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A Online Appendix

A.1 Existence of a solution to the optimality equations

In this section we show that the optimality equations have a solution for the multiserver model
with N < oo servers when service can be preempted and when customers during service
can abandon. Whenever possible, we discuss when these results can (or cannot) extended by
relaxing either one of these assumptions. Let A = U, A(z) denote the action space with action
a € A denoting an allocation decision of idling servers to stations 1 and 2. The set of actions
available at state z € X is A(x) C A. Note that A, and hence A(z) for all z € X, are Polish
spaces with the discrete metric on the set of natural numbers. For states y # z, let ¢(y|x, a)
be the rate at which a process leaves = and goes to y given that action a is chosen. Moreover,
let —q(z|x, a) be the rate at which a Markov process leaves state x under action a. Note for
the current study, the transition rate kernel is conservative (i.e., }_ x q(y|z,a) = 0 for all
x € X,a € A(z)) and stable (i.e., q(x) := sup{—q(z|z,a) : a € A(z)} < oo for all z € X).
The following notation is adopted from [2, 4] and will be used throughout this section.

* For any measurable function 2~ > 1 on X, we define the h-weighted supremum norm
|| - || of a real-valued measurable function f on X by

1f 1l = leelg{h(x)”!f(x)\}

and the Banach space B,,(X) := {f : || f]|» < oo}.
e Let K := {(z,a) € X X A :a € A(x)} denote the family of state-action pairs.

* Let II be the set of all randomized Markov policies, II; the set of all randomized Markov
stationary policies, and I the set of all stationary, non-idling policies.

Customer abandonments imply that the transition rates are unbounded. As a result, we
verify that each process generated by each Markov policy yields a transition kernel that (in the
one-dimensional case) has row sums equal to one for all time. That is to say, we do not have
an infinite number of transitions in finite time. To do so, we verify the following assumption
from [1] (see Assumption A in [1]).

Assumption A. There exists a sequence of subsets of X,,, C X, a non-decreasing function
ha > 1on X, and constants b4 > 0 and ¢4 € R such that

1. X,, T X and for each m > 1, sup{q(z)|zr € X,,} < 0.

2. inf{ha(z)|r ¢ X,,} = ocoasm — oc.



3. ZyEX q(y|z,a)ha(y) < caha(z)+ by forall (z,a) € K.

Lemma A.1 Fixy € (0,«), where o > 0 is a fixed, positive discount rate, and take h,(x) =
ha (21, T2, y1, y2)) = e“ @42 with € = log(v/ (A + A2) + 1) > 0. It follows that Assumption
A holds with X,,, = {(x1, 2, y1, y2)|x1 + T2 + 11 + y2 < m}; ha(z) = ha (21,22, y1,42)) =
ef@te2) e —~and by = 0.

Proof. Only the third statement is nontrivial. For (z1,x2,41,¥2) and a € A((x1, 22, Y1, Y2)),
a little algebra yields

Z Q((wlp 37/27 yi, yé)‘(ajh T2,Y1, y2)’ a)hA(xllﬁ x/27 yl17 yé)
(z1,75,y1,y3) €X

= ef(@ate2) [ (M4 A2) [e° = 1] + ((x1 — y1 — a1) B + (22 — Y2 — a2) B2 + gmin{zy, y1 + a1}
+ min{xo, Y2 + al}ug) [676 - 1]}

< efl@rtaz) A1+ X2 [e — 1]

_ ,yee(w1+x2)

= vha ((x1, 22,91, 2)) ,

as desired. n

In addition to Assumption A, we will need to verify the following assumption from [1] (see
Assumption B in [1]).

Assumption B.

With ¢4 and hy4 (-) as in Assumption A:

1. eithercy < 0,0rcy — o < 0 when ¢4 > 0; and

2. there exist non-negative constants M and M5 such that
‘C(LC, CL)‘ < ’l’l(hl + Klﬁl) + LEQ(hQ + 62K2)| < M1 + MQhA(x)

for every x € X.

Lemma A.2 Assumption B holds with M, = 0 and M, = max{h +5 Kihat B K0}y pore ¢ s

€

defined in Lemma A.1 above.

Proof. Note that we have chosen c4 = 7y in Assumption A so that 0 < c4 < «, and hence,
the first statement trivially holds.



For the second statement, note that

c(z,a) < z1(h1 + B1Ky) + 2a(hy + oK) _ w1 (hy + B1Ky) + 2a(ho + Bo K>)
hale) = ha(e) e
z1(h1 + B1 K1) + 2a(hy + oK)
1+ e(zy + x2)
max{hy + B1 K4, he + Bo i1 (21 + 22)
1+ e(zg + x2)
< max{h, + B1 K1, hy + B2 K5}

IA

€
= Mo,

as desired. n

Assumptions A and B imply that the function v, is the unique solution within 5}, , (X) of the
discounted-cost optimality equations (see part (b) of Theorem 3.2 in [1]).

The final assumption we need to check is Assumption C below (c.f., Assumption C in [1]).
That is, Assumptions A-C imply that Theorem 3.2 in [1] holds. In particular, there exists an
optimal deterministic stationary optimal policy, and this policy attains the minimum in the right
hand side of the DCOE (Theorem 4.2).

Assumption C.

1. For each x € X, the set of available actions in state =, A(x), is compact;

2. The functions ¢('|x, a), c(x,a),and ) , .« q(2'|z,a)h(2") are continuous in a € A(x)
for each fixed z, 2’ € X; and

3. Given h 4 (the function in Assumption A), there exists a non-negative function h¢ : X —
R and constants cc > 0, bc > 0, and M¢ > 0 such that ¢(x)ha(x) < Mche(x) for
every r € X

> q(@/|z, a)he(y) < cohel@) + be

z’eX
forall (z,a) € K.
Lemma A.3 Assumption C holds with he(z) = e2F72); ¢ = ¢y be = 0; and Mg > 0

given in the proof below.

Proof. The first and second statements follow as a consequence of A(z) being finite for all
z e X

Next, observe that ho(z) is a non-negative function. Moreover,

q(x)ha(z)/ho(z) = o(z) [ +22)



Since ¢(z) is bounded above by a linear function of the state, it is dominated by the expo-
nential function in the denominator, and hence, it follows that there exists M- > 0 such that
q(z)ha(x) < Mche(x) for every x € X.

Lastly, fix x € X and note that

> wexd(@]z, a)he(a’) < (Ar+ ) [ef — 1] e*ortes)

_ 7626(x1+x2)

= vhe (),

as desired. m

Our final step is to show that there exists a solution to the average cost optimality equa-
tions. To do this, we need to verify Assumption D below (c.f., Assumption 3 in [?]). That
is, Assumptions A-D imply that Theorem 3.5 in [?], which we re-state below, holds. To do
this, we will need the following definitions of the hitting time of a state, expected hitting time
of a state, and the total expected cost incurred until the hitting time of state. The following
definitions and notation are adopted from [?] and will be used throughout this section.

Let m € ITand X7 = (Q7(s), Q3(s)).

Definition A.4 The hitting time of a state x € X under policy f € F'is
T.(f) == %ng{th =z and 3s € (0,t) such that X! # x}.
>

Definition A.5 The expected hitting time of state x (from state x') under policy [ € F is

m:p’x(f) = Eg{/ Tx(f)

Definition A.6 The total expected cost incurred until the hitting time of state x under policy
f € Fisgivenby cp.(f) =E fOTz(f) o Xy)dt

Assumption D

1. There exists a state 2o € X and a policy fy € F such that m,,,(fo), Czz,(fo) < 00 for
all z € X, except for state xy, which may be absorbing. Note that this implies that the
long-run average cost of policy f is independent of x € X.

2. There exists € > 0 such that D = {2 € X|c(2’) < g(fo) + € for some f € F'}, is a finite
set.

3. Forall x € D, ., there exists a policy f, (depending on z) with m..,(7), c..(7) < oco.



If Assumptions A-D hold, then there exist g and w satisfying the ACOEs (Theorem 4.3)
with the property that (1) g is the minimum expected average cost (in £); (2) any deterministic
stationary policy f that attains the minimum in the ACOE is average cost optimal; and (3)
there exists * € D with w}. = inf, w}. Moreover, let 2, € X be a fixed state. Any sequence
of discount factors {a, },, with lim,,_,,, a;, = 0 has a subsequence, again denoted by {a, },,

along which the following limits exists:

I 1 o @
w), = lim {vg" — vy }, 2 € X,

n—oo
g = 7112210 auon x € X,
= lim fo.

n—oo

Furthermore, the tuple (¢’, w') is a solution to the ACOE with properties (1), (2), and (3) above,
so that ¢ = g. Moreover, f’ takes minimizing actions in the ACOE for ¢ = ¢’ and w = w'.

We next provide conditions which imply that our model satisfies Assumption D.

