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Appendices of
Consistency of the Theory of Contexts
by Bucalo, Hofmann, Honsell, Miculan,
Scagnetto

A Category-theoretic preliminaries

As one of the aims of this paper is to present categorical methods to non-categorically
minded readers, in the following we briefly review some standard notions and
important results we will need. This also allows us to fix notation and to give more
complete references to the involved topics.

Let us start with some basic notation: in the following we will write X € € to
mean that X is an object of the category ¥ and we will denote with (X, Y ) the
family of arrows in % from X to Y.

We will assume fixed a universe of sets, whose elements are called small sets. A
category € is locally small if for all X,Y € @, the family ¥(X,Y) is a small set, and
small if, moreover, the class of objects is a small set. In the following, we will refer
to small sets simply as sets.

Next, we will present some basic results about functor categories, so it is useful a
quick review on some standard notions.

Definition A.1

A category @ with terminal object and binary products is cartesian closed if for every
A, C € ¥ there is an object A = C and a morphism evyc : 4 X (4 = C) — C such
that for each morphism f : A x B — C there is a unique morphism "f" : B —
A = C, the exponential transpose of f, such that the following diagram commutes:

AXB

id, x"fwt \

Ax(A=C) > C
A functor F : ¥ — 2 is said to be faithful if, for all 4,B € €, F is injective on
%(A, B), it is said to be full if for each 4, B € €, F carries ¥ (A, B) onto 2(F(A), F(B)).
Finally it is an embedding if it is injective on objects and faithful. given a small index
category ¢, F induces a functor F/ : 4/ — %7 such that, if limits exist both in ¥
and in &, we have the following diagram:

lim

e

FJ F
lim
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where ll';' is the limit functor. By the universal property of limits, we can infer
the existence of a natural transformation o : Fo “—!™ oF/ 1If o is a natural
isomorphism, then F is said to preserve limits. In this case, it will in particular
preserve cartesian products.

In order to improve the readability of formulas and diagrams, we may denote the
application of functors in three different ways: for instance, for F : ¥ — 2 and 4
object of €, the notations “FA”, “F(A4)” and “F,” are equivalent.

Let Let be the category whose objects are sets and whose morphisms are functions
between sets. Given a locally small category €, we will denote with % the category
Fet® whose objects are the functors from @ to Set and whose morphisms are

natural transformations between them. More precisely:

e an object A of & consists of a family of sets {Ax}xes, together with a family
of functions {Af}fgg(x’y)’ X,Y €% such that Af 1Ay — Ay, Aidx = idAX and
Afog = Aj 0 Ag;
e a morphism m € ¢(A,B) is a family of functions {my}xeq, such that my :
Ax —> By and foreach f : X — Y, my 0 Ay = By omy.
If € is small, it is known that the category % is cartesian closed with finite products
given by
1x £ {*} and 1; = id(; (empty product)
(A X B)X éAX X Bx and (A X B)f éAf X Bf,

moreover (A = B) is given by

(A= B)y 2 %(A x 6(X,_),B)
(A= B)s(m) =mo(idy x (-of)), forf:Y — Z and m € ‘Vg(A X €6(Y,_.),B)

and finally evsc and "f" : B > A = C are given by
(evac)x(a,m) = my(a,idy), for all X € €,a € Ay, and m € (4 = C)yx
("fx(b)y 1Ay x V' (X,Y) — Cy
("f"x(b))y (a,h) = fy(a, By(b))

Let us consider the functor % : 4°° — %, defined as follows:

o for X € ¥, @(X) : 4 — Pet is the Homset functor 4(X, ), i.e.: @(X)Z =
%(X,Z) and, given f : Y — Z, for all g € (X, Y), @(X)f(g) = fog;

o for f:X — Y, %(f) : %(X)— H(Y) is the natural transformation such that,
forall Z € € and g € 4(Y,Z), (¥(f))x(g) 2 g o f.

Then, the following fundamental lemma holds:

Proposition A.1 (Yoneda Lemma)
For each A € % and X € € there is a bijective correspondence between %(@(X ), A)
and Ay, and moreover the correspondence is natural in 4 and X.
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We give the definition of this bijective correspondence between @(@(X ),A) and Ay:
Dy 4(m) = mx(idy), for m € (%(@(X ), A); the inverse is the natural transformation
defined on a € Ay by (®y'4(a))z(f) £ As(a), for f € H(X);.

An immediate and important consequence of the previous result is that the
category ¢°P fully embeds in A by means of %, which is called, therefore, Yoneda
embedding.

When an object in % is isomorphic to an object in the image of % it is said to be
representable. Notice, for example, that, if 4 has an initial object 0, then the terminal
object 1 is representable since 1 = @(0).

Another useful notion to recall is the concept of adjunction; for our purposes the
following definition suffices.

Definition A.2

Given categories ¥ and 2, an adjunction from % to Z is a triple (F, G, ¢), where
F,G are functors, F : ¢ — 2, G : 2 — % and ¢ is a function which maps every
A €% and B € & to a bijection ¢4 : (A, Gp) = Z(F4, B), natural in 4 and B.

F and G are respectively called the left and the right adjoint of the adjunction and
this is denoted by F 4 G or G - F.

We will use the known property that a functor F : ¥ — 2 with a right
(left) adjoint preserves colimits (limits). For the proof see, e.g., (Mac Lane, 1971).
Theorem 1.27.

Now we introduce some notions and a result about algebras of functors.

Definition A.3

Given a functor T : ¥ — %, a T-algebra is a pair (4,a), with 4 € ¥ and
¢ : TA — A morphism of . A T-algebra morphism from (4,«) to (B,f) is an
arrow [ € C(A4, B) such that the following diagram commutes:

Tf
TA——TB

alflﬁ

A——>B

T-algebras and T-algebra morphisms form a category, whose initial object, if it
exists, is said an initial T-algebra.

Theorem A.1 (( Hofmann, 1999))

Let 4,2 be two categories and F : ¥ —> & be a functor with a right adjoint F*.
Let T : 4 — % and T’ : 9 —> 2 be two functors such that T"o F = F o T for
some natural isomorphism ¢ : T"oF — Fo T. If (4,a : TA — A) is an initial
T-algebra in €, then (Fy,F,0 ¢4 : T'(F4) — Fy4) is an initial T’-algebra in 2.

Proof

The adjoint pair F - F* can be lifted to a pair of adjoint functors between the
categories of T- and T'- algebras. Since any functor with a right adjoint preserves
colimits and the initial object is a colimit, then the initial object of the former
category is preserved in the latter. O
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Another useful technique for building initial algebras is based on the notions of
simple slice category and strong functor. We recall here the basic definitions and
related properties from (Jacobs, 1995).

Definition A.4
Given a category % with binary products and G € %, the simple slice category €/ G
is defined as follows:

1. Obj(€)G) = Obj(%¥),

2. €/G(A,B) = %(G x A, B),

3. the identity map on A4 in 4//G is the second projection 7’ : G Xx A —> A in €,
4. the composition of f : 4 —> B and g : B — C is defined as follows:

gef=go(n,f):GXA—GXxB—C,
where e denotes the composition in ¢ /G and o the composition in 4.
Given G € €, there is a functor G* : ¥ — %//G defined as follows:

1. G*(A) = A for every A € €,
2. G'(f) = f on’ for every f € (A, B).

Definition A.5 (2.6.7)

An endofunctor T : ¥ — % on a category ¥ with finite products is called strong if
it comes equipped with a natural transformation, called strength, with components
stap : A x TB — T(A x B) making the following two diagrams commute:

AxTB—2>T(4AxB) Ax(CxTB)-2% 4 x T(C x B)—> T(4 x (C x B))

S -

TB (AxC)xTB T((A x C) x B)

where B is the obvious isomorphism ((n,m o n'),n’ o 7').

As proved in (Jacobs, 1995), if T is a strong functor, we can define, for every 4 € &,
a functor TJA : €)JA —> € /A as follows:

e (T)A)p =TB,
o (T)A); = Tf ostyp (for every f € €/ A(B,C)).

It turns out that also this new functor is strong.

