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Section (1| contains two lemmas that we use to prove the main results of the paper. Section
contains plots that complement the numerical studies section from the paper. In particular,
Subsection [2.1| contains plots related to the sensitivity analysis of the Stackelberg equilibrium
w.r.t. RRA coefficients, r, T, G, whereas the description of these plots was included in the
article in Section 5.2. In Subsection we provide plots that illustrate the dynamic relative-
portfolio process of each company over the entire investment horizon. In Section [3]we prove that
the reinsurance company is better off when it sells reinsurance with a discounted safety loading
0(o) = - 07, in comparison to not selling reinsurance at all. We also illustrate the corresponding
monetary benefit with the help of the wealth-equivalent utility gain, defined in Section 5.3. of
the paper. In Section[d] we derive the insurer’s optimal strategies in the Stackelberg equilibrium,
when the insurance company has a logarithmic-utility and a HARA-utility function. Finally,
in Section [b| we discuss ways of adding mortality and surrender risks to the model and the
corresponding potential challenges to the derivation of the Stackelberg equilibrium.

1 Auxiliary lemmas

Lemma 1.1 (Put-replicating trading strategies). The replicating strategy ¥ (t), t € [0,T], of
the put option P is given by

P(t) =
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where

dy =dy(t, VI (1)) == In (%f(t)) + (T + %(O’QTFCM)Q) (T —t)
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The dynamics of the put option P is given by
dP(t) =V (£)(@(dy) — V)M (uz — 1) + rP(t))dt
VTS (1)(D(ds) — oo (pd Wi (1) + v/1 = p2dWa(t)).
Proof. The price of the put option P at time ¢ € [0,7] is given by

P(t) =Z(t)'E[Z(T)P(T)|F}]
= exp (= (T — 1)) Grd(—di (t, VI8 (1)) — VT8 (1)B(—da(t, V15 (1)),



where ® is the cumulative distribution function of the standard normal distribution and
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The stock price Sy and the constant-mix portfolio value VY3 are given by
1
Sg(t) :SQ(O) exp ((ug 20'2)t + 09 pW1 + Vv1-— W2 )
1
VUDTE(t) =vr exp ((r + 1M (g — 1) — §(UQ7TCM)2)t + oo M (pW (1) + /1 — p2Wa(t )

Hence, the relation between Sy and V1'™B is given by

VVDTE () = v exp ((r + 17TCM 2) (1—=¢ )t) Sg(t)”CM_

S2(0) 2

Therefore,

oP(t) 0
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and
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We have for ¢ = 1,2
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where ¢ is the density of the standard normal distribution. Hence,
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We define dy(t, VVI'™B(t)) =: d4. Since ®(—z) =1 — &(x), we get
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Lemma 1.2. Let £M% = ¢ < W‘W’ Then the function v from Proposition 3.1 is

V(&) = E[UI(I1(y3(6) Zx=(T)))]
for £ € [0,£™*], where I is the inverse of U} and y3 () is the Lagrange multiplier given by
E[Z\(T)11(y5(€) Zx(T))] = vr — £(1+ 6r)P(0).
Proof. Recall from Proposition 3.1:
v (&) := B[Ur(max{I; (y}(¢) Zx-(T)),£P(T)})],
where the Lagrange multiplier y3(§) is given by
E[Z\(T)11(y5(§) Zx(T))] = vr — £(1+ 6r) P(0).
I; is the inverse function of U. This function is bijective on (0, U}(€P(T))] and equals

Ir(y) = I1(y) — EP(T)

for y € (0,U;((P(T))]. From this we have the following:

Ii(y) > 0 & y € (0,Uj(EP(T))). (1.1)

For the Lagrange multiplier y3 () it follows that

N

E[Z)\(T)I1(y;(€)Z\(T))] = vi — (L + 0r)P(0) & L1 (y3(€)ZA(T)) > 0 Q-as.
>0

S i) Z\(T) < UJ(EP(T)) Q-as. & I1(y4(€)ZA(T)) > ¢P(T) Q-as.,

where the second equivalence holds from ([1.1)) and the third from the fact that I7 is strictly
decreasing. Hence, we get

v(€) = E[Ur(max{I;(y5(¢) Zx-(T)), €P(T)})] = E[Ur(I1(y3 () Zx- (T)))]-

2 Additional figures

This section contains two subsections. In Subsection 2.1 we provide plots related to the sensi-
tivity analysis of the Stackelberg equilibrium at the start of the product. In Subsection we
plot the optimal relative-portfolio processes of the players.