Lemma A.7 Consider the following mutually exclusive conditions:

1. min{f, fa} >0

2. B1>0; By =0, and if 2_2 for the multi-server case with non-preemptive service and no

1 p(1—P(Ab) A .
mo(p1+61) + 12 ) + M_z < 1 for the single-

server case with preemption and abandonments during service, where my is long-run

abandonments during service or if \1 - (

fraction of time that station 2 is empty under the non-idling policy that prioritizes station
2 when By = 0 and P(Ab) is the probability a customer/job receiving service at station

1 abandons before completing service, which is given by 31/(u1 + 1) ;
3. 81=0, B >Oand% <1

If Assumption D holds.

Proof. There are several cases to consider.
Case 1 min{f;, 52} >0

In this case, since abandonments from both phases of service can occur, any stationary policy
yields a stable system.

Case2 31 > 0, B = 0, and either % < 1 for the multi-server case with non-preemptive

service and no abandonments during service or if A1 - (miﬁl + %2) + % < 1 for the single-

server case with preemption and abandonments during service.



Since 5; > 0, station 1 is always stable. The condition % < 1 implies that the potentially
idling policy that prioritizes station 2 with one server yields a stable Markov chain for station 2
since it is akin to an M/M/1 queueing system. As a result, the condition implies the stability of
the Markov chain induced by a policy that prioritizes station 2. Next, consider a single-server
model with preemption and abandonments during service and suppose \; - (m}r 5+ #—12) + % <
1. For this system, consider the stationary nonidling policy that prioritizes station 2. First
note that this policy is recurrent. Next, consider the following Lyapunov function s(z1, xs) =

o T pUPAD1E22 4 1 and (21, 25) € X\ X,,,. For this Lyapunov function, we have

o (1 +P1 12
/ / / A 1 D (1 B P(Ab) 1
(%%exq«xl,m<x1,x2>,a>s<x1,x2> =N ]
N pml(j=0,i>0) (a1 (zs = 0,21 > 0) Hlﬁl)[p. (1 — P(Ab))
M2 H2
1
— (ul]l(l‘g = 0,331 > 0) + ZC]_B]_) [m} — ]1(352 > 0)

If 2o > 0, then this last expression is bounded above by

e R RS

which is negative as a consequence of our assumption that \; - (m}rﬁl + ;%2) + % < 1. If,

however, o = 0 so that x;1 = m > 0, the first expression above is now bounded above by

A [W()(Iull—i_ 5 LB (1 /—iQP(Ab)] + N\ [i} + % — (1 + B) [p. (1 —M;D(Ab))}
1
— (1 +ﬁ1)[m]
< AILTO(M ot p-(1 :LQP(Ab)} Y [i] N % s [P (1 _mp(Ab))]
1
=M [m(#ll-i- b1) + o ;JQP(Ab)] + A2 [i] — Wio <0,

where the last inequality again follows from our assumption. Applying an analogue to Foster’s
criterion for continuous-time processes (see Meyn and Tweedie [3]; Theorem 4.2 with f = 1)
yields that the Markov process associated with prioritizing station 2 has all states that commu-
nicate with say (0,0) as positive recurrent. Theorem 4.3(i) of Meyn and Tweedie [3] (again
with f = 1) implies that under this policy, the Markov process generated starting in any initial
state reaches (0, 0) in finite expected time. n

Case 3 51:0,52>O,and%<1



Since B > 0, station 2 is always stable. The condition % < 1 implies that the potentially
idling policy that prioritizes station 1 with one server yields a stable Markov chain for station
1 since it is akin to an M/M/1 queueing system. It follows that the output process into station 2
from station 1 is a Poisson process of rate pA\;. The queue length process at station 2 is bounded
below by the queue length process of an M /M /oo queue with birth rate equal to pA; + A and
death rate equal to x> when there are x5 customers in station 2. As a result, the condition

implies the stability of the Markov chain induced by a policy that prioritizes station 1. "

A.2 Proof of of Theorem 4.5 under the discounted cost criterion
Proof of 1 continued. Recall we are trying to show that

pi[pva(rs — 1,0 + 1) + qua(x1 — 1, 29) — vo (21, T2)] + po[va(x1, 2) — vo(x1, 29 — 1)] > 0.
(A.1)

using a sample path argument. Processes 1-5 started in states (x1—1, zo+1), (z1—1, x9), (21, 22),
(x1,22), and (z1,x2 — 1), respectively. Processes 1, 2, and 4 use stationary optimal policies,
which we denotes by 7y, 79, and 74, respectively. We are showing how to construct (potentially

sub-optimal) policies for Processes 3 and 5 which we denote by 75 and 75, so that

pi[poit(zy — 1,29 + 1) 4+ qui?(xy — 1, 29) — 033 (21, 22)] + po[vit (21, 2) — V3 (21,29 — 1)] > 0.
(A.2)

Since 73 and 75 are potentially sub-optimal, (A.1) follows from (A.2).
Case 2 Customer service completions

Suppose that policies 7;(i = 1,2,3,4) all serve a class 2 customer whereas 75 serves a class

1 customer. If the first event is a class 1 service completion in Process 5 (with probability

i . . ..
Ve wwrR—h ), after which all processes follow optimal controls, then the remaining costs

in the left side of the inequality in (A.2) (with the denominator of the probability suppressed)

are
2 [ (p2hg — pa[hy + BiEK1 — pha]) t1 + pa[pva(r1 — 1,20 4+ 1) + qua(z1 — 1, 229) — va(21, 2)]

+ po[va (21, 22) — pro(1 — 1, 22) — qua(z1 — 1,20 — 1)]]. (A.3)

. . L i . . 1o
If the first event is a class 2 service completion in Processes 1-4 (with probability J VRS vwrS—yh ),
again after which optimal controls are used, then the remaining costs (with the denominator of

the probability suppressed) are

H?[(ﬂ2h2 — by + 1Ky — pha)) t1 + pa[pva(z1 — 1, 22) + qua(z1 — 1,29 — 1) — 04 (21, 29 — 1)]|.
(A.4)



Adding expressions (A.3) and (A.4) yields

(p1 + p2) (p2ho — pa[hy 4 B1 G — phel) t

+ 11 [M [pva(ﬂh—l, $2+1)+qva($1—1, $2)—Ua(901, 1‘2)} + o [Ua(il, 372)—%(%7 $2—1)H .

The terms inside the brackets in this last expression above are implied by the expression on left
side of the inequality in (A.1). That is, we may restart the argument from here.
Suppose that policy 7 and 75 serve a class 1 customer, whereas m; and 7, serves a class

2 customer. In this case, let 73 serve a class 2 customer. If the first event is a class 1 service

completion in Processes 2 and 5 (with probability 5—— ), after which all processes

221
p1tpe+z1 Pl
follow optimal controls, then the remaining costs in the left side of the inequality in (A.2) are

p | (poho — pa[ha + 81Ky — phol) t
+ pi[pva(zy — Lo + 1) 4+ q(pua(xr — 2,29 + 1) + qua (21 — 2, 22)) — Vo (21, 22)]

+ po[va (1, 12) — pro(zy — 1,22) — qua(zyr — 1,20 — 1)]|. (A.5)

If the first event is a class 2 service completion in Processes 1, 3, and 4 (with probability

1o . . . .
JVED vwrw———yh ), again after which optimal controls are used, then the remaining costs are

H2 [ (p2ho — palhy + B1 K1 — phol) t1 + i [va(zy — 1, 22) — va (21, 72 — 1)]]- (A.6)

Adding (A.5) and (A.6) (and after rearranging terms) we get

(1 + pi2) (p2ha — pu[ha + iK1 — pho)) 4y
+ 1 [,Ul [pva(z1 — 1,29 + 1) + qua(m1 — 1,22) — va(21, 22)] + po[Va(1, 22) — va(x1, 72 — 1)]]
+qm [,Ul [pva(21 = 2,25 + 1) 4 qua(1 — 2, 3) — va(21 — 1, 25)]
+ Lo [Ua(acl —1,29) —vo(r1 — 1,29 — 1)H
The expression inside the first and second pair of brackets above are the expression on left side
of inequality in (A.2) evaluated at (x1, x9) and (27 — 1, x2), respectively. In both cases, we may
relabel the states and continue as though we had started in these states.