B Proofs
B.1 Proof of Proposition 3.2
For U,V € Pred ;(F), we put
(UVvV)y =Ux UVx (UAV)x 2Ux N Vy

(U)xy =Fx \ Ux Ox =0 1y = Fy.
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Now we prove that these objects are indeed predicates, by checking the three
conditions of Definition 3.1:

(UV V)€ Pred ;(F):

Sub Since, by hypothesis, U,V € Pred(F), it follows that Uy < Fx and Vy < Fy
for X € .4; then (UV V)y = UxUVyx S Fy;

Func given h € 4(X,Y)and t € (UV V)y, we can infer that either t € Uy ort € Vy
(since (U V V)xy = Uy U Vy); in the former case we have that F,(r) € Uy by
hypothesis, hence F;(t) € Uy UVy = (U V V)y (in the latter case we can conclude
by a similar argument);

Closure given t € Fx and Fj(t) € (U V V)y for some h € #(X,Y), we can infer that
either F;(t) € Uy or Fy(t) € Vy (since (UV V)y = Uy U Vy); in the former case
we can conclude that t € Uy, hence t € Uy U Vy = (U V V)x (in the latter case
we can conclude by a similar argument).

(UAV) € Pred 4(F):

Sub Since, by hypothesis, U,V € Pred(F), it follows that Uy < Fy and Vy < Fy
for X € #; then (UAV)y = UxNVy S Fy;

Func given h € 4(X,Y) and t € (U A V)y, we can infer that t € Uy and t € Vy
(since (U AV)x = Ux N Vy); then, by hypothesis, F;(t) € Uy and Fu(t) € Vy,
hence we can conclude that Fj,(t) € (Uy N Vy) = (U AV)y;

Closure given t € Fx and Fj(t) € (U A V)y for some h € #(X,Y), we can infer that
Fu(t) € Uy and Fy(t) € Vy (since (U A V)y = Uy N Vy); then, by hypothesis, we
have that t € Uy and ¢ € Vy, hence we can conclude t € Uy N Vy = (U A V)y.

U € Pred ;(F):

Sub Condition (Sub) trivially holds by definition of (U)y;

Func given h € .#(X,Y) and t € (U)y, by definition of U we have that t € Fx and
t ¢ Ux; then, as U € Pred(F), we can apply condition (Closure) to conclude that
Fi(t) & Uy, hence Fy(t) € (U)y;

Closure given t € Fx and Fj(t) € (U)y for some h € #(X,Y), we can infer that
Fy(t) € Fy and Fy(t) ¢ Uy (by definition of U); then, as U € Pred(F), we can

apply condition (Closure) to conclude that t ¢ Uy, hence t € (U)y.
0 € Pred ;(F):

Sub We trivially have Oy =0 < Fy for X € .#;

Func this condition trivially holds since the premise ¢ € Oy = () is false;

Closure similarly to the previous case this condition is also trivially verified, since
the premise F;,(t) € Oy = () cannot be fulfilled.

1 € Pred ;(F):

Sub We trivially have 1y = Fx < Fx for X € ./;

Func given h € #(X,Y) and t € 1x = Fx, we trivially have Fy(t) € Fy by
functoriality of F, hence we can immediately conclude since 1y = Fy ;

Closure given t € Fy and Fj,(t) € 1y = Fy for some h € #(X,Y), we have by
hypothesis that t € Fx, hence we can immediately conclude since 1y = Fy.
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One can easily check that Pred ;(F) endowed with these operations can indeed be
turned into a complemented distributive lattice.

B.2 Proof of Proposition 3.3

Given n:F — G, U € Pred ;(G) and X € .#, we have that (Pred ;(n)(U))x =
nx¥'(Uy), hence

1 (Pred ;(11)(U))x = At € Fy.({f : X = Y | Fy(t) € (Pred ;(n)(U))y }}vesr.

On the other hand, we have (x‘c’;(U))X 2teGx.({f : X =Y | G(t) € Uy}yes,
hence

(x5 (U) o n)x

(x6(U))x © nx

e Fx.({f : X =Y | Gs(nx (1)) € Uy Pves,

but, by naturality of n, we have that G;(nx(t)) = ny(Fs(t)), hence G;(nx(t)) € Uy if
and only if Fy(t) € ny'(Uy) = (Pred ;(n)(U))y, ie.,

xf(Pred S(U))x = (1. (U)))x-

Thus, naturality of ,( _is proved. Now, it remains to show that y is a natural
isomorphism, i.e., that yF has an inverse for each F € 7. We will prove that this
1nverse is indeed k7. First let us verify that x (yF(V)) =V for V € Pred ;(F) (ie.

(F 0, Qx4 (U))x

fI> 1l

Kf oyt = idpred ;(r)):

ULV 2 (e Fx | GEO)x(f) = AX))xes
({teFx|({g: X o> Y | Fo(t) € Vy})yes = #(X,-)})
(Vx)xes (because of property 2 of predicates)

Vv

1> l>

XeJ

[I> 11

Now we have to prove that Xf(x'g(m)) =m (i.e. x'Fi o K'Fi = id,,;.(F Q)):

1hchm) 2 (e Fx{f : X — Y | F;(t) € (i (m)y }yes)xes
By definition of (K‘g(m))Y, we have that Fy(1) € (K'If(m))y if and only if my (Fy(t)) =
F(Y,_). By naturality of m, it follows that
my (Fy(1)) = Qp(my (1)) £ Pred (% ;())(mx (1)) .
Hence for any Z € .7,
(Pred ;(% ;(£)(mx())z = (¥ ;(£)7' (mx(£)z) = S(Y,Z),

ie., for all g € (Y, Z), (‘{J;(f))z(g) € (myx(t))z holds. Since (‘{yi(f))z(g) =gof =
J(X,2)(f), we have, by properties (Func) and (Closure) of predicates (remember
that myx(t) € Pred ;(.#(X, _))), that my (F(t)) = #(Y,_) if and only if f € (mx(t))y
holds. Hence, we can conclude that

7F(KF(m)) (A eFxl{f : X =Y |fe€mx(t)y}ves)xess

1e»/CF(KF( m)) = m.
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B.3 Proof of Theorem 4.1
1. First, notice that [I" Fx Vx%.p : ollx(n) =

= (foralls)x ([T Fx Ax%.p : 6 — o]l x(11))
={u:X—Y |Vge s (Y,Z)Vt € [o]z.

(t,g o u) € Kppuix) ([T Fx Ax7.p 10 — ollx(N)z}yer
={u:X—Y|Vges(Y,Z)Vt € [o]z.

([T Fx 2x7.p 10 — ollx(n)z({t,g o u)) = F(Z, )yer
={u:X — Y |VgeIY,Z)Nt € [o]z.(ib.f) € [6]z x F(X.Z).

[T,x :0Fxp:olz(ITTs(n), b))(t.g 0 u)) = H(Z, )}yer
={u:X—>Y|VgeJ(Y,Z)Vt € [o]yz.

[C,x :0Fsp:olz(([Tlgow(). ) = F(Z, )} yer

(=) By hypothesis we have that X IFr, Vx?.p, ie., n € k([ Fxz VXx7.p : o]l x
which, in turn, is equivalent to [I" Fx Vx%.p : ollx(n) = (X, ). In particular
we have that h € #(X,Y) belongs to ([I" ks Vx?.p : 0ollx())y. Then, taking
g = idy and t = a, we have that [I',x : o Fx p : olly ([T 1idyon(n),a)) =
[C,x:0bsp:oly((ITTn(m).a)) = #(Y, ), ie, Y IFrxo), (irlam.a) P-

(<=) By hypothesis for all Y and h € #(X,Y), and for all a € [¢]ly we have
that Y I-r o), (. > 1€ [T,x 10 Fx p 2 olly ((ITTw(n), @) = #(Y, ).
Then, take any u € 4(X,Y), g € #(Y,Z) and t € [[o]z; it follows that
h=goue #(X,Z). Hence, we can apply the hypothesis and conclude that

[[F,X g '_2 pD: 0]]Z(<[[F]](gou)(7])a t)) = j(Z,,)

holds. Since the latter holds for every Y and u € #(X,Y), we have that
[T Fs Vx°.p :ollx(n) = F(X,_), ie, X IFr, Vx%.p.

2. First we note that X IFr,, p = ¢ if and only if # € xqry([I' Fz p = q : ol)x
if and only if [I" Fx p = ¢q : ollx(n) = #(X,-). Then, since we have that
[Thksp=¢q:0]l =impo{([[l by p : o], [T Fx g : o]l), the latter condition
is equivalent to [T’ Fx p :ollx(y) VT ks q : ollx(n) = #(X,_), ie, for all Y
([T Fx p :ollx(m)y U(IT Fx g :ollx(n))y 2 #(X,Y).

