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C PROOFS FOR LEMMAS

Proof for Lemma A.1. Let g(2) = (g1, . . . , gd)
′ and g = (g0,g

′
(2))
′. By Assumption 1(iv), all

the eigenvalues of E
(
X̃itX̃

′
it

)
are bounded away from zero and above from ∞. Then we have

‖g‖2i = E

{
1

T

T∑
t=1

[
g′ (τt) X̃it

] [
X̃ ′itg (τt)

]}
=

1

T

T∑
t=1

g′ (τt)E
(
X̃itX̃

′
it

)
g (τt)

� 1

T

T∑
t=1

g′(2) (τt)g(2) (τt) +
1

T

T∑
t=1

g2
0 (τt)

=
d∑
l=1

θ′l

[
1

T

T∑
t=1

BK (τt)B
K (τt)

′
]
θl + θ′0

[
1

T

T∑
t=1

BK
−1 (τt)B

K
−1 (τt)

′
]
θ0

=
d∑
l=1

θ′lθl + θ′0θ0 + o (1) = ‖θ‖2 + o (1)

by Assumption 1(iv) and the fact T−1
∑T

t=1B
K (τt)B

K (τt)
′ = IK + o (K/T ) (see Lemma

C.4.(i) in Dong and Linton (2018)).
Proof for Lemma A.2. The proofs of (i) and (ii) are analogous to that of Lemma A.2(i)-

(ii) in Su et al. (2019), which uses the argument of Lemma A.2 in Huang et al. (2004). The
only difference is that we use cosine functions as basis function, but it does not affect the results
because cosine functions are bounded as well. We list the outline of the proof in the following,
and the details can be found in Huang et al. (2004) and Su et al. (2019).

For (i), first, due to the uniform boundedness of cosine functions, we can obtain

P

 sup
g∈G−1×G⊗d

∣∣∣∣∣∣
T−1

∑T
t=1

[
g′ (τt) X̃it

]s
T−1

∑T
t=1E

[
g′ (τt) X̃it

]s − 1

∣∣∣∣∣∣ > ε

 ≤ C1K
2 exp

(
−C2

T

K

ε2

1 + ε

)
, (A.1)

1



for some positive constant C1 and C2 (see the proof of Lemma A.2 in Huang et al. (2004) for
details), and for s = 1, 2.

Second,

P

max
i

sup
g∈G−1×G⊗d

∣∣∣∣∣∣
T−1

∑T
t=1

[
g′ (τt) X̃it

]s
T−1

∑T
t=1E

[
g′ (τt) X̃it

]s − 1

∣∣∣∣∣∣ > ε


≤

N∑
i=1

P

 sup
g∈G−1×G⊗d

∣∣∣∣∣∣
T−1

∑T
t=1

[
g′ (τt) X̃it

]s
T−1

∑T
t=1E

[
g′ (τt) X̃it

]s − 1

∣∣∣∣∣∣ > ε


≤ C1NK

2 exp

(
−C2

T

K

ε2

1 + ε

)
using (A.1). By Assumption 2, TK � NC for some fixed positive C, thus C1NK

2 exp
(
−C2

T
K

ε2

1+ε

)
=

o
(
N−1

)
as desired.

Similarly, we can show (ii).
Proof of Lemma A.3. We can follow the proofs of Lemma S4.3 (i) in Lu and Su (2022)

to show (i), (ii), (iv) and (v). The only difference is that the dimension in our case is increasing
as sample size (N,T ) increases. The details are omitted. Lastly, (iii) is a direct result of (i)
and (ii).

Proof for Lemma A.4. We first prove (i). Recall that Zit = (B−1,t, Bt ⊗Xit)
′ and

Żit = Zit − Z̄i. Write

Q̂i,żż =
1

T

T∑
t=1

ZitZ
′
it − Z̄iZ̄ ′i ≡ Q̂

(1)
i,żż − Q̂

(2)
i,żż, say.

Let $ = ($′0, $
′
1, . . . , $

′
d)
′ =

(
$′0, $

(2)′)′ with $0 ∈ RK−1 and $l ∈ RK for l = 1, . . . , d,

and ‖$‖ ≤ C ≤ ∞. Let gl (τ,$l) = $′lB
K (τ) and g0 (τ,$0) = $′0B

K
−1 (τ). Let g$ =(

g0 (τ,$0) ,g′
$(2)

)′
, where g$(2) = (g1 (τ,$1) , . . . , gd (τ,$d))

′.

