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Abstract

In this supplement, we focus on the local linear quantile regression estimator as an ex-
ample of 0, (c). Section 1 derives the limiting distribution of the normalized object ©,, and
shows that w,, := sgn(&)[1/F;(1/(058))](0a, (c) —0y(c)) = op(1), which verifies Assumptions
(i) and (iii) in the main paper. In Section 1.1, we present primitive conditions for the deriva-
tion and provide detailed comments. Section 1.2 presents the limiting distribution of ©,, and
the local linear quantile regression estimator. In Section 1.3, we show that w, = o,(1) for
the local linear quantile regression estimator. Section 2 discusses extensions of our results
for the case where the extreme value index varies with covariates (Section 2.1) and varying

coefficient models (Section 2.2). All proofs of this supplement are contained in the Appendix.

Throughout this supplement, we focus on the local linear quantile regression estimator:

(B, (€), Ba, (€)) = arg, rﬁmnz K (6,1 (Xi = €))pa, (Y — 0 — 6,1 (X; — ¢)'B),
’ =1

where K is a kernel function (see Assumption 3 in this supplement for details) and p,(v) =

v(a — v < 0}).
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Notation.

Hereafter we use the following notation. For random variables (Y, X) € RxR?, let Fy (y|c) be the
conditional distribution function of ¥ given X = ¢ = (cy,...,cq) € R? and 0,(c) = infyer{y :
Fy (y|c) > a} be the a-th conditional quantile function at c¢. For any function f : R? — R, let
D.f(c) = 9f(c)/0cy for u = 1,...,d. B C R? denotes some fixed closed ball around ¢, and
B, = H;l:l[cj — dp,cj + 9y For any positive sequences a, and by, we write a, < by, if there
is a constant C' > 0 independent of n such that a, < Cb, for all n, and a,, ~ b, means that
an /by, — 1 as n — oo. For any a € R, define sgn(a) =1 if a > 0 and sgn(a) = —1 if a < 0. We

use the notations % and % as convergence in distribution and in probability, respectively. For

a € R, let [a] be the integer part of a. Let || - || be the Euclidean norm.

1 Proof of Proposition 1 in the main text (verification of Assump-

tions (i) and (iii))

In this section, we prepare some auxiliary results (Section 1.1) and verify (2.3) in the main paper

(Section 1.2) and wy, := sgn(&)[1/F; (1/(061))] (Oay, (¢) — 0y(c)) = 0p(1) (Section 1.3).

1.1 Assumptions and comments

We impose the following conditions.
Assumption 1.

(i) {Y;, Xi}, is a sample from (Y, X) € R x R%. The random variable X has the density

function fx that is positive and continuous on B.

(i) There exist a random variable U, with distribution function Fy, and a measurable function
¢ : B — R such that the conditional distribution function Fy(z|z) of U =Y — ¢(X) given
X = z satisfies that Fy(z|z)/Fu,(z) ~T'(x), as z | FJ:(O), uniformly over x € B for some
positive continuous function T'(x) on B. The quantile function F[j*l of U, has end-points
Fﬁ*l(()) =0 or Flj*l(()) = —o0. The distribution function Fy,(z) exhibits Pareto-type tails

with extreme value index £ € R, i.e.,
(1) as z | Fg*l(O) =0 or —o0, Fy,(z +va(z)) ~ e"Fy,(2) for allv € R when § =0,
(2) as z | F(j*l(()) = —00, Fy, (vz) ~ v YEFy (2) for all v > 0 when € > 0,

(8) as z | Flj*l(()) =0, Fy, (vz) ~ v YEFy, (2) for allv > 0 when £ <0,



where a(z) = f;[;l(o) Fy, (v)dv/Fy,(z) for z > FJ}(O).

(1ii) Let 6, be a sequence of positive constants with 6, — 0 as n — co. Assume that négan —
ke (0,00) and a6, — 0 as n — oo, where ~y is defined in Assumption 1 (iv) below, and
(1) ap = 1/a(Flj*1(1/n5§lL)) when £ =0,
(2) an = —1/F;'(1/ndl) when & > 0,
(3) an, = 1/FU_*1(1/n6ﬁf) when £ < 0.
F[j*l(l/nég) for£=0
0 for&#0 ‘

(iv) For each w=1,...,d, Dyp(x) exists at each x € B, and there exist constants C' € (0,00)

Furthermore, we define b, =

and y € (0,1] such that Dyp(x) is y-Holder continuous on B, i.e., at each x € B, |Dyp(z)—
Dyp(c)| < Cllz —cf"

(v) For all n large enough, D,0,, (x) exists and is continuous at each x € B and u=1,...,d,

and Sup,ep, 0nl0a, () — ba, () — (€ — €)' 004, (c)/0x] = 0 as n — oco.

Assumption 1 (ii) is a key condition, which involves auxiliary objects ¢(x), I'(x), and U,.
Intuitively, the function ¢(z) can be considered as a general notion of the ‘boundary’ of the
conditional distribution Y'|X = z, and the conditional distribution of the error term U|X = z
is approximated by a multiplicative form I'(z)Fy, (+) so that U, and I'(x) may be interpreted as
an idiosyncratic shock and skedastic function in heteroskedastic errors, respectively. Under this
assumption, the quantile function 6,, (x) can be approximately decomposed into the function

¢(z) and remaining term, i.e.,
O, (2) = p(x) + i (an/T(x)) = p(z) + T(x)* Fy ' (an). (1.1)

Based on this decomposition and Taylor expansions of 6,, () and ¢(x) by using Assumption 1

(iv)-(v), in Theorem 1 below, we derive the limiting distribution of

(90, (€), Ban () = arg Iﬁninz K (6,1 (Xi = €))pa, (Yi = 0 = 6,1 (Xi — ¢)'B), (1.2)
’ i=1

centered around the expansion coefficients for ¢(x) and the second term in (1.1)%.

1Since we employ the conventional local linear quantile regression estimator, the quantile crossing problem
also occurs to our estimator (i.e., O (¢) may not be increasing in « in finite samples). In our context with
o = an, — 0, the sequence of the estimators {éan (¢)} may not be decreasing even though this feature does not
affect our asymptotic analysis. One way to circumvent the quantile crossing is to rearrange the quantile regression
estimator as in Chernozhukov, Fernandez-Val and Galichon (2010) (i.e, estimate 6,(c) by the a-th quantile of



More precisely, the auxiliary function ¢ is considered as (1) the boundary function for the
case when Y has a finite lower end-point, F} ' (0|z) = fo(z) = limg,, 0 Oa,, (z) = lim,,, jo(¢(z) +
F ' (an|z)) = ¢(z) > —00, or (2) the location function of Y given X for the unbounded support
case, [y, 1 (0z) = 6p(x) = limg,, o(¢(2) + F;; (an|z)) = —00, and the condition on ¢ restricts
the shape of the conditional distribution Fy;(-|z) of U =Y — ¢(X) given X = z. In particular,
we assume that Fy(-|x) is approximated by a multiplicative form I'(z)Fy, (+), and that Fy, has
a tail of type 1, 2, and 3 when £ = 0, £ > 0, and £ < 0, respectively (see Resnick, 1987, for
details on these types). Assumption 1 (ii) also requires that for any 1,29 € B, z — Fy(z|z1)
and z — Fy(z|xe) are tail equivalent up to a constant. This condition is motivated by the
closure of the domain of minimum attraction under tail equivalence (see Proposition 1.19 of
Resnick, 1987). Typically, Assumption 1 (ii) is satisfied for location-scale models. See also the
comments after Assumption 2 below. The absolute value of £ measures heavy-tailedness of the
distribution. Distributions with & = 0 include normal and exponential. Distributions with £ > 0
include stable, Pareto, and Student’s ¢. Distributions with £ < 0 include uniform, exponential,
and Weibull.

