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This supplement contains three appendices: Appendix B provides some additional discussions on

the estimation method, Appendix C presents the proofs of the main theoretical results, and the proofs

of the main lemmas are provided in Appendix D.

Appendix B Extra models and estimation methods

B.1 Time–constant panel data model

This appendix studies the panel data model with heterogeneous time-constant regression coefficients:

yit = x>itβ
0
i + λ0>

i f0
t + εit. (B.1)

The DLS iterative algorithm can be used to estimate model (B.1) after some necessary modifications:

Step 1. Find initial estimators B̃(0) = (β̃
(0)
1 , · · · , β̃(0)

N )> via minimizing the following nuclear-norm

regularization objective function:(
B̃(0), Γ̃

)
= arg min

B∈RN×p,Γ∈RN×T

{
Q̃(B,Γ) +

φNT√
NT
‖Γ‖∗

}
,

where B = (β1, · · · , βN )> and

Q̃(B,Γ) =
1

NT

N∑
i=1

T∑
t=1

(
yit − x>itβi − γit

)2
.

With B̃(0), we can compute the residuals R̃it = yit − x>it β̃
(0)
i and construct the initial estimators F̃ (0)

and Λ̃(0) through the principal component analysis of R̃it’s covariance matrix.

Step 2. With F̃ (n−1) = (f̃
(n−1)
1 , · · · , f̃ (n−1)

T )>, β0
i and λ0

i can be estimated jointly using the least

squares method. β̃
(n)
i and λ̃

(n)
i denote the estimators of βi and λ0

i , respectively.

Step 3. With B̃(n) = (β̃
(n)
1 , · · · , β̃(n)

N )> and Λ̃(n) = (λ̃
(n)
1 , · · · , λ̃(n)

N )>, f̃
(n−1)
t can be updated using

the least squares method.

Step 4. Repeat Steps 2–3 until numerical convergence.

B.2 Estimation by sieve method

This appendix offers an alternative method to estimate model (2.1), which is based on sieve approxi-

mations. Let {ϕ1(τ), ϕ2(τ), · · · } be a set of basis functions (e.g., B-spline functions). By sieve method,

we have

βi(τ) =
∞∑
k=1

cikϕk(τ) =

K0∑
k=1

cikϕk(τ) + ∆K0(τ),

where ∆K0(τ) =
∑∞

k=K0+1 cikϕk(τ), cik is a p × 1 vector of unknown sieve coefficients, and K0 is

the truncation parameter. Denote X̃it =
(
ϕ1(τt)x

>
it , · · · , ϕK0(τt)x

>
it

)>
, Ci =

(
c>i1, · · · , c>iK0

)>
and

1



Table B.1: AMSEs and SCCs for sieve estimates

AMSEβ,0 SCCλ,0 SCCf,0

N/T 40 80 120 40 80 120 40 80 120

40 0.6715 0.2933 0.2033 0.4304 0.7706 0.8502 0.4337 0.7515 0.8319

80 0.6652 0.2832 0.1923 0.6405 0.8359 0.8753 0.7136 0.8881 0.9235

120 0.6594 0.2745 0.1811 0.6921 0.8512 0.8814 0.7952 0.9278 0.9428

AMSEβ,n SCCλ,n SCCf,n

N/T 40 80 120 40 80 120 40 80 120

40 0.5253 0.1420 0.0753 0.7569 0.9705 0.9838 0.7974 0.9682 0.9760

80 0.4388 0.1346 0.0730 0.9267 0.9786 0.9867 0.9649 0.9875 0.9890

120 0.4265 0.1318 0.0701 0.9440 0.9799 0.9886 0.9842 0.9918 0.9984

∆̃K0,it = x>it∆K0(τt). Model (2.1) can be rewritten as: yit = X̃>it Ci + λ0>
i f0

t + ∆̃K0,it + εit. For this

model, we can use the following iteration algorithm to construct estimators for Ci, f0
t and λ0

i :

Step 1. Obtain the initial estimators Ĉ(0) = (Ĉ(0)
1 , · · · , Ĉ(0)

N )>:(
Ĉ(0), Γ̂(0)

)
= arg min

C∈RN×pK0 ,Γ∈RN×T

{
Q̃∗(C,Γ) +

φNT√
NT
‖Γ‖∗

}
,

where Q̃∗(C,Γ) = 1
NT

∑N
i=1

∑T
t=1

(
yit − X̃>it Ci − γit

)2
. Then, we compute regression residuals and

obtain the initial estimators Λ̂(0) and F̂ (0) using the PCA method.

Step 2. With F̂ (n−1) and Λ̂(n−1), update Ĉ(n−1) by minimizing Q̃∗(C, Γ̂(n−1)), where Γ̂(n−1) =

Λ̂(n−1)F̂ (n−1)> .

Step 3. With Ĉ(n), we estimate F 0 and Λ0 by the PCA method.

Step 4. Repeat Steps 2–3 until numerical convergence.

With Ĉ(n), we construct the sieve estimator: β̂
(n)
i (τ) =

∑K0
k=1 ĉ

(n)
ik ϕk(τ). We re-conduct the simu-

lation study of Example 5.1 in Section 5 to assess the sieve estimators’ finite sample performance. We

follow Su et al. (2019) to use B-spline polynomials as the basis functions and employ their method to

choose interior knots for estimation. AMSEs and SCCs are computed after replicating the experiments

for 1000 times. Simulation results are reported in Table B.1.

Appendix C Proofs of the main results

Denote Kt,m(τ) = K
(
t−τT
Th

) (
t−τT
Th

)m
, for m = 0, 1, 2, 3. Let F̃ = F 0H, Λ̃ = Λ0H−1>, f̃t = H>f0

t ,

λ̃i = H−1λ0
i , R

(n)
f,t = f̂

(n)
t − f̃t, and R

(n)
f = F̂ (n) − F̃ , where the rotation matrix H is defined in

Theorem 3.1. Let δf,n be R
(n)
f,t ’s rate of convergence and δNT = min{

√
N,
√
T}−1. C denotes a finite

positive constant and its value can be different at each appearance.

C.1 Proofs of the main theorems

C.1.1 Proof of Theorem 3.1

(1) Let Γ = ΛF>, Γ0 = Λ0F 0>, γit = λ>i ft and γ0
it = λ0>

i f0
t . The initial estimator B̂(0)(τ) satisfies(

B̂(0)(τ), B̂
′(0)(τ), Γ̂τ

)
= arg min

A,C∈RN×p,Γ∈RN×T

{
Qτ (A,C,Γ) +

φNT√
NT
‖Γ‖∗

}
,
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where Qτ (A,C,Γ) = (NTh)−1
∑N

i=1

∑T
t=1

(
yit − x>it (ai + (τt − τ)ci)− γit

)2
K
(
t−τT
Th

)
, and ai and ci

are the i-th columns of A> and C>, respectively. For any given τ , define x̃it,τ = (x>it , x
>
it(τt − τ))>,

d0
i,τ = (β>i (τ), β′>i (τ))> and di = (a>i , c

>
i )>. For any A,C ∈ RN×p and Γ ∈ RN×T ,

1

NTh

N∑
i=1

T∑
t=1

(
yit − x>it (ai + (τt − τ)ci)− γit

)2
K

(
τt − τ
h

)

=
1

NTh

N∑
i=1

T∑
t=1

(
εit − x>it(ai + (τt − τ)ci − βi(τt))− (γit − γ0

it)
)2
K

(
τt − τ
h

)

=
1

NTh

N∑
i=1

T∑
t=1

(
εit − x̃>it,τ (di − d0

i,τ )− (γit − γ0
it)
)2
K

(
τt − τ
h

)
+OP (h4)

=
1

NTh

N∑
i=1

T∑
t=1

ε2
itK

(
τt − τ
h

)
+

1

NTh

N∑
i=1

T∑
t=1

(
x̃>it,τ (di − d0

i,τ ) + (γit − γ0
it)
)2
K

(
τt − τ
h

)

− 2

NTh

N∑
i=1

T∑
t=1

εit

(
x̃>it,τ (di − d0

i,τ ) + (γit − γ0
it)
)
K

(
τt − τ
h

)
+OP (h4), (C.1)

where the second equality holds by the local linear approximation and its proof is analogous to that

of Lemma C.1(1). Let d̂i,τ = (β̂
(0)>
i (τ), β̂

′(0)>
i (τ))>. Since Qτ (B̂(0)(τ), B̂′(0)(τ), Γ̂τ ) + φNT√

NT

∥∥∥Γ̂τ

∥∥∥
∗
≤

Qτ (B(τ), B′(τ),Γ0) + φNT√
NT

∥∥Γ0
∥∥
∗, (C.1) implies

1

NTh

N∑
i=1

T∑
t=1

(
x̃>it,τ (d̂i,τ − d0

i,τ ) + (γ̂it,τ − γ0
it)
)2
K

(
τt − τ
h

)
+

φNT√
NT

∥∥∥Γ̂τ

∥∥∥
∗

≤ 2
1

NTh

N∑
i=1

T∑
t=1

εit

(
x̃>it,τ (d̂i,τ − d0

i,τ ) + (γ̂it,τ − γ0
it)
)
K

(
τt − τ
h

)
+

φNT√
NT

∥∥Γ0
∥∥
∗ +OP (h4).

Without loss of generality, we assume that Γ0 has the following SVD decomposition: Γ0 = UΩγV
>,

where UN×min{N,T} and VT×min{N,T} consist of the singular vectors and Ωγ is a diagonal matrix

containing the singular values of Γ0. Since rank(Γ0) = r0, the first r0 singular values of Γ0 are

nonzero and the remaining singular values are zero. Additionally, let U = (U1, U2) and V = (V1, V2),

where (U1, V1) and (U2, V2) contain the singular vectors corresponding to nonzero and zero singular

values, respectively. Define Pφ,τ = U1U
>
1

(
Γ̂τ − Γ0

)
V1V

>
1 and Mφ,τ = Γ̂τ − Γ0 − Pφ,τ . Then,∥∥∥Γ̂τ

∥∥∥
∗

=
∥∥Γ0 + Pφ,τ +Mφ,τ

∥∥
∗ ≥

∥∥Γ0
∥∥
∗ + ‖Pφ,τ‖∗ − ‖Mφ,τ‖∗ ,

where the inequality holds by Lemma C.2 of Chernozhukov et al. (2018). Therefore, it follows that

1

NTh

N∑
i=1

T∑
t=1

(
x̃>it,τ (d̂i,τ − d0

i,τ ) + (γ̂it,τ − γ0
it)
)2
K

(
τt − τ
h

)
+

φNT√
NT
‖Pφ,τ‖∗

≤ 2
1

NTh

N∑
i=1

T∑
t=1

εit

(
x̃>it,τ (d̂i,τ − d0

i,τ ) + (γ̂it,τ − γ0
it)
)
K

(
τt − τ
h

)
+

φNT√
NT
‖Mφ,τ‖∗ +OP (h4),

where γ̂it,τ is the (i, t)-th element of Γ̂τ . Let Dτ = (B(τ), B′(τ)) and D̂τ = (B̂(0)(τ), B̂′(0)(τ)). By

Cauchy-Schwarz inequality,

1

NTh

∣∣∣∣∣
N∑
i=1

T∑
t=1

εitx̃
>
it,τ (d̂i,τ − d0

i,τ )K

(
τt − τ
h

)∣∣∣∣∣ ≤ 1

NTh

 N∑
i=1

∥∥∥∥∥
T∑
t=1

εitx̃itK

(
τt − τ
h

)∥∥∥∥∥
2
 1

2 ∥∥∥D̂τ −Dτ

∥∥∥
F

3



= OP

(
1√
NTh

)
·
∥∥∥D̂τ −Dτ

∥∥∥
F
, (C.2)

where the last equality holds by the fact
∑N

i=1

∥∥∥∑T
t=1 εitxitK

(
τt−τ
h

)∥∥∥2
= OP (NTh). It can be proved

using Lemma D.3. For Γ̂τ , by Holder inequality,

1

NTh

∣∣∣∣∣
N∑
i=1

T∑
t=1

εit(γ̂it,τ − γ0
it)K

(
τt − τ
h

)∣∣∣∣∣ =
1

NTh

∣∣∣∣∣tr
(

N∑
i=1

T∑
t=1

εit(γ̂it,τ − γ0
it)K

(
τt − τ
h

))∣∣∣∣∣
≤ C 1

NTh
‖E‖∞

∥∥∥Γ̂τ − Γ0
∥∥∥
∗

= OP

(
max{

√
N,
√
T}

NTh

)(
‖Pφ,τ‖∗ + ‖Mφ,τ‖∗

)
. (C.3)

Moreover, by Lemma C.2 of Chernozhukov et al. (2018),

‖Mφ,τ‖2∗ ≤ ‖Mφ,τ‖2F rank(Mφ,τ ) ≤
∥∥∥Γ̂τ − Γ0

∥∥∥2

F
rank(Mφ,τ ). (C.4)

If min{
√
N,
√
T}hφNT →∞, it follows that(

φNT√
NT
− max{

√
N,
√
T}

NTh

)
‖Pφ,τ‖∗ ≥ 0, (C.5)

with probability approaching 1. Let ∆D,τ = 1√
N
‖D̂τ −Dτ‖F and ∆Γ,τ = 1√

NT
‖Γ̂τ −Γ0‖F . Combining

(C.2), (C.3), (C.4), (C.5), and Assumption 1, we obtain

1

NTh

N∑
i=1

T∑
t=1

(
x̃>it,τ (d̂i,τ − d0

i,τ ) + (γ̂it,τ − γ0
it)
)2
K

(
τt − τ
h

)
≤ OP

(
1√
Th

)
∆D,τ +OP

(
1

min{
√
N,
√
T}h

)
∆Γ,τ + CφNT∆Γ,τ +OP (h4)

≤ OP
(

max

{
1

min{
√
N,
√
T}
√
h
, φNT

√
h

})(
∆D,τ +

∆Γ,τ√
h

)
+OP (h4). (C.6)

By (C.6) and the restricted strong convexity condition in Assumption 1, we can use arguments that

are closely related to those in the proof of Theorem 2 of Moon and Weidner (2018) and show that

(Γ̂τ − Γ0)W (τ)1/2 ∈ C(c) with c = 1, ∆D,τ = OP

(
∆Γ,τ√
h

)
, and(

∆D,τ +
∆Γ,τ√
h

)2

≤ OP
(

max

{
1

min{
√
N,
√
T}
√
h
, φNT

√
h

})(
∆D,τ +

∆Γ,τ√
h

)
+OP (h4),

which immediately yields ∆D,τ = OP
(
max

{
h3/2, φNT

}
h1/2

)
and ∆Γ,τ = OP

(
max

{
h3/2, φNT

}
h
)

under the condition min{
√
N,
√
T}hφNT →∞. Therefore, we complete the proof of Theorem 3.1(1).

(2) We write

F̂ (0)VNT −
1

NT

N∑
i=1

F 0λ0
iλ

0>
i F 0>F̂ (0) =

1

NT

N∑
i=1


x>i1

(
βi(τ1)− β̂(0)

i (τ1)
)

...

x>iT

(
βi(τT )− β̂(0)

i (τT )
)
λ0>

i F 0>F̂ (0)

+
1

NT

N∑
i=1

F 0λ0
i


x>i1

(
βi(τ1)− β̂(0)

i (τ1)
)

...

x>iT

(
βi(τT )− β̂(0)

i (τT )
)

>

F̂ (0) +
1

NT

N∑
i=1


x>i1

(
βi(τ1)− β̂(0)

i (τ1)
)

...

x>iT

(
βi(τT )− β̂(0)

i (τT )
)
 ε̃>i F̂

(0)
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+
1

NT

N∑
i=1

ε̃i


x>i1

(
βi(τ1)− β̂(0)

i (τ1)
)

...

x>iT

(
βi(τT )− β̂(0)

i (τT )
)

>

F̂ (0)

+
1

NT

N∑
i=1


x>i1

(
βi(τ1)− β̂(0)

i (τ1)
)

...

x>iT

(
βi(τT )− β̂(0)

i (τT )
)



x>i1

(
βi(τ1)− β̂(0)

i (τ1)
)

...

x>iT

(
βi(τT )− β̂(0)

i (τT )
)

>

F̂ (0)

+
1

NT

N∑
i=1

F 0λ0
i ε̃
>
i F̂

(0) +
1

NT

N∑
i=1

ε̃iλ
0>
i F 0>F̂ (0) +

1

NT

N∑
i=1

ε̃iε̃
>
i F̂

(0)

:= JNT,1 + · · ·+ JNT,8, (C.7)

where ε̃i = (εi1, . . . , εiT )>. Using the arguments that are analogous to those in the proof of Proposition

A.1 of Bai (2009), we obtain

1√
T
‖JNT,6‖F = OP (δNT ) ,

1√
T
‖JNT,7‖F = OP (δNT ) ,

1√
T
‖JNT,8‖F = OP (δNT ) , (C.8)

where δNT = min{
√
N,
√
T}−1. We proceed with the computation of JNT,1, . . . , JNT,5’s convergence

rates. For JNT,1, by Cauchy-Schwarz inequality,

1

N

∥∥∥∥∥
N∑
i=1

λ0ix
>
it

(
βi(τt)− β̂(0)

i (τt)
)∥∥∥∥∥ ≤ 1

N

(
N∑
i=1

∥∥λ0ix>it∥∥2F
) 1

2 ∥∥∥B̂(0)(τt)−B(τt)
∥∥∥
F

= OP

(
h1/2 max

{
h3/2, φNT

})
,

where the equality holds by Theorem 3.1(1). It implies

1√
T
‖JNT,1‖F = OP

(
h1/2 max

{
h3/2, φNT

})
. (C.9)

Analogously, we have 1√
T
‖JNT,2‖F = OP (h1/2 max{h3/2, φNT }), 1√

T
‖JNT,3‖F = OP (h1/2 max{h3/2, φNT }),

1√
T
‖JNT,4‖F = OP (h1/2 max{h3/2, φNT }) and 1√

T
‖JNT,5‖F = OP (hmax{h3, φ2

NT }). Together with

(C.7), (C.8) and (C.9), these results yield

1√
T

∥∥∥∥∥F̂ (0)VNT −
1

NT

N∑
i=1

F 0λ0
iλ

0>
i F 0>F̂ (0)

∥∥∥∥∥
F

= OP

(
h1/2 max

{
h3/2, φNT

})
. (C.10)

Considering that VNT is invertible, we complete the proof of Theorem 3.1(2).