2.1 Sensitivity analysis of Stackelberg equilibrium at t =0

Figures and [2.4] graphically illustrate the sensitivity of the Stackelberg equilibrium
at t = 0 w.r.t. the RRA coefficients of parties, the interest rate, the time to product maturity
and the level of the capital guarantee. The description of these plots can be found in Section
5.2 of the article.



Optimal relative portfolio process at time 0

of the reinsurer (%)

100

Risk-free investment

Risky investment S,

T
Risky investment S, — — 0y

L L
75 10 125

Relative risk aversion of the reinsurer (RRAR=1»b

.l

Optimal safety loading of the reinsurer (%)

Optimal relative portfolio process at time 0

of the insurer (%)

T T T 3

Risky investment S, — — (;(u;)%

Risk-free investment

L I I 0

5 75 10 125 15

Relative risk aversion of the insurer (RRAI=1-bI)

Figure 2.1: Sensitivity of the Stackelberg equilibrium w.r.t. RRAr and RRA;

Time horizon T

Time horizon T

Optimal reinsurance strategy of the insurer

120 : : : 40 80 T , T 3
Risk-free Investment Risky investment S, Risky investment S, — — u;‘ I_Risk,'me investment Risky investment S, — — (;({/,;)‘
100 35 70
,
o ) o 5
3 g o 3
E 80 230 E 60 3
% 5 ® ©
2 2 2 £
gg 25 2 8 =50 s
© < 60 2 <3 ]
55 ’ s 5% 8
o5 ’ 5 o8 ©
s2 . o @ 5 =
£5 - 0 £ g2 H
5% 4 . 3 Es 8
¥ . g 22 g
23 P z 2% 3
£%5 . 158 £°30 2
2 20 . 8 [ 3
] I ] s ]
- E
£ - 110 £ £ 2 £
2 _- g = 2
S o _ 9 S
P +os
_-" 5 10F
20 -
| I I 0 0 I I L 0
Rl 0 1 2 2 A 1 2
Interest rate r (%) Interest rate r (%)
Figure 2.2: Sensitivity of the Stackelberg equilibrium w.r.t. r
: r T 40 80 T T T 3
. Risk-free investment Risky investment S, Risky investment S, — — ﬁ;‘ ‘ Risk-free investment Risky investment S, — — g;(ﬁ;)‘
RES 70
J25
. ° .
S 80 g F g
£ 30 $ E 60 2
= 8 = 2
= - 5 % °
9 -7 2 2 2 £
gg o -7 125 2 8 50 5
o< Pie 2 o 3
55 - = 5% 5
o5 - k3 o & T
o5 - ° 25 £
2 c | -7 20 2 Q24 = == === = m = m e e mmm e = === == == 15 @
g8 o - : 1 :
2o 3 ag g
2% g > oL g
B8O - 115 8 FO0F 2
® 20 L7 3 ° 412
] . ] ] 3
£ e J10 £ £ ol £
2 2 = £
s S S S
Hos
15 10+
20
. I I 0 0 I L L [
5 10 15 20 1 5 10 15 20

Figure 2.3: Sensitivity of the Stackelberg equilibrium w.r.t. T
2.2 Investment strategies over whole time horizon

In this subsection, we illustrate how the investment strategies of the reinsurer and the insurer
can develop over the entire time horizon [0, T]. In Figures and we show 100 exemplary
paths of the relative-portfolio process (semi-transparent lines) as well as the average of the
investment strategies (thick nontransparent lines) over the whole time horizon. The average
values are calculated using 10000 simulated paths.