Assumption 1 (iii) is concerned with the canonical normalization of ,, (¢) — 04, (c). For
example, for Case (1), if U, follows the Laplace distribution Fy, (z) = 2~ e {2 < 0} + (1 —
271e=A:NI{z > 0} for some A > 0, then we have a(z) = A~! and Fg*l(T) = A log(27) (as
7 1 0) implying a, = A~! and b,, = A7 (log 2 — log(nd?)). For Case (2), if U, follows the Pareto
distribution Fy,(z) = (1 + |2|)"Y€I{z < 0} for some £ > 0, then we have F[;*l(T) =1-7¢
implying a, = ((né?) —1)~L. For Case (3), if U, follows the Weibull distribution Fy, (z) = (1 —
e*(z/ﬁ)_l/g)]l{z > 0} for some £ < 0 and 5 > 0, then we have FJ*I(T) = B{—log(1—7)}~¢ ~ p7¢
(as 7 | 0) implying a,, ~ B~ (nd%)~¢.

Assumption 1 (iv) and (v) are concerned with smoothness of the conditional quantile function

0., and auxiliary function ¢. A Taylor expansion of ¢ around x = ¢ yields
dy(c
o(x) = ¢lc)+ (x—c) (g(x ) + Ry(x, 6n), (1.3)
bon(®) = ban0) 4 o~ P22 i),

0u(¢) with U ~ Uniform[0, 1]) even though its theoretical analysis for the extremal case is beyond the scope of
this paper. Furthermore, it should be noted that such a rearrangement method for the linear quantile regression is
a finite sample modification and does not resolve misspecification problems of the linear model in the population.
Indeed Phillips (2005) characterized probabilities of quantile crossings implying misspecification of linear quantile
regression models in the context of predictive regressions, and argued that the linear quantile predictive regression
may be inevitably misspecified with high probability. Although formal analysis for predictive regressions is beyond
the scope, Phillips’ (2005) analysis also endorses importance of nonparametric methods to investigate conditional
quantiles.



and Assumption 1 (iv) guarantees

suIBE) |Ry(x,0n)| = 0(5711+7)_ (1.4)
xTre n

Assumption 1 (v) says that the remainder of the Taylor expansion of 6,,, (z) around z = ¢ should
be smaller order than a;!, i.e.,

sup a,|R(z, )| = o(1). (1.5)
r€B,

As shown below, this condition is satisfied for location-scale models under certain smoothness
conditions.?

We also assume the following dependence structure on {U;, X;}.

Assumption 2. The sequence {W;}l' with W; = (U;, X;) and U; = Y; — ¢(X;) defined in
Assumption 1 (ii) forms a stationary and strongly mizing process with a geometric mixing rate,

that is, for some Cq > 0,

sup sup IP(AN B) — P(A)P(B)|exp(Cim) — 0 as m — oo,
i A€A; BEB;+m
where A; = o(W;,Wi_1,--+) and B; = o(W;, Wit1,--+). Moreover, the sequence satisfies a
condition that curbs clustering of extreme events in the following sense: P(U; < M, Uity <
M|A;) < CoP(U; < MA;)? for all M € [s, M), uniformly for all m > 1 with some constants
Cy >0 and M > s.

Assumption 2 includes the case that the sequence of variables {U;, X;}I' ;, or equivalently
{Y;, X;}7,, is a sequence of i.i.d. random variables. The mixing assumption on {U;, X;}, is
equivalent to the one on {Y;, X;}7 ;. The non-clustering assumption is used to apply Meyer’s
(1973) theorem in (A.4) to establish the weak convergence of the point process (1.7) defined
below.

We now provide an example satisfying our assumptions. Let {U,;} be a sequence of i.i.d.
random variables and {Y;, X;} are observations. Letting { # 0, consider the following location-
scale model

Y; = o(Xi) +7(X)Uss (1.6)

*When Fy (y|x) does not have a finite end-point, the remainder R(z,d,) may diverge as v, | 0 in some cases.
However, in such cases, the definition of a, = fl/Flj*l(l/néi) implies a, | 0 as n — oo so that the condition in
(1.5) can be still satisfied. On the other hand, the condition in (1.5) becomes more stringent for ¢,, when a,, — co.

For example, when U, follows the Weibull distribution Fy,(z) = (1 — e (/B)THE )I{z > 0} for some £ < 0 and
B > 0, then we have a, ~ 871 (nd?)~¢. Additionally, consider the location-scale model in (1.6) below with scale
function ~y(z) such that D,v(z) exists and D,vy(x) is y-Holder continuous at each z € B and u =1,...,d. In this
case, we have sup, g |R(z,0,)| = O(6,"7). Therefore, the condition (1.5) is satisfied when 8, = o(ns/(1+7=de))
(note that £ < 0).



In this case, Assumption 1 (ii) is satisfied with T'(z) = y(z)'/¢. Also, Assumption 1 (v) is satisfied
if Dyy(z) exists and Dyvy(z) is y-Holder continuous at each 2 € B and u = 1,...,d.3

We note that Assumptions 1 and 2 could be relaxed in certain directions for some of the
results stated below, but we decided to state a single set of sufficient assumptions for all the
results in this section. We will extend results in this section later in Section 2.

We impose the following conditions for the kernel function.
Assumption 3.

(i) Letw = (wy,...,wg) € RL. The kernel function K is a bounded positive Lipschitz function

with support [—1,1]% and second order, that is

K(w)dw =1, K(w)wy,dw =0 foru=1,...,d.
Rd Rd

(it) [pa K (w)wd'dw is positive definite, where © = (1, w1, ..., wq) € RITL

These assumptions are standard in the literature and satisfied by popular kernel functions,
such as the uniform and biweight kernels. If one wishes to incorporate a discrete covariate, say
D; € {1,...,M}, our estimator for the a-th coniditonal quantile of Y|X = ¢, D = m can be
obtained as in (1.2) by replacing the kernel component “K (5,1(X; — ¢))” with “K (5, }(X; —
¢)I{D; =m}".