First, we show that λmax(Q̂i,żż) is bounded by some positive number uniformly in i. By
Lemmas A.1 and A.4, we have that uniformly in i and $,

$′Q̂
(1)
i,żż$ =

1

T

T∑
t=1

[
g′$ (τt) X̃it

]2
=

1

T

T∑
t=1

E
[
g′$ (τt) X̃it

]2
(1 + op (1)) � ‖$‖2 .

Then the largest eigenvalue of Q̂(1)
i,żż is bounded above by some positive number c̄ż uniformly in

i with probability 1− o(N−1). Noting that λmax(Q̂i,żż) ≤ λmax(Q̂
(1)
i,żż), we have λmax(Q̂i,żż) ≤

c̄ż <∞ uniformly in i with probability 1− o(N−1).

Second, we prove that λmin(Q̂i,żż) is bounded away from zero uniformly in i. By Lemma A.2,

$′Q̂
(2)
i,żż$ = [T−1

∑T
t=1 g

′
$ (τt) X̃it]

2 = [T−1
∑T

t=1 g$ (τt)
′EX̃it]

2 (1 + o (1)) uniformly in i and

$. By Cauchy-Schwarz inequality, we have [T−1
∑T

t=1 g
′
$ (τt)EX̃it]

2 ≤ T−1
∑T

t=1

∥∥∥EX̃it

∥∥∥2
×

2



T−1
∑T

t=1 ‖g$ (τt)‖2 ≤ C ‖$‖2 < ∞ uniformly in i and $ because of T−1
∑T

t=1 ‖g$ (τt)‖2 =

‖$‖2 (1 + o (1)) (see the proof of Lemma A.1). It follows that

$′Q̂i,żż$ =
1

T

T∑
t=1

E
{

[g′$ (τt) X̃it]
2
}
−
[

1

T

T∑
t=1

g′$ (τt)EX̃it

]2

+ op (1) ≡ Ai,$ + op (1) .

We want to show that Ai,$ ≥ C ‖$‖2 for some positive constant C. Recall that µ(x)
i (τt) =

EXit. Let Ω
(x)
i (τt) ≡Var(Xit) = Ξi (τt)−µ(x)

i (τt)µ
(x)
i (τt)

′ and µ̃i (τt) ≡ E(X̃it) =

 1

µ
(x)
i (τt)

,
Ξ̃i (τt) ≡ E(X̃itX̃

′
it) =

 1 µ
(x)
i (τt)

′

µ
(x)
i (τt) Ξi (τt)

, and Ω̃i (τt) ≡Var
(
X̃it

)
=

 0 0d×1

0d×1 Ω
(x)
i (τt)

.
Then we have

Ai,$ =

∫ 1

0
g′$ (τ) Ξ̃i (τ)g$ (τ) dτ −

{∫ 1

0
g′$ (τ) µ̃i (τ) dτ

}2

+ o (1)

=

∫ 1

0
g′
$(2) (τ) Ω

(x)
i (τ)g$(2) (τ) dτ +

[∫ 1

0

[
g′$ (τ) µ̃i (τ)

]2
dτ −

(∫ 1

0
g′$ (τ) µ̃i (τ) dτ

)2
]

+ o (1)

≡ A(1)
i,$ +A

(2)
i,$ + o (1) .

For the first term, we have

A
(1)
i,$ =

∫ 1

0
g′
$(2) (τ) Ω

(x)
i (τ)g$(2) (τ) dτ = $′

 0(K−1)×(K−1) 0(K−1)×dK

0dK×(K−1)

∫ 1
0

(
Ω

(x)
i (τ)⊗B (τ)B (τ)′

)
dτ

$.

Let µi (τ) = (B (τ)⊗ µ(x)
i (τ))′ and µ(c)

i (τ) =µi (τ)−
∫ 1

0 µi (τ) dτ. Define

Bi =

 ∫ 1
0 B−1 (τ)B−1 (τ)′ dτ

∫ 1
0 B−1 (τ)µ

(c)
i (τ)′ dτ∫ 1

0 µ
(c)
i (τ)B−1 (τ)′ dτ

∫ 1
0 µ

(c)
i (τ)µ

(c)
i (τ)′ dτ

 .