(3) For the loading initial estimator, write

Λ̂(0) − Λ0H−1> =
1

T
RF̂ (0) − Λ0H−1>

=
1

T
Λ0F 0>F̂ (0) +

1

T
EF̂ (0) − 1

T
∆̃BF̂

(0) − Λ0H−1>

=
1

T
Λ0
(
F 0 − F̂ (0)H−1

)>
F̂ (0) +

1

T
E
(
F̂ (0) − F̃

)
− 1

T
∆̃BF̂

(0) +
1

T
EF 0H

:= JNT,9 + · · ·+ JNT,12,

where ∆̃B is an N × T matrix with its (i, t)-th element as x>it(β̂i(τt) − βi(τt)). We now study these

terms one by one. For JNT,9, it holds by Theorem 3.1(2) that

1√
N
‖JNT,9‖F ≤

(
1√
N

∥∥∥Λ̃
∥∥∥
F

)(
1√
T

∥∥∥F̂ (0) − F̃
∥∥∥
F

)(
1√
T

∥∥∥F̂ (0)
∥∥∥
F

)
= OP

(
max

{
h3/2, φNT

}
h1/2

)
.
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Analogously, we have

1√
N
‖JNT,10‖F ≤

(
1√
NT
‖E‖F

)(
1√
T

∥∥∥F̂ (0) − F̃
∥∥∥
F

)
= OP

(
max

{
h3/2, φNT

}
h1/2

)
.

By Theorem 3.1(1) and Cauchy-Schwarz inequality, we obtain 1√
NT
‖∆̃B‖F = OP (max{h3/2, φNT }h1/2),

which yields

1√
N
‖JNT,11‖F =

(
1√
NT

∥∥∥∆̃B

∥∥∥
F

)(
1√
T

∥∥∥F̂ (0)
∥∥∥
F

)
= OP

(
max

{
h3/2, φNT

}
h1/2

)
.

For JNT,12, note that EF 0 =
∑T

t=1 εtf
0>
t . Since εtf

0>
t is conditionally α-mixing, Lemma D.2 implies

1√
N
‖JNT,12‖F = OP

(
1√
T

)
= oP

(
h1/2 max

{
h3/2, φNT

})
. Therefore, Theorem 3.1(3) holds. �

C.1.2 Proof of Theorem 3.2

We propose two propositions that can jointly lead to the desired results in Theorem 3.2. Define

ΩD1 (t, s) = (Λ0>Λ0)−1
N∑
i=1

λ0
iλ

0>
i ED

(
x>itΣ

D−1
x,i (τt)xis

)
,

ΩD2 (t, s) = (Λ0>Λ0)−1
N∑
i=1

λ0
iλ

0>
i ED

(
z>itΩ

D−1
f,i zis

)
,

b
†(n)
f,t = (Th)−nH>

T∑
s1,s2,...,sn=1

Ks1,0(τt)Ω
D
1 (t, s1)

n−1∏
j=1

(Ksj+1,0(τsj )Ω
D
1 (sj , sj+1))H−1>R

(0)
f,sn

+T−nH>
T∑

s1,s2,...,sn=1

ΩD2 (t, s1)
n−1∏
j=1

ΩD2 (sj , sj+1))H−1>R
(0)
f,sn

.

Proposition C.1. Let Assumptions 1-2 hold. For n ≥ 1, as N,T →∞ simultaneously,

(1) N−1/2
∥∥∥Λ̂(n) − Λ̃

∥∥∥
F

= OP (max{δf,n−1, δNT });

(2) T−1/2
∥∥∥F̂ (n) − F̃

∥∥∥
F

= OP (max{δf,n−1, δNT });

(3) (Th)−1

∥∥∥∥(F̂ (n) − F̃
)>

W (τ)
(
F̂ (n) − F̃

)∥∥∥∥
F

= OP
(
max{δf,n−1, δNT }2

)
.

Proposition C.2. Let Assumptions 1-2 hold. For n ≥ 1, as N,T →∞ simultaneously,

(1) for any given t,

√
N
(
f̂

(n)
t − f̃t

)
=
√
NH>

(
Λ0>Λ0

)−1
(

N∑
i=1

λ0
i εit

)
+OP

(√
N‖b†(n)

f,t ‖
)

+OP

(√
N

T 2

)
+OP (h2) + oP (1),

(2) for any given i,

√
T
(
λ̂

(n)
i − λ̃i

)
=

1√
T
H−1ΩD−1

f,i

T∑
t=1

zitεit +OP

( T∑
t=1

‖b†(n−1)
f,t ‖2

)1/2


+OP

(√
T

N2

)
+OP (h2) + oP (1),
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(3) for any given i and τ ,

√
Th
(
β̂

(n)
i (τ)− βi(τ)

)
=

1√
Th

ΣD−1
x,i (τ)

T∑
t=1

Kt,0(τ)xitεit +OP

√h( T∑
t=1

‖b†(n−1)
f,t ‖2

)1/2


+OP

(√
Th5

)
+ oP (1).

Proof of Proposition C.1

(1) Recall that ΩS,i = (I − Si)> (I − Si) and Ω̂
(n)
f,i = T−1F̂ (n)> (I − Si)> (I − Si) F̂ (n), where Si is

defined in Section 2.2. For λ̂
(n)
i , we have

λ̂
(n)
i − λ̃i =

1

T
Ω̂

(n−1)−1
f,i F̂ (n−1)>ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>
− 1

T
Ω̂

(n−1)−1
f,i F̂ (n−1)>ΩS,iR

(n−1)
f λ̃i

+
1

T
Ω̂

(n−1)−1
f,i F̂ (n−1)>ΩS,iε̃i

:= ΦNT,1,i + ΦNT,2,i + ΦNT,3,i. (C.11)

Then,

N∑
i=1

∥∥∥λ̂(n)
i − λ̃i

∥∥∥2
=

N∑
i=1

‖ΦNT,1,i‖2 +

N∑
i=1

‖ΦNT,2,i‖2 +

N∑
i=1

‖ΦNT,3,i‖2 + interaction terms. (C.12)

It suffices only to show the first three terms on the right-hand side of (C.12) can at most have the

probability order OP (N max
{
δ2
f,n−1, T

−1
}

). Then the convergence of the remaining terms can be

proved using the Cauchy-Schwarz inequality. By Lemma C.5(1), we have

N∑
i=1

‖ΦNT,1,i‖2 = OP

(
Nh3

T
max

{
1, Thδ2

f,n−1

})
. (C.13)

For ΦNT,2,i,

N∑
i=1

‖ΦNT,2,i‖2 =
1

T 2

N∑
i=1

∥∥∥∥∥ΩH−1
f,i

T∑
t=1

z̃itR
(n−1)>
f,t λ̃i

∥∥∥∥∥
2

+

N∑
i=1

∥∥∥∥∥ΦNT,2,i −
1

T
ΩH−1
f,i

T∑
t=1

z̃itR
(n−1)>
f,t λ̃i

∥∥∥∥∥
2

+interaction term

= OP
(
Nδ2

f,n−1

)
, (C.14)

where ΩH
f,i = H>ΩDf,iH, z̃it = H>zit, and the second equality holds by Lemma C.5(2) and the following

result:

N∑
i=1

∥∥∥∥∥
T∑
t=1

z̃itR
(n−1)>
f,t λ̃i

∥∥∥∥∥
2

≤

(
N∑
i=1

T∑
t=1

∥∥∥λ̃iz̃>it∥∥∥2

F

)(
T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
)

= OP
(
NT 2δ2

f,n−1

)
.

For
∑N

i=1 ‖ΦNT,3,i‖2, Lemma D.2(1) implies
∑N

i=1

∥∥∥∑T
t=1 z̃itεit

∥∥∥2
= OP (NT ) under the α-mixing

condition in Assumption 1. By Cauchy-Schwarz inequality,

N∑
i=1

∥∥∥∥∥
T∑
t=1

R
(n−1)
f,t εit

∥∥∥∥∥
2

≤

(
N∑
i=1

T∑
t=1

‖εit‖2
)(

T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
)

= OP
(
NT 2δ2

f,n−1

)
.

Together with Lemma C.5(3), it yields

N∑
i=1

‖ΦNT,3,i‖2 =
1

T 2

N∑
i=1

∥∥∥∥∥ΩH−1
f,i

T∑
t=1

z̃itεit

∥∥∥∥∥
2

+
1

T 2

N∑
i=1

∥∥∥∥∥ΩH−1
f,i

T∑
t=1

R
(n−1)
f,t εit

∥∥∥∥∥
2
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+
N∑
i=1

∥∥∥∥∥ΦNT,3,i −
1

T
ΩH−1
f,i

T∑
t=1

(
z̃it +R

(n−1)
f,t

)
εit

∥∥∥∥∥
2

+ interaction terms

= OP

(
N

T
max

{
1, T δ2

f,n−1

})
. (C.15)

Combining (C.13), (C.14) and (C.15), we obtain

1√
N

∥∥∥Λ̂(n) − Λ̃
∥∥∥
F

= OP

(
max

{
δf,n−1,

1√
T

})
. (C.16)

(2) We outline the main steps in the proof of Proposition C.1(2):

(2.a) we first show the convergence of N−1
∑N

i=1 λ̂
(n)
i λ̂

(n)>
i .

(2.b) we formulate the bias terms b̂
(n)
f,t and b̂

(n)
ε,t in f̂

(n)
t − f̃t and compute the convergence rate of

f̂
(n)
t − f̃t − b̂(n)

f,t − b̂
(n)
ε,t , where

b̂
(n)
f,t =

1

N

(
Λ̂(n)>Λ̂(n)

)−1
(

1

N

N∑
i=1

λ̃ix
>
itsi(τt)R

(n−1)
f λ̃i −

1

N

N∑
i=1

λ̃iz̃
>
it

(
λ̂

(n)
i − λ̃i

))
,

b̂
(n)
ε,t =

(
1

N
Λ̂(n)>Λ̂(n)

)−1
(

1

N

N∑
i=1

λ̂iεit

)
.

(2.c) we finally prove Proposition C.1(2) by computing the convergence rates of b̂
(n)
f,t and b̂

(n)
ε,t .

Proof of (2.a): Write

1

N

N∑
i=1

λ̂
(n)
i λ̂

(n)>
i −H−1ΣλH

−1> = H−1

(
1

N

N∑
i=1

λ0
iλ

0>
i − Σλ

)
H−1> +

1

N

N∑
i=1

(
λ̂

(n)
i − λ̃i

)
λ̃>i

+
1

N

N∑
i=1

λ̃i

(
λ̂

(n)
i − λ̃i

)>
+

1

N

N∑
i=1

(
λ̂

(n)
i − λ̃i

)(
λ̂

(n)
i − λ̃i

)>
:= ΦNT,4 + · · ·+ ΦNT,7.

By Assumption 2, ‖ΦNT,4‖F = OP
(
N−1/2

)
. By Cauchy-Schwarz inequality and Proposition C.1(1),

‖ΦNT,5‖F ≤
1

N

(
N∑
i=1

∥∥∥λ̂(n)
i − λ̃i

∥∥∥2
) 1

2
(

N∑
i=1

∥∥∥λ̃i∥∥∥2
) 1

2

= OP

(
max

{
δf,n−1,

1√
T

})
.

Analogously, we have ‖ΦNT,6‖F = OP (max{δf,n−1, T
−1/2}) and ‖ΦNT,7‖F = OP (max{δ2

f,n−1, T
−1/2}).

Let ΣH
λ = H−1ΣλH

−1>. We obtain∥∥∥∥∥N−1
N∑
i=1

λ̂
(n)
i λ̂

(n)>
i − ΣH

λ

∥∥∥∥∥
F

= OP (max{δf,n−1, δNT }). (C.17)

Proof of (2.b): For f̂
(n)
t , write(

1

N

N∑
i=1

λ̂
(n)
i λ̂

(n)>
i

)(
f̂

(n)
t − f̃t

)
= − 1

N

N∑
i=1

λ̂
(n)
i x>it

(
β̂

(n)
i (τ)− βi(τ)

)
− 1

N

N∑
i=1

λ̂
(n)
i

(
λ̂

(n)
i − λ̃i

)>
f̃t +

1

N

N∑
i=1

λ̂
(n)
i εit

:= ΦNT,8,t + · · ·+ ΦNT,10,t. (C.18)
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We now study these terms one by one. For ΦNT,8,t,

ΦNT,8,t = − 1

N

N∑
i=1

λ̃ix
>
it

(
β̂

(n)
i (τt)− βi(τt)

)
− 1

N

N∑
i=1

(
λ̂

(n)
i − λ̃i

)
x>it

(
β̂

(n)
i (τt)− βi(τt)

)
:= ΦNT,8,1,t + ΦNT,8,2,t.

Recall that si(τ) = [Ip, 0p][Mi(τ)>W (τ)Mi(τ)]−1Mi(τ)>W (τ), where Mi(τ) and W (τ) are defined in

Section 2. For β̂
(n)
i (τ), write

β̂
(n)
i (τ)− βi(τ) = si(τ)Ni(τ)

(
1

2
β′′i (τ)h2 + o(h2)

)
+ si(τ)

(
F̃ λ̃i − F̂ (n−1)λ̂

(n)
i

)
+ si(τ)ε̃i

:= ΦNT,11,i(τ) + · · ·+ ΦNT,13,i(τ), (C.19)

where Ni(τ) =
((

1−τT
Th

)2
xi1,

(
2−τT
Th

)2
xi2, · · · ,

(
T−τT
Th

)2
xiT

)>
. We now plug (C.19) into ΦNT,8,1,t and

compute its convergence rate. By Lemma C.2 and Cauchy-Schwarz inequality,

1

N2

T∑
t=1

∥∥∥∥∥
N∑
i=1

λ̃ix
>
itΦNT,11,i(τt)

∥∥∥∥∥
2

≤ 1

N2

T∑
t=1

(
N∑
i=1

∥∥∥λ̃ix>it∥∥∥2

F

)(
N∑
i=1

‖ΦNT,11,i(τt)‖2
)

= OP
(
Th4

)
.

Let RSf,i(τ) = si(τ)F 0 − ΣD−1
x,i (τ)ΣDxf,i(τ). Write

ΦNT,12,i(τ) = −si(τ)R
(n−1)
f λ̃i − si(τ)F̃

(
λ̂

(n)
i − λ̃i

)
− si(τ)R

(n−1)
f

(
λ̂

(n)
i − λ̃i

)
= −si(τ)R

(n−1)
f λ̃i − ΣD−1

x,i (τ)ΣDxf,i(τ)H
(
λ̂

(n)
i − λ̃i

)
−RSf,i(τ)H

(
λ̂

(n)
i − λ̃i

)
−si(τ)R

(n−1)
f

(
λ̂

(n)
i − λ̃i

)
:= ΦNT,12,1,i(τ) + · · ·+ ΦNT,12,4,i(τ). (C.20)

For N−2
∑T

t=1 ‖
∑N

i=1 λ̃ix
>
itΦNT,12,3,i(τt)‖2, by Lemma C.2(1) and Cauchy-Schwarz inequality,

1

N2

T∑
t=1

∥∥∥∥∥
N∑
i=1

λ̃ix
>
itRSf,i(τ)H

(
λ̂
(n)
i − λ̃i

)∥∥∥∥∥
2

F

≤ 1

N2

(
T∑

t=1

N∑
i=1

∥∥∥λ̃ix>itRSf,i(τt)
∥∥∥2
F

)
‖H‖2F

(
N∑
i=1

∥∥∥λ̂(n)i − λ̃i
∥∥∥2)

= OP

(
1

h
max

{
δ2f,n−1,

1

T

})
. (C.21)

Analogously, we can use Lemma C.2(4) and Cauchy-Schwarz inequality to show

1

N2

T∑
t=1

∥∥∥∥∥
N∑
i=1

λ̃ix
>
itΦNT,12,4,i(τt)

∥∥∥∥∥
2

= OP

(
Tδ2

f,n−1 max

{
δ2
f,n−1,

1

T

})
. (C.22)

Additionally, Lemma C.2(2) implies 1
N2

∑T
t=1

∥∥∥∑N
i=1 λ̃ix

>
itΦNT,13,i(τt)

∥∥∥2
= OP

(
1
Nh

)
. Together with

(C.20), (C.21) and (C.22), it yields

T∑
t=1

∥∥∥∥∥ΦNT,8,1,t +
1

N

N∑
i=1

λ̃ix
>
it (ΦNT,12,1,i(τt) + ΦNT,12,2,i(τt))

∥∥∥∥∥
2

= OP

(
T max

{
δ2
f,n−1,

δ2
NT

h

}
max

{
δ2
f,n−1,

1

T

})
. (C.23)

Using (C.16) and Lemma C.2, we obtain
∑T

t=1 ‖ΦNT,8,2,t‖2 = OP (T
(
h4 + δ2

f,n−1

)
max

{
δf,n−1, T

−1/2
}2

).