Suppose that policies m; — 73 and 75 serve a class 1 customer whereas 7, serves a class

2 customer. If the first event is a class 1 service completion in Processes 1-3 and 5 (with

probability 5—— ), after which all processes follow an optimal controls, then the

p1
p1+p2+x1 B



remaining costs in the left side of the inequality in (A.2) are
pa (p2he — pa[hy + By — pha)) t
+ iy [,ul [p(pva(xl — 2,294+ 2) + qua (1 — 2,20 + 1)) + q(pva(x1 — 2,29 + 1) + quo(z1 — 2, 22))
— pua(m1 — 1,20 + 1) — qua (a1 — 1, 22)]
+ fio [Ua(i,j) — pug(x1 — 1, 29) — quo(z1 — 1,29 — 1)]] (A7)

If the first event is a class 2 service completion in Process 4 (with probability s———

B2
H1tpetri B ),
again after which optimal controls are used, then the remaining costs are

p2 (p2he — pa[hy + By — phol) th + pio [Ml [pva(z1 — 1,25 + 1) + qua(z1 — 1, 25) — va (21, $2)]]-
(A.8)
Adding (A.7) and (A.8) we get

(11 + p2) (p2he — palhy + BiKG — phal) th
+ [Ml [Pva(®1 — 2,29 4 2) + qua(z1 — 2,22 + 1) — vo(z1 — 1,29 4 1)]

+ pio [va(ml — 1Lz + 1) —va(xy — 1,(172)}]
+ qua [Ml [Pva(®1 — 2,29 + 1) + qua(z1 — 2,22) — va (21 — 1, 22)]

+ 12 [va(xl —1,29) —vo(x1 — 1,29 — 1)]]
The expression inside the first pair of brackets above is the expression on the left side of the
inequality in (A.2) but evaluated at (x; — 1,29 + 1). Similarly, the expression inside the
second pair of brackets in the expression above is the left side of inequality (A.2) evaluated at
(x1 — 1, x9). In both cases, we may relabel the states and continue as though we had started in

these states.
Suppose that policies 71, m3 and 75 serve a class 1 customer whereas 7, and 74 serve a
class 2 customer. If the first event is a class 1 service completion in Processes 1,3, and 5 (with
o i . .
proba.lb}hty PYES Py ), after VthCh a%l processes follow an optimal controls, then the
remaining costs in the left side of the inequality in (A.2) are

pa (p2ha — pifhy + B1 K1 — phal) th + 1 [Nl [p(pva(1 = 2,29 +2) + qual@1 — 2,2 + 1)) + qua(z1 — 1,22)
— pua(®r — 1,2 + 1) — qua(z1 — 1,22)]

+ p2[va (w1, 22) — pva(z1 — 1,22) — qualzy — 1,22 — 1)]]- (A9)

If the first event is a class 2 service completion in Processes 2 and 4 (with probability 5—- ﬂffﬂu e ),

again after which optimal controls are used, then the remaining costs are
p2 (pi2hg — pa[hy + B1 K1 — pho]) ty
+ 2 |:,U/1 [pva(xl —Lao+1)+ qua(zs — 1,20 — 1) — Ua(x17x2)}i|- (A.10)



Adding (A.9) and (A.10) we get

(11 + p2) (p2he — pu (b + Bi1 Ky — pho)) 4
+ P [Ml [pva(z1 — 2,25 +2) + qual1 — 2,32 + 1) — va (21 — 1,20 + 1)]

+ M2 [va(ml - ]-7:E2 + 1) - Uoc(xl - 1,1’2)]] .

The expression inside the pair of brackets above is the expression on the left side of the in-
equality in (A.29) but evaluated at (x; — 1, x5 + 1). In this case, we may relabel the states and
continue as though we had started in these states.

Suppose that policy m, serves a class 1 customer whereas m; and 7, serve a class 2 cus-
tomer. In this case, let policies w3 and 75 have the server work at station 2 and 1, respec-
tively. If the first event is a class 1 service completion in Processes 4 and 5 (with probability

- ), after which all processes follow an optimal controls, then the remaining

A1+ +p1+pe+z1f1
costs in the left side of the inequality in (A.2) are

w1 (poho — pa[hy + B1 K1 — pha)) th
+ [Ml [pra(wr = Loz + 1) + qua(zr — 1,22) — va(1, 22)]

+ po [pralzr — 1,25 + 1) 4+ qua(z1 — 1, 22) — pra (@1 — 1, 22) — qua(z1 — 1,22 — 1)]]
(A.11)

If the first event is a class 2 service completion in Processes 1-3 (with probability 5—- +uﬁuz e )

again after which optimal controls are used, then the remaining costs are

p2 (p2ha — pa[hy + B1Ky — phol) th + pio [Ml [pva(r1 = 1,22) + qualzy — 1,22 = 1) — va(w1, 22 — 1)]
+ fio [va(xl, L) — Vo (T1, 29 — 1)]] (A.12)

Adding (A.11) and (A.12) we get

(p1 4 p2) (2ha — plhy + B1EG — phe) t

(4 12) [ [pvaler — 1,22 + 1) + qua(@s = 1,22) = va(21,5)] + p2[va(1, 72) = w1, 22 = 1] .

The expression inside the pair of brackets above is the expression on the left side of the in-
equality in (A.2). In this case, we may relabel the states and continue as though we had started
in these states.

Suppose that policies 7, and 74 serve a class 1 customer whereas m; serves a class 2 cus-
tomer. In this case, let policies 73 and 75 have the server work at station 1. If the first event is a
), after which all

class 1 service completion in Processes 2-5 (with probability s—- +uﬁ-u2 w—H

10



processes follow an optimal controls, then the remaining costs in the left side of the inequality
in (A.2) are

1 (p2he — pafhy + B1KL — pho]) t
+ 1 [,Lh [pva(z1 — 1,22 4+ 1) + q(pva(z1 — 2,20 + 1) + qua(z1 — 2, 22))
—puo(x1 — 1,0 + 1) — qua (21 — 1,3:2)}

+ po [pralzr — 1,35 + 1) 4+ qua(z1 — 1, 22) — pra(z1 — 1, 22) — qua(z1 — 1,22 — 1)]]
(A.13)

If the first event is a class 2 service completion in Process 1 (with probability 5—- ﬂfl‘im e ),

again after which optimal controls are used, then the remaining costs are

p2 (pi2hg — pr [Py + B1 Ky — phal) t
+ o [,ul [pva(xl —1,29) 4+ qua(x1 — 1, 29) — v (21, Ig)] + o [va(azl,x2) — Vo (21, T9 — 1)H
(A.14)
Adding (A.13) and (A.14) we get

(p1 4 p2) (p2ha — pa[hy 4 B1EG — phel) t

+ qi [,ul [pva(xl — 2,29+ 1) + qua (1 — 2, 29) — v (17 — 1,932)} + fio [va(xl —1,29) —vo(z1 — 29 — 1
+ ph2 [Hl [pva(zr — 1,20 4+ 1) 4 qua (@1 — 1, 22) — va(21, 22)] + pi2 [Va (21, T2) — va(@1, 22 — 1)}}

The expression inside the first pair of brackets in the expression above is the left side of the
inequality (A.2) evaluated at (7 — 1,25). The expression inside the second pair of brackets
in the expression above is the left side of inequality (A.2). In both cases, we may relabel the
states and continue as though we had started in these states.

Suppose that policies m; and 7, serves a class 1 customer whereas 7, serves a class 2

customer. In this case, let policies 73 and 75 have the server work at station 1. If the first event

is a class 1 service completion in Processes 1, 3, 4, and 5 (with probability 5—- Jm’l‘jrm e ),

after which all processes follow an optimal controls, then the remaining costs in the left side of
the inequality in (A.2) are

pa (p2he — pa[hy + Bi1Ky — pha)) ty
+ 1 [ul [p (pva(m1 — 2,22 4 2) + qua(z1 — 2,22 + 1)) 4 qua(21 — 1,22) — pvo(z1 — 1,20 + 1)
— qua (T — 1,%2)}
+ o [pva(atl — Lo+ 1)+ qua(xy — 1, 29) — po(zy — 1,29) — qua(xy — 1, 29 — 1)]]
(A.15)

11



If the first event is a class 2 service completion in Process 2 (with probability 5—- -Hffi-uz e ),

again after which optimal controls are used, then the remaining costs are

o (p2he — palhy + B1 K1 — phal) t

+ p2 [,Ul [pva(l"l — 1wy + 1)+ qua(oy — 1,20 — 1) — Ua($1,$2)} + 2 [%(1’1,1’2) — Vo (71, T2 — 1)}}
(A.16)

Adding (A.15) and (A.16) we get

(1 + p2) (p2ho — palhy + BiKG — phal) th
+ ppa [Ml [pva(z1 — 2,22+ 2) + qua(m1 — 2,35 + 1) — va(z1 — 1,22 + 1)] + pio[valzr — 1,20+ 1)

— Vo (21 — 1,932)}}
+ Lo [ul [va(:vl — 1,20+ 1) + qua(zg — 1, 29) — va(xl,xg)] + 12 [Ua(xl,xz) — Vo (21, T9 — 1)]]

The expression inside the first pair of brackets in the expression above is the left side of the
inequality (A.2) evaluated at (7 — 1, 25+ 1). The expression inside the second pair of brackets
in the expression above is the left side of inequality (A.2). In both cases, we may relabel the
states and continue as though we had started in these states.

