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A Appendix: Size control over other heteroskedasticity

models

As already noted earlier, if size control is possible over €g¢;, then the same is true over any
conceivable class of heteroskedasticity structures, since these can (possible after normalization)
be cast as a subset € of €g;; and, in fact, any critical value delivering size control over &g
also delivers size control over any such €, but even smaller critical values may already suffice for
size control over €. Also, for some heteroskedasticity models € C €, the sufficient conditions
employed in Theorems 5.1 and 6.4 (which imply size control over €p.;) may be unnecessarily
restrictive, if one wants to establish size control over € only. For this reason, we show in the
following how the general theory laid out in Section 5 of Potscher and Preinerstorfer (2018) can
be used to derive size control results tailored to various subsets € by exemplarily treating the
cases € =&, ) and €= Cxe -, defined below. Size control results over other choices of €
can be derived from the results in Section 5 of Pétscher and Preinerstorfer (2018) in a similar
manner, see Subsection A.1.2 further below for some discussion. Here &, . ,,.) is defined as
follows: Let m € N, and let n; € N for j =1,...,m satisfy Z;”:l n; = n. Set n;r = 2{21 n; and
define

Clntyinm) = {diag(T%, . ,Ti) € Cppop : T2

_ _ 2 L
nj'_1+17"'77_n;' fOI‘j—l,...,m}

with the convention that nS‘ = 0. This may be a natural heteroskedasticity model when the
observations come from m groups and when it is reasonable to assume homoskedasticity within
groups.%3 Note that in case nj = 1 for all j, then m =n and €, . n,.) = CHe hold; and in
case m = 1 we have €, ., )= {n=1I,}, i.e., we have homoskedasticity. Furthermore, €; -,
is given by

Chet,r, = {diag(T%, o T2) € Cher T2 > 72 for all z} ,

2

where the lower bound 7,, 0 < 7, < n~/2, is set by the user.

A.1 Size control results for Ty, and T,

A.1.1 Size control over &, .,

Proofs of the results in this subsection can be found in Appendix C.

Theorem A.1. Let m € N, and let n; € N for j =1,...,m satisfy ZT:I n; =n. Then:

(a) For every 0 < e < 1 there exists a real number C(a) such that

sup  sup sup P, s25(Tue > Cla)) <« (A1)

Hos
o €M 0<02<00 BEC (1, ... npm)

63 As long as we assume that the grouping is known, there is little loss of generality to assume that the elements
belonging to the same group are numbered contiguously, since we otherwise only need to relabel the data.



holds, provided that

span ({e;(n) :i € (n;r_l,nj]}) & span(X) for every j =1,...,m with (nj_l,n;r]ﬂll(fmém) # 0.
(A.2)
Furthermore, under condition (A.2), even equality can be achieved in (A.1) by a proper choice of
..... vy Prtg 2 (Tue 2 C)
is positive and where C* is defined as in Lemma 5.11 of Pdtscher and Preinerstorfer (2018) with
C=Cmn,nm) T = Tuc, Nt =span(X), and £ = MY" (with neither o* nor C* depending on
the choice of py € My ).
(b) Suppose Assumption 1 is satisfied. Then for every 0 < oo < 1 there exists a real number
C(«) such that

C(a), provided a € (0,a*]N(0, 1) holds, where a* = sUpce (o0 SUPsee,,,

sup  sup sup Py o2s(Thet > Ca)) < @ (A.3)
holds, provided that

span ({e,(n) < (n;rfl,n;r]}) < B for every j=1,...,m with (njtl,

n 10 (IMG™) # 0.

(A4)
Furthermore, under condition (A.4), even equality can be achieved in (A.3) by a proper choice of
C(a), provided o € (0,a*] N (0,1) holds, where a* = supce (= o0) SUDsce . ) Py s(Ther >
C) is positive and where C* is defined as in Lemma 5.11 of Pétscher and Preinerstorfer (2018)
with € = €, nys T = THet, Nt =B, and £ = Emff” (with neither o nor C* depending on
the choice of py € My ).

(¢) Under the assumptions of Part (a) (Part (b), respectively) implying existence of a critical
value C(«) satisfying (A.1) ((A.3), respectively), a smallest critical value, denoted by Co (),
satisfying (A.1) ((A.83), respectively) exists for every 0 < a < 1. And Cy(a) corresponding to
Part (a) (Part (b), respectively) is also the smallest among the critical values leading to equality
in (A.1) ((A.3), respectively) whenever such critical values exist. [Although C¢ () corresponding
to Part (a) and (b), respectively, will typically be different, we use the same symbol.[**

It is easy to see that the discussion in the first paragraph following Theorem 5.1 applies
mutatis mutandis also to the above theorem. Similarly, Remarks 5.2, 5.3, 5.4, 5.6, 5.9, and
Proposition 5.5 carry over. Furthermore, we have the following result corresponding to Proposi-
tion 5.7:

Proposition A.2. (a) If (A.2) is violated, then SUPsce . ) P,y 022 (Tue > C) =1 for every
choice of critical value C, every u, € Mo, and every o € (0,00) (implying that size equals 1
for every C). As a consequence, the sufficient condition for size control (A.2) in Part (a) of
Theorem A.1 is also necessary.

(b) Suppose Assumption 1 is satisfied.%® If (A.2) is violated, then SUPsce . ) P02 (THer >

64Cf. also Appendix A.3.
651f this assumption is violated then Ty, is identically zero, an uninteresting trivial case.



C) = 1 for every choice of critical value C, every u, € Moy, and every o € (0,00) (implying
that size equals 1 for every C'). [In case X and R are such that B = span(X), conditions (A.2)
and (A.4) coincide; hence the sufficient condition for size control (A.4) in Part (b) of Theorem

A.1 is then also necessary in this case.]

Remark A.3. (Homoskedasticity) Theorem A.1 allows also for the case m = 1, in which case
Clngyoinm) = {n’lln}, i.e., errors are homoskedastic. In this case it is easy to see that the
sufficient conditions for size control in the theorem are trivially satisfied and size control for Thyye;
(and T,.) is possible.5¢ Of course, this is in line with the fact that Tge; and T, are obviously

pivotal under the null if the errors are homoskedastic.

Remark A.4. (Behrens-Fisher problem) Consider again the problem of testing the equality of
the means of two independent normal populations as in Example 5.4 with the only difference that
the variance within each of the two groups is now assumed to be constant, i.e., the heteroskedas-
ticity model used is now given by Clnyna)s where n1 > 2 and ne > 2 are the group sizes. This is
the celebrated Behrens-Fisher problem. The square of the two-sample t-statistic ¢ppg, say, often
used in this context coincides with Ty, for the choice d; = (1 — hii)fl. The size controllability
of ThHer over €pe; established in Example 5.4 therefore a fortiori implies size controllability of
Thet (and hence of t%5) over C(n1,ny)- Of course, this does not add anything new to the lit-
erature on the Behrens-Fisher problem, since it is known that under the null hypothesis |trp|
is stochastically not larger than a ¢-distributed random variable with min(ny,ng) — 1 degrees
of freedom when &€, ,,) is the heteroskedasticity model, see Mickey and Brown (1966). For
more on the Behrens-Fisher problem see Kim and Cohen (1998), Ruben (2002), Lehmann and
Romano (2005), Belloni and Didier (2008), and the references cited therein.

A.1.2 Further size control results

In this subsection it is understood that Assumption 1 is maintained when discussing results
relating to Tet.

(i) Given a heteroskedasticity model € (i.e., () # € C €g.¢), with the property that J(94", ¢)
is empty (where the collection J(9M§™, €) is defined on p. 421 of Potscher and Preinerstorfer
(2018), see also Appendix B further below), the tests based on T,. and Ty are always size
controllable over €. This follows from Corollary 5.6 and Remark 5.7 in Potscher and Preiner-
storfer (2018). In fact, exact size control is then possible for every o € (0,1) as a consequence
of Proposition 5.12 in the same reference upon noting that then C* = —oco and o* = 1 hold.
[We note in passing that for such a heteroskedasticity model € the size of the rejection region
{Tue > C} ({THet > C}, respectively) is less than 1 for every C' > 0 (this follows from Proposi-
tion 5.2 and Remark 5.4 in Potscher and Preinerstorfer (2018) as well as Part 6 of Lemma 5.15

66A related but slightly different argument proceeds by directly noting from its definition that
J(zmgm,qmwnm)) is empty in case m = 1 (cf. Apendix B), and then to appeal to Remark 5.7 (or Proposi-
tion 5.12) in P&tscher and Preinerstorfer (2018).



in Preinerstorfer and Pétscher (2016)).]67

(ii) A particular instance of the situation described in (i) is provided by heteroskedasticity
models € that are subsets of a set of the form €x. ., (0 < 7, < n~!/2), as in this case J(IL", €)
is easily seen to be empty.

(iii) More generally, the tests based on T, (on Tt respectively) are size controllable over a
heteroskedasticity model €, provided any S € J(9ML", €) is not contained in span(X) (B, respec-
tively). This follows easily from Corollary 5.6 and Proposition 5.12 in Potscher and Preinerstorfer
(2018), the latter proposition also providing an exact size result, which we refrain from spelling
out in detail. Again there is a (partial) converse: If an S € J(IM4™, €) exists with S C span(X),
then the size over € of the rejection region {T,. > C} ({Thet > C}, respectively) is equal to 1;
see Theorem 3.1 in Potscher and Preinerstorfer (2019). Furthermore, lower bounds for critical
values that lead to size less than 1 (in particular, for size-controlling critical values) can be had
with the help of Corollary 5.17 in Preinerstorfer and Potscher (2016), Lemma 5.11 and Propo-
sition 5.12 in Potscher and Preinerstorfer (2018), or Lemma 4.1 in Pétscher and Preinerstorfer

(2019).

A.2 Size control results for THet and Tuc

The proof of the subsequent theorem is given in Appendix D. We note that the first statement
in Part (a) of the subsequent theorem is actually trivial, since T, is bounded as has been shown
in Section 6.2.1.

Theorem A.5. Let m € N, and let n; € N for j =1,...,m satisfy ZT:I n; =n. Then:
(a) For every 0 < e < 1 there exists a real number C(a) such that

sup  sup sup P, oox(Tue > C(a)) < (A.5)

€M 0<02<00 BEC (1 . npm) Ho
holds. Furthermore, even equality can be achieved in (A.5) by a proper choice of C(a), provided
a € (0,a*]N(0,1) holds, where a* = SUPCe (0 00) SUPSEC 1, ) P,LO,E(TM > C) and where C*
is defined as in Lemma 5.11 of Pétscher and Preinerstorfer (2018) with € = €, .y, T = Tye,
NT =My, and L =M™ (with neither a* nor C* depending on the choice of jig € Mo).
(b) Suppose Assumption 2 is satisfied. Suppose further that Trer is not constant on R"\é,ﬁs
Then for every 0 < o < 1 there exists a real number C(a) such that

sup  sup sup PH07022(TH5t >C(a) <a (A.6)
Ho€EMo 0<02<00 BEC 1y, )

67The verification of the assumptions in Corollary 5.6 and Propositions 5.2 and 5.12 of P&tscher and Preiner-
storfer (2018) proceeds as in the proofs of Theorems 5.1 and A.1.
68Cf. Footnote 39.



holds, provided that for some g € My (and hence for all py € My)

1o + span ({e;(n) : i € (n;r_l,n;r]}) B foreveryj=1,...,m with (n}_l,nj] NI (™) # 0.

(A7)
Furthermore, under condition (A.7), even equality can be achieved in (A.G) by a proper choice of
C(a), provided o € (0,2 N (0,1) holds, where a* = supce(c+ o) SUPS e . ) PHO’Z(THet >
C) and where C* is defined as in Lemma 5.11 of Pétscher and Preinerstorfer (2018) with € =
Contsonm)r T = Trer, NT = é, and L = IME™ (with neither o nor C* depending on the choice
of g € Mo).

(c¢) Under the assumptions of Part (a) (Part (b), respectively) implying existence of a critical
value C(a) satisfying (A.5) ((A.6), respectively), a smallest critical value, denoted by Co(cr),
satisfying (A.5) ((A.6), respectively) exists for every 0 < a < 1.9 And Cy(a) corresponding to
Part (a) (Part (b), respectively) is also the smallest among the critical values leading to equality
in (A.5) ((A.6), respectively) whenever such critical values exist. [Although Co () corresponding
to Part (a) and (b), respectively, will typically be different, we use the same symbol.]”°

It is easy to see that the discussion in the first paragraph following Theorem 6.4 applies mu-
tatis mutandis also to the above theorem. Similarly, Remarks 6.5, 6.6, 6.8, 6.11, and Proposition
6.7 carry over.

A discussion of size control results for T, and Ty over other choices of € based on the
results in Section 5 of Potscher and Preinerstorfer (2018) can also be given (cf. the discussion in
Subsection A.1.2), but we refrain from spelling out the details. We only note that the test based
on THet is always size controllable over Cper -, (0 < 74 < 71*1/2)7 and the same is trivially true
for ..

