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This supplement contains three appendices: Appendix B provides some additional discussions on
the estimation method, Appendix C presents the proofs of the main theoretical results, and the proofs

of the main lemmas are provided in Appendix D.

Appendix B Extra models and estimation methods

B.1 Time—constant panel data model

This appendix studies the panel data model with heterogeneous time-constant regression coefficients:
yie = 2380 + NI + e (B.1)

The DLS iterative algorithm can be used to estimate model (B.1) after some necessary modifications:
Step 1. Find initial estimators B (5(0) x (0))T via minimizing the following nuclear-norm

regularization objective function:
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With E(O) we can compute the residuals Elt = Yt — ﬁ( and construct the initial estimators F(©)
and A© through the principal component analysis of th s covariance matrix.

Step 2. With Fn=1) — (ffn b o 7ﬁn 1)) , [3’? and )\? can be estimated jointly using the least
squares method. B (n) and X(”) denote the estimators of 8; and )\?, respectively.
Step 5. With B(® (ﬁ(n) . ,B}(\’,@))T and AW = (Xgn), e ,XE\T,L))T, :(n_l) can be updated using

the least squares method.

Step 4. Repeat Steps 2—3 until numerical convergence.

B.2 Estimation by sieve method

This appendix offers an alternative method to estimate model (2.1), which is based on sieve approxi-

mations. Let {¢1(7), p2(7), - } be a set of basis functions (e.g., B-spline functions). By sieve method,

we have
[e'e) Ko
= cinpr() =Y cinpr(T) + Agq (1),
k=1 k=1

where Ag, (1) = ZZOZKo—‘y-l cikwr(T), cik is a p x 1 vector of unknown sieve coefficients, and Ky is

the truncation parameter. Denote )?it = (gol(Tt)x;g,~-- N (Tt)SU;-g)T, Ci = (c£,~-- aCzTKO)T and



Table B.1: AMSEs and SCCs for sieve estimates

AMSEj SCC SCCyo
N/T 40 80 120 40 80 120 40 80 120
40 0.6715 02933 0.2033 04304 0.7706 0.8502  0.4337 0.7515 0.8319
80 0.6652 0.2832 0.1923  0.6405 0.8359 0.8753  0.7136 0.8881 0.9235
120 0.6594 0.2745 0.1811  0.6921 0.8512 0.8814  0.7952 0.9278 0.9428
AMSEg,, SCChn SCCy,
N/T 40 80 120 40 80 120 40 80 120
40 05253 0.1420 0.0753  0.7569 0.9705 0.9838  0.7974 0.9682 0.9760
80 04388 0.1346 0.0730  0.9267 0.9786 0.9867  0.9649 0.9875 0.9890
120 04265 0.1318 0.0701  0.9440 0.9799 0.9886  0.9842 0.9918 0.9984

EKM't = 2, Ak, (7). Model (2.1) can be rewritten as: y;; = )Z'ZICZ + AT 4 AKo,it + &4. For this
model, we can use the following iteration algorithm to construct estimators for C;, f? and )\?:
Step 1. Obtain the initial estimators C(©) = (CA(lo), e ,CA(J\?))T:

(5<o>,f<o>) _ arg min {@*(C,F) ONT }

CeRN*PKo TeRNXT W

where @*(C, ) = ﬁ ZZ]L ZtT:l (yit - )?;tr C; — 'yit)Q. Then, we compute regression residuals and
obtain the initial estimators A(© and F(© using the PCA method.

Step 2. With F(=1 and K(”_l), update C(n=1) by minimizing @*(C’, f(”_l)), where T("=1) =
An=1) p(n-1)T

Step 3. With 6(”), we estimate FO and A° by the PCA method.

Step 4. Repeat Steps 2—3 until numerical convergence

With €™, we construct the sieve estimator: AZ (1) = Zk 1 Zk gok( ). We re-conduct the simu-
lation study of Example 5.1 in Section 5 to assess the sieve estimators’ finite sample performance. We
follow Su et al. (2019) to use B-spline polynomials as the basis functions and employ their method to
choose interior knots for estimation. AMSEs and SCCs are computed after replicating the experiments

for 1000 times. Simulation results are reported in Table B.1.

Appendix C Proofs of the main results

Denote Ki,,(7) = K (t*T;LT) (Y™, for m = 0,1,2,3. Let F = FOH, A = A°H-'T, f, = HT f),
N = H™ N R n) = ft — ﬁ, and R;n) = FW _F , where the rotation matrix H is defined in
Theorem 3.1. Let drn be R;{?’s rate of convergence and oy = min{\/N , VT }_1. C' denotes a finite
positive constant and its value can be different at each appearance.

C.1 Proofs of the main theorems
C.1.1 Proof of Theorem 3.1

(1) Let T = AFT, 10 = AOFOT ~;, = A £ and A% = AVT £2. The initial estimator BO)(7) satisfies

= = = ONT
(B(O)(T),B (0)(7-),I‘T) = argACe]RNI}}I} L v {QT(A, )+ JNT ||F||*} ,
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where Q,(A,C,T) = (NTh)~! Zf\il 23;1 (yit — 2y (a;i + (e — T)ei) —vae) " K (tThT), and a; and ¢;
are the i-th columns of AT and C'T, respectively. For any given 7, define 7, = (2.}, 2}, (7 — 7))7,
d) = (8 (1), 8,7 (7))" and d; = (a; ,¢])". For any A,C € RN*? and T' € RN*T,
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= NTh ZZ (€it —xy(a; + (10 — 7)ei — Bi(m)) — (Vie — ’Yz‘t)) K < " >
i=1 t=1
1 ol ~T 2 Tt — T
= 7 2> (e = (= dd) = (e =) K ( - > L Op(h")
i=1 t=1
1 Al 2 Tt~ T 04\ 2 =T
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i=1 t=1 i=1 t=1
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_N;h DD et (ﬁtﬁ(d dy) + (it = %Qt)) K (Tt - T) +0p(nY), (C.1)
i=1 t=1

where the second equality holds by the local linear approximation and its proof is analogous to that
of Lemma C.1(1). Let di, = (BT (r), 3T (r)T. Since Q,(BO(r), B'O(r),T,) + oL T, | <
Q-(B(7),B'(1),T%) +

z<f£,f<@f—d?vf>+<%—vﬂ>>2f<(”; )+l

N
1 N ~ _
<2—— 3" N ey <xiTt,T(di,T —d) )+ Pt — %Qt)) K (Tt . T) n jﬂ T[], + Op(hY).

(C.1) implies

~

Without loss of generality, we assume that I'” has the following SVD decomposition: I'? = U, VT,
where Unymin{n,r} and Vpymin{n,}y consist of the singular vectors and €2, is a diagonal matrix
containing the singular values of T'°. Since rank(I'’) = rg, the first ry singular values of T are
nonzero and the remaining singular values are zero. Additionally, let U = (Uy,Uz) and V' = (V1, V),
where (Up, V1) and (Us, V2) contain the singular vectors corresponding to nonzero and zero singular
values, respectively. Define Py = U1U1—r (fT — TO) VlVlT and My, = f.r —I9— Pg,r. Then,
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where the inequality holds by Lemma C.2 of Chernozhukov et al. (2018). Therefore, it follows that
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where i, is the (i, t)-th element of I';. Let D, = (B(r), B'(r)) and D, = (BO)(r), B©(r)). By
Cauchy-Schwarz inequality,
)
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:op( §Th>MﬁT—DTF, (C2)
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) H = Op(NTh). It can be proved

where the last equality holds by the fact Zf\il HZthl cuxiplK (Tt,:
using Lemma D.3. For fT, by Holder inequality,
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Moreover, by Lemma C.2 of Chernozhukov et al. (2018),

. 2
HM¢>T||3 < ||M¢,TH§,rank(/\/l¢,T) < ’ - HFrank(M(ﬁ’T). (C.4)
If min{v/N, VT h¢nr — 00, it follows that
VNT NTh ol = '

with probability approaching 1. Let Ap , = ﬁ”ﬁr —D;||p and Ap, = ﬁ”f} —TI°||r. Combining
(C.2), (C.3), (C.4), (C.5), and Assumption 1, we obtain

1 =T (7 0 =~ 0y)? Tt T
NTh ' (xit,’r(dlﬂ— - di,’r) + (F}/Zt,T - ’Y’Lt)) K < h )
<

1
Op| ——|Ap,.+0 Ar . + CopnrAr + + Op(h?
P< Th) D, P(min{ ﬁN’ﬁ}h> r, dNTAT, p(h%)

< Op <max{min{x/ﬁl’ ﬁ}\/ﬁ,@w\/ﬁ}) (AD,T + A\%) + Op(h*). (C.6)

By (C.6) and the restricted strong convexity condition in Assumption 1, we can use arguments that

are closely related to those in the proof of Theorem 2 of Moon and Weidner (2018) and show that

T, —TOW(r)/2 € C(c) with e =1, Ap, = Op (é;{) and

(ADJ + A\/%TY <Op <max{mm{\m1’ \/T}\/E7¢NT\/E}> (AD,T + A\Fﬁ;) +Op(hY),

which immediately yields Ap, = Op (max {h*?, ¢y7} h'/?) and Ar, = Op (max {h*%, ¢n7} h)
under the condition min{v/N, /T }h¢nr — co. Therefore, we complete the proof of Theorem 3.1(1).
(2) We write
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= Jnr1+ -+ INTs, (C.7)
where £; = (gi1,- . -, siT)T. Using the arguments that are analogous to those in the proof of Proposition

A1 of Bai (2009), we obtain
1 1 1
7T |InT6ll = Op (6nT) Nis |InT7ll = Op (6nT) 5 Nia |InTsllp = Op (énT),  (C.8)
where oy = min{\/]v, \/T}*l. We proceed with the computation of Jyr1,...,JJyT5’s convergence
rates. For Jy7 1, by Cauchy-Schwarz inequality,

N

i T (ﬁl ) ﬁ( ) ) < = (Z H)‘z thF> ' ‘)E(O)(Tt) — B(Tt)HF =Op (h1/2 max{h3/2,¢NT}) ,

where the equality holds by Theorem 3.1(1). It implies

\/1T | InT 1]l = Op (h1/2 max {h3/2,¢NT}) . (C.9)

= OP(h1/2 maX{h3/2> ¢NT})7
= Op(hmax{h3,¢31}). Together with

Analogously, we have %HJNT’QHF = Op(h'? max{h®?, ¢n1}), o
Tl Inrallr = Op(h'/? max{h*?, ¢nr}) and
(C.7), (C.8) and (C.9), these results yield

N
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= Op (h1/2 max {h3/2, ¢>NT}) . (C.10)
F

Considering that Vi is invertible, we complete the proof of Theorem 3.1(2).
(3) For the loading initial estimator, write

A0 _AOg—1T %Rﬁ(o) _AOg-1T
= %AOFOTﬁ(O) + %51?(0) - lﬁBﬁ@ — AT

_ Lo (po o g-1\" 50 70 _ ) _1X. 50 Lepo
fTA<F FH)F+5( ) ZApFO + —EF°H

= JnT9+ -+ INT 12,

where Ap is an N x T matrix with its (i,t)-th element as z; (61(7',5) Bi(1¢)). We now study these
terms one by one. For Jy7g9, it holds by Theorem 3.1(2) that

st < (G 8,) (G170 - ) (F71701,) = 0r (wan i svr} ).