Proof of 2. The proof is given for the discounted expected cost model. The proof of the long-
run average cost case is similar. Suppose 1y = s := p and that 3; — S5 — p > 0. Note that
the optimality equations imply that it is optimal to prioritize a class 2 customer in state (1, 2)

with x1,z9 > 1 when
Po(r1 — 1,20+ 1) + qua (21 — 1, 29) — v (21,29 — 1) > 0. (A.17)

We show (A.17) via a sample path argument. Fix z;,25, > 1 and start three processes on
the same probability space. Processes 1-3 begin in states (x; — 1,29 + 1), (27 — 1, 23), and
(1,29 — 1), respectively. Processes 1-2 us a stationary optimal policies, which we denote by
w1 and 7o, respectively. In what follows, we show how to construct a (potentially sub-optimal)

policy for Process 3 which we denote by 73, so that
pogt(wy — 1,22 + 1) + qui? (w1 — 1, 22) — v3® (21, 72 — 1)] > 0. (A.18)

Since 7, and 73 are potentially sub-optimal, (A.17) follows from (A.18). In what follows,
discounting is suppressed without any loss of generality.

Observe that starting from (A.18), the immediate costs incurred at the next event are ([hy +
BoKs] — [hy + P1 K1 — p (he + B2K3)])t1 > 0, where t; is the time of the next event and the
inequality is due to the assumption that hy + 52 Ky > hy + 1K1 — p (hy — B2 K3). Moreover, if
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the relative position (as measured by the current states) of the four processes at the next event
remains the same, then we may relabel the initial states and continue from the beginning of
the argument. This occurs when any of the uncontrolled events occur that are seen by all three
processes. It also occurs when 7; and 7, serve a customer class k& € {1,2} by letting 75 also
serve the same customer class k& customer provided there is one or more class k£ customer in

Process 3, and the next event service completion. Consider now the other cases.

Case 1 Customer abandonments

If the first event is a class 2 abandonment in Process 1 only (with probability Ty Lﬁ - EESIA ),
after which all processes follow an optimal control, it follows that the remaining costs in the
left side of (A.18) (with the denominator of the probability of this event suppressed) are

B2 | ([he + BoKo] — [h1 + B1Ky — p (he + B2 K3)]) t1+52[?1a(1’1—1>902)—%(951,372—1)]]-
(A.19)

If the first event is a class 2 abandonment in Processes 1-2 (with probability ¢ ey Bﬁ12+ e ),

again after which optimal controls are used, then the remaining costs (with the denominator of

the probability of this event suppressed) are

Ba| ([ha + BoKs] — [hy + B1 K1 — p (he + B2 /5)])

+ Balpva(z1 — 1, 22) + qua(r1 — 1,22 — 1) — va(z1, 72 — 1)]|. (A.20)

If the first event is a class 1 abandonment in Process 3 (with probability sy B[i 1+(x2 % ),

again after which optimal controls are used, then the remaining costs (with the denominator of

the probability of this event suppressed) are

Bi| ([he + BaKs] — [h + Bi Ky — p (ha + BoK5)]) 1y
+ Bilpva(rr — 1,20+ 1) + qua(z1 — 1, 29) — v — 1,20 — 1)]|. (A21)
Adding expressions (A.19)- (A.21) and a little algebra yields

([ho + Bo K] — [hy + BiKy — p(ha + BaKo)]) t1 + (81 — B2)[pval(rr — 1,22 + 1) + qua(z1 — 1, 29)
— vy — 1,29 — 1)]

+ Balpva(ry — 1,29 + 1) + qua (21 — 1, 22) — va (21, 22 — 1)]

+ Bo(1 + p)vg(z1 — 1, 22) — va(x1, 22 — 1) — pua(a; — 1,29 — 1)].

Note that the expression inside the first pair of brackets is nonnegative as a consequence of
B1 > B2 + p and Proposition 4.1. The expression inside the second pair of brackets is implied

13



by (A.17), and so, for this expression, we may simply restart the argument from there. To

complete the proof it suffices to consider the remaining costs from
(1 4+ p)va(z1 — 1, 22) — va(z1, 29 — 1) — pro(a; — 1,29 — 1). (A.22)

We continue follow the sample paths of three processes (on the same probability space) Pro-
cesses 1-3 begin in states (7 — 1, x2), (x1, 29 — 1), and (z; — 1, 22 — 1), respectively. Process
1 uses a stationary optimal policy, which we denote by 7. In what follows, we show how to
construct (potentially sub-optimal) policies for Processes 2 and 3, which we denote by 7 and
T3, respectively, to evaluate

(1+p)vit(xy — 1, 29) — 032 (21,00 — 1) — pul3(z1 — 1,29 — 1). (A.23)

Since 75 and 73 are potentially sub-optimal, (A.22) follows from (A.23).

Note that if all three processes see an arrival or they all see a an abandonment, the costs
incurred are [(1+p)(ha+ B2 K2) — (h1+ 81 K1)]t1 > 0 where ¢, is the time of the next event and
the inequality is due to the assumption that hy + B2 Ko > hy + 1K1 — p(he + 52 K3), and the
relative position of the new states as measured with respect to the starting states is maintained.
We may relabel the states and continue as though we started in these states. Similarly, if m;
serves station k € {1,2} by letting w5 and 73 also serve the same phase of service whenever

possible. Consider now the other cases.
Subcase 1.1 Customer abandonments

Suppose that the next event is a class 1 abandonment for Processes 2 and 3 (with probabil-

: B1
1ty A1+Ae+2p+z1 f1+x282

denominator of the probability, the left hand side of inequality (A.23) becomes

), after which all processes follow optimal controls. Suppressing the

[(1+p)(ha + B2 K2) — (ha + BiK1)]t + B1 [(1 + p)va(wr — L, a2) — (14 plva(zr — 1,22 — 1)].
(A.24)

If, however, the next event is a class 2 abandonment in Process 1 (with probability Y +2Mi2$1 55 ),

after which all processes follow an optimal control, then, after suppressing the denominator of
the probability, the left hand side of inequality (A.23) becomes

[(1+p)(ha + B2K2) — (b1 — BiEK1)]t + Ba[va(w1 — 1,29 — 1) — va(21, 72 — 1)]. (A25)
Adding (A.24) and (A.25) (with a little algebra) we get

[(1+p)(ha + B2K2) — (ha + B1EY)]t + (B — Ba) [(1 + p)va(zr — 1,22) — (14 p)va(zy — 1,29 — 1)]
(A.26)

+ B2 [(1 +p)va($1 - 17$2) - Ua(xlaxz - 1) —pva($1 — 1,29 — 1)] .
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The expression inside the second pair of brackets is (A.22). In this case, we may relabel the

starting states and repeat the argument.
Subcase 1.2 Service completions

Suppose policies 7, 7o, and 73 assign the server to work at stations 1, 2, and 2, respec-

tively and that the next event is a service completion seen by all processes (with probabil-

ity s—; T j:xl R ), after which all processes follow an optimal control. Suppressing the
denominator of the probability, the left hand side of inequality (A.23) becomes

(14 p)(ha + B2K2) — (hy + B1K)]t + p [va(21 — 1, 22) — va(z1, 20 — 1)]. (A.27)

To complete the proof, we add the remaining running costs from (A.26) and (A.27), to

obtain

[(1+p)(ha + BoK2) — (ha + B1K1)]t + (B2 — B1) [va(@1 — 1, 22) — valz1 — 1,22 — 1))
+ (B2 = Br — 1) [pva(z1 — 1,29) — pra(z1 — 1,29 — 1)]
+ u[(L+p)va(zr — 1, 29) — va(x1, 20 — 1) — pro(z1 — 1,20 — 1)].

The expression inside the first and second pair of brackets in the expression above are nonneg-

ative while the third one is (A.22) for which we may simply restart the argument.
Case 2 Service completions

This case follows exactly the same arguments in the Proof of Case 2 above with ph, replaced
with hg + /BQKQ and [,Ll[hl + BlKl —p(hg — /BQKQ)] replaced with hl + ﬁlKQ — p(hg + /BQKQ).

A.3 Proof of Theorem 4.6 under the discounted cost criterion

Proof of 1. The proof is given for the discounted expected cost model. The proof of the long-
run average cost case is similar. Note that the optimality equations imply that it is optimal to

prioritize a class 1 customer in state (1, o) with 1,29 > 1 when

polve (1, X9 — 1) — va(@1, 22)] + p1[va (21, 22) — pva(z1 — 1,20 + 1) — qua(z1 — 1,22)] > 0.
(A.28)

We show (A.28) via a sample path argument. Fix x1, 2o > 1 and start four processes on the
same probability space. Processes 1-5 begin in states (1, xo—1), (1, 22), (21, x2), (x1—1, zo+

1), and (z7 — 1, x2), respectively. Processes 1 and 3 use stationary optimal policies, which we
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denote by 7, m3, respectively. In what follows, we show how to construct (potentially sub-

optimal) policies for Processes 2, 4, and 5 which we denote by 5, 74, and 75, so that

po[vit (zy, mg — 1) — 02 (21, x2)] + pa [V52 (21, 22) — pv7it(z1 — 1,29 + 1) — qulP (21 — 1, 29)] > 0.
(A.29)

Since my, my, 75 are potentially sub-optimal, (A.28) follows from (A.29). In what follows,
discounting is suppressed without any loss of generality.