In the next section, we derive the asymptotic distribution of our local linear quantile regression

estimator.

3To see this, a Taylor expansion of y(x) around = = ¢ yields v(z) = v(¢) + (z — c)'ag—;c) + R+ (z,d5), where
SUp,cs, | Ry (%,6n)| = O(6,%7). Thus, by noting 6a,, (c) = ¢(c)+F ' (on)y(c) and W = ag—gf)JrF’*l (an)agg),
(1.3)-(1.5) imply

/0oan (C)
Sup an Oay (2) = ba, () = (@ =€) — 5=
_ , [ Op(c _ ov(e
= sup an |fa, () — {p(c) + FU*l(an)'y(c)} —(z—2c) { g( ) —+ FU*l(om) g( )H
zE€B, xr xr
< sup an|Re(z,0n)| + M sup |R~(z,dn)| — 0.
T oeBn Fyt(1/nég) zeg,



1.2 Asymptotic distribution of estimator

Let Uy = U; + Ry(X;,0n) — by, Define S = Sy x R?, where

[—00,00) if £ =0,
Soc = 4 [-00,0) if &> 0,

[0, 00) it £ <0.

As a preparation for the asymptotic analysis on the conditional quantile estimator éan (c), we

consider the following point process

n
N() =Y H{(anUns, 6, (Xi =€) € -}, (1.7)
i=1
as a random element of the metric space My(S) of point processes defined on the measurable
space (S, 0 (S)), where o(S) is the o-algebra generated by the open sets of S, and the metric space
M, (S) is equipped with the metric induced by the topology of vague convergence (see Resnick,
1987, for details on the theory of point process). In finite samples, if £ # 0, a,Uy, ; may not be in
Sec due to the term R, (Xj;,d,) and therefore we need to restrict the state space of a,Uy,; on Sy
in general. However, such a restriction on the state space does not cause any technical problem
since a,|Ry,(z,6n)] = O(a,d5t7) = o(1) uniformly over € B,, under Assumption 1 (iv), and
this implies that the restriction is asymptotically negligible.

The following result plays an important role to investigate the asymptotic properties of éan (c).

Proposition 1 (Weak convergence of N). Under Assumptions 1-2, N 4 N in My(S), where N

is a Poisson point process in My(S) with mean measure

I'(c) fx(c)e*dudw if € =0,
m(du, dw) = 4 T(c) fx (¢)¢(—u) " dudw if £ >0, (1.8)

—F(c)fX(c)%u_l/E_ldudw if € < 0.

Remark 1. Proposition 1 can be established by asymptotic theory of point process and the
weak convergence N % N enables us to develop statistical inference on extreme order conditional
quantiles. It should be noted that the limit distribution of éan (c) is not normal (see Theorem
2). Therefore, our analysis is quite different from the extrapolation approach, in which extremal
order conditional quantiles are estimated by extrapolations of estimators for intermediate order

quantiles (ndla,, — 0o as n — 00), investigated by e.g. Wang, Li and He (2012) and Daouia,

7



Gardes and Girard (2013) for linear regression and kernel smoothing, respectively.

Now we study asymptotic properties of the quantile regression estimator éan (¢). To this
end, we first characterize the limiting behavior of the coefficient estimator (6, (¢), Ba, (¢)). In

particular, we consider the normalized object

O, () — p(c) — by

Br=nl 2o(c)
Ba, (€) *571(57

The object A,, is centered around (gp(c) + by, 0n agag,c)) instead of the coefficients (Gan (o), (5n8937;,(c))

to cover all the cases (1)-(3) in Assumption 1. For the cases (2)-(3), we have b, = 0. Also

(Han (o), naeg;/(c)) involves a bias component as illustrated in the location-scale example in
(1.6) implying (9% (¢), on 693;,(6)) = (gp(c), On 8535?)) + F[j*l (o) (’y(c), On agz(f))

By using the Poisson point process N in Proposition 1, the asymptotic distribution of A,, is

obtained as follows.

Theorem 1 (Asymptotic distribution of A,,). Under Assumptions 1-3, it holds A, 4 Ao (k)
provided Ao (k) is defined as a random vector in R4TY which uniquely minimizes the objective

function

QA k) = —kfx(c) { /[_1 y K(w)wdw} A- /S K (w) min{u — @' A, 0}dN (u, w)

= —kfx(c) {/{1 .y K(w)wdw} A — Z KW;) min{J; — WIA, 0},  (1.9)

=1

with respect to A € Q where Q = R¥! for ¢ <0 and Q = {a € R : max,e(_1 ¢ W'a < 0}

for € >0,
Gi ; _
PR (7rdmw) iFe=0,
! . -£
—sgn(§) (W) if § # 0,

%
gi = Z UiE
j=1

{n;} = i.i.d. sequence of Exp(1) random variables,

Wi} = ii.d. sequence of uniform random variables on [—1,1]¢, and Wi = (1, W!)'.



Remark 2. Theorem 1 implies that the limiting distribution may be approximated by

5 S
. k ~ 7 . ~ 7
arg min {— f);(c) E_l KWi)Wi A — E_l K(W;) min{J; — W; A, O}} , (1.10)

for large values of S. In particular, (1.10) is equivalent to

S
arg min KWi)prix (Ji — Wi A),
S

A€RI+1 =1
and we can simulate the asymptotic distribution of A,, from the weighted quantile regression.
However, this simulation requires knowledge of the objects £, fx(¢), and I'(¢), which are unknown
to the researcher. For example when {Y;, X;} is an i.i.d. sample, Daouia, Gardes and Girard
(2013) proposed a Pickands type estimator of £, which also can be applied to the varying extreme
value index where £ may depend on ¢ and they showed its consistency under intermediate order
asymptotics (nd%a, — 0o as n — 00). We will discuss extensions of our results to the varying
extreme value index in Section 2. The density fx(c) may be estimated by the kernel estimator,
for example. On the other hand, it is not clear how to estimate I'(c) (defined in Assumption 1
(ii)) to implement the simulation based on (1.10). Therefore, we do not pursue such an analytical
approach for inference of the conditional quantile 6,,, (c) and we instead consider a subsampling

method which completely avoids estimation of the nuisance components £, fx(c), and I'(c).
Define Ay (k) = (Ao ,0(k), ..., Ax.a(k))’. Based on Theorem 1, the asymptotic distribution
of 04, (c) is obtained as follows.

Theorem 2 (Asymptotic distribution of 6, (c) and ©,,). Under Assumptions 1-3, we have that
A d
an (0o, (¢) = ba, (€) = Acoo(k) + 9(c;€), (1.11)

and

A‘gan (c) — erjzn (c)

Oman, (€) = b, (c)
Aoo,O(k) + g(CS 5)

A<><>,0(Tnk) - A<>o O(k)

)

1=

—: O, (1.12)

for any m such that k(m—1) > d+1, provided A (k) and Aso(mk) are uniquely defined random

vectors in R and
ey Jsrom =0
sgn(§) - (T(x)/k)S if € #0.