Analogously, we have
oMol < (o lle) (5 |FO = B ) = 0 (max {172 onr b 1072)

By Theorem 3.1(1) and Cauchy-Schwarz inequality, we obtain ﬁ IAB|F = Op(max{h3/2, ¢ nr}h'/?),
which yields

\/lﬁ |InT a1l = <\/]1\77T HEBHF) <\/IT Hﬁ(O)HF> — Op (max{h3/2,¢NT} h1/2> .

For JNnT,12, note that EF 0 — eefOT. Since g, f07 is conditionally a-mixing, Lemma D.2 implies
t 1€tJt t
ﬁ |JnT2llp = Op <ﬁ) =op (h1/2 max {h3/2, ¢NT}). Therefore, Theorem 3.1(3) holds. [ ]

C.1.2 Proof of Theorem 3.2

We propose two propositions that can jointly lead to the desired results in Theorem 3.2. Define

QP(t,s) = (A°TA%) IZWTE (24327 ()i )

ODP(t,s) = (AOTAO) 1ZAO>\OTE (ggj{;lzw),

n —-n . 0
b = (Th)y"HT Z K, o(m)QF (8, 51) H Koy (s )OF (s5,8541)) H T RY),

51,52,...,5n=1
T

+THT Y QQD(tv‘Sl)HQ2D(5]'7S]‘+1))H71TR§”?2M

51,82,...,Sn=1 Jj=1

Proposition C.1. Let Assumptions 1-2 hold. For n > 1, as N, T — oo simultaneously,

(1) N-1/2 me) _ KHF = Op (max{S;n_1,0nT});
(2) T—1/2 Hﬁ(n) — ﬁHF = Op (max{0fn_1,0NT});

(3) (Th)~! (ﬂn) - ﬁ)T W (r) (ﬂn) - ﬁ)

= OP (maX{(Sf,n—la 6NT}2) :
F

Proposition C.2. Let Assumptions 1-2 hold. For n > 1, as N, T — oo simultaneously,

(1) for any given t,

VN ([~ F) = VNHT (ATA%) (ZAsn)JrOP(WHbT(" )

+0p (\/ﬁ) + OP(hQ) +op(1),

(2) for any given i,
1/2
o~ 1 n—
VT (3 -3) = —RHT0P 1Zznen+op (}jub“ ”I!2>

+O0Op (\/E) + Op(h2) +op(1),
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(3) for any given i and T,

S

1/2
\/ﬂ (B\z(n) (T) - /BZ(T)> = \/7 Z Kt 0 'rztht + OP (Z T (n=1) H2>

+Op (\/ﬁ) +op(1).

Proof of Proposition C.1
Recall that Qg; = (I — S I—5;) and QM — 1R (1 - S; - S; ﬁ(”), where S; is
fi
defined in Section 2.2. For /\Z(. ), we have

- - . o T 1 A1)t i~
)\Z(n) N = TQS‘, 1)— 1 7( I)TQS,i (5@,—[%17 e Z‘%T) _ TQEZ,ZZ D=1 7x( 1)TQS’iR§cn 1))\1,
1 A (1)1 25
+fQ§c,l b= IF( I)TQS i€q
= Onr1,i+ P72 + PNT 3, (C.11)

Then,

N
-5
=1

It suffices only to show the first three terms on the right-hand side of (C.12) can at most have the

N
Z 1Dyl + Z 1D n724) + Z |®n73.]|° + interaction terms.  (C.12)
=1 =1

probability order Op(N max {61% 11 _1}). Then the convergence of the remaining terms can be
proved using the Cauchy-Schwarz inequality. By Lemma C.5(1), we have

Z |®nT1ll* = Op <h3 max {1, Thé7,, 1}) (C.13)
For ® N2,
N >y . )
2 Nenrail” = 7 Z D SE N AP [N o] PSS S SRS
- —|—1nteract10n tetrnla = =
= Op (N(SJQ’,nﬂ)a .14

where fo ,=H TQ?iH , Zit = H " 2, and the second equality holds by Lemma C.5(2) and the following

result:
N N T
Z ( )(ZHRMH) O (NT262,_) .
=1 =1 t=1

N 2 L N T~ _ |
For > .0, |®n73,]", Lemma D.2(1) implies > ;"4 |[> o, Zit€it

condition in Assumption 1. By Cauchy—Schwarz inequality,

i tZR“‘ Veu (ZZ”%H ) (ZHR(" b H > Op (NT252,_1) .

i=1 i=1 t=1
Together with Lemma C.5(3), it yields

N N
> l®nrsal? = Z
=1 =1

HTY

ztR )\z

= Op (NT) under the a-mixing

2
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i=1

2
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Zit€it Qy § R Eit
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T 2

ONT 3 QH ! (Eit + RS{T”) Eit

TR £ + interaction terms
t=1

N
< max {1,T5]%7n_1}> : (C.15)

Combining (C.13), (C.14) and (C.15), we obtain

1 |~ ~ 1
—||am —AH —0 <max{5 . }) C.16
VN H o fn=b T (0.16)
(2) We outline the main steps in the proof of Proposition C.1(2):

KT

zlzz

(2.a) we first show the convergence of N~ SV

(2 b) we forrnulate the bias terms b;’t) and béyt) in ﬁ( o /i and compute the convergence rate of
g = M here

e\t

ORI OO - XaTa(m R DY _ L S 3T (G
fit N ( ) NZ 1‘T2t51(7—t)Rf 7 N Z i %t ( 7 l) )

(2.c) we finally prove Proposition C.1(2) by computing the convergence rates of Bt t) and b(n)
Proof of (2.a): Write

N N
]172:: AT s\ BT = g (if DA - EA) H'T + ;ZZ (W = %) AT

By Assumption 2, [|®y74|lF = Op (N’l/Q). By Cauchy-Schwarz inequality and Proposition C.1(1),

1 1
N 2 N 2
1 ~(n) 2 ~ 112 1
@ < — - pu— _ — .
H NT,5HF =N <z§:1:’ 7 ) (iZI > OP (max{éf,n 1, \/T})

Analogously, we have | ®y76||r = Op(max{é,—1,T 1/2}) Op(max{5fn L T_1/2}).
Let Ef = H 1Y, H 7. We obtain

s
Proof of (2.b): For f{"), write
1 L fn -
QZWWﬁ@mm
(n) n) Lamsm (300 5\ 70 L x~so
:—fZ)\ zy (B () = Bitr)) - S PPY (A -%) ft+N;/\i it

i—1
= (I)NT,S,t +:+ P10, (C.18)

= Op(max{ds,—1,0NT})- (C.17)
F




We now study these terms one by one. For ®n7 3¢,

PNrse = — Z it ( : Bz(Tt)) - ]17% (Xf”) - Xz> T (Bz(n) (¢) — 51'(7}))
i=1

= ‘I)NT,S,l,t + PNrg 2t

Recall that s;(7 ) [, 0] [M; (7) "W () M;(7)] "  M;(7) "W (1), where M;(7) and W (7) are defined in
Section 2. For Bi ( ), write

~Nn 1 ~ Sim—1\V(n ~
B = (1) = s (G0 + o) + sl (FR = FOR) ()5
= Onr114(T) + o+ Parasa(T), (C.19)
1-7T\2 2-7T2 T—7T\2 T :
where NZ(T) = <( Th ) xi1, ( T ) Tio, r e, (W) «'Ez‘T) . We now plug (C.lg) into ®n7.8,1,+ and

compute its convergence rate. By Lemma C.2 and Cauchy-Schwarz inequality,

1 & (& 2 N
N2 > ( it F) (Z ||(I)NT,11,i(7't)H2> =Op (ThY).
t=1 i=1

2

i ith)NT,n,i(Tt) iTi

Let Rgyi(7) = si(T)F* = S0 (7)ED; (7). Write

7

Onroi(r) = —siOR;TIN = si(n)F (A = N) = sin)RPY (3 - %)

= —si(MRN = 2P s (0 H (A = X) = Rspa(nH (W - %)
—si(T)R;nfl) ()\gn) — Xz)

For N2 Ethl I Zf\;l XixiTt(I)NT71273,i(Tt)H2, by Lemma C.2(1) and Cauchy-Schwarz inequality,

= Onr71214(T)+ -+ PNr12,44(T). (C.20)
L\ (n) 2 L (v ? 3
J(n 3 N T 2
P H (3" %) W(ZZ i R pi(r) F) I3 (_

2>
t=1 i=1

1 1
= Op (h max {5}7711, T}) . (C.21)

Analogously, we can use Lemma C.2(4) and Cauchy-Schwarz inequality to show

)

IN

A 3

N, T
bt

i

F

2
1
Z)\ ﬂjth)NT 124,i(1t)|| =Op <T512z,n_1 max{éfc,n_l, T}) . (C.22)

~ 2
Additionally, Lemma C.2(2) implies 7 Zt 1 HZZ LT, N 131(7})H = Op (5). Together with

(C.20), (C.21) and (C.22), it yields
1L
OnTs1t+ N Z Ny (PnT12.14(T) + PNT12.24(T8))

T
t=1 i=1

2
= Op <T max {5]%,”1, ‘SJZT} max {53%1, ;}) : (C.23)

Using (C.16) and Lemma C.2, we obtain Zthl H<I>NT,872¢H2 =O0p(T (h4 + 5fn 1) max {871, T*1/2}2)
Together with (C.23), it yields

T
t=1

N
1 ~
OnT st + N Z; Ny (PnTa2.1.4(Te) + PnTa2.24(T))
1=




83 1
=0Op (T max {512%1, %, h4} max {5j2cm1, T}) . (C.24)

We now proceed with ® 79 ;. Write

oyroc = LR F- L (A0 -R) (0 -3)
i=1 i=1

1=

(C.16) implies that the second term in @79+ is Op(T max{éfn 1» T71}2). Therefore,

- N 1
; Dros+ N;)\z ()\Z )\1> 7l =op (Tmax{csf’nl, T} > . (C.25)

Combining (C.18), (C.24) and (C.25), we obtain

2 1
Z Hft” —5 - | = op <T max {5?7,”, ‘SNTT h4} max {53%1, T}) . (C.26)

Proof of (2.c): For notational simplicity, we define QF)(¢,s) = N~* Zf\; AN TEp (2 TED_l( Tt)Tis)
and QR (t,s) = N"1 SN )\?)\?TED(ZZIQ%_IZZ'S). Therefore, QP (t,s) = (N7TATAY)~ 1QD( t,s) and
QP (t,s) = (N7TAOTAO)71QD (¢, s). Additionally, denote Q (t,s) = HTQP(t,s)H 1T, Qll(t,5) =
HTOQDP#,s)H T, QL (t,s) = H1QP (t,s)H™T and QL (t,s) = H1QL (t,s)H~'T. Define

-1

d N N T
b n) Sz:; h KSO (7% Ql (t,s) + QH( )) R%;l), bet = % (; XzXZT> ;SZ: (XZ + 5;‘5) it

=1

where e}, = H'QP 'SP ()50 (7o) (TS)EZS Lemma D.2(3) implies Y7, [|b=4[|> = Op (T6%:1)-
Additionally, simple algebra yields Zt 1 bgfnt) =0Op (Téjzc’n_1>. We can then use Lemma C.5 and
Cauchy-Schwarz inequality to obtain
T N 52
ZHbS:Lt) —bgff —Op (Tmax {(5fn A4, Th}max{(s]%’"l’]:f}> , (C.27)
t=1
and
d 1 T
Z be ¢t ‘ =Op <Tmax {5fn 1 h, Th} max {5?%1, Th})—i—Op (N max {0f,1, 5NT}2) .