Observe that starting from (A.29), the immediate costs incurred at the next event are
(u1[hy — p (he + B2 Ks)] — polho + B2 K3))t > 0, where ¢ is the time of the next event and
the inequality is due to the assumption that p;[hy — p (he — B2 K2)] > pelhs + B2Ks]. More-
over, if the relative position (as measured by the current states) of the four processes at the next
event remains the same, then we may relabel the initial states and continue from the beginning
of the argument. This occurs when any of the uncontrolled events occur that are seen by all
four processes. It also occurs when 7 and 73 both serve the same customer class k£ € {1,2}
by letting 7, and 7, also serve the same customer class & customer provided there is one or
more customer class £ customer in all four Processes, and the next event service completion.

Consider now the other cases.

Case 1 Customer abandonments

If the first event is an abandonment in Process 4 only (with probability 5—- —m f/i i pre Yo ),

after which all processes follow an optimal control, it follows that the remaining costs in the
left side of (A.29) (with the probability of this event in the expression suppressed) are

(1 [h1 — p (ha + B2 K3)| — pa [he + Ba ko)) t
+ po[va (21, 2 — 1) — va (21, X2)] + 11 [Val(@1, 22) — Valx1 — 1, 22)]. (A.30)

If the first event is an abandonment in Processes 2-5 (with probability —- - f; g Y. ),

again after which optimal controls are used, then the remaining costs (with the probability of

this event in the expression suppressed) are
(k1 [h1 = p (ha + B2K0)] — pa [ho + BoKG]) t
+ 11 [va (21, 19 — 1) — pug (21 — 1, 22) — qua(z1 — 1,29 — 1)]. (A.31)
Adding expressions (A.30) and (A.31) yields

(p1 [ha — p (he + B2 K5)] — o [ho + B2 K5)) t
+ pova(@r, v2 — 1) — Vo (w1, 22)] + p1[va (21, 2) — pro(r — 1,22 + 1) — qua(z1 — 1, 22)]
+ p[pva(z1 — L zg + 1) 4+ pua (a1, 20 — 1) — 2pvo (21 — 1, 22) + qua(21, 29 — 1) — qua(z1 — 1,29 — 1)].
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To complete the proof it suffices to show that
Vo1 — Lz + 1) +va(xy — 1,9 — 1) — 20, (27 — 1, 29) > 0. (A.32)

We follow the sample paths of three processes (on the same probability space) to show (A.32)
via a sample path argument. Processes 1-3 begin in states (z1 — 1, 2o+ 1), (z1 — 1,29 — 1), and
(x1 — 1, x4), respectively. Processes 1 and 2 use stationary optimal policies, which we denote
by 7 and 7,. In what follows, we show how to construct (potentially sub-optimal) policy for

Process 3, which we denote by 73, so that
vl (g — Lxe + 1) + 02 (2 — 1,20 — 1) — 2033 (21 — 1, 29) > 0. (A.33)

Since 73 is potentially sub-optimal, (A.32) follows from (A.33). Note that if all three processes
see an arrival or they all see a station 2 abandonment, the immediate costs incurred are 0 and the
relative position of the new states as measured with respect to the starting states is maintained.
We may relabel the states and continue as though we started in these states. Similarly, if m;
and 7 both serve the same customer class k£ € {1,2} by letting 73 also serve the same class
k customer. Finally, station 2 abandonments that are not seen by all three processes lead to no
immediate costs incurred followed by all processes coupling. Because the proof is simple, it is
omitted. Consider now the other cases.

Subcase 1.1 Suppose policies 1 and 75 assign the server to work at station 2 and 1, respec-

tively. Assume that s works at station 1.

Suppose that the next event is a service completion at station 1 for Processes 2 and 3 (with prob-

ability 5— A2+M+MJQ+ 1D 62)’ after which all processes follow optimal controls. Suppressing

the denominator of the probability, the left hand side of inequality (A.33) becomes
p1 [va (1 — 1,20+ 1) 4+ pua (1 — 2,29) 4+ qua(x1 — 2,29 — 1) — 2pua (21 — 2,29 + 1) — 2qua (21 — 2, 29)] .
A little algebra yields that this last expression equals
po [Va(z1 — 1, 29) —va(x1 — 1,20 + 1) 4+ pia[va(z1 — 1,20 + 1) — puo (21 — 2,20 + 2)
— qua(T1 — 2,29+ 1)] — po [va(z1 — 1, 22) — v (21 — 1,29 + 1)]

+ ppn [va(z1 — 2,22 + 2) + va(21 — 2,22) — 2va(21 — 2,22 + 1)]
+ g [va(z1 — 2,29 + 1) +v4(21 — 2,29 — 1) — 204 (21 — 2, 29)]. (A.34)

If, however, the next event is a service completion at station 2 in Process 1 (with probability

(12 : ; -
SV P e Y ), after which all processes follow an optimal control, then, after suppress

ing the denominator of the probability, the left hand side of inequality (A.33) becomes

po[va (1 — 1,29 — 1) — vo (21 — 1, 29)]. (A.35)
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Adding (A.34) and (A.35) (with a little algebra) we get

po [Va(x1 — 1, 29) — vo(x1 — Lizo + 1) 4+ iy [va(zr — 1,20 + 1) — pvg (21 — 2,29 + 2)
— qua(T1 — 2,29 + 1)]

+ pp [Va(T1 — 2,29 + 2) + va(x1 — 2,29) — 204 (21 — 2,29 + 1)]

+ g [va(r1 — 2,29+ 1) + v (21 — 2,29 — 1) — 204 (21 — 2, 29)]

+ pg [va(xy — Lo + 1) +va(ry — L,xe — 1) — 20, (21 — 1, 29)]

The first expression is (A.28) evaluated at (z; — 1,25 + 1). The second, third, and fourth
expressions, respectively, are (A.32) evaluated at (1 —2, 29+ 1), (z1 —2, 22), and (x1 — 1, z3).

In each case, we can relabel the starting states and repeat the argument.

Subcase 1.2 Suppose policies 1 and 75 assign the server to work at station 1 and 2, respec-

tively. Assume that s works at station 1.

Suppose that the next event is a service completion at station 1 for Processes 1 and 3 (with prob-

ability 5- +/\2+#1+M;2+(m2+1) 3,)» after which all processes follow an optimal control. Suppressing

the denominator of the probability, the left hand side of inequality (A.33) becomes

p1[pva (1 — 2,9 + 2) + qua(x1 — 2,29 + 1) + 0o (21 — 1,20 — 1) — 2pvo (27 — 2,290 + 1)
— 2qua (21 — 2, 29)].

A little algebra yields

p [va(z1 — 1,29 — 1) — puo (1 — 2, 22) — qual(z1 — 2,29 — 1)]
—l—pul [Ua(xl - 2, To + 2) + Ua(l'l - 2,.172) — 21}@(3171 — 2, To + 1)]
+ g [Va(®1 — 2,22 + 1) + va(@1 — 2,29 — 1) — 2ua(21 — 2, 22)] . (A.36)

If, however, the next event is a service completion at station 2 in Process 1 (with probability

) . . )
SV P e ) 62)’ after which all processes follow an optimal control, then, after sup

pressing the probability of this event in the expression, the left hand side of inequality (A.33)
becomes
p2 [Va (1 — 1,20 + 1) + v (21 — 1,29 — 2) — 2v4(71 — 1,29)]

which equals

pova(xy — 1,9 — 2) — vy (21 — 1,29 — 1)]
+ pofva(z1 — Lzg + 1) + va(x; — 1,29 — 1) — 2ua(21 — 1, 29)]. (A.37)
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Adding (A.36) and (A.37) (with a little algebra) we get

po(va(ry — 1,9 — 2) —vo(x1 — 1,0 — 1) 4+ py[va(xr — 1,29 — 1) — puo (a1 — 2, 29)
— quo(T1 — 2,29 + 1)]

+ po[va (1 — Lo + 1) + va(xy — 1,29 — 1) — 20, (21 — 1, 29)]

+ pp Vo (21 — 2,20 + 2) + Vo (21 — 2,29) — 204 (21 — 2,29 + 1)]

+ g [va(r1 — 2,29 + 1) +va(21 — 2,9 — 1) — 204 (21 — 2, 29)] .

The first expression is (A.28) evaluated at (z; — 1,25 — 1). The second, third, and fourth
expressions, respectively, are (A.32) evaluated at (7 — 1, x2), (1 — 2,29+ 1) and (21 — 2, x2).