Remark 3. Theorem 2 implies that 8, (¢) — 6a, (¢) = Op(1/a,), where a,, is defined in Assump-
tion 1 (iii). We note that a,, | 0 for the case of £ > 0 and a,, — oo for the case of £ < 0. Since
a, is unknown in general, we cannot use (1.11) to provide practical inference tools for 6, (c).
On the other hand, the weak convergence result in (1.12) is useful for inference on 6,,, (c) since
we can compute O, which is a randomly self-normalized version of 0, (¢) — 0, (¢), without the

knowledge of canonical normalization a,,.

Remark 4 (Comparison with Daouia, Gardes and Girard (2013)). We now compare the point
estimator 9% (¢) with the extrapolation-based approach. Daouia, Gardes and Girard (2013)

studied kernel smoothing for estimating extremal conditional quantiles by using the relation

O1a(c) — 04(c)

a(0a(0)c) Keo)(1/t) = 0,

for all t > 0 as @ — 0 under Assumption (A.1) in their paper. Here, a(-|c) is an auxiliary function
defined in Daouia, Gardes and Girard (2013), £(c) is the extreme value index of Fy(y|c), and

Ke(u) = [{'v*~'dv. Based on this result, one can construct an estimator of 65, (c) by
On, () = 0, (c) + Ky (@n/an)a(c), (1.13)

where £(c) and a(c) are estimators of £(¢) and a(f, (¢)|c) respectively, &, is an intermediate
quantile level such that &, — 0 and nd¢d@, — oo as n — oo, and é&n(c) is the intermediate

quantile regression estimator defined as

_ 2 KO (X — o)) (Y <y}

05, = inf{y: F > an}, F
» = Il ly s Byl > and Byl = =5 e ey o

Intuitively the estimator égﬂ(c) uses sample information from less extreme observations to esti-
mate intermediate quantiles at &,,, which can yield desirable risk properties as a point estimator.
Indeed Daouia, Gardes and Girard (2013) carefully studied the estimation method of the second
term in (1.13) and investigated the asymptotic properties of égn(c) Compared to éfﬂ (c), our
point estimator 6, (¢) uses less sample information and the convergence rate tends to be slower.
Rather our focus is on inference (i.e., confidence interval and hypothesis testing) based on the
point process theory instead of central limit theorems, and the result in Theorem 2 should be

understood as a building block for subsampling inference.

Remark 5 (Uniqueness of Ay (k) and continuity of G(z) = P(O« < x)). Uniqueness of Ay (k)

is necessary to apply the convexity lemma (Geyer, 1996, and Knight, 1999) to show the weak

10



convergence of A,. Furthermore, we need the continuity of G(z) to show the asymptotic validity
of our subsampling method. We can show the uniqueness of Ay (k) and continuity of G(x) if
fRd K (w)ww'dw is positive definite. Indeed, since Qoo (A, k) is convex in A and W is the uniform
random variable on [—1,1]¢, Chernozhukov (2005, Condition PJ) is satisfied. Therefore, we can
show the tightness of A (k) similarly to the proof of Chernozhukov (2005, Lemma 9.7). Taking
the tightness of Ay (k) as given and under Assumption 3 (ii), we can show that (a) A (k) is
uniquely determined almost surely, (b) Ao o(mk) — A o(k) > 0 almost surely, and (¢) A o(k)
has the continuous distribution function by a similar argument to the proof of Chernozhukov and
Fernandez-Val (2011, Lemma E1). Therefore, (b) and (c) imply that © is a proper random

variable with a continuous distribution function.

Remark 6 (Choice of the bandwidth 8,). To implement our point estimator fq, (c) in (1.2),
we need to choose the bandwidth §,,. One data-driven approach is to adapt cross validation to
the local quantile regression as in Takeuchi et al. (2006). For example, the leave-one-out cross

validation minimizes Y i, K(6,(X; — ¢))pa,, (Y — é&;l) (c)— 0o,

n

X —e) Ac(,;i) (¢)) with respect
to dp, where (é&;z)(c), B&;l)(c)) is obtained as in (1.2) by deleting the i-th observation (Y;, X;).

However, its theoretical analysis is beyond the scope of this paper.

1.3 Verification of the condition on 6,,(c) in Assumption (iii) of the main

paper for the local linear quantile regression estimator

Define A, = —sgn(¢) - 1/F;1(1/(b6)) and wy, = |Ap(ba, () — éab(c))\. Note that éab (c) is the
intermediate order conditional quantile computed using the full sample of size n since ayndd =
knop/oy, — o0 as n — oo. To show w, = 0,(1), we apply the results in Ichimura, Otsu and

Altonji (2019). Now we assume the following conditions:

“(r OF; Y (r/T . AF () . .
(a) aFUaT( 2 v, ST/ @) as 7 | 0 uniformly over = € B. %*T(T) is regularly varying at 0

oF; ! (r)/or
-1 FJ*l ()

€ (0,00).

with exponent £ 4- 1 for some £ # 0, and lim,

(b) Conditions C1, F1, and R1 (when & < 0) or Conditions C2, F2, and R2 (when £ > 0) hold

by replacing o, (in their notation) with .

Then, Theorems 1 and 3 in Ichimura, Otsu and Altonji (2019) yield

Bus(0) =) = Oy ([ ).

11



where

¢ = fy(Bay(0)|c) = fone)rv(Bo(c) + FH(awle)|e) = fu(Fy (asle)]e)
_ 1 1 a/I(c)
T\C)/(’“)T‘T o (T/F /8T| LoFikl(ozb/F(c))’
OF; ! (r)/or

for Lo = limz0 — € (0,00), and the wave relations follow from Assumption (ii) of the

LFy ()
main paper. This implies

) FCF_la T(c
By () — D () = O, ( © iféingé( >>> |

and we obtain

w sgn (&) F(C)F:I(Oéb/r(c))
" F N6 opndd

_ 1 Qp
- %(k%@&uuw%>=%<%)=%m,

since ky, = ndlay, (= bofay) — k € (0,00) and a, /o, — 0 as b,n — oo.

2 Extension

In this section, we discuss two extensions of the results in Section 1. In particular, we extend
our results to (i) the case where the extreme value index of U, may vary with covariates (Section

2.1) and (ii) varying coefficient extremal quantile regression models (Section 2.2).

2.1 Varying extreme value index

In this section we extend our results to the case where the extreme value index of U, may vary
with covariates, that is, the distribution of U, depends on X = x through the extreme value index

&(x) # 0. Before we state our results, we provide an example to motivate such an extension.

Example 1. Suppose that X is half-normal with negative support and Y given X = x is the
negative Pareto distribution such that Fy (y|z) = (1 + |y|)~"*l for y < 0 and z < 0. Then the
conditional quantile is 0,(z) =1 — r~1*l =1 — 7% In this case, we cannot apply Theorem 1 in
the supplement to estimate 6, (c) (¢ < 0) since the conditional tail index is &(x) = |z| > 0 is

not constant.*

4See Daouia, Gardes and Girard (2013, Section 4) for further examples of varying extreme value index models.
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To allow dependence of £ on X = x, we impose the following assumption.