Then for the second term, we have A(2)
i,$ = $′Bi$. Since

∫ 1
0 B−1 (τ)B−1 (τ)′ dτ = IK−1, it

follows that

A
(1)
i,$ +A

(2)
i,$

= $′

 IK−1

∫ 1
0 B−1 (τ)µ

(c)
i (τ)′ dτ∫ 1

0 µ
(c)
i (τ)B−1 (τ)′ dτ

∫ 1
0 µ

(c)
i (τ)µ

(c)
i (τ)′ dτ +

∫ 1
0

(
Ω

(x)
i (τ)⊗B (τ)B (τ)′

)
dτ

$

= $′D1i

 IK−1 0(K−1)×dK

0dK×(K−1) D0i

D′1i$
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where D1i =

 IK−1 0

−
∫ 1

0 µ
(c)
i (τ)B−1 (τ)′ dτ IKd

, D0i =
∫ 1

0

(
Ωi (τ)⊗B (τ)B (τ)′

)
dτ + D̄0i,

and

D̄0i =

∫ 1

0
µ(c)
i

(τ)µ(c)
i

(τ)′ dτ −
∫ 1

0
µ(c)
i

(τ)B−1 (τ)′ dτ

∫ 1

0
B−1 (τ)µ(c)

i
(τ)′ dτ.

Noting that D1iD
′
1i = I, we have A(1)

i,$ +A
(2)
i,$ ≥ λmin (D0i)$

′D1iD
′
1i$ = λmin (D0i) ‖$‖2

A
(1)
i,$ +A

(2)
i,$ ≥ λmin (D0i)$

′D1iD
′
1i$ = λmin (D0i) ‖$‖2

≥ λmin

(
D̄0i

)
‖$‖2 + λmin

[∫ 1

0

(
Ω

(x)
i (τ)⊗B (τ)B (τ)′

)
dτ

]
‖$‖2

by Weyl inequality. Noting that

λmin

[∫ 1

0

(
Ω

(x)
i (τ)⊗B (τ)B (τ)′

)
dτ

]
= inf
‖C‖=1,C∈Rd×K

∫ 1

0
vec (C)′

(
Ω

(x)
i (τ)⊗B (τ)B (τ)′

)
vec (C) dτ

= inf
‖C‖=1

∫ 1

0
B (τ)′C ′Ω

(x)
i (τ)CB (τ) dτ

≥ λmin

(
Ω

(x)
i (τ)

)∫ 1

0
tr
[
B (τ)′C ′CB (τ)

]
dτ

= λmin

(
Ω

(x)
i (τ)

)
tr
[
C ′C

(∫ 1

0
B (τ)B (τ)′ dτ

)]
= λmin

(
Ω

(x)
i (τ)

)
tr
(
C ′C

)
= ‖C‖2 λmin

(
Ω

(x)
i (τ)

)
= λmin

(
Ω

(x)
i (τ)

)
≥ min

i
λmin

(
Ω

(x)
i (τ)

)
we are left to show that D̄0i is positive semi-definite (p.s.d.). Define

µ(c)
i,P

(τ) =

∫ 1

0
µ(c)
i

(τ)B−1 (τ)′ dτ

{∫ 1

0
B−1 (τ)B−1 (τ)′ dτ

}−1

B−1 (τ) .

Clearly, by the fact that
∫ 1

0 B−1 (τ)B−1 (τ)′ dτ = IK−1, we have

µ(c)
i,P

(τ) =

∫ 1

0
µ(c)
i

(τ)B−1 (τ)′ dτB−1 (τ) ,∫ 1

0
µ(c)
i,P

(τ)µ(c)
i,P

(τ)′ dτ =

∫ 1

0
µ(c)
i

(τ)B−1 (τ)′ dτ

(∫ 1

0
B−1 (τ)B−1 (τ)′ dτ

)∫ 1

0
B−1 (τ)µ(c)

i
(τ)′ dτ

=

∫ 1

0
µ(c)
i

(τ)B−1 (τ)′ dτ

∫ 1

0
B−1 (τ)µ(c)

i
(τ)′ dτ.
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Observing that∫ 1

0
µ(c)
i

(τ)µ(c)
i,P

(τ)′ dτ =

∫ 1

0
µ(c)
i

(τ)B−1 (τ)′ dτ

∫ 1

0
B−1 (τ)µ(c)

i
(τ)′ dτ =

∫ 1

0
µ(c)
i,P

(τ)µ(c)
i,P

(τ)′ dτ

we can write D̄0i as

D̄0i =

∫ 1

0

[
µ(c)
i

(τ)− µ(c)
i,P

(τ)
] [
µ(c)
i

(τ)− µ(c)
i,P

(τ)
]′
dτ.

