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1 The problem

The paper considers the problem of estimating the defect rate A per item in the population based on a
sample of M items. Moreover, we assume that the number of defects in an item is Poisson-distributed
with mean A\. Two independent imperfect inspectors exaimine each item, with inspector i (i = 1,2)
detecting each defect with probability p;, independently of the second inspector.

The number of defects in item m (1 < m < M) is Poisson-distributed with mean A,
Ny, ~ Poisson()\),

and by our assumption the random variables Ny, Ns,--- , Njs are independent.
Let R,,; denote the number of defects detected by inspector ¢ (i = 1,2) in item m.
We assume that the defect rate A, as well as the detection rates p1, p2, are not known to us.

In contrast with the well-known problem of Capture-Recapture here we do not have information regarding
the number of defects found by both inspectors. So, the following notations will be useful in formulation
of the problem.

Denote:

e X, ; is the number of defcts detected only by inspector ¢ in item m.
e Y, is the number of defects detected by both inspectors in item m.
Note that
Rm,i = Xm,i + Ym; 1= 17 2. (1)
We claim that {X,, 1, X2, Y}n}J\m/I:1 are independent and Poisson distributed with

Xm,1 ~ Poisson(Ap1(1 —p2)), Xm,2 ~ Poisson(Ap2(1 —p1)), (2)

Y, ~ Poisson(Ap1p2). (3)

These results follow from the decomposition property of Poisson process, where p;(1 — pa) is the prob-
ability that each defect is detected only by inspector 1, pa(1 — py) is the probability that each defect is
detected only by inspector 2, pips is the probability that each defect is detected by both inspectors.

Our problem is:

Given the values {r,, ;}¥_, (i = 1,2) of the random variables, {R,, ;}}_,, generated by (1),(2),(3),
with the independence assumption on the set {X,, 1, X, 2, Y, }M_, | estimate A, py, pa.
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Note that Ry, 1,Rm2 are dependent but the sequence {(R,. 1, Rm.2) %[:1 are independent, and the
distribution of (Ry,.1, Rm.2) is the Bivariate-Poisson-Distribution (BPD). Our data {(r,1,7m2)}M 4
can thus be considered as M independent realizations of the BPD (Ry, Rs).

When convenient, we can remove the subscript m and refer to random variables Ry, R, which are given
by
Ri=X1+Y, Ra=Xs+Y,

where (X7, X3,Y") are independent, with
X1 ~ Poisson(Ap1(1 — p2)), Xo ~ Poisson(Ap2(1—p1)), (4)
Y ~ Poisson(Ap1pz). (5)
By composition of independent Poisson random variables,
R; ~ Poisson(Ap;), i=1,2.

so that
E(R;) = VAR(R;) = A\p;, i=1,2.

Also, using independence, and by (5),
Cov(R1,R2) =Cov (X1 +Y,Xo4+Y) =VAR(Y) = A\p1p2.
The study of properties of the moment-type estimators below will be based on approximations for the

mean and variance of a ratio of two random variables. The Taylor expansions for the ratio of two random
variables R and S are given by [1]:

. (R) _ E(R) _COV(R,S) VAR(S)-E(R)

S E(S)  E%(S) + E3(S) ’ (6)

R\ _ E(R) [VAR(R) _COV(R,S) VAR(S)
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2 Moment-type estimators
Define the sample mean for F(R;) and the sample covariance for COV (R, R3) as follows:

1 M
Fi:MT;rm,ia 1=1,2

1 M
Si2 = M1 z (Tm,1 — T1)(Tm,2 — T2).

m=1

The moment-type estimators for p;,ps and A are given by
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2.1 Preliminary calculations for (7., 1,7m2)

The proof of Theorem 1 requires some preliminary calculations concerning our data {(rm 1, 7m.2)}>,

that are, as explained above, M independent realizations of the random variable (R1, Ra).

i) = VAR(rm.) = Ap; 1=1,2,

) = VAR(rm:) + (E(rm,i))2 =Api(Api+1) =12
Cov(rm 1, Tm, 2) = Apip2,

2) = Cov(rmi1,Tmz2) + Erm1)E(rm2)
= Apip2 + A’pip2 = A(A + 1)pipa.

If m # n then

E(rmi-rn2) = Cov(rmi,7n2)+ E(rm1)E(rns) = Npips
E(rma Tm2 Tn2) = Ermi-Tm2)E(rnz2) = A+ 1)pip3.

Also,

E(Tm,l ' TZ@,Z) = E((Xm,l + Ym)(Xm,Z + Ym)g)
= E(Xm1X2ho) + E(Xpn1Y2) + 2E( X1 Xm2Ym) + E(Yn X2 o) + E(Y,)) + 2E(X,2Y,2)

= E(Xm1) (B(X52) + E(Yy) +2B(Xpn2) E(Yn)) + E(Yn)E(X7, ) + E(Yy) + 2B(Xom2) E(Y,)

= App2a(A2pa+ (2p2 + DA+ 1),

E(r, 1 - rma2) = App2(Ap1 + (2p1 + A + 1),

and

E (7"7271,1 '7"72n,2) =

E(X2 . X2o)+2E (X2, Xpo Ym) +E (X2 - Y2)+2E(Xy - X200 Vi)
+ 4E (X

Xz Vi) + 2B (X1 - i) + B (X5, - Vi) 28 (X0 Vi) + B (Vi)

m7

Ap1p2 [1+ APpips + A (p1 + p2 + 4p1p2) + A (2p1 + 2p2 + 2p1p2 + 1)) .

2.2 Results concerning sample mean and sample covariance

Since {(rm.1,7m2)}M_, are M independent realizations of the random variable (R;, Rz)

AD;
E(7;) = A\pi, VAR(F;) = A’;

i=1,2,

1
E(Tm,l 'f2) = E(ng . ’F1) = E(’F1 'fz) = Ap1p2 (/\ + M> .

Since

Bl(rma = 1){rma ~ ) = o (1= 57 ).

the mean of sample covariance is
E(S1,2) = Ap1pa.

To calculate the covariance between 31,2 and 75, we perform the following calculations:



For m # n,

E(rm,l : Tn,2 : F2)

1 1 1
= u ; B(rma-rnz rj2) + 37 E(rma a2 tm2) + 37 E(rm T o)
j#EmMm,n

M -2

1 1
= 3 Npip3 + M/\Q(/\ + 1)p1p3 + MAmeg()\pz +1)

1
= Npips+ M/\2p1p2 (p2+1),

and similarly
- 3 2, 2.0 o
E(rmz2-rn2-T1) = \°p1p; + R
We now calculate E(7,1 - T 2 - T2)

1 1
E(rm1-Tma-T2) = A2(A+ 1)p1ps + M)\2P1pg + M)\le()\ +1),

and
M M
E(r1 -T2 7p2) MQZZET“ Tj2 " Tn2)
=1 j=1
1 1 & 1 ) 1 )
= e DD E(rin-ria-rag) + Ve D E(rni-ris )+ Ve Y E(riyx-rl,)+ a2 Elrna - 7i2)
i#n j#EN j#n i#n
1 1
= WE(TnQ)ZZE(W,I 752) + 3B T ZE rj.2) va) Y E(rin) E(Tn,l “Th2)
i#N j#En j#n i#n
1
= 7E (rn2)- > Y E(rin)E(rj2) + WE(TnQ) Y E(ria-ri2)
i#n j;énz i#n
1
+ WE Tn1°Tn2) ZE (rj2)+ ZE (ri1) E(rn’l-riﬁz)
J#n i#n
M—-1)(M -2 M-1
= %E(Tnul)EQ(rm,Q) + WE(Tm,Q)E(Tm,I “Tim,2)
M—-1 M-—-1 1
+ WE(Tm,l “Tm2)E(rm,2) + WE(Tm-,l)E(T?n,l) + WE(Tm,l '7“3,1,2)

1 1
= Npps+ M)\quﬂz (2p2 + 1) + 3 012

To make the derivations somewhat simpler, in some of the following calculations the interim result will
be given in terms of the moments, without substituting the values of these moments in terms of the
parameters p1, p2 and A until the final stage.