(=) By hypothesis we have that X IFr, p=¢q and X IFr, p hold and the
latter is equivalent to [T Fx p : ollx(n) = #(X,-), ie., for all Y

(IT Fs p:olx(m))y 2 (X, Y).

It follows that ([T Fxz p:ollx(n)y = 7(X,Y)
preliminary observation, ([I" bz g : olx())y 2 #
[T Fsq:olx(n) = 4(X,.), ie, that X IFr, q.
(=) By hypothesis we have that either X IFr, p does not hold or X IFr, ¢
holds. In the former case for all Y ([T Fx p : ollx())y 2 #(X,Y), hence
(IT Fg p :ollx(n))y = #(X, Y). So, by the preliminary observation, we also
have that forall Y ([I'Fz p =g : o]lx(n))y 2 #(X,Y ), hence X IFr, p = q.

\ 4(X,Y), hence, by the
(X,Y). So we proved that
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The other case is even easier, since we have that for all Y
([T ks g :ollx(m)y 2 J(X,Y)
and we can conlude again by the preliminary observation.
. By definition, X I, PM if and only if # € wry([I" s PM : o])x, ie., if and

only if [T s PM :o]x(n) = #(X,-). Then the thesis is a direct consequence
of the following argument:

[[r Fs PM : 0]]X(77) = (eleo']],Prop o <[[r Fs M : O']], [[r Fs P :0— 0]]>)X(77)
= (ev[o1.prop)x ([T F= M : a]lx(n), [T Fx P : 0 — o]lx(n)))
=([['Fg P :0 — ollx(n)x(idx, [T Fs M : a]lx(n))

. By definition of L the thesis is equivalent to X I-r, Vr.r. It follows, by the first
item of this theorem, that we have to prove that there exist Y, h € #(X,Y)
and a € Propy such that it is not the case that Y I, ) (ry,m.a 7> 1-€., that
[C,r:obsr:olly({([TTn(n),a)) = a # #(Y,_). Hence, it is sufficient to take
a = 0 (i.e., the initial object of g ) to obtain the thesis.

B.4 Proof of Corollary 4.1

. First of all we have that X IFr, —p stands for X IFr, p= 1, which is

equivalent (by Theorem 4.1) to X IFr), p implies X I, L. Obviously, this is

true if and only if X |-, L or it is not the case that X I-r, p.

(=) Since by Proposition 4.1 it is not the case that X IFr, L, it must be not
the case that X IFr, p (by the preliminary observation), i.e., the thesis.

(<=) Since, by hypothesis, it is not the case that X IFr, p, we automatically
have (by the preliminary observation) that X Ik, —p.

. By definition of A, the previous item and Theorem 4.1, we have:

Xlry,pnAg iff Xlkr, =(p = —q)
iff it is not the case that X IFr, p = —q
iff X IFr, p and it is not the case that X IFr,, —g
iff X, pand X lFr, g
. By definition of V, point 1 and Theorem 4.1, we have:
XlrrypVvg it Xlkr, —p=gq
iff X Ikr, —p implies X IFr, g
iff it is not the case that X IFr, —p or X IFr, ¢
iff XIkr, porXlkr,q
. By definition of 3, point 1 and Theorem 4.1, we have:
X lFp, Ix°p iff X IFp, 2Vx%.—p
iff it is not the case that X Ik, Vx°.—p
iff thereare Y, he #(X,Y) and a € [[o]ly such that
it is not the case that Y IFr v.q) (rguim.a —P
iff thereare Y, he #(X,Y) and a € [[o]ly such that
Y IF o) (rDuin.a) P
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5. The proof will proceed by induction on n:

(Base case) n = 1: we have to prove that X Ik, Vx{'.p if and only if for all
Y,feJ(X,Y)and n € [o1]y, we have that Y Iy, .,),(rg,(n).n) P holds.
This is straightforward by point 1 of Theorem 4.1.

(Inductive case) let us suppose that the thesis holds for n; we will prove that it
also holds for n+1. First of all we apply point 1 of Theorem 4.1 to obtain the
following: X IFr, Vx{'.¥x3*....¥x," /| p if and only if for all Y, f € 4(X,Y),
m € Lolly Y b onir o) VX352 ... VX, p holds. Then we may apply
the inductive hypothesis to deduce that the previous forcing statement holds
if and only if for all Z, g € #(Y,Z), ny € o212, 1u+r1 € [onr1llz we have
that the following holds:

Z IF(Txy 01392000 X 1001 (DTt 01 D (CITD 07)1 ) i) P-

Then we observe that

[T, x1 : o1l ((ITD 5 (1) 1)) = (L Dgor (n), [x1 = 010 (m1))).

Hence we can easily conclude by taking Z =Y and g =idy:

Y ”_(F,Xum,m Xt i) ICT ()11 1200 s1) P

B.5 Proof of Theorem 4.4

1. In this case we have to prove that >y (p=>gq=>r)=(p=>q) =p=>r
holds, i.e., that for all X, n € [I']x we have

Xlry(p=qg=r)=@p=q =p=r

By Theorem 4.1, this is equivalent to prove that X IFr, (p =g =7r), X IFr,
(p = q) and X IFr), p imply X IFr, r. Hence, applying repeatedly Theorem 4.1,
we can easily deduce that X Ik, g holds from X I-r, (p = q), since we know
that X IFr, p holds. At this point we can easily conclude, applying again
Theorem 4.1, since X IFr), r derives from X IFr, (p = q=r), X IFr, p and
X ”‘1",,1 q.

2. By definition we have to prove that for all X, n € [I'lx we have X I,
p = q = p. By Theorem 4.1, this is equivalent to proving that X IFr, p and
X IFry, q imply X IFr, q. Hence the conclusion is trivial.

3. By definition we have to prove that for all X, y € [I'ly we have X I,
Ve(P) = PM. By Theorem 4.1, this is equivalent to prove that X IFr, V,(P)
implies X IFr, PM. But X |Fr, V,(P) is equivalent to saying that, for all Y,
fesX,Y)and a € [o]y, Y IFro)(ry;ma PX holds. Hence, taking Y = X,
f = ldX and a = [[F l_): M : O']])d?]), we have that X |l_(r,x:ri),<;1,[[l")—);M:0]])((11)) Px
holds. By Theorem 4.1, this is equivalent to say that

(IT,x :o bz P 1o —ollx((n, [T Fx M :allx(n))))x
((idx, [T,x : 0 ks x s allx({n, [T Fx M :allx())))) = F(X, ).
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Now we observe that

(IT,x 1o bFs P io— ollx({n, [T k= M = allx(n)))x
((idx, [T, x : o Fx x 1 allx((n, [T Fx M : allx(n)))))
=([ILx:0kFs P o —olx((n, [T Fx M : allx(m)x({idx, [T F= M : a]lx(1)))
= ([T ks P :0 — olx(n)x({idx, [T Fx M : allx(n))).
Hence, applying again Theorem 4.1, we have proved that X I-r, PM holds.
4. By definition we have to prove that for all X, n € [I']x we have X Irr,
(Ax?.M)N = M[N/x]. First of all we notice that the following holds:
[I" Fs (Ax".M)NIx(n) =
= (v ) x ([T Fx N : allx (), [T Fx 2x°.M : 0 — d'lx(n)))
= ([T Fx Ax".M : 0 — o'Ix(n)x((idx, [T Fx N : allx(n)))
=[[,x:0bs M :d'lx((n, [T Fg N : 6lx(n)))
Now, we can proceed by structural induction on M:
(M =y # x): Trivial.
(M = x): Trivial.
(M = PQ): The following holds:
[T ks (PQ)IN/x] : a'lx(n) =
= [T ks P[N/x]QIN/x] : o'Tx(n)
= (evp1. ) x ([T F= QIN/x] : y1x(n), [T ks PIN/x] : 7 — a'Ix(n)))
= ([T ks P[N/x] 1y — o' Tx(m)x((idx, [T Fx Q[N/x] : yTx(1)))

(LH.)

