Uit vim|k€> otherwise

kEK\{i,¢,m} j=1

(A3)

N[ =

where vfm| 4o is defined as in Equation 25. As will be shown in Corollary 12, X & X under
the regularity condition mentioned in Footnote 10. Note that, as in Definition 7, each row is

zero-centered.

B.1 Results on the inconsistency of Optimal Classification

Theorem 9. For any ideal-point model with quadratic utility and a fived number of legislators
K >3, there is a vector of ideal points x1, ...,z and sequence of bill parameters (o, ;)i

such that Optimal Classification is not a consistent estimate of the order of the ideal points.

Proof. Let v;; denote the vote of legislator ¢ on bill j and equal one for a ‘yea’ vote and zero
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for a ‘nay’ vote where the probability of a yea vote is F' (5;z; — «;) with a;; = (yjlj)Q — (yjoj)2
and 3; = 2(yj1j —yjoj). Let m;(z}) denote the minimum number of misclassifications
possible on vote j given ideal points x} and let m (z}) = Z m; (2}) denote the minimum
number of misclassifications over all votes. Note that in all cases, 0<m; < %, as it is always

possible to classify over half the votes correctly by classifying all votes together.

Because of the identifying constraints, z; = 1 and x5 = 0. Let

o =F" (1 — (1 — %2—1_1> ki) (A4)

and 3; = F~1 (ﬁ) + a; for all j. Let z3 = (F (ik) + ozj) B; ! Finally, take any z; < 0 for

all 2+ > 3. Note that this implies that

1 1
F (ﬁjmg — Oéj) = 3_k‘ < % = F(ﬁjxl — Oéj) . <A5)
Further, F (Bjz; — o) <1 — (1 — 6k21_1)k12 = F (Bjx1 — a;), so
6k? — 2 3k —1 2k — 1
PI‘(UU:O/\UijIOVi>3):m>PI'(U3J’ZO): 3k >PI‘(U3j:O>: ok
(A6)

Let m; («}) denote the minimum number of misclassifications possible on vote j given
ideal points 2/ and let m (z}) = Z m; (z}) denote the minimum number of misclassifications
over all votes. Note that in all cases, 0 < m; < %, as it is always possible to classify over half

the votes correctly by classifying all votes together.

Consider the case where the estimated ordering is ;3 < Tjy < ... < Ty, < Ty < Tjp. If
v1; = 1 and v;; = 0 for all 7 # 1, then the data are perfectly separating and so m; (;) = 0.
If v3; = 1 and v;; = 0 for all ¢ # 3, then the data are again perfectly separating and so

m; (2;) = 0. And if v;; = 0 for all ¢, m; (#;) = 0. These three outcomes occur with probability

Pr (’Uij = O\V/Z) + Pr (Ulj = 1, Vij = 0Vvi 7’é 1) + Pr (Ugj = 1, Vij = 0Vvi 7& 3)
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2k—1 3k—1 6k*—2 1 3k—1 6k*—2 2k—1 1 O6k*—2

ok 3k 6k —1 2t 3k 6 —_1 ' 2k 3% 6 _1

3k —1
= A7
e (A7)
Since m; (z;) < g for all other cases and these occur with probability less than kg, we
have
. 1
Elm; (£)] < - (A8)

Now, consider the case where ;4 < ... < T;;, < T;; < Tj3 < Tj9, which matches the true
ordering. If v3; = 1 and v;; = 0 for all © # 3, then perfect classification is not possible, so

m; (€;) > 1. This voting outcomes occur with probability

Pr(vs; = 1,v;; = OVi # 3) = 2]‘“2; : % : 222 > i 41k (A9)
since k > 3. Since, in all other cases, m; > 0, we have
Blm; ()] > —. (A10)
4k
Thus,
B [ (£) = my (8] >~ (ALL)

By the strong law of large numbers,
( Jim = Z{mj —my ()} > o) = 1. (A12)
Thus,

L= pr (JLH;% {Zmﬂ Yo } )
_pr (lim L im(@) —m (@) > o)

n—oo N



j=1

So, given sufficiently many votes, the maximum number of correct classifications under z;
will almost surely exceed the maximum number under x;, which is the correct ordering. Since
optimal classification produces an estimated order which maximizes the number of correct
classifications, optimal classification is not a consistent estimator of the order of the ideal

points. O

B.2 Results related to Footnote 10

Lemma 10. If
N

0< hNnLio%f % Z <Pr (vim|w> —Pr (vfmke)) , (A14)

J=1

then

N N
A}gréo Pr (Z Umlit > vamw) =1 (A15)
- j=1

J

Proof. Assume

N
1 . ,

0< hNHLio%f — Z (Pr ('Uimw) —Pr (vf.m|ke>> : (A16)

j=1

and let
1 XM .
Yy = N Z ’Uim\if - Uim\ké' (A17)
j=1

Since 0 < vfmw <land0< vimw <1, -1< Uimﬁ( — Ugm|k€ < 1. So, Popoviciu’s Inequality

implies that Var 'Uimw — ”gmme) < 1. Thus,

N
1 , .
Var (Yy) = Var (ﬁ E :Uimwz - Ufmw)
=1

1 X . .
- m Z Var (vimﬁﬁ - Uzj'm|k:£>

J=1



Dﬁz

IN
?.