In Figure we see that the reinsurer invests on average around 30% of its wealth in the
first risky asset and sells between 5% and 15% of the second risky asset. The closer the maturity
of the equity-linked product, the more the reinsurer invests in S; and the less it sells So. The
share of capital invested in the risk-free asset Sy decreases on average.
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Figure 2.4: Sensitivity of the Stackelberg equilibrium w.r.t. G

In contrast, the insurer’s fraction of wealth invested in the first risky asset decreases on
average over the time horizon and therefore the fraction invested in the risk-free asset increases,
as Figure [2.6] indicates.
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3 Reinsuirer’s incentive to charge a discounted safety loading

In this section, we answer the question whether the expected utility of the reinsurer is higher
when it charges a discounted safety loading in comparison to the situation when it does not sell
any reinsurance. In other words, we explore whether the participation constraint is satisfied for
the reinsurer when it charges a lower (discounted) safety loading than the equilibrium one.

When 6r € (0,05,), the reinsurer benefits from offering reinsurance in comparison to the case
of not selling reinsurance at all. The benefit increases as g > 0 increases and 0r < 5. To see
this, recall that the reinsurer’s optimal total terminal wealth without reinsurance is given by

Vim0 OOTR () 1 (yn Z(T)),

where y7, solves E[Z(T)Ir(y;,Z(T))] = vg. In contrast, the reinsurer’s optimal total terminal
wealth with reinsurance that is priced with a safety loading that is slightly lower than the
equilibrium one is given by

Vo € ORED IR T (T) _ e (95(a)) P(T) = Tr(yi(0r())Z(T)),
where y% (0 () solves E[Z(T)Ir(y5(0r() Z(T))] = vr + &5 (Or(a))0r(a) P(0). As we can see,
the reinsurer’s optimal total terminal wealth without reinsurance is the same as with reinsurance



with full discount (i.e., & = 0 and, therefore, §p = 0). If £ (0r(v))0r(v) strictly increases when «
increases, then IR(y}‘%(HR(a)Z(T)) increases strictly up to IR(yE(GE)ZV(T)). Since the reinsurer’s
expected utility is strictly concave in the terminal wealth and I R(y}‘%(ﬁ}‘%)z (T')) maximizes it, it
is strictly increasing on the interval [0, I R(y}%(&}‘%)z (T'))]. Hence, it holds for a > 0 that

E [UR (VRgR,o(o,O),wR (T )] [ ( yorolEi@rOD ORO)Th oy _ ex g ) p(T)>]
= E |Ur (Ia(yh(0(0) (1)) | < E [Un (In(yi(0r(e) Z(T)))]
—E [UR (V;R,O(EI(QR(Q)) 9R(Oé))»7ffz(T) _ 5}(93(a))P(T))} )
In our case, we have & (0g(a))f0r(a) = £, which is increasing in « € [0, 1].

Figure illustrates in monetary terms the benefit of a discounted safety loading in com-
parison to the case of not selling reinsurance at all.
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Figure 3.1: Impact of a on the reinsurer’s WEUC with the reference combination
(7%(-|0r()), Or(cr)) and the alternative combination (73(-|0),0)

4 Discussion on other utility functions

This section consists of two subsections. In Subsection we show that an insurer with a
logarithmic or with a HARA-utility function becomes indifferent in the amount of reinsurance
when the reinsurance company charges the equilibrium safety loading. In Subsection we
derive the optimal relative-portfolio process in the Stackelberg equilibrium for an insurer whose
preferences are described by a logarithmic-utility or a HARA-utility function.

4.1 Insurer’s best response to the equilibrium safety loading

In this subsection, we show that for utility functions, other than the power-utility function,
the insurer is also indifferent in the amount of reinsurance to purchase in the equilibrium.

As in the paper, we assume M = ¢ < UJF(’%ZQW and denote by A* the dual process
characterizing the optimal auxiliary market. Recall that by Lemma

v(€) = E[Ur(I1(y3(€) Zx(T)))].



Logarithmic utility function. We have U(z) := In(z) and I;(z) = 1. Hence, it holds

v(€) = —E[In(Zx+(7))] - In(y3-(€))

with the Lagrange multiplier (determined by the budget constraint)
YA (€) = (vr = §(1+ 0R)P(0) + EE[P(T) Zx- (D)) .
Hence, v is of the form
v(€) = —C +1n(C, — £Cy)

where C,Cy,Cy € R are constants with Cy = (1 4+ 0g)P(0) — ]E[Z,\*(T)P(T)]. For Cy > 0, v
strictly decreases if { increases, i.e., § = 0. For Cy = 0, v is independent of &, i.e., { = ¢ for
any & € [0,€]. For Cy < 0, v is strictly increasing in &, i.e., & =_¢