= (IT,Fx (Ax".P)N 1y = o'Tx(n)x ((idy, [T Fz (Ax".Q)N : 7]x (1))

Moreover, we have that:
[T,x:obs M :a'lx((n, [T Fx N :allx(n)) =
=[x :0ts PQ :a'lx((n, [T ks N : allx(n)))
= (evy1.107)x ({4, B))
= (B)x((idx, 4))
where A = [I,x 0 b= Q :ylx(m)((n, [T ks N :6llx(n))) and B = [I,x : 0 k5
P :y—dlx(m)({(n, [T Fs N :allx(n))). Hence we may conclude since we have
[I' Fx (Ax°.Q)N :ylx(n) =
=[x :0rs Q :ylx(m((n [T = N :ollx(n)) = A4

and
[T,Fs (Ax°.P)N :y — ¢'Tx(n) =
=[Cx:okg Py —alxm((n, [T s N :ollx(n))) =B

(M = Az".P with x # z): In this case ¢/ = y — J; hence the following holds
(since we identify terms up-to a-conversion, without loss of generality, we can
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assume that z does not occur in N):

[T ks (22".P)[N/x] : 6'Ix(n) =
= [I' = (22".P[N/x]) : o'l x(n)
= {Mf,b) €V (X,Y) x YDy [T,z 1y b= PIN/X] : 6]y (W)} ver
2.0 € (X, Y) X Iy Iz 2y Fx (X°-PIN 6]y (W)} ver
where p = ([I']f(n7), b). Moreover, we have
[T,z :y ks (AX°.P)N : 0]y (1) =
= (evfep o)y ([T, z 1y Fe N 1oy (), [T,z 1y b2 AX7.P : 0 — 5]y (1)
=([T,z :y Fx 2x".P 10 — ]y (W)y ((idy, [T,z 1y ks N :ally (1))
=[Iz:p,x:0bFs P :oly((ITTs(n),b, [T,z :p Fx N :ally ()
=[T,x:0,z:9Fs P :0ly((ITDs(n), [T,z : y Fx N : ally (), b))
For what concerns [I,x : ¢ b= M : ¢'Tx((n, [T Fg N : a]lx(n))), we have the
following:
[Cx:0bs M :a'lx((n, [T s N :allx(n)) =
=[I,x:0Fg iz P :6'lx((n,IT F= N :allx(n)))
= {(f,b) € (X, Y) x [yy my ([T, x : oDy ((n, [T = N = allx())), b))} ves
= {A(f.b) € (X, Y) x [yDly.my (ITTs(n), [T = N = ally (ITD7 (1)), b))}y er
= {A{f.b) € 7(X,Y) x YDy -my (([TTs (), B, b))} yev
where m = [I,x 10,z :p ks P : 0] and f = [T,z : y b= N : ally ([T T¢(n), b);
in the fourth step we exploited the naturality of [I" Fx N : ¢] since [x :
olly(I' s N :allx(n)) = [I' Fx N : olly (II'ls(n)) and the weakening rule.

Hence we have the thesis.
. In this case we have to prove that for all X, n € [I'x we have

X IFr, (VX°.M =% N) = Jx".M = Jx° .N,
ie., by Corollary 4.1, that X IFr, (Vx*.M =7 N) implies
X IFr, Ax°.M =7 )x°.N.
First, we observe the following:
[T Fx Ax7.M]lx(n) = {A(f,b) € 7' (X, Y) X [o]ly.my {[TTs(n), b))} yer,
where m = [I',x : 6 b= M : ¢']. Similarly, we have:
[T Fx Ax7.NIx(n) = {4(f,b) € (X, Y) x [olly.ny ([TT5(n), b))} yer,

where n = [I,x : 6 by N : ¢']. Hence, in order to conclude, it is sufficient
to show that m = n, i.e., that, forevery Y € v", f € ¥ (X,Y) and b € [o]y,
[T,x :0 ks M :a'1({f,b)) =[[I,x : 6 bx N : ']y ({f,b)). Hence, observing
that our hypothesis is equivalent (by Theorem 4.1) to say that for all Y € 77,
he 5(X,Y), ne € lolly, Y Imr o qrnoman M = N holds, we can conclude
by the same argument used in the proof of Theorem 4.3.
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6. By Theorem 4.2 we have to show that for all X, n € [I']lx the following holds:

[Ths X Mx :0 > d'x(n) =Tk M : 6 — d'Ix(n).

Since the members of the latter equation are natural transformations between
the functors 7(X,_) x [[e] and [[¢']], the thesis is equivalent to prove that the
following holds for every Y, f € ¥ (X,Y) and b € [[o]y:

(IT ks 2x".Mx 2 0 — o'Tx(m)y ({f.0)) = ([T k= M : 6 = oTx(m)y ((f, b))

Indeed, we have:

([T Fs Ax°.Mx 10 — a'Ix(m)y ((f, b)) =

=[x :0Fs Mx:a'Ty((ITT;(n).b))

= (evpe]. o)y (b, [T, x s 0 bz M 0 — o'y (([T1(n), b))
=([T,x:0ks M :0— aly(([TTs(n), b))y ((idy, b))
=([TFs M : 0 — aTy([TT5(m))y ((idy, b))

= (([e] = [o'Ds(IT Fx M : 0 — 6'Tx(n))y ((idy, b))
=([T k= M :0 — a'Tx(m)y(f.b)).

7. We have to show that for all X, n € [I'lx X IFr, ——p = p holds. By
Theorem 4.1, this is equivelent to prove that X |-, ——p implies X IFr, p.
By Corollary 4.1, the premise means that it is not the case that X IFr, —p
holds. Applying again the same corollary, we have that it is not the case that
X IFr,; p does not hold, i.e., the thesis.

8. In this case the thesis follows directly from Theorem 4.1.

9. By Theorem 4.1, the premise is equivalent to say that for all X and n € [T, x :
ollx X IFrx.0), pimplies X I «.0), . To prove that the thesis holds it suffices
to show, by Theorem 4.1, that for all Y and u € [I'y Y IFr, p implies
Y IFr, ¥x°.q. The latter, again by Theorem 4.1, is equivalent to show that for
all Z, f e #(Y,Z) and a € [o]2
Z M x:0)(1T1,(n.a) 4 holds. From the validity of Y IFr, p, by the monotonicity
of forcing, we can deduce that, for all Z and f € 4(Y,Z), Z |Frry, () p holds.
By the weakening rule, we also have that, for all a € [[o]|2,

Z IF(rx:0)(1T1;(n.a) P holds. Hence we can apply the premise to conclude that
Z IF(r.x0)0r1 (1) 4 holds.

B.6 Proof of Theorem 4.5

(=) By structural induction on the derivation of I' Fx M :1:

(' ks 0 : 1) Since we have [I" Fg 0 : 1] x(n) = 0, we can easily conclude observing
that FV(0) = 0.

(I' kg ©.P : 1) Hence the previous derivation step yields I' Fy P : 1. By inductive
hypothesis we have that [I" Fx y :o]lx(n) € FV([[T ks P : 1] x(n)). Hence we can
deduce that [I" Fy y : olx(y) € FV(z.[T g P : illx(n)). The thesis is an easy
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consequence observing the following:

[Tk P :allx(n) = taux([I' Fs P :i]lx(n))
= (tauo [T Fg P :1)x(n) = [T Fx ©.P : 1] x(n).

(' kg P | Q :1) Hence the previous derivation step yields 'y Py :1and 'y P; :
1. By inductive hypothesis we have [[" Fx y : v]x(y) € FV(IT Fs P : ilx(n))
and [I" Fy y : ollx(n) ¢ FV(IT k= Q : illx(n)). Hence we can deduce that

[Ctsy:olx(n) & FV(IT'Fs P :illx(n) | [T Fx Q : tlx(n)). The thesis is an easy
consequence observing the following:

[T Fs Pallx(IIT Fs Q:tllx(n) = parx(([T Fx P : llx(n), [T F= @ : dx(n)))
= (par o ([T ks P 4], [T Fx Q = 1]1))x(n)
=Tk PO ilx(n).
(' bx [u# v]P :1) Hence the previous derivation step yields I' s P : 1. By

inductive hypothesis [[I" Fx y : vlx(y) ¢ FV([T Fs P : 1]x(y)); moreover,

[T Fsy ollx(n) # [T Fsou:ollx(n) and [T Fs y 2 ollx(n) # [T Fx o 2 ollx(n).
Hence we can deduce that [I" Fx y : vlx() ¢ FV(IT Fx P : dlx(n) U {[I Fx
u :v]lx(n), [T Fx v : vlx(n)}. The thesis is an easy consequence observing the
following:

([T Fs u :olx(n) # [T Fs v ollxIIT Fe P o:allx(n) =
= mismatchx (([T" Fs u :v]lx(n), [T b= v :ollx(n), [T Fs P 2 illx(1)))
= (mismatcho ([T bz u o], [T Fg v : o], [T Fs P :10))x(n)
= [T b [u##v]P :allx(n).
(I' Fx vAx".P :1) Hence a preceding derivation step yields I',x : v Fx P : 1. By
inductive hypothesis [I" Fx y : v]lx(n) € FV([T,x : v Fs P : i]lx({n,nx))) for
all 5, # [T’ Fx y : vlx(n). Hence we can deduce that [[I" Fx y : v]x(n) ¢

FV((vn)(IT,x : v g P 1lx({n, 1)), where 5, € [[x : v]lx. Again, the thesis is
a direct consequence of the following:

(vn)(IT, x 2o bx P allx ((m,14))

= (v ([T Fx Ax".P 20 — ]l x (1)) xwi ((dx, 1))
= newyx ([T Fg 2x".P v — 1]x(n))

= (newo [T" kg Ax".P :v — 1])x(n)

= [T kg vix".P :1]lx(n)

(<) Preliminary observation: we recall that y ¢ M is an abbreviation for

Vp T (V" VO (T pz Q)= (pz Q)= (py M).

Hence, by point 1 of Theorem 4.1, in order to prove that X IFr, y ¢ M, we must
show thatforall Y, f € #(X,Y)and 5, € [v = 1 = o]ly = (Var = Proc = Prop)y,

Y H_(T,p:l>—>!—>0),([[ﬂ]f(ﬂ)ﬂha) (VZU~VQ’~(T¢ pzQ)=(@zQ)= (py M)
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holds, i.e., by point 2 of Theorem 4.1, if and only if

Y IHr psimsomrn o) V2" VO (Te pz Q) = (p 2 Q)
implies Y I psimop(irt i) (P Y M).

So, we suppose that the premise is true and we show that the consequence also holds;
by point 5 of Corollary 4.1, we can deduce that the premise is true if and only if for
all Z, g€ (Y, Z), n. € Vary; = Z and g € Procz, Z lka, (T¢ pz Q)= (p z Q)
holds, where A = (I',p :v »> 1 = 0,z : v,Q :1) and u = ([[eor(n).[p :0 = 1 —
olle(np). nz.mg). In particular, taking Z =Y, g =idy,n. = [I,p:v >1 >0k y:
oy (ITT5(7).m,)) and ng 2 [.p =0 — 1 — 0 Fx M = Qly ({(ITT;(1).1,)), we have
that the following holds:

Y ”_(l",p:u—n—w,z:U,Q:1),([[F]]]-(n),np,)1;,)1g> (T§§ Pz Q) = (p z Q)

This is equivalent, by Theorem 4.1, to say that

Y ”_(r‘,pil)~>14>0,2ZU,QZI),([IF]]f(ﬂ),r[”,}’];,i’]Q> (T¢ pz Q)
implies Y |l_(l",pzn—n—m,z:U,Q:1),([[F]]f(;7),11p,n:,ng) (p z Q)

Since [I,p :v =1 —> 0,z :0,Q : 1 ks (p z Qv [Ty (1), np,nz.m0)) = [T, p :
v > 1 — oFz (py MIy(I[TTs(n).n,)), to conclude, it suffices to prove that
Y |l_(l",p:v—n—m,z:U,Q:1),(|Il"]]f(i1),q,,,nz,i1g> (T§Z Dz Q) holds.

By definition of Tg, (T¢ p z Q) is the following A-term:

0=0vV

(3P'.Q=06.PN(pz P))V

(3P{3P;.Q0 =P | PxA(pz P)N(pz P2)) V

AP B IWQ=[yFulPAN-z="yAN-z="uAN(pz P))V
@PLQ =vP A (VY. mz ="y = (p z (P )

Hence (by Corollary 4.1), to prove the premise, it suffices to show that one of the
disjunctions holds. At this point we can proceed by structural induction on the
derivation of ' ks M : 1:

(I'Fs 0 :1) Since M = 0, we can immediately conclude by the preliminary obser-
vation, since 1y was chosen as [I,p : v —> 1 — o bx M : 1ly ([T ¢(n), np))s
whence

Y IE (@ pvsiso,z0.0:0,0ITT (ngpo-ne) @ = 0

(" ks ©.P :1) By inductive hypothesis, we know that X IFr, y ¢ P holds. Hence,
by an argument similar to that used in the preliminary observation, we have that

Y IF @ pwsiso (s, ¥2°- VO (Te p 2 Q) = (p 2 Q)
implies Y H_(l",p:U—>z—m),([[l"]]f(n),i],,) (p y P)

But, since the premise is true (by the preliminary observation), we have that
Y IFrpwoiso iy, (P y P) holds. At this point we may easily conclude
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observing that the second disjunction holds (remember that #, = [[,p :v — 1 —

obsy oly((ITTs(n),np)) and g = [T, p 10 — 1 — o ks M 2 ally ([T (1), 1p))s
where M = ¢.P).

TrFsPi|Py:1) X lFry, y¢ Py and X IFr, y ¢ P> hold by inductive hypothesis.
Hence, like in the previous case, we can deduce that

Y |l_(r,p:l)azao),(ﬂr]]f(n),rl,ﬁ (p y Pl) and Y |l_(r,pjvazao),(ﬂr]]f(n),rl,ﬁ (p y PZ)

hold. At this point we may easily conclude observing that the third disjunction
holds (remember that n. = [I,p : v - 1 > o Fx y : o]y ([T1s(%),n,)) and
no =1[rp:v—1—-o0ks M ally(([T1y(n),np)), where M = Py | P»).

(I' Fx [u # v]P :1) By inductive hypothesis we know that X IFr, y ¢ P. Hence, as
in the previous cases, we can deduce that

Y IF(F,p:vﬂtao),(ﬂl"]],’(11),11,,) (p y P)

holds. Moreover from the hypothesis that [[" Fy y : v]x(y) € FV(I[ Fx M :
Nlx(n)) we have that [I" Fx y : vlx(n) # [T Fx u : v]x(n) and [T Fg y :
vllx(n) # [T Fx v : vllx(n) and consequently that the statements X IFr, y =" u
and X IFr, y =" v do not hold. By Corollary 4.1 this is equivalent to say that
X lFry =y ="u and X IFr, -y ="v hold. Whence, by the weakening rule and
the monotonicity of forcing, we have that

Y IFrpwoison iy 7Y ="u and Y IEwpy o) (mry o, TV ="V

hold. Again, we may easily conclude by the preliminary observation since the
fourth disjunction holds (remember that n, = [[,p : v > 1 — o0 ks y :
olly (ITTs(n),mp)) and no = [I,p : v —> 1> 0 ks M ally ([TT;(n), 1)), where
M = [u # v]P).

(I' by vAx".P) Since we know that [T" Fx y : v]lx(n) € FV([T kg vix".P]x(n)) and
[T s vAX".Plx(n) = (v )(IT, x : v Fg P 1]lx((n,71x))), by inductive hypothesis
we deduce that X Iy (y ¥ € P holds for all n, # [T Fx y : v]x(n); hence,
proceeding as in the previous cases and applying the weakening rule, we have
that

Y IE @ xpo—siso) (Il 0. 0r0m,) (P Y P)

holds. Moreover we have that Y 11 pw—im0) (IT1; (7). (n)ar,) ™Y =" X- At this point
we may easily conclude by the preliminary observation since the fifth disjunction
holds.