=2~ %|>—‘

Chebyshev’s inequality gives
1
Pr(t < |Yy — E[Yn]]) < ZE\/aur (Yn)

for all ¢ > 0. Since Var (Yy) < LVar (Yy) < +L5 for all £ > 0. Thus,

1
Nt Nt2

Pr(t <|Yn—E|YN]|) £ —
HE< Vi = BYNlD < 575

forallt > 0. And, as Pr(E [Yy] =Yy >1t) <Pr(|Yy — E[Yy]| > t) forall t >0,

1
Pr(t<—(Yy—FEY, < —
(b < - (Ve ~ BIV) < 5
for all t > 0. Setting t = E [Yn] gives
Pr(E[Yx] < E [Va] - Ya) < ——
r — o o
N < N N = BN

which simplifies to

1
Pr(Vy<0)< —
(Yv < >_E[YN]2N

Noting that 0 < Pr(Yy < 0) and taking the limit superior of both sides thus gives
0 <limsupPr(Yy <0) <limsu .
< limsup Pr(¥y < 0) < limsup ooy

10
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Since 0 < lim inf E [Yy]* by assumption, liminf E [Yy]* N = co. Thus,
N—o0 N—o0

1
limsup ———— = 0. (A25)
Nooo F [YN] N
So,
1
limsup Pr (Yy <0) < limsup ———— = 0. A26
N—)oop ( M= ) o N—)oop E [YN]2N ( )

Therefore, limsup Pr(Yy <0) = 0. Since 0 < Pr(Yy <0) and liminf Pr(Yy <0) <

N—o0 N—o0
limsup Pr (Yy <0),
N—o0
0 < liminf Pr (Yy < 0) <limsupPr(Yy < 0) = 0. (A27)
N—o0 N—oo
So,
lim inf Pr (Yy < 0) = limsup Pr (Yy < 0) = 0. (A28)
N—o0 N—oo
Thus,
lim Pr(Yy <0)=0 (A29)
N—o00
and
lim Pr(Yy >0)= lim 1 —Pr(Yy <0)=1- lim Pr(Yy <0)=1. (A30)
N—o0 N—oo N—o0

Replacing Yy with its definition, this last equation becomes gives
1 .
lim Pr (N D Vi = Ve > 0) =1. (A31)
j=1
Multiplying both sides of the inequality by N, this becomes

N
lim Pr (Z Vhmlit = Vimiie > 0) =1. (A32)

J=1
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Therefore,

N N
lim Pr <Z vimw > vfmk£> =1 (A33)
J J=1

N—o0 -
=1

]

~ (N)\ ©
Theorem 11. Let (X( )> be a sequence of observed ideal-point-rank matriz after N
N=1

votes generated by unique ideal points, x. If

0 < liminf i
N—o0

WE

<Pr <vimw> — Pr (vfmkg)) (A34)

J=1

for all i, k, £, and m such that x; < x} and xy < ,,, then

lim Pr (X(N) -X) =1, (A35)

Proof. Assume .
0< hNHLiO%f % Z <Pr <U£m|w> —Pr (U{m|k£>) (A36)

=1

for all 7, k, ¢, and m such that z; < z, and z, < x,,.

Take any N and any distinct a,b,¢,d € {1,2,..., K}. Since a and b are distinct and the
elements of x are unique, x, # ;. Let i =aand k =bifz, < xy, and ¢t =band k = a
otherwise. Thus, x; < zj. Similarly, since ¢ and d are distinct, x. # x4. Let £ = c and m = d

if . < x4 and £ = d and m = ¢ otherwise. Thus, x;, < x,,.

J _ J _ : S J _ ,J
Note that Upmiat = Vkmlie and Vamipe = Vimike if x, < x,. Similarly, Vnmipe = Vkamit
J _J : J o _J _ad :
and Vpmiat = Vim|ke if z, > x,. So, Upmlat — Vamfpe = Vkmlie — Vim|ke if x, < x, and

. J o ] _J :
<me\ae Uam|b£> = Vkmlie — Yim|ke if £4 > xp. Thus,

J o _ _ J o J
Ukmlie — Vim|ke = S8 (2 — Ta) ('me|a£ vam|b€)' (A37)

J ] J .
Further, note that Vpdlac = Vomlat and Vndlpe = ¥

amlbe if x. < x4. Similarly, Vsdlac = Vptlam =

J J — ] ) ; ; J ] J ) ;
,Uam\bf and Uad\bc - Ua@\bm - ,me\aé if Te > Td (Wlth Ub€|am - Uam\bf and Ua€|bm - me|a£ fOHOWng

12



: it J o ] o : I o _
from their deﬁmtlons). SO7 Ubd|ac U(zd|bc - me|a€ /Uam|bf if Ze < Tq and (Ubd\ac Uad|bc> 7

J . :
Vpmlat — Vamlbe if z. > x4. Thus,

J o _ _ J o
vbm|a€ Uam\bf = sgn (xd {EC) <,Ubd\ac Uac|bd) ’ (A38)

So,

J o _ _ J o
Ukm|i€ Uim|k€ = sgh (IEb l’a) <me\a€ Uam|b€>

= sgn (x, — x,) sgn (x4 — x.) (vid‘ac — vic|bd> : (A39)

By Lemma 10, since z; < xp and xy < x,,,
N . N .
A}gr(l)o Pr (Z Uolit > ngmkf) =1 (A40)
j=1 j=1
Thus,
N . .
lim Pr (Z Vhlit = Vialie > o> =1. (A41)
j=1
Multiplying both sides of the equation inside Pr (-) by sgn (z, — z,) sgn (z. — z4) and replacing

_ _ J o ; J o :
sgn (xp — x,) sgn (x. — x4) (vkmw Uim\ke) with vy, — Uaopa SiVes

N—oo

N
lim Pr (Z vid‘ac - vfwwd = sgn (xp — 4) sgn (z, — :cd)> =1 (A42)
j=1

So,
N . -
Nli_r}rloo Pr (sgn <Zl Updlac — vﬁw'bd) = sgn (zp — z4) sgn (z. — xd)> =1 (A43)
j:

N .

Therefore, sgn (Z Updlac — vicbd> s sgn (x, — 24) sgn (x. — x4) for all distinct a, b, ¢, and
j=1

d.