Together with (C.23), it yields

T∑
t=1

∥∥∥∥∥ΦNT,8,t +
1

N

N∑
i=1

λ̃ix
>
it (ΦNT,12,1,i(τt) + ΦNT,12,2,i(τt))

∥∥∥∥∥
2
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= OP

(
T max

{
δ2
f,n−1,

δ2
NT

h
, h4

}
max

{
δ2
f,n−1,

1

T

})
. (C.24)

We now proceed with ΦNT,9,t. Write

ΦNT,9,t = − 1

N

N∑
i=1

λ̃i

(
λ̂

(n)
i − λ̃i

)>
f̃t −

1

N

N∑
i=1

(
λ̂

(n)
i − λ̃i

)(
λ̂

(n)
i − λ̃i

)>
f̃t.

(C.16) implies that the second term in ΦNT,9,t is OP (T max{δ2
f,n−1, T

−1}2). Therefore,

T∑
t=1

∥∥∥∥∥ΦNT,9,t +
1

N

N∑
i=1

λ̃i

(
λ̂

(n)
i − λ̃i

)>
f̃t

∥∥∥∥∥
2

= OP

(
T max

{
δ2
f,n−1,

1

T

}2
)
. (C.25)

Combining (C.18), (C.24) and (C.25), we obtain

T∑
t=1

∥∥∥f̂ (n)
t − f̃t − b̂(n)

f,t − b̂
(n)
ε,t

∥∥∥2
= OP

(
T max

{
δ2
f,n−1,

δ2
NT

h
, h4

}
max

{
δ2
f,n−1,

1

T

})
. (C.26)

Proof of (2.c): For notational simplicity, we define ΩD10(t, s) = N−1
∑N

i=1 λ
0
iλ

0>
i ED(x>itΣ

D−1
x,i (τt)xis)

and ΩD20(t, s) = N−1
∑N

i=1 λ
0
iλ

0>
i ED(z>itΩ

D−1
f,i zis). Therefore, ΩD1 (t, s) = (N−1Λ0>Λ0)−1ΩD10(t, s) and

ΩD2 (t, s) = (N−1Λ0>Λ0)−1ΩD20(t, s). Additionally, denote ΩH
1 (t, s) = H>ΩD1 (t, s)H−1>, ΩH

2 (t, s) =

H>ΩD2 (t, s)H−1>, ΩH
10(t, s) = H−1ΩD10(t, s)H−1> and ΩH

20(t, s) = H−1ΩD20(t, s)H−1>. Define

b
(n)
f,t =

T∑
s=1

(
h−1Ks,0(τt)Ω

H
1 (t, s) + ΩH

2 (t, s)
)
R

(n−1)
f,s , bε,t =

1

T

(
N∑
i=1

λ̃iλ̃
>
i

)−1 N∑
i=1

T∑
s=1

(
λ̃i + ε∗is

)
εit,

where ε∗is = H−1ΩD−1
f,i ΣD>xf,i(τs)Σ

D−1
x,i (τs)µ

D
x,i(τs)εis. Lemma D.2(3) implies

∑T
t=1 ‖bε,t‖2 = OP

(
Tδ2

NT

)
.

Additionally, simple algebra yields
∑T

t=1

∥∥∥b(n)
f,t

∥∥∥2
= OP

(
Tδ2

f,n−1

)
. We can then use Lemma C.5 and

Cauchy-Schwarz inequality to obtain

T∑
t=1

∥∥∥b̂(n)
f,t − b

(n)
f,t

∥∥∥2
= OP

(
T max

{
δ2
f,n−1, h

4,
1

Th

}
max

{
δ2
f,n−1,

δ2
NT

h

})
, (C.27)

and

T∑
t=1

∥∥∥b̂(n)
ε,t − bε,t

∥∥∥2
= OP

(
T max

{
δ2
f,n−1, h

4,
1

Th

}
max

{
δ2
f,n−1,

1

Th

})
+OP

(
T

N
max {δf,n−1, δNT }2

)
.

(C.28)

The results in (C.27) and (C.28) are obvious and we put the proof in the technical supplement (see

Liu, 2023). With (C.27) and (C.28), we have

T∑
t=1

∥∥∥f̂ (n)
t − f̃t

∥∥∥2
=

T∑
t=1

∥∥∥f̂ (n)
t − f̃t − b̂(n)

f,t − b̂
(n)
ε,t

∥∥∥2
+

T∑
t=1

∥∥∥b̂(n)
f,t − b

(n)
f,t

∥∥∥2
+

T∑
t=1

∥∥∥b̂(n)
ε,t − bε,t

∥∥∥2

+

T∑
t=1

∥∥∥b(n)
f,t

∥∥∥2
+

T∑
t=1

‖bε,t‖2 + interaction terms

= OP

(
T max {δf,n−1, δNT }2

)
.

Therefore, Proposition C.1(3) holds. �

Proof of Proposition C.2

(1) Using the arguments that are analogous to those in the proof of Proposition C.1(2), we obtain

√
N
(
f̂

(n)
t − f̃t

)
=
√
Nb

(n)
f,t +

√
Nbε,t + oP

(
1√
N

)
. (C.29)
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With (C.29), to prove Proposition C.2(1), it suffices to show that b
(n)
f,t = b

†(n)
f,t + oP (N−1/2) and

bε,t = H>
(
Λ0>Λ0

)−1
(∑N

i=1 λ
0
i εit

)
+ OP

(
1
T

)
+ oP

(
1√
N

)
. The convergence rate of b

(n)
f,t depends on

R
(n−1)
f,s . Write

R
(n−1)
f,s − b(n−1)

f,s =
(
f̂ (n−1)
s − f̃s − b̂(n−1)

f,s − b̂(n−1)
ε,s

)
+
(
b̂
(n−1)
f,s − b(n−1)

f,s

)
+
(
b̂(n−1)
ε,s − bε,s

)
+ bε,s.

By (C.26) and Cauchy-Schwarz inequality,∥∥∥∥∥
T∑
s=1

Ks,0(τt)Ω
H
10(t, s)

(
f̂ (n−1)
s − f̃s − b̂(n−1)

f,s − b̂(n−1)
ε,s

)∥∥∥∥∥
≤

(
T∑
s=1

Ks,0(τt)‖ΩH
10(t, s)‖2F

) 1
2
(

T∑
s=1

Ks,0(τt)
∥∥∥f̂ (n−1)

s − f̃s − b̂(n−1)
f,s − b̂(n−1)

ε,s

∥∥∥2
) 1

2

= OP

(
Thmax

{
δf,n−2,

δNT√
h
, h2

}
max

{
δf,n−2,

1√
T

})
.

Analogously, (C.27) and (C.28) imply∥∥∥∥∥
T∑
s=1

Ks,0(τt)Ω
H
10(t, s)

(
b̂
(n−1)
f,s − b(n−1)

f,s

)∥∥∥∥∥ = OP

(
Thmax

{
δf,n−2, h

2,
1√
Th

}
max

{
δf,n−2,

δNT√
h

})
,∥∥∥∥∥

T∑
s=1

Ks,0(τt)Ω
H
10(t, s)

(
b̂(n−1)
ε,s − bε,s

)∥∥∥∥∥ = OP

(
Thmax

{
δf,n−2, h

2,
1√
Th

}
max

{
δf,n−2,

δNT√
h

})
.

By Assumption 2 and (C.17),

T∑
s=1

Ks,0(τt)Ω
H
10(t, s)bε,s =

N∑
i=1

T∑
s=1

Ks,0(τt)Ω
H
10(t, s)(Λ̃>Λ̃)−1λ̃iεis +OP (1) = OP

(
max

{√
Th

N
, 1

})
,

where the last equality holds because
∑N

i=1

∑T
s=1Ks,0(τ)λ̃iεit = OP (

√
NTh), which can be proved by

Lemma D.3(2). Therefore,∥∥∥∥∥
T∑
s=1

Ks,0(τt)Ω
H
10(t, s)

(
R

(n−1)
f,s − b(n−1)

f,s

)∥∥∥∥∥ = OP

(
Thmax

{
δf,0,

δNT√
h
, h2

}
max

{
δf,0,

δNT√
h

})
.(C.30)

Analogously, we have∥∥∥∥∥
T∑
s=1

ΩH
20(t, s)

(
R

(n−1)
f,s − b(n−1)

f,s

)∥∥∥∥∥ = OP

(
T max

{
δf,0,

δNT√
h
, h2

}
max

{
δf,0,

δNT√
h

})
. (C.31)

Using (C.30) and (C.31) and conducting substitutions sequentially, we obtain∥∥∥b(n)
f,t − b

†(n)
f,t

∥∥∥ = OP

(
max

{
δf,0,

δNT√
h
, h2

}
max

{
δf,0,

δNT√
h

})
. (C.32)

For bε,t, by Assumptions 1 and 2, we have

bε,t = H>
(

Λ0>Λ0
)−1

(
N∑
i=1

λ0
i εit

)
+

1

T
d∗f,t + oP

(
1√
N

)

= H>
(

Λ0>Λ0
)−1

(
N∑
i=1

λ0
i εit

)
+OP

(
1

T

)
+ oP

(
1√
N

)
, (C.33)
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where d∗f,t = H>(Λ0>Λ0)−1
∑N

i=1

∑T
s=1 ΩD−1

f,i ΣD>xf,i(τt)Σ
D−1
x,i (τs)µ

D
x,i(τs)Σ

D
ii,ts and ΣDij,ts = ED(εitεjs).

The second equality in (C.33) holds by Lemma D.2 and the fact d∗f,t = OP (1) under the conditionally

α-mixing conditions in Assumption 1. By (C.29), (C.32) and (C.33), Proposition C.2(1) holds.

(2) Recall that λ̂
(n)
i − λ̃i = ΦNT,1,i+ΦNT,2,i+ΦNT,3,i, where ΦNT,1,i, . . ., ΦNT,3,i are defined in (C.11).

By Lemma C.3, we have Ω̂
(n−1)
f,i − ΩH

f,i
P−−→ 0. By Lemma C.4(1), we have

‖ΦNT,1,i‖ = OP

(√
h3

T
max{1,

√
Thδf,n−1}

)
. (C.34)

For ΦNT,2,i, by Lemmas C.3 and C.4(2)(4),

ΦNT,2,i = − 1

T

(
Ω̂

(n−1)−1
f,i − ΩH−1

f,i

)
F̂ (n−1)>ΩS,iR

(n−1)
f λ̃i −

1

T
ΩH−1
f,i R

(n−1)>
f ΩS,iR

(n−1)
f λ̃i

− 1

T
ΩH−1
f,i F̃>ΩS,iR

(n−1)
f λ̃i

= − 1

T
ΩH−1
f,i F̃>ΩS,iR

(n−1)
f λ̃i +OP

(
δf,n−1 max

{
δf,n−1,

1√
Th

})
= − 1

T
ΩH−1
f,i

T∑
t=1

z̃itR
(n−1)>
f,t λ̃i +OP

(
δf,n−1 max

{
δf,n−1,

1√
Th

})
. (C.35)

By Lemmas C.3, C.4 and Assumption 3,

√
TΦNT,3,i −

1√
T

ΩH−1
f,i

T∑
t=1

R
(n−1)
f,t εit =

1√
T

(
Ω̂

(n−1)−1
f,i − ΩH−1

f,i

)
F̂ (n−1)>ΩS,iε̃i +

1√
T

ΩH−1
f,i F̃>ΩS,iε̃i

+
1√
T

ΩH−1
f,i

(
R

(n−1)>
f ΩS,iε̃i −R(n−1)>

f ε̃i

)
=

1√
T

ΩH−1
f,i F̃>ΩS,iε̃i + oP (1)

=
1√
T

ΩH−1
f,i

T∑
t=1

z̃itεit + oP (1). (C.36)

For
∑T

t=1R
(n−1)
f,t εit, we write

T∑
t=1

R
(n−1)
f,t εit =

T∑
t=1

εit

(
F̂

(n−1)
t − f̃t

)
=

T∑
t=1

εit

(
f̂

(n−1)
t − f̃t − b̂(n−1)

f,t − b̂(n−1)
ε,t

)
+

T∑
t=1

εit

(
b̂
(n−1)
f,t − b(n−1)

f,t

)
+

T∑
t=1

εit

(
b̂
(n−1)
ε,t − bε,t

)
+

T∑
t=1

εitb
(n−1)
f,t +

T∑
t=1

εitbε,t.

By (C.26) and Cauchy-Schwarz inequality,∥∥∥∥∥
T∑

t=1

εit

(
f̂
(n−1)
t − f̃t − b̂(n−1)f,t − b̂(n−1)ε,t

)∥∥∥∥∥ ≤

(
T∑

t=1

|εit|2
) 1

2
(

T∑
t=1

∥∥∥f̂ (n−1)t − f̃t − b̂(n−1)f,t − b̂(n−1)ε,t

∥∥∥2)
1
2

= OP

(
T max

{
δf,n−2,

δNT√
h
, h2
}

max

{
δf,n−2,

1√
T

})
.(C.37)

By (C.27),∥∥∥∥∥
T∑
t=1

εit

(
b̂
(n−1)
f,t − b(n−1)

f,t

)∥∥∥∥∥ ≤

(
T∑
t=1

|εit|2
) 1

2
(

T∑
t=1

∥∥∥b̂(n−1)
f,t − b(n−1)

f,t

∥∥∥2
) 1

2
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= OP

(
T max

{
δf,n−2, h

2,
1√
Th

}
max

{
δf,n−2,

δNT√
h

})
. (C.38)

Analogously, by (C.28),∥∥∥∥∥
T∑
t=1

εit

(
b̂
(n−1)
ε,t − bε,t

)∥∥∥∥∥ = OP

(
T max

{
δf,n−2, h

2,
1√
Th

}
max

{
δf,n−2,

δNT√
h

})
.

Since b
(n−1)
f,t = T−1

∑T
s=1

(
h−1Ks,0(τt)Ω

H
1 (t, s) + ΩH

2 (t, s)
)
R

(n−2)
f,s , by Cauchy-Schwarz inequality,

∥∥∥∥∥
T∑
t=1

εitb
(n−1)
f,t

∥∥∥∥∥ ≤ 1

T

(
T∑
s=1

∥∥∥R(n−2)
f,s

∥∥∥)
1
2
(

T∑
s=1

∥∥∥∥∥
T∑
t=1

(
h−1Ks,0(τt)Ω

H
1 (t, s) + ΩH

2 (t, s)
)
εit

∥∥∥∥∥
F

) 1
2

= OP

(√
Tδf,n−2

)
. (C.39)

Recall that bε,t = T−1(Λ̃>Λ̃)−1
∑N

i=1

∑T
s=1

(
λ̃i + ε∗is

)
εit. By the weak cross-sectional dependence of

εit, we can use simple algebra to show

T∑
t=1

εitbε,t =
1

T

(
Λ̃>Λ̃

)−1
N∑
j=1

T∑
t=1

λ̃jεjtεit +OP (1) . (C.40)

By (C.37), (C.38), (C.39) and (C.40),∥∥∥∥∥∥ 1

T
ΩH−1
f,i

T∑
t=1

R
(n−1)
f,t εit −

1

T

(
Λ̃>Λ̃

) N∑
j=1

T∑
t=1

λ̃jεjtεit

∥∥∥∥∥∥
= OP

(
max

{
δf,n−2, h

2,
δNT√
h

}
max

{
δf,n−2,

δNT√
h

})
. (C.41)

By (C.34), (C.35), (C.36) and (C.41), the following result holds

√
T
(
λ̂

(n)
i − λ̃i

)
=
√
Tb

(n)
λ,i +

√
TBε,i + oP

(
1√
T

)
, (C.42)

where b
(n)
λ,i = −T−1ΩH−1

f,i

∑T
t=1 z̃itλ̃

>
i R

(n−1)
f,t and

Bε,i = (NT )−1ΩH−1
f,i

T∑
t=1

N∑
j=1

z̃itεit + T−1ΩH−1
f,i

(
Λ̃>Λ̃

)−1
T∑
t=1

N∑
j=1

λ̃jεjtεit.

For the term with z̃itλ̃
>
i in b

(n)
λ,i , write

T∑
t=1

z̃itλ̃
>
i R

(n−1)
f,t =

T∑
t=1

z̃itλ̃
>
i

(
f̂

(n−1)
t − f̃t

)
=

T∑
t=1

z̃itλ̃
>
i

(
f̂

(n−1)
t − f̃t − b̂(n−1)

f,t − b̂(n−1)
ε,t

)
+

T∑
t=1

z̃itλ̃
>
i

(
b̂
(n−1)
f,t − b(n−1)

f,t

)
+

T∑
t=1

z̃itλ̃
>
i b

(n−1)
f,t

+

T∑
t=1

z̃itλ̃
>
i

(
b̂
(n−1)
ε,t − bε,t

)
+

T∑
t=1

z̃itλ̃
>
i bε,t.

Similarly to (C.37) and (C.38), by (C.26), (C.27) and (C.28), we obtain∥∥∥∥∥
T∑
t=1

z̃itλ̃
>
i

(
f̂

(n−1)
t − f̃t − b̂(n−1)

f,t − b̂(n−1)
ε,t

)∥∥∥∥∥ = OP

(
T max

{
δf,n−2,

δNT√
h
, h2

}
max

{
δf,n−2,

1√
T

})
,
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∥∥∥∥∥
T∑
t=1

z̃itλ̃
>
i

(
b̂
(n−1)
f,t − b(n−1)

f,t

)∥∥∥∥∥ = OP

(
T max

{
δf,n−2, h

2,
1√
Th

}
max

{
δf,n−2,

δNT√
h

})
,∥∥∥∥∥

T∑
t=1

z̃itλ̃
>
i

(
b̂
(n−1)
ε,t − bε,t

)∥∥∥∥∥ = oP

(√
N
)

+ oP

(√
T
)
. (C.43)

Recall that λ†i (τ) = ΣD−1
x,i (τ)µDx,i(τ)λ̃>i . For

∑T
t=1 z̃itλ̃

>
i b

(n−1)
f,t , since z̃itλ̃

>
i +H>ΣD>xf,i(τt)λ

†
i (τt) has zero

mean and is α-mixing conditional on D,

T∑
t=1

z̃itλ̃
>
i b

(n−1)
f,t = −H>

T∑
t=1

ΣD>xf,i(τt)λ
†
i (τt)b

(n−1)
f,t +

T∑
t=1

(
z̃itλ̃

>
i +H>ΣD>xf,i(τt)λ

†
i (τt)

)
b
(n−1)
f,t

= −H>
T∑
t=1

ΣD>xf,i(τt)λ
†
i (τt)̂b

(n−1)
f,t +OP

(√
Tδf,n−2

)
.