Assumption 4. (ii’) There ezists a measurable function ¢ : B — R such that the conditional
distribution function Fyy(z|x) of U =Y —@(X) given X = x satisfies that Fy(z|x)/Fy, (2|z) ~
[(x), as z | FU_*I(O]x), uniformly over x € B for some positive continuous function I'(x)
on B. The quantile function F§1(|Jz) of Uy given X = x has end-points F51(0|ZL‘) =0 or
Fl;*l (0]x) = —o0. The conditional distribution function Fy, (z|x) exhibits Pareto-type tails

with extreme value index £(x) # 0, i.e.,

(2) as z | FU_I(O\x) = —o0, Fy, (vz|x) ~ v~ YVE@) Fyy (2]x) for all v > 0, where & : R —
[0,00) is positive and continuous on B.
(3) as z | Fg*l(0|x) =0, Fy, (vz|z) ~ v VE@ Fy (z|2) for all v > 0, where & : RY —

(—00,0] is negative and continuous on B.

(i4i’) Let 8, be a sequence of positive constants with §, — 0 as n — co. Assume that né%a,, —

ke (0,00) and a,65"" — 0 as n — co, where

(2) a, = —l/F[j*l(l/n(;fﬂc) and b, = 0 when &(c) > 0,

(3) a, = 1/F5*1(1/n5g\c) and b, = 0 when £(c) < 0.

We call the set of Assumptions 1 (i), (iv) and (v), and Assumptions 4 (ii’) and (iii’) as

Assumption 1’

Remark 7. In Example 1, Assumptions 4 (ii’) and (iii’) are satisfied with ¢(z) =0, I'(x) = 1,
and a, = 1/((1/né%)¢ — 1). We can also check that Example 1 satisfies Assumption 1 (v). Now
we additionally assume that &, (logn)? — 0 as n — oo. This implies that ;%" — 1 as n — oo

since

On log a, ~ 6, log(k/néd) = 6, (logk — logn — dlogd,) — 0.

Define D, (x) = df.(x)/dx = —7*(log 7). We have

sup  dn|Da, () = Db, (c)] S kllogan| sup |af ¢ —1] S k[ log ay|(ay — 1)
|z—c|<dn |z—c|<dn

< k¢l log amla; ™08, log avp, for m, € (0,1)

< (logn)?é,, (2.1)

~

As they argue, under the von-Mises type condition, £(z) may be characterized as

lim Py (ylo)d® Fy (ylz)/dy*
yloo(z)  {dFy (y|z)/dy}?

() +1,

where 0p(z) = limqyo 0o (7).
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where the third inequality follows from the mean value theorem. Therefore, (2.1) implies
SUPgep, On|R(x,d,)] = o(1) and this also implies Assumption 1 (v). Analogously, the condi-
tion would be satisfied for a wide class of models if {(x) and I'(z) are sufficiently smooth on B.

Furthermore, it is easy to check that Example 1 satisfies Assumption 5 below.
Under this assumption, our main results are extended as follows.

Theorem 3. Suppose that Assumptions 1’ and 2 hold. Then the same result of Proposition 1
when & # 0 holds by replacing & with {(c). Additionally, suppose that Assumption 3 holds. Then
the same results of Theorems 1 and 2 when £ # 0 hold by replacing £ with £(c).

For subsampling inference, we impose the following assumption.

Assumption 5. The conditional quantile density function 8F51(7|x)/87 exists and satisfies the

tail equivalence relationship

OFy ' (rlz)  OFy(7/T(@)lx)
or or

as 7] 0,

uniformly over x € B, where aF[}*l (1|x) /0T is reqularly varying at 0 with exponent {(z) + 1
on B. We also assume that there exists a function h such that h is continuous on B and

—1
Oy, (Tw)/or ) _ h(x) € (0,00) on B.

lim
740 7'—1FJ*1 (7|x)

For the case of the location-scale model Y = ¢(X) +~(X)U, with Fy, (u|z) = (14 |u|)~1/4®)
for u < 0 and some positive continuous function £(x), we have F(Ll (t|z) = 1 — 77€@) and the
function h(x) in the above assumption coincides with &(z).

Under the above assumptions, the validity of our subsampling inference for the case of varying
extreme value indices is established as follows. The proof requires the convergence rate of our
estimator under the intermediate order quantile asymptotics, which can be obtained by adapting

the argument in Ichimura, Otsu and Altonji (2019) for the case of varying extreme value indices.

Theorem 4. Lett € (0,1). Asn — oo, it holds b — oo, b/n — 0, 6, — 0, 0 — 0, ap, — 0, and
ap /o, — 00. Under Assumptions 17, 2, 3, 5, and condition (b) in Section 1.3 of this supplement,

the same result of Theorem 1 in the main paper holds.

2.2 Varying coefficient extremal quantile regression

We can also extend our analysis in Section 2 to varying coefficient extremal quantile regression
models. Let Z be a random variable in R%Z | and fix ¢z € R%. We consider the following varying
coefficient model

Y:XI/B(Z)+7(X7Z)VK7 (2‘2)
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where 8(-) = (Bo(+), ..., B4(+))" are unknown functions of Z, v(-) is a scale function, and V is an
error term that is independent of (X, Z) and is in the domain of minimum attraction with £ # 0.
This specification allows the effect of each element of X to depend on Z in a nonparametric way.
As well as nesting nonparametric additive models (Hastie and Tibshirani, 1993), this varying
coefficient model is also a generalization of the partially linear model (Robinson, 1988). Also in
the literature of regression quantiles, many papers studied the varying coefficient model and its
variants for fixed quantiles; see Lee (2003) for partially linear models, Horowitz and Lee (2005)
for additive models, Honda (2004) and Kim (2007) for varying coefficient models, among others.
In this subsection, we contribute to this literature by considering varying coefficient models in
the context of extremal quantiles.

In this setup, the assumptions in Section 2 are adapted as follows. Let Bz denote some fixed

closed ball around cz.

Assumption 6. (i) {Y;, X;, Z;} is a sample from (Y, X,Z) € R x R x R, The random
variable (X, Z) has the distribution function F(x,z) with compactly supported conditional
distribution function Fx(x|z) for z € Byz. Z has the density function fz(z) that is positive

and continuous on a neighborhood around B .

(i) EIXX'|Z = cgz| is positive definite. Without loss of generality, let E[X|Z = cz] =
(1,0,....0).