13



So, summing over b ¢ {a,c,d} and multiplying by 1 gives

N
1 ; ; 1
. J J — — =
A}liréo Pr 3 E sgn (E Updlac — vac|bd) =3 E sgn (zp — x4)sgn (v, —xq) | =1

bé{a,c,d} Jj=1 bgé{a,c,d}
(A44)
for all distinct a, ¢, and d. Thus, by definition of Xéé\i) .0 and X,(c.d),a
. S (N
Jim Pr (X)) = Xeaa) =1 (A45)
for all distinct a, ¢, and d such that ¢ < d. Therefore, limy_,,, Pr <X(N) = X) =1. O

Corollary 12. Let (X(N)> be a sequence of observed ideal-point-rank matriz after N
N=1

votes generated by unique ideal points, x. If

N

0 < lim inf % > (Pr (V) = Pr (Vo)) (A46)

j=1
for allz, k, £, and m such that x; < xp and x; < x,,, then

" 7 x (A47)

as N — o0.

N 4 .
Proof. Assume 0 < liminf & 3 (Pr (Uimh'f) —Pr (Ufmlkz)) for all 4, k, ¢, and m such that

r; < x and xy < x,,. For all ¢ > 0 and all NV,

A

(N)
Xp(c,d),a B XP(Cad)’a

o) _
Pr (X500 = Xoeara) = Pr (

:0)
<)

<1. (A48)

Ny
X a Xp(c,d) ,a

Thus, as limy_, Pr <X’£é\£) Da = X p(qd)@) =1 by Theorem 11, the squeeze theorem implies
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= Xo(ed)a

),a

limpy_,oo Pr (’X{Eé\i)d

< 5) =1 for all € > 0 and all distinct a, ¢, and d such that
¢ < d. So, by definition of convergence in probability, X;()é\cf) D.a 5 X p(ed),a @S N — oo for all

distinct a, ¢, and d such that ¢ < d. Therefore, X(N) 5 X as N — . O

B.3 Useful linear-algebra theorems

The following are well-known results in linear algebra which will be useful in demonstrating

later results. Proofs are omitted, as they can be found in many standard linear algebra texts.

Theorem 13 (Raleigh-Ritz). Let A be an n x n real symmetric matriz with eigenvalues

AM> N> >N, Then
x Ax

Sk e A9
(with Ax = \ix if and only if * € arg max f’i{?), and
x#0
. Az
Sl A0
z Az

xz'x

(with Ax = A\, @ if and only if x € arg min
x#0

Corollary 14. If A is a n X n real symmetric matrix and z 1s an eigenvector of A corre-

sponding to the largest eigenvalue, A1, then z € arg max‘”wTT—A: and \y = ZZTT—AZZ

@0

Theorem 15 (Singular Value Decomposition). For any m X n real matriz, A, there exist
nonnegative constants o1 > 09 > ... > Omin(m,n) = 0; an orthogonal m x m matrix, U; and
an orthogonal n x n matriz V such that A = UDV' where D is the m x n diagonal matriz

o, ifi=y
such that D;; =

0  otherwise
Corollary 16. Let A be an m X n real matriz with singular value decomposition A = UDV''
and singular values o1 > 03 > ... Omin(m,n) (where o; = Dy;). Then, the symmetric matrix

ATA has ergendecomposition, ATA = VD?>V', Thus, ATA has etgenvalues \y > Ay >

15



.. >Ny >0 where N\ = 02 if t < min(m,n) and \; = 0 otherwise, and a unit vector v; is
an eigenvector of ATA corresponding to \; if and only if it is a right-singular vector of A

corresponding to o;.

Corollary 17. Let A be an m X n real matriz with singular value decomposition A = UDV'"
and singular values oy > 02 > ... Omin(mn) (Where o; = Dy;), the symmetric matriz AAT has

ergendecomposition AAT =UD?U". Thus, AAT has ergenvalues \y > Ao > ... >\, >0

2

where \; = o7 if i < min(m,n) and A\; =0, and a unit vector u; is an eigenvector of AAT

corresponding to \; if and only if it is a left-singular vector of A corresponding to o;.

B.4 Results regarding singular value decomposition of ideal-point-

rank matrices

Theorem 23 establishes the basis for the suggested estimator based on a singular value
decomposition (see page 15). Aside from the two legislators left out of each row, the values
in each row are monotonic in the ideal points. Were it not necessary to leave two legislators

out of each row, these results would follow more directly.

Lemma 18. If Y s a real matriz, z is a left singular vector of Y corresponding to the
largest singular value, and (YYT)p 15 positive for some p > 1, then either z is positive or z

18 negative.

Proof. Assume Y is a real matrix, z is a left-singular vector of Y corresponding to the largest
singular value, and (YYT)p is positive for some p > 1. Let R = (YYT)p .

Step 1 (Show z is an eigenvector of R corresponding to the largest eigenvalue):

By Corollary 17, z is also an eigenvector of YY" corresponding to the largest eigenvalue,
and all eigenvalues of YY" are nonnegative. If YY" has eigen decomposition YY ' = UDU ',
then R = (YYT)p = (UDUT)p = UD?U" since U is orthogonal. Thus,if A\ > ... >\, >0
are the eigenvalues of YY", then, since p > 1, AP > ... > N >0 are the eigenvalues of R

with vector 2z’ being an eigenvector of R corresponding to A} if and only if it is an eigenvector

16



of YY T corresponding to A;. Thus, since z is an eigenvector of YY ' corresponding to the
largest eigenvalue, it is also an eigenvector of R corresponding to the largest eigenvalue.
Step 2 (Show either z; > 0 for all i or z; <0 for alli):

Assume z; > 0 and z, < 0 for some k and ¢. Take any such k& and ¢. Since Ry, > 0,
2Rz < 0 < |ZkngZg| . (A51)