(C.28)
The results in (C.27) and (C.28) are obvious and we put the proof in the technical supplement (see
Liu, 2023). With (C.27) and (C.28), we have

T 2 T
3 T
= =1
T
+2Hb§:t)
t=1

= Op (Tmax {5f7n_1,5NT}2) )

Therefore, Proposition C.1(3) holds. [ |
Proof of Proposition C.2

5t_ Et

b _bft

2 . .
ct||” + interaction terms

(1) Using the arguments that are analogous to those in the proof of Proposition C.1(2), we obtain

n rs n 1
\/N(At( )—ft> = VNBYY) +VNbey + op (

\/N> . (C.29)

10



With (C.29), to prove Proposition C.2(1), it suffices to show that b(n) = bT(n) op(N~1/2) and
bt = H' (AOTAO)_1 (Zf\;l )\9&7#) + Op ( ) + op <\/1N> The convergence rate of b( ) depends on

Ry?s_ ) Write

R = = (A = =D 0 ) o (B i) o (B ) b

By (C.26) and Cauchy-Schwarz inequality,

T
s=1 . % ) ~ A A | %
< (Z Ks,()(Tt)”Qﬁ)(t, S)H%) <Z K&O ) Hf(n 1) — fi— byfs_l) _ bg?”” )
s=1 s=1

s 7))
=0p | Thmax{ dfp_o,——,h" pmax<drp_9, —— .
P( X{ fs 2 \/E X f, 2 \/T
Analogously, (C.27) and (C.28) imply

T

g A% n- 1 ONT
Ks,O(Tt)Q{{)(tv 5) bS‘s b —bgcs 1) = Op (Thmax {5f,n_2,h2,}max{éf,n_%}) ,

s=1 < 7 ) \/ﬁ \/E

ET 1 ONT
KSO(Tt)Ql()(t s) b(” 1 — b, = Op (Thmax {5f,n_2,h2,}max{éf,n_g,}> )

s=1 ( ) \/ﬁ \/E

By Assumption 2 and (C.17),

N
|Th
ZKsO ()G (¢, 5)be,s = ZK&O ()5 (¢, s)(ATA) ! Nieis + Op (1) = Op (max{ N’1}> )
s=1

i=1 s=1

where the last equality holds because S~ | "7 K 570(T)Xi€it = Op(VNTh), which can be proved by
Lemma D.3(2). Therefore,

T

KS,O(Tt)Q{{O(t’ s) R(”_l) N b(n—l)
fis f,s

s=1

‘ Op (Thmax{éfo, (SN\/ET,hZ} max{éfo, (SN\/ET}> (C.30)

Analogously, we have

2920 (t,s (ans b_ b( )> | Op <Tmax{5f0, (SN\/%,hQ}maX {5f,0, %}) . (C.31)

Using (C.30) and (C.31) and conducting substitutions sequentially, we obtain

=0Op (max {5f’0, (i]/vg,hQ} max {6f’0, (SN\/ET }) . (C.32)

For b. ¢, by Assumptions 1 and 2, we have

1 1 1
bee = H'(ATA) (Zx?eit + i +op (W)

=1

_ gt (AOTA0>’1 (i )\?eit> +0p <;> +op <\/1N> , (C.33)

i=1

n t(n
() _ i

)

11



where d%, = HT(AYTAY) =13, 370 QPSP (r) S0 (r)ul (r)=h , and B2, = Ep(eug)s).

The second equality in (C.33) holds by Lemma D.2 and the fact d},

= Op(1) under the conditionally

a-mixing conditions in Assumption 1. By (C.29), (C.32) and (C.33), Proposition C.2(1) holds.

(2) Recall that }\‘En) —Xi =PONn71i+PNT 2+ PNT 3, Wwhere P71, ..,

By Lemma C.3, we have Qb o I, By Lemma C.4(1), we have
fi fi

For ®nr1,2,, by Lemmas C.3 and C.4(2)(4),

1 n—
PNy = _T (Q; b- I—QH 1)
H-17T (n—1)5
TQfZ FTQg,RY VN
T £i
1 T
= 797

t=1

By Lemmas C.3, C.4 and Assumption 3,

. 1
VB — Q- 1§ R Ve = —
1\7,11,37 —~ f7t t \/T

\/> fi

(@

=0Op (ﬁmax{l, \/T7h(5f7n1}> .

T

VTh

VTh

-1 QH 1) pln— 1>TQS’251

7QH 1<R(n 1)TQ ,ig’i o R(nfl)—r

VT
1

\F

For Zthl Rﬁ_l)eit, we write
T
Z Ry ey = Z Eit (F\t(n_l) - ﬁ)
= Z&“zt (/Tn b ~1t —/I;Sfflt_

+ Z €itb§c77;1) + Z Eitba,t‘
t=1 t=1

By (C.26) and Cauchy-Schwarz inequality,

A B
( — B gl )

y (C.27),

i)

!

1FTQS i€ +op(l)

_bgnt 1) Zg“t<

T % T
(Z |Eit2> (
t=1 t=1

T

5 ztgzt + OP

=1

At(nfl) - f; .

N

. 1
. —QH 1 tR( nT A +OP <5fn 1maX{5f,n IR y—— })

)

RS

H-1
e

® N7 34 are defined in (C.11).

(C.34)

(n l)TQ R(n 1)/\ _7QH lR(n nT QS,'R(n_l)Xi

(C.35)

F TQS,igi

(C.36)

R 1>+Zezt(b(n b _

)

Op (Tmax {5f,n—2, 7;, h2} max {5f,n—27 \}T}) (C.37)

T 3
t=1

12

- ) )
(n—1 1
(o f -l

t=1

1

5,t>



ONT

1
= Op|Tmaxqdf,_ ,h2,}max{6 n— ,}) C.38
P( { fan=2 W5 s fa2 " (C.38)
Analogously, by (C.28),

( €t> ‘ _ OP <Tmax{5f7n27h2,\/%}ma)({5f,n27%}) .

Since bgfft_l) =71y (R K o(m) QI (8, s) + QI (¢, 5)) R;S 2 by Cauchy-Schwarz inequality,

1 1
< % (i HRS‘T;_Q)’D (Z i W K o(r)Qf (8, s) + Q8 (t,8)) en )
s=1 s=1||t=1 F
= Op (\/Taf,n,2) . (C.39)

Recall that b. ; = Tfl(KTK)*l Ef\il Estl (XZ + 52‘8) g;t- By the weak cross-sectional dependence of

€it, we can use simple algebra to show

T L N T
> cibes =7 (ATR) 32D Nejeea +0p (1), (C.40)
t=1

j=1 t=1

v (C.37), (C.38), (C.39) and (C.40),

N T
R R (1) 3530 0

7j=1t=1
2 ONT ONT
=Op (max]6rn_2,h ,W max § 0fn—2, —— Th . (C.41)
By (C.34), (C.35), (C.36) and (C.41), the following result holds
3 %) = V7™ . b
VT (A = X) = VIO + VTB. + op ( ﬁ) , (C.42)

where b\") = ~T-1QF 1 52T 2T RV and

T N
B57i 1QH 1 ZZZzt&t +T 19;{;1 (KTA/K)il szjgjteit'

t=1 j=1 t=1 j=1

For the term with EitXiT in bf\nl) , write

Z zltATR Z Zzt)\T (At(n_l) - ﬁ)
_ Z%txj (/}n_l) 7 _35:;—1) Ent 1)) +Zzw\T ( fnt 1 _ n 1)) Z%Mjb}"t 1)

—|—Zzzt)\T ( - bgt) +Zzzt)\ be t-

Similarly to (C.37) and (C.38), by (C.26), (C.27) and (C.28), we obtain

1
‘ Op (Tmax{(sfm 2, (i]/V;;lF,hQ}max{éf,n_g, ﬁ}) )

13
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1 ONT
=0p|(Tmax<ds,— ,h2,}max{5 n— ,}),
P< {f’ >0 Th A/

= op (\/N) +op (ﬁ) . (C.43)

)
()

Recall that )\I(T) = 22;1(7)/1%(7)};. For Y"1, z,t)\ZTbget Y since '5itXiT+HTE§JL(Tt)AI(Tt) has zero

mean and is a-mixing conditional on D,

T
Sz = —HTZEW M ()bl +
t=1

Mﬂ

(zlt)\ + HTSPT (r) A (Tt)) i

~
Il
—

— —HTZEfo )M (7) bgct +Op (ﬁéfm_z) :
For Zthl ZitXin&t, by Lemma D.2,
T N T
Zzzt Ajbgnt D DD Z AT (AOTAO) Aeje = Op ( N) : (C.44)
t=1 j=1
y (C.32) and (C.43)-(C.44), we have
T

QH 1 zt)\TR(n 1) _I_b;(;t)

5NT} { 5NT}>
= Op | max<{ & ,_0,h?, —= b max{ 87,9, —— , (C.45

F
where bT( R Y QD 12?}2(7}) ST )\T(Tt) (t_ ) and it satisfies

o] =on (v S c
By (C.41) and (C.45),
Hb ) _ bT( n) o Op <max {6f,n—2> h?, 5\]/\%} max {5]3”_2, (SN\/%}) . (C.47)

For B. ;, by Lemma D.2, Assumptions 1 and 2

1 1
Ba,i e T g 122“55“5‘}‘ dAz+0P <\/T>

1 a 1 1
—H'QPAN i+ 0O <> +o0 (> , C.48
where dj ; = NH_lQ?;l(AOTAO)_l Z;V 1 )\(J)EU 11 and it satisfies [[d3 ;|| = Op(1). By (C.42), (C.47),

(C.46) and (C.48), Proposition C.2(2) holds.