A.3 A useful observation

Let € be an arbitrary heteroskedasticity model (i.e., § # € C Cpe), let 0 < a < 1, and
let T stand for T,. or Thes, respectively, where in case of T' = Ty we assume that As-
sumption 1 is satisfied. Suppose that T is size-controllable at significance level « (i.e., that
SUP,,, e, SUPO< 02 <0 SUPxce g 025 (T > C) < a holds for some real C'). Then a smallest size-
controlling critical value Cy(a) always exists.” And if a critical value C' € R exists such that
SUP,, ety SUPo< 02 <o SUPs e g 025 (T > C) = o holds, then Co(a) is also the smallest among
these critical values. This follows from Remark 5.10 and Lemma 5.16 in Potscher and Preiner-
storfer (2018) combined with Remark C.1 in Appendix C. The same is true for T = T, and
T = Tiet, where in case of T = Ty we assume that Assumption 2 is satisfied and that Tyer

69Note that there are in fact no assumptions for Part (a). We have chosen this formulation for reasons of
brevity.

70Cf. also Appendix A.3.

"1Note that this, e.g., covers the case discussed in Example 5.5, where size-control can be established for Ty
despite the fact that the sufficient conditions in Theorem 5.1 are not satisfied (and hence Part (c) of that theorem
can not be used).



is not constant on R"\é This follows again from Remark 5.10 in P&tscher and Preinerstorfer
(2018) now together with Lemma D.1 in Appendix D.

B Appendix: Characterization of J(£,¢€) for € = €y, and
¢ = Q:(nl,...,nm)

A key ingredient in the proof of size control results such as Theorem 5.1 or 6.4 is a certain
collection J(L£,€) of linear subspaces of R" introduced in Pé&tscher and Preinerstorfer (2018).
For the convenience of the reader we reproduce this definition, specialized to the present setting,

below. The leading case in the applications will be the case £ = Iy™.

Definition B.1. Let € be a heteroskedasticity model (i.e., § # € C €p). Given a linear
subspace £ of R™ with dim(£) < n and an element ¥ € €, we let

1)1 P

)3} Wi Sntinie’ el
L) = st

and L£(€) = {L(X) : ¥ € ¢}. Furthermore, we define
J(L,€) = {span(2) : £ € cl(L£(€)), rank(X) < n — dim(L)},

where the closure cl(-) is to be understood w.r.t. R™*™.

Recalling the definition of I4(L), it is easy to see that Io(L) = {z 1<i<n, e, = 0}
holds, where 7,1 ; denotes the i-th column of IT1,.. Also recall that I1(£) is nonempty in case

dim(£) < n holds. The characterization of J(L, €g.t) is now given in the next proposition.

Proposition B.1. Suppose dim(L) < n holds. Then the set J(L,Cyet) is given by
{span ({mpr;:i€1}):0#1CL(L), dim(span ({7,r;:i€I})) <n—dim(L)}. (B.1)

This proposition is a special case of Proposition B.2 given below since €p; coincides with
Ciny,.oonyy) incase m=n and n; =1 forall j =1,...,m.

We next turn to the characterization of J(£, €y, ... n,.)), Where €,y has been defined
in Appendix A. Here m € N, and n; € N for j = 1,...,m satisfy ZT:l n; = n. Consider the
partition of the set {1,...,n} into the intervals (ng,n{], (nf,n3],..., (n;},_,,nt] where n;r has

been defined in Appendix A. Let I, . ,,.) consist of all non-empty subsets I of {1,...,n} that

can be represented as a union of intervals of the form (nj_l, n;r}

Proposition B.2. Suppose dim(L) < n holds. Let m € N, and let n; € N for j =1,...,m



satisfy Z;nzl nj =n. Then the set J(L, €, . n..)) is given by

.....

{span ({WﬁLJ (i€ I}) el n,), 0F#INL(L), dim (Span ({WLLJ- (i€ I})) <n-— dim(ﬁ)} .
(B.2)

Note that in (B.2) we have span ({1 ;:i € I}) =span ({mz1;:i € INIL(L)}).

Proof: Suppose S is an element of J(£,&(,,, .. n,)). Then there exist a sequence X, €
Ciny,..n) Such that 03, 11,0 /[Tl 8,10 | converges to a limit ¥, say, in R™*" with
span(¥) = S. Now,

RPN § SV A[) § A oA § (L1 ; P Z THm) T T

[LEP >SS v Z > i m)mps e
j=1 zE(n;r 1,n.+]

= E ||H£LZ H[:LH_lT +(m) E WﬁL,iﬂ-lﬁl,zﬁ
(i
ji(n ;r 17 FINn(L)#0 ie(n;ll,nj]

where 72(m) denotes the i-th diagonal element of ¥,,. Here we have used the fact that variances
are constant within groups, as well as that 7,1 ; = 0 for all i € (n;r 1 j] if (nf n;_ l,nj] is
disjoint from I;(L£). Also note that the outer sum extends over a nonempty index set since
card(I1(£)) > 1 must hold in view of dim(£) < n. Since the Lh.s. converges to the limit

¥ € R™" since the r.h.s. is bounded from below in the Loewner order by

e Spmllen | 720 (m) > LT
J
i€(nf_ym}]

for every J appearing in the range of the outer sum, and since 7,1 ; # 0 for at least one

i€ (nt nj_q,m; n}] holds when (n} ni_i,n ] NI (L) # 0, it follows that the sequence

(s STl |72 (m) s m € N)
J

is bounded for every j satisfying (n ni_y, j‘] NI;(L) # 0. Possibly after passing to a subsequence,
we may thus assume that these sequences converge to nonnegative real numbers ; for such j.

It follows that

N !
£ = PO VED D S

ji(nt n; FINIL (L)#0 iG(n;ll,n;]

:
> S e (e

G nINL(L) A0 ie(n]_, it

Let I be the union of those intervals (n;rfl,n;r] satisfying (i) (n;il,nj] NI (L) # O and (ii)



7v; > 0. Note that I cannot be the empty set as this would imply ¥ = 0, which is impossible
since it is the limit of a sequence of matrices residing in the unit sphere of R™*"™. Furthermore,
by construction, I € I, n,.) and I NI (L) # 0 hold. Using the fact that span(zlel AA)) =
span(Aj, ..., Ar) holds for arbitrary real matrices of the same row-dimension, we obtain & =
span(f}) = span ({7T£L RS I}) for the before constructed set I. [Note that m ., = 0 if
i€ (nf ni_q, J] but ¢ ¢ I1(£).] Since S, being an element of J(£, &, .. pn,.)), satisfies dim(S) <
n — dim(L), we have established that S is also an element of (B.2).

To prove the converse, suppose that S is an element of (B.2), i.e., that S = span ({71'[;’,» RS I})
for some I € Iy, . n,) with @ # I N 1;(£) and that dim (S) < n — dim(£) holds. Note that
card(I) < n holds, since otherwise S = L+ would follow, contradicting dim (S) < n — dim(L).
Also note that card(I) > 1 as @ # INI;(L). Define diagonal n x n matrices X, via their diagonal

elements

7

) { (card(I)) ™" = b, ifiel
(card(I)/(n — card(1))) 0y, ifi ¢ [

where 0 < §,, < 1/ card(]) with ,, — 0 for m — oo. Then 72(m) > 0 as wellas > ., 72(m) =1
n.m)- Lhat is, 3,

oo Obv1ously, > converges to a dlagonal matrix X* with diagonal elements

hold, aundT+ +1(m):. —7'+( ) holds for j =1,...,m since I € I,,,

.....

belongs to Qf

ty

given by
» (card(1))”" ifiel
0 ifeg I
Consequently, I 1 %, 11,1/ [Tz 3,1 || converges to & := T, X*T11 / |1 ¥ 41 ||, since
I, 3*I,1 # 0 in view of

|1 | :ZT;2W£J_,Z‘7T/L"L,L- (card(I Z?T[:J_ et
= el
and the fact that () # I N I;(£) holds and thus w1 ; # 0 must hold at least for one i € I. Again
using span(zlel AjA)) = span(Ay, ..., Ar) we arrive at

span(X) = span(Il;. X*TI;1) = span ((card(f))1 ZW£L71-7TZL7Z-> =span ({mpr,:i€1})=S8.
i€l

Because we have assumed that dim (S) < n — dim(£) holds, the preceding display shows that

Se J(,C,Q:(nl’m,nm)). |

Remark B.3. Note that J(£,&,,, .. n,.)) is empty if m = 1 (as can be seen directly from the
definition of J(L£, € ) or from (B.2)).

(n17"~;n7n)

Remark B.4. It is easy to see that the concentration spaces of € in the sense of Preinerstor-
fer and Potscher (2016) are precisely given by all spaces of the form span ({e;(n) : i € I}) where
I varies through all subsets of {1,...,n} that satisfy 0 < card(I) < n. More generally, the con-

10



centration spaces of €(,,, ., ) are precisely given by all spaces of the form span ({e;(n) : i € I})

.

where I € I, ., satisfies 0 < card(/) < n. [In view of Remark 5.1(i) in P&tscher and Prein-
erstorfer (2018) these results correspond to the case dim(£) = 0 in the preceding propositions.]

C Appendix: Proofs for Section 5 and Appendix A.1

The facts collected in the subsequent remark will be used in the proofs further below.

Remark C.1. (i) Suppose Assumption 1 holds. Then the test statistic Ty¢; is a non-sphericity
corrected F-type test statistic in the sense of Section 5.4 in Preinerstorfer and Pétscher (2016).
More precisely, Tpet is of the form (28) in Preinerstorfer and Potscher (2016) and Assumption
5 in the same reference is satisfied with 8 = 37 0= QHet, and N = (). Furthermore, the set N*
defined in (27) of Preinerstorfer and Pétscher (2016) satisfies N* = B. And also Assumptions 6
and 7 of Preinerstorfer and Potscher (2016) are satisfied. All these claims follow easily in view
of Lemma 4.1 in Preinerstorfer and Potscher (2016), see also the proof of Theorem 4.2 in that
reference.

(ii) The test statistic T, is also a non-sphericity corrected F-type test statistic in the sense of
Section 5.4 in Preinerstorfer and Potscher (2016) (terminology being somewhat unfortunate here
as no correction for the non-sphericity is being attempted). More precisely, T, is of the form
(28) in Preinerstorfer and Pétscher (2016) and Assumption 5 in the same reference is satisfied
with 8 = 38, @ = 6°R(X'X) 'R/, and N = . Furthermore, the set N* defined in (27) of
Preinerstorfer and Pétscher (2016) satisfies N* = span(X). And also Assumptions 6 and 7 of
Preinerstorfer and Potscher (2016) are satisfied. All these claims are evident (and obviously do
not rely on Assumption 1).

(iii) We note that any non-sphericity corrected F-type test statistic (for testing (3)) in the
sense of Section 5.4 in Preinerstorfer and Potscher (2016), i.e., any test statistic T of the form
(28) in Preinerstorfer and Potscher (2016) that also satisfies Assumption 5 in that reference, is
invariant under the group G(9). Furthermore, the associated set N* defined in (27) of Preiner-
storfer and Potscher (2016) is even invariant under the larger group G(9). See Sections 5.1 and
5.4 of Preinerstorfer and Potscher (2016) as well as Lemma 5.16 in Pétscher and Preinerstorfer

(2018) for more information.

Proof of Theorem 5.1: We first prove Part (b). We apply Part (b) of Theorem A.1 with
nm) = €Her and that condition (A.4)
reduces to (10) (exploiting that B is a finite union of proper linear subspaces as discussed in
Lemma 3.1). This establishes (9). The final claim in Part (b) of the theorem follows from Part

(b) of Theorem A.1, if we can show that a* and C* given there can be written as claimed in

n; = 1 for j = 1,...,n = m observing that then &,

.....

Theorem 5.1: To this end we proceed as follows:”? Choose an element p, of 9. Observe that
I (ML) % O (since dim(ME™) = k — ¢ < n), and that for every i € I;(9M4™) the linear space

72 Alternatively, one could base a proof on Lemma C.1 in Pétscher and Preinerstorfer (2019).
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S = span(H( 1e;(n)) is 1-dimensional (since S; = {0} is impossible in view of i € I, (9ML™)),

mlin
and belongs to ?]](E)mém, Cret) (since n—k+¢q > 1 = dim(S;) holds) in view of Proposition B.1 in
Section B. Since Tt is G(IMp)-invariant (Remark C.1 above), it follows that Ty is constant
on (uo + Si)\ {o}, cf. the beginning of the proof of Lemma 5.11 in Pdtscher and Preinerstorfer
(2018). Hence, S; belongs to H (defined in Lemma 5.11 in Potscher and Preinerstorfer (2018))

and consequently for C* as defined in that lemma
C* > max {THet(/io + H(mém)Lei(n)) i€ Il(imf}")}

must hold (recall that IT (mém)Lei(n) # 0). To prove the opposite inequality, let S be an arbitrary
element of H, i.e., S € J(MY", €er) and T is Apo+s-almost everywhere equal to a constant
C(S), say. Then Proposition B.1 in Section B shows that S; C S holds for some i € I;(95™).
Because of Condition (10) we have S; B since H(sz;?n)
of M{™ C span(X) and since B + span(X) = B. Thus g, + S; € B by the same argument as
o € My C span(X). We thus can find s € S; such that p, + s ¢ B. Note that s # 0 must hold,
since g € My C span(X) C B. In particular, T, is continuous at pg+ s, since py+s ¢ B. Now,

1e;(n) and e;(n) differ only by an element

for every open ball A in R™ with center s and radius € > 0 we can find an element a. € A. NS
such that Tret(po + ac) = C(S). Since a. — s for ¢ — 0, it follows that C(S) = Tret(pho + 5)-
Since s # 0 and since T is constant on (pg + S;)\ {io} as shown before, we can conclude that
C(S) = Thet(pg + 5) = Tret (1o + H( )Lei(n) # 0. But

this now implies

)Lei(n)), where we recall that H(

lin Lin
My My

C* = max {THet(,uo + H(mlm>1_€i(n)) 11 E Il(ﬂﬁéin)} )
0
Using G(9M)-invariance of The: we conclude that
C* = max {Thet(po + €i(n)) i € Il(mtéi")} .

