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1 Univariate ACE Model

The univariate ACE model can be represented as:

yij = aAij + cCij + eEij (1)

where y is the trait of interest assumed to be expressed as deviations from zero with unit

variance, A is the additive genetic component, C is the common environment component,

and E is the unique environment component. All three components are assumed to be

mutually independent and are each distributed as a standard normal. For a given twin pair

in family j:

cov(y1j, y2j) = a2cov(A1j, A2j) + c2cov(C1j, C2j) + e2cov(E1j, E2j) (2)

Since MZ twins share all of their genes while DZ share 50% on average, cov(A1j, A2j) = 1 for

MZ twins and cov(A1j, A2j) = 0.5 for DZ twins. For both MZ and DZ twins cov(C1j, C2j) = 1

and since unique environment is by definition unique to each twin, cov(E1j, E2j) = 0. This

leaves us with:.

cov(y1j, y2j)MZ = a2 + c2 (3)

cov(y1j, y2j)DZ = 0.5a2 + c2 (4)

Since A, C, and E are assumed to be independent, the variance for all twins is:

var(yij) = a2 + c2 + e2 (5)

where a2 is the heritability, defined as the proportion of total variation accounted for by addi-

tive genetic factors, c2 is the proportion accounted for by common environmental factors, and

e2 the proportion accounted for by unique environmental factors. The variance-covariance

matrix for MZ and DZ twin pairs respectively is then:
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ΩMZ =

 a2 + c2 + e2 a2 + c2

a2 + c2 a2 + c2 + e2

 (6)

ΩDZ =

 a2 + c2 + e2 0.5a2 + c2

0.5a2 + c2 a2 + c2 + e2

 (7)

2 Bivariate ACE Model

The bivariate ACE model can be represented as:

zij = a11A
1
ij + c11C

1
ij + e11E

1
ij (8)

yij = a21A
1
ij + c21C

1
ij + e21E

1
ij + a22A

2
ij + c22C

2
ij + e22E

2
ij (9)

where z and y are the two traits of interest both assumed to be expressed as deviations from

zero with unit variance. Following the same logic as in the univariate model, cov(A1
1j, A

1
2j) =

cov(A2
1j, A

2
2j) = 1 for MZ twins and cov(A1

1j, A
1
2j) = cov(A2

1j, A
2
2j) = 0.5 for DZ twins,

cov(C1
1j, C

1
2j) = cov(C2

1j, C
2
2j) = 1 and cov(E1

1j, E
1
2j) = cov(E2

1j, E
2
2j) = 0 for both MZ and

DZ twins. If we stack z and y for each family such that Y = (z1j, y1j, z2j, y2j)
′ the variance-

covariance matrices become:

ΩMZ =

 A + C + E A + C

A + C A + C + E

 (10)

ΩDZ =

 A + C + E 0.5A + C

0.5A + C A + C + E

 (11)

where:

A =

 a211 a11a21

a11a21 a221 + a222

 (12)
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with C and E analogously defined. This model, known as a Cholesky decomposition model

(Martin and Eaves, 1977), assumes that the latent factors underlying z (A1, C1, and E1)

also influence y, however the latent factors underlying y (A2, C2, and E2) do not affect z.1

This model assumes that the latent factors underlying the two traits are uncorrelated

with one another across and within individuals. These assumptions are necessary in or-

der for the model to be identified and leaves us with nine parameters to be estimated

(a11,a21,a22,c11,c21,c22,e11,e21,e22). The parameters can be estimated using the following mo-

ments from the data:

cov(y1j, z2j)MZ = a11a21 + c11c21 (13)

cov(z1j, z2j)MZ = a211 + c211 (14)

cov(y1j, y2j)MZ = a211 + c211 + a221 + c221 (15)

cov(y1j, z2j)DZ = 0.5a11a21 + c11c21 (16)

cov(z1j, z2j)DZ = 0.5a211 + c211 (17)

cov(y1j, y2j)DZ = 0.5a211 + c211 + 0.5a221 + c221 (18)

var(zij) = a211 + c211 + e211 (19)

var(yij) = a211 + c211 + e211 + a222 + c222 + e222 (20)

cov(zij, yij) = a11a21 + c11c21 + e11e21 (21)

where the last three equations are the population variance and covariances. Since both

variables in our bivariate models are ordinal, estimation of the thresholds and variance

components is achieved following the same approach described in the univariate case.