For
∑T

t=1 z̃itλ̃
>
i bε,t, by Lemma D.2,

T∑
t=1

z̃itλ̃
>
i b̂

(n−1)
ε,t =

T∑
t=1

N∑
j=1

z̃itλ
0>
i

(
Λ0>Λ0

)−1
λ0
jεjt = OP

(√
T

N

)
. (C.44)

By (C.32) and (C.43)-(C.44), we have∥∥∥∥∥ 1

T
ΩH−1
f,i

T∑
t=1

z̃itλ̃
>
i R

(n−1)
f,t + b

†(n)
λ,i

∥∥∥∥∥
F

= OP

(
max

{
δf,n−2, h

2,
δNT√
h

}
max

{
δf,n−2,

δNT√
h

})
, (C.45)

where b
†(n)
λ,i = T−1H−1ΩD−1

f,i ΣD>xf,i(τt)
∑T

t=1 λ
†
i (τt)b

†(n−1)
f,t and it satisfies

∥∥∥b†(n)
λ,i

∥∥∥2
= OP

(
T−1

T∑
t=1

∥∥∥b†(n−1)
f,t

∥∥∥2
)
. (C.46)

By (C.41) and (C.45),∥∥∥b(n)
λ,i − b

†(n)
λ,i

∥∥∥
F

= OP

(
max

{
δf,n−2, h

2,
δNT√
h

}
max

{
δf,n−2,

δNT√
h

})
. (C.47)

For Bε,i, by Lemma D.2, Assumptions 1 and 2

Bε,i =
1

T
ΩH−1
f,i

T∑
t=1

z̃itεit +
1

N
d∗λ,i + oP

(
1√
T

)

=
1

T
H−1ΩD−1

f,i

T∑
t=1

zitεit +OP

(
1

N

)
+ oP

(
1√
T

)
, (C.48)

where d∗λ,i = NH−1ΩD−1
f,i (Λ0>Λ0)−1

∑N
j=1 λ

0
jΣ
D
ij,11 and it satisfies ‖d∗λ,i‖ = OP (1). By (C.42), (C.47),

(C.46) and (C.48), Proposition C.2(2) holds.

(3) Recall that si(τ) = [Ip, 0p][Mi(τ)>W (τ)Mi(τ)]−1Mi(τ)>W (τ) and β̂
(n)
i (τ)−βi(τ) = ΦNT,11,i(τ) +

· · · + ΦNT,13,i(τ), where ΦNT,11,i(τ), · · · , ΦNT,13,i(τ) are defined in (C.19). By Lemma C.1(1),

ΦNT,11,i(τ) converges to a biased term with the order OP (h2):∥∥∥ΦNT,11,i(τ)− µ2

2
β′′i (τ)h2

∥∥∥ = oP (h2), (C.49)
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where µ2 =
∫
u2K(u)du. For ΦNT,12,i(τ), recall that ΦNT,12,i(τ) = ΦNT,12,1,i(τ) + · · ·+ ΦNT,12,4,i(τ),

where ΦNT,12,1,i(τ), · · · , ΦNT,12,4,i(τ) are defined in (C.20). By Lemma C.1(4), we have∥∥∥∥∥ΦNT,12,1,i(τ) +
1

Th
ΣD−1
x,i (τ)

T∑
t=1

Kt,0(τ)xitR
(n−1)>
f,t λ̃i

∥∥∥∥∥ = OP

(
δf,n−1√
Th

)
. (C.50)

Using arguments that are analogous to those in the proof of (C.42), we can show that∥∥∥ΦNT,12,2,i(τ) + ΣD−1
x,i (τ)ΣDxf,i(τ)b

(n)
λ,i

∥∥∥ ≤ OP (1)
∥∥∥λ̂(n)

i − λ̃i − b
(n)
λ,i

∥∥∥ = OP (δNT ) ,

where b
(n)
λ,i = − 1

T ΩH−1
f,i

∑T
t=1 z̃itλ̃

>
i R

(n−1)
f,t . By Lemma C.1(3) and (C.16),

‖ΦNT,12,3,i(τ)‖ = OP

(
1√
Th

max

{
δf,n−1,

1√
T

})
, ‖ΦNT,12,4,i(τ)‖ = OP

(
δf,n−1 max

{
δf,n−1,

1√
T

})
.

(C.51)

By (C.50) and (C.51), ∥∥∥ΦNT,12,i(τ)− b(n)
β,i (τ)

∥∥∥ = OP

(
max

{
δ2
f,n−1

1√
T

})
, (C.52)

where b
(n)
β,i = −(Th)−1ΣD−1

x,i (τ)
∑T

t=1Kt,0(τ)xitR
(n−1)>
f,t λ̃i − ΣD−1

x,i (τ)ΣDxf,i(τ)b
(n)
λ,i . We then proceed

with b
(n)
β,i . By (C.26) and Cauchy-Schwarz inequality,∥∥∥∥∥

T∑
t=1

Kt,0(τ)xitλ̃
>
i

(
f̂

(n−1)
t − f̃t − b̂(n−1)

f,t − b̂(n−1)
ε,t

)∥∥∥∥∥
≤

(
T∑
t=1

K2
t,0(τ)

∥∥∥xitλ̃>i ∥∥∥2

F

) 1
2
(

T∑
t=1

∥∥∥f̂ (n−1)
t − f̃t − b̂(n−1)

f,t − b̂(n−1)
ε,t

∥∥∥2
) 1

2

= OP

(√
T 2hmax

{
δf,n−2,

δNT√
h
, h2

}
max

{
δf,n−2,

1√
T

})
. (C.53)

Analogously, by (C.27) and (C.32),we have∥∥∥∥∥
T∑
t=1

Kt,0(τ)xitλ̃
>
i

(
b̂
(n−1)
f,t − b(n−1)

f,t

)∥∥∥∥∥ = OP

(√
T 2hmax

{
δf,n−2, h

2,
1√
Th

}
max

{
δf,n−2,

δNT√
h

})
,∥∥∥∥∥ 1

Th

T∑
t=1

Kt,0(τ)xitλ̃
>
i

(
b
(n−1)
f,t − b†(n−1)

f,t

)∥∥∥∥∥ = OP

(
max

{
δf,0, h

2,
δNT√
h

}
max

{
δf,0,

δNT√
h

})
.

For
∑T

t=1Kt,0(τ)xitλ̃
>
i b
†(n−1)
f,t , since xit − µDx,i(τt) is a conditionally α-mixing process and satisfies

ED(xit − µDx,i(τt)) = 0,

1

Th

T∑
t=1

Kt,0(τ)xitλ̃
>
i b
†(n−1)
f,t =

1

Th

T∑
t=1

Kt,0(τ)µDx,i(τt)λ̃
>
i b

(n−1)
f,t

+
1

Th

T∑
t=1

Kt,0(τ)
(
xit − µDx,i(τt)

)
λ̃>i b

†(n−1)
f,t

=
1

Th

T∑
t=1

Kt,0(τ)µDx,i(τt)λ̃
>
i b
†(n−1)
f,t +OP

(
δf,n−2√
Th

)
. (C.54)

15



Similarly to (C.44), by (C.17), we have
∑T

t=1Kt,0(τ)xitλ̃
>
i b̂

(n−1)
ε,t = OP

(√
Th
N

)
. Together with (C.53)

and (C.54), it yields ∥∥∥∥∥ 1

Th

T∑
t=1

Kt,0(τ)xitλ̃
>
i R

(n−1)
f,t − 1

Th

T∑
t=1

Kt,0(τ)µDx,i(τt)λ̃
>
i b
†(n−1)
f,t

∥∥∥∥∥
= OP

(
max

{
δf,0, h

2,
δNT√
h

}
max

{
δf,0,

δNT√
h

})
. (C.55)

By (C.47) and (C.55),∥∥∥b(n)
β,i (τ)− b†(n)

β,i (τ)
∥∥∥ = OP

(
max

{
δf,0, h

2,
δNT√
h

}
max

{
δf,0,

δNT√
h

})
, (C.56)

where b
†(n)
β,i (τ) is defined as

b
†(n)
β,i (τ) = − 1

Th
ΣD−1
x,i (τ)

T∑
t=1

Kt,0(τ)µDx,i(τt)λ̃
>
i b
†(n−1)
f,t − 1

T
ΣD−1
x,i (τ)ΣDxf,i(τ)ΩD−1

f,i

T∑
t=1

λ†i (τt)b
†(n−1)
f,t .

For each term in b
†(n)
β,i (τ), we can use Cauchy-Schwarz inequality to show that it can at most have the

same probability order as T−1
∑T

t=1

∥∥∥b†(n−1)
f,t

∥∥∥2
. Therefore,

∥∥∥b†(n)
β,i (τ)

∥∥∥2
= OP

(
T−1

T∑
t=1

∥∥∥b†(n−1)
f,t

∥∥∥2
)
. (C.57)

By (C.52), (C.56), (C.57) and Assumption 2,

‖ΦNT,12,i(τ)‖ = OP

(T−1
T∑
t=1

‖b†(n−1)
f,t ‖2

)1/2
+ oP

(
1√
Th

)
+ oP

(
h2
)
. (C.58)

For ΦNT,13,i(τ), directly using Lemma C.1(2), Assumptions 1 and 2, we obtain

√
ThΦNT,13,i(τ) =

1√
Th

[Ip, 0p] ΩD−1
x,i (τ)Mi(τ)>W (τ)ε̃i + oP (1)

= ΣD−1
x,i (τ)

(
1√
Th

T∑
t=1

Kt,0(τ)xitεit

)
+ oP (1). (C.59)

By (C.49), (C.58) and (C.59), Proposition C.2(3) holds. �

Proof of Theorem 3.2

Lemma D.2 implies ‖
∑N

i=1 λ
0
i εit‖ = OP (

√
N) and ‖

∑T
t=1 zitεit‖ = OP (

√
T ). Additionally, directly

using Lemma D.3 gives ‖
∑T

t=1Kt,0(τ)xitεit‖ = OP (
√
Th). Together with Propositions C.1 and C.2,

they prove Theorem 3.2. �

C.1.3 Proof of Theorem 3.3

Assumption 3 and Proposition C.2 can jointly lead to the desired results in Theorem 3.3, if a

κNT ∈ [0, 1) exists such that b
†(n)
f,t = OP

(
κn−1
NT δf,0

)
+ oP

(
1√
N

)
+ oP

(
1√
T

)
. Recall that ΩD10(t, s) =

N−1
∑N

i=1 λ
0
iλ

0>
i ED(x>itΣ

D−1
x,i (τt)xis). For notational simplicity, let ξx,it = xit − µDx,i(τt). We have

1

Th

T∑
s=1

Ks,0(τt)Ω
D
10(t, s) =

1

NTh

N∑
i=1

λ0
iλ

0>
i

T∑
s=1

Ks,0(τt)ED
(
ξ>x,itΣ

D−1
x,i (τt)ξx,is

)
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+
1

NTh

N∑
i=1

λ0
iλ

0>
i

T∑
s=1

Ks,0(τt)µ
D>
x,i (τt)Σ

D−1
x,i (τt)µ

D
x,i(τs)

=
1

NTh

N∑
i=1

λ0
iλ

0>
i

T∑
s=1

Ks,0(τt)ED
(
ξ>x,itΣ

D−1
x,i (τt)ξx,is

)
+

1

N

N∑
i=1

λ0
iλ

0>
i µD>x,i (τt)Σ

D−1
x,i (τt)µ

D
x,i(τt) +OP

(
1

Th

)
, (C.60)

where the third inequality holds by the properties of the kernel function and Riemann integral. By

the conditionally α–mixing conditions in Assumption 1, we have the following inequality:

1

NTh

N∑
i=1

∥∥∥λ0
iλ

0>
i

∥∥∥
F

∣∣∣∣∣
T∑
s=1

Ks,0(τt)ED
(
ξ>x,itΣ

D−1
x,i (τt)ξx,is

)∣∣∣∣∣
≤ 1

NTh

N∑
i=1

∥∥∥λ0
iλ

0>
i

∥∥∥
F

p∑
m1=1

p∑
m2=1

T∑
s=t+1

Ks,0(τt)Σ
(D−1)
x,m1m2i

(τt) |ED (ξx,m1itξx,m2is)|

+
1

NTh

N∑
i=1

∥∥∥λ0
iλ

0>
i

∥∥∥
F

p∑
m1=1

p∑
m2=1

t∑
s=1

Ks,0(τt)Σ
(D−1)
x,m1m2i

(τt) |ED (ξx,m1itξx,m2is)|+OP

(
1

Th

)
, (C.61)

where Σ
(D−1)
x,m1m2i

(τt) is the (m1,m2)-th element of ΣD−1
x,i (τt), ξx,mit is the m-th element of ξx,it, for

m1,m2 = 1, 2, . . . , p. Then we can use the conditionally α-mixing version of Davydov’s inequality (see

pages 19-20 in Bosq (2012)) to compute the orders of these two terms in (C.61), For the first term,

T∑
s=t+1

|ED [ξx,m1itξx,m2is]| =
T−t∑
s=1

|CovD (ξx,m1i1, ξx,m2i,1+s)|

≤
T−t∑
s=1

αii(s)
δ/(4+δ)

(
ED
(
|ξx,m1i1|2+δ/2

))2/(4+δ) (
ED
(
|ξx,m2i,1+s|2+δ/2

))2/(4+δ)
,

almost surely, where cδ = (4+δ)/δ ·2(4+2δ)/(4+δ). Moreover, using Cauchy-Schwarz inequality sequen-

tially, we have

E

[
T−t∑
s=1

αii(s)
δ/(4+δ)

(
ED
(
|ξx,m1i1|2+δ/2

))2/(4+δ) (
ED
(
|ξx,m2i,1+s|2+δ/2

))2/(4+δ)
]

≤
T−t∑
s=1

αii(s)
δ/(4+δ)E

[(
ED
(
|ξx,m1i,1|2+δ/2

))4/(4+δ)
]1/2

E
[(

ED
(
|ξx,m2i,1+s|2+δ/2

))4/(4+δ)
]1/2

≤
T−t∑
s=1

αii(s)
δ/(4+δ)E

[
|ξx,m1i,1|2+δ/2

]2/(4+δ)
E
[
|ξx,m2i,1+s|2+δ/2

]2/(4+δ)
= O(1),

where the last equality holds by Assumption 1. It yields that
∑T

s=t+1 |ED [ξx,m1itξx,m2is]| = OP (1) .

Analogously, we can also obtain
∑t

s=1 |ED [ξx,m1itξx,m2is]| = OP (1). Therefore,

1

NTh

N∑
i=1

∥∥∥λ0
iλ

0>
i

∥∥∥
F

∣∣∣∣∣
T∑
s=1

Ks,0(τt)ED
[
ξ>x,itΣ

D−1
x,i (τt)ξx,is

]∣∣∣∣∣ = OP

(
1

Th

)
. (C.62)

By (C.60) and (C.62),

1

Th

T∑
s=1

Ks,0(τt)Ω
D
1 (t, s) =

(
Λ0>Λ0

)−1
N∑
i=1

λ0
iλ

0>
i µD>x,i (τt)Σ

D−1
x,i (τt)µ

D
x,i(τt) +OP

(
1

Th

)
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:= ΩD∗1 (t) +OP

(
1

Th

)
. (C.63)

Similarly to (C.60) and (C.62),

1

T

T∑
s=1

ΩD2 (t, s) =
1

T

(
Λ0>Λ0

)−1
N∑
i=1

T∑
s=1

λ0
iλ

0>
i µD>z,i (τs)Ω

D−1
f,i µDz,i(τt) +OP

(
1

T

)

:=
1

T

T∑
s=1

ΩD∗2 (t, s) +OP

(
1

T

)
, (C.64)

where µDz,i = ED (zit) with zit = f0
t − ΣD>xf,i(τt)Σ

D−1
x,i (τt)xit. By (C.63) and (C.64),

b
†(n)
f,t =

1

Th
H>

T∑
s=1

Ks,0(τt)Ω
D∗
1 (t)n−1ΩD1 (t, s)H−1>R

(0)
F,s

+
1

Tn
H>

T∑
s1,s2,...,sn=1

ΩD∗2 (t, s1)
n−2∏
j=1

ΩD∗2 (sj , sj+1))ΩD2 (sn−1, sn))H−1>R
(0)
f,sn

+OP

(
δf,0
Th

)
.