The expression for ™ given in the theorem now follows immediately from the expression for a*
given in Part (b) of Theorem A.1.

We next prove Part (a): Apply Part (a) of Theorem A.1 withn; =1forj=1,...,n=m
observing that then €, ., )= €y and that condition (A.2) reduces to (8) (exploiting that
span(X) is a linear space). This establishes (7). The final claim in Part (a) of the theorem
follows similarly as the corresponding claim of Part (b) upon replacing the set B by span(X) in
the argument and by noting that T, is G(9y)-invariant.

Part (c) follows from Part (c) of Theorem A.1 upon setting n; =1 for j=1,...,n =m (and
upon noting that then the conditions in Theorem A.l reduce to the conditions of the present
theorem). W

Proof of Proposition 5.5: Follows from Part A.1 of Proposition 5.12 of Pdétscher and
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Preinerstorfer (2018) and the sentence following this proposition. Note that the assumptions of
this proposition have been verified in the proof of Theorem 5.1 (see also the proof of Theorem
A.1, on which the proof of Theorem 5.1 is based), where it is also shown that the quantity
C* used in Proposition 5.12 of Pétscher and Preinerstorfer (2018) coincides with C* defined in
Theorem 5.1. W

We note that the result for Ty.; in Proposition 5.5 can also be obtained from Theorem 4.2
in Preinerstorfer and Potscher (2016).

Proof of Proposition 5.7: (a) This can be seen as follows (cf. also the discussion on p.302
of Preinerstorfer and Potscher (2016)): By Remark C.1 above, Ty, satisfies the assumptions in
Corollary 5.17 in Preinerstorfer and Potscher (2016) (with 3 = 3, Q(y) = 62(y)R (X'X) ' R/,
N = ), and N* = span(X)). Let e;(n) be one of the standard basis vectors with i € I;(94")
that does belong to span(X). Set Z = span(e;(n)) and note that this is a concentration space
of €xer, cf. Remark B.4 in Appendix B. The nonnegative definiteness assumption on € in
Part 3 of Corollary 5.17 in Preinerstorfer and Potscher (2016) is clearly satisfied. We also have
Q(Xei(n)) = 0 (since e;(n) € span(X)) for every A € R and RB(Ae;(n)) # 0 for every A € R\{0}
(since e;(n) € span(X) but e;(n) ¢ MY™ in view of i € I;(IML™)). Part 3 of Corollary 5.17 in
Preinerstorfer and Potscher (2016) then proves the claim for C' > 0. A fortiori it then also holds
for all real C.

(b) This follows for C' > 0 from Part 3 of Theorem 4.2 in Preinerstorfer and Potscher (2016)
upon observing that a vector e;(n) satisfying e;(n) € span(X) for some i € I;(IMy™) clearly
satisfies B(e;(n)) = 0 (as e;(n) € span(X)) and RB(e;(n)) # 0 (since e;(n) € span(X) but
ei(n) ¢ ML™ in view of i € I;(IML™)). A fortiori it then also holds for all real C. B

Proof of Theorem A.1: We first prove Part (b). We wish to apply Part A of Proposition
5.12 of Pétscher and Preinerstorfer (2018) with € = &€, n,.), T = THet, L = Mmin - and
V = {0}. First, note that dim(9M4") = k — ¢ < n. Second, under Assumption 1, Ty is a non-

.....

sphericity corrected F-type test with N* = B, which is a closed Ag~-null set (see Remarks 3.2 and
C.1 as well as Lemma 3.1). Hence, the general assumptions on 7' = T, on NT = N* = B, on
L = 9", as well as on V in Proposition 5.12 of Pétscher and Preinerstorfer (2018) are satisfied
in view of Part 1 of Lemma 5.16 in the same reference. [Alternatively, this can be gleaned from

Lemma 3.1 and the attending discussion.] Next, observe that condition (A.4) is equivalent to

span ({H(wn)wim) e (nj_l,n;']}) 78

for every j = 1,...,m, such that (n;l,nﬂ N I (IML™) # ), since H(

] )L@i(n) and e;(n) differ

mlin
only by an element of 911%™ C span(X) and since B + span(X) = B Eas noted in Lemma 3.1).
In view of Proposition B.2 in Appendix B, this implies that any S € J(M{™, €, . n,.)) is ot
contained in B, and thus not in NT. Using 9y C span(X) and B + span(X) = B, it follows
that o +S € B = NT for every yy € M. Since py + S is an affine space and NT = B is

a finite union of proper affine (even linear) spaces under Assumption 1 as discussed in Lemma
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3.1, we may conclude (cf. Corollary 5.6 in Potscher and Preinerstorfer (2018) and its proof)
that )\#OJFS(NT) = 0 for every S € J(m?éf”,ci(nh_“’nm)) and every p, € M. This completes
the verification of the assumptions of Proposition 5.12 in Pétscher and Preinerstorfer (2018)
that are not specific to Part A (or Part B) of this proposition. We next verify the assumptions
specific to Part A of this proposition: Assumption (a) is satisfied (even for every C € R) as a
consequence of Part 2 of Lemma 5.16 in Pétscher and Preinerstorfer (2018) and of Remark C.1(i)
above. And Assumption (b) in Part A follows from Lemma 5.19 of Pétscher and Preinerstorfer
(2018), since Ty, results as a special case of the test statistics Tgg defined in Section 3.4 of
Pétscher and Preinerstorfer (2018) upon choosing W} = n~!diag(d;). Part A of Proposition
5.12 of Pétscher and Preinerstorfer (2018) now immediately delivers claim (A.3), since C* < o0
as noted in that proposition. That C* and a* do not depend on the choice of py € My is
an immediate consequence of G(My)-invariance of Ty Also note that o* as defined in the
theorem coincides with a* as defined in Proposition 5.12 of Pdtscher and Preinerstorfer (2018)
in view of G(9My)-invariance of T Positivity of a* then follows from Part 5 of Lemma 5.15
in Preinerstorfer and Pétscher (2016) in view of Remark C.1(i), noting that Ag» and P, s
are equivalent measures (since ¥ € € is positive definite); ¢f. Remark 5.13(vi) in Potscher
and Preinerstorfer (2018). In case o < a*, the remaining claim in Part (b) of the theorem,
namely that equality can be achieved in (A.3), follows from the definition of C* in Lemma 5.11
of Potscher and Preinerstorfer (2018) and from Part A.2 of Proposition 5.12 of Pétscher and
Preinerstorfer (2018) (and the observation immediately following that proposition allowing one
to drop the suprema w.r.t. p, and o2, and to set o2 = 1); in case a = o* < 1, it follows
from Remarks 5.13(i),(ii) in Potscher and Preinerstorfer (2018) using Lemma 5.16 in the same
reference.

The proof of Part (a) proceeds along the same lines with some minor differences: Observe
that T, is a non-sphericity corrected F-type test with NT = N* = span(X), which obviously
is a closed Agn-null set (see Remark C.1(ii)), showing similarly that the general assumptions on
T = Tye, on Nt = N* = span(X), as well as on £ = MMY" in Proposition 5.12 of Pétscher and
Preinerstorfer (2018) are again satisfied (with € = €(,,, ., )). A similar, even simpler argument
as in the proof of Part (b), again shows that condition (A.2) implies A, +s(NT) = 0 for every
S € J(min, Cny,...nm)) and every py € My, thus completing the verification of the assumptions
of Proposition 5.12 of Pétscher and Preinerstorfer (2018) that are not specific to Part A (or Part
B) of this proposition. Verification of Assumption (a) in Part A of Proposition 5.12 of Pétscher
and Preinerstorfer (2018) proceeds exactly as before. For Assumption (b) we now use Lemma
5.19(iii) of Potscher and Preinerstorfer (2018), since T, results as a special case of the test
statistics Tr w defined in Section 3 of Pétscher and Preinerstorfer (2018) upon choosing W as
n(n—k)~1I,. Part A of Proposition 5.12 of Potscher and Preinerstorfer (2018) then delivers the
claim (A.1), again since C* < 0o as noted in that proposition. Again, G(9Mp)-invariance of T,
implies that C* and o* do not depend on the choice of u, € My, and that a* as defined in the

theorem coincides with a* as defined in Proposition 5.12 of Pdtscher and Preinerstorfer (2018).
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Positivity of a* follows exactly as before making now use of Remark C.1(ii). The remaining
claim in Part (a) is proved completely analogous as the corresponding claim in Part (b).

We finally prove Part (c): The claims follow from Remark 5.10 and Lemma 5.16 in P6tscher
and Preinerstorfer (2018) combined with Remark C.1 above; cf. also Appendix A.3. B

Proof of Proposition A.2: (a) This follows from Part 3 of Corollary 5.17 in Preinerstorfer
and Potscher (2016): As shown in the proof of Proposition 5.7(a) Ty satisfies the assump-
tions of this corollary (with 3 = 3, Q(y) = 6*(y)R(X'X) "R, N = 0, and N* = span(X)).
Set now Z = span({e;(n) : i € (n]tl,n;r]}), where j is such that (n;il,nj] N L (OMMG™) # 0
and Z C span(X) hold. Note that Z is not contained in 94" by construction. Observe that
Z is a concentration space of €, . . ) in view of Remark B.4 in Appendix B (note that
card((n;ll, n;r}) < n must hold in view of Z C span(X) and k < n, while 0 < card((n;ll,nj])
is obvious). The nonnegative definiteness assumption on € in Part 3 of Corollary 5.17 in Prein-
erstorfer and Pétscher (2016) is clearly satisfied. Obviously €(z) = 0 holds for every z € Z since
Z C span(X). It remains to establish that R3(z) # 0 holds Az-everywhere: Clearly, R3(z) = 0
for z € Z occurs precisely for z € ZN imff” since Z C span(X). But ZN Emém is a Az-null set in
view of the fact that Z is not contained in 94" as noted before (and hence ZNMY™ is a proper
linear subspace of Z). Part 3 of Corollary 5.17 in Preinerstorfer and Pétscher (2016) then proves
the claim for C' > 0. A fortiori it then also holds for all real C.

(b) This follows in the same way as Part (a) by applying Part 3 of Corollary 5.17 in Prein-
erstorfer and Potscher (2016) now to Tper (with B = 37 Q = Quetr, N = 0, and N* = B).
|

We note that Propositions 5.7 and A.2 could also be proved by making use of Theorem 3.1
in Potscher and Preinerstorfer (2019).

Remark C.2. (i) Condition (8) ((10), respectively) in Theorem 5.1 can equivalently be written
as span({ﬁ(mgn)i’i}) Z span(X) (£ B, respectively) for every i € I; (M}™) as discussed in the
proof. Since the spaces span({ﬂ(méi,,L)L’i}) are one-dimensional for i € I (IM{™) and since 1 <
n—k+q=n—dim(MY"), it follows that these spaces are necessarily elements of J(MMG™, €grer);
in fact, they are precisely the minimal elements of J(9ML"™, €pey) w.r.t. the order induced by
inclusion.

(ii) Condition (A.2) ((A.4), respectively) in Theorem A.1 can equivalently be written as
Span({H(m”n>J_€i(n) (i€ (n;r_pnj]}) ¢ span(X) ( £ B, respectively)
0

for every 7 = 1,...,m with (nj_l, n;r] N I (OMY™) # O as discussed in the proof. However, in
this more general case, it can happen that such a space appearing on the lLh.s. of the non-
inclusion relation has a dimension not smaller than n — dim(94™), and hence is not a member

of J(OML™, €,

(e.g., Corollary 5.6) one may wonder if requiring the non-inclusion condition in (A.2) (A.4,

nm))- In light of the general results in Pétscher and Preinerstorfer (2018)

.....

respectively) for such spaces does not add an unnecessary restriction. However, this is not so
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as this non-inclusion is easily seen to be automatically satisfied for such spaces.”® Furthermore,

the collection of all spaces of the form span({H(mém)Lel( n) i€ (nf nj_q,n ]}) forj=1,...,m,
such that (n n;_q,n ] I, (94™) # () and such that the dimension of these spaces is smaller than

n — dim(9MM4") is premsely the collection of minimal elements of J(9M4™, Ciny,.onm)) Wt the

order induced by inclusion. [Note that J(94", C(ny,...,n,)) May be empty.]