(3) Recall that s;(r) = [L, 0p)[M;(r) TW (r)Mi(r)] =" My(r) TW () and B (1) = Bi(7) = xra1a(r) +
-+ ®nra34(7), where ®n711i(7), -+, Pnr134(7) are defined in (C.19). By Lemma C.1(1),

®n7.11,i(T) converges to a biased term with the order Op(h?):

H@NTM(T) _ % ;’@WH — op(h?), (C.49)
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where py = fu2K(u)du. For ®n7.12,:(7), recall that ®n712,(T) = PN712,1,4i(T) + -+ + PNra2,4,i(T),

where ®n712.1,i(7), -+, PNT,12,4,4(7) are defined in (C.20). By Lemma C.1(4), we have
(n— Ofm—
Pnr12,1,i(T) + —ZD Y ZKtO Jri Ry, DTN = op < &ﬁ) : (C.50)

Using arguments that are analogous to those in the proof of (C.42), we can show that

|@x10240r) + 507 (122 () DR =X~ 60| = 0 6w,
where bg\nl) = QH ! Zt 1 zlt)\TR( b, By Lemma C.1(3) and (C.16),
o sasll = Op (e max {apns, ) I@vranai(r)l = O (8pmmax { s, =} )
i\T = ——= max n—1, = = ) i\T = n—11NaxX n—1, = = .
NT,12,3, P JTh fin—1 JT NT,12.4, P | 0fn-1 fin—1 JT
(C.51)
By (C.50) and (C.51),
. 1
H(I)NT’12’i( ) b(57 H = OP <H1aX {5]20771'_1\/?}) 5 (052)
where b = —(Th)~'SP71(r) 0, Keo(r)zuRYy VTN — SPTH(r)SE, (7)b)"). We then proceed
with bgfl) . By (C.26) and Cauchy-Schwarz inequality,
i (5070 B0
d 1
T n— 1 irs n n
< (Erio ) (Shr-iom o)
t=1
5NT 1
=0 \/T2hmax{6 e ,,hQ}maX{é . }) C.53
P< fan2 "7 TN (C.53)

Analogously, by (C.27) and (C.32),we have

. (n—1) _ ;(n—1) 1 ONT

> K iax (O =V =0 <\/T2h {5 n_,hQ,} {5 n_,}>,
2 Kro(ma Ch )| r TR [

T
1 ST (-1 DY || 2 ONT ONT
Th g Kio(T)wis; (bﬂt bf ) = Op | max | o5, ", NG max 4 05,0, —= NG :

t=1
For 27 K, X ot i + — uP.(r) i ditionally a-mixi d satisfi
v Kio(T)zie ), ft s since Ty “x,i(Tt) is a conditionally a-mixing process and satisfies
Ep(xit — pi (1)) = 0,

T T
1 b 1 (e
= S KoM BTV = ST R o(n)ul (A B
Th ’ Th —
1 & H(n—1)
D ITpi(n—
+ﬂ 2 Kio(7) (Ucz‘t - Mx,i(Tt)) Ai by

T
1 D \XT,Hn—1) Ofn—2
p— —_— N 2 . . 4
Th - }<t70(7—)1ux71(7’t))\1 bft +Op D (C.54)
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Similarly to (C.44), by (C.17), we have Zthl Kt70(7')xl-txg—ggfl) =0Op <\ / ?) Together with (C.53)
and (C.54), it yields

Th ZKto éUzt)\TR ZK“) “zz ) )‘Tb}f?_l)
=0Op <max{5 0, h? (SNT}maX{(S 0 ONT }) (C.55)
£,05 10 \/E £,05 \/E . .

y (C.47) and (C.55),

(n) (n) _ 2 5NT 5NT
Hbﬂ:i (1) — bg; (7')H =0Op (max {5f,o,h ’\/ﬁ} max {5f0, NG }) , (C.56)

where bg(f;)(T) is defined as

n n—1 n—1)
bg(ﬂ,)(T) - hza?z 1 ZKtO H:vz Tt ATbT( = TEIDZ l( acfz QD 1Z>‘T bT :

For each term in bT(n)( ), we can use Cauchy-Schwarz inequality to show that it can at most have the

2
same probability order as T~* Et 1 HbT n=1) H . Therefore,

o= on (23 ). 5
t=1
y (C.52), (C.56), (C.57) and Assumption 2,
T 1/2 .

. — -1 f(n—1) 2 L 2

[®nT12,i(T)[| = Op (T ; o5l > +op (ﬂ) +op (h?). (C.58)
For ®n7134(7), directly using Lemma C.1(2), Assumptions 1 and 2, we obtain

VIR 134(7) =~ O 027 (1) M) W () +0p (1)
= ED 1 ( ZKtD xzt£it> +0P(1) (059)
By (C.49), (C.58) and (C.59), Proposition C.2(3) holds. [ |

Proof of Theorem 3.2

Lemma D.2 implies || ZN Ney| = Op(VN) and || Y[, zieut]] = Op(VT). Additionally, directly
using Lemma D.3 gives || thl Kio(T)zuci]| = Op(VTh). Together with Propositions C.1 and C.2,
they prove Theorem 3.2. |

C.1.3 Proof of Theorem 3.3

Assumption 3 and Proposition C.2 can jointly lead to the desired results in Theorem 3.3, if a
knt € [0,1) exists such that b}gt) Op (/{NT ¢, 0) + op («F) + op (\}T) Recall that QIDO(t, s) =
ZN MNTER (2 gExD’i_l(n)xis). For notational simplicity, let &; i+ = zit — /Lgi(’l't). We have

T N T
1 D _ 1 0,0T T D—-1
M;Ks,om)ﬂm(t,s) = NThz;Aixi ;Ksp(n)l% (€27 ()60

16



N

T
1 p—
+TTh )‘?/\?T Z Ks,O(Tt)/LQ;r(Tt)Eii I(Tt)ugi(Ts)
=1 s=1

N T
1 p—
= v 2o NN D Ko () (S (e
i s=1

1
ty ZA”AOTMM 2 i)+ Or () (C00

where the third inequality holds by the properties of the kernel function and Riemann integral. By

the conditionally a—mixing conditions in Assumption 1, we have the following inequality:

./\QTH
(A (A F

5,0 Tt ED ( xztzgz I(Tt)é-%iS)

p p T
D—-1
»?THF D0 D Y Eaolm)S, i) [ED (Somitmais)]

=1 mi1=1mo=1 s=t+1

p p
H Z Z Z KS 0 Tt (szlmgz(Tt) |ED (é-x mlztém mgzs)| +Op <Th) (061)

mi1=1meo=1 s=1

where Z;(r ml,zm(n) is the (mq,mo)-th element of ZD 1(Tt) &xmit 18 the m-th element of &, ;;, for
mi,me =1,2,...,p. Then we can use the condltlonally a-mixing version of Davydov’s inequality (see

pages 19-20 in Bosq (2012)) to compute the orders of these two terms in (C.61), For the first term,

T T—t
Z ‘ED [5w,m1it§x,m2is]’ - Z ‘COUD <£z,m1i17 5z,m2i,1+s>‘
s=t+1 s=1

< S o149 (B (oma 7)) (B (min 7))
s=1

almost surely, where c¢s = (446)/0- 2(4+20)/(4+9)  Moreover, using Cauchy-Schwarz inequality sequen-
tially, we have

0 (5)/ (B (Je i 772) ) (B (\gx,mﬂ,lﬂ‘m/g))2/<4+6>]

: [<ED <|§$7m2i,1+s !2“/2) ) 4/(4+5)}

2/(4+5) 2/(4+5)
;i (s)Y/ AHIE [!é&,mﬂ,ﬂﬂé/z} E {|€x,m2i,1+s|2+5/2:| =0(1),

T—t

1

s=1

i (s)Y IR [(ED (!&c,mli,l \2+6/2) ) 4/(4%)}

~

1/2 1/2

IA
i

~

IN
i

where the last equality holds by Assumption 1. It yields that Zstt—H |ED [€x,miitée,mais)]| = Op(1) .
Analogously, we can also obtain Zi:l |ED [2,mait€e,mais)]| = Op(1). Therefore,

— 1
AT, 13 Kot [s2 e | = 0r (7) - (co2
By (C.60) and (C.62),
1 o 1
Th Z K&O(Tt)Q?(t? S) = (AOTAO) Z )\O)\OT:U’:L" ) ED 1(Tt)ux Z(Tt) + OP <Th)
s=1
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— QP*(1)+ Op (Tlh) . (C.63)

Similarly to (C.60) and (C.62),

T
1 1 -1 _ 1
T = 5 (ATA) Y SN () i) + O (7
s=1 i=1 s=1
1 1
s=1
where ,u?i = Ep (2i) with z;; = f2 — E?ﬁ(n)Z?;l(n)mit. By (C.63) and (C.64),
1 T
b = S H Y Kao(m)P (0P () H TR
s=1
1 T n—2 5
ol ST 0Bt s0) [T 9P (55, 8541)98 (su1, sV HTTRY) +0p <1fj£> .
81,82,...,5n=1 7=1

In what follows, we show max; [|2P*(#)[|cc < 1 and max; ||QP*(¢,5)||cc < 1. It is clear to see that
OP*(t) = o0, if pgi(T) = 0, for each ¢. If Mgi(T) # 0, since rank (M%(T)MQI(T)) = 1, it holds by

Woodbury matrix formula that

1

Do D— D-1 D DT D—

Ex,i 1(7') = EM L 1 D pae Eg,i 1Mz,i(7)ﬂm,z’ (7)2571' Y
1+ tr (zg’. 1P, (T) (T))

7

where E?i =Ep <£%it€:—cr,it) with & 5t = x4 — ,ugi(n). It is clear to see that

-1
BT (05 rnZ ) = o (e () + 522) " i (7))
1 (
1 tr (S22 (2] (7))
w (SETUR R (1) e

Lt tr (S0 1 (rul] (m)) - L+l

= tr | S0 pr (s (7) —

J T,0

2
SR )l (7))

(C.65)

where ¢ (i,t) = tr (nglugi(n)ugr(n)). Let ¢; = MxD,;r(Tt)Eg,;l(Tt)ugi(Tt). We have ¢;; € [0,1)
for any i and t. Therefore, QP*(t) = (AOTAO)f1 SN ATy and it satisfies max; [|QP* ()00 < 1.
Analogously, we obtain max; s || QD% (, s)[ls < 1. Let k7 = max{max; [|QP* ()| oo, max; s [|QF* (2, 5) || 0o }-

We have kyr € [0,1) and b}(?) =Op (n%}léﬁo) + Op (‘;’f}g) Therefore, Theorem 3.3 holds. [ |

C.1.4 Proofs of Theorems 3.4, 4.1, 4.2 and 4.3

Proof of Theorem 3.4

We can use arguments that are closely related to those in the proof of Theorem 3.3 to establish the
asymptotic properties of the mean group estimator. We provide the proof in full in the technical
supplement (see Liu, 2023). [
Proof of Theorem 4.1

(1) Recall that the test statistics L7 and Lt are defined as follows:

N N T

T
Dy =m0 Y K () ENTW%%LNT,

i=1 n=1t=1 s=1,#t
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where 77 = 21}03;1 with 3? = (NT) ! vazl Z;V:1 ST @it€je. Tt suffices to prove the Theorem 4.1(1)
by showing (a) Lyt LN (0,0%) and (b) 7% £, o2, under Ho.