In what follows, we show maxt ‖ΩD∗1 (t)‖∞ < 1 and maxs,t ‖ΩD∗2 (t, s)‖∞ < 1. It is clear to see that

ΩD∗1 (t) = 0, if µDx,i(τ) = 0, for each i. If µDx,i(τ) 6= 0, since rank
(
µDx,i(τ)µD>x,i (τ)

)
= 1, it holds by

Woodbury matrix formula that

ΣD−1
x,i (τ) = ΣD−1

ξ,i −
1

1 + tr
(

ΣD−1
ξ,i µDx,i(τ)µD>x,i (τ)

)ΣD−1
ξ,i µDx,i(τ)µD>x,i (τ)ΣD−1

ξ,i ,

where ΣDξ,i = ED
(
ξx,itξ

>
x,it

)
with ξx,it = xit − µDx,i(τt). It is clear to see that

µD>x,i (τt)Σ
D−1
x,i (τt)µ

D
x,i(τt) = tr

((
µDx,i(τt)µ

D>
x,i (τt) + ΣDξ,i

)−1
µDx,i(τt)µ

D>
x,i (τt)

)

= tr

ΣD−1
ξ,i µDx,i(τt)µ

D>
x,i (τt)−

1

1 + tr
(

ΣD−1
ξ,i µDx,i(τt)µ

D>
x,i (τt)

) (ΣD−1
ξ,i µDx,i(τt)µ

D>
x,i (τt)

)2


=

tr
(

ΣD−1
ξ,i µDx,i(τt)µ

D>
x,i (τt)

)
1 + tr

(
ΣD−1
ξ,i µDx,i(τt)µ

D>
x,i (τt)

) :=
c1(i, t)

1 + c1(i, t)
, (C.65)

where c1(i, t) = tr
(

ΣD−1
ξ,i µDx,i(τt)µ

D>
x,i (τt)

)
. Let φit = µD>x,i (τt)Σ

D−1
x,i (τt)µ

D
x,i(τt). We have φit ∈ [0, 1)

for any i and t. Therefore, ΩD∗1 (t) =
(
Λ0>Λ0

)−1∑N
i=1 λ

0
iλ

0>
i φit and it satisfies maxt ‖ΩD∗1 (t)‖∞ < 1.

Analogously, we obtain maxt,s ‖ΩD∗2 (t, s)‖∞ < 1. Let κNT = max{maxt ‖ΩD∗1 (t)‖∞,maxt,s ‖ΩD∗2 (t, s)‖∞}.
We have κNT ∈ [0, 1) and b

†(n)
f,t = OP

(
κn−1
NT δf,0

)
+OP

(
δf,0
Th

)
. Therefore, Theorem 3.3 holds. �

C.1.4 Proofs of Theorems 3.4, 4.1, 4.2 and 4.3

Proof of Theorem 3.4

We can use arguments that are closely related to those in the proof of Theorem 3.3 to establish the

asymptotic properties of the mean group estimator. We provide the proof in full in the technical

supplement (see Liu, 2023). �

Proof of Theorem 4.1

(1) Recall that the test statistics LNT and L̆NT are defined as follows:

LNT =
1

NT
√
h

N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1,6=t

K

(
τt − τs
h

)
êitêns, L̆NT =

1√
σ̂2
L

LNT ,
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where σ̂2
L = 2v0σ̂

4
ε with σ̂

2
ε = (NT )−1

∑N
i=1

∑N
j=1

∑T
t=1 êitêjt. It suffices to prove the Theorem 4.1(1)

by showing (a) LNT
D−−→ N

(
0, σ2

L

)
and (b) σ̂2

L
P−−→ σ2

L, under H0.

For (a), we can use the CLT for U -statistic to establish the asymptotic distribution of LNT .

Specifically, we write

NT
√
hLNT =

N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εitεns + 2

N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
(êit − εit)εns

+
N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
(êit − εit)(êns − εns)

:= LNT,1 + LNT,2 + LNT,3.

Among these three terms, LNT,1 can be written into a U -statistic that generates the CLT. We put

the result in Lemma C.7. For the remaining terms with êit − εit, write

êit − εit = x>it

(
β0
i − β̃

(n)
i

)
+ λ̃>i

(
f̃t − f̃ (n)

t

)
+ f̃>t

(
λ̃i − λ̃(n)

i

)
+ x>it

(
βi(τt)− β0

i

)
= ∆e,it + ∆c

e,it,

where ∆e,it = x>it

(
β0
i − β̃

(n)
i

)
+ λ̃>i

(
f̃t − f̃ (n)

t

)
+ f̃>t

(
λ̃i − λ̃(n)

i

)
and ∆c

e,it = x>it
(
βi(τt)− β0

i

)
.1 It

holds under H0 that ∆c
e,it = 0. For ∆e,it, we use the following decomposition: ∆e,it = ∆e1,it+ ∆e2,it+

∆e3,it, where ∆e1,it = λ̃>i

(
f̃t − f̃ (n)

t

)
, ∆e2,it = f̃>t

(
λ̃i − λ̃(n)

i

)
, ∆e3,it = x>it

(
β0
i − β̃

(n)
i

)
. Using

arguments that are closely related to those in the proofs of Proposition C.2(1) and Theorem 3.3, we

can readily obtain
∑T

t=1

∥∥∥f̃t − f̃ (n)
t − d̃ε,t

∥∥∥2
= OP (Tδ4

NT ), where d̃ε,t = H>
(
Λ0>Λ0

)−1
(∑N

i=1 λ
0
i εit

)
.

By Assumption 5, Lemma D.3 and Cauchy-Schwarz inequality,∣∣∣∣∣∣
N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εnsλ̃

>
i

(
f̃t − f̃ (n)

t − d̃ε,t
)∣∣∣∣∣∣

≤

 T∑
t=1

∥∥∥∥∥∥
N∑
i=1

N∑
n=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εnsλ̃i

∥∥∥∥∥∥
2

1
2 (

T∑
t=1

∥∥∥f̃t − f̃ (n)
t − d̃ε,t

∥∥∥2
) 1

2

= OP

(√
NThmax{N,T}

)
. (C.66)

Additionally, by the conditionally α-mixing conditions in Assumption 1 and the cross-sectional inde-

pendence conditions in Assumption 5,∣∣∣∣∣∣
N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εnsλ̃

>
i d̃ε,t

∣∣∣∣∣∣ = OP (NTh) . (C.67)

Combining (C.66) and (C.67), we have∣∣∣∣∣∣
N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εns∆e1,it

∣∣∣∣∣∣ = OP

(√
NThmax{N,T}

)
. (C.68)

Using analogous arguments, we can obtain the following results:∣∣∣∣∣∣
N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εns∆e2,it

∣∣∣∣∣∣ = OP

(√
NThmax{N,T}

)
, (C.69)

1Here we re-define f̃t and λ̃i with the rotation matrix from the parametric initial estimation: H̃ =

(NT )−1 ∑N
i=1 λ

0
iλ

0>
i F 0>F̃ (0)Ṽ −1

NT , where F̃ (0) and ṼNT are defined in Appendix B.1.

19



∣∣∣∣∣∣
N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εns∆e3,it

∣∣∣∣∣∣ = OP

(√
NThmax{N,T}

)
. (C.70)

By (C.68), (C.69), (C.70) and Assumption 5,

LNT,2 = oP

(
NT
√
h
)
. (C.71)

Analogously, we can readily obtain

LNT,3 = oP

(
NT
√
h
)
. (C.72)

Combining (C.71), (C.72) and Lemma C.7, we complete the proof of (a) LNT
D−−→ N

(
0, σ2

L

)
.

Then, we only need to prove (b) σ̂2
L

P−−→ σ2
L. Recall that σ̂2

L = 2v0σ̂
4
ε and σ2

L = 2v0σ
4
ε. There-

fore, it suffices to show that σ̂
2
ε

P−−→ σ2
ε, where σ2

ε = limN→∞N
−1
∑N

i=1

∑N
j=1E[εitεjt] and σ̂

2
ε =

(NT )−1
∑N

i=1

∑N
j=1

∑T
t=1 êitêjt. We write

σ̂
2
ε =

1

NT

N∑
i=1

N∑
j=1

T∑
t=1

εitεjt +
2

NT

N∑
i=1

N∑
j=1

T∑
t=1

εit (êjt − εjt) +
1

NT

N∑
i=1

N∑
j=1

T∑
t=1

(êit − εit) (êjt − εjt)

:= LNT,4 + LNT,5 + LNT,6.

For LNT,4, it follows that E[LNT,4] = σ2
ε + o(1). In addition,

E
[
(LNT,4 − σ2

ε

)2
] =

1

N2T 2
E

 N∑
i=1

N∑
j=1

T∑
t=1

(εitεjt − E[εitεjt])
2


=

1

N2T 2

N∑
i1=1

N∑
i2=1

N∑
j1=1

N∑
j2=1

T∑
t=1

T∑
s=1

E ((εi1tεj1t − E[εi1tεj1t])(εi2sεj2s − E[εi2sεj2s]))

= O

(
1

T

)
,

where the last equality holds by the second condition in Assumption 2.(iii). Then by Chebyshev’s

inequality, we obtain

LNT,4 = σ2
ε +OP (1) . (C.73)

For LNT,5, by Cauchy-Schwarz inequality,

|LNT,5| ≤
2

NT

 T∑
t=1

∣∣∣∣∣
N∑
i=1

εit

∣∣∣∣∣
2
 1

2
 T∑
t=1

∣∣∣∣∣∣
N∑
j=1

(êjt − εjt)

∣∣∣∣∣∣
2

1
2

.

Under H0, it follows

|LNT,5| ≤
2

NT

 T∑
t=1

∣∣∣∣∣
N∑
i=1

εit

∣∣∣∣∣
2
 1

2
 T∑
t=1

∣∣∣∣∣∣
N∑
j=1

∆e,it

∣∣∣∣∣∣
2

1
2

= oP (1) . (C.74)

Analogously, we can readily obtain |LNT,6| = oP (1), under H0. Together with (C.73) and (C.74), it

yields σ̂
2
ε = σ2

ε + oP (1). Therefore, (b) σ̂2
L

P−−→ σ2
L can hold under H0, which completes the proof of

Theorem 4.1(1).
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(2) Note that ∆c
e,it = 0 cannot hold for all i under H1. Without loss of generality, we assume

βi(τ) = β0
i + νNT∆β,i(τ), for i = 1, 2, . . . , Na and βi(τ) = β0

i for i = Na + 1, . . . , N . In this case,

∆c
e,it = x>it

(
βi(τt)− β0

i

)
= νNTx

>
it∆β,i(τt) for i = 1, 2, . . . , Na, and ∆c

e,it = 0 otherwise. Then,

N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
∆c
e,it = NνNT

Na∑
i=1

T∑
t=1

T∑
s=1,6=t

K

(
τt − τs
h

)
x>it∆β,i(τt)

= NνNT

Na∑
i=1

T∑
t=1

T∑
s=1,6=t

K

(
τt − τs
h

)
E(xit)

>∆β,i(τt)

+NνNT

Na∑
i=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
(xit − E(xit))

>∆β,i(τt)

= OP
(
NaNT

2hνNT
)
, (C.75)

where the last equality holds by Lemma D.4(2). Analogously,

N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
∆c
e,ns∆

c
e,it = ν2

NT

Na∑
i=1

Na∑
n=1

T∑
t=1

T∑
s=1,6=t

K

(
τt − τs
h

)
x>it∆β,i(τt)x

>
ns∆β,n(τs)

= OP
(
N2
aT

2hν2
NT

)
. (C.76)

Provided that νNT → 0, it suffices to require N2
aT

2hν2
NT /(NT

√
h) → ∞ and then it holds au-

tomatically that NaNT
2hνNT /(NT

√
h) → ∞. Combining these results, if νNT and Na satisfy

NaN
− 1

2T
1
2h

1
4 νNT →∞, LNT diverges under H1. Therefore, Theorem 4.1(2) holds. �

Proof of Theorem 4.2

The arguments that are analogous to those in the proof of Theorem 3.4 in Su and Chen (2013) can

be used to establish the bootstrap test statistic’s asymptotic properties. We provide the proof in full

in the technical supplement (see Liu, 2023). �

Proof of Theorem 4.3

Since the IC method’s consistency is well established in the literature of factor number selection (e.g.,

Bai and Ng, 2002), we put its proof in the technical supplement (see Liu, 2023). �

C.2 The main lemmas

This appendix lists the main lemmas that are used in the proofs of our theorems and propositions.

Lemma C.1. Let Assumptions 1-2 hold. For any given i, n and τ , as N,T →∞,

(1) ‖si(τ)Ni(τ)− µ2Ip‖F = OP
(
(Th)−1/2

)
;

(2)
∥∥∥si(τ)ε̃i − (Th)−1 [Ip, 0p] ΩD−1

x,i (τ)Mi(τ)>W (τ)ε̃i

∥∥∥
F

= OP
(
(Th)−1

)
;

(3)
∥∥∥si(τ)F 0 − ΣD−1

x,i (τ)ΣDxf,i(τ)
∥∥∥
F

= OP
(
(Th)−1/2

)
;

(4)
∥∥∥si(τ)R

(n−1)
f − (Th)−1ΣD−1

x,i (τ)
∑T

t=1Kt,0(τ)xitR
(n−1)
f,t

∥∥∥
F

= OP
(
δf,n−1(Th)−1/2

)
.

Lemma C.2. Let Assumptions 1-2 hold. For any given i, n and τ , as N,T →∞,

(1)
∑N

i=1 ‖RSf,i(τ)‖2F = OP
(
N(Th)−1

)
,
∑N

i=1

∑T
t=1 ‖RSf,i(τt)‖

2
F = OP

(
Nh−1

)
,∑T

t=1 ‖RSf,i(τt)‖
2
F = OP

(
h−1

)
,
∑N

i=1

∑T
t=1

∥∥λ0
ix
>
itRSf,i(τt)

∥∥2

F
= OP

(
Nh−1

)
;
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(2)
∑N

i=1 ‖RS,i(τ)‖2F = OP
(
N(Th)−1

)
,
∑N

i=1

∑T
t=1 ‖RS,i(τt)‖

2
F = OP

(
Nh−1

)
,∑N

i=1

∑T
t=1Kt,0(τ) ‖RS,i(τt)‖2F = OP (N),

∑T
t=1 ‖RS,i(τt)‖

2
F = OP

(
h−1

)
;

(3)
∑N

i=1

∑T
t=1 ‖si(τt)ε̃i‖

2 = OP
(
Nh−1

)
,
∑T

t=1 ‖si(τt)ε̃‖
2 = OP

(
h−1

)
,∑T

t=1

∥∥∥∑N
i=1 λ

0
ix
>
itsi(τt)ε̃i

∥∥∥2
= OP

(
Nh−1

)
;

(4)
∑N

i=1

∑T
t=1

∥∥∥si(τt)R(n−1)
f

∥∥∥2

F
= OP

(
NTδ2

f,n−1

)
,
∑T

t=1

∥∥∥si(τt)R(n−1)
f

∥∥∥2

F
= OP

(
Tδ2

f,n−1

)
,∑N

i=1

∑T
t=1

∥∥∥λ0
ix
>
itsi(τt)R

(n−1)
f

∥∥∥2

F
= OP

(
NTδ2

f,n−1

)
;

where RSf,i(τ) = si(τ)F 0 − ΣD−1
x,i (τ)ΣDxf,i(τ) and RS,i(τt) = si(τt)Ni(τt)− µ2Ip.

Lemma C.3. Let Assumptions 1-2 hold. For any given i and n, as N,T →∞,

Ω̂
(n−1)
f,i − ΩH

f,i = OP

(
max

{
δf,n−1, (Th)−1/2

})
,

where Ω̂
(n−1)
f,i = T−1F̂ (n−1)>ΩS,iF̂

(n−1), ΩH
f,i = H>ΩDf,iH with ΩS,i = (I − Si)> (I − Si) and ΩDf,i =

ΣDf − limT→∞
1
T

∑T
t=1 ΣD>xf,i(τt)Σ

D−1
x,i (τt) ΣDxf,i(τt).

Lemma C.4. Let Assumptions 1-2 hold. For any given i and n, as N,T →∞,

(1)
∥∥∥F̂ (n−1)>ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>∥∥∥
F

= OP
(
(Th3)1/2 max{1, (Th)1/2δf,n−1}

)
;

(2)
∥∥∥R(n−1)>

f ΩS,iR
(n−1)
f λ̃i

∥∥∥ = OP

(
Tδ2

f,n−1

)
;

(3)
∥∥∥R(n−1)>

f ΩS,iε̃i −R(n−1)>
f ε̃i

∥∥∥ = OP

(
δf,n−1

√
T/h

)
;

(4)
∥∥∥F 0>ΩS,iR

(n−1)
f −

∑T
t=1 zitR

(n−1)>
f,t

∥∥∥
F

= OP

(
δf,n−1

√
T/h

)
;

(5)
∥∥∥F 0>ΩS,iε̃i −

∑T
t=1 zitεit

∥∥∥ = OP

(
1/
√
h
)

.

Lemma C.5. Let Assumptions 1-2 hold. For any given n, as N,T →∞,

(1)
∑N

i=1

∥∥∥Ω̂
(n−1)−1
f,i F̂ (n−1)>ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>∥∥∥2
= OP

(
NTh3 max

{
1, Thδ2

f,n−1

})
;

(2)
∑N

i=1

∥∥∥Ω̂
(n−1)−1
f,i F̂ (n−1)>ΩS,iR

(n−1)
f λ̃i − ΩH−1

f,i

∑T
t=1 z̃itR

(n−1)>
f,t λ̃i

∥∥∥2 = OP

(
NT 2δ2f,n−1 max

{
δ2f,n−1, (Th)−1

})
;

(3)
∑N

i=1

∥∥∥Ω̂
(n−1)−1
f,i F̂ (n−1)>ΩS,iε̃i − ΩH−1

f,i

∑T
t=1(z̃it +R

(n−1)
f,t )εit

∥∥∥2 = OP

(
NTh−1 max

{
δ2f,n−1, T

−1
})

.

Lemma C.6. Let Assumptions 1-3 hold. As N,T →∞,

(1) T−1F̂ (0)>F 0 P−−→ Q;

(2) H
P−−→ ΣλQ>V −1;

where Q = V
1/2
λf U>λfΣ

−1/2
λ , Vλf is a r0 × r0 diagonal matrix with diagonal elements being the r0

eigenvalues of the matrix Σ
1/2
λ ΣfΣ

1/2
λ in a descending order, and Uλf is the corresponding orthog-

onal eigenvector matrix satisfying U>λfUλf = Ir0. Σλ and Σf are defined in Assumptions 2 and 3,

respectively.