Proposition C.3. Suppose we are in the setting of Example 5.5 with n; > 2 for all j. Then

Tret is size controllable over €y, i.e., (9) holds for every 0 < a < 1.
Proof: Note that B is a subset of
S:={yeR":4(y) =0 for somei=1,...,n},
and that S is a Agn-null set, as it is a finite union of Agn-null sets (since e;(n) ¢ span(X) in

view of n; > 2 for all j). Also note that S; > 0 holds for y ¢ S. Now, for y ¢ S, by the

Sherman-Morrison formula, the inverse of Sy’ + diag(Ss, ..., Sk) equals

diag(S5t, ..., S 1) — diag(Sy ', ..., 8, 1) diag(Sy /2531/5

We may thus write

x>

2
k _ k
Thet(y Z G —95)” Z Y~ Yu) /Z 1/S; forevery y ¢S. (C.1)
Jj=1

j=2 J j=2 J

As noted in Remark 3.3, for any invertible ¢ X g-dimensional matrix A, the test statistic
TrHet based on R and the analogous test statistic, but computed with AR instead of R, coincide
everywhere (note » = 0). We apply this observation in the following way: fix I € {2,...,k},
and choose A with [-th column (—1,...,—1), I-th row(0,...0,—1,0,...,0), and such that after
deleting the [-th column and the I-th row we obtain I,_;. Then

AR = RP,,

where P, is the k X k permutation matrix that interchanges the first and [-th coordinate (and
keeps all other coordinates fixed). By a similar computation as the one that led to the expression

n (C.1), but now with RP, in place of R, we can now conclude that for every | € {1,...,k} we

73Note that any such space is necessarily equal to (méi")L. If now (imém)L were contained in span(X) (B,

respectively), then R™ would also have to be contained in span(X) (B, respectively), since R™ can be written as
the direct sum of (méi")L and DMMY™ and since span(X) (B, respectively) are invariant under addition of elements
of M. However, span(X) is a proper subspace of R" (since we always assume k < n) and B is a finite union of
proper linear subspaces of R™ under Assumption 1. This gives a contradiction.
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have

2
k _ _ k- _ k
W = 9;))* Y ~90)
Thet(y) = E 3 - E 3 /jEZl 1/S; for every y ¢ S.

J=1,j# J j=1,j7# J

For y ¢ S we may thus upper bound Tp.:(y) by Zfﬂ(gl — 4;)%/S;, and we are free to choose
[. Setting | = I(y) € argminj— . .S;, the upper bound for The(y) just derived, together with
S; > (S;+51)/2 >0, gives for y ¢ S

k k
(Yo — 9 W —95)°
THet(y) < Z % Z 5),_’_5,
j*lj;ﬁl J G=1.j41 .
k
y(l) y(J)
< 2 =
< Z STS, Z
1,j=1,i#j J=1,1

where T; ;(y) = (Ys) — ¥(j))?/(Si +5;)- Note that the quantity to the far right does not depend
on our particular choice of I. For y € S, define T; ; by the same formula as long as S; +.5; > 0

and as T ; = 0 else. Since S is a Ag»-null set, we have for any C > 0

k
sup  sup  sup Py o2x(Thet > C) < Z sup sup  sup P, .ex(Ti; > C/2(k?
o €EMo 0<02<00 BEC et i,=1,i#j o €EMo 0<02<00 LECH

Now observe that T; ; depends only on the coordinates of y corresponding to groups ¢ and j and
furthermore coincides with the test statistic of the form (4) for a two sample mean comparison
as considered in Example 5.4 (with sample size being equal to n; +n;). A simple argument then
shows that the terms in the sum on the r.h.s of the preceding display can be rewritten as the
sizes of the test statistic (4) as considered in Example 5.4 with sample size now being given by
n; + n;. Hence, all these terms can be made arbitrarily small by choosing C' large enough by
what has been established in Example 5.4. B

We provide here a further example, where the sufficient condition of Part (b) of Theorem 5.1

fails, but size control is possible.

Example C.1. Suppose we are given k > 2 integers n; describing group sizes satisfying n; > 2
and n; > 1 for j > 2. Sample sizeis n = 2?21 n;. Clearly k < n is then satisfied. The regressors
xy; indicate group membership, i.e., they satisfy z;; = 1 for Z; ! 1y <t< Z _1njand x4 =0
otherwise. The heteroskedasticity model is again given by €g.¢. Let R = (1,0,...,0), i.e., the
coefficient of the first regressor is subject to test. Then Io(9M4™) = {Z{Zl n:n; =1, j=

.,k}. With regard to T, we immediately see that e;(n) ¢ span(X) for i € I;(9L™) holds,
and thus the sufficient condition (8) for size control of T,.. is satisfied. Turning to Ty, observe
that Assumption 1 is satisfied as is easily seen. Furthermore, it is not difficult to see that
B={yeR":y; =... =y, }. Note that span(X) C B, but B # span(X), except if n; = 1 for
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all j > 2 holds. In the latter case it is then easy to see that e;(n) ¢ span(X) = B for every
i € I;(9M4™) holds, and thus the sufficient condition (10) for size control of Ty is satisfied. But
if n; > 1 for some j > 2 holds, then for any index ¢ satisfying Zf:_ll n <i< Z{:1 n; we have
i € I;(MY"™) as well as e;(n) € B. Consequently, the sufficient condition (10) for size control
of Tyes is not satisfied and hence Theorem 5.1 does not inform us about size controllability of
THet in this case. However, the following argument shows that size control for Ty, is possible
also in this case: The test statistic Tt for the given problem coincides with a corresponding
test statistic (again of the form (6) for an appropriate choice of d;’s) in the “reduced” problem
that one obtains by throwing away all data points for ¢ > n; and by also deleting all regressors
from the regression model but the first one. This leads one to the heteroskedastic location
model discussed in Example 5.3 albeit with sample size reduced to ny. It is now not difficult
to see that the size of Ty; in the original formulation of the problem coincides with the size
of the corresponding test statistic in the “reduced” problem, which — in light of the discussion
in Example 5.3 — shows that size control for T; in the original problem is possible also in the
case where n; > 1 for some j > 2 holds. [If ny = 1 and if n; > 2 for some j, condition (8) in
Theorem 5.1(a) is violated, implying — in view of Proposition 5.7 — that the size of the rejection
region {T,. > C} is 1 for every choice of C; and that the test statistic Ty.; is identically zero
(since Assumption 1 is violated and, in fact, Qper is identically zero). The case where all n; are

equal to 1 even falls outside of our framework since we always require n > k.]

Remark C.4. Alternatively to the argument given in Example C.1 for the case where n; > 1 for
some j > 2 holds, size controllability of Te; can also be established by the following reasoning:
Keep the sample of size n, but replace the regressors z.; for 2 < ¢ < k by new regressors
given by the standard basis vectors e;(n) for j > n; (the number of regressors now being
k*=n-n;+1<nand R=(1,0,...,0) now being 1 x k*). Then one observes that (i) this does
not affect the test statistic, (ii) makes the set My at most larger, and (ii) in the new model the
sufficient condition (10) is now satisfied (as in the new model n; = 1 holds for j > n1). Hence, size
control (even over the larger M) follows. A third possibility to establish the size-controllability
result is to observe that the test statistic THe: as well as the set B in the original model are
— additional to being G(My)-invariant — also invariant w.r.t. addition of the elements e;(n)
for ¢ > ny and then to appeal to a generalization of Theorem 5.1 that exploits this additional
invariance and provides sufficient conditions for size control that can be seen to be satisfied in
the model considered in this example. Such a generalization of Theorem 5.1, which we refrain
from stating, can be obtained from the general size control results presented in P&tscher and
Preinerstorfer (2018).

Remark C.5. Example C.1 is an instance of the following observation: Suppose X is block-
diagonal of rank k with blocks X; and X5 where X; is n; X k; with n1 +no =n and k1 + ko = k.
Assume k; < n; (which entails k& < n). Assume that the ¢ x k restriction matrix R is of rank
g and has the form R = (R; : 0) with Ry of dimension ¢ x k1. The heteroskedasticity model is

given by €. Then, using the same reasoning as in Example C.1, we see that the question of
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size control of Ty is equivalent to the question of size control of the corresponding test statistic
in the “reduced” problem where one considers the regression model with regressor matrix equal
to X1 using only observations with ¢ < n; (and as heteroskedasticity model the analogue of € ¢
for sample size n1). As Example C.1 has shown, it is possible that the sufficient conditions for
size control of Th.; are violated in the “original” problem, while at the same time the sufficient
conditions may be satisfied in the “reduced” problem. Alternatively, one can argue similarly as
in Remark C.4.

D Appendix: Proofs for Section 6 and Appendix A.2

Lemma D.1. (a) Let S be a linear subspace of R™ and p an element of R™ such that The
restricted to p+ S is not equal to a constant \,ys-almost everywhere. Then A,is (Tuc =C)=0
holds for every C' € R.

(b) Agn (Tue = C) = 0 holds for every C € R .

(c) Let S be a linear subspace of R™ and u an element of R™ such that Trer restricted to
w+ S is not equal to a constant A, ys-almost everywhere. Then )\#+S(THet = () =0 holds for
every C € R.

(d) Suppose Assumption 2 holds and Tier is not constant on R"\é. Then Agn» (THEt =C)=0

holds for every C € R.

Proof: (a) Since Tye is constant on My by definition, it follows that p+ S € My must
hold, and hence My is a A,qs-null set (cf. the argument in Remark 5.9(i) in Pétscher and
Preinerstorfer (2018)). Consequently, T, restricted to (u 4+ S)\MMy is not constant. Suppose
now there exists a C' € R so that A,y s({y € R" : T,..(y) = C}) > 0. Then, since My is a A, 4s-
null set as just shown, it follows that even X\, s({y € R"\My : Toe(y) = C}) > 0 must hold,
which can be written as A\, 1s({y € R"\My : p(y) = 0}) > 0, with the multivariate polynomial
p given by p(y) = (RB (y) — 1)’ (R(X’X)_lR’)f1 (RB (y) — r) — C52(y). This implies that p
restricted to p + & vanishes on a set of positive A, s-measure. Since p restricted to p + S can
clearly be expressed as a polynomial in coordinates parameterizing the affine space p + S, it
follows that p vanishes identically on  + S. But this implies that T, restricted to (n+ 8)\My
is constant equal to C, a contradiction (as My is a A, 4s-null set).

(b) Follows from Part (a) upon choosing S = R™, if we can show that T}, is not Agn-almost
everywhere constant. Given that T, is continuous on R™\9My (the complement of a proper
affine subspace), it suffices to show that Tuc is not constant on R™\My. To this end consider
first y = X0 with RS —r # 0 (such a 3 obviously exists). Observe that 6%(y) # 0 as y ¢ My
and that RA(y) —r = RB —r # 0. Hence, Tyue(y) # 0 for this choice of y. Next, choose
y = XB + w, where RS —r = 0 (such a 8 obviously exists) and where w # 0 is orthogonal to
span(X) (which is possible since k < n is always maintained). Then 3(y) = 8 = B(y), implying
RB(y) —r = RB —r =0 and 5%(y) = w'w/(n — (k — q)) # 0. Note that y ¢ M. It follows that
Tuc(y) = 0 holds for this choice of y. This establishes non-constancy of T, on R™\My.
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(¢) Completely analogous to the proof of Part (a) except that Ty and 9 are replaced by Thret
and B, respectively, and that p now takes the form p(y) = (R3 (y) — r)’ adj(Qze () (RS (y) —
) — C det(Qpes(y)), where adj(-) denotes the adjoint of the square matrix indicated, with the
convention that the adjoint of a 1 x 1 dimensional matrix equals one. [We note that under
the assumptions for Part (c) the set B cannot coincide with R™ (since otherwise Trer would be
constant equal to zero), and thus Assumption 2 must hold.]

(d) Follows from Part (c) upon choosing S = R, if we can show that Tre; is not Ag=-almost
everywhere constant. Given that THet is continuous on R”\é (the complement of a finite union

of proper affine subspaces by Lemma 6.1), this follows from the assumed non-constancy on R”\é
|

Remark D.2. The additional assumption that THet is not constant on R"\é in Part (d) of the
preceding lemma can not be dropped as can be seen from the following example: Consider the
case where k = ¢ =1, R =1, r =0, the regressor is given by e;(n), and the constants d; satisfy
d; = 1 for all i. Then My = ME™ = {0}, Assumption 2 is satisfied, and B = span(e;(n))*.
Furthermore, THet(y) = 1 for every y € R”\é. As a point of interest we note that Ther is
trivially size controllable for every 0 < a < 1, but that the condition (17) for size controllability
is violated since e;(n) € B for j > 1. [Of course, neither a smallest size-controlling critical
value exists (when considering rejection regions of the form {Tf; > C}) nor can exact size
controllability be achieved for 0 < a < 1.] An extension of this example to the case ¢ = k > 1 is

discussed in the proof of Remark 6.10 given further below.

Lemma D.3. Let C be a given critical value. Then the rejection probabilities PMO’U22(THC >C)
as well as P#070-2E(THet > C) for g € Mo, 02 € (0,00), ¥ € Cxer, do not depend on r. [It
is understood here that the constants d; appearing in the definition of Ther have been chosen

independently of the value of r.]

Proof: Fix 1y € My. Observe that Trei(y) = T%,,(y — 11o), where

(BB ()Y (W) (BB(2)) if rank B°(2) = g.