We

have

E(rma-Tm2-T1-T2)

M M
1
= M2 E § E(T’m,l *Tm,2 " Tm/,1°" Tn’,2)

m/=1n'=1

1 1

m’'#m n’'#m,m’ m'#m

1 1 1
+ e Z E(rl Tma2 - Tn2) + e Z E(rm1 7o Tm1) + WE(T%LJ Ti.2)
n'Fm m’#m
M—1)(M -2 M—-1
- (]\)4# : E(Tm,l : Tm,Q) : E(T’m,l) : E(rm,Q) + M2
M-—-1 M-1 1
R 'E(Tfng “Tm2) E(rmz2) + 2 E(rm,1 'T72n,2) “E(rm1) + WE(HQM '7"7271,2)
M -3 1
= —— E(rm1-Tm2)  E(rm,1)  E(rmz2) + A
1

M
1
B2y - rm2) - Erm) + = - B(rs 12 5) - E(rmas) + O ()

: E2(Tm,1 : T'm,2)

EQ(Tm,l : Tm,Q)

1
M M M2

1
ma 1) = M > E(rj1)E(r} ) + —E(rma - 12,5) = Xpipa(Ap2 + 1) + M)‘sz(?)\m +1),

1 1 1
M2 Z Z E (T%L,l) .E (Ti,Q . 'rj72) —+ W Z E (T727L71) . E (7’2272) —+ W Z E (’I"zn71 . 7’7”72) . E ('rj,Q)
i#Em jEmM i#Em j#m
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To calculate the expectation of (ry, 1 - 71 - 75) we first simplify some terms:

So,

rm,l *TplTn/ 2" rm’,2)

HMi

M M

E(’f’mJ “T1 f%) :Migz Z
M M B M M

Mig Z Z Z E(Tm,l *Tn,1*Tn' 2 'Tm/,Q) + M73 Z Z E(T?n,l *Tn’ 2 'Tm’,Z)

n#mn’=1n'=1 n'=1n'=1
M M
MY 3 D Bl oz rw2) £ MY ST Blrma g T 2)
n#mn’#n,mn’=1 n#mm’=1
M
MY E(rm ot Tmz Tira) F M2 N B, T2 T o)
n#Emm’=1 ’#m m’'#m
M7 ) By me Tw2) + M7 By Tz Twrz) £ MTUE(7, 77 0)
m'#m n’#m
MY N D Bl tan rwe twa) MY Bt e ) +
n#Emn’#n,m m’#n’ nm n#mn’#n,m
M3 B(rma tag Twa mn2) + MY Y E(rma gz Tma)
n#mn’#n,m n#mn’#n,m
M3 Z Z E(rmi1 Tni Tno Tm2)+ M Z E(rm1-Tha '7‘72L,2)
n#mm’#n,m n#m
M3 Z E(”‘m,l *Tn,1 " Tn,2 'Tm,Z) + M3 Z Z la("qm,1 “Tn,1Tm2 - Tm’@)
n#Em n#m m’#n,m
Mig Z E(Tm,l *Tn,1 " Tm,2 " Tn,2) + M73 Z E(Tm,l *Tn,1 T72n,2)
MTY Y Bl e i) M7 B T T
n’'#m m’;ém n’ n'#m
M~ Z n’2)+ Z E(T2 1 TmQ 7”'7”/2)+M Z ml *Tm,2 * Tn/2)+M 3E(
n'#m m’'#m n’'#m

(M —1)(M —=2)(M —3)

E(rpy -7 73) = e B (rma) - E*(rpm2)

(M_i\)/[# .E2(Tm’1) . E(T'rQn,Z) + W -E(r?ml) . E2(rm,2)
+ 4. M# . E(Tm,1) . E(ng) . E(Tm,I '7”m,2)
b2 B Br) Bl 70 42 T B )
b8 B ) Blrma) + it ) E) + 1r - B o)
= S Brma) B rma) + 57 B rma) B o)+ 5 B8 ) B (rma)
Loy % CE(rma) - E(rms) - E(rmt - Fms) + O (z\;) .

.r

m,2

);



By symmetry:

(M — 1)(M — 2)(M - 3)

E (o 72 7)) = cE*(rm1) - E? (T 2)

M3
(1\4—1]\)4# B (r) - B(2) + w CE(r2 1) - B (rm.2)
L4, (M_lj\)/[# “E(rmi)  E(rma)  E(rm1 - Tm2)
+ 2-%-15(%?2)']3(%2 o)+ 2 MM—31 B2 (1 Tin2)
+ 3. MM_3 ! “E(rm o tma) - B(rma) + % E(rma)  Erm) + % Blrm7n2)
= M Br) B ) + g B2 ) EG0) & 1 B0 ) B2 (1)
+ 4. % “E(rma) - E(rmz2) - E(rmi-rm2) +0 (]\;2) .

We now calculate

R )

n=1

M M M M M M M M
= M™'E ((Z Z rm}le/J) (Z Z rn,zrn/g)) =M* Z Z Z Z (T ATm! 1Tn,2Tn/ 2)

m=1m'=1 n=1n'=1 m=1lm
M M M M
= M~ E Tm 17m’ 1Tn,2Tn’ 2 + M~ E m 1rn 2Tn! 2)
m=1n'#nn=1n'=1 m=1n=1n'=1
M M M M
- M E Tm 1"m’ 1Tn 2Tn’ 2 + M E rm 1"m’ 1Tm 2Tn’ 2)
m=1m/#mn#m,m’ n’=1 m=1n'#mn’=1
M M
—4 § : § § :
+ M E(Tnt,lr’m’,lrn’,an’,Q)
m=1m/#mn’=1
M M M M
4 —4
+ M~ § § E(r} yrnarw2) + M § E E (ry 1Tma2rw 2)
m=1n#mn’=1 m=1n'=1

EN|



M M
—4 § : —4 § : E
M E (Tm,lrm/,lr7z,2rn’,2) + M E (rm,lrm’,lrn,Qrm,Q)
m=1m/#m n#m,m’ n’#m,m’.n m=1m'#m n#m,m’
M
—4 —4 2
M E (Tm,lT'rn’,lr’rn’,an’,Q) +M § E (T7IL,1TW/,1rn72)
m=1n'#m n#m,m’ m/#m n#m,m’

M= M=

> E(rmarmary,s)

1Im’#m

—4
E (rm71rm’7lrm,2rn’,2) + M

mn/#m,m’

S
M=

m’

3
ﬂ‘

*

3
I

M
—4 § : § : § :
E (rm,l'rm’,lrm,ZTm’ﬂ) + M E (Tm,lrm’,lrm’,2rn’,2)

S

m=1m'#m m=1m'#m n’'#m,m’
M M
—4 —4 2
M E E (P 1Tm 1Tm/ 2Tm 2) + M E E E (rm,lrm/ylrm,g)
m=1m'#m m=1m'#m
M
4 —4 § 4 2 §
M~ E mlerQTn 2)—|—M E(ml’/‘ngrmg —|—M
n'#m,n m=1n#m m=1n#m