Lemma C.7. Let Assumptions 1-2 and 5 hold. As N,T →∞,

1

NT
√
h

N∑
i=1

N∑
n=1

T∑
t=1

T∑
s=1, 6=t

K

(
τt − τs
h

)
εitεns

D−−→ N
(
0, σ2

L

)
.
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Appendix D Proofs of the main lemmas

D.1 Proofs of Lemmas C.1-C.7

Proof of Lemma C.1

(1) Recall that si(τ) = [Ip, 0p][Mi(τ)>W (τ)Mi(τ)]−1Mi(τ)>W (τ), ΩDx,i(τ) = diag(1, µ2) ⊗ ΣDx,i(τ),

ΩDN,i(τ) = (µ2, 0)>⊗ΣDx,i(τ), Ω̂x,i(τ) = (Th)−1Mi(τ)>W (τ)Mi(τ) and Ω̂N,i(τ) = (Th)−1Mi(τ)>W (τ)Ni(τ),

where ΣDx,i(τt) = ED(xitx
>
it). For given τ ∈ (0, 1), we write

si(τ)Ni(τ) = [Ip, 0p]
(

Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)(

Ω̂N,i(τ)− ΩDN,i(τ)
)

+ [Ip, 0p] ΩD−1
x,i (τ)

(
Ω̂N,i(τ)− ΩDN,i(τ)

)
+ [Ip, 0p]

(
Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)

ΩDN,i(τ) + [Ip, 0p] ΩD−1
x,i (τ)ΩDN,i(τ)

:= ANT,3,i(τ) + · · ·+ANT,6,i(τ). (D.1)

We now study the convergence of ANT,3,i(τ), · · · , ANT,6,i(τ). For ANT,3,i(τ), Lemma D.6(1)(2) imply

‖ANT,3,i(τ)‖F ≤
∥∥∥Ω̂−1

x,i

∥∥∥
F

∥∥∥Ω̂N,i(τ)− ΩDN,i(τ)
∥∥∥
F

∥∥∥Ω̂x,i(τ)− ΩDx,i(τ)
∥∥∥
F

= OP

(
1

Th

)
. (D.2)

Analogously, for ANT,4,i(τ) and ANT,5,i(τ), directly using Lemma D.6(1)(2) gives

‖ANT,4,i(τ)‖F = OP

(
1√
Th

)
, ‖ANT,5,i(τ)‖F = OP

(
1√
Th

)
. (D.3)

For ANT,6,i(τ), simple algebra yields

ANT,6,i(τ) =
µ2

2
Ip, (D.4)

where µ2 =
∫
u2K(u)du. Combining (D.2), (D.3) and (D.4), we obtain the desired result.

(2) We write

si(τ)ε̃i =
1

Th
[Ip, 0p]

(
Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)
Mi(τ)>W (τ)ε̃i +

1

Th
[Ip, 0p] ΩD−1

x,i (τ)Mi(τ)>W (τ)ε̃i

:= ANT,7,i(τ) +ANT,8,i(τ). (D.5)

It suffices only to show ‖ANT,7,i(τ)‖F = OP
(

1
Th

)
. Using Lemma D.6(1) and the result

∥∥Mi(τ)>W (τ)ε̃i
∥∥
F

=

OP

(√
Th
)

which is implied by Lemma D.3(1), we obtain

‖ANT,7,i(τ)‖F ≤ C
∥∥∥Ω̂−1

x,i (τ)
∥∥∥
F

∥∥∥Ω̂x,i(τ)− ΩDx,i(τ)
∥∥∥
F

∥∥∥∥ 1

Th
Mi(τ)>W (τ)ε̃i

∥∥∥∥
F

= OP

(
1

Th

)
.

(3) Recall that RSf,i(τ) = si(τ)F 0 − ΣD−1
x,i (τ)ΣDxf,i(τ) and Rxf,it = xitf

0>
t − ΣDxf,i(τt). Let ΩDxf,i(τ) =(

ΣD>xf,i(τ), 0>
)>

and Ω̂xf,i(τ) = (Th)−1M>i (τ)W (τ)F 0. We obtain the following decomposition:

RSf,i(τ) = [Ip, 0p] Ω̂−1
x,i (τ)Ω̂xf,i(τ)− ΣD−1

x,i (τ)ΣDxf,i(τ)

= [Ip, 0p] ΩD−1
x,i (τ)

(
Ω̂xf,i(τ)− ΩDxf,i(τ)

)
+ [Ip, 0p]

(
Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)

Ω̂xf,i(τ)

= [Ip, 0p] ΩD−1
x,i (τ)

(
Ω̂xf,i(τ)− ΩDxf,i(τ)

)
+ [Ip, 0p]

(
Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)

ΩDxf,i(τ)

+ [Ip, 0p]
(

Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)(

Ω̂xf,i(τ)− ΩDxf,i(τ)
)

:= ANT,9,i(τ) +ANT,10,i(τ) +ANT,11,i(τ). (D.6)

Lemma D.6(1)(3) yields

‖ANT,9,i(τ)‖F = OP

(
1√
Th

)
, ‖ANT,10,i(τ)‖F = OP

(
1√
Th

)
, ‖ANT,11,i(τ)‖F = OP

(
1

Th

)
.
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It follows immediately that ‖RSf,i(τ)‖ = OP

(
1√
Th

)
.

(4) Write

si(τ)R
(n−1)
f =

1

Th
[Ip, 0p] ΩD−1

x,i (τ)Mi(τ)>W (τ)R
(n−1)
f

+
1

Th
[Ip, 0p]

(
Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)
Mi(τ)>W (τ)R

(n−1)
f

:= ANT,12,i(τ) +ANT,13,i(τ). (D.7)

Simple algebra yields ANT,12,i(τ) = 1
Th

∑T
t=1Kt,0(τ)ΣD−1

x,i (τ)xitR
(n−1)>
f,t . By Cauchy-Schwarz inequal-

ity,

‖ANT,12,i(τ)‖F ≤
1

Th

(
T∑
t=1

Kt,0(τ) ‖xit‖2
) 1

2
(

T∑
t=1

Kt,0(τ)
∥∥∥R(n−1)

f,t

∥∥∥2
) 1

2

= OP (δf,n−1) .(D.8)

Using Lemma D.6(1) and Cauchy-Schwarz inequality, we obtain ‖ANT,13,i(τ)‖F = OP

(
δf,n−1√
Th

)
. To-

gether with (D.8), it leads to the desired result in Lemma C.1(4). �

Proof of Lemma C.2

(1) Recall that RSf,i(τt) = ANT,9,i(τt) +ANT,10,i(τt) +ANT,11,i(τt), where ANT,9,i(τ), ANT,10,i(τ) and

ANT,11,i(τ) are defined in (D.6). For ANT,9,i(τt), by Lemma D.7(2),

T∑
t=1

‖ANT,9,i(τt)‖2F = OP

(
1

h

)
. (D.9)

To compute the probability order of
∑T

t=1 ‖ANT,10,i(τt)‖2F , we decompose the inverse matrix Ω̂−1
x,i (τ)

in the following way: for a positive and sufficiently large number M ,

Ω̂−1
x,i (τ) = ΩD−1

x,i (τ) +Qx,i(τ)ΩD−1
x,i (τ) = ΩD−1

x,i (τ) + Q̃x,i(τ)ΩD−1
x,i (τ) + Q̃cx,i(τ)ΩD−1

x,i (τ),

where Qx,i(τ) =
(

Ω̂−1
x,i (τ)− ΩD−1

x,i (τ)
)

ΩDx,i(τ), Q̃x,i(τ) = Qx,i(τ)I
(
‖Qx,i(τ)‖F < M

)
and Q̃cx,i(τ) =

Qx,i(τ)− Q̃x,i(τ). With Q̃x,i(τ) and Q̃cx,i(τ), we write

ANT,10,i(τt) = [Ip, 0p] Q̃x,i(τt)Ω
D−1
x,i (τt)Ω

D
xf,i(τt) + [Ip, 0p] Q̃

c
x,i(τt)Ω

D−1
x,i (τt)Ω

D
xf,i(τt)

:= ANT,10,1,i(τt) +ANT,10,2,i(τt). (D.10)

For ANT,10,1,i(τt), it follows by Lemma D.7 that

T∑
t=1

‖ANT,10,1,i(τt)‖2F = OP

(
1

h

)
. (D.11)

For ANT,10,2,i(τt) and any given ε > 0, the uniform convergence result in Lemma D.9(3) yields

P

(
T∑
t=1

‖ANT,10,2,i(τt)‖2F >
ε

h

)
≤ P

(
sup

0<τ<1
‖Qx,i(τ)‖F > M

)
= o(1).

Then, it follows that
∑T

t=1 ‖ANT,10,2,i(τt)‖2F = oP
(
h−1

)
. Together with (D.11), it implies

T∑
t=1

‖ANT,10,i(τt)‖2F =

T∑
t=1

‖ANT,10,1,i(τt)‖2F +

T∑
t=1

‖ANT,10,2,i(τt)‖2F + interaction terms = OP

(
1

h

)
. (D.12)

For ANT,11,i(τt), we write

ANT,11,i = [Ip, 0p] Q̃x,i(τt)Ω
D−1
x,i (τt)

(
Ω̂xf,i(τt)− ΩDxf,i(τt)

)
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+ [Ip, 0p] Q̃
c
x,i(τt)Ω

D−1
x,i (τt)

(
Ω̂xf,i(τt)− ΩDxf,i(τt)

)
:= ANT,11,1,i(τt) +ANT,11,2,i(τt).

Since Q̃x,i(τ) is uniformly bounded, Lemma D.7(2) implies

T∑
t=1

‖ANT,11,1,i(τt)‖2F ≤ C
T∑
t=1

∥∥∥Ω̂xf,i(τt)− ΩDxf,i(τt)
∥∥∥2

F
= OP

(
1

h

)
. (D.13)

Additionally, it holds by Lemma D.9(3) that
∑T

t=1 ‖ANT,11,1,i(τt)‖2F = oP (h−1) . Together with

(D.13), it implies

T∑
t=1

‖ANT,11,i(τt)‖2F =

T∑
t=1

‖ANT,11,1,i(τt)‖2F +

T∑
t=1

‖ANT,11,2,i(τt)‖2F + interaction terms = OP

(
1

h

)
. (D.14)

Combining (D.9), (D.12), and (D.14) gives
∑T

t=1 ‖RSf,i(τt)‖
2
F = OP

(
1
h

)
. Analogously, we can show∑N

i=1 ‖RSf,i(τ)‖2F = OP
(
N
Th

)
and

∑N
i=1 ‖RSf,i(τt)‖

2
F = OP

(
N
h

)
. Write

λ0
ix
>
itRSf,i(τt) = λ0

ix
>
it (ANT,9,i(τt) +ANT,10,i(τt) +ANT,11,i(τt)) ,

where ANT,9,i(τ), ANT,10,i(τ), and ANT,11,i(τ) are defined in (D.6). By Lemma D.1 and Cauchy-

Schwarz inequality,

E

[
N∑
i=1

T∑
t=1

ED
[∥∥∥λ0

ix
>
itANT,9,i(τt)

∥∥∥2

F

]]

≤ E

 N∑
i=1

T∑
t=1

(
ED

[∥∥∥Ω̂xf,i(τt)− ΩDxf,i(τt)
∥∥∥ 2+δ∗

2

F

]) 4
4+δ∗

(
ED

[∥∥∥xitλ0>
i

∥∥∥ 8+2δ∗
δ∗

F

]) δ∗
4+δ∗


= O

(
N

h

)
.

For ANT,10,i(τt), λ
0
ix
>
itANT,10,i(τt) = λ0

ix
>
itANT,10,1,i(τt) + λ0

ix
>
itANT,10,2,i(τt), where ANT,10,1,i(τ) and

ANT,10,2,i(τt) are defined in (D.10). Using Lemma D.1 and Cauchy-Schwarz inequality, we obtain

E

[
N∑
i=1

T∑
t=1

ED
[∥∥∥λ0

ix
>
itANT,10,1,i(τt)

∥∥∥2

F

]]

≤ E

 N∑
i=1

T∑
t=1

(
ED

[∥∥∥Q̃x,i(τt)∥∥∥ 2+δ∗
2

F

]) 4
4+δ∗

(
ED

[∥∥∥xitλ0>
i

∥∥∥ 8+2δ∗
δ∗

F

]) δ∗
4+δ∗


= O

(
N

h

)
.

By the uniform convergence result in Lemma D.9(2), we can show that the term with ANT,10,2,i(τt) is

negligible. Therefore,
∑N

i=1

∑T
t=1 E

[∥∥λ0
ix
>
itANT,10,i(τt)

∥∥2

F

]
= O

(
N
h

)
. Using analogous arguments, we

can obtain
∑N

i=1

∑T
t=1 E

[∥∥λ0
ix
>
itANT,11,i(τt)

∥∥2

F

]
= O

(
N
h

)
. Therefore,

∑N
i=1

∑T
t=1 E

[∥∥λ0
ix
>
itRSf,i(τt)

∥∥2

F

]
=

O
(
N
h

)
.

(2) Recall that RS,i(τt) = si(τt)Ni(τt)− µ2Ip = ANT,3,i(τt) + · · ·+ANT,5,i(τt), where ANT,3,i(τt), · · · ,
ANT,5,i(τt) are defined in (D.1). Using arguments that are analogous to those in the proof of (D.9)

and (D.12), we can use Lemmas D.6 and D.9 to show

T∑
t=1

‖ANT,3,i(τt)‖2F = OP

(
1

h

)
,

T∑
t=1

‖ANT,4,i(τt)‖2F = OP

(
1

h

)
,

T∑
t=1

‖ANT,5,i(τt)‖2F = OP

(
1

h

)
.
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Therefore,

T∑
t=1

‖RS,i(τt)‖2F =

T∑
t=1

‖ANT,3,i(τt)‖2F +

T∑
t=1

‖ANT,4,i(τt)‖2F +

T∑
t=1

‖ANT,5,i(τt)‖2F + interaction terms = OP

(
1

h

)
.

Analogously, we also have

N∑
i=1

‖RS,i(τ)‖2F = OP

(
N

Th

)
,

N∑
i=1

T∑
t=1

‖RS,i(τt)‖2F = OP

(
N

h

)
,

N∑
i=1

T∑
t=1

Kt,0(τ) ‖RS,i(τt)‖2F = OP (N) .

(3) Recall that si(τ)ε̃i = ANT,7,i(τ)+ANT,8,i(τ), where ANT,7,i(τ) and ANT,8,i(τ) are defined in (D.5).

By Lemma D.4(1), we have
∑T

t=1 ‖ANT,8,i(τt)‖
2
F = OP

(
h−1

)
. For ANT,7,i(τ), we write

ANT,7,i(τ) =
1

Th
[Ip, 0p] Q̃x,i(τ)ΩDx,i(τt)Mi(τ)>W (τ)ε̃i +

1

Th
[Ip, 0p] Q̃

c
x,i(τ)ΩDx,i(τt)Mi(τ)>W (τ)ε̃i

:= ANT,7,1,i(τ) +ANT,7,2,i(τ).

Since Q̃x,i(τ) is uniformly bounded,
∑T

t=1 ‖ANT,7,1,i(τt)‖
2
F ≤ C

∑T
t=1 ‖ANT,8,i(τt)‖

2
F = OP

(
h−1

)
. For

any given positive number ε and ANT,7,2,i(τ), by Lemma D.9(2),

P

(
T∑
t=1

‖ANT,7,2,i(τt)‖2F >
ε

h

)
≤ P

(
sup

0<τ<1
‖Qx,i(τ)‖F > M

)
= o(1),

which yields
∑T

t=1 ‖ANT,7,2,i(τt)‖
2
F = oP (h−1). Therefore,

∑T
t=1 ‖si(τt)ε̃i‖

2
F = OP

(
h−1

)
. Analo-

gously, we can show
∑N

i=1

∑T
t=1 ‖ANT,7,i(τt)‖

2
F = oP (Nh−1) and

∑N
i=1

∑T
t=1 ‖ANT,8,i(τt)‖

2
F = oP (Nh−1).

Therefore,
∑N

i=1

∑T
t=1 ‖si(τt)ε̃i‖

2
F = OP

(
Nh−1

)
and

∑T
t=1

∥∥∥∑N
i=1 λ

0
ix
>
itsi(τt)ε̃i

∥∥∥2
= OP

(
Nh−1

)
.

(4) Recall that si(τ)R
(n−1)
f = ANT,12,i(τt)+ANT,13,i(τt), where ANT,12,i(τ) and ANT,13,i(τ) are defined

in (D.7). Similarly to (D.8), we can show
∑T

t=1 ‖ANT,12,i(τt)‖2F = OP

(
Tδ2

f,n−1

)
. For ANT,13,i(τ),

ANT,13,i(τ) =
1

Th
[Ip, 0p] Q̃x,i(τ)ΩDx,i(τt)Mi(τ)>W (τ)R

(n−1)
f

+
1

Th
[Ip, 0p] Q̃

c
x,i(τ)ΩDx,i(τt)Mi(τ)>W (τ)R

(n−1)
f

:= ANT,13,1,i(τ) +ANT,13,2,i(τ).

Since Q̃x,i(τ) is bounded, we have
∑T

t=1 ‖ANT,13,1,i(τt)‖2F ≤ C
∑T

t=1 ‖ANT,12,i(τt)‖2F = OP

(
Tδ2

f,n−1

)
.

For ANT,13,2,i(τ), by Lemma D.9(2), we have
∑T

t=1 ‖ANT,13,2,i(τt)‖2F = oP (Tδ2
f,n−1). Consequently,∑T

t=1

∥∥∥si(τt)R(n−1)
f

∥∥∥2

F
= OP

(
Tδ2

f,n−1

)
. Analogously, we have

N∑
i=1

T∑
t=1

∥∥∥si(τt)R(n−1)
f

∥∥∥2

F
= OP

(
NTδ2

f,n−1

)
,
N∑
i=1

T∑
t=1

∥∥∥λ0
ix
>
itsi(τt)R

(n−1)
f

∥∥∥2

F
= OP

(
NTδ2

f,n−1

)
.

