Online supplementary material for “Estimating the

VaR-induced Euler allocation rule”: lemmas and proofs

N.V. Gribkova *12 J. Su 34 and R. Zitikis #*°

ISaint Petersburg State University, Saint Petersburg, 199034 Russia
2Saint Petersburg State Transport University, Saint Petersburg, 190031 Russia
3Purdue University, West Lafayette, Indiana 47907, United States
4Risk and Insurance Studies Centre, York University, Toronto, Ontario M3J 1P3, Canada
Western University, London, Ontario N6A 5B7, Canada

Abstract. We present proofs of the results formulated and discussed in the main

body of the article, together with accompanying technical lemmas and their proofs.

S.1 Proofs

To prove Theorem 2.1, we need a lemma.

Lemma S.1.1. Suppose that conditions (Cy) and (Dy) are satisfied. Then for ki, and ks,
defined by equations (2.4), we have

P(Ye,,n & We) =0, je{1,2}, (S.1)

when n — oo, where
W, = (VaRp,E(Y),V@RpJFE(Y)). (S.2)
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Proof. We only prove statement (S.1) for kg, because analogous arguments work for & ,, as

well. We start with the equation
P(Yegin & We) =P (Vi < VaR,_o(Y)) + P (Vi .o = VAR,,(Y)). (S.3)

We shall next show that
]P’(Ykm;n < VaRp,E(Y)) —0 (S.4)

when n — oo, and analogous arguments can be used to show that the right-most probability
in equation (5.3) also converges to 0. Hence, we shall only prove statement (S.4) and start

with

(
(nGn(VaR,—o(Y)) = [n(p + Az,n)])

(nGn(VaR,—(Y)) > n(p + As) — 1)
(Gn(VaR,_.(Y)) > (p+ Asy) — 1/n)

(G(VaR, () > (p+ Do) — i — 1/n),  (S5)

where

Kn = sup |Gn(y) — G(y)|.

yeR
By the Glivenko-Cantelli theorem, &, converges to 0 almost surely, and hence in probability.
By condition (D;), Ag, converges to 0. Consequently, the right-hand side of bound (S.5)
converges to 0 because G(VaR,_.(Y)) < p due to G being strictly increasing to the left of
VaR,(Y) (see Figure 2.1). This finishes the proof of Lemma S.1.1. O

Proof of Theorem 2.1. For any § > 0, Lemma S.1.1 implies that, when n — oo,

P(|EAR,,, — EAR,(X | V)| > 8) = // (Y1, 12)dFey o (1 92) +0(1)  (S.6)
e X We

where Fy, denotes the joint cdf of the order statistics Yy, , 1., and Yi, , 41:, and

:kQ,n

(y1,52) = P([BARy — BARY(X [ V)] > 6 Yy, tin = 1, Vewys1on = ).



We have the bound

H(yh y2) S P(’EARp,n - E(X I Y e (yla 92])‘ > 5/2 | Y;clm—l:n = Y1, Y;czm—&—l:n = y2)

—FIP(‘E(X | Y € (yl’y2]> — EARP(X | Y)‘ > 6/2 | YkLn—l:n = ylaYk27n+1:n = y2)

(S.7)

No matter what y1,y, € W, are, as long as ¢ > 0 is sufficiently small, the event inside the
right-most probability is impossible due to the continuity of the regression function ¢ in a
neighborhood of VaR,(Y). Hence, the aforementioned probability vanishes. We are left to
show that the penultimate probability on the right-hand side of bound (S.7) converges to 0
for all y;,yo € W.. The Lebesgue dominated convergence theorem will then finish the proof
that the integral on the right-hand side of equation (5.6) converges to 0.

To better understand the event inside the penultimate probability on the right-hand side
of bound (S.7), we write

k2,n

1
EAR,, ~E(X |V € (npal) = ———— > (Xin ~E(X |V € (1)), (38)
kQ,n - kl,n +1 i—ky
Conditionally on Yy, 1., = %1 and Yi,, 1o = ¥2, the order statistics Y, ,m,.. ., Yao,um

are distributed (e.g., Arnold et al., 2008; David and Nagaraja, 2003) as the order statistics
Yiiky—kynt1s - Yhon—kyntLikpn—ko4+1 Of @ sample Y1, ..., Vi, _p 41 of size (ko — ki + 1)

from the distribution

0, Yy < Y1,
L, Y > Yo

The following two notes give technical insights into the definition of G and in this way facilitate

further steps that will complete the proof of Theorem 2.1.