Clearly, D̄0i is p.s.d. and λmin

(
D̄0i

)
≥ 0.

(ii) The proof of (ii) is much simpler than (i). It is omitted here.
(iii)) The proof is analogous to (i) and thus is omitted. We can replace Xit by εitXit and

apply Assumption 1(vi) in place of Assumption 1(v). Noting that Var(εitXit) = E(ε2
itXitX

′
it).

Assumption 1(v) and moment conditions on εitXit suffi ce to the proof of (v).
Proof for Lemma A.5. Note that

1

NT

N∑
i=1

T∑
t=1

r2
g,it =

1

NT

N∑
i=1

T∑
t=1

(
rf,it +X ′itrβ,it

)2
≤ 2

NT

N∑
i=1

T∑
t=1

X ′itrβ,itr
′
β,itXit +

2

NT

N∑
i=1

T∑
t=1

r2
f,it

≤ max
i

sup
τ∈[0,1]

r2
f,i (τ) + max

i
sup
τ∈[0,1]

‖rβ,i (τ)‖2 2

NT

N∑
i=1

T∑
t=1

‖Xit‖2

= O
(
K−2κ

)
+Op

(
K−2κ

)
Op (1) = Op

(
K−2κ

)
by Assumption 3 in Newey (1997).

Proof for Lemma A.6. (i) By the repeated use of nλmin (A) ≤tr(A) ≤ nλmax (A) and
λmin (A)tr(B) ≤tr(AB) ≤ λmax (A)tr(B) for p.s.d. n × n matrix A and symmetric matrix B,
we have

VNT =
2

N

N∑
i=1

E
[
tr
(
QiΩ̊iQiΩ̊i

)]
≤ CK max

i
λ2

max (Qi) max
i
λ2

max

(
Ω̊i

)
= Op (K) ,

and

VNT =
2

N

N∑
i=1

E
[
tr
(
QiΩ̊iQiΩ̊i

)]
≥ CK min

i
λ2

min (Qi) min
i
λ2

min

(
Ω̊i

)
= Op (K) .

It follows that VNT � K.
(ii) Note that K̊i,tt = Z̊ ′itQiZ̊it ≤ λmax(Qi)||Z̊it||2 ≤ C||Z̊it||2 uniformly in i and t. Similarly,

K̊i,tt ≥ λ2
min(Qi)||Z̊it||2 ≥ C||Z̊it||2 uniformly in i and t. It follows

BNT �
1√
NT

N∑
i=1

T∑
t=1

E(||Z̊it||2ε2
it) � KN1/2.
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Proof for Lemma A.7. (i) Recall that Ki = ŻiQ̂iŻ ′i and K̊i = Z̊iQiZ̊ ′i. First, note that
Żit = Z̊it+ ξ̄

(1)
z,i , where ξ̄

(1)
z,i = Z̄i−EZ̄i = T−1

∑T
t=1 ξ

(1)
z,it and ξ

(1)
z,it = Zit−E (Zit) . As the proof of

Lemma A.3, we can show that maxi ||ξ̄(1)
z,i || = Op[(K lnN/T )1/2]; Second, by Taylor expansion

and keeping the first order terms, we have Q̂i −Qi = ξ̄Q,i +Q(R)
i , where ξ̄Q,i = T−1

∑T
t=1 ξQ,it,

ξQ,it = Q−1
i,żżξż,itQi +Qiξż,itQ−1

i,żż +Q−1
i,żżξ

(2)
z,itQ

−1
i,żż with

ξ
(2)
z,it = ZitZ

′
it − E

(
ZitZ

′
it

)
and ξż,it = ξ

(2)
z,it − ξ

(1)
z,itE

(
Z̄ ′i
)
− E

(
Z̄i
)
ξ

(1)′
z,it ,

and Q(R)
i comes from the higher order (≥ 2) terms and maxi ||Q(R)

i || = Op(K
2 lnN/T ). It

follows that

1

NT 2

N∑
i=1

ε′i

(
Ki − K̊i

)
εi

=
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

[(
Z̊it + ξ̄

(1)
z,i

)′ (
Qi + ξ̄Q,i +Q(R)