B.7 Proof of Theorem 6.1

We will show only the base case (rule Rec. _red;) and the case of higher-order
constructor (rule Rec. _reds), the others being similar.
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Let G =[], 4 = [o]], and

g1 =[MkFf:a] :G— A
g =[TFf:0—>0] G — A=A
g3=[TFf3:0>0—>0a] :G— A=A=A

ga=[T'Ffs:0>v—>0->0]:G— Var=Var=A=A
gs=[Ffs:(v >0 —a] G — (Var=A)=A

For proving the soundness of Rec)_red; and Rec)_reds, we have to prove that for
all X and n € [I']x the following properties hold:

X IFr, (R0) =7 f; (B1)
X IFr, YP"7'(R vP) = (f5 Ax".(R (P x))) (B2)

where R is a syntactic shorthand for (Rec fi f2 f3 fa fs).
We prove equivalence (B 1). By Theorem 4.2, this is equivalent to proving that

[Tk (RO):ollx(n) =M ts f1 :ollx(n)

In fact, the following equalities hold, where [[R] is a syntactic shorthand for the
interpretation of R, and m : T(G = A4) — G = A, in : Proc — G = A are the
natural transformations used in the interpretation of R above:

[T ks (RO) :ollx(n) = evx({[T Fz 0 : Dx(n), [RIx(n)))
= ([RIx(m)x ([T Fx 0 : 1l x(n),idx))

= (mx(0))x(n,idx) by definition of [R] and since
[k 0:illx(n) =0

= ((m o o) x (in1(*)))x (n,idx) since oy (ing(*)) =0

= ((m o Tm)x(in((*)))x(n,idx) by the initial algebra property

= (mx(in1(*)))x(n,1dx) since (Tm)x (iny(*)) = iny(*)

=gix(n) by definition of m

=" Fs f1 :allx(n)

We prove equivalence (B 2). By Theorem 4.2, this is equivalent to proving that for
all Y stage, he #(X,Y), p € (Var = Proc)y:

[I,P :v—>1tks (RVP) :ally(nlhl,p) =
=[I,P :1ks (fs Ax.(R (P x))) : ally (n[h], p)
In fact, the following equalities hold:

[I,P :v—1ts (RvP):olly(nlhl.p) =

=evy(([T,P :v — 1 ks vP 1]ly(n[h], p), [RTy (n[h], p)))

= ([RTy (n[h], p))y (LT, P :v — 1z vP ]y (n[h], p),idy))

= (my (vAx.p)y(n,idy) by definition of [R] and since
[[,Pw—itsvP :1lly(nlhl,p) = vix.p

= ((mo a)y(ins(p)))y (n[h],idy)  since ay (ins(p)) = vAx.p

= ((mo Tm)y (ins(p)))y (n[h],idy) by the initial algebra property
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Now, it is not hard to see that (Tm)y(ins(p)) = ins(im o p), where mop : Var X
v(Y,.) — G = A; thus, let ¥’ € (Var = A)y be the natural transformation
defined as

¥ Var x 9°(Y,) — A
vy :Z XV (Y, Z)— Az
(z,k) —> (Mo p)z(z,k))z(nlk o h],idz)
We have then

(my (ins(m o p))y (n[h],idy)

; (gsy (n[h])y ((r',idy)) by definition of m
= evy ((r', [T Fx f5 : (v = ) = ally(n[h],p)))
=evy(([[,P :v — 1 Fx 2x°.(R (P x)) : v — o]ly (n[h, p), (*)

[T ks fs 2 (v —> o) = ally(nlhl,p)))
= [I'Fx (fs Ax".(R (P x)) : o]y (n[h]. p)

The equality (*) holds because
[C,P :v—1ks AX".(R (P x)) :v = olly(y[hl,p) =1
Indeed, for all stage Z,z € Z, k € v (Y,Z), and let 4’ = (n[k o h], p[k],z):

(IT,P :vo > 1ks AX"(R (P x)) :v = ally(nlhl,p)); (z,k) =

=[TI,P:v—>ux:0kx (R(P X)) :0llz(®)

(MRNz(n" )z ([, P v — 1,x :v b (P x) :1z(n'),idz))

imz([T,P :v — ,x :v ks (P x):illz(n))z(n',idz)
z(plklz(z,1d2)))z (n',1dz)

(Mo plk])z(z,idz))z(n',idz)

(Mo p)z(z,k)z(n',idz) = ry(z,k)

(
(m
(
(

B.8 Proof of Proposition 6.3

Let us check that the first diagram of Definition A.5 commutes, i.e., that for every
ABe v, X eV,ae Ax and b € (TB)x we have

(T7")x((stap)x((a,b))) = mx((a,b)) = b

This is proved by cases over b:

(b = iny(*)) (T7")x((stap)x((a ini(*)))) = (T7")x (ini(*)) = iny(*).

(b= imy(b") (Tn")x((stap)x({a,ina(b")))) = (Tn')x(ina(a,b’))
= imy(n'({a, b)) = ina(b').

(b = in3((b',b"))) (T7")x((stap)x({a,ins({H, b”))))) =
(Tn")x(in3((a,b',a,b"))) = iny({n'({a, b)), 7' ({a, b")))) = in3({b, b")).

(b= ing({x,y,0))) (T7")x((stap)x((a,ina({x,y,b'))))) =
(Tn")x(ina((x, y,a,b))) = ina((x, y,7'({a, b)) = in3({x,y,b")).

(b = ins(b")) (T7')x((stap)x({a,ins(b)))) = (Tn')x(ins(bs)) =
ins(7p.x (7' ({Giny (8), bxwix) (X, inx))))) = ins(yp x (bxwix (X, inx))) = ins(b).
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For what concerns the commutativity of the second diagram of Definition A.S5,
we have to show that for every 4,B,C € ¥, X € ¥,a € Ax,b € (TB)x and c € Cy
we have

(TB)x((stacxp)x((ids x stcp)x({a, (c,b))))) = (staxc.)x(Bx((a (c,b))))

where f = ((m,mon'),n’ o7'); it follows that the second member can be simplified
to (staxc.p)x({{a,c),b)). We prove the thesis, again by cases on b:

(b = ini1(*)) (TP)x((stacxp)x((idg X stcp)x((a, {(c,ini(¥)))))) =
= (TP)x((stacxp)x((a ini(¥)))) = (T )x(ini(*)) = iny(*) =
= (staxc.p)x({{a,c),ini(*))).

(b = iny(b")) (TP)x((stacxp)x((ids x stcp)x((a, {c,iny(b')))))) =
= (TB)x((stacxs)x({a,ina({c,b))))) = (T B)x(ina((a, (c,b")))) =
= iny(Bx((a, {c,b)))) = ina({{a, c), b)) = (staxc.p)x({{a,c),in(b))).

(b =in3({b',b"))) (TP)x((stacxp)x((ids x stcp)x({a, (c,in3({b',b"))))))) =
= (TB)x((stacxs)x({a,ins({c,b’,c,b"))))) = (T B)x(in3((a, {c,b',c,b")))) =
= in3(Bx((a, {c,b),a,(c,b")))) = in3({{a,c), b, {a,c),b")) =
= (staxc.p)x({{a,c),in3((',b")))).

(b =ing({x,y,b))) (TP)x((stacxp)x((ids x stcp)x({a, (c,ing({x,y,b"))
= (TB)x((stacxs)x({a,ina({x, y,c,b'))))) = (T B)x(ins({x, y, a, {c,b'))))
= ins((x, y, Bx({a, (¢, b')))) = ina((x, y, (a, > b)) =
= (staxc.B)x({(a,c),ing({x,y,b)))).

(b =ins(b")) (TP)x((stacxp)x((ids x stcp)x((a {c,ins(b')))))) =
= (TP)x((stacxs)x(a,ins(b')))) = (T B)x(ins((bc)a)) =
= ins(Paxc)xBx (Bxwpx) (Aing (@), (Ciny (¢), Py ((x, inx))))))) =
= in5()(axC)xBx (Ainy (@), Ciny (), Dy (. inx))))) = ins(b o) =
= (staxc,p)x({{a, ), in5(D))).

N)) =
) =

B.9 Proof of Proposition 6.4

In order to prove the commutativity of the diagram we must show that, for every
X e€v,g€ Gy and P € (TProc)yx, we have fx((idg X a)x({g, P))) = Bx(({=, Tf o
ste.proc))x({g, P))). First of all we notice that the second member can be simplified
to Bx({g, (Tf)x((stc.proc)x({g, P})))), then we proceed by cases on P:

(P = iny(*)) we have fy((ide x0)x((g,in1(*)))) = fx((g,0)) = Bx({g,ini(* ))), whence
the thesis since fx((g, (T f)x((5tc.proc)x({g,in1(*)))))) =
= Bx((g,(Tf)x(in1(*)))) = Bx((g, ini(*))).

(P = imy(P") fx((idg x 0)x({g,ina(P")))) = fx((g,=.P")) = Bx((g,ina(fx((g, P")))),
whence the thesis since Sx({g, (T f)x((stG.proc)x({g,in2(P")))))) =
= Bx({(g, (Tf)x(ina({g, P"))))) = Bx({g,ina(fx((g, P')))).