Since z;R;;z; < |ziRi;%;| for all i and j and z,Rgeze < |2k Rieze|,
i=1 j=1 i=1 j=1
Since R;; > 0 for all ¢ and j, |z Ri;z;| = |2i| | Rij| |75 = |2i| (Ri;) |7]. So,
D> ziRiz < > Y al (Riy) |z (A53)
i=1 j=1 i=1 j=1

Let z* be the vector such that z = |z for all i. Thus,

n

Z i ZiRiij < i i ZjRijZ;r (A54)

i=1 j=1 i=1 j=1

or, equivalently,

2Rz < (z+)T

Rz". (A55)
Dividing both sides by 2"z and noting that z "z # 0 gives

2TRz  (z) Rz"

2z~ 2z (A56)
Note that zTz =322 =3 |z)* = (zj)2 — (z)" 2. So,
i=1 i=1 i=1
T TRt
sz<(z) Rz' (A57)
z'z <z+)T =+

17



But, since z is an eigenvector corresponding to the largest eigenvalue, the Rayleigh-Ritz

T
TRz (z*) Rzt
zTz (zH) T2+

Theorem implies that z € arg max ‘”;TF;“”, which contradicts

T

Therefore,

either z; > 0 for all ¢ or z; < 0 for all 7.
Step 3 (Show z; # 0 for all i):
Assume z;, = 0 for some k. As z is an eigenvector of R corresponding to the eigenvalue
A, Nz =Rz. So, 0= Nz, = Zn:lejzj. Since Ry; > 0 and z; > 0 for all j, Ryjz; > 0 for all
=

J. And, as the zero vector cannot be an eigenvector by definition, z; > 0 for some j and, so,

Ry;z; > 0 for some j. Thus, 0 < > Ry;z;. This contradicts 0 = Ry;zj. Therefore, z; # 0
=1 =1

J
for all 7.

Therefore, either z; > 0 for all ¢ or z; < 0 for all 7. So, z is either positive or negative. [

Lemma 19. Let X be a sorted ideal-point-rank matriz with K > 5. If z is a left-singular

vector of X corresponding to the largest singular value, then z is positive or z is negative.

Proof. Let z be a left-singular vector of X corresponding to the largest singular value. Proceed

by cases:

Case n =5: As can be verified with the R code in Definition 7,

211011010 —1
122111010 0
122111010 0

0

XX" =
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66 75 75 26 8 8 36 8 36 19
75 100 100 46 111 111 57 111 57 36
75 100 100 46 111 111 57 111 57 36
26 46 46 40 52 52 46 52 46 26
3 85 111 111 52 170 170 111 170 111 &5
(o)
8 111 111 52 170 170 111 170 111 85
36 57 57 46 111 111 100 111 100 75
8 111 111 52 170 170 111 170 111 85
36 57 57 46 111 111 100 111 100 75
19 36 36 26 8 8 75 8 75 66

Thus, (XXT)3 is positive. Therefore, by Lemma 18, z is positive or z is negative.

Case n = 6: As can be verified with the R code in Definition 7,

5 234 314 234 114 234 314 234 114 2172 2 12 112 0 —114
234 5 434 414 234 234 214 2 12 314 234 114 3 112 0
314 434 5 434 314 2172 234 214 1 314 3 112 234 114 1/2
234 414 434 5 234 2 212 234 12 3 314 1 234 2 114
114 234 314 234 5 2 1 2 234 112 1 31/4 2 234 114
234 234 212 2 12 5 434 414 234 434 414 234 412 3 112
314 212 234 212 1 434 5 434 314 434 412 3 414 234 2
xx' = 234 2 212 234 12 414 434 5 234 412 434 212 414 2 234
114 12 1 12 234 234 314 234 5 3 212 434 2 414 234
212 314 314 3 112 434 434 412 3 5 434 314 434 314 212
2 234 3 314 1 414 412 434 212 434 5 234 434 214 314
12 114 112 1 314 234 3 212 434 314 234 5 212 434 314
112 3 234 234 12 412 414 414 2 434 434 212 5 234 234
0 1142 114 12 234 3 234 2 414 314 212 434 234 5 234
I—-112 0 2 114 114 112 2 234 234 212 314 314 234 234 5 |
()’ -

[ 9412 9858 104768 9658 5378 10618 11238 10418 6138 11334 10512 6234 9914 5612 3134

9858 12934 13558 12658 8158 12718 133 124 79 14338 13438 8938 12812 8312 5612
10478 13558 14312 13458 8878 13334 14158 13234 87 15178 143 9714 13518 8938 6234
9658 12658 13458 12834 7958 124 132 12618 77 142 13618 87 12818 79 6138
5378 8158 8878 7958 8412 7634 84 7434 7958 9314 84 8878 7634 8158 5378
106 118 12718 13334 124 7634 17812 18518 17538 128148 19218 18238 13518 17534 12812 9914
11238 133 14158 132 84 18518 19334 18418 13618 20058 191 143 18238 13438 10512

10418 124 13234 12618 7434 17538 18418 17712 12618 19034 18418 13234 17538 124 10418

6138 79 87 7 7958 1281/8 13618 126 /8 12834 142 132 13458 124 12658 96 58
11334 14338 15178 142 9314 19218 20058 19034 142 21012 20058 15178 19218 14338 11334

10512 13438 143 13618 84 18238 191 1841/8 132 20058 19334 14158 18518 133 11238
6234 8938 9714 87 8878 13518 143 13234 13458 1517/8 14158 1431/2 13334 13558 10478
9914 128142 13518 12818 7634 17534 18238 17538 124 19218 18518 13334 17812 12718 106 /8
5612 8312 8938 79 8158 12812 13438 124 12658 143348 133 13558 12718 12934 9858

3134 5612 6234 6138 5378 9914 10512 10418 9658 11334 11238 10478 10618 9858 9412
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Thus, (XXT)Q is positive. Therefore, by Lemma 18, z is positive or z is negative.