S

M= iM:
§

M
E(ry 1 Tmarn2) + M~* Z E(rmaTm2) s

'£m, m=1

3
Il
A
3

*

i
M=

S Y EBOm1)E(rmw1)E(r2)E(ra2)

I m’#m n#m,m’ n’#m,m’ n

3
I

E(Tm,lrnz.Z)E(TnL’,l)E(TH,Q)

m’#m n#£m,m/’ m=1m'#m n#m,m’

M
>
m=1
M
M2 Z E( rm 1) Tm’,lrm’,Q)E(Tﬂ' 2) + M~ ‘ Z Z Z rm 1)
m=1
M
2

m=1m/#m n'#m,m’ m=1m'#m

M
Z E(rm,lrm,z)E(rmgl)E(rnr,z)+M‘4Z Z E(rm 7 2)E(rm: 1)

m 1Tn 2)

M M
Mty E(rmarm o) E(rm 1w 2) + M7HY " 3" N B 1) E(rm a7me 2) B 2)

m=1m'#m m=1m/#m n’#m,m’
M
—4 4 2
M E E(Tm71Tm72)E( m’ 17 m/ 2 + M~ E E T’m 1 m’ylrm’,Q)
m=1m'#m m=1 m/¢m
M
4 4 E §
M~ E rn,2)E(rn/ 2) + M~ m 1T’ITL 2 (Tn,Q)
m=1n#mn’#m,n m=1n#m

M

M M
M Z Z B(r?, )E )+ M Z Z 17"m2 E(rp o) +M™* Z E(T%@,ﬁ"?n,z)v

m=1n#m m=1n'#m m=1



So

E(r}-73) =
M—-1)(M—-2)(M -3 M—1)(M~-2
_ ( )( Ve )( ) 'Ez(rm,l)‘Ez(Tm,Q) +4- % 'E(rm,lrm,Q) 'E(Tm,l) 'E(Tm,Q)
M—1)(M -2 M—1 M—1
+ %EQ(TWQE(T?”Q) +2- WE(rerfng)E(rWl) +2- TE E?(rm.17m.2)
(M —-1)(M —2) M-1
+ BB () + 20— B 1 7m 2) B 2)
M—-1 1
+ WE(T%@J)E(T;Q) + WE(T%m,lrzn,Q)
M—-6 9 1 L oo 2
= T E*(rm1)  E*(rme2) +4- i E(rmirm2) - E(rm1) - E(rm2) + ME (rmﬁl)E(rmﬁz)
1 1
+ ME(T?n,l)EQ(TMQ) + O <]\/[2>
Apip 1
Therefore, the variance of (7 - 72) is
VAR(F - o) = E((11)? - (T2)?) — E*(71 - 72)
Apip 1 1
= Npips+ A} 2 [4p1p2 + p1 + po] — [Npipa + A pel’ +0 (M2)
APp1ps

= [p1 -+ po + 2p1p2] + O L
N NPT P2t Zpip2 E )

For n # m,

M
7 _ 1
E(Tn’l "Tm,1 T2 TQ) = E(Tn,l *Tm,1 " Tm,2 " 7’2) = M Z E(T’ml “Tm,1 " Tm2 " T‘m/,2)
m/=1

1 ) ,
B M m/;mE(rml)E(?"mJ ’ r"”v2)E(rm’,2) + MEQ(qu . T‘m,2) + ME(Tn,l)E(Tm,l : 7"37172)
M -2 1 .
T M E(rm 1) E(rm2) E(rm,1 - Tm,2) + MEQ(Tm,l “Tm2) + ME(Tm,l)E(Tm,l Ti2)
and
;M
E(rmz -1 Tn2 -T1) = E(rn2 - Tmi Tma2 -T1) = M Z E(rp2 - Tmi-Tm2" Tm/1)
m/=1
- 2 Z E(rn2)E(r Tm.2)E(rme 1) + 1E(r VE(r2, | - rma) + 1E2(r )
M '# " e ot M m,2 m,1 " T'm,2 M n,2 * Tn,1
M -2 1 ,
= T E(rm1)E(rm2)E(rm1 - rmz2) + ME(Tm,Z)E(T’?n’l Tma) + ME2(Tm,2 -



Also, for n #m

1 M M
E(TmJ "Tn, e (fg)z) = W Z Z E(Tm71 *Tn,l Tm!2 " Tn’,Q)

m/=1n'=1

1 1
= W . Z Z E(TmJ . T‘n71 . Tm/72 . 7‘”/,2) —+ W . Z E(Tm,l . TTL,I . T’HL/,Q . T’m/,Q)
m’#m,n n'#m,n,m’ m’'#m,n
1 1
+ W . Z E(rmvl ’ T’I’L,l ’ Tm,72 : rm72) + W . Z E(rm’l ’ T’Il,l ’ Tm,’2 ’ rn72)
m’#m,n m’#m,n
1 1
+ W : Z E(rm,l . Tn,l . Tm,2 : rn’,2) + W . Z E<Tm,1 : rn,l : Tn,2 : Tn’,2)
n’'#m,n n’#m,n
1 1
+ &) CE(rmta g Tm2) 2 “E(rmarngTmez - Tne)
1 1 9
+ g Blrma e raztme) + 4 Bt T 700)
M—-2)(M -3 M —2
= QDY) g2, ) - B2r) + 22 B ) - BO)
M —2
+ o4 s Blrma tme) - E(rmg) - E(rm,2)
2 2
+ g Elma i 2)  E(rma) + 5 B (rma - m2)
M -5 1
= S () B(rm2) + 17 B2 (tma) - B(2, )
1 1
+ 4'M~E(’I“m1 Tm2) E(rm 1)~E(7‘m,2)+0<w> ,
and by symmetry,
_ M —2)(M -3
E(rma o2 (7)%) = % B (rma) - E*(rm2)
M -2 M —2
+ 5 B 1) E*(rmg) +4- ——5=  E(rm1 - Tm2) - E(rma) - E(rarz)
M ’ M
2 2
+ STER E(Trzn,l o) B(rma) + B «E2(rm,1 Tm,2)
M -5 1
= S B ) B(rma) + 57 B(h) - B2 (rme)
1 1
+ 4. M.E(Tm’l 'Tmyz)'E(Tmyl)'E(Tmyz)-FO (]\42> .
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Finally,

E(rp1-Tma-T1-72) =E(rm1-Tna 71+

2. 2

m’'#m,n m/#m,n,m’

72) M2Z
m'=1
1

M2

1
E(Tm,l *Tn,2 Tm/ 1" Tn/,Q) +

§ Erml Tm,2 " Tm/ 1" Tn’2)

n’=1

E E(T'm,l *Tn,2 Tm/ 1" Tm',Z)

m’'#m,n

1 1
n’#m,n n’#mmn
1 1
5 Z E(rma-Tn2 Tm/1-Tm2)+ M2 Z E(rma-Tn2 Tm/ 1 Tn2)
m’#m,n m'#m,n

1
WE(Tm,l *Tn,2 Tm,1" Tm,Z) + WE(TWL,I *Tn,2 " Tnl-" 'rn,Z)

1 1
WE(TWL,I *Tn,2 Tm,1" Tn,2) + WE(Tm,l *Tm,2 " Tn,1" Tm,Z)
M—-2)(M -3 M -2
% . Ez(rm,l) . EQ(T'/,L72) +2- W . E(T’myl) . E(T’myg) . E(T’mJ . Tm,2)
M -2 M -2
el 'E(Tgm) 'E2(7"m,2) + e EQ(Tm,l) : E(ﬁ%@,z)
M -2
W : E(Tm,l : Tm,Q) : E(Tm,l) : E(Tm,Q)

1
WE(rm,l *Tn,2 Tm,1" rm,Z) + WE(Tm,l *Tn,2 - Tn,1-" Tn,Q)

1
M2 E(rm,l T2 Tm,1" rn,Q) + WE(Tm,l *Tm,2 " Tn,1" 'rm,Z)
M—-5 1

M EQ(rm,l) (Tn,Q) +2- M E(rma) - E(rm,z2)  E(rm - Tm,2)
1 1
B2 B rma) + 1 B rma) - B2 o)

1 1
M . E(’I‘m,l -Tm)g) Tm 1) E Tm 2) O W .