For the equilibrium safety loading 0%, Cs = 0, thus, the insurer’s best response in terms of
the reinsurance amount is {7 = € for any € € [0,£], i.e., the insurance company is indifferent in

the amount of reinsurance in equilibrium.
b
HARA-utility function. We have Ur(z) := % with a € R st. = +a > 0 and

1
br € (—o0,1)\{0} and I;(z) = 2?1~' — a. The function v is given by

by

V€)= 1 B |5 (€)2n (D)

with the Lagrange multiplier (determined by the budget constraint)

> ~ br—1
g () = [ =80+ 0R)P(0) + aB[Z)- (T)] + EE[P(T) 2 (T)]
E[Zy (1))

Hence, v is of the form

1 ~ _br
1) = B |2 (1) | 1 - s,
where Cy, Cy € R are constants with Cy = (14 0g)P(0) — E[Zx« (T)P(T)], which is the same as
in the case of a logarithmic-utility function. Thus, we conclude that for 0%, the insurer’s best
response is £§ = ¢ for any £ € [0,¢].

4.2 Insurer’s relative portfolio process in the equilibrium

In this subsection, we derive the insurer’s relative portfolio process in the Stackelberg equi-
librium. We show that for insurers with logarithmic-utility and with HARA-utility functions
the optimal auxiliary market is the same as the one for the insurer with a corresponding power-
utility function. We do not derive here the reinsurer’s optimal relative portfolio process, because
its derivation is much simpler than the derivation for the insurer and boils down to applying
Proposition 3.3 to get the optimal trading strategy and to converting it to the relative portfolio
process via Relation (3.4) from the paper.

Logarithmic utility function. We have that Uy(z) := In(z) and I;(z) = 1_¢P(T). We
prove that I; and %ff) are polynomially bounded at 0 and oo: For > 0 it holds

i) = | —epm)] € 1 +ern) € a+epa) (34

2 2
>0
= (1> E <”1> |
x X




where in (i) we use the Cauchy-Schwartz inequality and in (ii) 2 + 2 > 1 for all z > 0. By

Lemma we have
I1(y"(§)Zx(T)) > £P(T).

From this result and by Proposition 3.1, the optimal terminal wealth (before reinsurance

payment, i.e., not the total terminal wealth) is given by

V() =I1(y" (&) ZA(T)) — EP(T) = (y*(§) ZA(T)) ! — £P(T).

and Proposition 3.1, we get that the insurer’s optimal relative

(4.1)

Thus, using dil(f) = —z2

portfolio process in M satisfies:

OV = — (1) 20 ELZA Ty () Za(T) (5" (€) Za(T)) 2| ]
(0T ) () BT (O ZA(T)) Y F)
ED (5710, 20 () BIZA (1) (Vi (T) + £P(T))| 7]
(o) I (V1) + E25() " E[ZA(T) P(T)|F).
Therefore:
m3(1) = (01 (1 + 25 () EIZA(T)P(T)|F) V3 (1)).

The optimal dual process A\* is the same as in the case of a power-utility function, since
weK & Wﬁ\\/l € K with 71';\\/[ defined in Corollary 4.1 in the paper.

mit)EK & (07) v
—MwithaERst z4+a >0

HARA-utility function. We have that Uj(z) :=
. 1
and by € (—00,1)\{0} and I;(z) = 211 —a — EP(T). Now we prove that I; and dl’;(f) are
polynomially bounded at 0 and oo.
For z > 0 it holds
. 1 G 1 1\ =87
(@)l = |77 —a = ¢P(D)] < 7T +lat DI = (1) Hlat P
x>
(id) 1\ o (iv) 1\ 757
(5) v+ tla+&P(T)] < (1+a+EPT))) {2+ ;
2-b;

1 2-bs
— b1
by —1

df[(.%')
dx

2-bp
br—1<0 1 x% _ 1 l 1-b; (2) 1 z 4 l 1-b;
x>0 1 — by 1—b; a1 — b x ’

where we use in

(1) Cauchy-Schwartz inequality;