i

)(
Z̊it + ξ̄

(1)
z,i

)
− K̊i,ts

]
εisεit

=
1

NT 3

N∑
i=1

T∑
t=1

T∑
s=1

[
Z̊ ′itQiξ̄

(1)
z,i + Z̊ ′itξ̄Q,iZ̊it + Z̊ ′itξ̄Q,iξ̄

(1)
z,i + Z̊ ′itQ

(R)
i Z̊it + Z̊ ′itQ

(R)
i ξ̄

(1)
z,i

+ξ̄
(1)′
z,i QiZ̊it + ξ̄

(1)′
z,i Qiξ̄

(1)
z,i + ξ̄

(1)′
z,i ξ̄Q,iZ̊it + ξ̄

(1)′
z,i ξ̄Q,iξ̄

(1)
z,i + ξ̄

(1)′
z,i Q

(R)
i Z̊it + ξ̄

(1)′
z,i Q

(R)
i ξ̄

(1)
z,i

]
εisεit

=
∑11

l=1
ENT,l, say.

It is easy to show that ENT,l = Op
(
K3/2/

(
N1/2T 3/2

))
= o

(
N−1/2T−1K1/2

)
for l = 1, 2,

6, by Chebyshev inequality and ENT,l = Op
(
K2 lnN/T

)
Op (K/T ) = Op

(
K3 lnN/T 2

)
=

op
(
N−1/2T−1K1/2

)
for other l’s.

(ii) The proof is simpler than that of (i). We omit the details to save space.
Proof of Lemma A.8. See the proof of Theorem 4.1 in Shao and Yu (1996).
Proof of Lemma A.9. Recall that Z̊it = Zit − E

(
Z̄i
)
. Define X̌it = Xit − E (Xit) . Let

Z̊it,l and X̌it,l be the l-th element of Z̊it and X̌it, respectively. By the moment conditions and
Assumption 1, the following holds:

max
1≤i≤N

λmax

(
T−1∑T

t=1E[Z̊itZ̊
′
it]
)
<∞,

0 < czzε2 = min
1≤i≤N

λmin

(
T−1∑T

t=1E[Z̊itZ̊
′
itε

2
it]
)
≤ max

1≤i≤N
λmax

(
T−1∑T

t=1E[Z̊itZ̊
′
itε

2
it]
)

= czzε2 <∞,

max
1≤i≤N

max
1≤l≤d

λmax

(
T−1∑T

t=1E[Z̊itZ̊
′
itX̌

2
it,l]
)
<∞.

For a matrix or vector A, we denote ‖A‖∞ = maxi,j |Aij | where Aij denotes (i, j)-th element
of A.

Before the main proof of the lemma, we first make the following 7 claims (claims 0-6) whose
proofs are deferred after the main proof.
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Claim 0. For n× n matrices A and B,

max {|λmin (A)− λmin (B)| , |λmax (A)− λmax (B)|} ≤ n ‖A−B‖∞ . (A.2)

Claim 1. Let K∗ = K1 + dK.(⋂N
i=1

{∥∥X̄i − E
(
X̄i

)∥∥ < ε/K∗
})⋂(⋂N

i=1 {|ε̄i| < ε/K}
)⋂(∥∥∥βP − β̂FE∥∥∥ < ε/K∗

)
holds almost surely after some T ∗1 .
Claim 2.⋂N

i=1

{∥∥∥T−1∑T
t=1Xitεit

∥∥∥ < ε/K∗
}⋂(⋂N

i=1

∥∥∥T−1∑T
t=1

[
X̌itX̌

′
it − E(X̌itX̌

′
it)
]∥∥∥
∞
< ε/K∗

)
holds almost surely after some T ∗2 .
Claim 3. ⋂N

i=1

{∥∥∥T−1∑T
t=1 [Zit − E (Zit)]

∥∥∥
∞
< ε/K∗

}
holds almost surely after some T ∗3 .
Claim 4. ⋂N

i=1

({∥∥∥T−1∑T
t=1[Z̊itZ̊

′
it − E(Z̊itZ̊

′
it)]
∥∥∥
∞
< ε/K∗

})
,⋂N

i=1

({∥∥∥T−1∑T
t=1[Z̊itZ̊

′
itε

2
it − E(Z̊itZ̊

′
itε

2
it)]
∥∥∥
∞
< ε/K∗

})
,⋂N

i=1

(⋂d
l=1

{∥∥∥T−1∑T
t=1[Z̊itZ̊

′
itX̌it,l − E(Z̊itZ̊

′
itX̌it,l)]