The expectation of the product between 5’1’2 and 75 equals to:

E(S1,2'772) Z ZE ((rma —71)(rm,2 — T2) - Tn,2)
m=1n=1
1 M 1 M
= E((rmi—T1)(rma2—T72) Tn2) + —— E((rma—71)(Tm,2 —72) - Tm,2)
W) mzzlm WO 2
1 M
= m Z (Pm1 - Tm2 Tn2) — E(rma-Tha T2) — E(rma-Tno-T1) + E(F1 -T2 - Th2)]
m=1n#m
1 M
+ M(M — 1) mz::l [E(’I“m,l '7“1%%2) — E(rmJ *Tm,2 '772) — E(’I“l r ) =+ E(’I“m 9 T1 " 772)]
1
_y\2. 2 2 9
= Apips + e —5AP1p2 — MA P1P3
1 1
— A A+1)——A A 2 —\
T -1 [ p1p2(p2A + 1) i p1p2 (Ap2 + )+M2 P1P2|
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and finally the covariance between 5’1’2 and 79 is given by:

CO’U(SLQ, FQ) = E(Sl)g '72) — E(Sl,g)E(fg)

1 1
= Mpips + PP — Mkzplpi
1 1 1
A A4+1)——A A 2)+ —A - A A

T oo p1p2(p2A + 1) Vi p1p2 (Ap2 + )+M2 P1D2 P1D2 * AD2

1
= —Apipa.

2 PPz

In order to calculate the expectation of (7 - 7 - 5’172) we make some preliminaries calculations: For
n#m,m #m,n

1 M

E(Tm,l Tn2 Tm/ 1" 72) = M 2_:1 E(Tm,l *Tn,2 Tm/ 1 '7”1',2)
M -3 1
= TE(rm,l Tn,2 Tm/ 1" Ti,Q) + ME(rm,l Tn,2 Tm/ 1" Tm,2)
1 1
+ ME(rm,l *Tn,2 Tm/ 1" Tn,Q) + ME(rm,l *Tn2 Tm/ 1" rm/,Q)
M -3 2
- TM E*(rpm) - B (rm ) + 2 Erma - tm2) - E(rm,a) - E(rim,2)
1
+ ME(sz,z) - E*(rm,1),

and by symmetry,

E(rmi-Tna Tm2-71)=

M-3 2 1
= E*(rm1) - E*(rma) + —E(rm1-Tma)  E(rma) - E(rm2) + ME(T,%M) CE?(rma).

M M

Therefore,

E(rmi-Tn2 (Tara—T1) (T2 —T2)) = E(Tm1 - Tn2 Tms1 - Tms 2)

— E(rmi-Tn2 Tma-T2) — E(Tm1-Tn2 Tmo-T1) + E(rm1-Tne-T1-T2)

M -3
= E(rmi1) E(rmz2) E(rmi-Tm2) — 2 M EQ(Tm,l) : E2(rm72)
4 1 1
- ME(Tm,l Tm2)  B(rm1) - E(rm2) — MEz(Tm,l) CE(r} ) — ME(TTQM) B2 (1 2)

+ E(Tnb,l : rn,2 : 'Fl : fQ)-

and by symmetry

E(r}, - rna-T2)

M -2 1
= S EA ) BOR) 1 Eme) By rma) + B0 ) B2, ).

12



Therefore,

E(rmi-rn2- (rni1—71) (rn2 —72)) = E(rma '?“i,g “Ti1)
— E(rmi-Tn2 Tn1-72)— E(rma - 7’3,2 1) + E(rma - Tno - T1 - T2)
= E(Tm,l) : E(Tm,l 'T%m,2)
M —2 1 1
- 7 E(rarg - mm2) - E(rm,1) - E(rm2) — MEQ(TW,I “Tm,2) — ME(Tm,l) 'E(Tfmz 1)
M -2 1 1
MR ) B2 ) — B2 B ) — B () B ) +
+ E(rma-Tna-T1-7T2)
M -2
= Vi E(rma) - E(rm1 '7'12n,2)
M -2 1
- M E(rm,l . 7Am,2) . E(rm,l) . E(Tm,Q) - MEQ(Tm,l . Tm,2)
M -2 1
— M ) BU2) - S EG2) - BG)

+ E(rma-Tna2-T1-72).

For n # m,

E(rmi-rnz2: (Tm1—7T1) (rma—72)) = E(TfnJ “Tm,2 Tn,2)

I
=

(Tfn,1 “Tn2-T2) — E(rm1-Tma - Tna T1)+ E(rm1-Tha T1-72)
= E(qun,l “Tm,2) E(rm2)
M -2 1
E(r}, 1) E*(rm2) — ME(rgn,l Tm2) - B(rma) — —B(r}, 1) - E(rh, )
M -2 1 1
— —"E(rm1 Tm2)  E(rm)  E(rme) — ME(rfn,l Tm2) E(Tm2) — MEQ(Tm 1 Tm2)

M ) ) )
+ E(rmi-Tpz-T1-T2)
M -2 M -2 1
= E(r72n,1 'Tm,2) : E(Tm,2) - 7E(7"7%z,1) 'Ez(rmz) - *E(Tgm) E(ﬁ%@,z)
M M
M -2 1

M E(rm,l : Tm,Q) : E(Tm,l) : E(Tm,Q) -

+ E(TWL,I . Tn,Q : fl . F2)-
For m’ # m,

E(rma-Tm2- (Tma —71) (Tmr2 —72)) = E(Pm1 - Tm,2 - Tons 1 - T/ 2)

(
— E(rmi-Tm2 Tma-72) —Em1-Tma Tm2 - 71) + E(rmi1 - Tma - 71 - 72)

M—2 M—2
= ——E*(rm1Tm2) — 2 7 E(rmi-rmz2)  E(rma) - E(rm2)

M
1 1

- ME(rm,l : 7‘72n,2) : E(TWL,I) - ME(TTle : TnL,Q) : E(rnL,Z)

+ E(rma-Tma2-T1-T2),

13



and

E(rma Tmz - (rma —71) - (rma —T2)) = E(r, 1 - 15, 5)

— E(TZ@,I “Tm,2 " 772) — E(’I“m71 . 7“72,1,2 : 7:1) + E(’I‘m71 “Tm,2 71 772)
M—-1
= E(rfn,l '7"7271,2) Y E(T72n,1 “Tm,2) - E(Tm,2)
1 M-1

— QME(T?n,l '7"72,%2) aY; E(rma '7"72,%2) ~E(rma) + E(rm1 - ma2 - T1-T2)

M —2
= E(T72n,1 Tm,2)

M—-1 M—-1

M E(r?n,l “Tm2) E(rm2) — E(rm 'T?n,Q) “E(rm1)

+ E(’I‘mJ 'Tm,2 'Fl "Fg).