For (a), we can use the CLT for U-statistic to establish the asymptotic distribution of L.
Specifically, we write

T N T T
NV = Y Y K(”f)sitsmmz >3 (BT @z
! i=1 n=

1t=1 s= 7#15

N T T
+ZZZ > K<Tt;TS> (€it — €it) (€ns — ns)

Among these three terms, Ly7,;1 can be written into a U-statistic that generates the CLT. We put

the result in Lemma C.7. For the remaining terms with €;; — g, write
€it —Eit = %Tt (5,0 - Bz(n)> + XZT (ﬁ Am)) + ft <Xz - an)) + l‘th (51'(73) - Bzo) = Ae,it + Ag,im

where A = l‘;l; (BZQ — EEn)) + XlT (ﬁ — A}n)) + ET (XZ — Xgn)> and Ag;, = w; (Bi(Tt) - ﬁ?).l It

holds under Hg that Agﬂ.t = 0. For A, i, we use the following decomposition: Ac ;s = Ae1 it + Ae2 it +

Acsit, where Ay = A/ (.E - ftn)), Aesit = f! (Xi - X,@) y Desit = Ty (50 B; n)>- Using

arguments that are closely related to those in the proofs of Proposition C.2(1) and Theorem 3.3, we
~ ~ 2 ~ _

can veadiy obtain Ly [~ 77 | = O (o), where ey = 5T (0740) (52, ).

By Assumption 5, Lemma D.3 and Cauchy-Schwarz inequality,

iiz if(”f)enx (Fi- 7" - dea)

(e y K(;)A l<zf i _ Dé

= Op (VNThmax{N,T}). (C.66)

Additionally, by the conditionally a-mixing conditions in Assumption 1 and the cross-sectional inde-

pendence conditions in Assumption 5,

T
Y oK (Tt . TS) Ensh; det| = Op (NTH). (C.67)
t

N T T
Z Z Z Z K <Tt ; TS) EnsQe1it| = Op (\/ﬁh max{N, T}) ) (C.68)

Z 3 ZT: K <n - Ts) EnsDenit| = Op (\/ﬁh max{N, T}) : (C.69)

'Here we re-define ﬁ and \; with the rotation matrix from the parametric initial estimation: H =
(NT)™! Zf\;l A?A?TFOTﬁ(O) ‘7]\7%, where F(©) and Vyr are defined in Appendix B.1.
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N N T
Z Z Z Z K (Tt ; TS) ensQe3it| = Op (\/ﬁh max{N, T}) ) (C.70)

y (C.68), (C.69), (C.70) and Assumption 5,
LT = op (NT\/E> . (C.71)
Analogously, we can readily obtain

Lyt = op (NT\/E) . (C.72)

Combining (C.71), (C.72) and Lemma C.7, we complete the proof of (a) Ly SN N (0,0%).

N ~ ~4
Then, we only need to prove (b) 57 £, 02. Recall that 52 = 295, and 02 = 2v95.. There-

~2 ~2
fore, it suffices to show that @ £, &2, where 52 = limy_,oo N7} Zfil Zé\]:l Eleje i) and o, =
(NT)~ Zi:l ZFI thl eitejr. We write
N N T T

N N ] N7
Zzz€zt€gt+NTZZZ€zt €jt — Ejt) WZZZ eir — cit) (€51 — €j¢)
Jj=1t=

i=1 j=1 t=1 i=1 1 i=1 j=1t=1
= Ln74+ LNnT5+ LNTg-

For Ly7.4, it follows that E[Ln7.4] = 72 + o(1). In addition,

N N T
1
E[(Lnra—752)") = waaE | D0 DD (eies — Bleusjil)?

where the last equality holds by the second condition in Assumption 2.(iii). Then by Chebyshev’s

inequality, we obtain
LNT,4 = 5? + Op (1) . (073)

For Lyts, by Cauchy-Schwarz inequality,

1 1
2 2 T N 2 2
Lars| < Z Zﬁzt D |2 (i — i)
t=1 |i=1 t=1 |j=1
Under Hy, it follows
1 2\ =
9 T | N N2 /7 |N 2
Lyl < NT ; ;&'t ; ZlAe,it =op(1). (C.74)
= 1= = 1=

Analogously, we can readily obtain |Lyrg| = op (1), under Hg. Together with (C.73) and (C.74), it
yields %i =52 + op(1). Therefore, (b) 77 il 02 can hold under Hg, which completes the proof of
Theorem 4.1(1).
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(2) Note that AC; = 0 cannot hold for all 7 under ;. Without loss of generality, we assume
Bi(t) = BY + vnTApi(T), for i = 1,2,...,N, and B;(1) = BY for i = N, +1,...,N. In this case,
Ag,it = ajg (61(7}) - B?) = VNT:L‘ZAW(Q) fori=1,2,..., N, and A;it = 0 otherwise. Then,

N N T S Ne T T o
ZZZ ZtK< h S>Ag,it = NVNTZZ K( - S>miTtA,8,i(Tt)
T T
= Nowry_ > 3. K(Tt;TS)E(xit)TAﬁ,i(Tt)

Ne T T .
+NVNTZZ Z K< ! . S) (it —E(xit))TAg,i(Tt)

i=1 t=1 s=1,7#t
= Op (NoNT?hvnr) | (C.75)

where the last equality holds by Lemma D.4(2). Analogously,

N N T S No N T T .
)3)I) DD DI (=) FERFCPIESE S 30 ) BID DI o L) PN NSNS

i=1 n=1 t=1 s=1,£t
= Op (N2T?md 7). (C.76)

Provided that vyr — 0, it suffices to require N2T?hv%.,/(NTVh) — oo and then it holds au-
tomatically that NaNTQhVNT/(NT\/E) — oo. Combining these results, if vy and N, satisty
NaNféT%hiVNT — 00, L7 diverges under H;. Therefore, Theorem 4.1(2) holds. [ |
Proof of Theorem 4.2

The arguments that are analogous to those in the proof of Theorem 3.4 in Su and Chen (2013) can
be used to establish the bootstrap test statistic’s asymptotic properties. We provide the proof in full
in the technical supplement (see Liu, 2023). |
Proof of Theorem 4.3

Since the IC method’s consistency is well established in the literature of factor number selection (e.g.,

Bai and Ng, 2002), we put its proof in the technical supplement (see Liu, 2023). |

C.2 The main lemmas

This appendix lists the main lemmas that are used in the proofs of our theorems and propositions.
Lemma C.1. Let Assumptions 1-2 hold. For any given i, n and 7, as N, T — oo,
(1) llsi(r)Ni(7) = palyll o = Op ((Th)~'/?);

(2) ||si(1)& = (Th) = [1,,0,] Q2 (1) M (7) "W (7)&;

= 0p ((T)™);

(3) ||si(m)F° — 22;1(7)2%71.(7-)"1? — Op ((Th)~Y/2);

(4) S"(T)R;n_l) —(Th)~'s77H(7) et Kt,O(T)l'itRS:t_l)HF = Op (0501 (Th)™1/2).
Lemma C.2. Let Assumptions 1-2 hold. For any given i, n and 7, as N,T — oo,

(1) X | Rspi(m)|7 = Op (N(Th)™), i, S, ||RSf,i(Tt)H2€ = Op (NR71),
S IRspi(m)ll = 0p (h7Y), iy Sy N2 Rspa(m)||5 = Op (NA7Y);
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(2) Ty 1Bsa(r)|5 = Op (N(Th)™), Ty iy | Rsi(m) [ = Op (NB7Y),
it Xt Keo(n) 1R () [7: = Op (N), Xy [1Rs () [7: = O (1)

(3) S S Isim)El? = Op (Nh™1), Sy Isi(r)8l* = Op (h71),
Zt IHZ 1)‘2 ztsl(Tt>gi :OP (Nh‘il)’.

s)Ry V| = 0p (N157,,), S sory 0 = 0n (16,4,

2
Nagsi(m) R || = op (NT83,,_,);

4) TL T
Zz 1215 l’

where Rgpi(r) = si(T)F* = S0 1(T)ED) (1) and Rsi(m) = si(1) Ni(m1) — palyp.

Lemma C.3. Let Assumptions 1-2 hold. For any given i and n, as N,T — oo,
o ol =0 8fn—1,(Th)™V/?
fvi fai - P max fﬂ’lz—l?( ) 9y

where QY = TIFO-DTQg PO O = HTORH with Qs; = (I-8) (I - S;) and QF, =
2P —lmroeo 1 0y Spy(r)E7; (1) Ei’fz( 7).
Lemma C.4.  Let Assumptions 1-2 hold. For any given i and n, as N,T — oo,

(1) [|F=DTQg, (B, ,B,TT%T)THF = Op ((Th*)Y2 max{1, (Th)?5¢,_1});

(=T pln=
(2) |RY VT 0g, RS

—Op (T(S%n_l);
=Op (5fn Mﬂ);
) ||FOT s RY Y - T o RY ”TH — Op (5fn . T/h),-

=O0p (1/\/@-

Lemma C.5. Let Assumptions 1-2 hold. For any given n, as N, T — oo,

(5) FOTQSJ'&} — ZtT:l ZitEit

(1) Zﬁl ‘Q R 1)TQS7,(,6 ATl ,ﬁ;gﬂxiT)TH =0Op (NThgmax{l Théfn 1})

~ ~ |12
(2) S || QDT BT BY VN - o S Rk VTR = 0p (NT26,y max {03,y (TH) 1)

~ ~ 2
(3) S, [T R T g & - ST G+ R VJeal| = 0p (NTR max {53, 71 }).

Lemma C.6.  Let Assumptions 1-3 hold. As N, T — oo,
(1) T-FOTF0 L, o
(2) H-L55,0"v1;
where Q = V;f/QU;—fE;U{ Vir is a o X 19 diagonal matriz with diagonal elements being the rg

etgenvalues of the matriz E}\/QEfEi/Q in a descending order, and Uyy is the corresponding orthog-
onal eigenvector matriz satisfying U;—fUAf = I,. X) and Xy are defined in Assumptions 2 and 3,

respectively.