∥∥∥
∞
< ε/K∗

})
, and⋂N

i=1

(⋂d
l=1

⋂d
l′=1

{∥∥∥T−1∑T
t=1[Z̊itZ̊

′
itX̌it,lX̌it,l′ − E(Z̊itZ̊

′
itX̌it,lX̌it,l′)]

∥∥∥
∞
< ε/K∗

})
hold almost surely after some T ∗4 .
Claim 5. We can decompose Ω̂i as:

Ω̂i = T−1∑T
t=1Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it] +Ri,

where
β̌it = βit − βP and f̃it = E (Xit)

′ β̌it − T−1∑T
s=1E (Xis)

′ β̌is + fit − f̄i,
and Ri satisfies that

⋂N
i=1 {‖Ri‖∞ ≤ ε/K∗} holds almost surely after some T ∗5 .

Claim 6.

min
1≤i≤N

λmin

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])
≥ czzε2 , and

max
1≤i≤N

λmax

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])
≤ C† <∞

for a positive C†.
Main proof. Using the decomposition in Claim 5,

Ω̂i − T−1∑T
t=1E

[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
]

= T−1∑T
t=1

{
Z̊itZ̊

′
it

[
(X̌ ′itβ̌it + f̃it)

2 + ε2
it

]
− E

[
Z̊itZ̊

′
it((X̌

′
itβ̌it + f̃it)

2 + ε2
it)
]}

+Ri. (A.3)
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The difference of the first two terms in the above is bounded by a linear combination of
finite number of (because d is fixed) T−1

∑T
t=1[Z̊itZ̊

′
it − E(Z̊itZ̊

′
it)], T

−1
∑T

t=1[Z̊itZ̊
′
itX̌it,l −

E(Z̊itZ̊
′
itX̌it,l)], T

−1
∑T

t=1[Z̊itZ̊
′
itX̌it,lX̌it,l′−E(Z̊itZ̊

′
itX̌it,lX̌it,l′)], and

∑T
t=1[Z̊itZ̊

′
itε

2
it−E(Z̊itZ̊

′
itε

2
it)].

By the results in Claim 4 and uniform boundedness of ‖βit‖ and fit, for any ε > 0,⋂N
i=1

{∥∥∥T−1∑T
t=1

{
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]− E[Z̊itZ̊

′
it((X̌

′
itβ̌it + f̃it)

2 + ε2
it)]
}∥∥∥
∞
≤ ε

K∗

}
(A.4)

holds almost surely after some T ∗7 . Together, equation (A.3), the result in equation (A.4), and
the result in Claim 5 (on Ri) imply that⋂N

i=1

{∥∥∥Ω̂i − T−1∑T
t=1E

[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
]∥∥∥
∞
≤ ε

K∗

}
(A.5)

holds almost surely after some T ∗8 .
Apply the result in equation (A.2) in Claim 0,∣∣∣λmin

(
Ω̂i

)
− λmin

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])∣∣∣

≤ K∗
∥∥∥Ω̂i − T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
]∥∥∥
∞
, and∣∣∣λmax

(
Ω̂i

)
− λmax

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])∣∣∣

≤ K∗
∥∥∥Ω̂i − T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
]∥∥∥
∞
.

Therefore, the event in equation (A.5) implies that∣∣∣λmin

(
Ω̂i

)
− λmin

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])∣∣∣ ≤ ε, and∣∣∣λmax

(
Ω̂i

)
− λmax

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])∣∣∣ ≤ ε,

for all i = 1, 2, ..., N . By Claim 6 and setting ε small enough, the above guarantees that

0 <
1

2
czzε2 ≤ min

1≤i≤N
λmin

(
Ω̂i

)
≤ max

1≤i≤N
λmax

(
Ω̂i

)
≤ 3

2
C∗ <∞. (A.6)

Note we show that the event in equation (A.5) holds almost surely after some T ∗8 . Since (A.5)
implies (A.6), we can say the event in equation (A.6) holds almost surely after some T ∗8 , as
desired.