TI(-)Iet (Z) = ~
0 if rank BY (2) < ¢,

where
Orer(2) = ROX'X) 71X ding (1 (af (2))%, . do (i (2))?) X(X'X) 'R,

where @ () = I gyiin) 1 2, and where BY(z) = R(X'X)~' X’ diag(e, (M) gpiiny 1 (2), - -+, €5, (R) M (giiny 1 (2))-
Here we have made use of (13) and the fact that @ (y) = @°(y — o). Now
P;LO,GZZ(THet(y) > C) = Puo,azz(fget(y - :u'O) > C) = PO,O'zz(TIQIet(Z) > C)

and the far right-hand side does not depend on r as T%et does not depend on r. The proof for
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Ty is completely analogous, noting that Tye(y) = T2, (y — 1), where

0 () — { (RB(2)) ((@"(2)PR(X'X) ' R) T (RB(2) if = ¢ M,
e 0 if z € MY,
and where (6°(2))? = (@° (2))@° (2) /(n — (k — q)). B
Proof of Theorem 6.4: We first prove Part (b). We apply Part (b) of Theorem A.5 with
nj = 1for j =1,...,n = m observing that then €, ., ) = Cpe and that condition (A.7)
reduces to (17) (exploiting that B— o is a finite union of proper linear subspaces as discussed
in Lemma 6.1). This establishes (16). The final claim in Part (b) of the theorem follows from
Part (b) of Theorem A.5, if we can show that C* given there can be written as claimed in
Theorem 6.4: To this end we proceed as follows:™ Choose an element p, of 9. Observe that
I (ML) % O (since dim(ME™) = k — ¢ < n), and that for every i € I;(9M4™) the linear space

Si = span(H( 1e;(n)) is 1-dimensional (since S; = {0} is impossible in view of i € I (9ML")),

mlin
and belongs to O,]]()Emff”, Crret) (since n —k + ¢ > 1 = dim(S;) holds) in view of Proposition B.1
in Section B. Since Ty is G(9Mp)-invariant (Remark 6.2), it follows that Tiet is constant on
(g + Si)\ {10}, cf. the beginning of the proof of Lemma 5.11 in Potscher and Preinerstorfer
(2018). Hence, S; belongs to H (defined in Lemma 5.11 in Pétscher and Preinerstorfer (2018))

and consequently for C* as defined in that lemma
C" > max {THet(.uO + H(gmém)iei(n)) riel (93?6”‘)}

must hold. To prove the opposite inequality, let S be an arbitrary element of H, i.e., S €
J(imém, Chet) and THet is Ay, +s-almost everywhere equal to a constant C(S8), say. Then Propo-
sition B.1 in Section B shows that S; € S holds for some 7 € I; (93?61”) Because of Condition
(17) we have po + S; € B since H(imgin)
since B + Mmlin = B. We thus can find s € S; such that to + s & B. Note that s # 0 must

hold, since p, € My C B (see Lemma 6.1). In particular, Tre: is continuous at Mo + 8, since

1e;(n) and e;(n) differ only by an element of 9ML" and

tio + 5 ¢ B. Now, for every open ball A, in R” with center s and radius ¢ > 0 we can find an
element a. € A. NS such that Te(pg + a:) = C(S). Since a. — s for ¢ — 0, it follows that
C(S) = Tret(pig+ 5). Since s # 0 and since Ty is constant on (pg 4+ S;i)\ {10} as shown before,
we can conclude that C(S) = THet(uO +s) = THet(uO + H(mgn)J.ei(n))7 where we recall that
H(imém)Lei(n) # 0. But this now implies

C* = max {THet(/'I’O + H(méln)Lel(n)) 11 S Il(mgn)} .

7 Alternatively, one could base a proof on Lemma C.1 in Pétscher and Preinerstorfer (2019).
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Using G(9M)-invariance of Trer we conclude that
C* = max {THet(MO +ei(n)) i€ Il(f))téi")} .

We next prove Part (a): Apply Part (a) of Theorem A.5 with n; =1for j =1,...,n =m,
observing that then €g,, n,.) = €uer- This establishes (15).7 The final claim in Part (a) of
the theorem follows similarly as the corresponding claim of Part (b) upon replacing the set B
by M in the argument, by noting that Toe is G (9Myp)-invariant, and that py + S; % Mo holds
because of i € I (9ME™).

Part (c) follows from Part (c) of Theorem A.5 upon setting n; =1 for j =1,...,n =m (and
upon noting that then the conditions in Theorem A.5 reduce to the conditions of the present
theorem). W

Proof of Proposition 6.7: Follows from Part A.1 of Proposition 5.12 of Pd&tscher and
Preinerstorfer (2018) and the sentence following this proposition. Note that the assumptions of
this proposition have been verified in the proof of Theorem 6.4 (see also the proof of Theorem
A.5, on which the proof of Theorem 6.4 is based), where it is also shown that the quantity
C* used in Proposition 5.12 of Pétscher and Preinerstorfer (2018) coincides with C* defined in
Theorem 6.4. B

Proof of Remark 6.10: (i) From the definition of B(y) and since here @(y) = y — p, we
obtain fori =1,...,n

B(pg + ei(n)) = R(X'X)71(0,...,0,2}.,0,...,0)
where z appears in the i-th position (recall that xf is the i-th column of X’). But then
rank(B(uy 4 ei(n))) < 1 < ¢, implying that p, + e;(n) € B. [In case ¢ = k = 1, rank(B (g +
e;(n))) =1 = ¢ for every ¢ = 1,...,n whenever the matrix X has no zero entry. This then
implies that (17) is satisfied. However, if X contains a zero at the m-th position, say, then
B(py + em(n)) = 0 < 1 = ¢, implying that po + e,,(n) € B, thus leading to violation of (17) as
LMy = {1,...,n}.]

(ii) Define 3, = (X'X) ™1 X’p, and note that R3, = r holds. Observing that R is nonsingular,
that d; > 0 for 1,...,n, and that u(y) =y — fy, we obtain for y ¢ B

Tae(y) = (y—po) X [X' diag (cfﬁﬁ(y), o &nai(y)) X} X (- o)

= a(y)X {X’ diag (Jlﬂ%(y), ... ,Jnﬂi(y)) X} o X'u(y)

IN

( min Ji)l ¢ A(y) [A' () Ay)] " A'(y)e < n ( e Ji)l

1<i<n 1<i<n

where e = (1,...,1) and A(y) = diag(@1(y),.-., s (y))X. Note that A’(y)A(y) is nonsingular

75 This argument is actually superfluous since Tuc is bounded as noted in Section 6.2.1.
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for y ¢ B and that the matrix in the quadratic form is a projection matrix. For y € B we have
THet(y) = 0. Hence, T, Het(y) is bounded from above, and is trivially bounded from below as
Tret(y) > 0 for every y € R™.

(iii) In the following examples we always set p, = 0 (i.e., r = 0) for the sake of simplicity.
Remark D.2 provides an example where Tre is constant on R”\é This example has ¢ = k = 1.
It can be easily extended to the case ¢ = k > 2 by considering a design matrix X, the columns
of which are given by the first k£ standard basis vectors, by setting R = I, and d; =1 for every
i=1,...,n. Then Txe(y) = k for every y € R"\B = {y € R" : y1 #0,...,yr # 0}. An
example where Trer is not constant on R”\é is in case ¢ = k = 1 given by the location model:
Here Trei(y) = (37—, ve)?/ S, y? for every y € R"\B = {y € R" : y # 0}, which obviously is
not constant (as n > k = 1).”% This example can again be extended to the case ¢ = k > 1 as
follows: Let R = I, and let X be the design matrix where each of the columns correspond to a
dummy variable describing membership in one of £ disjoint groups G, each group of the same
cardinality ny with n; > 1. Consequently, n = kn;. W.l.o.g., we may assume that the elements

G1 have the lowest indices, followed by the elements of G5, and so on. It is then easy to see that

Thet(y) = 32 [( > w2 yf] (D.1)

Jj=1 tEGj tGGj

for y € R”\é = ﬂ?zl{y € R" : y; # 0 for at least one ¢t € G;}. Obviously, the expression in
(D.1) is not constant: Choosing y = e gives the value kn; = n, whereas choosing y such that
Y1 = Y41 = Y2n,4+1 = -+ = Y(k—1)n,+1 = 1 with all the other coordinates being zero gives a
value of k < n = kny since n; > 1.

Proof of Theorem 6.12: From the definition of C* we see that C* is nonnegative and
finite. Let C be arbitrary but satisfying C* < C' < sup,cgn THet(y). We can then choose
yo € R™ with THet(yo) > C > 0. In view of the definition of T it follows that Yo ¢ B, and
hence T is continuous at yo. We can thus find an open neighborhood U (yo) of yo in R™ such
that Ty is larger than C on U(yo). In particular, P, (Trer > C) > P, =(U(yo)) > 0 for
every po € Mo and every ¥ € €p;. This establishes a* > 0. Choose § > 0 such that § < « and
§ < a*. Then the size of the rejection region {Te; > Co(d)} is exactly equal to & by Parts (b)
and (c) of Theorem 6.4. Consequently, {Tre; > Co(6)} is not a Agn-null set. By construction,
Co(a) < Co(6) holds, and hence {Trer > Co(a)} contains {Te > Co(8)}, which completes
the proof. B

Proof of Theorem A.5: We first prove Part (b). We wish to apply Part A of Proposition
5.12 of Pétscher and Preinerstorfer (2018) with € = €, . ), T = Ther, L = oM and
V = {0}. First, note that dim(9M4") = k — ¢ < n. Second, under Assumption 2, Ther is clearly

Borel-measurable and is continuous on the complement of B, where B is a closed Agn-null set

"6In this example condition (17) is satisfied as e;(n) ¢ B for every i = 1,...,n. To arrive at an example
where again Tge¢ is not constant on R™\B but where condition (17) is not satisfied, consider the case where
X =(1,...,1,0) with n > 2. Observe that then I (M{") = {1,...,n}.
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(see Lemma 6.1 and the paragraph following this lemma). Because of Remark 6.2, we hence see
that the general assumptions on T' = Ttet, on NT = é, on L = 93?6”‘7 as well as on V = {0}
in Proposition 5.12 of Potscher and Preinerstorfer (2018) are satisfied. Next, observe that the
validity of condition (A.7) clearly does not depend on the choice of i, € My since B+ ML™ = B

as shown in Lemma 6.1. For the same reason condition (A.7) can equivalently be written as

Ho + span <{H(mgn)lei(n) i € (n;rl,n;’]}> B

nt

for every j =1,...,m, such that ( j_l,n;r] N I (IME™) £ 0, since H( )Lei(n) and e;(n) differ

mlin
only by an element of imff". In view of Proposition B.2 in Appendix BO, this implies that pyg + S
for any S € J(MY", C(ny,...,n,)) is nOt contained in B, and thus not in NT. Since o + S is an
affine space and Nt = B is a finite union of proper affine spaces under Assumption 2 as discussed
in Lemma 6.1, we may conclude (cf. Corollary 5.6 in Potscher and Preinerstorfer (2018) and
its proof) that A, +s(NT) = 0 for every S € J(MG", €y p,y) and every py € Mo. This
completes the verification of the assumptions of Proposition 5.12 in P6tscher and Preinerstorfer
(2018) that are not specific to Part A (or Part B) of this proposition. We next verify the
assumptions specific to Part A of this proposition: Assumption (a) is satisfied (even for every
C € R) as a consequence of Part (d) of Lemma D.1 (note that we have assumed that Tier is not
constant on R™\B). And Assumption (b) in Part A follows from Part (c) of Lemma D.1. Part A
of Proposition 5.12 of Pétscher and Preinerstorfer (2018) now immediately delivers claim (A.6),
since C* < oo as noted in that proposition. That C* and a* do not depend on the choice of
1o € My is an immediate consequence of G(M)-invariance of Ther. Also note that o as defined
in the theorem coincides with a* as defined in Proposition 5.12 of Pétscher and Preinerstorfer
(2018) in view of G(9My)-invariance of Tpe;. In case a < o*, the remaining claim in Part (b)
of the theorem, namely that equality can be achieved in (A.3), follows from the definition of C*
in Lemma 5.11 of Pdtscher and Preinerstorfer (2018) and from Part A.2 of Proposition 5.12 of
Pé&tscher and Preinerstorfer (2018) (and the observation immediately following that proposition
allowing one to drop the suprema w.r.t. p, and o2, and to set o = 1); in case o = a* < 1, it
follows from Remarks 5.13(i),(ii) in Potscher and Preinerstorfer (2018) using Part (d) of Lemma
D.1. [In case a* = 0, there is nothing to prove.]

The proof of Part (a) proceeds similarly, but with some differences: Noting that Toe is
clearly Borel-measurable and is continuous on the complement of 9y, where 9y is a closed
Ar~-null set, and using Remark 6.2, we now see that the general assumptions on T = Tye, 0N
NT =M, on £ = ML, as well as on V = {0} in Proposition 5.12 of Pétscher and Preinerstorfer
(2018) are satisfied (again with € = €, , ). Let now S € J(M{™, €y, ny). In view
of Proposition B.2 in Appendix B, § must then contain an element of the form H(

for some i € I;(IME™). Observe that H(zm“‘")
0

would have e;(n) € MY, contradicting ¢ € I;(ME™). It follows that S € MG, and thus
o +S g M, for every p, € M. Since py + S is an affine space and NT = 0y is a proper

omkin ) L€ (n)

Lei(n) ¢ MY™ must hold, since otherwise we
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affine space we may conclude (cf. Corollary 5.6 in Potscher and Preinerstorfer (2018) and its
proof) that A, 1s(NT) = 0 for every S € J(ME™, €, n..)) and every py € Mo. We have
thus now completed the verification of the assumptions of Proposition 5.12 of Potscher and
Preinerstorfer (2018) that are not specific to Part A (or Part B) of this proposition. We next
verify the assumptions specific to Part A of this proposition: Verification of Assumptions (a)
and (b) in Part A of Proposition 5.12 of Pétscher and Preinerstorfer (2018) proceeds similar as
before except for now using Parts (b) and (a) of Lemma D.1. Part A of Proposition 5.12 of
Potscher and Preinerstorfer (2018) now immediately delivers claim (A.5), again since C* < oo
as noted in that proposition.”” Again, G(9My)-invariance of T, implies that C* and o* do not
depend on the choice of py € My, and that a* as defined in the theorem coincides with a* as
defined in Proposition 5.12 of Potscher and Preinerstorfer (2018). The remaining claim in Part
(a) is proved completely analogous as the corresponding claim in Part (b) except for now using
Part (b) of Lemma D.1.