Lemma C.7. Let Assumptions 1-2 and 5 hold. As N, T — oo,

NTfiii > K <Tt_75>5it5nsi>/\/(0,0%).

i=1 n=1t=1 s=1,#t
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Appendix D Proofs of the main lemmas

D.1 Proofs of Lemmas C.1-C.7

Proof of Lemma C.1

(1) Recall that s;(m) = [I, 0p][Mi(7) "W (7 ) ()] Mi(r)TW(r), QF;(r) = diag(1, p2) ® X74(7),

QR 4(1) = (12, 0) T@ED,(7), Qui(r) = (Th) ™ My(r) "W (7) Mi(7) and Qu(7) = (Th) " Mi(7) "W (7)Ni(7),
where Egi(T) Ep(zitz,,). For given 7 € (0,1), we write

s(ON(r) = 11, 0,] (917 = 9271 (1) (Qwa(r) = 9Ra(7)) + 1, 0,] 9271 (7) (wa(r) — QR()
£ 11.0,] (0517) — Q271 (7)) QR (7) + (1,0, Q27 ()R, (7)
= Anti(T)+ -+ AnTe,i(T). (D.1)
We now study the convergence of An73(7), -+, ANT6,:(T). For An73,(7), Lemma D.6(1)(2) imply
lAnrsiOllp < 022 [@witr) = QR0 |[estr) - 22i)| = 0p ( : ) (D2)
F F F Th
Analogously, for Ay744(7) and Anrs,i(7), directly using Lemma D.6(1)(2) gives
Axtai(le =0 () Bwradol = 0p (). 03)
VTh VTh
For Ant,i(7), simple algebra yields
Anrea(r) = 221, (D.4)

2
where p2 = [u?K (u)du. Combining (D.2), (D.3) and (D.4), we obtain the desired result.
(2) We write

5B = o 0] (A 30) — Q27 () M) W ()i 4 o [, 0,] 025 ())Mi(r) W ()5
= ANT7771'(T) + ANT,SJ'(T). (D.5)

It suffices only to show ||An17,:(7)||, = Op (7). Using Lemma D.6(1) and the result || M;(7) "W (7
Op (\/ Th) which is implied by Lemma D.3(1), we obtain
1
B Th

(3) Recall that Rgy;(1) = s;(7)F° — Eg;l(T)Zfo’i(T) and Rypir = witfy | — 30p (1), Let QF (1) =
T .
(Z?fTZ( ) 0T> and Qu7;(7) = (Th)~'M," (1)W (7)F°. We obtain the following decomposition:

JEill p =

L)W

| ANz ()l < €| —

1) [ @eitr) - 220

F

Ropa(r) = [0, 05 (1) upa(r) — 07 (1)ED4(7)
= [0, Q27 () (Qugi(r) = Q7)) + [0, 0] (U4 (7) = QFTH (7)) Qugi()
= [ 0] Q071 (7) (Qupi(r) = 01 + 1, 0] (251 (7) = Q27 (1)) Q2 (7)
+ 1, 0] (24 1(7) = 9271 (7)) (Qupi(r) — Q5 (0))
= AnT94(T) + ANT10,i(T) + ANT11,4(T). (D.6)
Lemma D.6(1)(3) yields
[ANT9,i(T)||p = Op (\/;—]) , [ANT104(T)][p = Op (\/;—h>  NANT (T = Op <Tlh> :
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It follows immediately that ||Rsyi(7)|| = Op (f)
(4) Write
s(Rf™Y = ﬁ[fp,o |0 (1) M) TW () Ry
b 1, 0p] (O4(r) — 927 (1)) Mi(r) TW ()R
= ANT,12,1'(7—) + ANT,IS,i(T)- (D?)

Simple algebra yields An7,12,(7) = ﬁ Zle Kt,O(T)Ez;l( )ﬂﬁnR(n bT, By Cauchy-Schwarz inequal-
ity,

HANTJQZ HF < (Z Kt(] ’xth2> (Z KtO HR(H 1)H2> =0Op <5f,n71) .(D.8)

Using Lemma D.6(1) and Cauchy-Schwarz inequality, we obtain |[An7,13,(7)||z = Op (6%1> To-
gether with (D.8), it leads to the desired result in Lemma C.1(4). [ |
Proof of Lemma C.2

(1) Recall that Rgyi(7:) = AnT,9,i(Tt) + ANT10,i(Tt) + ANT11,6(78), Where AnT9.4(T), ANT,10,(7) and

ANt 11,i(T) are defined in (D.6). For Anr9,(7), by Lemma D.7(2),

T
> lvrastrl: = 0n (3): (D.9)
t=1

To compute the probability order of Z;‘FZI IlA NT’lO,i(Tt)H%\, we decompose the inverse matrix ﬁ;i (1)

in the following way: for a positive and sufficiently large number M,

Q,1(7) = Q07T + Qua(MQE (1) = Q7N (T) + Qua(M)QDH(7) + Q5 (1)L (),
where Qui(r) = (Q51(7) = Q27(1)) Q24(7). Qo) = QualP (| Qe < M) and G5 1(r) =
Qui(T) — va-(T). With Qm(T) and QV;’Z-(T), we write

Anr104(T) = [y, 0p] Qui(r) QD (7)QD; 4(72) + (L, 0p] Q5 () QD (7)) QD 4(72)
= AnT100,i(T8) + ANT,lO,Q,z’(Tt)- (D.10)

For Anr10,1,i(T¢), it follows by Lemma D.7 that

T

1
E IANT 10,1, (T0)]5 = Op (h) : (D.11)
t=1

For Anr,10,2,i(7¢) and any given € > 0, the uniform convergence result in Lemma D.9(3) yields

T
9
P (Z Anrsozi(r)l > h) <P ( s 1Qui(r)l > M ) =of0)

t=1

Then, it follows that 3.7 HANT,l[LQ’i(Tt)H% =op (h™'). Together with (D.11), it implies

T T
1
Z IANT20.:(m) 3 = D I ANT1006 (7)1 5 + Y [ ANT 10,21 (72) [ + interaction terms = Op (h> . (D.12)

t=1 t=1 t=1

For Anra11,i(Tt), we write
AnTi1i = [Ip,0p) @z,z’(ﬁ)ﬂxpjl(ﬁ) (ﬁxf,i(Tt) - Q?f,i(ﬁ))
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+[1p,0p 1QS (ﬁ)QD Y(m) (ﬁxf,i('rt) - prfﬂ-(n))

= Anra1,i(7e) + AnTa1,2,i(T8)-

Since QV“(T) is uniformly bounded, Lemma D.7(2) implies

T T
>l Anraim)li <Y |
t=1 t=1

Additionally, it holds by Lemma D.9(3) that Zthl |\ANT,11,17Z'(7})||2F = op(h™') . Together with
(D.13), it implies

Qupi(me) — fo,i(Tt)HZF =0p <}1L> . (D.13)

S

1
Z |AnT11,: (T ||F Z lANT11,1,:(Te) ||F + Z lANT 11,2 l(Tt)HF + interaction terms = Op (h) . (D.14)
t=1 t=1 t=1

Combining (D.9), (D.12), and (D.14) gives ZtT 1L | Rsy.i (Tt)H% = Op (3). Analogously, we can show
Yty | Rssa(m) = Op (77) and 33 | Rspa(m)ll = Op (7). Write

Nah Rsri(m) = Nk (Antoi(m) + AnT104(78) + ANTa1:(T2))

where AnT19,(7), AnT,10,(T), and An711,i(7) are defined in (D.6). By Lemma D.1 and Cauchy-

Schwarz inequality,

i=1 t=1
N T +8* 4ts 8-;26* 45:5*
2 >k
<E ZZ(ED [0asatr) = 950 D (ED e D
i=1 t=1

For Anr10,4(7), Naj Anri0i(me) = N2 Anrio,i(me) + Az, Anr10.2,(7e), where Anr 10,1,:(7) and
ANT10,2,i(T¢) are defined in (D.10). Using Lemma D.1 and Cauchy-Schwarz inequality, we obtain

£33 e ||

=1 t=1

T 2
T ANT 10,1, (Tt) H
F
4 5*
24-6* 4+45%* 8+26* 4+45%*
A 2 0T o*

|@eitr) ] > (ED [\ zi ] >

F F

By the uniform convergence result in Lemma D.9(2), we can show that the term with An710.24(7) is

i Lit

can obtain Z’f\;l Z;}r 1 [H)‘z wh ANT11i(Te H } 0 (W) Therefore, Zf\; Zz 1 [H/\z  Rsyi(me) H }
N

O (%)-

(2) Recall that RS,i(Tt> = SZ‘(Tt)NZ'(Tt) — pol, = ANT,S,i<Tt) + -4 ANT,E),Z’(Tt); where ANT73,i(Tt)7 SN

ANt 5:(7¢) are defined in (D.1). Using arguments that are analogous to those in the proof of (D.9)

negligible. Therefore, Zf\il Zf 1 [H)\O TANT 10,i(T¢) Hﬂ =0 (%) Using analogous arguments, we

and (D.12), we can use Lemmas D.6 and D.9 to show

T T T
1 1 1
S larastrle = 0r (1) S bwraswls = 0p (3). X lvrastllh = 0r (7).
t=1 t=1

t=1
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Therefore,

T
1
ZHRSZ ()5 = ZHANTM(Tt ||F+Z||ANT4Z(Tt 15+ Y [ An7s.i(70)|[5 + interaction terInS—Op< )

t=1 t=1 h

Analogously, we also have

N T N T
ZHR& ||F—op( )7ZZ||RsmHF—OP( )EZK, ) |Rs ()|l = Op (N).

i=1 t=1 i=1 t=1
(3) Recall that s;(7)g; = Ant,7,i(T)+ANT8:(T), where Anr7,:(7) and Anrg,i(7) are defined in (D.5).
By Lemma D.4(1), we have 23:1 HANT,&,L'(Tt)Hi—, =Op (). For Anp7,(7), we write

2 Uy O3] Qa2 () M)W ()5 +

= AnT71:(T) + ANT7.24(T)

1 ~ ~
ANT,?,z‘(T) Th [Ip, Op] fc,i(T)pr,i(Tt)Mi(T)TW(T)ffi

Since Q,;(7) is uniformly bounded, ST HANT,7717i(Tt)H% <cy L, HANT,&i(Tt)H% =Op (h71). For
any given positive number ¢ and An772:(7), by Lemma D.9(2),

T
P (Z lAxzz2i(ml} > ;) <P sup 1Qui(r)l > M ) =of0)
t=1

0<r<1

which yields Y/_, [|[Antr2:()||% = op(h~'). Therefore, Y1, ||s:(7)&l% = Op (h~'). Analo-
gously, we can show 31, Y0 [[Ant7s(r)|[3 = op(Nh™Y) and S5, S0, [[Anrsa(mo) |3 = op(NR7Y).
Therefore, SN ST [1s;(r)& % = Op (NAL) and 3°L, Hzfv NaTsima|” = op (Va1

(4) Recall that Si(T)Rgcn_l) = Ant112,i(7¢) + AnT3i(7), where Ant12:(7) and An7,13,(7) are defined

n (D.7). Similarly to (D.8), we can show 37, [|An712:(7)[|% = Op (T&%nfl). For Anr.13.4(7),

Anrazi(r) = Iy, 0p) Qui ()2, (1) My () TW (1) R

7 |

1 ~ n—
o Uy 0p] @ ()23 (m) Mi(r) "W (r) R
= An713.1,i(T) + ANT13.24(T).