We now show those Claims we made. For the proof below, we use T ∗ to denote a large
number that may vary from line to line, and ε to denote some arbitrary small constant that
may vary across lines.
Proof of Claim 0. First, for n× n matrices A and B, we note

λmax (A+B) ≤ λmax (A) + λmax (B) , (A.7)

max {λmin (A) , λmin (B)} ≤ λmin (A+B) (for p.d. A and p.d. B),

max {|λmin (A)| , |λmax (A)|} ≤ n ‖A‖∞ , and

|λmin (A)− λmin (B)| ≤ max {|λmin (A−B)| , |λmin (B −A)|} ,

8



which can be seen from the proof of Lemma 5 in Fan et al. (2011). The fourth line in the
above implies (by taking A = −A and B = −B)

|λmax (A)− λmax (B)| ≤ max {|λmax (B −A)| , |λmax (A−B)|} . (A.8)

Applying the third line in equation (A.7) on B −A and A−B, we have

max {|λmin (A−B)| , |λmin (B −A)| , |λmax (A−B)| , |λmax (B −A)|} ≤ n ‖A−B‖∞ . (A.9)

Using the inequalities in the fourth line of equation (A.7) and the inequalities in (A.8) and
(A.9), we obtain

max {|λmin (A)− λmin (B)| , |λmax (A)− λmax (B)|} ≤ n ‖A−B‖∞ .

Proof of Claims 1-3. These can be proved similarly as we do for the results in Claim 4, and
they require less strict conditions. We omit the proof for brevity.
Proof of Claim 4. We only show the second and the fourth equations and others can be
proved similarly. We show the second equation first. We define event B(1)

iT,(j,k) as

B(1)
iT,(j,k) =

{∣∣∣T−1∑T
t=1Z̊it,jZ̊it,kε

2
it − E

(
Z̊it,jZ̊it,kε

2
it

)∣∣∣ ≥ ε/K∗} ,
which is regarding the (j, k)-th element of T−1

∑T
t=1[Z̊itZ̊

′
itε

2
it − E(Z̊itZ̊

′
itε

2
it)]. Note that Zit =(

B−1,t, (Xit ⊗Bt)′
)′
and Bt are uniformly bounded. Therefore E(Z̊16+η

it,j ) is bounded. As a

result, we are able to apply Lemma A.8 with r = 4 + 9η/40 and δ = η/40 on B(1)
iT,(j,k), and we

obtain

P
(
B(1)
iT,(j,k)

)
≤ K∗(4+9η)/40

ε(4+9η)/40T 4+9η/40
E

[∣∣∣∑T
t=1

[
Z̊it,jZ̊

′
it,kε

2
it − E(Z̊it,jZ̊

′
it,kε

2
it)
]∣∣∣(4+9η)/40

]
≤ C1K

∗4+9η/40T 2+9η/80

ε(4+9η)/40T 4+9η/40
=

C1K
∗4+9η/40

ε4+9η/40T 2+9η/80
(A.10)

for some C1 > 0.
Define

B(1)
iT,(·,·) =

{∥∥∥T−1∑T
t=1

[
Z̊itZ̊

′
itε

2
it − E(Z̊itZ̊

′
itε

2
it)
]∥∥∥
∞
≥ ε/K∗

}
=
⋃K∗

j=1

⋃K∗

l=1B
(1)
iT,(j,k),

and
B(1)∗
T =

⋃N
i=1B

(1)
iT,(·,·). (A.11)

Using the bound in equation (A.10), the probability bound for B(1)∗
T can be calculated as

P
(
B(1)∗
T

)
= P

(⋃N
i=1

⋃K∗

j=1

⋃K∗

l=1B
(1)
iT,(j,k)

)
≤

N∑
i=1

K∗∑
j=1

K∗∑
l=1

P
(
B(1)
iT,(j,k)

)
≤ C1NK

∗6+9η/40

ε4+9η/40T 2+9η/80
≤ C2

T (lnT )2 , (A.12)
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for a positive C2, where the last inequality holds by NK∗(6+9η)/40

T (1+9η)/80 = O[(lnT )−2]. For the sequence

of events {B(1)∗
T }∞T=3,

13 using the result in equation (A.12), one can obtain

∞∑
T=3

P
(
B(1)∗
T

)
≤
∞∑
T=3

C2

T (lnT )2 ≤ C2

∫ ∞
2

1

x (lnx)2dx

= C2

∫ ∞
2

1

(lnx)2d ln (x) = C2

∫ ∞
ln 2

1

u2
du <∞.

With the above, we are able to apply the Borel-Cantelli Lemma which implies that there exists
a large T ∗ such that

P
(⋃∞

T=T ∗B
(1)∗
T

)
= 0.