M

14



Thus the expectation of (71 - 72 - 5'1,2) is

L M M M
E(ry 72 S12) = W= 1) Z Z Z E(rma o2 (rpr1n —71) - (To 2 — T2))

m:l n=1m’=1

= 71 ZZ Z ETml rn2 (rm’l ) (Tm’,Z_'F2))+

m=1n#m m’'#m

+ RO —1) ZZET’“ Tn2 (Pm1—T1) (Pma —72))
m=1n#m
1 M
+ M2(M_1)mz_1m%:mE(rml T'm,2 (Tmllf’l"l) (T’m/2—r2))+
1 M
* M2(M—1)mz::1E(Tm1 P2 (Fm = 1) (rm2 — 72))

= Mo L 2 Bl (=) (e = 7)) 4

n;ﬁmm #m,n

1
" ,;,LE(W T (as =70 1 = ) +
1
D) O B e (ma <7 (a7 +
1
+ W_UEMEW Tz (T = T1) - (2 = T2)) +
1
T arar P e (T =) (e = 72)
M—2 1
- M E(rma g (g =T1) - (T2 = 72)) ME(rm,l “Tn2 (Tna —7T1) * (Tn,2 — T2))
1 1
* ME(T"“ o2 (Tma = 71) - (Fm,2 = T2)) + ME(rm,l T2 (Tpr1 = T1) - (P 2 — 72))
1
T aprprm e (ma =) (e = 72))
M—6 M -5
= M E(Tm,l) . E(Tm,Z) . E(Tm,l . rm,Z) - M E2(rm,1) . EQ(Tm,2)
1 1
- ME (Tm 1) E(Tgn,Q) - ME(r?n,l) 'E2(7"m,2)
1 2 1 2 1 2 1
+ ME(Tm’l) “E(rma ~rm72) + ME(Tmyz) ~E(7‘m1 “Tm2) + ME (Pm,1 - Tm,2) + O e
M—6 M—5 1 1
= 37 NP2 A+ Dpape — == ANpins — AP Ape(Apa +1) = 324°p5 - Api (A + 1)

1
+ M/\pl S Ap1p2(p2A’ + (2p2 + 1A + 1)

1 ) 1 1
— . 2 1 1 — 1
+ M)\pz Ap1p2(p1A° + (2p1 + DA + )—i—M()\(A—i— )p1p2)? +O(M2)

1 1
2, 2 3
= X+ —pipaA2 (p1 + pa + 4
P1D3 27 P1P2 (p1 +p2 +pip2) + O <M2>
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Hence, the covariance between (7 - 72) and S 2 is given by:

COV(’fl - Ta, Sl,g) = E(’Fl “To - 5'172) — E(’Fl '772) . E(Sl 2)

)

1

= pips- A+ MplpMQ (p1 + p2 + p1p2)

— ([ Npip2 + Ly Ap1p2 + O L
P1p2 T AP1P2 | AP1P2 2

1 , 1
= Mplpz)\ (p1+p2) +0O <W> .

We now calculate the variance of SLQ.

M M
Z Z COV ((rma —71) - (tma2 —T2), (rng — 71) - (Th2 — T2))

m=1n=1

1
2) = (M —1)°

1 M
T M1 Z COV ((rma —71) - (rm2 —T2), (Tna1 —71) - (rn2 — T2))

(M - 1)2 m=1n#m
1 M
+ (M* 1)2 Z VAR((T‘mJ 7771) . (Tm,2 77:2))
R
= —_—— cov Tm1_7:1 -T‘m2_7:27rn1_771 .7,n2_7:2
(]\4_1)2771_11127;1 ((rm, ) (T, ), (. ) (. )
+ (M]‘_I”Q VAR (rr — 1) - (s — 72) -

We begin with the second element above. The variance of (7,1 — 71) * (Fm,2 — T2) is

+ o+

VAR((rma = 70) - (2 = 72) = B (1 =71 - (2 = 72)°) = B (s = 71) - (rm2 = 72))
F (7’3",71 ~7',2n,2) + F ((F1)2 . (FQ)Q) +4E (rm1 - Tm,2 - T1 - T2)

2F (rfn’l T2 ’Fg) —2F (rm,l -7“,%%2 -Fl)

E (7"7271,1 : (772)2) +E (7”7271,2 : (7:1)2)

2F (11 - T1 - (72)?) = 2E (rp2 - (71)% - 72)

2
Ap2p? (1 — 1
1P2 Vi

M—4 M—6
M B (7"7271,1 '7"72n,2) -3 M 'E2(7"m71) 'EQ(Tm,2)
AM — 24 M —6 M—6
M 'E(rm,lrmﬂ) : E(TM,l) : E(TM,Z) + Ez(rm,l)E(T?nz) - TE(TEn,l)EQ(Tm,Z)
1 8 —2M 8 —2M
4o BT ) + CB(r7 1 i) Blrme) ¥ = B(rma 7h0) - ()

M
2iE(7ﬂ2 )-E(r2 )—)\2p2p2 1—1 +0 1
M m,l m,2 172 M M2
F (rfn’l . rfnﬁz) -3 EQ(rmﬁl) . E2(rm’2)
4-E(rmirme)  E(rmi) - E(rm2) —2-E(rme) - E (T72n,1 . Tm72) —2-E(rma) - E (T?n 9" rmJ)

1
E (7"7271,1) : E2(7"m,2) +FE (7"7271,2) : E2(7"m,1) - )\217%293 +0 (M) .
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The covariance between (1,1 — 71) - (Fm,2 — T2) and (rp1 — 71) - (rp2 — T2) for n # m is
cov ((’I‘m,l — 7:1) . (’I“m72 — fg), (Tn,l — 771) . (’I“n,g — 772))
2
1
B (s = 1) (rma = 72) s =70 (rna = 72)) = Vg3 (1= 1 )

E* (rmi1 Tma) — E(rnt - Tmi Tma T2) — E(Pno Tma - Tma - T1) +

+ E(’I‘m’l . Tm’g . 77’1 . 772) — E(’I"n’l . 'rm,l . T‘n’g . 72) + E(Tm,l . ’I’n71 . (772)2)
+ E(rm,l . ’I'n,g . 7:1 . 72) — E(’I"mJ . fl . (1:2)2) — E(ng . Tn71 . TTL,Q . 7:1)
+ E(""n,l “Tm,2 71 772) + E(’I‘mg “Tn,2 " (f1)2) — E(Tm,g . (f1)2 'fg)
+ E(rn,l “Tp2T1- Fg) — E(’I"n’l ST (772>2) — E(Tn,g . (771>2 -772)

2
£ B () ) - oiad (1- 57
= EQ(TmJ . ’l"m72) — 2E(Tn}1 “Tm,1 " Tm,2 Fg) — 2E(Tn’2 “Tm,1 " Tm,2 771)
+ 2E(7"m11 . T‘m’Q . Fl . 772) + E(Tm.,l . rn,l . (f2)2)
+ 2E(T7r1,1 . ng . fl . 7:2) — QE(TT,LJ . ’Fl . (F2)2)
+ E(’I‘mg “Tn,2 " (771)2) - 2E(7“m72 . (Fl)Q 'fg)

1\2
+ E((7)* (72)%) — Apips (1 - M>
M —2 M -2

= -2 E(rm1)E(rm2)E(rm1 - Tm2) + 7 E*(rp1  Tmy2)

+ L2 ) Brm)

— )\2p%pg <1 — Z\2l> + O (]\;2) .