The parameter estimates generated by this bivariate model can be used to construct

quantities of interest. The genetic correlation (rg) is obtained by dividing the genetic covari-
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ance between the two traits by the square root of the product of their genetic variances:2

rg =
a11a21√

a211(a
2
21 + a222)

(22)

The total correlation between two traits (r), based on (21) and (22) is:3

r = rg

√
a211(a

2
21 + a222) + rc

√
c211(c

2
21 + c222) + re

√
e211(e

2
21 + e222) (23)

where a211 and a221+a222 represent the heritabilities of traits z and y respectively. The product

of the square root of the two univariate heritabilities and the genetic correlation is known

as bivariate heritability. Therefore, the percentage of the total correlation accounted for by

genetic factors4 is:

% Genetic =
rg
√

a211(a
2
21 + a222)

r
(24)

Notice that (23) implies that if, for example, rg has an opposite sign to that of r then %

Genetic will be negative and consequently % Common Environment and % Unique Environ-

ment will add up to > 100%.
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3 Equal Environments Assumption

An assumption of the ACE that is the most controversial is the equal environments as-

sumption (EEA). Identification of the univariate and bivariate ACE models requires the

assumption that differences in MZ and DZ twins for a particular trait are not due to greater

similarity in the exogenous environmental conditions facing MZ twins. Based on this defini-

tion, exposure to environmental conditions that are the result of genetic endowments does

not violate the EEA. For example, MZ twins may be treated more similarly by others than

DZ twins because they look alike. MZ twins may also select into more similar environments

due to their genetic similarity.5 However, the EEA is violated if genetic similarity affects

within-pair behavior. This would be the case, for example, if due to genetic similarity an

MZ twin became better at playing the piano by observing their sibling’s experiences than a

DZ twin would (Benjamin et al., 2012). In terms of ACE model estimates, a violation of the

EEA would mean that the estimate of genetic influence was overstated and the estimate of

common environmental influence was understated.

One way to theoretically avoid relying on the EEA is to analyze twins reared apart since

by definition there would be no shared environmental factors. Studies of twins reared apart

yield similar heritability estimates for cognitive ability and personality traits (Bouchard

et al., 1990) suggesting that the EEA is valid for those traits. Scholars have attempted to

test the EEA by comparing the similarity of twins as a function of perceived rather than

actual zygosity. The EEA suggests that only actual zygosity should matter, which has been

shown to be the case for intelligence, social attitudes, personality, and psychiatric disorders

(Scarr, 1968; Scarr and Carter-Saltzman, 1979; Kendler et al., 1993; Xian et al., 2000).

Several studies published in political science journals have also asserted that heritability

estimates reported for political orientations are likely inflated by, or completely the result

of, EEA violations (Suhay et al., 2007; Beckwith and Morris, 2008; Charney, 2008).6 Smith

et al. (2012) attempted to test whether similar experiences and mutual influence among

twin pairs inflated heritability estimates of political attitudes by analyzing whether twins
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attended the same classes at school, dressed alike when growing up, shared a bedroom at

home, and had the same friends growing up as well as measures of frequency of contact.

However, the authors found no evidence that this was the case. Littvay (2012) also failed

to find evidence of unequal MZ and DZ environments based on an biometric model that

estimated both measured common environment, capturing the effect of similar experiences,

as well as residual common environment. Finally, Hatemi et al. (2010), based on an extended

family design, found that the influence of family environment on political attitudes among

twin pairs was not significantly different from that of non-twin siblings. The authors argued

that the extended family design provides a test of the EEA reasoning that if more similar

treatment of MZ twins relative to DZ twins resulted in inflated heritability estimates then

the same should be true for DZ twins relative to non-twin siblings.

A recently developed method of estimating heritability that avoids the EEA utilizes

genotyped single nucleotide polymorphisms (SNPs) to estimate a lower-bound estimate of

heritability (Yang et al., 2010, 2011; Visscher et al., 2010). Unlike twin studies, this method

relies on individuals who are not in the same extended families and therefore environmental

similarity is uncorrelated with genetic relatedness.7 This technique has been utilized to

investigate the genetic architecture of a wide variety of physical and psychological traits.
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