Note S.1.1 (Ignoring the gap). It is possible that there can be a region inside the interval
W, (recall its definition (S.2)) where the cdf G is horizontal (see Figure 2.1). If both y; and
ys fall into the region, then G(y2) — G(y1) = 0 and thus an issue with the definition of G
arises. However, this is not a problem because when G(y2) — G(y1) = 0, the random variable
Y does not (almost surely) place any points between y; and y9, and such cases can therefore

be ignored. Indeed, conditional expectations are always defined up to sets of measure 0.



Note S.1.2 (Sewing the gap). In the previous note we argued that the gap (VaRp(Y), V@Rp(Y))
in the distribution of Y-values can be ignored. An alternative approach would be to “sew”

the gap, which means replacing the original random variables Y; by
Yot = Yilyvievary )y + (Yi = Ap) Lyisvar, ()
where the size of the gap A, is defined by
A, =VQAR,(Y) — VaR,(Y).

Obviously, if A, = 0, then Y = Y;, but irrespective of whether A, = 0 or A, > 0, the
cdf of Y™ is strictly increasing in a neighbourhood of VaR,(Y). It remains to observe that
the order statistics arising from Y;**""’s are the same as those arising from Y;’s, and so when
instead of the original pairs (X;,Y;) we work with the pairs (X, Y**""), i = 1,...,n, the gap-
related issues disappear, because the gap vanishes, while all the concomitant-based estimators

remain the same.

Continuing the proof of Theorem 2.1, we note that the random variables Xy, , n, ..., Xy,
are distributed as concomitants corresponding to the order statistics Yz, ;. .., Y, ,m- Hence,
conditionally on Y, 1., = y1 and Yi,, 11:;n = ¥2, the right-hand side of equation (S.8) is
distributed as the average of centered i.i.d. random variables. We can now streamline the rest
of the proof.

Let Zy, ..., Zy,, be independent copies of a random variable Z whose cdf Fz(z) =
P(Z < z) is given by

Fz(z) =P(X <2 |Y € (y1,9)). (S.10)

For any fixed y1,y, € W and conditionally on Y%, , ~1.,, = y1 and Y, , y1.n = Y2, the right-hand

side of equation (S.8) has the same distribution as

k2,n
Cn = Z gi,na
Z-:kfl,n
where
€. - Z; — E(Z;)
o k?,n - kl,n + 1
We have an array &, ,m,---58ksnn, 7 = 1, of random variables, which are independent for

every given n, and they are all identically distributed irrespective of n. Hence, when n changes,



only the number ks ,, — k1 ,, + 1 of random variables changes, but not their distributions. Note

that by condition (D,), we have

k2,n - kl,n +1= [n(p + A27n)] - [n<p - Alm)] +1
~ n(AQ,n + Al,n) — 0

when n — oo. Our task becomes to show that, when n — oo,
Cn — 0.

For this, we follow the arguments of Borovkov (1988, pp. 217-219).
We first split each summand of ¢, into two parts: &;,, = &

and &, = &1y, . >1y- Hence,

k2,n k2,n
=Gt Cri= D &t D &
i1=Kk1,n i=k1n

and so
E(1¢al) < E(I¢, — EGD) + E(I¢, — EG )
< V() +2E(IG])
ka.n ka.n
< S B2 S B
i=k1n i1=Kk1,n
< /D, +2D,,
where
ka.n k2.n
Dy= Y E(E.) + D E(E))
i=kin i=k1n
ka.n
1=k1,n

(S.11)

" [
i,n+ imno where gi,n - fi,n]l{|§i,n|§1}

(S.12)



For any 0 < A < 1, we write

k27n kQ,n
Do Y B(lnllge,on) + Y B(Eulge. )
’i:k:lﬂn ’i:kl,n
kzm k2,n
< > E(l6allgenmn) A Y E(lGn gm0 ). (S.13)
’i=k17n 7z'zlfl,n
Taking into account that &, ,n,...,&k,,..n are identically distributed, we estimate the

second sum on the right-hand side of bound (S.13) as follows:

k2,n
> E(lallgenion) < (ko = kin+ DE(, l)
i:kl,n
=E(1Z -EZ|)
< 2E(|Z])
=2E(X |Y € (y1,10]). (S.14)

Since y1,y2 € We, condition (Cs) implies that the right-hand side of (S.14) does not exceed a
constant that does not depend on the individual pairs (y1,¥2), although possibly depend on
the neighbourhood W.. Since A > 0 can be made as small as needed, we can make the second
sum on the right-hand side of bound (S.13) as small as needed.

As for the first sum on the right-hand side of bound (S.13), we write the equation

k2,n

> E(!&,n\l{\si,n\»}) = E(IZ - EZ\]1{\Z—EZ\>(k2,n—k1,n+1)A})' (S.15)

i:kl,n

Since E(]Z|) is bounded by a finite constant that does not depend on the points (yi,y2) € We
due to continuity of ¢ in the neighbourhood W, and since (k2, — k1, + 1) tends to oo, the
expectation on the right-hand side of equation (S.15) converges to 0 when n — co.