We finally prove Part (c): The claims follow from Remark 5.10 in Pdtscher and Preinerstorfer
(2018) and Lemma D.1; cf. also Appendix A.3. B

E Appendix: Algorithms

In this appendix, we discuss in more detail algorithms for determining (i) rejection probabilities,
(ii) the size of a test based on one of the test statistics Thet, Ty, THet, or Tuc together with
a given candidate critical value, and (iii) size-controlling critical values. We discuss these algo-
rithms under the Gaussianity assumption made in Section 2, but recall from Section 7.1 that the
algorithms as given here can also be used to calculate null rejection probabilities, size, and size-
controlling critical values in the elliptically symmetric case without any changes; similarly, the
algorithms given here can also be used to calculate the size and size-controlling critical values in
the semiparametric model discussed in (iv) of Section 7.1 as they stand. Furthermore, we restrict
ourselves to the heteroskedasticity model €y ; adapting the algorithms to subsets € of €g¢; is
rather straightforward (basically one has to appropriately constrain the optimization routines
involved, appropriately redefine some of the quantities like Cj,,,, and refer to the size-control

conditions pertinent to the given heteroskedasticity model €).

E.1 Computing rejection probabilities

Suppose that a G(9Mg)-invariant test statistic 7' : R™ — R has the following property: for some
(and hence any) p, € Mo and a critical value C' € R, there exists a symmetric n x n matrix Ac,
such that

T(po+2) > C < 2’ Acz > 0 holds for Agn-almost every z € R™. (E.1)

77This argument is actually superfluous since T is bounded as noted in Section 6.2.1. However, verification
of the assumptions of Proposition 5.12 in Potscher and Preinerstorfer (2018) is essential for the proof of the other
claims in Part(a) of Theorem A.5.
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If this property is satisfied, then for all choices of ¥ € €get, g € Mo, p € M, and o2 € (0,00),

setting v := o122 (y — py), we may write

Poes({z €R":T(2) > C}) = P, ({ € R": ('SV2 482 > 0}); (E.2)

in case p € My, we may set py = p to further simplify the right-hand-side in (E.2) to
Por,({¢ €R™: ('S AE?¢ > 0}). (E.3)

The probability that a Gaussian quadratic form is not less than 0 (such as (E.2) or (E.3))
can numerically be determined by standard algorithms such as Davies (1980). Relation (E.1)
can thus be exploited for efficiently computing rejection probabilities (for a given critical value),
and thus plays an instrumental role in numerically determining the size of a test, size-controlling
critical values, or the power function of a test.

For the important case ¢ = 1 we now show that the above approach can indeed be used. It
follows from the subsequent lemma that for any critical value C' the property in (E.1) holds for
the following test statistics: (i) Tpetr provided Assumption 1 holds; (ii) Tye; (iii) Trer provided
Assumption 2 holds; (iv) Tye. Recall from Lemmata 3.1 and 6.1 that under Assumption 1
(Assumption 2, respectively), the set B (I§, respectively) is a Agn-null set. Note that v defined
in the lemma satisfies v # 0.

Lemma E.1. Suppose ¢ =1. Let v =vg x := X(X'X)"'R'. Then, for every C € R and every
Lo € Mo, we have:
(a) If po + z & B, then The(pg +2) > C (< C) is equivalent to 2’ Ager,cz > 0 (< 0), where

AHet,C = UU/ - CHspan(X)l diag (U%dl, “es ,Uidn) Hspan(X)i' (E4)

b) If py + z ¢ span(X), then Tye(py +2) > C (< C) is equivalent to 2’ Aye.cz > 0 (< 0), where
0 0 ;

v'v

Auc’c = U’U/ - Cmnspan(x)L. (E5)
c) If o+ 2 é, then Trret o +2) > C (£ C) is equivalent to Y Apercz >0 (<0 , where
0 0 ,
AHct,C = ’UU’ — CH(mgin)L diag (U%Jl, N 7'U721Jn> H(mtloin)L. (EG)

(d) If o + 2 & Mo, then Tue(py + 2) > C (< C) is equivalent to 2’ Aye.cz >0 (< 0), where

~ v'v

Auc’c = 'UU/ - Cmn(mézn)L (E?)

Proof: We first observe that there is nothing to prove in Part (a) (Part (c), respectively) if

Assumption 1 (Assumption 2, respectively) is violated, since then B = R"™ (é = R", respectively)
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by Lemma 3.1 (Lemma 6.1, respectively). In the following we hence may assume for Part (a)
(Part (c), respectively) that Assumption 1 (Assumption 2, respectively) hold, in which case
B (B, respectively) is a Agn-null set. The expressions in (E.4), (E.5), (E.6), and (E.7) now
follow directly from the definitions of the test statistics since ¢ = 1, recalling in particular that
U(pg+2) = Hopan(x)+ (o +2) = Hspan(x)1 2, and @(pg+2) = gnuiny 1 ((Lo+2) — o) = Mgntiny 1 2,
and noting that for ¢ =1

RB(io +2) =7 + /%

Qper(pg + 2) = 2 Mgpan(x)L diag(vidy, . .., dnv2 ) pan(x)L 2,
Qrrer(pg + 2) = Z/H(mgin)L diag(vidy, . .. ,Jnvi)n(méin)LZ,

2 Mgpan(x)L 2 B 2 opiny 1 2

(o +2) = n—k XaC _m

hold. W

Remark E.2. The algorithm in Davies (1980) applied to (E.2) requires that the matrix A¢ is
not the zero matrix. In (i)-(iii) below we always have ¢ = 1.

(i) It is easy to see that Ager c, Auc,c, and fluc,c are never equal to the zero matrix: Note
that v/ Agercv = (v'v)? > 0, since v € span(X) and v # 0. The same argument applies to
Aye,c. Furthermore, for C' = 0 the matrix fluc,c is obviously not the zero matrix; for C # 0 let
w e (M), w # 0, w orthogonal to v, then w' A, cw = —w'wCv'v/(n — (k — 1)) # 0 (note
that such a w exists, since v € (M) and dim((MF")+) =n — (k—q) > n —k > 1 hold).

(ii) For Agperc we have the following: Since v € (IME™)- holds, v/ Agercv = (v'v)? —
Cv' diag(vidy, .. ., v2d,)v, which is zero only for C' = Cy where Co = 31" v?/ 3" vid; (note
that the ratio is well-defined since all the d; are positive and since v # 0). Hence, AHet,c is
not the zero matrix, except possibly for C' = Cy. We now show that — in case Assumption
2 is satisfied — AH@_’CO = 0 is equivalent to Ty (y) being constant for y € R”\é: Suppose
{lHet’CO = 0. Since C > 0, we obtain ITjgyiny. diag(v2dy, . .. ,vaJn)H(gﬁgn)L = U}J//CO and thus
Aper.c = vv'(1 — C/Cy). Fix py € My arbitrary. For every C' > Cy we have 2’ Aper,cz < 0 for
every z, and hence for every z with p, + 2z ¢ B (note that R"\B is nonempty under Assumption
2). By Lemma E.1 we can conclude that Ty (i + 2) < C for every po + z ¢ B. By the same
token, we obtain that Ty (pug + 2) > C for every gy + z ¢ B when C' < Cp holds. We conclude
that Tyt (1o +2) = Co for every py+2z ¢ B, i.e., Trer(y) = Cy for every y € R™\B. To prove the
converse, assume THet(y) = for every y ¢ B. Fix to € My arbitrary. Then THet(uO +z2)=C
for every z with py + 2z ¢ B. By Lemma E.1 we get z’/iHet,cz > 0 (< 0, respectively) for
C < Cy (C > Cy, respectively) for every z ¢ B — jiy. Under Assumption 2 the set B — y is a
Arn-null set, hence its complement is dense in R™. By continuity of the quadratic forms, we get
Z/AHet,CZ > 0 (<0, respectively) for C < Cy (C > C4, respectively) for all z € R™. We thus
obtain z’leet,clz = 0 for every z € R™. Since leet,Cl is symmetric, /IHet,Cl = 0 follows and
C1 = Cy must hold.
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(iii) Before applying the algorithm in Davies (1980) to (E.2) with T = Tye; and Ac = Agerc
we first check that Assumption 1 holds since otherwise Part (a) of the preceding lemma does
not apply. In case of T' = Ther and Ac = leet’C we check that Assumption 2 holds for similar
reasons; and, in case this assumption is satisfied, we then always also compute Cy and check

numerically that leet’Co (and hence any AHet’C) is not the zero matrix.

In case ¢ > 1, the algorithm in Davies (1980) could also be used to compute rejection
probabilities for the tests based on T}, and Ty as is easy to see. Since this is not so for Th.t
and Trer, we do not proceed in this way for reasons of comparability. In case ¢ > 1 we thus

compute the required rejection probabilities by Monte Carlo.

E.2 Determining the size of a test

For simplicity throughout this subsection T’ denotes any one of the test statistics UC, HCO-HCY,
UCR, HCOR-HC/4R. In case of HCO-HC} we assume in our discussion that the design matriz
X and R are such that Assumption 1 is satisfied, and in case of HCOR-HC4R we assume that
Assumption 2 holds and that the test statistic is not constant on R”\é.78 These conditions should
be checked either theoretically or numerically before using the algorithms described below. Such
numerical checks are implemented in the R-package hrt (Preinerstorfer (2021)) realizing these
algorithms.

We now discuss algorithms for determining the size (over €p.t) of the test that rejects if
T > C for a given critical value C' > 0 (note that any C' < 0 leads to a trivial test that always
rejects). By G(9Mp)-invariance of T, for any given p, € My, the size of this test simplifies to

sup P, =(T>C), (E.8)
SECH
which is what the algorithms described below compute numerically.

Before trying to determine the size numerically, it is advisable to check whether C' is not less
than the pertinent lower bound C* for size-controlling critical values obtained in our theoretical
results in Propositions 5.5 and 6.7 (and the attending footnotes), since otherwise one already
knows that the size of the test is equal to 1, and hence there is no need to run the algorithm. The
implementations of the algorithms in the R-package hrt (Preinerstorfer (2021)) have an option
that provides such a check and outputs 1 if the check fails without running the algorithm.

Of course, the design matrix X, the restriction (R, ), and the particular choice of test statistic
from the above list, are inputs to all the algorithms that are discussed in this and the subsequent
section E.3, but we do not show these inputs explicitly in the descriptions of the algorithms given

further down.

78This rules out trivial cases only.
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E.2.1 Caseq=1

In the important special case ¢ = 1 we can use (E.3) and Lemma E.1 to compute the rejection
probabilities P, = (T > C) appearing in (E.8) efficiently via, e.g., Davies (1980) (referred to as
DA in what follows). A generic algorithm based on this observation is summarized in Algorithm
1.

Algorithm 1 Computing the size in case ¢ = 1.

Input A real number C > 0 and positive integers My > M; > Ms.

Stage 0: Initial value search

for j =1 to j= M, do
Choose a candidate 3; € Cpey.
Obtain p; := P, =, (T > C) using DA.

end for

Rank the candidates ¥; according to the value (from largest to smallest) of the corresponding

quantities p; to obtain Xi.az,, .., X, My, the initial values for the next stage.

Stage 1: Coarse localized optimizations

9: for j=1to j=M; do

10: Obtain X7 by running a numerical algorithm for the optimization problem (E.8) initialized
at X,.a, and obtain Djz; = PMmE; (T > C) (using DA to evaluate probabilities).

11: end for

12: Rank the obtained matrices X7 according to the value (from largest to smallest) of the
corresponding p; s+ to obtain X7,/ , ..., X}y, p,, the initial values for the next stage.

13: Stage 2: Refined localized optimization

14: for j =1 to j = M, do

15: Obtain 37* by running a (refined) numerical algorithm for the optimization problem (E.8)
initialized at £33,/ and obtain pj s=+ := Py, s+ (T = C') (using DA to evaluate probabilities).

16: end for

17: Return max;=1,...,Ms, 5]‘72;*

%

Remark E.3. The initial values »; in Stage 0 of Algorithm 1 can, for example, be obtained
randomly (e.g., by sampling the diagonal elements of ¥; from a uniform distribution on the unit
simplex in R™). Such random choices may then be supplemented by “special” elements of € g,
e.g., matrices that are close to e;(n)e;(n)’, i = 1,...,n, or the matrix n=1I,, or a matrix > that
maximizes the expectation of the quadratic form y — y'X/2A-XY2y under Py.1, (where Ac is
obtained via Lemma E.1, cf. also the discussion preceding that lemma), the latter choice being
motivated by (E.3). For the particular choice of initial values used in the R-package hrt and in

our numerical calculations see Preinerstorfer (2021) and Appendix F.