In each case, we can relabel the starting states and repeat the argument.
Case 2 Customer service completions.

Suppose that policies 7;(i = 1,2, 3) serve a class 1 customer whereas 74 and 75 serve a class
2 customer. If the first event is a class 1 service completion in Process 1-3 (with probability

/\1+/\2+u1+uu12+(m2+1) 62)’ after which all processes follow optimal controls, then the remaining
costs in the left side of the inequality in (A.29) (with the denominator of the probability sup-

pressed) are

(p1 [Py — p (ha + Bo k)] — pa [ho + B2 K>)) T

+ 1 [pa[pralzs — 1,22) + qua(zr — 1,22 — 1) — pug (w1 — 1,35 + 1) — qualzy — 1,22)] .
(A.38)

If the first event is a class 2 service completion in Processes 4 and 5 (with probability 5—- v ﬁz T )

again after which optimal controls are used, then the remaining costs (with the denominator of
the probability suppressed) are

(p1 [Py — p (ha + BoK2)] — pa [ho + B2 K3)) T

+ o [p2 [Va(1, T2 — 1) — va (@1, 22)| + 1 [Val21, T2) — pra(z1 — 1,22) — qua(z1 — 1,25 — 1)] .
(A.39)

Adding expressions (A.38) and (A.39) yields
(1 + p2) (pa [ha = p (ho + B2 K2)] — pia [ha + B2 K>)) 4
+ 2 [M2 [Ua(xth_l)_va(xl,xQﬂ + i [Ua(fh T9) =P (r1—1, T2+ 1) —qua (71— 1, $2)]]

The terms inside the brackets in this last expression above are implied by the expression on left

side of the inequality in (A.28). That is, we may restart the argument from here.
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Suppose that policy 7, serves a class 2 customer, whereas 73 serves a class 1 customer.
In this case, let m serve a class 1 customer and 74 — 75 a class 2 customer. If the first event

221
2+(a:2+1)52)’ after

which all processes follow optimal controls, then the remaining costs in the left side of the

is a class 1 service completion in Processes 2 and 3 (with probability —

inequality in (A.29) are

p (1 [hr — p (he + BoK2)] — o [ha + F2Ko)) t
[ [oa(@r, 22 = 1) = pra(es = 1,22 + 1) = qua(ay = 1,22)] |. (A.40)

If the first event is a class 2 service completion in Processes 1, 4, and 5 (with probability

Lo ) . . ..
I ey x ), again after which optimal controls are used, then the remaining costs are

pia (1 [P — p (he — B2 K3)| — pa [he + Bako]) 1y
+ 2 [M2[Ua(x17$2 —2) — va(xbe)} + p1[va (21, 22) — pra(r — 1,22) — qua(z1 — 1,20 — 1)]]
(A41)

Adding (A.40) and (A.41) we get

(k1 + pi2) (pa [ha — p (ha + B2K0)] — pa [ha + B2 K])
+ ph2 [M2 [Ua(l’hl’z —2) = Va(T1, 72 — 1)] + M1 [Ua(%,ﬂ?z — 1) = pva(z1 — 1,72) — qua(z1 — 1,29 — 1)}}
+ p2 [Mz [Va(@1, 33 — 1) — va (@1, 22)] + pa [valz1, 22) — pra(®r — 1,22 + 1) — qua(a1 — 1@2)]].

The expression inside the first and second pair of brackets above are the expression on left side
of inequality in (A.29) evaluated at (z1, 22 — 1) and (z1, x2), respectively. In both cases, we
may relabel the states and continue as though we had started in these states.

Suppose that policy 7, serve a class 1 customer whereas 73 serves a class 2 customer. In
this case, let 7, serve a class 1 customer and 7, and 75 a class 2 customer. If the first event is a

), after
z2+1)B2
which all processes follow an optimal control, then the remaining costs in the left side of the

class 1 service completion in Processes 1 and 2 (with probability —- v +“#12 o

inequality in (A.29) are
pia (py [ha — p (hy + B2K3)] — o [he + B2 K]) t
+ [,uz [pva(z1 — 1,22) + qua(m1 — 1,20 — 1) — pro (w1 — 1,29 + 1) — qua(z1 — 1,29)]

+ 11 [va(xl,xQ) —puo(r1 — 1,20+ 1) — qua (a1 — 1,x2)H. (A.42)

If the first event is a class 2 service completion in Processes 3-5 (with probability 5—- — +“:2 ST5 ),
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again after which optimal controls are used, then the remaining costs are

o (pa [ha — p (he + B2 K)] — o [he + B2 K5)) t

o+ p | palta (1,02 = 1) = val1,3)] + p [va(@1,22 = 1) = praln = 1,22) = quala — 1,22 = 1)] .
(A.43)

Adding (A.42) and (A.43) we get

(1 + p2) (p1 [Py = p (ha + B2 K2)] — pia [ho + B2 K>]) t
+(p1+p2) [MQ [va (@1, 22—1) =04 (21, 22) | +i11 [Ua(xlyx2)_pva(x1_1,1‘2+1)_qva($1_17172)]]-

The expression inside the pair of brackets above is the expression on the left side of the in-
equality in (A.2), and hence, we may relabel the states and continue as though we had started
in these states.

In every case save one (i.e., when a class 2 abandonments that are not seen by all three

process in (A.32)) we may relabel the states and continue. By doing so we can wait until class
2 abandonments that are not seen by all three process in (A.32) occurs. In particular, the latter
case yields the result.
Proof of 2. The proof is given for the discounted expected cost model. The proof of the
long-run average cost case is similar. Suppose (; = us and that S5 > 3; > 0. Note that the
optimality equations imply that it is optimal to prioritize a class 1 customer in state (zq,x2)
with ¢, 7 > 1 when

V(1,29 — 1) — puo (a1 — 1,29 + 1) — qua(z1 — 1, 29) > 0. (A.44)

We show (A.44) via a sample path argument. Fix z;,25, > 1 and start three processes on
the same probability space. Processes 1-3 begin in states (z1,xs — 1), (r; — 1,29 + 1), and
(x1 — 1, z3), respectively. Process 1 uses a stationary optimal policy, which we denote by 7.
In what follows, we show how to construct (potentially sub-optimal) policies for Processes 2

and 3 which we denote by 75 and 73, so that
v (1,9 — 1) — pul?(x; — 1,29 + 1) — qul3 (2 — 1,29)] > 0. (A.45)

Since 7, and 73 are potentially sub-optimal, (A.44) follows from (A.45). In what follows,
discounting is suppressed without any loss of generality.

Observe that starting from (A.45), the immediate costs incurred at the next event are ([h; +
B1K1 — p(ha + BaK3)| — [he 4+ BoK3])ty > 0, where t; is the time of the next event and the
inequality is due to the assumption that hy + 1 K1 — p (hy — 52 K5) > ha+ 32 K5. Moreover, if
the relative position (as measured by the current states) of the four processes at the next event
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remains the same, then we may relabel the initial states and continue from the beginning of
the argument. This occurs when any of the uncontrolled events occur that are seen by all three
processes. It also occurs when 7 serves a customer class & € {1,2} by letting m» and 73
also serve the same customer class k& customer provided there is one or more customer class
k customer Processes 2 and 3, and the next event service completion. Consider now the other

cases.

Case 1 Customer abandonments

If the first event is an abandonment in Process 2 only (with probability s—- N Ry e 1.8 ),
after which all processes follow an optimal control, it follows that the remaining costs in the

left side of (A.45) are

Bo[([h1r — p (ha + B2K2)] — [ho + Bo ko)) ty + [Va(21, 72 — 1) — va(z1 — 1,22)]] . (A.46)

If the first event is an abandonment in Processes 2-3 (with probability —- sy fl 261 o g 7> ),

again after which optimal controls are used, then the remaining costs are

Ba| ([h1 — p(he + BoKs)] — [he + B2 E)) t
+ [va(@1,22 — 1) — pra(@1 — 1,22) — qua(z1 — L2 — 1)]|. (A47)

If the first event is an abandonment in Process 1, again after which optimal controls are used,

then the remaining costs are

Bi| ([m = p(ho + BoK32)] — [ha + oK)
+ [va(r1 — 1,29 — 1) — pvo(z1 — 1,20 + 1) — qua (a1 — 1, 29)]|. (A.48)

Adding expressions (A.46)- (A.48) and a little algebra yields
(B4 Bi+ B2) ([he — p(ha + BaK3)| — [ho + B2 Ka]) t1 + (Bo — B1)[va(1, 22 — 1) — o217 — 1, 35)]
+ (B2 = Bi)[va(@1, 22 — 1) — pva(@1 — 1,22) — qua(z1 — 1,22 — 1)]
+ 261 [va(x1, 00 — 1) — pvo(z1 — 1,29 + 1) — qua(x1 — 1, 29)]
+pBifva(zr — 1,22 + 1) +va(z1 — 1,22 — 1) — 204 (21 — 1, 22)].
To complete the proof it suffices to show that

Va1 — Lo + 1) 4 va(xy — 1,29 — 1) — 20 (21 — 1,29) > 0. (A.49)

The proof of A.49 is the same as the proof of A.33 (with pz(he+ 52 K>2) replaced with ho+ 52 Ko
and pu1(hy — p(he + B2 Ks) with hy + 81 K1 — p(ha + P2 K)) with one exception: when all three
processes see a class 1 abandonment. In this latter case, we may simply relabel the states and

continue from the beginning of the argument.
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Case 2 Service completions.