Therefore
VAR ($12)

M _ _ _ _
= -1 COV ((rma —71) - (rm2 —T2), (rn1 —T1) - (Th2 — T2))
+ (MJ\:IW VAR ((rma1—71) - (Tm2 — 72))
2 Y e B B Ti) 2 B (s )
+ % “E*(rm.a) - B3 (rm2) — A\2pips - % +0 (1\;2>
+ %E (riy Tho) — 3% B (rm) - E*(rm2) + 4% E(rmirm2) - E(rmi) - B(rms2)
- 2% E(rm2)  E (1o o) — 2% E(rmi) E (1o 1) + %E (r701) - E*(rimy2)
+ %E (rm2)  E*(rma) — ﬁﬁpfpg +0 (]\}J

1 1
= MAZHPQ [A (p1p2 +1) + 1] +0 <W> .

2.3 Asymptotic bias of the moment estimators

Theorem 1 gives the expectation of moment estimators defined by (8),(9),(10).

17



Theorem 1. Ezpectations of the moment estimators are given, as M — oo, by
. 1 . 1
E(p1) =p1 +0 R E(p2) =p2+ O R

Sy, A D2 +1) —(prtpr) 1 1
P =A% DP1p2 M+O<M2>'

Proof. Based on the moment-type estimators defined by (8),(9),(10) and the Taylor approximation for
the mean of the ratio between two random variables (6), we can compute the expectation of our moment
estimators as follows:

. E(S’l 2) OOV(Sl 2, fg) VAR(’FQ) . E(Sl 2) 1
E(p) = 2 : : — 11
(P1) E(r) ) Bm) tO\az ) (11)
. B(S12) COV(S12,71) , VAR(F1) E(S12) 1
E() E() By B o\e) (12)
. E(F -7 i Tl S AR(S: o) - E(7 - 7 1
E()\) (TlA 7’2) _ COV(T1 ATQ,SLQ) + V R(Sl’Q)A (7’1 T’Q) + O <2) ' (13)
E(S12) E?(S:2) E3(S512) M
Substituting the above results in (11),(12),(13) completes the proof of Theorem 1. O

2.4 Asymptotic variance and of the moment estimators

Theorem 2 gives the variance of the moment estimators defined by (8),(9),(10).

Theorem 2. The variance of the moment estimators is given, as M — oo, by

R 1 1
VAR(p1) = )\%2 Mpp2+1) +1=p] - 7740 (M2) ,

~ 1 1
VAR(p2) = )%1 A(pip2 +1) +1—po] - i +0 (]\42) ,

A2(p1p2 + 1) + A(1 + 2p1p2 — p1 — p2) ~L+O L
p1p2 M M2 )

Proof. Based on the moment-type estimators defined by (8),(9),(10) and the Taylor approximation for
the variance of the ratio between two random variables (7), we can compute the expectation of our
moment estimators as follows:

VAR()) =

. E%(S812) [VAR(S12)  COV(S812,72) VAR(R) L

VAR(pl) = E2(r2 EQ(Sl 2) E(SLQ) E(fz) EQ('F2) +0 (M2> (14)
. _ E2( ) VAR(S’LQ) _ COV(Sl,Qy'Fl) VAR(Tl) i

VAR(p) = E2(ry E2(8, ) 2E(§1,2) - E(r1) E2(m) e <M2> 7 .
o\ _ E(r-m) |VAR( -T5)  COV(ri-7,51)  VAR(S:2) L

VARQA) = E2(S.0) E2(ry - 72) E(Fy - 7) - B(S1.2) i E2(S) 5) o (M2> 1o

Substituting the above results in (14),(15),(16) complete the proof of Theorem 2.
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3 Maximum Likelihood estimators: the Fisher information ma-
trix

Recall that

P(’I"l,’I“Q)ZP(Rl :Tl,RQZTQ):P(Xl +Y:T1,X2+Y:’I“2)

min(ry,r2)

= Y PY=DPX;=r-DPXy=ry-1).
=0

r T min(ri,rz)
Ap1 (1 — P (Apa(1 — 2 r r _
_ A= (1-pn)(a—pa)] (AP r1|P2)) (Ap2( T2|P1)) S ( ;) ( lz)l! A1 —p)(1—p)) ™"

=0

We compute

OP(ry,r
WPULTD - (1= )= p)l PO, )
r+r
+ 1/\ 2P(T1,T2)—p1pgp(’f’1—177’2—1) (17)
OP(ry,r r
% = — M1 = p2)P(r1,72) + —=P(ry,12) — ApaP(r1, 79 — 1) (18)
P1 P1
OP(ry,r r
% = A1 = p1)P(r1,rs) + =P(r1,r2) — Ap1P(ry — 1,72) (19)
D2 D2
Using (17),
0log P(ry,72) _ ap(gi“)
12D P(ry,72)
r1 + 1o P(Tl—l,’l“g—l)
= =—[1-(1—-p)(1— -
1= (= p)(1 = po)] + P e =
Using (18),
6P(7’1,’l“2)
810gP(’I”1,7’2) Op T1 P(T’l,’f‘g — 1)
Op1 P(ry,r2) (1=p2) D1 b2 P(ry,rs)
Using (19),
OP(ry1,r2)
Olog P(ry,12) Opa T P(ry —1,79)
Opa P(ﬁﬂ"z) ( pl) b2 P P(T177"2)
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Using the above we compute the second derivatives

32 IOg P(7"17 ’I"Q)

ON?

0?log P(r1,72)

8)\8])1

0?log P(ry,79)

8)\8;02

02 log P(ry,72)

op?

02 log P(ry,72)

Op10p2

0?log P(ry,79)

op3

4 1o - OP(r1 5;77“2—1) . P(T‘l — 1,7 — 1) GP((;;‘;\,TQ)
T o T MIP2T (w7 N 172
)\2 P(Tlﬂ"g) P(’I‘l,’r‘g) P(Tlﬂ"g)
it 9 o P(r1—2,r9—2)
A? T P(ry,m2)
2
p2p2 P(Tl—].,’l"g—].) 2p1p2P(7’1—1,7"2—1)
1 P(ri,m2) A P(ri,72)
P(ri—1,r2—1)
—(1— —
( p2) — D2 Plri,m)
aP(’l‘lfl,’l‘gfl) 6P(7’177‘2)

Ip1 P(rl —1,ry — 1) Ip1

p1D2 + p1p2

P(Tl, 7’2) P(’I"l,’l"g) P(Tl, 7’2)
P(T’lfl 7"272)
—(1- Ap1p3 ’

(1= p2) + Ap1p; Plri,ma)

P(ry —1 -1 P -1
Aplp% (7"1 , T2 ) (T17 T2 )

P(’I"l,’l“g) P(Tl,’r'g)
P(ri—1,ry—1

—(1—=p1)—m G 2= 1)

P(ry,72)
OP(r1—1,r9—1) OP(ry1,r2)
13172 ) P(rl — 1,7 — 1) 31312 )

Pip2 + p1p2

P(’I"l,TQ) P(T’l,’f‘g) P(Tl,T’Q)
P(T1 — 277"2 — 1)

—(1=p1) + Apip2

P(ri,m2)
)\p%pQP(Tl — ].,7"2 — 1) P(?"l — 1,7’2)
P(’I"l,’I"Q) P(r17r2)
OP(ri1,r2—1) OP(r1,r2)
" Ip1 + )\pz P(Tlar2 — 1) op1