Remark E.4. If Algorithm 1 is to be applied to a relatively large critical value C (say C larger
than 5 times the (1 — a)-quantile of the cdf of Py, o T'), then one may run Algorithm 1 on
a smaller critical value first (e.g., the just mentioned quantile), and use the covariance matrix
realizing the maximal rejection probability for this smaller critical value (in line 17 of Algorithm

1) as an additional initial value when running Algorithm 1 for determining the size corresponding
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to the originally given C. This can help to ameliorate numerical difficulties due to the rejection
probabilities being close to zero over large portions of €ge;. The just described procedure is

available as an option in the R-package hrt.

Remark E.5. The concrete choice of the numerical optimization algorithm used in Stages 1
and 2 of Algorithm 1 is left unspecified here, but may, for example, be a constrained Nelder
and Mead (1965) algorithm (as provided in R’s “constrOptim” function), where in Stage 2 the
parameters in this algorithm (and in principle also in DA) should be chosen to guarantee a higher
accuracy. For the particular choice of optimization routines used in the R-package hrt and in

our numerical calculations see Preinerstorfer (2021) and Appendix F.

Remarks E.3 and E.5 also apply to other algorithms introduced further down, and will not
be repeated.

E.2.2 General case

An algorithm that is similar to Algorithm 1, but uses Monte-Carlo simulation instead of DA to
compute the rejection probabilities P,  s(T" > C) is discussed in Algorithm 2; this algorithm
is a modification of Algorithm 2 in Potscher and Preinerstorfer (2018).7 In Algorithm 2 the
number of replications used in the Monte-Carlo simulations (and thus their accuracy but also their
runtime) is increased in each stage, leading to an improved accuracy in the rejection probabilities
computed. While this algorithm is also applicable in case ¢ = 1, Algorithm 1 is to be preferred
(and is automatically applied by the R-package hrt in this case), as it is based on a preferable

way of computing the rejection probabilities.

E.3 Determining smallest size-controlling critical values

Again, in this subsection T denotes any one of the test statistics UC, HC0-HC4, UCR, HCOR-
HCYR. In case of HCO-HCY we assume in our discussion that the design matriz X and R are
such that Assumption 1 is satisfied, and in case of HCOR-HC4R we assume that Assumption
2 holds and that the test statistic is not constant on R”\é.so Furthermore, we assume that
size-controlling critical values exist. These conditions should be checked either theoretically or
numerically before using the algorithms described below. The last mentioned existence can be
guaranteed by checking (theoretically or numerically) the respective sufficient conditions for size
control in Theorems 5.1 and 6.4.8! 'We note that the implementations of the algorithms presented

below in the R-package hrt (Preinerstorfer (2021)) include such numerical checks.

" This algorithm involves evaluating the test statistic 7. Since the definition of T" depends on invertibility of a
covariance matrix estimator, an invertibility check is required. We use the same invertibility check as discussed
in the second paragraph in Appendix E.3 of Potscher and Preinerstorfer (2022), with a tolerance parameter that
can be specified by the user.

80This rules out trivial cases only.

811n case the respective sufficient conditions are violated, but size-controlling critical values nevertheless exist
(as, e.g., in Example 5.5 or in Remark 6.10), the algorithm still works.
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Algorithm 2 Computing the size for general q.

10:
11:
12:
13:

14:
15:

16:
17:
18:
19:
20:

21:
22:

Input A real number C' > 0 and positive integers My > M7 > Mo, Ny < N1 < Ns.
Stage 0: Initial value search
for j =1to j= M,do

Generate a pseudorandom sample 73, ..., Zy, from Py 1, .

Obtain a candidate X; € Che.

Compute f; = Ny * SN 1j o) (T(o + =3/ 22)).

end for
Rank the candidates X; according to the value (from largest to smallest) of the corresponding
quantities p; to obtain Xi.az,, .., XM, M, the initial values for the next stage.

Stage 1: Coarse localized optimizations
for j =1to j= M; do

Generate a pseudorandom sample 73, ..., Zy, from Py 1, .

Define p;»; = Nfl ZfV:ll 1i0,00) (T (o + Y127 for B € Cper.

Obtain Y% by running a numerical optimization algorithm for the problem supy.ce .., Dj,s
initialized at ;.-

end for
Rank the obtained numbers ¥} according to the value (from largest to smallest) of the
corresponding pj s+ to obtain X7, , ..., X}y, the initial values for the next stage.

Stage 2: Refined localized optimization
for j=1to j= M, do

Generate a pseudorandom sample 71, ..., Zy, from Fy 1, .

Define p; 5 = Ny * Zivjl 10,00) (T(po + $127) for B € Crep.

Obtain X7* by running a numerical optimization algorithm for the problem supsce,,., Pj,»
initialized at X7.,, .

7M1

end for
Return max;—1,.. 5]4,2;*.
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We now proceed to discussing several algorithms for determining the smallest critical value
C () such that the size of the test, which rejects if T > Cy (), does not exceed a (0 < o < 1).82
[In fact, for Co () the size then equals a provided a critical value that results in size equal to «
actually exists.] Note that C(a) > 0 must hold, in view of Remarks 5.4 and 6.6 since o < 1.
By G(9y)-invariance, for some fixed 1, € My, the algorithms numerically compute the smallest
critical value that satisfies

sup P, s(T>C) <a, (E.9)
YeCet

cf. the discussion surrounding (E.8). For later use we denote by Fy the cdf of P, s o7, which

by G(9p)-invariance does not depend on the particular choice for p, € M.

E.3.1 Computing smallest size-controlling critical values via line search based on

algorithms in Section E.2

Given an algorithm A : (0,00) — [0, 1] that for C' > 0 returns the size of the test that rejects if
T > C, one can use a line-search algorithm to determine the smallest critical value C' = C¢ ()
satisfying A(C) < a. To this end, one starts at the lower bound Cjy,, = max(C*, Chom), where
C* is given in the pertinent parts of Theorems 5.1 and 6.4, respectively (cf. also Propositions
5.5 and 6.7, respectively, and the attending footnotes), and Clom denotes the smallest 1 — «
quantile of Fy , i.e., of the cdf of the test statistic under homoskedasticity. Note that then
Py, .1, (T > Chom) = a and that Py 1, (T > C) > a for € < Cyom (to see this note that F7,
is continuous as {T" = C} is a Agn-null set for all real C, c¢f. Lemma 5.16 in Potscher and
Preinerstorfer (2018) and Lemma D.1 in Appendix D). Furthermore, Com > 0 (since T > 0 and
{T = 0} is a Agn-null set), and consequently Cjo,,, > 0 holds. Starting from Cj,,,, one then keeps

0:In

increasing the critical value “in a reasonable way” until one obtains, for the first time, a C' such
that A(C) < a holds. This procedure is summarized in Algorithm 3, in which the particular
algorithm A used is an input to Algorithm 3. For A one may either use Algorithm 1 if ¢ =1, or
Algorithm 2 for general q. Note that one may need to terminate the while-loop after a maximal

number of iterations.

Remark E.6. (i) Note that a matrix X** as required for the while-loop in Algorithm 3 can easily
be obtained by implementing Algorithm 1 or 2 in such a fashion as to also return the covariance
matrix for which the maximal rejection probability is attained in the respective Stage 2.

(ii) A smallest Cy as required in line 5 of Algorithm 3 indeed exists since {T' = C} is a
Arn-null set for all real C' as noted before.

(iii) For details regarding the computation of Cj, in the R-package hrt see Preinerstorfer

(2021) and Appendix F.2.

82Such a smallest size-controlling critical value indeed exists under the assumptions of this subsection (which
includes existence of a size-controlling critical value) in view of Appendix A.3. [Under the sufficient conditions
for size control in the respective theorems, this can also be read off directly from these theorems.]
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Algorithm 3 Numerical approximation of the smallest size-controlling critical value via a line
search algorithm.

Input «a € (0,1), A, Ciow, € € [0,1 — ) (€ a small tolerance parameter).
C + Ciow
while A(C) > o+ e do
Let ¥** be such that P, s« (T > C) ~ A(C).
Determine, by an upward line search initialized at C, the smallest value C, such
that PMWE**(T > O+) <a.
C«+ Cy.
7: end while
8: return C'

E.3.2 Computing smallest size-controlling critical values via quantile maximization

For completeness and comparison with Pétscher and Preinerstorfer (2018), we briefly describe an
algorithm that is a modification of Algorithm 1 in P&tscher and Preinerstorfer (2018). In contrast
to the algorithm discussed in the previous section, it does not make use of size-computations,

but determines the smallest size-controlling critical value as

sup Fy'(1—a) (E.10)
YeCHet
where Fy' denotes the quantile function of the cdf Fx. That (E.10) indeed gives the smallest
size-controlling critical value is not difficult to see keeping in mind that P, =(T" = C) = 0 for
every real C, every p, € My, and every X € € (in view of Agn ({T' = C}) = 0 as noted before).
The algorithm is summarized in Algorithm 4.

F Appendix: Details concerning numerical computations

in Section 11

F.1 Details concerning Section 11.1

To obtain Tables 1 and 2, for each of the test statistics UC, HC0-HC4, UCR, HCOR-HC4R,
we repeated the procedure summarized in Algorithm 5 below 15 times (recall that n = 25,
R = (0,1), and r = 0). Each time this algorithm returned a design matrix, the corresponding
size of the rejection region {T" > C,2 o5} was obtained for the specific test statistic used, as
well as a corresponding lower bound for the smallest size-controlling critical value. Then, we
computed the maximum out of the 15 lower bounds, which (for each test statistic) is reported
in Table 1. We also computed the maximum out of the 15 sizes, which (for each test statistic)
is reported in Table 2. We also did the same with the critical value Cy2 g o5 replaced by the
95%-quantile of an Fy ,_-distribution (n — k = 23), the corresponding results being reported in
Table 3.
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Algorithm 4 Numerical approximation of the smallest size-controlling critical value via quan-
tiles.

1

10:
11:
12:
13:

14:
15:

16:
17:
18:
19:
20:

21:
22:

® NS Tk

: Input Positive integers My > M7 > My, Ng < N1 < Ns.
: Stage 0: Initial value search
: for j =1 to j =My do
Generate a pseudorandom sample 71, ..., Zy, from Fy 1, .
Obtain a candidate ¥; € Cgrey.
Compute }771(1 — a) where Fj(z) = Ny 1 2N, 10,0 (T (1o + Ejl-/zZi)) for x € R.
end for
Rank the candidates ¥; according to the value (from largest to smallest) of the corresponding
quantities Fj_l(l — a) to obtain 1.1, - - - 2a1,:M,, the initial values for the next stage.
Stage 1: Coarse localized optimizations
for j =1to j= M; do
Generate a pseudorandom sample 73, ..., Zy, from Py 1, .
Define Fjx(z) = N;* Zi\f:ll L(—ooa](T(pg + £1%2;)) for x € R and ¥ € Cpep.
Obtain ¥7 by running a numerical optimization algorithm for the problem
SUDsee ., Fjjzl(l — «) initialized at ;. py,.
end for
Rank the obtained ¥} according to the value (from largest to smallest) of the corresponding
FJ_ZIJ (1 — a) to obtain X3, ,..., 53,07, the initial values for the next stage.
Stage 2: Refined localized optimization
for j =1to j= M do
Generate a pseudorandom sample 71, ..., Zy, from Fy 1, .
Define Fjx(z) = Ny * Zf\fl 1(—oo,a) (T (1o + »1/27)) for z € R and ¥ € Cpey.
Obtain X** by running a numerical optimization algorithm for the problem
SUPsee ., F_’szl(l — «) initialized at ¥, .
end for ~
Return max;—1_. s, Fjjzlj*(l —a).

34



In the description of Algorithm 5, the function f(x) is an abbreviation for C* = max{T(1( +
ei(n)) : i € I;(MY™)}, the lower bound for the size-controlling critical values (cf. Propositions
5.5, 6.7, and the attending footnotes), with the n x 2 design matrix X given by an intercept e, say,
as the first column and a regressor = as the second one. Note that computing C* necessitates
the evaluation of the test statistic on a finite set of elements of R™, and then determining
the maximum among the values obtained.®? Concerning the evaluation of test statistics, the
definition of which depends on the invertibility of a covariance matrix estimator, we used the
same invertibility check as discussed in the second paragraph in Appendix E.3 of Potscher and
Preinerstorfer (2022) with a tolerance parameter of 1078. For R = (0, 1) and for each matrix X
returned by Algorithm 5 all relevant assumptions (i.e., the assumptions in the pertinent parts of

Theorems 5.1 and 6.4, respectively) have been checked numerically.

Algorithm 5 Search procedure used for generating Tables 1, 2, and 3.

1: Initialize x + 0 € R™.
2: fori=1toi=>5do
Generate an n-dimensional pseudo-random vector z of independent coordinates each from
a log-standard normal distribution.
4: Run a Nelder and Mead (1965) algorithm initialized at z to maximize f over R™ (with
a maximal number of iterations of 50, and otherwise the default parameters in R’s “optim”
function) to obtain z*, say.

5: if i=1,0ori>2and f(z*) > f(z) then
6: T z*.

7 end if

8: if f(z) > 4 then

9: Go to line 12.