(i1) x4+ 1 > 1 since 2 > 0;
¥ increases for k > 0 with k = - > 0 or k = fj;; > 0 for all by € (—o0,1)\{0};

1
(iv) 1< (24 1)™0 for all z > 0.
By Lemma we have
Ii(y*(§)2\(T)) > £P(T).
From this result and by Proposition 3.1, the optimal terminal wealth (before reinsurance

payment, i.e., not the total terminal wealth) is given by

O ZA(T)TT — a — EP(T). (4.2)

V3(T) =Ii(y* (§)ZA(T)) — P(T) = (y



di(z) U

Thus, using =3~ = bl—_lxﬁ and Proposition 3.1, we get that the insurer’s optimal relative
portfolio process in M satisfies:
OV = — (01) I Za () T E[Z:(T)y* (€) Zx(T) > 1_ 1 (y*(ﬁ)ZA(T))i;_bg | Ft]
= O A B (O Z D) T
BT A B (@) + ot EPD)IF
@) R () + €200 BIZDPT)IF] +a).

Thus:
w3 (t) = m (1 + EZ5(6) " E[ZA(T)P(T)|F/ Vi () + a/ V5 (1)),

The optimal dual process A* is the same as in the case of a power-utility function, since
mi(t) € K & 7 € K with 7Y defined in Corollary 4.1 in the paper.

5 Discussion on the surrender and mortality risk

Mortality and/or surrender risks could be added in various ways to the insurer’s (follower’s)
optimization problem. If these risks are independent of the financial risks and the insurer pays
money to the buyer of the equity-linked product at time 7" only if the buyer does not surrender
and does not die before T', then the Stackelberg equilibrium does not change. However, once the
dependence between financial risks and surrender/mortality risks is introduced and /or the payoff
of the insurer is more intertwined with surrender/mortality risks, the insurer’s optimization
problem becomes much more complicated and deserves a separate treatment.

Consider a random variable 7 that indicates the time of death or surrender of the policy-
holder. We could consider the following problem of the insurer:

(WIH&IS)E(AI E [UI(‘GUI,O(EI,QR)JI (T) + glP(T))]l{TZT} , (51)

where the set of admissible strategies of the insurer is:

Ag = {(n1,&1)| 7r self-financing, 77(t) € K Q-a.s. Vt € [0,T], &1 € [0, ™%,
vy ro@riR T ) > 0 Qaus. Wt € [0, 7] and
v Or),m _
E[(U (V" TUT) 4+ € P(T))1grnry) 7] < o]}

If 7 is independent of financial risks, then:

E [UI(VIvI,O(flﬂR)ﬂrI (T) + EIP(T))R{TET}]

9 & [l [ (@) + & P oy 1]

W E [ (v ) + & PD)E [Lpamy ]

D E Uy (vt T 4 6 P(T))| B [14ramy]

where we use in (i) we use a tower rule of conditional expectations, in (ii) the Fr-measurability of
the financial risks, in (iii) the independence between 7 and Fr. Thus, the insurer’s optimization
problem we considered in the paper has the same solution as the solution to , because
they differ only by a positive constant multiplier in the objective function. As a result, the
Stackelberg equilibrium remains the same as before.



The situation when the policyholder also receives some money at the time of death or sur-
render can be modelled by incorporating it into the insurer’s objective function as follows:

v OR),m ) OR),m
B U (VT ) 4 Py + U (VST T 4 G Py
(5.2)

This way of modeling implies that the put option is of an American type, not a European
one, as in our article. This introduces several additional levels of complexity. The first challenge
is pricing this option. The second issue is solving the insurer’s problem with two terms
in the insurer’s problem with uncertainty about both the time and the amount of the payoff.
The third challenge is solving the optimization problem of the reinsurance company, as it has
to dynamically hedge its short position in the put option with an uncertain exercise time. The
Stackelberg equilibrium would most probably change under this model, but we do not see a
direct way of getting the intuition about the direction of change.

A different approach to modeling surrender and death benefit can be found in [Kronborg and
Steffensen| (2015)). There, the researchers take a standpoint of a policyholder who dynamically
controls the death benefit and the investment strategy. The controlled process that models the
death benefit appears in the drift part of the wealth process. Following their approach in our
article would require new tools to solving the bi-level optimization problem that models the
overall Stackelberg game.
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