The proof of this case is the same as the proof of Case 2 above with p5(hy + (52 K5) replaced
with hy + B2 K5 and i1 (hy — p(ha 4 B2 K5) with by + 51Ky — p(he + B2 K5).
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A.4 Numerical simulation of single-server model

Parameters are summarized in Table | below for the simulation. Parameters were chosen to
satisfy the four different sets of conditions under which we know prioritizing one phase is opti-
mal. For the single-server model, exponential distributions are assumed for inter-arrival times,
service times, and abandonment times. We then systemically vary parameters for a single-
server model to capture situations when the optimal policy remains elusive. We repeat these
parameters for the simulation of the multi-server model, with minor adjustments to parameters
and distributions, which we describe below. It is without any loss of generality that we can fix
one cost, and so, the abandonment cost K at phase 2 is fixed at 1. As in the simulation in the
main text, parameters are given a time unit of hours, and for each set of parameters examined,
we simulated the system over a simulated time horizon of 5 years after a 5 year warm-up period
and then performed 50 replications of this simulation. Average costs were averaged of the time

horizon and then over the replications.

Scenario
Parameters Description 1 2 3 4 General
A1 Arrival rate at 1 [1.5,4.5] [1.5,4.5] [1.5,4.5] [1.5,4.5] 3
Ao Arrival rate at 2 0 0 0 0 [0, 1]
1 Service rate at 1 8 8 10 8 [4,12]
42 Service rate at 2 10 8 8 8 [4, 12]
b1 Abandonment rate at 1 0.5 10 0 0.25 [0.1, 3]
B2 Abandonment rate at 2 0 0.5 0.5 0.5 [0.1, 3]
P Joining probability 1 1 1 1 [0.25, 1]
hy Holding cost rate at 1 1 1.25 2 1.75 [0.1, 3]
ha Holding cost rate at 2 1 0.75 0.5 0.5 [0.1, 3]
K Abandonment cost at 1 2 0.1 2 2 [0.1, 3]
K5 Abandonment cost at 2 1 1 1 1 1

Table 1: Parameters used for the simulation.
Scenario 1 (P2 optimal). Parameters are selected to satisfy 5 = 0 and

palha + 1K1 — pha] < poho,

which from Theorem 4.5, ensures that the policy that prioritizing phase 2 (i.e. P2) is optimal.
Arrival rate )\, is varied between 1.5 and 4.5 to explore different traffic intensities.
Scenario 2 (P2 optimal). Parameters are selected to satisfy py = o 1= p,

61_62_#207
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and
hy + 51Ky — p(hy + BaKs) < ho + B2 K.

which from Theorem 4.5, ensures P2 is optimal. Arrival rate )\, is varied between 1.5 and 4.5.
Scenario 3 (P1 optimal). Parameters are selected to satisfy 5; = 0 and

pa[ho 4 B Ko] < pn[hy — p(he + BaK)],

which from Theorem 4.6, ensures that the policy that prioritizing phase 1 (i.e. P1) is optimal.
Arrival rate \; is varied between 1.5 and 4.5.

Scenario 4 (P1 optimal). Parameters are selected to satisfy p; = o, 82 > 1, and
ho + oKy < hy + Bi Ky — p(he + B2 K3)],

which from Theorem 4.6, ensures P1 is optimal. Arrival rate \; is varied between 1.5 and 4.
General single-server scenario. Parameters are selected to explore a variety of situations
in which the optimal policy is unknown. Given the importance of the classic c-u inequality
and its extended version, parameters were selected and varied to both satisfy and violate these
situations. We first explored parameter space using a full factorial design of 6 parameters (o,
11, 2, B1, B2, and p); each parameter had two levels corresponding to the lowest and highest
value in the parameter range listed in Table 1. For each of these 64 parameters, we then sampled
10,000 sets of costs (hy, ho, K1) uniformly from the parameter range listed in Table 1. We then
systematically varied parameters while keeping fixed (unless otherwise specified) \; = 3,
A=0,u =ps=8p=p =pPs=hy =hy =Ky =1, and K; = 2. Service rates x; and
112 were systematically varied, followed by abandonment rates 3; and 35, holding cost rates h,

and ho, and arrival rate A\, and probability of transfer p.

A.4.1 Scenarios 1-4 for the single-server model

For the single-server model, we first benchmarked the heuristic policies in four scenarios when
the optimal policy is known (Figure 1). Table 2 shows how far average cost for each policy is
away from optimal. In Scenario 1, the optimal policy (i.e. policy P2) performs increasingly
better as the traffic intensity increases. For example, policy P1 is only 6% away from optimal
when A\; = 1.5, but 222% away when \; = 4.5. This poor performance is due to no abandon-
ments in phase 2 (8, = 0), causing customers to aggregate at phase 2. A threshold policy can
be found to perform within 10% of the optimal policy: average costs for the policy P1(5) is 5%
away from optimal when \; = 1.5 and 9% away from optimal when \; = 4.5.

Policy P2 is also optimal in Scenario 2, but does not dramatically outperform other policies.
In fact, the threshold policy P2(5) is less than 1% away from optimal for all traffic intensities.
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Figure 1: Benchmarking policies for the single-server model when the optimal policy is known

with respect to average costs. To help visualization, average costs that exceed 15 are not shown.

Similar performance in Scenario 2 can be attributed to the large abandonment rates at phase
1 (81 = 10), causing few customers to aggregate at phase 1 and leaving the server to work at
phase 2 even when they prioritize phase 1.

Many trends reverse when moving from Scenarios 1-2 to Scenarios 3—4. Policy P1 is now
optimal, and policy P2 yields poor performance, especially when traffic is high. In Scenario
3, for instance, policy P2 is only 8% away from optimal when \; = 1.5 but 1478% away
when A\ = 4.5 (which is why it was not plotted in Figure 1). Poor performance can again be
attributed to no abandonments (3; = 0), causing customers to aggregate at phase 1 and leaving
policies that prioritize phase 2 to neglect these patients. In Scenario 4, however, performance is
closer: policy P2 is 5% away from optimal when A\; = 1.5 in Scenario 4 and 41% away when
A2 = 4.5. Meanwhile, the threshold policy P2(5) is close to optimal in both Scenario 3 and 4:

at worst, 16% away from optimal in Scenario 3 and 9% away in Scenario 4.
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Policy

A Pl P2 P1(5) P2(5) Exh Inc

Scenario 1 (P2 optimal)
1.5 6% 0% 5% 0% 3% 2%
25 17% 0% 8% 5% 8% 5%
35 48% 0% 9% 25% 17% 10%
45 222% 0% 8% 182% 32% 16%
Scenario 2 (P2 optimal)
1.5 6% 0% 6% 0% 1% 2%
25 11% 0% 10% 0% 2% 3%
35 16% 0% 15% 0% 3% 4%
45 22% 0% 19% 0% 4% 6%
Scenario 3 (P1 optimal)
1.5 0% 8% 1% 7% 4% 5%
25 0% 25% 10% 13% 9% 12%
35 0% 81% 57% 16% 19% 27%
4.5 0% 1478% 1420% 14%  34% 54%
Scenario 4 (P1 optimal)
1.5 0% 5% 1% 5% 2% 3%
2.5 0% 13% 5% 8% 5% 7%
35 0% 24% 16% 9% 9%  13%
45 0% 41% 34% 7% 13% 20%

Table 2: Percent away from optimal average costs in four simulation scenarios of a single-

server model, where the optimal policy is known.

A.4.2 General scenario for single-server model

We varied service rates p; and o (Figure 2). We find that the extended c-u inequality provides
a good guide for deciding which policy to prioritize. When the inequality is satisfied, policy P2
performs the best out of the policies considered, whereas when the inequality is not satisfied,
policy P1 performs best. By contrast, the classic c-u equality does not enjoy the same insight.
That is, even when p1hy > pshs, policy P2 is better than policy P1. Again, we find that the
threshold policies perform well in that the threshold policy P1(5) performs at worst 4% away
from the best priority rule.

