Online Appendix - Optimal VIX-linked Structure for the Target
Benefit Pension Plan

Appendix A. Notations

Here is the list of all notations used in this paper, and the benchmarks parameters values
used in the analysis. The model parameters are based on the "SV0" and "SVJ0" calibrations in

Pan (2002).

Economic variables

So(®) time-¢ value of the risk-free asset

S time-¢ value of the risky asset

v(t) time-¢ value of the instantaneous variance of the risky asset

N; time-7 value of the Poisson process represents the jump component
Z, return of the n-th jump

L(t) time-¢ value of the salary

VIX, time-¢ value of the volatility index

VIX? benchmark squared volatility index (lim,_,o, E® [VIX,Z])

7(t) amount invested in the risky asset at time ¢

X(1) asset level at time ¢

Dynamic Parameters

r 0.02 0.02 risk-free rate

A 4.4 3.1 risk premia for the return

0 0 27.1 jump intensity

U, - -0.003  mean of the jump return (,uiQ = -0.18)

o, - 0.0325 standard deviation of the jump return

0Oy -0.57 -0.52 correlation between the diffusion terms of volatility and equity
Ky 53 7.1 speed of mean reversion for the variance process

% 0.0242 0.0134  unconditional mean of the variance process

oy 0.38 0.28 variance of the variance process
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K -0.027 - speed of mean reversion for the salary process

L 0 exp(¥t) unconditional mean of the salary process

/] - 0.027 expected growth rate of the average wage index

oy 0 - volatility of the salary process

Oy 0 - correlation between the diffusion terms of salary and volatility
Ois 0 - correlation between the diffusion terms of salary and equity

Pension Plan

c(t) 0.1 - contribution rate at time ¢

b(t) benefit (replacement rate) at time ¢

R(@) R =1865 - # of retirees at time ¢

A() A =3851 - # of active workers at time ¢

ny(t)  na(t) = 100 - # of employees aged y

H() 25,379 actuarial liability value at time ¢ in the real term

¢ 0.025 - discount rate for liability valuation

b 0.65 - benchmark replacement rate for liability valuation

Preference Parameters

Vr 50 - risk aversion parameter for the retirement income
vr 0'72?;)7 = - risk aversion parameter for the terminal asset level

1 - weight given to the preference of the terminal asset level
4 0 - discount rate for time preference

Table A.1: List of mathematical symbols, superscript Q represents the parameter under the risk neutral measure,
the numbers in the second column represent the benchmark scenario, and the numbers in the third column are used

for sensitivity tests.

Appendix B. State-price Density, Admissible Set, and Derivation of Theorem 3.1

Appendix B.1. State-price Density

This part provides the state-price density that links the data-generating process (1) with the
risk-neutral dynamics (3).

Consider a candidate state-price density K of the form

! N;
W(t):exp(—rt)s(— f (pT(u)dW(u))exp(Z ZZ(],
0 n=1



where &(-) denotes the stochastic exponential i.e., &(X;) = exp(X; — [X;, X;]/2) with [X}, X/]
being the total quadratic-variation process, W(t) = [Ws (1), W,()]”, and ¢(t) = [¢1(2), p2()]F

are the market prices of the Brownian shocks in the price and volatility defined by

Apy
=4 ) = - )
1) = AVV(D),  @a(D) — V(1)

with A being a constant coefficient. For this specification of the market price of risk, the time-¢

instantaneous risk premium associated with the diffusive price shock is A - v(¥).
The jump risks are priced by the jump component in the state-price density. Whenever the

underlying price jumps, the state-price density also jumps. The jump sizes ZX are assumed to

2

be i.i.d. normal with mean ug and variance T

and assumed to be independent of Wy and
W, and inter-jump times. The random jump sizes ZX and Z, are allowed to be correlated with
constant pg, but assumed to be independent across different jump times. Treating uy, o, and
pg as free parameters, the most general form of jump-risk premia is obtained. We constrain the
mean relative jump size in the state-price density to be zero, 1.e., ux + 0—73‘ = (. This constraint
is translated to a zero jump-timing risk premium. If we turn off the correlation between ZX and
Z, by letting pg = 0, the jump-size risk premium is zero.

For K to be a state-price density, the deflated processes S g( =K -Soand S¥ = K-S are

required to be a local martingale. Applying Ito’s formula, we have

dS™ (1) = (V1) = @1(1) S™(1) AWs (1) — 02()S™(£) AW, (1) + [exp(Z]§ + Z,) = 11S™(1-) N,
— (RS X (1) dr,
dS (1) = =S (1) AWs (1) — @a()S K (1) AW,(1) + [exp(Z]) — 118§ (-) dN..