Case n =7: As can be verified with the R code in Definition 7,
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Thus, (XXT)2 is positive. Therefore, by Lemma 18, 2z is positive or z is
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Case K > 8&:

Let Y = XX . Thus,

K
Yy, = ZXikak

&
v

\

Y;

ij

M= T

>

I\/

>

Zsz Xk + Xji)
K
Xz‘Zk Z Xig — X )
k=1 =1
K
Zka— Z X (Xor — Xji) — Z Xk (X — Xji)
K
D OXG— D Xh— D> Xu(Xu— X)
K-2
(c1 +1)° Z X3 — Z X (Xik — Xji)
k=1 k:X ;=0 k:X;p#0
K-2)(K-1)(K -3
k:X 0
(K—-2)(K—-1)(K—-3) (K-1)
15 - 5 - Z Xie (Xie — Xji)
k: X #0
K—-2)(K—-1)(K - K—1)
K=K -DE=3 K-V,
K-2)(K-1)(K - 1 1
12 2 2
K-2)(K-1)(K - 1
( ) T ) 3)—§(K2—2K+1—4K—8)
(K-=2)(K-1)(K-3) 1
1 —§(K2—6K—7)
(K—2)(K H(K-3) 1
—é(K—Z)(K—S)
—1

A

)

e
&

>) (55)

)(K 7)

0
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Thus, XX is positive. Therefore, by Lemma 18, z is positive or z is negative.

Therefore, in all cases, either z is positive or z is negative. O]

Lemma 20. If X is an m x n real matriz, UDV'" is a singular value decomposition of X, P
is an m x m orthogonal matriz, and Q is an n X n orthogonal matriz, then (PU)D (QV)'

is a singular value decomposition of PXQ".

Proof. Let X be an m x n real matrix, P be an m x m orthogonal matrix, and Q be an n xn
orthogonal matrix. Assume UDV ' is a singular value decomposition of X. Thus, by definition,
U'U=LV'V=Iand X=UDV'. Thus, PXQ' =PUDV'Q' = (PU)D (QV)".
Since P is orthogonal, PP =I. As U'TU = I, this implies (PU)" (PU) =P U UP =
P'P = 1. So, PU is orthogonal. Similarly, since Q is orthogonal, Q'Q = I. And, as
VIV=L (QV) (QV)=Q'V'VQ=Q'Q =1. So, QV is orthogonal.
Therefore, since PXQ" = (PU)D (QV)' with PU and QV both orthogonal, it must

be the case that (PU)D (QV)' is a singular value decomposition of X. O

Lemma 21. If X is a (12() x K sorted ideal-point-rank matriz with K > 5 for legislators
with unique ideal-points  and v is a right singular vector of X corresponding to the largest

singular value, then & and v are order equivalent.

Proof. Assume X is a (Ig ) x K sorted ideal-point-rank matrix with K > 5 for legislators
with unique ideal-points & and v is a right singular vector of X corresponding to the largest

singular value. By definition, since X is a sorted ideal-point-rank matrix,

0 ifi e {¢,m}
Xp(é,m),i = (A59)
ssgn (z, —x0) Y. sgn(w; —ay) otherwise
kEK\ {£,m,i}

and z, < x,, for all £ < m. And, since the elements of x are unique, x, < z,, for all / < m.

Thus, sgn (z,, — z¢) = 1.
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And since, by definition, z; < xy if i < k and x; > xy, if ¢ > k for all i # k, this leaves

0 ifi € {¢,m}
- (AGO)
Y sgn(i—k) otherwise
keK\{¢{,m,:}

X

p(L,m),i

for all £ < m. So, for all a, ¢, and m such that ¢ < m and {,m ¢ {a,a + 1}, it follows that

1 1
Xp(am)at1 = B Z sgn (a+1—Fk) = 2 Z sgn (@ — k) = Xpar1,m)a

keK\{a,a+1,m} keK\{a,a+1,m}
(A61)
1 1
Xp(ﬂ,a),aqtl = 5 Z sgn ((I +1-— k) = 5 Z sgn (CL — k‘) = Xp(ﬂ,a+1),a (A62)
keK\{¢,a,a+1} keK\{{,a,a+1}
Xp(a,a—l—l),a—l—l =0= Xp(a,a+1),a (AGS)

Further, since sgn (a — k) = sgn (a + 1 — k) for all integers k ¢ {a,a + 1},

1
Xotem)at1 = = Z sgn(a+1—k)
keR\{£,m,a+1}

1 1
:§sgn((a+1)—a)+§ Z sgn (a — k)
keK\{¢,m,a,a+1}

[\

—I—% Z sgn (a — k)

keK\{¢,m,a,a+1}

1 1
:1——+§ Z sgn (a — k)

2
keR\{¢,m,a,a+1}

1 1
:1+§sgn(a—(a+1))+§ Z sgn(a+1—k)
keK\{¢,m,a,a+1}

1
:1—1-5 Z sgn(a+1—k)
keK\{¢{,m,a}

=1+ Xp(é,m),a (A64)

Let w be the left singular vector of X corresponding to the right singular vector v and
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the largest singular value. By Lemma 19, u is positive or u is negative. Assume, without

loss of generality, that w is positive (see final paragraph).

By definition, singular values must be non-negative. If all singular values of X are zero,
then X has singular value decomposition UDV'T = U0V = 0. Since X # 0, at least one
singular value must be positive. Thus, the largest singular value of X must be positive. Let

o be the largest singular value of X. So, o > 0.

K
By definition of singular vectors, Xv = ou. So, > X;v; = ou; for all . Since u is
j=1
K
positive, u; > 0 for all i. So, since ¢ > 0, > X;;v; = ou; > 0 for all 4.
j=1
Assume there exists a value a such that v, > v,,;. Take any such a.