Hence, by letting n — oo, the first sum on the right-hand side of bound (S.13) asymp-
totically vanishes, and then by letting 0 < A — 0, the second sum on the right-hand side of
bound (S.13) asymptotically vanishes as well. Consequently, D,, — 0 when n — oo, and so
bound (S.12) implies E(|(,|) — 0 when n — oco. We can now use the Markov inequality to
conclude the proof of statement (S.11) and in this way finish the proof of Theorem 2.1. [

Before we commence the proof of Theorem 2.2, we need a lemma.



Lemma S.1.2. Suppose that conditions (C1) and (Dy)—(Ds) are satisfied. Then for every
e > 0 we can find a constant C' > 0 such that

P(Ye,,n & Wea,) <e, je{1,2}, (S.16)

for all sufficiently large n, where ki, and ks, are defined by equations (2.4), and the interval

Wen, is given by equation (S.2) but with € replaced by CA,,, where
An - Al,n + AQ,n

Proof. We shall only prove statement (S.16) for j = 1, as the proof for j = 2 is analogous.
We have

P(Ye,om & Wea,) =P (Vi om < VaRy_ca, (Y)) + P(Yi, . = V@R, 0a,(Y)).  (S.17)

We shall only prove that the first probability on the right-hand side of equation (S.17) does
not exceed ¢ for all sufficiently large constants C, as the same holds for the second probability.

We have
P(Y}cl’n;n S VaRp_CAn (Y)) = ]P)(Ukl’n;n § G(VaRp_CAn(Y))), (818)

where Uy, . is the uniform on [0, 1] order statistic such that Y3, ., on the original probability
space (Q, A, P) has the same distribution as G~'(Uy, ) on a possibly different probability
space (2, A*,P*), but we skip the asterisk from P* for simplicity. Due to condition (C;), we
have G(VaR,_ca, (Y)) =p — CA,, for all sufficiently large n. We are thus left to verify

P(Us,,mn <p—CA,) <e. (S.19)
With py,, := E(Uy, ,,:n), which is equal to ki, /(n + 1), we have

IPD(kal,n:n < p— CAn) = IP>(le€1,n:n — Pin < P—Pin— CAn)



Since

[n(p — Ary)]
0<p—p1,n—1?—n—+1
n(p—~»A1,) —1
B n+1
p_Al,n+1
n—+1

<p

- Al,n +

<A, +2n!
< 3A,

for all sufficiently large n, we have the bound
P(Uklmzn S b - CAn) S IP)(kau,n:n —Pin S _(C - 3)An)

Since without loss of generality we can choose C' > 3, with the help of the Chebyshev inequality

and the formula

n 1— n
V(Ukl,n:n) _ D1, (n+ 51, )

for the variance of the order statistic Uy, ,.,, we obtain

D1 n(]- D1 n)
P(U;, .. <p—CA,) < : :
Ukt < p = Chn) (n+2)(C — 3)2A2

< pl,n(l - pl,n)
~ (C = 3)*(liminf /nA,)?
p(l—p)

~ (€ = 3)2(liminf /nA,)?2 +o(1) (S.20)

when n — co. Given condition (D,), by choosing a sufficiently large C' we can make the ratio
on the right-hand side of equation (S.20) smaller than e. With this, we complete the proof of
Lemma S.1.2. O

Proof of Theorem 2.2. The asymptotic behaviors of the estimators defined by (2.1) and

(2.3) are the same, and so we only work with E?Ep,n. Denote
T, = /N, (ETEDLW — BAR,(X | Y)). (S.21)
Theorem 2.2 follows if, for every ¢t € R,

E(exp {itT,}) = exp { — o°t*/2}, (S5.22)

8



where ¢ is defined by equation (2.6). To prove statement (S.22), we fix any € > 0 and let
C' > 0 be such that statement (S.16) holds. We have the following asymptotic representation

for the characteristic function of T,:
// E(exp {itTn} ’ qurltn = Y1, Ykz,nJrl:n = y2> dFkl,n,k2,n (3/17 y2) + T, (8'23)
Wean XWea,

where Fy, , ., is the joint cdf of Yy, 1., and Y}, 11., and the remainder term r,, satisfies
the bound

ral < B((Veyoms Vi) & Wen, X W, ) < 26

for all sufficiently large n. As for the conditional expectation under the integral sign in

expression (S.23), we have

]E(exp (T} | Vi ot = U1 Yy 1m = yg)
—E (exp {itv/Ny (AR, 0 = BARY(X | V) } | Vi tin = 1, Vi 1m = 02)
—E (exp {ity/No (BAR — E(X |V € (1, 2]) ) | Yiwoton = 1, Vit = 1)
X exp {zt\/_< (X | Y € (31,95]) — EAR,(X | Y))}. (S.24)