Therefore, Lemma C.2(4) holds. �

Proof of Lemma C.3

Recall that Ω̂
(n−1)
f,i = T−1F̂ (n−1)>ΩS,iF̂

(n−1), ΩH
f,i = H>ΩDf,iH with ΩS,i = (I − Si)> (I − Si) and

ΩDf,i = ΣDf − limT→∞
1
T

∑T
t=1 ΣD>xf,i(τt)Σ

D−1
x,i (τt) ΣDxf,i(τt). We write

Ω̂
(n−1)
f,i − ΩH

f,i = H>
(

1

T
F 0>ΩS,iF

0 − ΩDf,i

)
H +

1

T
H>F 0>ΩS,iR

(n−1)
f +

1

T
R

(n−1)>
f ΩS,iF̃

+
1

T
R

(n−1)>
f ΩS,iR

(n−1)
f
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:= ANT,14,i + · · ·+ANT,17,i.

Since ANT,16,i = A>NT,15,i, it suffices only to show the convergence of ANT,14,i, ANT,15,i and ANT,17,i.

Recall thatRx,it = xitx
>
it−ΣDx,i(τt), Rxf,it = xitf

0>
t −ΣDxf,i(τt) andRSf,i(τt) = si(τt)F

0−ΣD−1
x,i (τt)Σ

D
xf,i(τt).

For ANT,14,i, write

H−1>ANT,14,iH
−1 =

1

T

T∑
t=1

(
f0
t f

0>
t − ED

[
f0
t f

0>
t

])
− 1

T

T∑
t=1

R>xf,itΣ
D−1
x,i (τt) ΣDxf,i(τt)

− 1

T

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)Rxf,it +

1

T

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)Rx,itΣ

D−1
x,i (τt) ΣDxf,i(τt)

− 1

T

T∑
t=1

R>xf,itRSf,i(τt)−
1

T

T∑
t=1

RSf,i(τt)
>Rxf,it +

1

T

T∑
t=1

RSf,i(τt)
>Rx,itRSf,i(τt)

+
1

T

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)Rx,itRSf,i(τt) +

1

T

T∑
t=1

RSf,i(τt)
>Rx,itΣ

D−1
x,i (τt) ΣDxf,i(τt)

+
1

T

T∑
t=1

RSf,i(τt)
>ΣDx,i(τt)RSf,i(τt) +OP

(
1

T

)
:= ANT,14,1,i + · · ·+ANT,14,10,i +OP

(
1

T

)
, (D.15)

where we use the following property of Riemann integral:

1

T

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt) ΣDxf,i(τt)−

∫
ΣD>xf,i(v)ΣD−1

x,i (v) ΣDxf,i(v)dv = OP

(
1

T

)
.

Directly using Lemma D.2(1), we can readily obtain

‖ANT,14,1,i‖F = OP

(
1√
T

)
, ‖ANT,14,2,i‖F = OP

(
1√
T

)
,

‖ANT,14,3,i‖F = OP

(
1√
T

)
, ‖ANT,14,4,i‖F = OP

(
1√
T

)
. (D.16)

For ANT,14,5,i, by Lemma C.2(1) and Cauchy-Schwarz inequality,

‖ANT,14,5,i‖F ≤

(
T∑
t=1

‖Rx,it‖2F

) 1
2
(

T∑
t=1

‖RSf,i(τt)‖2F

) 1
2

= OP

(
1√
Th

)
. (D.17)

Analogously, Lemma C.2(1) and Cauchy-Schwarz inequality also imply the following results:

‖ANT,14,6,i‖F = OP

(
1√
Th

)
, ‖ANT,14,7,i‖F = OP

(
1

Th

)
, ‖ANT,14,8,i‖F = OP

(
1√
Th

)
,

‖ANT,14,9,i‖F = OP

(
1√
Th

)
, ‖ANT,14,10,i‖F = OP

(
1√
Th

)
.

Together with (D.15), (D.16), and (D.17), these results yield

‖ANT,14,i‖F = OP

(
1√
Th

)
. (D.18)

We now study the convergence of ANT,15,i. Write

H−1>ANT,15,i =
1

T

T∑
t=1

f0
t R

(n−1)>
f,t − 1

T

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)xitR

(n−1)>
f,t
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− 1

T

T∑
t=1

R>xf,itsi(τt)R
(n−1)
f − 1

T

T∑
t=1

RSf,i(τt)
>xitR

(n−1)>
f,t

+
1

T

T∑
t=1

RSf,i(τt)
>xitx

>
itsi(τt)R

(n−1)
f +

1

T

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)Rx,itsi(τt)R

(n−1)
f

:= ANT,15,1,i + · · ·+ANT,15,6,i. (D.19)

For ANT,15,1,i, by Cauchy-Schwarz inequality,

‖ANT,15,1,i‖F ≤
1

T

(
T∑
t=1

∥∥f0
t

∥∥2

) 1
2
(

T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
) 1

2

= OP (δf,n−1) .

Analogously, we have ‖ANT,15,2,i‖F = OP (δf,n−1). For ANT,15,3,i, using Lemma C.2(4) and Cauchy-

Schwarz inequality gives

‖ANT,15,3,i‖F ≤
1

T

(
T∑
t=1

‖Rxf,it‖2F

) 1
2
(

T∑
t=1

∥∥∥si(τt)R(n−1)
f

∥∥∥
F

) 1
2

= OP (δf,n−1) .

Analogously, we can obtain ‖ANT,15,4,i‖F = OP

(
δf,n−1√
Th

)
, ‖ANT,15,5,i‖F = OP

(
δf,n−1√
Th

)
, ‖ANT,15,6,i‖F =

OP (δf,n−1). Therefore, the convergence rate of ANT,15,i is

‖ANT,15,i‖ = OP (δf,n−1) . (D.20)

For ANT,17,i, write

ANT,17,i =
1

T

T∑
t=1

R
(n−1)
f,t R

(n−1)>
f,t − 1

T

T∑
t=1

R
(n−1)
f,t x>itsi(τt)R

(n−1)
f − 1

T

T∑
t=1

(
si(τt)R

(n−1)
f

)>
xitR

(n−1)>
f,t

+
1

T

T∑
t=1

(
si(τt)R

(n−1)
f

)>
xitx

>
itsi(τt)R

(n−1)
f

:= ANT,17,1,i + · · ·+ANT,17,4,i.

We now study these terms one by one. For ANT,17,1,i, it is clear to see that

‖ANT,17,1,i‖F ≤
1

T

T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
= OP

(
δ2
f,n−1

)
.

For ANT,17,2,i, we write

ANT,17,2,i =
1

T 2h

T∑
t=1

T∑
s=1

Ks,0(τt)R
(n−1)
f,t x>itΣ

D−1
x,i (τt)xisR

(n−1)>
f,s

+
1

T 2h

T∑
t=1

T∑
s=1

R
(n−1)
f,t x>itQ̃x,i(τt)Ks(τt)Σ

D−1
x,i (τt)xisR

(n−1)>
f,s

+
1

T 2h

T∑
t=1

T∑
s=1

R
(n−1)
f,t x>itQ̃

c
x,i(τt)Ks(τt)Σ

D−1
x,i (τt)xisR

(n−1)>
f,s

:= ANT,17,2,1,i +ANT,17,2,2,i +ANT,17,2,3,i.

By Cauchy-Schwarz inequality,

‖ANT,17,2,1,i‖F ≤ 1

T 2h

(
T∑
t=1

T∑
s=1

∥∥∥R(n−1)
f,t

∥∥∥2 ∥∥∥R(n−1)>
f,s

∥∥∥2
) 1

2
(

T∑
t=1

T∑
s=1

∥∥∥Ks,0(τt)x
>
itΣ
D−1
x,i (τt)xis

∥∥∥2
) 1

2

28



= OP

(
δ2
f,n−1√
h

)
. (D.21)

Since Q̃x,i(τ) is uniformly bounded,

‖ANT,17,2,2,i‖F ≤ C ‖ANT,17,2,1,i‖F = OP

(
δ2
f,n−1√
h

)
. (D.22)

For ANT,17,2,3,i, by Lemma D.9(2), we obtain ‖ANT,17,2,3,i‖F = oP

(
δ2
f,n−1h

−1/2
)

. Together with

(D.21) and (D.22), it gives

‖ANT,17,2,i‖F = OP

(
δ2
f,n−1√
h

)
. (D.23)

Analogously, we have ‖ANT,17,3,i‖F = OP

(
δ2
f,n−1√
h

)
and ‖ANT,17,4,i‖F = OP

(
δ2
f,n−1√
h

)
. Therefore,

‖ANT,17,i‖F = OP

(
δ2
f,n−1√
h

)
. (D.24)

Since ANT,16,i = A>NT,15,i, (D.18), (D.20), and (D.24) jointly lead to the desired result in Lemma C.3.

�

Proof of Lemma C.4

(1) Recall that Rxf,it = xitf
0>
t − ΣDxf,i(τt), Rx,it = xitx

>
it − ΣDx,i(τt), RS,i(τt) = si(τt)Ni(τt) − µ2I,

RSf,i(τt) = si(τt)F
0 − ΣD−1

x,i (τt)Σ
D
xf,i(τt). Write

F 0>ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>
=

T∑
t=1

(
xitf

0>
t − xitx>itsi(τt)F 0

)>(
βit − si(τt)

(
β>i1xi1, · · · , β>iTxiT

)>)

= −
T∑
t=1

(
xitf

0>
t − xitx>itsi(τt)F 0

)>
si(τt)Ni(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)

= −
T∑
t=1

R>xf,it

(
1

2
β′′i (τt)h

2 + o(h2)

)
+

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)Rx,it

(
1

2
β′′i (τt)h

2 + o(h2)

)

+

T∑
t=1

RSf,i(τt)
>ΣDx,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)
−

T∑
t=1

R>xf,itRS,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)

+

T∑
t=1

RSf,i(τt)
>Rx,it

(
1

2
β′′i (τt)h

2 + o(h2)

)
+

T∑
t=1

ΣDxf,i(τt)
>ΣD−1

x,i (τt)Rx,itRS,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)

+

T∑
t=1

RSf,i(τt)
>ΣDx,i(τt)RS,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)
+

T∑
t=1

RSf,i(τt)
>Rx,itRS,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)
:= ANT,18,i + · · ·+ANT,25,i. (D.25)

We now study the convergence of ANT,18,i, · · · , ANT,25,i one by one. Lemmas D.2(1) and C.2(1) imply

‖ANT,18,i‖F = OP

(√
Th4

)
, ‖ANT,19,i‖F = OP

(√
Th4

)
, ‖ANT,20,i‖F = OP

(√
Th3

)
. (D.26)

For ANT,21,i, · · · , ANT,25,i, using Lemmas C.2(2), D.2(1) and Cauchy-Schwarz inequality, we obtain

‖ANT,21,i‖F ≤ Ch
2

(
T∑
t=1

‖Rxf,it‖2F

) 1
2
(

T∑
t=1

‖RS,i(τt)‖2F

) 1
2

= OP

(√
Th3

)
. (D.27)
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Analogously, we have ‖ANT,22,i‖F = OP

(√
Th3

)
, ‖ANT,23,i‖F = OP

(√
Th3

)
, ‖ANT,24,i‖F = OP (h)

and ‖ANT,25,i‖F = OP (h). Together with (D.26) and (D.27), these results imply∥∥∥∥F 0>ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>∥∥∥∥
F

= OP

(√
Th3

)
. (D.28)

For R
(n−1)>
f ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>
, it is clear to see that

R
(n−1)>
f ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>
= −

T∑
t=1

(
R

(n−1)>
f,t − x>itsi(τt)R

(n−1)
f

)>
x>itRS,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)

−µ2

T∑
t=1

(
R

(n−1)>
f,t − x>itsi(τt)R

(n−1)
f

)>
x>it

(
1

2
β′′i (τt)h

2 + o(h2)

)

= −µ2

T∑
t=1

R
(n−1)
f,t x>it

(
1

2
β′′i (τt)h

2 + o(h2)

)
−

T∑
t=1

R
(n−1)
f,t x>itRS,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)

−
T∑
t=1

R
(n−1)>
f s>i (τt)xitx

>
itRS,i(τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)
− µ2

T∑
t=1

R
(n−1)>
f s>i (τt)Rx,it

(
1

2
β′′i (τt)h

2 + o(h2)

)

−µ2

T∑
t=1

R
(n−1)>
f s>i (τt)Σ

D−1
x,i (τt)

(
1

2
β′′i (τt)h

2 + o(h2)

)
:= ANT,26,i + · · ·+ANT,30,i. (D.29)

By Lemma C.2(3) and Cauchy-Schwarz inequality,

‖ANT,26,i‖F ≤ Ch
2

(
T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
) 1

2
(

T∑
t=1

‖xit‖2
) 1

2

= OP
(
Th2δf,n−1

)
. (D.30)

Analogously, we have ‖ANT,27,i‖F = OP

(√
Th3δf,n−1

)
, ‖ANT,28,i‖F = OP

(√
Th3δf,n−1

)
, ‖ANT,29,i‖F =

OP
(
Th2δf,n−1

)
and ‖ANT,30,i‖F = OP

(
Th2δf,n−1

)
. Together with (D.30), these results imply∥∥∥∥R(n−1)>

f ΩS,i

(
β>i1xi1, · · · , β>iTxiT

)>∥∥∥∥
F

= OP

(√
Th2δf,n−1

)
. (D.31)

By (D.28) and (D.31), Lemma C.4(1) holds.

(2) We write

R
(n−1)>
f ΩS,iR

(n−1)
f λ̃i =

T∑
t=1

R
(n−1)
f,t R

(n−1)>
f,t λ̃i −

T∑
t=1

R
(n−1)
f,t x>itsi(τt)R

(n−1)
f λ̃i

−
T∑
t=1

(
si(τt)R

(n−1)
f

)>
xitR

(n−1)>
f,t λ̃i +

T∑
t=1

(
si(τt)R

(n−1)
f

)>
xitx

>
itsi(τt)R

(n−1)
f λ̃i

:= ANT,31,i + · · ·+ANT,34,i.

Simple algebra yields that ‖ANT,31,i‖F = OP

(
Tδ2

f,n−1

)
. Using Lemma C.2(4) and Cauchy-Schwarz

inequality, we obtain

‖ANT,32,i‖F ≤

(
T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
) 1

2
(

T∑
t=1

∥∥∥x>itsi(τt)R(n−1)
f

∥∥∥2

F

) 1
2

‖λ̃i‖ = OP
(
Tδ2

f,n−1

)
.
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Analogously, we have ‖ANT,33,i‖F = OP

(
Tδ2

f,n−1

)
and ‖ANT,34,i‖F = OP

(
Tδ2

f,n−1

)
. Therefore,

Lemma C.4(2) holds.

(3) Write

R
(n−1)>
f ΩS,iε̃i =

T∑
t=1

(
R

(n−1)>
f,t − x>itsi(τt)R

(n−1)
f

)> (
εit − x>itsi(τt)ε̃i

)
=

T∑
t=1

R
(n−1)
f,t εit −

T∑
t=1

R
(n−1)>
f s>i (τt)xitεit −

T∑
t=1

R
(n−1)
f,t x>itsi(τt)εi

+
T∑
t=1

R
(n−1)>
f s>i (τt)xitx

>
itsi(τt)εi

:= ANT,35,i + · · ·+ANT,38,i. (D.32)

It suffices only to consider ANT,36,i, ANT,37,i and ANT,38,i. Let K∗t (τ) =
(
Kt,0(τ)Ip, µ

−1
2 Kt,1(τ)Ip

)>
.

For ANT,36,i, we write

ANT,36,i = − 1

Th

T∑
t=1

T∑
s=1

Ks,0(τt)R
(n−1)
f,s x>isΣ

D−1
x,i (τt)xitεit

−
T∑
t=1

(
[Ip, 0p] Q̃x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xisR

(n−1)>
f,s

))>
xitεit

−
T∑
t=1

(
[Ip, 0p] Q̃

c
x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xisR

(n−1)>
f,s

))>
xitεit

:= ANT,36,1,i +ANT,36,2,i +ANT,36,3,i. (D.33)

We now study these terms one by one. By Cauchy-Schwarz inequality and Lemma D.3(1),

‖ANT,36,1,i‖ ≤
1

Th

(
T∑
s=1

∥∥∥R(n−1)
f,s

∥∥∥2
) 1

2

 T∑
s=1

∥∥∥x>is∥∥∥2
∥∥∥∥∥
T∑
t=1

Ks,0(τt)Σ
D−1
x,i (τt)xitεit

∥∥∥∥∥
2
 1

2

= OP

(√
T

h
δf,n−1

)
.

Since Q̃x,i(τ) is uniformly bounded, it follows that ‖ANT,36,2,i‖ ≤ C ‖ANT,36,1,i‖ = OP

(√
T
h δf,n−1

)
.

By Lemma D.9(2), ‖ANT,36,3,i‖ = oP

(√
T
h δf,n−1

)
. Therefore, ‖ANT,36,i‖ = OP

(√
T
h δf,n−1

)
. Using

Lemma C.2(3) and Cauchy-Schwarz inequality gives

‖ANT,37,i‖ ≤

(
T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
) 1

2
(

T∑
t=1

‖xitsi(τt)ε̃i‖2
) 1

2

= OP

(√
T

h
δf,n−1

)
.

Analogously, we can show ‖ANT,38,i‖ = OP

(√
T
h δf,n−1

)
. Therefore, Lemma C.4(3) holds.