Assumption 7. (i) There exists a measurable function B(-) = (Bo(-),. .., Ba(-))" : Bz — R+
such that the conditional quantile function of V. =Y — X'8(Z) given X = x and Z =
z satisfies that F‘;l(v]a:,z)/Fil(v) ~ v(z,z), as v | 0, uniformly over {(z,z) : x €
S(X|z),z € Bz} for some positive continuous function y(z,z) on {(z,2) : @ € S(X|z),u €
Bz}, where S(X|z) is the support of Fx(x|z). The quantile function szl of Vi has end-
points F‘;*l(()) =0 or F‘Zl (0) = —o0. The distribution function Fy, (v) exhibits Pareto-type

tails with extreme value index £ # 0.

(i4) Let 6, be a sequence of positive constants with §, — 0 as n — co. Assume that nd%% a,, —

k € (0,00) and a,d, — 0 as n — oo, where

(1) a, = —1/F1;*1(1/n(5g2) when & > 0,

(2) an = 1/F;*(1/n682) when & < 0.

Assumption 8. (i) Dyy(x,2) = 0v(x,2)/0z, exists and is continuous at each z € Byz,x €

S(X|z) and for eachv=1,...,dz.
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(1t) DyBj(z) exists and is y-Hélder continuous at each z € By and for each v =1,...,dz.

Assumption 9. The kernel function K is a bounded Lipschitz function with support [—1,1]%7

and second order.

Under these assumptions, we consider the following point process
Ni() = ZH {(an(Vi + X{(B(Z:) — B(c2))), Xi, (Zi — c2)/bn) € -},
i=1
as a random element of M,(S;), where

o [—00,0) x S(X|cz) x R if £ >0,
1 =

[0,00) x S(X|cz) x Riz  if £ <0.

Let I'(z, 2) = ~(x, 2) /<.

Proposition 2 (Weak convergence of Nl) Under Assumptions 6-9 and Assumption 2 by replac-
ing U; and W; with V; and W; = (Vi, X[, Z])', respectively, it holds Ny A Ny in M,(S1), where

N1 is a Poisson point process in My(S1) with mean measure

m(do, i, dw) = D(z,¢z)f7(cz) ¢ (—v) " dvdFx (z|ez)dw i € >0,

—F(ZL',Cz)fz(CZ)%’U_l/é_ldvde(fL“Cz)dw if € <0.

Now we focus on the model (2.2) and assume that y(x, z) = 2’0(z) where o(2) = (00(2), ...,04(2))

and X'o(z) > 0 almost surely for z € Bz. We also assume that D,0;(z) exists and is y-Holder
continuous at each z € By and v = 1,...,dz. In this case, the conditional quantile can be

written as

Fy Nanlz,cz) = o' (B(cz) + o(cz) Fy, (an)) = 2'Ba, (c2),

where S, (cz) = B(cz) + O'(Cz)F‘;*l(Ozn).
Based on this expression, we consider the following quantile regression problem:
n
Ban(cz) = arg min » K(6,'(Zi — cz))pa(Y; — XiB). (2.3)
peRTT
Let A, = a,( 3em) (¢z)—PB(cz)). The asymptotic distribution of the quantile regression estimator
(2.3) for the varying coefficient model (2.2) is obtained as follows. Since the proofs of Theorems

5 and 6 are analogous to those of Theorems 1 and 2, they are omitted.
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Theorem 5 (Asymptotic distribution of A,). Under Assumptions 6-9 and Assumption 2 by
replacing U; and W; with V; and W; = (Vi, X1, Z!)', respectively, it holds A, A Ao (k) provided

Aoo(k) is defined as a random vector in R which uniquely minimizes the objective function
Qoo(A k) = —kE[X|Z = cz)/A — [ K(w)min{v — 2'A,0}dNy (v, z,w)
Sl

= —kE[X|Z = cz]'A — ZK ) min{J; — X/ A, 0},
=1

with respect to A € Q1, where Q1 = R¥ 1 for € <0 and Q1 € {a € R*! . MaX e 5(X|cy) 'a < 0}

for £ >0,

Gi ) °
Ji = —senle)- < |
f gn(&) 2021 X;, cz) fz(cz)
i
g = an’
{nj} = ii.d sequence of Exp(1) random variables,

{X1,} = i.i.d. sequence of random variables with the distribution function Fx(-|cz),
{Wi} = ii.d. sequence of uniform random variables on [—1, l]dz

For inference, we can consider the self-normalized version of A,:

5. fanle2) ~ oy (e2)
Z?:l Knvin((Bmom (CZ) - Ban (CZ))/ Z?:l sz' ’

where Kn,i = K(égl(ZZ — Cz)).

Theorem 6 (Asymptotic distribution of ©,). Under Assumptions 6-9 and Assumption 2 by
replacing U; and W; with V; and W; = (Vi, X!, Z!)', respectively, it holds

— 4 Aso(k) +s

n

gn(é) - k~*o(cz)
E[X|Z = cz)(Asc(mk) — Ao (k)

= éoo(k, m),

for any k(m — 1) > d+ 1, provided Ao (k) and A (mk) are uniquely defined random vectors in
R4+1

Remark 8. It is possible to show the uniqueness of A, (k) and continuity of the distribution
function of © ., (k, m) under Assumption 6 (ii) by a similar argument to A (k) and O (k, m). It
also would be possible to develop subsampling based inference for each component of O (k, m),

i.e., we could consistently estimate the quantile of each component of ©,(k, m) by following the
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procedure in Section 2.3 and by using the analogue of ©,, computed from each subsample. To
this end, we need to derive the convergence rate of our varying coefficient estimator under the

intermediate order quantile asymptotics, which is beyond the scope of this paper.
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A Proofs

A.1 Proof of Proposition 1

We first consider the case where {U;, X;}7 ; is i.i.d. Let £ be finite unions and intersections of

bounded open rectangles in S. From the definition of the mean measure m in (1.8),

I'(e)fx(c) f(u,w)eS e"dudw if£=0,
m(8) = 4 () fx(€) fiymyes £ (—w) " dudw it € >0,

(0 (6) fpyes — b6 Mdud i€ <0,

for S € £. Resnick (1987, Proposition 3.22) implies that if

lim E[N(5)] = E[N(S)] = m(S), (A.1)
lim P(N(S) = 0) = P(N(S) = 0) = exp(—m(S)), (A.2)

n—o0

for all S € &, then it holds N 4 N in M,y (S). Thus it is sufficient for the conclusion to show
(A.1) and (A.2). Hereafter we present a proof for the case of £ < 0. Proofs for other cases are
similar.