(P = in3({(P',P"))) we have fx((id¢ x a)x({g,in3({P’,P"))))) = fx({(g,P'|P")) =
Bx((g,in3({fx((g, P")), fx({g,P")))))), whence the thesis since
Bx((g, (T f)x((stG,proc)x({g, in3({(P', P"))))))) =
= Bx({g.(Tf)x(in3((g, P', g, P"))))) = Bx((g,in3({fx({g, P")), fx({g, P")))))).
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(P = ins({x,y, P'))) wehave fx((idgxa)x((g,ina((x,y, P'))))) = fx((g, [x # y]P")) =

in
(g m4((x v, fx({g, P’)))))), whence the thesis since
< (StGPm() (<g in4(<x>y9P/>)>))>) =
Bx (< (Tf) (ing({x,y, 2, P'))))) = Bx({(g, ina({x, y, fx({g, P")))))-
(P =ins(P")) : fx((idg x )x({g,ins(P")))) = fx({g,(vx) XUI\}(X: inx)))
= Bx({g,ins(y8.x(fxwix;((Ging (2), P)))))), whence the thesis since
Bx (g, (Tf)x((stG.proc)x (g, ins(P"))))) = Px((g,(Tf)x(ins(P,)))) =
= Bx (g, ins(7B.x (fxwix) Py ((x, inx)))))))-

Px
Px

B.10 Proof of Theorem 6.4
Suppose that

Y IFR:umoue (RO), (
Y IFRi—ome (VP'.(R P) = (R ©.P)), (
Y IFRusone (VPR P) = VQ'(R Q) = (R P|Q)), (
Y IFRason (V)"V2".¥P'.(R P) = (R [y # z]P)) (
Y IR0 (VPU7(VX"(R (P X)) = (R vP)), (

We prove that G*(T) e G*(!ry) = p e G*(z) ® T J/G(h). We first translate the latter
equation in terms of composition in the category ¥~ and we obtain the following:

G (T) o (m, G (Irv)) = po (G (a) o (m,(T ) G)).
Then, unfolding the definitions of G* and T /G, we get:
Torn o(m,ryon’)=po(n,aon’)o(n, Thostguy),

i.e., we have to prove that Tolryon’ = po (n,a0 Thostgy). So, taken any Z € 77,
g € Gz and u € (TU)z, we have that Tz((!rv)z(n;((g,u)))) = Tz(('rv)z(u) =
Tz(*) = #(Z,_), while for the second member of the equation we have the following:

(u = iny(*))

pz((nz({g, in1(*))), o0z (T h)z ((ste,u)z((g,in1(*))))))) =
=pz((g,0z((Th)z(in1(*))))) = pz({(g, az(in1(*)))) = pz((g,0))
HCHCC, pZ(<g’ 0>) = (eUPr(J(r,Prap)Z(<Os g>) /\f(Z, 7) = gz(<0, 1dZ>)/\f(Zr*) Since we
know that for all Y € ¥7, and ng € (Proc = Prop)y, Y IFr.umoy, (R 0) holds,
we can deduce, by point 3 of Theorem 4.1, that [R : 1 > o,P : 1y (R P) :
olz({g,0)) = (IR :1 > 0,P :1Fs R :1— 0]z({g,00)z({[R : 1 > 0,P : 150 :
1]z({g,0)),idz)) = gz({0,idz)) = #(Z, _), whence the thesis.

(u = iny(q))
pz((mz((g,in2(q))), oz (Th)z((ste,u)z((g, in2(q))))))) =

= pz((g, 0z ((Th)z(in2((g,9)))))) = pz({g, 0z (in2(hz ({2, q)))))) =
= pz((g,7hz((g,9))))
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At this point we know, by equation B4, that for all Y € ¥, and ng € (Proc =
Prop)y, Y IFr.moy, YP'(R P) = (R tP) holds. By points 1 and 2 of Theorem 4.1,
this amounts to say that, for all V € v, [ € #(Y,V) and np € Procy,

4 ”_(RZIHO,PZl),<(Pr0C$Pr0p)[(}1R),11p) (R P)
implies 4 H_(R:1—>0,P:l),((Pm(’:Prop),(nR),11p> (R TP)

Then we notice the following facts:

L pz((g.hz((g.9)))) = J(Z,);

2. pz((g.hz({g.q)) =
= (eVproc.prop)z ((hz ((8,9)).8)) N I(Z, ) = gz ((hz({g,q)).1dz)) N I(Z,);

3.[R:1—>0,P : 1+ (RP):0llz(g,hz({g,9)))) = (IR :1 — o,P : 15 R :
1 — ollz((g, hz((g,a)))z(([R : 1 = 0,P 1 ks P :1llz({(g, hz((g.q)))),idz)) =
2z((hz({(g,q)),idz)) (by point 3 of Theorem 4.1); it follows from the previous
two facts that gz ((hz((g,q)), idz)) = J(Z,_); hence Z IF(r.so,p ). (g ((2.a))
(R P) holds;

4. from the previous fact and the inductive hypothesis we can deduce that

Z ||—(R:1~>(),P:1),<g,hz(<g,q))> (R TP)

holds, ie., [R:1—0,P :1Fs (R tP) :0]lz({g, hz({g, q)))) = F(Z, );
5. by Theorem 4.1(3), we have [R:i — o,P:1 ks (R tP):0]lz({g,hz({g,q)))) =
(IR:t = o,P:1 ks R — ollz({g, hz({g,)))z({[R : 1 —> o,P : 1 Fx P :

l]]Z(<ga hZ(<g7 q>)>)71d2>) =

gz((tau([R:1 = o, P :1ts Pullz((g,hz((g,q))),idz)) =
gz((tau(hz((g,q))),idz)) = gz(t.hz((g, 9)),idz) = pz({g, T.hz (g, ) N F(Z, )
whence the thesis.

(u = in3(q,r))
pz({nz((g,in3(q,71))), oz ((Th)z ((ste,u)z((g, in3(q,7))))))) =
= pz((g,0z((Th)£(in3((g,q.8,7)))))) =
= pz({g, oz (in3(hz((g, q)), in3(hz ({g, 7)) =
=pz((g, hz({g.q)|hz({g.))))

Equation BS5, states that for all Y € ¥7, and ng € (Proc = Prop)y, Y IFrusone
VP'(R P) = YQ'.(R Q) = (R P|Q) holds. By points 1 and 2 of Theorem 4.1, this
amounts to say that, forall V€ v", 1 € #(Y,V) and np € Procy,

v |l—(R:1~>o,P:1),((Pmc:Pmp),(nR),np) (R P)
implies vV “_(R:1—>0,P:1),<(Proc:Prop),(nR),np) VQ’(R Q) = (R P|Q)

Applying again the same theorem, the latter judgment is in turn equivalent to say
that, for all W € ¥, m € J(V, W) and 59 € Procw,

w ”_(R:1—>0,P:z,Q:t),((ProcaProp),,,o)(UR),PVOCm(WP)J?Q> (R Q)
implies w ”_(RZIH(),PZl,QZl),<(Pr()L’:>PI’0p),”01(1’]]{),1)7'()(',"(1][»),1’]Q> (R P|Q)
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Then we notice the following facts:

1.
2. pZ(<ga hZ(<ga q>)>) = (eUPl'oc,Prop < <

3.

pz((g,hz((g,q)))) = (Z,-) and pz({g,hz((g, >)>) J(Z s

)8 NI(Z, ) =gz((hz((g.q)),idz))
NS (Z, ) and analogously pz({(g,hz({g,7)))) = gz( (hz (g,7)), idz)) NA(Z,);
[R:1—>0,P :1Fs(RP):olz({g,hz({g,q))) =([R:1—>0,P :1Fg R:
1= ollz({g.hz((g.4)))z(([R : 1 = 0,P 1 Fx P :1llz((g, hz((g,q)))),idz)) =
2z({(hz({g,q)),idz)) (by point 3 of Theorem 4.1); it follows from the previous
two facts that gz(<hz(<g,q>), ldz>) = f(Z,,), hence Z ”_(R:l—m,P:1),<g,hz(<g,q>)>)>
(R P) holds;
similarly we have that [R:1 — o,P:1,0:1 ks (R Q) : ollz({g.hz({g,q)),
hz((g,1)) = gz({hz({g,r)),idz)) = F(Z, ); hence Z IF(r.mso.pu)(ghs((er)
(R Q) holds;
from the previous facts and the inductive hypothesis we can deduce that