Case v, > v,41: Let w be the vector such that w, = v,y1, weyr1 = v,, and w; = v; for all
i1 <aori>a+ 1. It follows from this definition and Equations A61-A63 that

K a—1 K
Z Xp(a,m),iwi = Z Xp(a,m),iwi + Z Xp(a,m),iwi =+ Xp(a,m),awa + Xp(a,m),a+1wa+1

i=1 i=1 i=a+2

a—1 K
= E Xp(aJrl,m),iUi + E Xp(aJrl,m),iUi + Xp(aJrl,m),aJrlva—‘rl + Xp(aJrl,m),ava
=1 i=a+2
K
= Xotarim).ivi
i=1
K a—1 K
Y " Xpayiwi = Y Xoayai + Y Xpeayithi + XpeayaWa + Xp(tayas1Was1
=1 =1 i=a+2
a—1 K
= E Xp(f,a—s—l),iv'i + E Xp(@,a+1),ivi + Xp(é,a+1),a+lva+1 =+ Xp(@,a—&—l),a”a
i=1 i=a+2
K
= Xp(atn) Vi
=1
K a—1 K
E Xp(a,a+1),iwi = E Xp(a,aJrl),iwi + E Xp(a,a+1),iwi + Xp(a,aJrl),awa + Xp(a,a+1),a+1wa+l
i=1 i=1 i=a+2
a—1 K
= E Xp(a,a—l—l),ivi + E Xp(a,a-i—l),ivi + Xp(a,a+1),a+1va+1 + Xp(é,a+1),ava
=1 i=a-+2
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K
- Z Xp(a,aJrl),ivi (A65)
=1

Similarly, it follows from Equation A64 that

K a—1 K
Z Xp(é,m),iwi = Z Xp(é,m),iwi + Z Xp(f,m),iwi + Xp(f,m),awa + Xp(l,m),a+1wa+1

i=1 i=1 1=a+2
a—1 K

= Z Xp(ﬁ,m),ivi + Z Xp(f,m),ivi + Xp(f,m),ava—l—l + Xp(ﬂ,m),a-i—lva
i=1 i=a+2

a—1 K
= Z Xp(f,m),ivi + Z Xp((,m),ivi + (Xp(e,m),a-l—l - 1) Vg1 + (1 + Xp(é,m),a) Va
=1 i=a+2

a—1 K
= Z Xp(f,m),ivi + Z Xp(ﬂ,m),ivi + Xp(ﬂ,m),aJran—f—l + Xp([,m),ava + Vg — Vat1

=1 i=a+2
K

= Z Xp(ﬁ,m),ivi + Vg — Vat1 (A66)
i=1

K
And, since Xv = ou, Y X,um),iVi = 20 (Vo — Vat1) Up(t,m)- SO,
i=1

2

K 2 K
(Z Xp(é,m),iwi> = (Z Xp(é,m),ivi + (Ua - Ua+1)>
=1 i=1
K 2
- (Z Xp(f,m),ivi) + (Ua - Ua+1)2 + 2 (Ua - Ua—i—l) Z Xp(ﬁ,m),ivi
i=1 i
K 2
= (Z Xp(&m),w@-) + (vq — va+1)2 + 20 (Vg — Vat1) Up(e,m) (A6T)
=1

Thus, summing across ¢ < m and dividing this sum into cases where where ¢,m ¢ {a,a + 1},
l=a<a+l<ml=a+l<ml<m=al<a<m=a+1l,andl=a<m=a+1

gives

K 2
Z <Z Xp((,m),i“%)

ImeKl<m \i=1
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K 2 K 2
= Z (Z Xp(g’m)’iwi> + Z <Z Xp(é,m),iwi>

£meR\{a,a+1}:4<m \i1=1 {meKl=a<a+l<m \i=1

{meKl=a+1<m \1=1 ) meKl<m=a \1=1
+ § ( E Xp(ém ,zwz> ( E X (¢,m) zwz>
£mekK: E a<m=a+1 i=1

{meKl<a<m=a+1 i=1

C oy (Sree) ¢ (S

¢mek\{a,a+1}:4<m \i=1 meK:a+1<m \i=1

2 K 9
+ Z <Z Xp(a+1,m),iwi) + Z (Z Xp(g,amwi)

mekKia+1<m \i=1 meKl<m \i=1

K 2 K 2
+ Z (Z Xp(é,a-l—l),iwi) + (Z Xp(a7a+1)7iwi>
i=1

LmeKil<a \i=1

+

- Z 20 (Vg — Vat1) Up(e,m) + Z (Vg — Vag1)’

£ meK\{a,a+1}:l<m ¢meK\{a,a+1}:4<m

K 2 K 2
+ Z <Z Xp(ﬂ,m),ivi> + Z (Z Xp(a—&-l,m),i“i)

LmeK\{a,a+1}:l<m \i=1 meK:a+1<m \i=1

K 2 K 2
+ Z <Z Xp(a,m),ﬂ)i> + Z <Z Xp(ﬁ,a+1),ivi>

meK:a+1<m \ i=1 ImeK:l<m \i=1
K 2 K 2
Py (zxp(g,a),ivi) + (zxpm,m,iw)
meKil<a \i=1 i=1
K -2
= 20 (Vg — Var1) > up(&m)—i-( ) )(va—vaﬂf (A68)
£meK\{a,a+1}:4<m
I 2
CY (3]
{meKl<m \i=1

Since 0 > 0, v, — Va41 > 0 by assumption, and wu,,,) > 0 since u is positive,

K -2
20 (Vg — Vay1) Z Up(e,m) + < > (vg — va+1)2 > 0. (A69)

2
L,meK\{a,a+1}:4<m
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Thus,
K 2 K 2
Z (Z Xp(&m),iwi) > Z (Z Xp(&m),ﬂ)i) (A70)
LmeK:l<m \i=1 LmeK:l<m \i=1

or, in matrix form,

w' X ' Xw > v X Xv. (AT71)

But, since v is a right singular vector of X corresponding to the largest singular value, it
follows from the Rayleigh-Ritz Theorem and Corollary 16 that v € arg max % But,
z

since v'v > 0 and
K K

w'w = Zw? = va =v' v, (A72)

=1 =1

w! XTXw v X" Xw
w'w vlw

. This is a contradiction.