First, we show (A.1). For this it is sufficient to consider E of the form S = Uj]\/ilSj, where
S; = (gj, uj) X S]W for j =1,..., M are nonoverlapping and nonempty subsets of S, and S]W are

intersections of open bounded rectangles of R%. Observe that

M M
BN = Y BN = X (o (X =) € () x 5]

_ ZnE [{(anUn.i, 8, (X — ©)) € (u;,75) x S}V }X,]]

= ZnE [H{an (Ui + Rp(Xs,0n)) € (uj,u5)}X:] 1{6, " (Xi — ) € S}V}]

i +o(1
- Znég/ <FU <“7 ol 5nw> ~Fy <uﬂ o)
j=1 wES]W a

c+ 5nw>) fx(c+ dpw)dw

n aTL

=: Iy,

where the first equality follows from the definition of {5 }J]Vil (nonoverlapping), the second equal-
ity follows from the stationarity of {U;, X;}I' ;, the third equality follows from the law of iterated

expectation, the fourth equality follows from the definition of U, ; and property of conditional
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expectation, and the fifth equality follows from the change of variables and Assumption 1 (iv)

(implying (1.4)). Also, observe that

Fy ( uto(l) ‘ c+ 5nw>

an

Fu, <LO(1)>

Fu ((u+0(1))F; 1 (1/(né))] ¢+ bpw) Fu, ((u+o(1)Fy ! (1/(ndl)))
Fy, ((u+o(1))Fy ! (1/(ndd))) Fy, (Fi(1/(ndd)))
= (T(c+ dpw) 4+ 0(1)) x (u™ Y +0(1)) = T(c)u™¢, asn — oo,

uniformly over w € [~1,1]%, where the first equality follows from Assumption 1 (iii) and the
second equality follows from the tail properties of U (given X) and U, (Assumption 1 (ii)).
Therefore, (A.1) is obtained as

M

L= 3 Tt o) —uj‘l/f}/ Fle+ Saw)dw + o(1) = m(S).  (A.3)
j=1 wESJW

Next, we show (A.2). The same argument to derive (A.3) yields P ((a,Un,i, 0, 1(X; — ¢)) € S) ~
m(S)

=% for any S € £. Thus, an application of Meyer (1973) yields (A.2). Therefore, we obtain
N % N for the case of £ < 0 with i.i.d. observations.
We can also show the same result under geometric strong mixing condition (Assumption 2)

as an application of Meyer’s (1973) theorem and by observing that

~

[n/m]

n Z P ((anUn,l,égl(Xl —¢)) € 8, (a,Upni, 0, 1 (Xi —¢)) € S)
=2

< O (n[n/m]P((anUnJ,(s;l(Xl —c)) € 5)2) = O(n[n/m]égdai) =0(1/m). (A4)

A.2 Proof of Theorem 1
Step 1: Overall sketch

Let

n
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The objective function for i, is written as

n
Z Kn,z‘pan (Y; - X;L,iL)
n ~ ~
= Z K ilo — T{Y; — X, ;0 < O}(Y; — X, ;1)

= 0,"Y  Knilon — Han(Ui + Rp(Xi,0n) — by) — X, j0n (0 — 1o — brer) < 0}
x{a,(Us + Ry(X;,0p) — by,) — X';L’ian(L —lpm —bper)}

= 0, Y Knilan — KanUn, — X} ;A < 0H{anUn;i — X7,;A}.

Thus, we have A,, € arg minpcga+1 Qn(A), where

Qn(A) = —om Y KniX) ;A= Kpil{anUn < X ;:AH{anUni — X, A}
=1 =
= _an(A) - QQTL(A)

We also note that subtracting > 7 | Kp [ I{a,Uy; < —6}(—=0—a,U,,;) for some § > 0 from Q,(A)

does not affect optimization for A, and denote the new objective function:

Qn(A) = _an(A) + QQn( ) = _an + ZKTZ 166 anUn 7,7Xn i A)

=1

where
Os(u, w; A) = H{u < 0'ANW'A —u) —H{u < —6}(—5 — u).

Since K (w)fs(u, w;A) is a sum of convex function in A, Q,(A) and Q,(A) are also convex in

A. Observe that

~Qun(a) = -l ZKn,iX;L,@-A%—kfX@){ / K(w)uvdw} A,
(—1,1]

as n — oo due to the law of large numbers. Moreover, by the definition of N, it holds

Qo (A) = Z K, ;min{a,U, ; — )N(,’mA, 0} = /K(w) min{u — @'A, 0}dN (u, w),
Qon(A) = /SK(w)&;(u, w; A)dN (u, w).

Based on these notations, the convexity lemma (Geyer, 1996, and Knight, 1999) says that if
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(a) Qn (or @,): R*! — R is convex and lower semicontinuous in A for each n € N,

(b) Qn (or Q) marginally converges to a limit function Qs : R4T! — R defined by

Qoo (A k) = —kfx () {/[_ K(w)wdw} A+ /SK(w)f(g(u,w;A)dN(u,w), (A.5)

l?l]d
over a dense subset of RIt1

(¢) Qn (or Q) is finite over a non-empty open set Dy C R4,

(d) Qoo is uniquely minimized over R%! at a random vector Aq(k),

then we obtain the conclusion, A, KN A (k).

Condition (a) is satisfied from the definitions of @, (A) and @, (A). Condition (d) is assumed.
Condition (c) is satisfied by setting Dy as (i) any non-empty open bounded subset of R+ (for
€ < 0) or (ii) any non-empty open bounded subset of Ay := {A € R4*!: max,,c[_1,1j¢ WA < 0}.
Thus, it remains to check Condition (b) (in Step 2). Finally in Step 3, we verify the second
equality in (1.9).

Step 2: Check Condition (b)

Note that Quo(-, k) in (A.5) is the marginal weak limit of {Q,(-)} if and only if (Qn(4;),j =
1,...,L) 4 (Qoo(Aj, k), § = 1,...,L) for any finite collection {Ay,...,Ar}. Let T : M,(S) —

R be a mapping defined by

N (/S K (w)ls(u, w; Ap)dN (u, w),...,/SK(w)&;(u,w;AL)dN(u, w))/.

Also define

max WA, Kg= max wA.
we[_lvl]dvAe{Alv---vAL} we[_lvl]d

K =
Based on this notation, we check Condition (b) for three cases: (i) £ = 0, (ii) £ < 0, and (iii)
&> 0.

Case (i) £ = 0. Note that the map (u, w) — K (w)ls(u, w; A) is continuous on S = [—00, 00) X
R? and vanishes outside the compact set [—oo, max(k, —d)] x [~1,1]? with x < co. Then since
M,(S) is equipped with the vague topology, this implies that 7" : M,(S) — R’ is continuous, and
the continuous mapping theorem combined with N 4N (Proposition 1) yields Condition (b).

Case (ii) € < 0. Note that the map (u,w) — K(w)min{u — @’A,0} is continuous on

S = [0, 00) x R? and vanishes outside the compact set [0, max(k,0)] x [~1,1]¢ with & < co. Then
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T : M,(S) — RL is continuous, and the continuous mapping theorem combined with N4 N
(Proposition 1) yields Condition (b).

Case (iii) € > 0. Let Ap := {A € R+ max,,c[_1,1j¢ W'A > 0}. Since Ay UAp is dense in
R4 it is enough to show that Q,(A) KN Qoo(A, k) for each A € Ay, and Q,(A) B +oo with
Qoo (A, k) = 400 for each A € Ap.