For the right-most difference of two expectations, we have

E(X | Y € (y1,5)]) — EAR,(X | V) =

E(g(Y)1 —EAR,(X | Y
G(y2) — G(y1> (g( ) {YE(yhyﬂ}) P( | )
G(y2)

1
G(yz) - G(Z/l) /G(yl)

<EART(X 1Y) — EAR,(X | Y))dT.
Since y1,y2 € Wea,, the integration interval is covered by the interval
[G (VaR,_ca, (Y)), G (VaRpsca, (Y))] (.25)

whose length, for all sufficiently large n, is equal to 2C'A,, due to condition (C;). Using

condition (Cs), we obtain

\/Nn<IE(X 1Y € (41, 12]) — EAR,(X | Y) ) < ¢\/ni, A°
= cy/nAzHt



for a constant ¢ that does not depend on n. By condition (D3), we have
An _ O<n—1/(2a+1))’

and so the exponent on the right side of equation (S.24) converges to 1 when n — oo.
Consequently, to complete the proof of statement (S.22), we need to show that, for all

1, Y2 € Wea,,, we have
E (exp {it /Ny (BARpn — E(X |V € (y1,35]) ) } | Vit = 91, Viss1n = 02
—exp { —o’t?/2} (S.26)

when n — oo. For this, we first note the asymptotic equivalence of

NGA (E/E{p,n —E(X|Y € (y17y2])>

and
k‘Q,n

Vo —1k1 1 Z (Xm —E[X]Y € (ylaQQH>- (S.27)

:k'l,n

Conditionally on the events Y, ,_1.,, = y1 and Y, 41, = y2, quantity (S.27) has the same

distribution as
k2,n

> (Z-E(2)),

:kl,n

1
Ve — ka1,

Sy,

where Z;, i = ki, ... ks, are independent copies of a random variable Z whose cdf is given by
equation (S.10). We shall next show that S,, converges to a centered normal random variable
with the variance 02 = V(X | Y = VaR,(Y)).

Note that the cdf F; depends on the points y; and y,, which are in the neighbourhood
Wea, that depends on n. Hence, some care is needed when showing that the aforementioned
asymptotic normality of S,, holds. We use the approach based on the characteristic function,

an thus start with the equation

E(exp{itS,}) = (gpz ( ! )) - : (S.28)

\/kQ,n - kl,n +1

where

wz(t) = E(exp{it(Z — EZ)})

10



Hence,

. 2V (Z) t2
log (E exp (ztSn)> = (kg,n - kl,n + 1) IOg (1 - m +o0 <m

t*V(Z2) t?
= (kg — b +1) [ = v
(k2 = Ko + )< 2(k2,n—k1,n+1)+0(k27n—k17n+1

2 2
= —tTa +o(1), (.29)

provided that V(Z) — ¢ when n — oo, which we check next.
Using condition (Cy) and in particular the continuity of 7 — g(VaR,(Y)) = EAR.(X | Y),

we have

1
G(y2) — G(y1)

1 /G(yz) A ( | )d
= EAR,(X | Y)dr
G(y2) — G(y1) G(y1)

= EAR,(X | V) + o(1),

E(g(Y)]l{Ye(yl,yz}})

EZ - E(X | Y € (yr,p]) =

where the right-most asymptotic equation holds because the integration interval is covered by
interval (S.25) whose length, due to condition (C,), is equal 2C'A,, for all sufficiently large n

and thus converges to 0 when n — oo.

Likewise, using condition (C,) and in particular the continuity of 7 — g¢o(VaR,(Y)) =
E(X?|Y = VaR,(Y)), we have

1

EZ? = E(X2 |Y € (y1,y2]) = Glyn) — G(yl)E(92(Y>]1{Y6(y1,y2]})
1 G(y2)
~ Gly2) — Gly) /G(yn e Val-V )7

=E(X?|Y = VaR,(Y)) + o(1).

Combining the two asymptotic expressions that we have just derived for the first two

moments of Z, we arrive at the following asymptotic expression for the variance

V(Z) =E(X? | Y = VaR,(Y)) — (E(X | Y = VaR,(Y)))* + o(1)
=0 +o(1)

when n — oco. This establishes statement (5.26) and concludes the proof of Theorem 2.2. [

11



Proof of Theorem 2.3. The proof of statement (2.7) follows the same arguments as the

proof of consistency of mp,n given in Theorem 2.1. O
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