10: end if

11: end for

12: Use Algorithm 1 to determine the size of the test for the test statistic under consideration for
the design matrix (e,x) and based on either of the following two critical values: (i) Cy2 .05
and (i) the 95% quantile of an Fy ,,_j distribution.

13: return z, f(z), and the two sizes determined in the previous step.

Algorithm 5 uses Algorithm 1 in determining the size of a given test. We made the following
choices concerning the parameters required in Algorithm 1 (and used default settings if not

mentioned otherwise):

1. The candidates in Stage 0 of Algorithm 1 were determined by combining the suggestions
in Remarks E.3 and E.4. That is, denoting M, = 200 000, we combined: (i) sampling

M,/4 — 1 points from the unit simplex in R"™, each corresponding to the diagonal of a

83In the present context 9X" is spanned by the intercept. Thus, I1 (Eméi”) = {1,...,n} holds since n > 2.
In general, to determine I; (Qﬁom) numerically, the algorithm implemented in the R-package hrt (Preinerstorfer
(2021)) first obtains a basis for imém, and then checks for every ¢ = 1,...,n whether or not the rank of the matrix
obtained by appending the basis with e;(n) increases. This is done by a rank computation analogous to the one
described in the last-but-one paragraph of Appendix E.3 of Pdtscher and Preinerstorfer (2022), using the same
function “rank” referred to there, and with tolerance parameter 10~%.
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matrix in €y, and sampling 3M,/4 + 1 points & = (&4,...,&,,), say, analogously, each
point & giving rise to a diagonal of a matrix in €. via (£7,...,62)/ Dy €2 (i) trying
all diagonal matrices with a single dominant coordinate 0.9999 and the other coordinates
all equal to 0.0001/(n — 1), so that the trace equals 1; (iii) n=!I,; (iv) using a maximizer
of the quadratic form described in Remark E.3; and (v) using an additional initial value in
case of a “large” critical value C' as described in Remark E.4, making use of the conventions
discussed in parentheses in that remark. This results in My = M, +n+ 2 and possible one

more (in case C' is large) candidates for initial values.

2. M; was chosen as 500, the optimization algorithm run in Stage 1 was a constrained Nelder
and Mead (1965) algorithm (the default in R’s “constrOptim” function), which was run

with a relative tolerance parameter of 1072 and a maximal number of iterations of 20n.

3. M, was chosen as 1, the optimization algorithm run in Stage 1 was a constrained Nelder
and Mead (1965) algorithm (the default in R’s “constrOptim” function), which was run

with a relative tolerance parameter of 1073 and a maximal number of iterations of 30n.

4. DA (used by Algorithm 1) was run with the parameters “acc = 1073” and “lim = 30000”
using the function “davies” of the package CompQuadForm.

F.2 Details concerning Section 11.2

The smallest size-controlling critical values reported in Tables 4 and 5 in Section 11.2 were
obtained by running Algorithm 3 (with algorithm A given by Algorithm 1 and a maximal number
of 25 iterations in the while loop) as implemented in the R-package hrt (Preinerstorfer (2021))
version 1.0.0. Concerning A, the same input parameters as described in the enumeration at the
end of Appendix F.1 were used but with M,, = 500 000 (and with n = 30). Concerning Algorithm

3 we made the following choices for the required inputs:

1. Clonw = max(C*, Chom) is determined as follows: Chon is determined by a line-search
algorithm (using R’s uniroot function and monotonicity of the rejection probabilities in
the critical value) with the rejection probabilities obtained from DA (in case ¢ = 1) or via
Monte Carlo, whereas C* is determined as described in Appendix F.1. For more detail see
Preinerstorfer (2021).

2. ¢ was set to 1072,

For computing the power functions in Section 11.2, we made use of (E.2) with the matrices
Ac given in Lemma E.1 together with the implementation of the algorithm by Davies (1980) in
the R-package CompQuadForm (Duchesne and de Micheaux (2010)) version 1.4.3 and with
default parameters.
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Figure F.1: Power functions for ny = 15. Left column: tests based on unrestricted residuals
(cf. legend). Right column: tests based on restricted residuals (cf. legend). The rows corresponds
to X, for a = 1,5,9 from top to bottom. The abscissa shows §. In the left panel the HC4-curve
lies on top of the HCO-HC3-curves and the UC-curve. In the right panel the HC4R-curve lies
on top of the HCOR-HC3R-curves and the UCR-curve. See the text for an explanation.

F.3 Additional figures for Section 11.2

The power functions for n; = 15 are given in Figure F.1.

G Appendix: Comments on Chu et al. (2021) and Hansen
(2021)

In the special case of testing only one restriction (i.e., ¢ = 1), Chu et al. (2021) and Hansen
(2021) recently considered an interesting alternative approach to obtain tests based on the test
statistics Tes (for the commonly used choices of the weights d;). Their suggestions are based
on the observation (cf. also Section E.1 above) that, assuming Gaussianity of the errors, the
null rejection probability of the test that rejects if Tyt exceeds a given critical value C' can be

rewritten as the probability that a quadratic form in Gaussian variables is nonnegative, which
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can efficiently be determined numerically for any given ¥ € €. by a number of methods.34
That is, if ¥ were known, one could use this observation to numerically determine a critical value
(an observation that is also exploited by our algorithms in case ¢ = 1) or a p-value. Because X is,
however, not known, this approach is infeasible. One solution, put forward in the present paper,
is to work instead with a “worst-case” critical value, i.e., the smallest critical value that controls
size (if such a critical value exists). In contrast, the idea in Chu et al. (2021) and Hansen (2021)
to obtain a feasible test is a parametric bootstrap idea (cf. their papers for details):® (i) replace
3 by an estimate 3 e.g.,

diag (d1af (), ..., dnti2 (y)) (G.1)

based on typical choices of d;; (ii) numerically determine a critical value (or p-value) from the
cdf of the test statistic acting as if © = ¥ (e.g., as outlined above); and (iii) reject the null
hypothesis if the observed test statistic exceeds the so-computed critical value (or, equivalently,
if the corresponding p-value obtained is less than the desired significance level). Note that the
critical value in (ii) depends on the data Y through 3 (and is thus data-dependent in this sense).

No theoretical guarantees concerning the size of the tests proposed in Chu et al. (2021) and
Hansen (2021) are given in these papers. Numerical results in both papers suggest that these
parametric bootstrap tests can work well for certain design matrices X and hypotheses (R, ), but
the authors also document some situations where the tests are considerably oversized. Hence,
these tests are not valid, in general, which is in contrast to the procedure we suggest in the
present paper. That a parametric bootstrap approach does not deliver size control is in line
with results in Loh (1985) (see also Leeb and Pdtscher (2017)) showing that under appropriate
conditions parametric bootstrap procedures are oversized. It is also in line with a large body
of literature on size distortions of (other) bootstrap-based tests for the testing problem under
consideration, cf. Section 1 and Po6tscher and Preinerstorfer (2022). As an aside we note that
any valid data-dependent critical value, i.e., one that leads to a test with correct size (which is
not the case for the proposals in Chu et al. (2021) and Hansen (2021)), must exceed the smallest
size-controlling critical value with positive probability (or must be equal to the smallest size-
controlling critical value with probability 1). Hence, a valid data-dependent critical value cannot
always be smaller than the smallest size-controlling critical values, an observation that seems to
have gone unnoticed in the discussion of the present article given in the introduction of Hansen
(2021) (a discussion that also overlooks that one needs to take the square root of our critical
values and lower bounds when discussing them in the context of the corresponding t-statistics).

To demonstrate further that the parametric bootstrap tests in Chu et al. (2021) and Hansen
(2021) can be considerably oversized, we now report some numerical results for these tests. In
particular, we report null rejection probabilities for a selection of points in the null hypothesis

(i.e., for a selection of ¥’s) and demonstrate that procedures suggested by Chu et al. (2021) and

84 A reader has pointed out that the results in Phillips (1993) could also be developed into numerical approxi-
mations similar to the ones in Hansen (2021).
85 A similar approach has already been put forward earlier by Welch (1938, 1951) and Satterthwaite (1946).
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Hansen (2021) are not valid in the sense that these null rejection probabilities are considerably
larger than the nominal significance level a = 0.05 that is being used. Note that what we report
are lower bounds for the size of the procedures investigated, which can even be larger, i.e., the
overrejection problem can, in fact, be even more serious than what is seen in the tables below.

Throughout, we study the following procedures

C: the procedure in Chu et al. (2021), when T+ based on HC0-HC4 weights, respectively, is
combined with the estimator ¥ in (G.1) using the same weights as in the construction of
the test statistic;

C3: the procedure as above, but where the estimator 3 in (G.1) always makes use of the HC3
weights;

H: the procedure in Hansen (2021) when T is based on HC0-HC4 weights, respectively, and

where for 3 the estimator suggested in Section 7 of Hansen (2021) is used.

We note here that procedure C3 is not considered in Chu et al. (2021); we include it, because
33 based on HC3 weights can be expected to perform better than if, e.g., HCO weights are used.
We also point out that Hansen (2021) only considers Ty based on HCO-HC3 weights, but not
on HC4; we also report rejection probabilities for the latter choice, because, in the examples we
consider, it actually works better in terms of size than the choices considered in Hansen (2021).

Our implementations of the procedures in Chu et al. (2021) and Hansen (2021) rely on the
algorithm in Davies (1980) (cf. Section E.1) to decide whether or not to reject (i.e., in Step (ii) of
the description of that approach given further above in this section). To compute the rejection
probabilities for the tests we used a Monte Carlo sample of size 100.000 for each of them. The
nominal significance level used is a = 0.05 throughout.

We consider three testing problems: The testing problems considered in Sections 11.2.1 and
11.2.2, as well as an additional one. Note that in all these examples the test statistics are size
controllable and thus our test procedures based on smallest size-controlling critical values are
applicable. [For Examples G.1 and G.2 this has already been discussed in Sections 11.2.1 and
11.2.2, respectively. For Example G.3 validity of Assumption 1 is obvious while condition (10)

we have verified numerically.]

Example G.1. (Comparing the means of two groups) We here consider the same testing problem
and setting (same n, ni, ng, «) as in Section 11.2.1. Table G.1 below shows the null rejection
probabilities for the procedures C, C3, and H for the case ny = 3 and a = 3 (i.e., for ¥ = X3
defined in Section 11.2.1). We see from that table that the procedures suggested in Chu et al.
(2021), i.e., procedures C, as well as the modification C3 are all considerably oversized (i.e., show
rejection probabilities greater or equal to 2a). The methods using the idea in Hansen (2021)
(including the case using HC4 weights not considered in Hansen (2021)) are slightly oversized in

this example.
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HCO HC1 HC2 HC3 HC4
C 0.14 0.14 0.12 0.11 0.10
C3| 012 012 012 0.11 0.10
H 0.08 0.08 0.08 0.07 0.06

Table G.1: Null-rejection probabilities of the procedures C, C3, and H for comparing the means
of two groups when n; = 3 and a = 3.

Example G.2. (High-leverage design) We here consider the same testing problem and setting
(same n, o, X) as in Section 11.2.2. Table G.2 shows the null rejection probabilities for the
procedures C, C3, and H for the case a = 1 (i.e., for ¥ = X} defined in Section 11.2.2). The

HCO HC1 HC2 HC3 HC4
C 0.65 0.65 030 0.14 0.09
C3 018 018 017 014 0.10
H 0.16 0.16 0.15 0.12 0.08

Table G.2: Null-rejection probabilities of the procedures C, C3, and H for the high-leverage
design matrix when a = 1.

methods based on the approach in Chu et al. (2021) i.e., procedures C, as well as the modification
C3 are all considerably oversized also in this example. The methods using the idea in Hansen
(2021) are now also considerably oversized. The test using the HC4 estimator (which was not
considered in Hansen (2021)) performs somewhat better and has a null rejection probability that

exceeds the nominal significance level & = 0.05 by a factor of 1.6.

The tables in the two preceding examples already show that the tests proposed by Chu et al.
(2021) and Hansen (2021) can be considerably oversized. Note that the overrejection problem
potentially is even more serious than what is seen from the tables as we have not searched over
the space of ¥ matrices, i.e., we have not reported size but only the null rejection probability at
a particular value of . Also, we have not made any attempt to search for design matrices X
where overrejection is even more pronounced, but have only used design matrices from Sections
11.2.1 and 11.2.2.

We have seen in the preceding examples that pairing the method in Hansen (2021) with a
HC4 based T statistic performs more reasonably in these settings (it also is oversized, but less
so). The question then arises whether there is some hope that this generalizes to other settings.

The next example shows that this is unfortunately not the case.

Example G.3. We consider the same model and null hypothesis as in Section 11.2.2 except
that the regressor x (x € R™, n = 30) is different. Its entries z; can be found plotted (against the
index i) in Figure G.1. For this scenario one can prove (using similar arguments as in Potscher
and Preinerstorfer (2022)) that the size of the test obtained from pairing Hansen (2021)’s method
with a HC4 based Ty, statistic actually equals 1. We do not give the details here but rather
compute the null rejection probability of this test for ¥ equal to the diagonal matrix with 0.999
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Figure G.1: Regressor used in Example G.3.

at the 21%¢ entry and the other diagonal entries constant so that the diagonal sums up to one.
We used a Monte Carlo simulation (with 100.000 replications) and obtained a null rejection

probability of 0.28, which is more than the five-fold nominal significance level.
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