Since Q) is bounded, we have "7, || Anras.1i()|% < C X0, | Anraz:(r) |5 = Op (Téj%mfl).
For Anr31324(7), by Lemma D.9(2), we have Zthl HANT71372’Z‘(7})”§7 = OP(T5J2c’n_1). Consequently,

Zt 1 11si(Te) R(n I)H =0Op ( (5fn 1) Analogously, we have
N T —_ N T |2
> > |lsi(r) R HF =Op (NT&},,_1), iy si() Ry HF = Op (NT6},,_1)-
i=1 t=1 i=1 t=1

Therefore, Lemma C.2(4) holds. -
Proof of Lemma C.3

Recall that ﬁﬁ_l) = T1HF=DT Qg F=D), O, = HTQFH with Qg; = (I - S)"T(I—S;) and
Q?,z‘ = Z? —limy o0 7 EtT 22N t)ExD;l (7 )Expfl( 7). We write

zfi
A(n— 1 n— 1 n— ~
v ol = HT (TFOTQs,iFO - QD> H+ THTFOTQ Ry + ZRYTVTOsF
I Jtn—1)T (n—1)
+TRf Qs,in
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= Anraai+ -+ ANT 1T

Since AnT,16,i = A;T 154+ it suffices only to show the convergence of Anr 14,4, AnT,15: and AnT17,.
Recall that Ry i = zitx i —S2,(71), Rapie = wief{T =55 ,(7) and R (i) = si(r) FO=S2 71 (1) S5, (7).

For ANT,14,Z' y write

T
H ' T AnpaaH . Z( - [ ]) ZRxfzt (72) S5y ()

t=1

_7zzxfz (Tt Rxfzt+ szfz ED 1(Tt)R$lt2 ( )Exfz(Tt)
1 1 1 &
—7 Z Ry Rspi(te) — T Z Rsyi(e) " Raugi + T Z Rsyi(1) " Ryt Rsypi(Ti)
t—1
+= szfz )30 (12) ReitRsyi(Tt) ZRsz i) xztzi;l (1) S 4(72)

T
1 TsD 1
+T ; Rsy,i(7t) Ex,i(Tt)RSf,i(Tt) + Op <T>

1
= ANnT41 + -+ AnT14,104 + Op (T) ; (D.15)

where we use the following property of Riemann integral:

*szfz JZai 1<Tt>25f¢<ft>—/2m< )22 (0) 5T (v)dv = Op @)

Directly using Lemma D.2(1), we can readily obtain

1 1
:O T = ’ A @ :O JT ’
- P(ﬁ) |ANT 14,2, P(ﬁ)
1 1
o (L) Ho—on (L), D.16
p=0r (=) vrinad = 0r (=) (D10

For Anr145,, by Lemma C.2(1) and Cauchy-Schwarz inequality,

T % T
[ANT 145l p < (Z HRx,z’tII§7> (Z IIRSf,z'(Tt)H%>
t=1

t=1

|ANT 14,1,

N

= Op (\/%) . (D.17)

Analogously, Lemma C.2(1) and Cauchy-Schwarz inequality also imply the following results:

1 1
= | A illm = A ilp = — |
| OP< T >7 |AnT 14,74l = Op <Th> |AnT 148l = OpP (\/T—h>
1
=0Op <\/T—> I AnT 14,10, p = Op (\/T—h> :
Together with (D.15), (D.16), and (D.17), these results yield
0 <1) (D.18)
e UP\VTR) ’

We now study the convergence of Anr,15;. Write
H ' Anr15: = = th n- l)T - = ZZM@ Sl () ma R(” uT
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T T
1 n—1 1 n—1)T
-7 Z lesi(n)R; )~ T Z RSf,z'(Tt)T:IIuRggt )

7 ZRSf, () s () B 4 szfz or ) Resi(m) Ry
= ANT,15,1,¢+'”+ANT,15,6,1~ (D.19)

For AnT15,1,i, by Cauchy-Schwarz inequality,

|ANT 15,14 o < % <2T: HftOH2> (Z HR(n 1) H ) P (6fn-1)-
t=1

Analogously, we have ||An7152,llp = Op (dfn—1). For An7153,, using Lemma C.2(4) and Cauchy-

Schwarz inequality gives

1
2
si(r) Ry HF> = Op (671

(Z HR:chtHF)% (g

: S
Analogously, we can obtain [|AnT,15.4,i|| » = Op ( f/T*1) |
Op (0fn—1). Therefore, the convergence rate of Ay7,15; is

Ofmn
:Op< f/T—l) |ANT 1564l =

=0p(0fn-1)- (D.20)
For An7174, write
RS Dp 1 y 1y D\ " T
e = SRR S R A5 ()
t=1 t=1
T
1 n—1 T n—1
+T 2 (si(rt)R; )) a:itx;si(rt)R; )

= Anrarai+ o+ ANT 1744

We now study these terms one by one. For Anr 17,1, it is clear to see that
1)
IANT 1714l < Z HR(n H = Op (0}0-1) -

For ANT,I'?,Q,’U we write

1 e B o
Aviires = o X Kaalm) B a2 (T
t=1 s=1
n—1 — n—1)T
TQh Z Z R ) ;g T l(Tt)Ks(Tt)EE’Z- 1(7})1‘ RE”s )

t=1 s=1

TA D—-1 nHT
TthZR 2} Q5 () K (r) ST ()i R
t=1 s=1
= AnTi721, + ANT 17220 + ANT17,2,3,4-

By Cauchy-Schwarz inequality,

1 T T + % T T
n—1) n—1 _
< e (STl (S oo,
t=1 s=1 t=1 s=1

1

y
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5]2” n—1
= or (=) (D.21)

Since vaz(’i') is uniformly bounded,

52
lAnT 1722l < Cl|ANnT 1721l = OP ( f\/ﬁl> . (D.22)

For AnT1723,4, by Lemma D.9(2), we obtain ||An71723:l» = op (5120,71—1}171/2)' Together with
(D.21) and (D.22), it gives

5
|ANT 172,ill = Op ( J:/E1> . (D.23)
52 52
Analogously, we have ||An7173,ll = Op ( f\’;ﬁl> »=0p ( fyﬁl). Therefore,
&
|AnT17ll = OpP ( f\;% ) . (D.24)
Since AnT 16, = AET,15,1'7 (D.18), (D.20), and (D.24) jointly lead to the desired result in Lemma C.3.

Proof of Lemma C.4
(1) Recall that Rl‘f,it = l"LtftO — Zzpfz( ) Rx,it = xitﬂf;l; — ExD,i(Tt)a RS,i(Tt) — Si(Tt)Ni(Tt) o MQI,
Rsyi(me) = si(re) FO — 23;1( )Effz( 7¢). Write

-
FOTQg; (5;1561'1, e ,57;331‘7‘)

. 0T T 0) T T T
=> (ﬂﬂz‘tft — @y Si(Te) F ) <5z‘t —si(7e) <5¢19€i1, i ,ﬁiT%;T) >

t=1
T

(xnf; xnm;sxfgfﬂ) SATQAG@})(;ﬂf@}Vf—%OUf)>

T
>
d 1
2; ﬁm< ”nyﬁ+oh2> }:zﬁlnzp @gmm<2@wgﬁ+nw%>
1

3 Reps(r) TSR, (3o crom +o02)) - ZRxf oRsir) (GBHEOR? +o12))

t=1

T
+;Rsf,i(7't)TRz,it <;5”(Tt)h2 +o(h?) > ZExfz () '20; (1) Ruit R i(72) <;5§'(Tt)h2 + 0(h2)>

T
1 1
+ZRSf,z'(Tt)TEzD,i(Tt)RS,i(Tt) (2 { (T0)h* + o(h?) > ZRsz ) Ryt Rs,i(m) (25{"(7})# + 0(h2)>
t=1

= ANT8 + -+ ANT 25, (D.25)
We now study the convergence of Ax718;, - -+, AnT,25; one by one. Lemmas D.2(1) and C.2(1) imply
[ANT 8l p = OP (V Th4> , [ANT 19,1l 2 = OP (v Th4) N »=0p <\/Th3> . (D.26)

For Anr21,i, -+, ANT25,4, using Lemmas C.2(2), D.2(1) and Cauchy-Schwarz inequality, we obtain

1 1
T 2 T 2
| ANT 21l < Ch (Z HR:cf,itH?:) (Z ||Rs,i(Tt)H%> =Op (V Th3) . (D.27)
t=1
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Analogously, we have |’ANT,22,i”F = Op (\/ Th3), ”ANT,QS,iHF = Op (\/ Ths), ”ANT,24,iHF = Op (h)
and ||AnT25,il|p = Op (h). Together with (D.26) and (D.27), these results imply

-
HFOTQSz (Bﬂle, ety ZE{L‘ZT> = Op (\/ Th3> . (D28)
F
For Rgcnfl)TQSJ- (ﬁ;;:cil, e ,Bi}xiT)T, it is clear to see that
T
R g (Bhaa, -+, Blrar )
d 1
n n—1
=3 (AT el ) Rt (G810 o0

T
32 (R oy ) el (G G0 o)
T

—MQZR” b j( ! (r )h2+oh2> ZR{ i Rs,i(1) (iﬁé’(n)h”f)(ﬁ)

T
n— 1 e 1
S (ol s <254'<Tt>h2+0<h2>) — o 3R TST (7) R (254’<rt>h2+o<h2>)

t=1 t=1

—MZZRn VST (s ) (8 + o))

= ANT,26,1 + -+ ANT 30, (D.29)

By Lemma C.2(3) and Cauchy-Schwarz inequality,

1 1
< Ch? <ZHR H) (iuxitlF) = Op (Th%;,_1).  (D.30)
t=1

Analogously, we have ||ANT,27,Z'||F = OP (\/ Th3(5f7n_1), ||ANT,28,Z'||F = Op (\/ Th3(5f7n_1>, ||ANT,29,Z'”F =
Op (Thzéf’n_l) and ||AnT30,i|lp = Op (Th25f7n_1). Together with (D.30), these results imply

.
= Op (, /Th2s ,M) . (D.31)
. !

o (- )

By (D.28) and (D.31), Lemma C.4(1) holds.
(2) We write
T

T
RYVTagRU VN = STRETVRETVIN ST REVasi(m) RE VN
t=1 t=1

T o~
(Si(Tt)R;n 1)) xitmgsi(ﬁ)R; 1))\i

E

T
— si(Tt)R(nfl) ! a:itR(nfl)TXi +
t=1 d I

= Anrgz1i+ -+ ANT 344

t=1

Simple algebra yields that [[An731| = Op (T(S]zcm_l). Using Lemma C.2(4) and Cauchy-Schwarz
inequality, we obtain

n—1
I ANT 32, p < (ZHth )H> ( ’
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n_1 2 ~
v R >HF) Rl = Op (T6},,1).