When varying holding cost rates h; and hy (Figure 3), we again find that the extended
c-u inequality provides a good guide for deciding which policy to prioritize, with policy P2
performing well when this inequality is satisfied and policy P1 otherwise. The classic c-u
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Figure 2: Average cost comparison for single-server model when the optimal policy is unknown

and service rates p1 and jo are varied.

inequality does not provide similar insight. We do find one case when a threshold policy
outperforms both priority rules, but the improvement is negligible (< 1%).

When varying abandonment rates 3, and 3 (Figure 4), we find that policy P2 can perform
better than P1 even when the extended c-u inequality is satisfied. This occurs when the aban-
donment rate 35 is low, reinforcing what we found in Scenario 1, i.e. that neglecting phase 2
when there are few abandonments at 2 can yield poor performance. In addition, we find several
cases when the threshold policy P1(5) performs better than the other heuristic policies, albeit
they are all close (< 4% away).

The final parameters varied were the joining probability p and arrival rate A\, (Figure 5).
Once again, we find that when the extended c-y inequality is satisfied, policy P2 performs best,
whereas when the inequality is not satisfied, policy P1 or the threshold policy P1(5) perform
best.
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Figure 3: Average cost comparison for single-server model when the optimal policy is unknown
and holding cost rates h; and h, are varied.
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Figure 4: Average cost comparison for single-server model when the optimal policy is unknown

and abandonment rates 3; and (3, are varied.
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Figure 5: Average cost comparison for single-server model when the optimal policy is unknown
and joining probability p and arrival rate \, are varied.
A.4.3 Results from factorial design

Tables below report the results from the 64,000 samples of parameters space. Policy perfor-
mance is averaged over 10,000 samples of costs (hq, ho, and K1) for each set of the remaining

parameters (Mlﬁ l’LQ’ D, >\2’ ﬁla and 62)
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Policy

Bi B P A Pl P2 PI(5) P2(5) Exh Inc cpu Extcpu
0.1 01 025 0 367 623 03 0 07 0 864 99
0.1 01 025 1 376 624 0 0 0 0 873 99.7
0.1 01 1 0 204 724 72 0 0 0 70 92.6
0.1 01 1 1 176 754 43 26 0 01 673 93
01 3 025 0 413 214 0 194 0 179 559 21.4
01 3 025 1 582 149 0 205 0 65 581 14.9
01 3 1 0 533 168 0 146 0 153 579 16.8
01 3 1 1 623 136 0 116 0 125 582 13.6
301 025 0 341 504 15 0 05 0 653 426
301 025 1 173 652 175 0 0 0 59.8 25.8
301 1 0 55 8 115 0 0 0 537 26.3
301 1 1 1 894 96 0 0 0 50.1 21.7
33 025 0 128 841 0 0 27 04 588 96.9
33 025 1 161 839 0 0 0 0 60.7 98.4
33 1 0 0 100 0 0 0 0 496 100
33 1 1 0 100 0 0 0 0 49.6 100

Table 3: Percent samples of costs that policy yields lowest average costs when j1; = po = 4.
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Policy

Bi B P X2 Pl P2 PI(5) P2(5) Exh Inc cpu Bxtcu
0.1 01 025 0 7.8 90.1 0 09 13 0 929 97.8
01 01 025 1 97 903 0 0 0 0 948 99.2
0.1 01 1 0 62 937 0 0 01 0 913 99.6
0.1 01 1 1 62 914 25 0 0 0 912 97.3
0.1 3 025 0 0 875 0 125 0 0 798 87.5
01 3 025 1 0 758 0 242 0 0 704 75.8
01 3 1 0 0 75 0 248 0 02 697 75
01 3 1 1 0 652 0 346 0 02 615 65.2
301 025 0 198 718 84 0 0 0 815 64.8
301 025 1 169 73.1 101 0 0 0 818 61.9
301 1 0 9 812 98 0 0 0 848 65.6
301 1 1 71 83 97 0 0 0 849 63.7
33 025 0 0 100 0 0 0 0 851 100
33 025 1 0 100 0 0 0 0 851 100
33 1 0 0 100 0 0 0 0 851 100
303 ] 1 0 100 0 0 0 0 851 100

Table 4: Percent samples of costs that policy yields lowest average costs when p; = 4 and

M2 = 12.
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Policy

Bi B P X2 Pl P2 PI(5) P2(5) Exh Inc cpu Bxtcu

01 01 025 0 737 1263 0 0 0 0 87.7 99.7
0.1 01 025 1 73 259 0 1.1 0 0 87 98.9
0.1 0.1 1 0 342 658 0 0 0 0 482 99.9
0.1 0.1 1 1 341 64.2 1.7 0 0 0 48.1 98.2
0.1 3 025 0 377 373 0 16 0 89 518 37.3
0.1 3 025 1 474 307 0 184 0 34 615 30.7
0.1 3 1 0 227 346 0 267 0 16 36.8 34.6
0.1 3 1 1 358 273 0 28.6 0 84 498 27.3
3 01 025 0 783 127 8.6 0 01 03 746 79.4
3 01 025 1 559 193 208 0 14 26 579 57
3 0.1 1 0 102 707 17.8 0 13 0 235 19.8
3 0.1 1 1 35 797 159 0 09 0 173 13.2
3 3 025 0 68.2 315 0 0.3 0 0 67.2 97.3
3 3 025 1 61.2 30.5 6.2 1.1 0 09 612 90.3
3 3 1 0 103 893 0.3 0 02 0 243 98.8
3 3 1 1 9.3 892 1.3 0.2 0 0 233 98.5

Table 5: Percent samples of costs that policy yields lowest average costs when iy = 12 and

ILL2:4.
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Policy

Bi B P X2 Pl P2 PI(5) P2(5) Exh Inc cpu Bxtcu
0.1 01 025 0 737 263 0 0 0 0 877 99.7
0.1 01 025 1 73 259 0 L1 0 0 87 98.9
0.1 01 1 0 342 658 0 0 0 0 482 99.9
01 01 025 0 372 622 01 06 0 0 868 99.4
0.1 01 025 1 367 628 0 0 0 05 863 99.4
01 01 1 0 205 795 0 0 0 0 701 99.7
0.1 01 1 1 203 79.6 0 0O 0 0 70 99.9
01 3 025 0 0 100 0 0 0 0 496 100
01 3 025 1 0 99.8 0 02 0 0 496 99.8
01 3 1 0 0 100 0 0 0 0 496 100
01 3 1 1 0 100 0 0 0 0 496 100
301 025 0 717 181 102 0 0 0 601 80.2
301 025 1 639 207 154 0 0 0 59 72.3
301 1 0 325 503 17.1 0 0 0 642 53.3
301 1 1 288 538 174 0 0 0 636 49.5
33 025 0 76 8.7 97 0 0 0 54 90.3
3 3 025 1 128 8 28 15 09 0 576 94.8
33 1 0 0 100 0 0 0 0 496 100
303 1 1 0 100 0 0 0 0 497 100

Table 6: Percent samples of costs that policy yields lowest average costs when 11 = 12 and
M2 = 12.
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A.5 Additional simulations for multi-server model

Scenarios 14 capture a situation when the optimal policy is known for the single-server model,
but not the multi-server model. Parameters are the same as the single-server model with the
following exceptions. First, we fixed the number of workers to be 3. Second, abandonment
and service times were modeled as Gamma random variables as opposed to exponential ran-
dom variables. Gamma shape parameters ranged from 1/2 or 3, yielding random times that
have standard deviations larger than their mean and smaller than their mean, complementing
exponential random times, which have standard deviations equal to their mean. Coefficient
of variation (cv) were respectively 1.4 and 0.6 for the two shape values. Last, parameters 1,
12, (1, and [y refer to average rates, which meant that the rate parameters for the gamma
distributions needed to be i1, s, 51, B2 scaled by the corresponding shape parameter.

Figure 6 compares average costs for the various policies when the cv is 0.6. The policy
known to be optimal for the single-server model (i.e. P2 for Scenarios 1-2 and P1 for Scenarios
3-4) performs best among the policies. Further for each case, there is at least one threshold
policy that is within 2% of the best priority rule for all arrival rates. Last, neglecting any phase
of service that has no abandonments can have severe consequences: P1 can be over 200,000%
away from the best policy in Scenario 1 and P2 can be over 200,000% away from the best
policy in Scenario 3.

Figure 7 compares average costs for the various policies when the cv is 1.4, which captures
a situation when the random times have a standard deviation that is greater than their mean.
Surprisingly, the policy known to be optimal for the single-server model (i.e. P2 for Scenarios
1-2 and P1 for Scenarios 3—4) performs best among the policies in most, but not all, cases.
Yet, it is still always within 1% of the best policy. For each case, there is at least one threshold
policies that is within 5% of the best priority rule for all arrival rates. Last, neglecting any
phase of service that has no abandonments can have consequences: P1 can be as far as 61%
away from the best policy in Scenario 1 and P2 can be as far as 200,000% away from the best
policy in Scenario 3.
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