Similar to Pan (2002), we have that S%(7) and S g<(t) are local martingales. If § g<(t) is actually

a martingale, then S 3<(t) uniquely defines an equivalent martingale measure Q. Letting

W) = (W), Wan]" = W() + f @(u)du,
0

one can show that the dynamics of (S, v) under  are indeed in the form of the risk-neutral
dynamics (3). Moreover, the Poisson process N, has the same distribution under both the risk-

neutral measure Q and the physical measure P.

Appendix B.2. Admissible Set

Definition Appendix B.1. A strategy (m, b) is called an admissible strategy, i.e., (n,b) € 11, if

it satisfies the following conditions:



(i) (rr, b) is [ -progressively measurable;
(i) Ea| |} 700t < o0;

(iii) Equation (4) has a unique strong solution for any (t, x,v,l) € [0,T] X RXx R x R.

Appendix B.3. Derivation of Theorem 3.1

The associate HIB equation for the value function H(t, x, v, ) is

sup { —CH + H, + [rx + ndv — n0u®y + clA(f) — bIR(H)H, + k,(¥ — V)H, + k,(L(t) — DH,
(b.m)ell

1
+ EHZVHXX + EO‘%VHW + 50'12VH11 + o, vp, H,y, + mopvpis Hy

+ a1 (oispy + piv 1 = p2)Hy, + OVELH(2, x + m(e” — 1), v, 1) = H(t, x, v, )] + R U (bL; %)} = 0.
(B.1)
With the conjecture that
H(t, x.v,]) = — £ A+ AWv+ADI+A®)]
Yr
and with the terminal conditions A(T) = 1, A(T) = A(T) = A(T) = 0, the first-order condition

implies that the optimal replacement rate b* is

yr

b*(t) = _il In(0A(?)) + 7Tl[A(t)x + Aty + A(t)l +A®)], (B.2)

r

and the optimal investment strategy 7* satisfies

Zn

—(A = Ou) + T yrA() + 0, yrA() + oipisyTA(D) — OE[e AT € D(eZ — 1)] = 0.

(B.3)
Substitute the optimal replacement rate and the investment strategy into the HJB equation and
by separating the variables, we obtain the following ODE system,

R(tYyrA*(0) _

r

A1) + (A = uUDA®) - k,A(t) - %(n*)zyrAz(t) - %aiwfiz(t) - %O'ZZ'YTAz(I)

A1)+ rA(r) - 0,

—r* o0 yTAMA(T) — F*U'JPISVTA(I)AU) — ooy (pispy + pr 1 - P%)?’TA(f)A(f)

0 ppemowennn _py _ ROVADAD _,

2

" ¥r
A(t) + cADAW) - A(T) — w _o,
£y Al + K, VA(t) + K L(t)0A(t) + R(DOA(1) In(0A() - ROYrADA®D — ROAW) _ N
Yr Yr Y, ¥, (B 4)

with A(T) = 1, A(T) = A(T) = A(T) = 0.



Appendix C. Explicit Forms of A(?), A(t) and A(?)

Appendix C.1. Solution of A(t) and A1)

Since A(?) is the solution of a Riccati equation, its explicit form can be derived as

e(T—t)r
Al = ———F— . (C.1)
L+ 2 7 eT-9rR(s)ds

In addition, the explicit solution for A(7) can be derived as

T .
A(r) = f T Bals) + k) x Yoo K Batwrmming (C.2)
t R(s) Yr

Appendix C.2. Solution of A, when jump risk and salary risk are ignored

Ignoring the jump and the salary risks, the ODE equation for A(¢) can be simplified to

2

_ _ 1 - A
A1) = (Aoypy + Ky + Ba(D)A(D) — 50'3(1 = PyrAN () + oy 0. (C.3)
T

The explicit solution of A(#) can be derived as:

201_2 )
_oy( pv);T(Vl V2 (T-1)

V| — Vi€
1 1 TV , o, .l
] — Mo~ TR (T
V2
2 ' s
_ /l_ T - L»lr(/lO'V+Kv+ﬁA(AY))dAYdW e~ fo(/la",+/<,,+ﬁA(s))ds, 0, = 1’ /lo'vpv - _ﬁA(t),
A(t) = 2'yT t
2
= R f()t(‘A‘TV+KV+ﬁA(S>>dS, oy =—1, Ao,p, + K, # =Ba(1),
2yr
2
(T — t)’ Py = il, /lO'vpV + K, = _ﬁA(Z),
2yr
(C4)
where
—Ao,py = Ky — Balt) £ \/(/IO'VpV + Ky + Ba(0))? + 2a2(1 - p?)
V1,2 = |

oi(1 = pdyr
Appendix D. Contribution Rate as a Control Variable

Define the value function G(¢, x, v, [) as

T
G, x,v,[) = sup [Et,x,v,l[ f e O X [A(S) X U((1 = c(5)) X L($); Va)