——= =
p? P2 P(ry,ra) P(ri,r9) P(ri,ro)

P -2 P -1)7?
_;’%Jr)gp% (re,m2 )_/\ng{ (ri,m2 )}
1

P(ry,r2) P(ry,ra)
OP(ri,r2—1)
)\ _ )\P(T‘l,TQ — 1) B )\p2 z 811)22
P(T‘l,TQ) P(T‘l,T'Q)
OP(r1,r
)\p2 P(Tl,'/'g — ].) (31)12 2)
P(’I”]_,’I“Q) P(T17r2>
P(’I"l — 1,7‘2 — 1)
A+ A2
P1p2 Plr1,m)
P —1)P(r; —1
Npips (ri,me = 1) P(r1 — 1,1)
P(Tlﬂb) P(ﬁﬂ"z)
OP(r1—1,r3) OP(ry,r
2 T +>\p1P(T1—1»7‘2) (aplg =
D3 P(ry,r2) P(ry,ra)  P(ry,r2)

2

T2 2 2P(7‘1—2,T2) 9 2|:P(7‘1—1,T2):|

N F e ML LT U5l U R
pg pl P(T'l,’f’g) pl P(Tl,'f‘g)



The elements of Fisher Information matrix are thus given by

(o) - o[t
ot | { Mt B [P
B (af;pl In P(rl,r2)> = (1—p) = ApipiE [P(”P(Ti::; 2)}
R B oy o
-k (3552192 1HP(7“1,7“2)> = (L—p1) — WipE [P(HPIT?Z)_ l)}
R ey o
E (;; lnP(rl,r2)> _ pil CA22E {W}
E (8;;02 In P(ﬁ,rz)) = A AppE [P(”Pzri::z)_ 1)}
RS o o
_E (5102% 1nP(r1,r2)> - pi? ~\2E [W}

Let us note that, for any [,m > 0, we have

s P(ri—1l,ro —m
Z Plrisra)- ( P(ry,72) )

|
M8

P(ry—1l,ro — m)}
P(’I’l, 7’2)

ri=lre=m

8
g 1l

ri=lre=m r1=07r2=0

so that the above expressions simplify to

21
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0? p1+ D2 — 2p1p2 Tl 7“1—1 ry — 1))
(gghrinr) = ) plpﬁplpi;r; )

-E a721111% )| = (1 —p2)— A\p1p3
NI, 1,72 = D2 P1Ps

1)P(T1,T‘2 — 1)

+ A
P1D2 rlz:l TZZ:I 7“1, 7“2)

-E a721111% )| = (1—p1)—\p?
NI 1,72 = b1 P1P2

—DP(ri —1,r

sy 3 P = L)

r r
L= 1’(‘2 1 L 2)

82 /\ T1,T2 ))2
—E(+-5InP = N2+ N2 22{7—
(aPQ " (rl’T2)> P1 P2t P(ry,m2)

1 1= 07‘2 1

0? 9
—F | — lnP(’I“l,’I“g) = A=A P1P2

Op10p2
P(ry,r 71 P(ri—1,r
+ Npipo § § 1,2~ VPN 2)

P(ry,r
ri=1ry=1 12)

0? A 2,2 2 -1 72))2
E<82111P(7’1,7’2)) = p—zf)\plnL)\ ZZ Plryra)

r1=17ro=0

4 Comparison with Capture-Recapture (CR) Estimation

4.1 Derivation of Capture-Recapture Estimators

As explained in the paper in Capture-Recapture method the information regarding the number of events
which were recorded by both observers is available. Thus the precondition applying the capture-recapture
method is that we have the values of the variables X, 1, X, 2, Y;n: the number of events observed only by
observer 1, only by observer 2, and by both observers, respectively. These are assumed to be independent
and distributed according to (2),(3).

Lemma 1. The mazimum likelihood estimators (P1.cr,P2.cRs XCR) of the parameters (p1,p2, A) in the
capture-recapture method are given by:

= , 20

D1,CR 17 (20)

= , 21

P2,CcR 47 ( )

Sop = BLFI@240) (22)

Y
where
1 M 1 M
T; = M n;xrrL,ta 1= 1a25 Y= M mzz:l Ym

The values {(Tym.1,Tm.2,Ym)}M_; of the random variables, {(Xpm 1, Xm.2,Ym)}M_,, generated by (2)
and (3), with the independence assumption on the set, both for the same m and for different values of
m (m=1,2,---,M).
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We note that these estimators can be obtained both using a moment-type approach and using a maximum-
likelihood approach - in contrast with the problem which is the main focus of our paper, here the two

approaches yield identical estimators.

Proof. Following the independence of the random variables (X, 1, X 2, Ym) and the Poisson-distributed

(2)-(3), the likelihood function is given by:

P(Xm,l = xm,th,Q = Tm,2, Ym = ym)

mm,l! xm,2! ym'

o= P1(1-p3) (Ap1(1 — pg))™m o= p2(1-p1) (Ap2(1 — p1))*m2 e (Ap1p2)¥™

efA[lf(lfm)(lfm)] CAEm AT T 2 Ym (pl(l 7p2))xm71 . (pg(l 7p1))xm,2 . (P1P2)ym

Tm,1- xm,2! ym|

Therefore, the log-likelihood, neglecting terms not depending on the parameters, is:

M
LL()\7P17P2) = _MA[l - (1 _pl)(l - p2)} + <Z (xm,l + Tm,2 + ym)> hl()\)

m=1

m=1

To maximize the log-likelihood we calculate:

M
1
LL)\()‘ﬂppr) = _M[l - (1 _pl)(]- _pQ)] + (Z (xm,l + Tm,2 + ym)> Xa
m=1
and
M 1
LLpl (/\,p1,p2) = _M/\(l - p2) =+ (Z (xm,l + Ym > ; <Z Tm 2) 1
m=1 1 o
and finally,
M 1
LLP2()‘ap1ap2) = _M)\(l _pl) + (Z(xm,Z + ym ) ZT2 <Z Tm 1) 1 _
m=1

Setting the partial derivatives to 0, we have

1
*[1*(1*p1)(1*p2)]+(i1+i2+§)x 0,
AL —po) 4 @ AP~ —Fr—— =0
b2 o yp1 2 1—p
AL —p) 4 @A P~ -7 —— =0
b1 T2 pr 1 T—py

Solving these equations we obtain

)\CR: — )
Yy
Pi,cr = y
, 52+§7
P2.cr = y
' To + Yy
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(Z Tm 1) In(p1(1 —p2)) (Z Tm 2) n(p2(1—p1)) + (Z ym> In(p1p2).
m=1

(25)

(26)

(27)



4.2 Properties of estimators in the Capture-Recpature method

In this section we will make use of Taylor expansions defined in (6)-(7) for the following cases

( ) B VA}?( 2 (31)
VAR VA VARX) (32)

B <1> E >1 n 3VAR( ) (33)
x2 ) T B T T E(x)

Theorem 3 states the expectation of the maximum-likelihood estimators defined by (28),(29),(30).

Theorem 3.
E(pi,cr) =p1, E(P2,0r) = D2,

that is the estimators p1,cr,P2,cr are unbiased.