Case v, = v441: Since v, = V441, 0 = 0vV411 — 0v,. And since, by assumption, u, v, and

o are a corresponding left-singular vector, right-singular vector and singular value of X,

ov = X' u by definition. So, ov; = 3 Xp(;m),atp(e,m)- Thus,
LmeNAL<m
0= OVUg+1 — OVq = Z (Xp(&m),a—i-l - Xp(&m),a) up(gym). (A?S)
LmeK:l<m
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Dividing this sum into the cases where {,m ¢ {a,a + 1}, {=a<a+1<m,{=a+1<m,

(<m=a,l<a<m=a+1l,andl=a<m=a+1 gives

0= > (Xp(emy.att = Xp(e.m).a) Uo(tm)
£meK\{a,a+1}:4<m

+ > (Xpte.myat1 = Xp(e.m)a) Up(em)
{meKl=a<a+1l<m

+ > (Xp(emy.atrt = Xp(e.m).a) Uo(em)
{meK:a<l=a+1<m

+ > (Xoem)at1 = Xotem)a) Up(em)
{meKl<m=a<a+1

+ > (Xopemyatt = Xotemya) Up(em)
LmeK:l<a<m=a+1

+ >, (Xoemy,at1 = Xo(em).a) p(em)
{meKia=l<m=a+1
- Z (Xp(fvm)ﬂ-i-l - Xp(f,m),a) Up(L,m) (A74)

¢,meK\{a,a+1}:4<m

+ Y (Xmyart — Xp@m)a) Up(am)

meK:a+1<m

+ Z (Xp(a+1,m),a+1 - Xp(a+1,m),a) Up(a+1,m)

meK:a+1<m

+ Y (Xpayart — Xotta)a) Uoea)
leK:l<a

+ Z (Xp(z,a+1),a+1 - Xp(e,a+1),a) Up(l,a+1)
teKil<a

+ (Xp(a,a—i-l),a—‘rl - Xp(a,a—l—l),a,) Up(a,a+1)
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Substituting in values from Equations A61-A63,

0= > (1 + Xpemy.a — Xo(em).a) Up(t;m)
LmeK\{a,a+1}:<m

+ Z (Xp(a,m),a+l - 0) up(a,m) + Z (0 - Xp(a,m),a—i—l) up(a-‘rl,m)

meK:a+1<m mekK:a+1<m
+ Z (Xp(e.a),a41 — 0) Up(e,a) + Z (0 = Xp(e.a),041) Up(t,at1)
leKib<a leKl<a
+ (0 - O) up(a’a+1)
- Z Up(L,m) + Z Xp(fl,m),a-i-l (up(a,m) - up(a—l—l,m)) (A75)
L,meK\{a,a+1}:4<m meK:a+1<m
+ Y Xpwayart (Upea) = Up(eatn)
leKl<a

But, since cu = X and v, = v441,

K
Up(am) = 0 D Kpfam),ii

=1
a—1 K
=0 {Z Xp(amy i+ Y Xptam)iti + Xp(am)ata + Xp(a,m>,a+1va+1}
=1 i=a+2

a—1 K
=0 {Z Xp(a,m),ivi + Z Xp(a,m),ivi + Xp(a,m),ava—‘rl + Xp(a,m),aJrlva} (A76)

=1 i=a+2

So, using Equations A61-A63,

a—1 K
Up(a,m) = O {Z Xp(aJrl,m),iUi + Z Xp(aJrl,m),i'Ui + Xp(a+1,m),a+1va+1 + Xp(a+1,m),ava}

=1 i=a+2
K
=0 Xp(arLm).i¥i
=1

= Up(a+1,m) (A7)
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Similarly,

K
Up(ta) = 0 D Xp(t.a),ivi
=1
a—1 K
=0 Z Xp(é,a),ivi + Z Xp([,a),ivi + Xp(f,a),ava + Xp(f,a),a+lva+1}
=1 i=a+2

=0

a—1 K
D Xowwivi + O, Xpa)iVi + XptayaVar1 + Xp(f,a>,a+1va}
=1 i=a+2

=0

—N

a—1 K
Z Xp(&a-l—l),ivi + Z Xp((,a—‘rl),ivi + Xp(é,a—l—l),a—&—lrUaJrl + Xp(ﬂ,a—&—l),ava}

i=1 i=a+2

=0 Xp(z,aﬂ),ivi

-

=1

= up(&aﬂ) (A78)

Substituting u,(a,m) = Up(a+1,m) and Up(rat1) = Upe,q) into Equation AT5 gives

0= > Upemy + Y Xptamyat1 (Upam) — Up(am))
L,meK\{a,a+1}:l<m meK:a+1<m
+ Y Xpwayart (Up(ea) = Uoea)
leKb<a

= > Up(tm) (A79)

£ meK\{a,a+1}:l<m

But, since wu is positive, u,¢m) > 0,

> Up(eam) > 0, (A80)

L,meK\{a,a+1}:4<m

which is a contradiction.

Since we arrive at a contradiction in both cases, there does not exist a value a such that
Vg > Vgy1. Thus, v; < v, for all ¢ < 5. So, v; < v; if and only if 7 < j. Since z; < x; if

and only if ¢ < j by assumption, v; < v; if and only if ¢ < j. Therefore,  and v are order
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equivalent.