(m,c,b)ell
+R(s) X U(b(s) x L(s); y,)]ds + 0 x e T x UX(T); yr)|,

(D.1)



where v, is the risk aversion parameters for the active members, I1 is the corresponding admis-

sible set and the pension asset now has the following dynamics
dX (1) = |rX(0) + 7O = Gu®) + (c(DA() = bORD) X L(1)| dt
N,
+ 7(t) (0 dWs () + n(£) d [Z(ezn - 1)) .
n=1

The associate HIB equation for the objective function (D.1) is
sup { — (G + G, + [rx + Ay — iRy + clA(t) — bIR(D]G, + k,(V — v)H, + k/(L(t) — [)G,
(m,c,b)ell

1 1
+ EKZVGM + EO'%VGW + EO-IZVG” + o, vp, G, + o vpis Gy

+ o0, V(Pispy + piv N1 — p2)Hy, + OVE[G(t, x + m(e” — 1), v,]) — G(t, x, v, ])]

+ADOU(( - )l ya) + ROU (b, %)} =0.
(D.2)

Similar to H(t, x, v, [), with the conjecture on G(¢, x, v, [) as

Gt,x,v,]) = — s o YT BWx+Byv+B@)+B(0)]
Yr

and the boundary conditions B(T) = 1, B(T) = B(T) = B(T) = 0, we can obtain the optimal

contribution rate c¢*, the optimal replacement rate »* and the optimal investment strategy 7" as

M) =1+ il In(oB(1)) - %[B(t)x + B(t)y + Bl + B, (D.3)
b*(1) = —il In(oB(?)) + z//—Tl[B(t)x + B()v + Bl + B, (D.4)

—(A = 0u®) + 7wy B() + oy yr B@) + o pis yrA() — 0 [P0 Die? — 1)] = 0.
(D.5)

Substituting back to the HIB equation, and by separating the variables, we have the following



ODE system,

AWyrB (1) ROyrB* @) _
Ya Vr

By(t) + n*(A = u™)B(t) — k., B(1) — %(ﬂ*)27TBz(t) - %UEVTBZ(I) - %Ufwﬁz(t)

B;(t) + rB(t) —

0,

—* 0,0,y B(t)B(t) — m* o ipis yr BOB(t) — 0107, (01,0 + piv /1 = p2)yr B(t)B(1)

_i[E[e—)’TB(l)ﬂ*(eZ”—l) _1]- ADyrBOB(®)  R@)yrB(®)B() 0

b

Yr Ya A Yr .
Bt — xiB(t) + AW B() — ﬂ(t)yT)/B(t)B(t) B R(I)YTf(f)B(f) _0,
£y B + k7B + kL (DoB@) + TOBD 1 oB(ry) - FOYrBOBO _ AWBE)
Yr _ Ya Ya Ya
+7€(l7)/3(f) In(oB(1)) - R(l)?’Tf(l)B(f) B R(f))/B(l) _ 0

(D.6)
with B(T) = 1, B(T) = B(T) = B(T) = 0.

Appendix E. Optimal Target Benefit Design without Stochastic Volatility

Assume the risky asset follows the Geometric Brownian Motion, which the volatility is a

constant and the jump risk is excluded,

ds()
m = (r+u)dt+0'5 dWS(t)

Then, the pension asset has the following SDE,
dX(r) = [rX(@®) + n(Ou + (cA() — bOR(®))L(2)] dt + n(t)os AW (1).

With the same objective function as Problem 5, and define the value function as H(¢, X, = x),

then following the same procedure as before, we have

H(t,x) = —ge—)’r [A(t)x+A(;)]’
Yr

where A(7) and A(?) satisfy the following ODE system,

2
Adr) + A — XA
, i
L4 A0 + cLADA®D + —2— + RO gy - ROrADAD  ROAD _
YT 205yr Yr Yr Yr )



with A(T) = 1, A(T) = 0. By abuse of notation, A(f) and A(t) defined in this section are
unrelated to A(¢) and A(¢) in other sections.

The optimal replacement rate b* is

Yr

b*(t) = _7,L(t) In(0A(?)) + T [AOX (@) + A(D)], (E.2)
and the optimal investment strategy 7" is
xro H
(1) = —oﬁyTA(t)' (E.3)

Multiply b* with the salary index L(f), and with some rearrangement, we can show that

benefit(r) = b X L(1) + Ba(?) (M) ’

R(1)

where

Bat) = ?A(r)ﬂ(o,

B(t) = -~ In(oA(r) + YLA(r) + YLAL().

r r r

Immediately we observe that the ODE for A() is the same with and without the stochastic
volatility and the jump risk, and therefore the value of 54(¢) is the same under these models.
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