As M — oo,
oy, O=p)(A=p) 1 1
E(Acr) =2+ . Y +0 e )

Proof. The maximum-likelihood estimators for p; defined by (29) can be written as:
My

Mzo + My

It is well-known that the conditional distribution of (My) given (MZy + My) is Binomial with the

parameters (MZo + M7y , p1). So, using the total law of expectation,

D1,cR = (34)

My 1
E(p =F|E|——|M M F|——F(My|Mzx My
(Pr,cr) ( (ng—kM’ T2 + Z/)) <ME2+M17 (My|Mzy + Z/))
1
=F|——— (Mz My = ;.
(Mx2+My( T2 + y)p1> p1 (35)

The same for the po. We therefore conclude that these estimators are unbiased.

The estimator for detection rate defined in (22) can be re-written as

(2
] T+ + Tx
fen = O y)y( 219 _ PR RS (36)

This estimator is asymptotically unbiased, since:
N 1T
E(/\CR)E<E( 13/2+m1+m2+y‘17>)

1 _ _ _ _
= E <yE(x1)E(z2) + E(71) + E(72) + y>

1
= FE (Q) Ap1(1 = p2)Ap2(1 — p1) + Ap1(1 — p2) + Ap2(1 — p1) + Ap1p2

1 1
= + A2 1—p)(1—
[)\pwz M()\plp2)2:| p1p2( 101)( p2)

1
+ Ap1(1—=p2) + Ap2(1 = p1) + Apip2 + +0 <M2)

_ (I-p)d—p2) 1 RS
i (1Y -
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Theorem 4 gives the variance of the maximum-likelihood estimators defined by (28),(29),(30).

Theorem 4. As M — oo,

. _ n(l—p1) . 1 1
VarGien) = PP Lo (1), (39)
A _ p2(l—po) 1 1
VAR(p2,cr) = v 7 O ( M2> , (39)
< AMLA42pipy—pi—p2) 1 1
VAR(Acr) = o 7705 )- (40)

Proof. We use the law of total variance and the fact that the conditional distribution of (My) given
(MZz4 + My) is Binomial with the parameters (MZs + M4, p1), to find the variance of p1 cg.

My My
VARG or) = VAR (E (sz I ‘M@ i My)) B (VAR (sz i ‘M@ + sz))
1 1
= A — (Mzx My Fl———(Mzx My 1-—
VAR <Mx2 +ng( Ty + y)pl) + ((M:c2+My)2( Ty + My)p( p1)>
1
- nl-mE (75 ) ()

Using (31) and the fact that (MZs 4+ M) is Poisson-distributed with (M Apy) gives:

A _ pi(1—p1) 1 e
VAR(pl,CR) = \p2 i + O (M2> . (42)

The proof for ps ¢ is similar. We conclude that these estimators are consistent.

We proceed to calculate the variance of Acg. Again, we use the law of total variance by conditioning on
Y.

VAR(cr) = VAR(E (<+y><+w'y>>
+ E(VAR (ww’y» "

We first calculate the interior elements in (43) by conditioning on % and using the independence between
T1,%2 and g. So,

i Y
_ %E(@)  E(%) + E(%1) + E(Z2) +§
_ Apipa(1 _gpl)(l —D2) +Ap1(1—p2) + Ap2(1—p1)+ 7 (44)
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and

@ D@ +D) |\ pap (E D@D | N L
VAR( . y>—VAR( . ‘y>—y2VAR(( L+ 9) (@2 + )
= B [@+ 0@+ )] - Bl + D)@ + )
= 312 {E((@1 +9)*)E(@2+ 7)) — E*(21 + §)E*(Z2+ 9) }
_ 1712 {[VAR(z1) + E*(&1 + 9)|[VAR(:) + E*(&2 + §)) — B2(21 + 9)E* (32 + )}
1

= {VAR(21)VAR(Zs) + VAR(Z1)E*(Z2 + §) + VAR(Z2)E*(Z1 + §) }

= 1712 {VAR(Z:)VAR(Z2) + VAR(Z1)(E? (%) + 25 E(T2) + §°) + VAR(Z2)(E*(%1) + 25 E(%1) + 7°) }

= ,iVAR(;il)VAR(:fg) + %VAR(@)EQ(@) + %VAR(@)E(@) +VAR(z)

7
1 1
+ ?VAR(@)EQ(:T@) + 2§VAR(j2)E(:fl) + VAR(z,)
_ Apipa(1—p1)(1 — po) n Npi1p3(1—p2)(1—p1)? n 222p1pa(1 — p1)(1 — po) n Ap1(1 —p2)
M2y2 Mi? My M
n Apipa(1 —p1)(1 —p2)? " 2X2p1p2(1 — p1)(1 — p2) " Ap2(1 —p1)
Mi? My M
Npipo(l—p1)(1—po) [ 1 1 AN*pipa(1—p1)(1—p2) 1
= i {M+/\pz(1—p1)+/\p1(1—p2)}y2+ 0 §+
Ap1(1—p2)  Apa(1 —p1)
. 4
+ i + i ( 5)

Substituting (44) and (45) in (43) gives:

\ A2 1—p)(1—
VAR(Acr) = VAR (ﬂ + Ap1(1 —p2) + Ap2(1 —p1) + p1p2( 7171)( pz)) n

Y

22 1—p)(1— 1 1
+ E( pipa( ]\51)( P2) {M+/\p2(lpl)+)\p1(1p2)}y2)
ANpipe(1—p1)(L—p2) 1 Api(L—p2)  Apa(l—p1)
+ E( i §+ i + i )
2 _ _
— VAR <37+ A Plpz(l ypl)(l p2)) +
22 1—p)(1— 1 1
I 25 ]\51)( P2) {M+>\p2(1—p1)+Ap1(1—P2)}E(yQ) +
ANp1pa(1—p1) (1 —p2) . (1) | Apa(1 —p2) | Ap2(1—p1)
+ Vi El-)+ Vi + i
A 1 1
= AP N0~ 0 - VAR (1) + 2¥m(1 - p)(1 - m)COV (5.1)
22 1—p)(1— 1 1
n plpz( ]\51)( pz) {M+)\p2(1—p1)+)\p1(1_P2)}E<y2)
ANpipa(1—p1) (1 —p2) . (1) | Apa(1—p2) | Ap2(1—p1)
+ i E 7 + 7 + 7 : (46)
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Using (31),(32) and (33), we get:

. A !
VARGR) = =7 + Nptd(L = p)*(1 - pa)? <W)

1 1
2)\2 1— 1— 1-—
+ pip2(1 = p1)(1 = p2) ( AP1p2 (Apu’vz + (AP1P2)2M>)

Npipa(1—p1)(1 — p2) { 1 } < ! °
. + Ap2(1 = p1) + Api(1 — T
M ap TP =P A= pe) | s e
4X%p1pa(1 — p1)(1 — p2) ( 1 1 )
+ + 2
M Apip2  (Apip2)? M

Ap1(L—p2) | Ap2(1—p1) 1
+ ot T o4

A Ap1(1 — Apa(1 — 2X(1 — 1-— A1 — 2(1 - 2
1?71172Jr pl( p2)+ PQ( pl)Jr ( Pl)( p2)+ ( pl)( p2)

M M M M Mp1p2
n A1 —p1)2(1 — p2) n A1 —p1)(1 — po)? n 5(1 —p1)(1 —po)
Mp, Mps M?2pipy
3(1—p)(1—p2)?  3(1—p1)2(1 — 3(1 — py)(1 — 1
n ( p12)( . p2) n ( P12) 2( P2) n ( 1;1)(2 : p2) 40 (2)
M=p1p3 M?Zpips M3 \pip; M
M1+ 2p1po — pp — 1 1
AL+ 2pipa = p2)_+0<2>.
D1D2 M M
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