(I) Pick any A € Ay. The map (u,w) + K (w)fs(u, w; A) is continuous on S = [~o0,0) x R?
and vanishes outside the set S = [—o0, max(k, —6)] x [—1,1]¢, where x < 0 on Ay. Note that
S is compact since k < 0 if A € Apn. Thus, the continuous mapping theorem combined with
N&N (Proposition 1) yields Q,(A) LN Qoo (A k).

(IT) Now pick A € Ap. Note that £s5(u,w; A) = min{w'A —wu,0} > 0 for any u > —§. Hence,

for any u > —d and € > 0, it holds
Os(u,w; A) =T{—0 < u < WA} W'A —u) >T{—6 <u<0,0'A > e}e. (A.6)

This implies

Qn(A) 2 _an(A) + Vi,n + Vé,n7

where
‘/i,n = Z K((s;l(Xl - C))E(S(anUn,ia Xn,i; A)H{anUn,z < _5},
i=1
Vo = Y K0, (Xi— ))[{~0/an < Un; <0, X/ ;A > cle.
i=1

Observe that V} , = Op(1) by the argument in (I). For V3, note that for each € > 0,

P(—6/an < Up1 <0,X, 1A > 6,6, (X1 —c) € [-1,1]%)

= /H {—5/% <u+ Ry(w,8,) <0,(1,6; (x — ¢))A > €,67 (z — ¢) € [-1, 1]d} dFy (ulz) fx (z)dz

= 555/]1{—5/% < u+ Ry(c+ 8w, d,) < 0}

XI{W' A > e,w € [-1,1]"YdFy (ule + 6,w) fx (¢ + Spw)dw

Vv

5 / I{—6/an + 0} <u < =607, @'A > e,w € [-1,1]}dFy (ule + dpw)dw

z 0

where the second equality follows from the change of variables, the first inequality follows from

(1.4) and inf,ecp fx(z) > 0 (by Assumption 1 (i) and (iv)), and the second inequality follows
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from inf,ep P(U < 0]X = z) > 0 (by Assumption 1 (ii)). Therefore, Vo, = O,(nd¢) % 400 in
R. Combining these results, we obtain QH(A) P 40 for any A € Ap. Therefore, Condition
(b) is satisfied when £ > 0.

Step 3: Alternative representation of (A, %) (2nd equality in (1.9))

From Resnick (1987, Proposition 3.8), the point process defined by {G;, W;} corresponds to the

Poisson point process with mean measure m(du, dw) = du x 2~ %w on

[—00,00) x [~1,1]¢ if £ =0,
S=191-00,0) x [-1,1]¢ if £ >0,

[0,00) x [~1,1)¢ if £ <0.

Now consider the mapping J : S — S defined by

(u, w) <—(m)_é,w> ite>0,

((”()fx())gw) if € < 0.

Then from Resnick (1987, Proposition 3.7), the point process defined by {J(G;, W;)} corresponds

to the Poisson point process with mean measure

29T (¢) fx (¢) x e*du x 2~ %dw if £ =0,
(T~ (du, dw)) = { 290(e) fx (c) x (%(—u)_1/5_1> du x 2~ %dw if € > 0,

29D (c) fx (¢) x (—% *1/571) du x 24w if € < 0.

This implies that /m(J~*(-)) = m(-) on o(S). Recall that the kernel function K is compactly
supported on [~1,1]%. Then we can restrict the state space S of N on S. Therefore, Qoo (A, k)

can be represented as

K(w)wdw} A — iK(W,») min{J; — WIA,0}.

i=1

Quo(A k) = —kfx(c) { /[

—1,1)4
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A.3 Proof of Theorem 2
A.3.1 Proof of (1.11)
Note that 0,,(v) = Fy'(anlz) = ¢(z) + F; ' (an|r) by Assumption 1 (ii). When & # 0,

Assumption 1 (ii)-(iii) imply

an (0o, (c) — () = anFljl(O‘nk)

FU_*I (on) _
= —sen(€) - (0O +ol0)) (i = —sgn(©) 7T (A7)
When £ = 0, we can similarly show that
(04, (c) — @(c) — by) — —logT'(c) + log k. (A.8)

Indeed, similarly to Step 1 in the proof of Chernozhukov (2005, Lemma 9.1), we can show that
for m € (0,1) U (1, 00),
Fy o) = i (@n)  log(1/T(e)
Fg*l (may,) — FJ*l(an) logm

(A.9)

Furthermore, the following result is well known in extreme value theory (cf. de Haan (1984) or

Chapters 1 and 2 in Resnick (1987)): When & = 0, for m, ¢ € (0, 00),

F[;*l (ImT) — Flj*l(&')
a(F (7))

—logm, as7]0, (A.10)
where a(+) is the auxiliary function defined in Assumption 1 (ii) (see also Lemma 9.2 (iv) and the
proof of Chernozhukov (2005, Lemma 9.1)). Therefore, (A.9) and (A.10) yield (A.8) as follows:

“anle) — Fo (1 /nsd
(B () — () — by) = T 0nl®) = F, (1)

a(Fy ' (1/nd))
Fi ' (k/nddle) — Fyt(k/ndd)  FyHaw) — FyH(1/ndd)
- a(Fy ) (1/ndd) a(Fy; 1 (1/n62)
Fy ek /nén) — FiH(k/ndd) log(1/T(c))  Fyl(k/ndd) — F ' (1/ndd)
a(Fy 1 (1/ndg)) - loge a(Fy 1 (1/ndg))
— loge - _lﬁ)ggl;(c)—l—logk: —logT'(c) + log k. (A.11)

Theorem 1 in the supplement implies

Ay L Aso(k). (A.12)
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Therefore, (1.11) is obtained as

5 Aeolk) + 9(c; ), (A.13)

where the convergence of the first term follows from (A.12) and the convergence of the second

term follows from (A.7) and (A.8). Therefore, we obtain the conclusion.

A.3.2 Proof of (1.12)

Define A7 and Q)'(A) by replacing «,, with ma,, in A, and @Q,(A), respectively. A similar

argument to the proof of Theorem 1 in the supplement yields the weak convergence of

(A7 Au) €org | min{QF(A™) + Qu(A)),

to the limiting distribution

(Aso(mk), Aso(k)) = arg min_~ {Que(A™, mk) + Quo(A, K)}. (A.14)
(Am’,A/)/€R2(d+1)

Here the random vectors A (mk) and A (k) are uniquely determined since the objective func-
tion Q' (A™) + Qn(A) is a sum of objective functions in the proof of Theorem 1. From (A.14),

the continuous mapping theorem yields

an(éman (c) — éan (c)
= an{(éman (c) —p(c) —by) — (éan (c) —p(c) = by)}

b Asoo(mk) — Ao (k). (A.15)

By (A.13) and (A.15), we obtain the conclusion as

A.4 Proof of Theorem 3

The proof is analogous to the ones for Theorems 1 (in the supplement) and 2.
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A.5 Proof of Theorem 4

The proof is analogous to the one for Theorem 1 in the main paper.
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