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fixed points allowed the worker/wrapper transformation to be formalised, but did not take

advantage of the additional structure that is present in many recursive programs. To this

end, a more structured approach (2010) was then developed based upon initial-algebra

semantics, a categorical approach to recursion that is widely used in program optimisation

(Bird & de Moor, 1997). More specifically, a worker/wrapper theory was developed for

programs defined using fold operators, which encapsulate a common pattern of recursive

programming. In practice, using fold operators results in simpler transformations than the

approach based upon fixed points. Moreover, it also admitted the first formal proof of

correctness of a new approach (Voigtländer, 2008) to optimising monadic programs.

While the two previous articles were nominally about the same technique, they were

quite different in their categorical foundations and correctness conditions. The first was

founded upon least fixed points in the category CPO of complete partial orders and con-

tinuous functions, and identified a hierarchy of conditions on the conversion functions

between the original and worker types that are sufficient to ensure correctness. In contrast,

the second was founded upon initial algebras in an arbitrary category C, and identified a

lattice of sufficient correctness conditions on the original and worker algebras. This raises

the question of whether it is possible to combine or unify the two different approaches. The

purpose of this new article is to show how this can be achieved, and to explore the benefits

that result. More precisely, the article makes the following contributions:

• We show how the least-fixed-point and initial-algebra approaches to the worker/

wrapper transformation can be generalised in a uniform manner by combining their

different sets of correctness conditions (sections 3 and 5).

• We identify necessary conditions for the correctness of the worker/wrapper tech-

nique, in addition to the existing sufficient conditions, thereby ensuring that the

theory is as widely applicable as possible1 (sections 3 and 5).

• We use our new theory to develop a specialised worker/wrapper theory for folds in

CPO that eliminates all unnecessary strictness conditions (section 6).

The article is aimed at readers who are familiar with the basics of least-fixed-point

semantics (Schmidt, 1986), initial-algebra semantics (Bird & de Moor, 1997), and the

worker/wrapper transformation (Gill & Hutton, 2009; Hutton et al., 2010), but all nec-

essary concepts and results are reviewed. A mechanical verification of the proofs in Agda

is available as supplementary material on the JFP website, along with an extended version

of this article that includes a series of worked examples and all the proofs.

2 Least-Fixed-Point Semantics

The original formalisation of the worker/wrapper transformation was based on a least-

fixed-point semantics of recursion, in a domain-theoretic setting in which programs are

continuous functions on complete partial orders. In this section we review some of the

basic definitions and properties from this approach to program semantics, and introduce

our notation. For further details, see for example Schmidt (1986).

1 Specifically, we identify conditions that are necessary and sufficient to ensure that the
worker/wrapper factorisation and fusion properties are both valid.
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