(4) Write

F 0>ΩS,iR
(n−1)
f =

T∑
t=1

(
f0>
t − x>itsi(τt)F 0

)> (
R

(n−1)>
f,t − x>itsi(τt)R

(n−1)
f

)
=

T∑
t=1

f0
t R

(n−1)>
f,t −

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)xitR

(n−1)>
f,t −

T∑
t=1

RSf,i(τt)
>xitR

(n−1)>
f,t

−
T∑
t=1

R>xf,itsi(τt)R
(n−1)
f +

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)Rx,itsi(τt)R

(n−1)
f
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+
T∑
t=1

RSf,i(τt)
>ΣD−1

x,i (τt)si(τt)R
(n−1)
f +

T∑
t=1

RSf,i(τt)
>Rx,itsi(τt)R

(n−1)
f

:= ANT,39,i + · · ·+ANT,45,i. (D.34)

It suffices only to study ANT,41,i, · · · , ANT,45,i. Recall that K∗t (τ) =
(
Kt,0(τ)Ip, µ

−1
2 Kt,1(τ)Ip

)>
. For

ANT,41,i, we write

ANT,41,i = −
T∑
t=1

(
1

Th

T∑
s=1

Ks,0(τt)Rxf,is

)>
ΣD−1
x,i (τt)xitR

(n−1)>
f,t

−
T∑
t=1

(
[Ip, 0p] Q̃x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xisf

0>
s

))>
xitR

(n−1)>
f,t

−
T∑
t=1

(
[Ip, 0p] Q̃

c
x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xisf

0>
s

))>
xitR

(n−1)>
f,t +OP

(
1

h

)
:= ANT,41,1,i +ANT,41,2,i +ANT,41,3,i +OP

(
1

h

)
. (D.35)

By Cauchy-Schwarz inequality and Lemma D.4(1),

‖ANT,41,1,i‖F ≤
1

Th

(
T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
) 1

2

 T∑
t=1

‖xit‖2F

∥∥∥∥∥
T∑
s=1

Ks,0(τt)Rxf,is

∥∥∥∥∥
2

F

 1
2

= OP

(√
T

h
δf,n−1

)
.

For ANT,41,2,i, using Cauchy-Schwarz inequality and Lemma D.7(3), we obtain

‖ANT,41,2,i‖F ≤ C

(
T∑
t=1

∥∥∥R(n−1)
f,t

∥∥∥2
) 1

2
(

T∑
t=1

∥∥∥Q̃x,i(τt)∥∥∥2

F

) 1
2

= OP

(√
T

h
δf,n−1

)
.

Using Lemma D.9(2), we can show that ANT,41,3,i is negligible. Combining these results gives

‖ANT,41,i‖F = OP

(√
T
h δf,n−1

)
. For ANT,42,i, write

ANT,42,i = −
T∑
t=1

R>xf,it

(
1

Th

T∑
s=1

Ks,0(τt)Σ
D−1
x,i (τt)xisR

(n−1)>
f,s

)

−
T∑
t=1

R>xf,it

(
[Ip, 0p] Q̃x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xisR

(n−1)>
f,s

))

−
T∑
t=1

R>xf,it

(
[Ip, 0p] Q̃

c
x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xisR

(n−1)>
f,s

))

:= ANT,42,1,i +ANT,42,2,i +ANT,42,3,i +OP

(
1

h

)
. (D.36)

Simple algebra gives ‖ANT,42,1,i‖F = ‖ANT,41,1,i‖F = OP

(
δf,n−1

√
T/h

)
, ‖ANT,42,2,i‖F = ‖ANT,41,2,i‖F =

OP

(
δf,n−1

√
T/h

)
, and ‖ANT,42,3,i‖F = ‖ANT,41,3,i‖F = oP

(
δf,n−1

√
T/h

)
. Therefore, ‖ANT,42,i‖F =

OP

(√
T
h δf,n−1

)
. Analogously, we can show that ‖ANT,43,i‖F = OP

(√
T
h δf,n−1

)
. Using Cauchy-

Schwarz inequality and Lemma C.2(4), we obtain

‖ANT,44,i‖F ≤

(
T∑
t=1

∥∥∥si(τ)R
(n−1)
f

∥∥∥2

F

) 1
2
(

T∑
t=1

‖RSf,i(τt)‖2F

) 1
2

= OP

(√
T

h
δf,n−1

)
.
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Analogously, ‖ANT,45,i‖F = OP

(√
T
h δf,n−1

)
. Therefore, Lemma C.4(4) holds.

(5) Write

F 0>ΩS,iε̃i =

T∑
t=1

(
f0>
t − x>itsi(τt)F 0

)> (
εit − x>itsi(τt)ε̃i

)
=

T∑
t=1

f0
t εit −

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)xitεit −

T∑
t=1

RSf,i(τt)
>xitεit −

T∑
t=1

R>xf,itsi(τt)εi

+

T∑
t=1

ΣD>xf,i(τt)Σ
D−1
x,i (τt)Rx,itsi(τt)εi +

T∑
t=1

RSf,i(τt)
>ΣD−1

x,i (τt)si(τt)εi

+
T∑
t=1

RSf,i(τt)
>Rx,itsi(τt)εi

:= ANT,46,i + · · ·+ANT,52,i. (D.37)

It suffices only to study ANT,48,i, · · · , ANT,52,i, For ANT,48,i, we have

ANT,48,i =

T∑
t=1

(
1

Th

T∑
s=1

Ks,0(τt)Rxf,is

)>
ΣD−1
x,i (τt)xitεit

+

T∑
t=1

(
[Ip, 0p] Q̃x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xitf

0>
t

))>
xitεit

+

T∑
t=1

(
[Ip, 0p] Q̃

c
x,i(τt)

(
1

Th

T∑
s=1

K∗s (τt)Σ
D−1
x,i (τt)xitf

0>
t

))>
xitεit +OP

(
1

h

)
:= ANT,48,1,i +ANT,48,2,i +ANT,48,3,i +OP

(
1

h

)
.

Since (Th)−1
∑T

t=1Ks,0(τ)Rxf,it and Q̃x,i(τ) are independent with {εit} conditional on D, Lemmas

D.1 and D.5(2) imply ANT,48,1,i = OP

(
1√
h

)
and ANT,48,2,i = OP

(
1√
h

)
. By Lemma D.9, ANT,48,3,i

is also negligible. These results yield ‖ANT,48,i‖ = OP

(
1√
h

)
. Analogously, ‖ANT,49,i‖ = OP

(
1√
h

)
,

‖ANT,50,i‖ = OP

(
1√
h

)
, ‖ANT,51,i‖ = OP

(
1√
h

)
and ‖ANT,52,i‖ = OP

(
1√
h

)
. Therefore, Lemma C.4(5)

holds. �

Proof of Lemmas C.5

Using the arguments that are closely related to those in the proofs of Lemma C.4, we can establish the

desired results in Lemma C.5. The proofs are provided in the technical supplement (see Liu, 2023).�.

Proof of Lemma C.6

(1) By (C.7)-(C.10), Lemma C.6(1) is a direct extension of the Proposition 1 of Bai (2003). Therefore,

its proof is omitted in this paper.

(2) Recall that H =
(
N−1Λ0>Λ0

) (
T−1F 0>F̂ (0)

)
V −1
NT . By Assumption 3, we have N−1Λ0>Λ0 P−−→

Σλ. It follows Lemma C.6(1) that T−1F 0>F̂ (0) P−−→ Q>. Additionally, we can show VNT
P−−→ V by

using the arguments that are analogous to those in the proof of Lemma A.3 in Bai (2003). Combining

these results, we can conclude that Lemma C.6(2) holds. �

Proof of Lemma C.7

Since TNT can be rewritten as a U -statistic, arguments that are closely related to those in the proof

of Theorem 2 in Hall (1984) can be used to establish its asymptotic distribution. Complete proofs

are provided in the technical supplement to the paper (see Liu, 2023). �
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D.2 Technical lemmas

This appendix introduces the technical lemmas that are standard in the literature of α-mixing pro-

cesses. The proofs of these lemmas are provided in full in the technical supplement (see Liu, 2023).

Lemma D.1. Suppose ξit satisfies the αD-mixing conditions in Assumption 1.

ED

∥∥∥∥∥ 1

T

T∑
t=1

ξit

∥∥∥∥∥
2+δ∗/2

F

 ≤ C

T 1+δ∗/4
ED
(
‖ξit‖2+δ∗/2

F

)
,

where 0 < δ∗ < δ, if ED (ξit) = 0, E
(
‖ξit‖2+δ/2

F

)
<∞.

Lemma D.2. Suppose ξit satisfies the αD-mixing conditions in Assumption 1 and ζit = ξitc(τt), where

c(τ) is a uniformly bounded function. As N,T →∞ simultaneously,

(1) E
(∥∥∥∑T

t=1 ξit

∥∥∥2

F

)
≤ CT , E

(∥∥∥∑T
t=1 ζit

∥∥∥2

F

)
≤ CT ;

(2) E
(∥∥∥∑N

i=1 ξit

∥∥∥2

F

)
≤ CN , E

(∥∥∥∑N
i=1 ζit

∥∥∥2

F

)
≤ CN ;

(3) E
(∥∥∥∑N

i=1

∑T
t=1 ξit

∥∥∥2

F

)
≤ CNT , E

(∥∥∥∑N
i=1

∑T
t=1 ζit

∥∥∥2

F

)
≤ CNT ;

(4) E
(∥∥∥∑N

i=1

∑T
t=1wN,iξit

∥∥∥2

F

)
≤ Cγ−1

N,wT , E
(∥∥∥∑N

i=1

∑T
t=1wN,iζit

∥∥∥2

F

)
≤ Cγ−1

N,wT .

Lemma D.3. Suppose ξit satisfies the αD-mixing conditions in Assumption 1 and ζit = ξitc(τt), where

c(τ) is a uniformly bounded function. For m = 0, 1, 2, 3, as N,T →∞ simultaneously,

(1) E
(∥∥∥∑T

t=1Kt,m(τ)ξit

∥∥∥2

F

)
≤ CTh, E

(∥∥∥∑T
t=1Kt,m(τ)ζit

∥∥∥2

F

)
≤ CTh;

(2) E
(∥∥∥∑N

i=1

∑T
t=1Kt,m(τ)ξit

∥∥∥2

F

)
≤ CNTh, E

(∥∥∥∑N
i=1

∑T
t=1Kt,m(τ)ζit

∥∥∥2

F

)
≤ CNTh;

(3) E
(∥∥∥∑N

i=1

∑T
t=1wN,iKt,m(τ)ξit

∥∥∥2

F

)
≤ Cγ−1

N,wTh, E
(∥∥∥∑N

i=1

∑T
t=1wN,iKt,m(τ)ζit

∥∥∥2

F

)
≤ Cγ−1

N,wTh.

Lemma D.4. Suppose ξit satisfies the αD-mixing conditions in Assumption 1 and ζit = ξitc(τt), where

c(τ) is a uniformly bounded function. For m = 0, 1, 2, 3, as N,T →∞ simultaneously,

(1)
∑T

s=1 E
(∥∥∥∑T

t=1Kt,m(τs)ξit

∥∥∥2

F

)
≤ CT 2h,

∑T
s=1 E

(∥∥∥∑T
t=1Kt,m(τs)ζit

∥∥∥2

F

)
≤ CT 2h;

(2)
∑T

s=1 E
(∥∥∥∑N

i=1

∑T
t=1Kt,m(τs)ξit

∥∥∥2

F

)
≤ CNT 2h,

∑T
s=1 E

(∥∥∥∑N
i=1

∑T
t=1Kt,m(τs)ζit

∥∥∥2

F

)
≤ CNT 2h;

(3)
∑T

s=1 E
(∥∥∥∑N

i=1

∑T
t=1wN,iKt,m(τs)ξit

∥∥∥2

F

)
≤ Cγ−1

N,wT
2h,∑T

s=1 E
(∥∥∥∑N

i=1

∑T
t=1wN,iKt,m(τs)ζit

∥∥∥2

F

)
≤ Cγ−1

N,wT
2h.

Lemma D.5. Suppose ξit satisfies the αD-mixing conditions in Assumption 1 and ζit = ξitc(τt), where

c(τ) is a uniformly bounded function. Additionally, ξit is independent with εit conditional on D,

(1) E
(∥∥∥∑N

i=1

∑T
t=1

∑T
s=1 ξisεit

∥∥∥2

F

)
≤ CNT 2, E

(∥∥∥∑N
i=1

∑T
t=1

∑T
s=1 ζisεit

∥∥∥2

F

)
≤ CNT 2;
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(2) E
(∥∥∥∑N

i=1

∑T
t=1

∑T
s=1Ks,m(τt)ξisεit

∥∥∥2

F

)
≤ CNT 2h,

E
(∥∥∥∑N

i=1

∑T
t=1

∑T
s=1Ks,m(τt)ζisεit

∥∥∥2

F

)
≤ CNT 2h;

(3) E
(∥∥∥∑N

i=1

∑T
t=1

∑T
s=1wN,iξisεit

∥∥∥2

F

)
≤ Cγ−1

N,wT
2, E

(∥∥∥∑N
i=1

∑T
t=1

∑T
s=1wN,wζisεit

∥∥∥2

F

)
≤ Cγ−1

N,wT
2;

(4) E
(∥∥∥∑N

i=1

∑T
t=1

∑T
s=1wN,iKs,m(τt)ξisεit

∥∥∥2

F

)
≤ Cγ−1

N,wT
2h,

E
(∥∥∥∑N

i=1

∑T
t=1

∑T
s=1wN,iKs,m(τt)ζisεit

∥∥∥2

F

)
≤ Cγ−1

N,wT
2h.

Lemma D.6. Let Assumptions 1-2 hold. For given τ ∈ (0, 1), as N,T →∞ simultaneously,

(1) E
(∥∥∥Ω̂x,i(τ)− ΩDx,i(τ)

∥∥∥2

F

)
≤ C(Th)−1;

(2) E
(∥∥∥Ω̂N,i(τ)− ΩDN,i(τ)

∥∥∥2

F

)
≤ C(Th)−1;

(3) E
(∥∥∥Ω̂xf,i(τ)− ΩDxf,i(τ)

∥∥∥2

F

)
≤ C(Th)−1;

(4) E
(∥∥∥Q̃x,i(τ)

∥∥∥2

F

)
≤ C(Th)−1.

Lemma D.7. Let Assumptions 1-2 hold. As N,T →∞,

(1)
∑N

i=1 E
(∥∥∥Ω̂N,i(τ)− ΩDN,i(τ)

∥∥∥2

F

)
≤ CN(Th)−1,

∑T
t=1 E

(∥∥∥Ω̂N,i(τt)− ΩDN,i(τt)
∥∥∥2

F

)
≤ Ch−1,∑N

i=1

∑T
t=1 E

(∥∥∥Ω̂N,i(τt)− ΩDN,i(τt)
∥∥∥2

F

)
≤ CNh−1;

(2)
∑T

t=1 E
(∥∥∥Ω̂xf,i(τt)− ΩDxf,i(τt)

∥∥∥2

F

)
≤ Ch−1,

∑N
i=1 E

(∥∥∥Ω̂xf,i(τ)− ΩDxf,i(τ)
∥∥∥2

F

)
≤ CN(Th)−1,∑N

i=1

∑T
t=1 E

(∥∥∥Ω̂xf,i(τt)− ΩDxf,i(τt)
∥∥∥2

F

)
≤ CNh−1;

(3)
∑T

t=1 E
(∥∥∥Q̃x,i(τt)∥∥∥2

F

)
≤ Ch−1,

∑N
i=1 E

(∥∥∥Q̃x,i(τ)
∥∥∥2

F

)
≤ CN(Th)−1,∑N

i=1

∑T
t=1 E

(∥∥∥Q̃x,i(τt)∥∥∥2

F

)
≤ CNh−1.

Lemma D.8. Let Assumptions 1-2 hold. For ζit independent with εit, as N,T →∞ simultaneously,

(1) E
(∥∥∥∑N

i=1

∑T
t=1 Q̃x,i(τt)εit

∥∥∥2

F

)
≤ CNh−1;

(2) E
(∥∥∥∑N

i=1

∑T
t=1 Q̃x,i(τt)ζitεit

∥∥∥2

F

)
≤ CNT (Th)−δ/(4+δ), if E

(
‖ξit‖2+δ/2

F

)
≤ ∞;

(3) E
(∥∥∥∑N

i=1

∑T
t=1 Q̃x,i(τt)ζitεit

∥∥∥2

F

)
≤ CNT (Th)−(2+δ)/(4+δ), if E

(
‖ξit‖4+δ

F

)
≤ ∞;

(4) E
(∥∥∥∑N

i=1

∑T
t=1wN,iQ̃x,i(τt)εit

∥∥∥2

F

)
≤ C(γN,wh)−1;

(5) E
(∥∥∥∑N

i=1

∑T
t=1wN,iQ̃x,i(τt)ζitεit

∥∥∥2

F

)
≤ Cγ−1

N,wT (Th)−δ/(4+δ), if E
(
‖ξit‖2+δ/2

F

)
≤ ∞;
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(6) E
(∥∥∥∑N

i=1

∑T
t=1wN,iQ̃x,i(τt)ζitεit

∥∥∥2

F

)
≤ Cγ−1

N,wT (Th)−(2+δ)/(4+δ), if E
(
‖ξit‖4+δ

F

)
≤ ∞.

Lemma D.9. Let Assumptions 1-2 hold. For given τ ∈ (0, 1), as N,T →∞ simultaneously,

(1) for given τ ∈ (0, 1), there exists an M(τ) > 0 such that
∑N

i=1 P
(
‖Qx,i(τ)‖F > M(τ)

)
= o(1);

(2) there exists an M > 0 such that
∑N

i=1 P
(
sup0<τ<1 ‖Qx,i(τ)‖F > M

)
= o(1);

(3) there exists an M > 0 such that P
(
max1≤i≤N ‖Qf,i‖F > M

)
= o(1).
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