Analogously, we have
Lemma C.4(2) holds.

F = Op (T(szcm_l) and ‘|ANT,34,i|’F = Op <T512‘,n—1>' Therefore,

(3) Write
DT = _ N~ (pm-DT T -1\ " T -
R Qgi&i = Z(Rf,t — zysi(Te) Ry ) (sit—xitsi(n)ei)
t=1
T

= ZR” ey — ZR(” DT sT (r)aeis — ZR iy si(m)ei

+ Z Rgcn_l)—rsiT (1) ey 5i(T1) s
=1
= AnrT3si+ -+ ANT 38 (D.32)

i _ T
It suffices only to consider An7364, AnT 37, and Anr3s,:. Let Kj (1) = (Ktyo(T)Ip,,lQ 1Kt,1(7')]p) )
For AnT 36,4, we write

T T
1
Antge; = _?ZZKS,O(Tt)R‘(fTLS Y w20 () wiein

= AnT36,1,i + ANT 36,2, + ANT,36,3,1- (D.33)

We now study these terms one by one. By Cauchy-Schwarz inequality and Lemma D.3(1),

o (Sl T) (Sl o (T

Since Q,.4(7) is uniformly bounded, it follows that ||An7s62:l < C |AnT36.1.4] = Op <\/faf,n_1>.

By Lemma D.9(2), [|[AnT 36,3, = op <ﬁ5f7n—1>' Therefore, ||AnT 36, = Op (\/féf,n—l)- Using
Lemma C.2(3) and Cauchy-Schwarz inequality gives

r b ;
2
<<;HR§Z‘”H> (giixusxman?) —0p (ﬁéf,n-l)

Analogously, we can show [[AnT3s|| = Op (ﬁéﬁn_l). Therefore, Lemma C.4(3) holds.
(4) Write

2

|AnT,36,1,il < Ty 5,0(T0) 25 ; )i

(57 — s ) (R — as(m) B Y)

WE

0T, pn-1) _
F QSﬂRf =

t=1

T
ftOREvT,Lt T Z DEARED) ED,ZI(Tt)l‘itR;Z_I)T - ZRSf,i(Tt)T$itR§cZ_1)T
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I
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T T
+ " Repi(m) TSP (m)si(r)RY TV + 3 Repi(m)  Ryasi(n) RSV
= t=1
= ANT39it++ ANT 45, (D.34)

It suffices only to study An741,i, - -+, ANT45,. Recall that K (1) = (Kt,Q(T)Ip, ug_le(T)Ip)T. For

ANTALi , We write

T T
1 _ n—
ANTa1s = — (Th E sto(rt)sz,is> Ef’i 1(Tt)(13itR§c’t hl
s=1

.
([Ip,O 1Qui() ( hZK* ) ED ! Tt)xisf£T>> ztR(n DT

: 1
([Ip,O ]Q“(Tt (Th ZK* ED 1(Tt)xisf£T>> qu%{l)T +Op <h>

1M 21 1M

1
= Anta11,+ ANnTa12: + ANT 413 + Op (h) . (D.35)
By Cauchy-Schwarz inequality and Lemma D.4(1),
( 3 /T T 2\ 2 T
n—1) 2
<7 (Sl ) (et [ mntomas] | =or ({fFo).

For Ant41,2,i, using Cauchy-Schwarz inequality and Lemma D.7(3), we obtain

<o (Sl ) (-l )%’ o ({Fs).

Using Lemma D.9(2), we can show that An7413; is negligible. Combining these results gives

|ANTaLillp = Op <ﬁ5f,n—1>' For Anru2,, write

ANTa2i = —Z o it <ThZKSO 7t) EIDZ (Tt)l‘zsR(n DT )
* n—1)T
_ZRH” (Ip,() Qm(n (Th ZK T¢) ED (Tt)xz‘ngﬂs ) ))
* n—1)T
_ZRxf it (Ip,O (Tt (Th ZK T¢) ZD Tt)xisRSis 1) ))

1
= AnTua21,i + ANT 422 + ANTa2,3, +Op (h) . (D.36)

Simple algebra gives || AnT42,1ll p = [[ANT 41,1l = Op (5f,n—1 v T/h>,
Op (5]0,”,1\/ T/h), and ||ANT,42,3,1'HF = | (5f,n71 \/T/h) . Therefore, ||ANT,42,Z'”F =
Op <ﬁ5f,n—l>- Analogously, we can show that ||AxT43:l, = Op (ﬁéﬁn_l). Using Cauchy-

Schwarz inequality and Lemma C.2(4), we obtain

si(T)RY (n=1) H ) (Z”Rsﬁ T ||F) =0Op (\/zém_l).
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Analogously, ||AnTs,llr = Op (\/Z(Sf,n—1>~ Therefore, Lemma C.4(4) holds.
(5) Write

T
-
FOTQSJQ = Z( — Ztsl Tt)F()) (5” — x;Sz’(Tt)gi)
T T T T
= > flew—> SDL(r)SD  (m)wici — Y Rapi(me) Twagi — Y Ripisi(ro)es
t=1 t=1 - -
T
+ Z S () ST () Reiesi(m)es + > Rspa(m) 'S0 (r)si(m)es
t=1
+ Z Rsyi(7e) " Raitsi(mi)es
= Anra6it+ -+ ANT 52, (D.37)
It suffices only to study Anra48,,- -, ANT 524, For AnT s, we have

M=

ANTag; =

1 o !
<Z 5,0(7t) J}f,ls) o () mae

Th
T
<Ip70 sz Tt (ThZK* ED I(Tt)l'itfto—r>> Tit€it
1
! 1
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1
= AnrTa81,i + ANT482,i + ANT 483, + Op (h) )

t=1
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Mﬂ

t

Mﬂ

4+
t

Il
—_

Since (Th)~1 Zthl K o(T)Ry it and QVM(T) are independent with {e;;} conditional on D, Lemmas
D.1 and D.5(2) imply ANT,4871,7? = OP (ﬁ) and ANT74872,Z‘ = Op (ﬁ) By Lemma D.9, ANT,48,3,1'

is also negligible. These results yield |[An74s,l = Op (%) Analogously, ||AnTa94| = Op (%),

| AnT504] = Op (f) | AnTs14] = Op (W) and | Ant.52.] = Op (I) Therefore, Lemma C.4(5)
holds.

Proof of Lemmas C.5

Using the arguments that are closely related to those in the proofs of Lemma C.4, we can establish the
desired results in Lemma C.5. The proofs are provided in the technical supplement (see Liu, 2023). 1.
Proof of Lemma C.6

(1) By (C.7)-(C.10), Lemma C.6(1) is a direct extension of the Proposition 1 of Bai (2003). Therefore,
its proof is omitted in this paper.

(2) Recall that H = (N"'ATA?) (T-1FOTF®) VL. By Assumption 3, we have N~TAPTAO -

Y. It follows Lemma C.6(1) that T-1FOTFO) 2, T, Additionally, we can show Vyr Ly by
using the arguments that are analogous to those in the proof of Lemma A.3 in Bai (2003). Combining
these results, we can conclude that Lemma C.6(2) holds. [ |
Proof of Lemma C.7

Since Tyt can be rewritten as a U-statistic, arguments that are closely related to those in the proof
of Theorem 2 in Hall (1984) can be used to establish its asymptotic distribution. Complete proofs
are provided in the technical supplement to the paper (see Liu, 2023). |
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D.2 Technical lemmas

This appendix introduces the technical lemmas that are standard in the literature of c-mixing pro-

cesses. The proofs of these lemmas are provided in full in the technical supplement (see Liu, 2023).

Lemma D.1. Suppose &; satisfies the aP-mizing conditions in Assumption 1.

LT
T >
t=1

245* /2

C B (Il Z7).,

Ep S Tirea

F
where 0 < 8* < 5, if Bp (&) = 0, B (&l 27%) < oc

Lemma D.2. Suppose & satisfies the aD—mixmg conditions in Assumption 1 and (i = &ye(Ti), where

c(7) is a uniformly bounded function. As N,T — oo simultaneously,

T 2 T 2
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2
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2
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() E ( SV ST it

2
F) < CV&}U}T; E <HZ£V1 S wiCir

2 —1
. < CynwT-

Lemma D.3. Suppose &; satisfies the oP -mizing conditions in Assumption 1 and Gy = Eipe(Ti), where
c(1) is a uniformly bounded function. For m =0,1,2,3, as N,T — oo simultaneously,
> < CTh;

2
F

(1) E < S Ky ()i

2
F) <CTh, E (HZtT:l Km (7)Cit

(2) E < Zz]\il Z?:l Ky (T)&5t i) <CNTh, E (Hval Zthl K (7) Gt i) < CNTh;

2
F

2
(3) E < Sy S N K (T) it F> < Cv;,}wTh, E (HZZJ\; Sty WN K m (7) Gt ) < C"Yz?/,leh'

Lemma D.4. Suppose & satisfies the aD—mim'ng conditions in Assumption 1 and (i = &ye(Ty), where

e(7) is a uniformly bounded function. For m =0,1,2,3, as N,T — oo simultaneously,

2
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1) S8 (S Kinrgal], ) < 07 £ (S0 Kenrial], ) < 0728

T N T 2 2
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2
F) < Cyyt,T?h.

Lemma D.5. Suppose & satisfies the oP -mizing conditions in Assumption 1 and i = Eivc(Ty), where
c(7) is a uniformly bounded function. Additionally, & is independent with €;; conditional on D,
) < CNT?;

2
F

1) 5 (| S G

2
,) < ont B (S8 8 S G
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Lemma D.6. Let Assumptions 1-2 hold. For given T € (0,1), as N,T — oo simultaneously,
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Lemma D.7. Let Assumptions 1-2 hold. As N, T — oo,
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Lemma D.8. Let Assumptions 1-2 hold. For (;; independent with £, as N, T — oo simultaneously,

(1)E<
(2)1@(
(3)1@(
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) < ONT@R 0, i B (Jeul ) < oo

Zij\il Zthl @x,i(Tt)CitEit

2
) < ONT(m)- /859, i (Jeal 1) < oo;

Zi]L 25:1 wN,i@x,i(Tt)git

2
) < Comuh) ™

SN ST N i Qui () it

2
) < CARl, T(@h) =549, i E (Jl6l777%) < oo;

35



2
F

(6) E <H2§V ST wn Qi) Caein ) < OoRL,T(TR)-CH ), i E (|l 7)) < oo.

Lemma D.9. Let Assumptions 1-2 hold. For given T € (0,1), as N,T — oo simultaneously,
(1) for given T € (0,1), there exists an M (1) > 0 such that Zf\il P (||Qui(T)||p > M(7)) = 0(1);
(2) there exists an M > 0 such that Zf\il P (supgeret [|Qa,i(T)||p > M) = o(1);

(3) there exists an M > 0 such that P (maxi<i<n [|Qyill, > M) = o(1).
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