Z “_(R:lao,P:l,Q:1),<g,hz((g,q)),hz((g,r))) (R P|Q)
holds, i.e.,
[[R = 07P : laQ 1 "Z (R P‘Q) :0]]Z(<g7hZ(<g,q>)7hZ(<gar>)>) = J(Z,,),

by Theorem 4.1(3), we have

[R:t — 0,P:1,Q:1 ks (R P[Q) : 0llz((g, hz({(g,q)): hz({g,7)))) =

= ([R:1 = 0,P1,Q:1 Fx R : 1 — 0llz({g,hz((g,9)), hz((g, "))z ({([R:1 —
09P:19Q:l "z P|Ql]]Z(<g>hZ(<g>q>)7hZ(<grr>)>)71dZ>) =

= gz((par({IR : 1 — o,P:1,Q1 ks Pulz((g,hz({g,q)), hz((g,"),[R:1 —
0,P:1,Q: ks Qullz((g, hz((g,q)). hz({g,r))))),idz)) =

= gz((par({hz((g,q)). hz((g,7)))),idz)) = gz (hz((g, 61> z((g,7)),idz) =
pz((g,hz({(g,9))lhz((g,7)))) A F(Z, ), whence the thesi

(u = in4(U7 w, q))

pz((mz((g, ing(v,w,q))), 0z ((Th)z((stc,u)z((g. ina(v, w,q))))))) =
:pZ(<g, O(Z((Th)Z(irM((UaW,g’ q))) >)

)
=pz((g, 0z (ina((v,w, hz({g,a)))))) = pz({g, [v # wlhz((g.4))))

At this point we know, by equation B6, that forall Y € 77, and g € (Proc =
Prop)y, Y IFRr.isop, VX".Vy"YP'(R P)= (R [x # y]P) holds. By point 2 of
Theorem 4.1 and point 5 of Corollary 41 this amounts to say that, for all

v

ev,le J(Y,V)ne,n, €V and np € Procy,

Vv “_(R:1—>o,xzn,y:v,P:t),((Proc:>Prop)l(r]R),17,\-,'1}~,'1P> (R P)
imphes |4 |l—(R:1~>o,x:v,y:v,P:1),<(Prac:>Prap)/(11R),}1X,V,y,r]p> (R [x 7& .V]P)

Then we notice the following facts:

1.
2.

3.

pz((g.hz((g.q)))) = F(Z,);

pz((g, hz((g, ) = (evproc.prop)z({hz ({2, 9)), e N F(Z, ) =
=gz((hz({g,9)),idz)) N F(Z,);

[R:1—>0,P :1Fs(RP):olz({g,hz({g.q))) =([R:1—>0,P :1Fg R:
1 — 0]lz({g,hz({g,4))))z({[R : 1 = 0o,P : 15 P :1]lz({g,hz((g.q)))).1dz)) =
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gz({hz({g,q)),idz)) (by point 3 of Theorem 4.1); it follows from the previous
two facts that gz((hz((g,q)), idz)) = F(Z,); hence Z I-(r.op ). (ghz((g.a)))
(R P) holds;

4. from the previous fact and the inductive hypothesis we can deduce that

Z”_(RzaoxvyuPz(nghz((gq #y
holds, i.e.,

IIR 1—>0,x:0,y:0,P: 1hs ( [X#y] oﬂz((g,v,w,hz((g,q>)>)ZJ(Z,,);

5. by Theorem 4.1(3), we have [[R:1 — o,xw,yww,P:1 Fx (R [x # y]P):0llz({g,
v,w,hz({(g,q)))) = ([R:t = o,xw,yw,Piuky R :1— Oﬂz((g,v,w,hz((gaq»)))
(IR :1—o0,x v,y :0,P 1ks [x # yIP @ 1llz((g,v,w,hz((g,9)))),idz)) =
gz ({mismatch({[R:1 — o,xw,yw, P s xwllz({g,v,w,hz({g,¢))),[R : 1 —
o, xw,yw, P ks ywlz({g,v, w,hz({g,q))),[R1 — o,xw,yw,P1 ks P
Mz((g,v, w,hz({g,9)))), idz)) = gz((mismatch((v,w,hz({(g,q)))),idz)) =
gz([v # wlhz ({g,9)),idz) = pz((g,[v # wlhz((g,q)))) N F(Z, ), whence the
thesis.

(u = ins(q))

pz({nz((g,ins(q))), oz ((Th)z((ste.v)z((g. ins(q))))))) =
=pz((g,0z((Th)z(ins(q,))))) =
=pz((g, 0z (ins(hzw:((qy)ze:(2,inz))))) =
=pz((g, (V2)hzw:((qg)2e:(2, in7)))),

where q, : Var X ¥ (Z,.) — G x U is the natural transformation such that, for

allY € 7",y €Y and f € V(Z,Y), (q@,)y (y.f) = (Gs(g), av ({y, £)))-

At this point we know, by equation B7, that for all Y € 7", and ng € (Proc =
Prop)y, Y IFr.sops YP'7'(VX".(R (P x))) = (R vP) holds. By points 1 and 2
of Theorem 4.1, this amounts to say that, for all V € ¥, 1 € #(Y,V) and
np € (Var = Proc)y,

V |l—(R:1~>(),P:l)az),((Proc=Pmp)1(;1R),r]p> vx'. (R (P X))
implies V “_(R 11—0,P :w—1),((Proc=>Prop)i(nr).p) (R VP)

Then we notice the following facts:

1.V H_(R:,_,O,p;U_,,)’((pmcjpmp) ) VX" (R (P x)) iff, forall W e # , me f(V, W)
and n, € W, the following holds:

w ”_(R:1—>0,P:u—»z,x:U),((Proc:>Prop),,,G;(nR),qp,m-) (R (P x)),
ie., iff
[AFs (R (P x)) zollw(n) = F(W,.),

where A=R :1— 0,P :v — 1,x :v and n = ((Proc = Prop)m.(nr), Var =
Proc)m(np), nx). The first member of the preceding inequality can be simplified
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as follows according to Theorem 4.1:
[AFs (R (P x)) ollw(n) = F(W, )
=([AFx R : 1= olw(m)w({([A Fs (P x) : 1]lw(n),idw))
=((Proc = Prop)mei(nr))w({([A s P v — lw(n)w
(([A Fs x 2 olw(n),idw)), idw))
=((Proc = Prop)mei(nr))w({(Var = Proc)m(np))w({x,idw)),idw))
. in particular, when V = Z, [ £idz, ng =g and np = h 0 q,, we have that the
following holds:
((Proc = Prop)u(g)w ({(Var = Proc)u(h o Gy)w (1. idw)).idw))
=((Proc = Prop)m(g))w({(hoqg)w({nx,m)),idw))
=((Proc = Prop)m(g))w ((hw ({(Proc = Prop)m(g), qw ({nx,m)))),idw))
. pw({(Proc. = Prop)m(g), hw({((Proc = Prop)u(g),qw((nx,m)))), idw)))) =
J(W,.);
. pw({(Proc. = Prop)m(g), hw({((Proc = Prop)u(g),qw((nx,m)))), idw)))) =

((Proc =>Prop)um(g))w ({hw ({(Proc == Prop)u(g), qw ({ nx,m)))),idw)) NI (W, );
hence, for all W, m € #(Z,W) and 5, € W we have

w |'_(R:1—>0,P:v—>z,x:l>) ((Proc=>Prop)m(g) Jioqg (R (P x))

. it follows that Z Il—(R:Ho,p:,Hl),<g,thg> (R vP) holds by the previous point and
the inductive hypothesis, ie, [R:t — 0,P:0 — 1 F5 (R vP) : 1] z({(g,h o q,)) =
([R:t = 0,Pw — 1 Fx Rt — 0]z({g,h 0 qy)))z({[R:t = 0,Pv — 1 Fx vP :
1lz((g.hodq,)).idz)) = gz({newz((hoq,)).idz)) = gz((vz)((hoG,)zw:((z,inz))),

idz)) = gz(((v2)(hzw:((Qy)zw:((z,inz)))),idz)) > #(Z,.) holds. The thesis
follows since

Pz (g, (v2)hzu:((@y) 20:(2,1n2)))) = g2 ({(v2)(hzw:((@)zw:((2,1n2)))),idz)) A F(Z, ).