The same result can be seen to hold if w is negative as follows: If u, v are left- and
right-singular vectors corresponding to the largest singular value of X, then so are —u and
—v. If w is negative, —u is positive. So, —v; < —v; if and only if ¢« < j. Thus, v; > v; if and

only if 7 < j. Therefore,  and v are order equivalent. m

Lemma 22. I[f X is a ([2( ) x K ideal-point-rank matriz with K > 5 for legislators with unique
tdeal-points x and v s a right singular vector of X corresponding to the largest singular value,

then x and v are order equivalent.

Proof. Let P be the (12() X (g() diagonal matrix where Pp(qp) p(a5) = g0 (25 — ) for all natural
numbers a and b such that a < b < K. Note that x, # x3, as the elements of « are unique and
a#b. S0, Poap) plap) =S80 (0 — x4) = 1 (if 24 < 23) Or Ppap) p(ap) = 50 (05 — 24) = —1 (if
T, > 1p). Since P is a diagonal matrix with (Pii)Q =1 for all i, P is orthogonal.

Let 7 be the permutation of {1,..., K} (7 : {1,..., K} — {1,..., K}) such that, for
all i and j, 2.5 < %) if and only if ¢ < j (that is, m sorts the elements of x). Since
the elements of & are unique, exactly one such permutation exists. Let Q be the K x K

permutation matrix corresponding to the permutation 7. That is, Q is a K x K matrix such

1 if j =7 (i)
that Q;; = . Thus, if 2 = Q, then, for all ¢ and j, 2z, < z; if and only if

0 otherwise

1 < 7. So, Q provides the permutation that sorts the elements of . Note that, since Q is a

permutation matrix, Q is orthogonal.

Let Y=PXQ'. Thus, since P is diagonal,

K
Yoab)i = Potatyotat) O Xpa) kQik = 380 (25 — a) X pa) x(s)- (A81)
k=1

So, by definition of an ideal-point-rank matrix, for all natural numbers a and b such that
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a<b< K, Yyap,; =0if 7(j) € {a,b}, and, otherwise,

1

Y(ap),; = g0 (Tp — T4) 55en (zp — 4) Z Sgn (xw(j) - xk)
k¢{abm(4)}
1
= 5sgn (xp — xa)2 Z | sgn (z; — xy) -
k¢{a,b,5}

Since sgn (2, — 2,)* = 1, this implies

1

1
Yian = 5o (o =22’ 3 sen(wngy =) =5 D sanle;—m).

k¢{a,b,j} k¢{a,b.j}

And, since 7 (k) = 7 (¢) if and only if k = ¢,

o) = 5 > sgn (Tr(j) — Tn()) -
KeKen (k) {x(@)m(8) 7 ()}

(A82)

(A83)

(A84)

Let p/ (min (7 (a), 7 (b)), max (7 (a), 7 (b)) = p(a,b). Note that, like p, p' is also a

bijection from {(a,b) € N? |a <b < K} to {1,...,(5)}. Thus, setting ¢ = min (7 (a) , 7 (b))

and m = max (7 (a) , 7 (b)) gives
1
Yoem)s = 5 > g ((j) — Zx()
keKim(k)¢{¢,m,x(j)}

for all natural numbers ¢ and m such that { < m < K.

Let ' = Qx. So, 7} = ;) and the elements of &’ are unique. Thus,

1

Yoemyg =5 > sen (e —a)
keR\{¢,m,j}

(A85)

(A86)

for all natural numbers ¢ and m such that £ < m < K. Since 7y = Zr) < Tr(m) = 2, for all
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¢ < m, sgn(x,, —x;) =1 for all for all / < m. Thus,

1
Yym)j = 5580 (T — x0) Z sgn (2 — 7). (A87)
keK\{¢,m,j}

Therefore, Y = PXQ" is a sorted ideal-point-rank matrix with unique ideal points .

Let UDV' be a singular value decomposition of X with v as a right singular vector
corresponding to the largest singular value. Since P and Q are orthogonal, (PU)Y (QV)T
is a singular value decomposition of PXQ' = Y by Lemma 20. Thus, Qu is a right-
singular vector of Y corresponding to the largest singular value. Therefore, by Lemma
21, ' = Qx and Qu are order equivalent. So, Vi # j, (xﬂ(i) < xﬂ(j)) & (vﬂ(i) < vﬂ(j)) or
Vi # 7, (xw(i) < xﬂ(j)) & (vw(i) > vw(j)). Thus, since 7 (i) = 7 (j) if and only if ¢ = j, either
Vi # j, (x; < xj) & (v; <wj) or Vi # j, (z; < x;) < (v; > vj). Therefore, x and v are order

equivalent. O

~ (N)\ ©
Theorem 23. Let (X( )) be a sequence of observed ideal-point-rank matriz after N
N=1

votes generated by unique ideal points, x, with K > 5 legislators. Assume

0 < liminf i
N—oo

WE

<Pr (vim“» —Pr (vme)) (A88)

J=1

foralli, k, £, and m such that x; < xp and x, < x,,. If ('v(N)) 18 a sequence of vectors

N=1
such that v™) is a right singular vector of X™) corresponding to the largest singular value,

then

lim Pr (:13 and v™)
N—oo

are order equivalent) = 1. (A89)

Proof. By Theorem 11, limy_,, Pr (X(N)

)

= X) = 1 where X is the ideal-point-rank ma-

trix. By Lemma 22, if X(N = X and v is a right singular value of X(N) correspond-

ing to the largest eigenvalue, then & and v are order equivalent. So, Pr <X(N) = X) <
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Pr (az and v™) are order equivalent). Since probabilities cannot be greater than one,

Pr <X(N) = X) < Pr (:I: and v™) are order equivalent) < 1. (A90)

o (N)

Therefore, as limy_,o, Pr (X = X> =1and limy_,1=1,

lim Pr (z and v™) are order equivalent) = 1 (A91)

N—oo

by the squeeze theorem. O
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