Thus,

1 = P
((⋃∞

T=T ∗B
(1)∗
T

)c)
= P

(⋂∞
T=T ∗B

(1)∗c
T

)
= P

(⋂∞
T=T ∗

⋂N
i=1

⋂K∗

j=1

⋂K∗

l=1B
(1)c
iT,(j,k)

)
= P

(⋂∞
T=T ∗

⋂N
i=1

⋂K∗

j=1

⋂K∗

l=1

{∣∣∣T−1∑T
t=1

[
Z̊it,jZ̊it,kε

2
it − E(Z̊it,jZ̊it,kε

2
it)
]∣∣∣ < ε/K∗

})
= P

(⋂∞
T=T ∗

⋂N
i=1

{∥∥∥T−1∑T
t=1

[
Z̊itZ̊

′
itε

2
it − E(Z̊itZ̊

′
itε

2
it)
]∥∥∥
∞
≤ ε/K∗

})
,

where the last equality holds by the definition in equation (A.11). Note the above is equivalent
to say the event in the second equation of Claim 4 holds almost surely after T ∗.

The result on the fourth equation can be proved similarly. Define event

B(2)
iT,(j,k,l,l′) =

{∣∣∣T−1∑T
t=1

[
Z̊it,jZ̊it,kX̌it,lX̌it,l′ − E(Z̊it,jZ̊it,kX̌it,lX̌it,l′)

]∣∣∣ ≥ ε/K∗} ,
which is regarding the (j, k)-th element of T−1

∑T
t=1

[
Z̊itZ̊

′
itX̌it,lX̌it,l′ − E(Z̊itZ̊

′
itX̌it,lX̌it,l′)

]
.

For the same reason as we obtain equation (A.10), we can obtain the probability bound

P
(
B(2)
iT,(j,k,l,l′)

)
≤ K∗(4+9η)/40

ε(4+9η)/40T (4+9η)/40
E

[∣∣∣∑T
t=1

[
Z̊it,jZ̊it,kX̌it,lX̌it,l′ − E(Z̊it,jZ̊it,kX̌it,lX̌it,l′)

]∣∣∣(4+9η)/40
]

≤ C3K
∗4+9η/40

ε4+9η/40T 2+9η/80
. (A.13)

Similarly, we define

B(2)
iT,(·,·,·,·) =

⋃d
l=1

⋃d
l′=1

{∥∥∥T−1∑T
t=1

[
Z̊itZ̊

′
itX̌it,lX̌it,l′ − E(Z̊itZ̊

′
itX̌it,lX̌it,l′)

]∥∥∥
∞
≥ ε/K∗

}
=
⋃d
l=1

⋃d
l′=1

{⋃K∗

j=1

⋃K∗

k=1B
(2)
iT,(j,k,l,l′)

}
,

13To study whether the sequence of events
{
B(1)∗
T

}∞
T=1

happen infinitely often, we can ignore a finite number

of B(1)∗
T . We drop B(1)∗

1 and B(1)∗
2 for technical convenience.
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and
B(2)∗
T =

⋃N
i=1B

(2)
iT,(·,·,·,·).

For the sequence of events {B(2)∗
T }∞T=3, note

P
(
B(2)∗
T

)
= P

(⋃N
i=1

⋃d
l=1

⋃d
l′=1

⋃K∗

j=1

⋃K∗

l=1B
(2)
iT,(j,k,l,l′)

)
≤

N∑
i=1

d∑
l=1

d∑
l′=1

K∗∑
j=1

K∗∑
k=1

P
(
B(2)
iT,(j,k,l,l′)

)
≤ C3Nd

2K∗6+9η/40

ε4+9η/40T 2+9η/80
≤ C4NK

∗6+9η/40

ε4+9η/40T 2+9η/80
≤ C5

ε4+9η/40T (lnT )2 ,

for some positive C4 and C5, where the second line holds by using the bound in equation (A.13)
and the fact that d is a fixed number, and the last line holds by NK∗6+9η/40

T 1+9η/80 = O[(lnT )−2]. So
we have shown a similar result as in equation (A.12). Continuing with the same logic as we do
for the event in the second equation in Claim 4, we can say that the event⋂N

i=1

(⋂d
l=1

⋂d
l′=1

{∥∥∥T−1∑T
t=1

[
Z̊itZ̊

′
itX̌it,lX̌it,l′ − E(Z̊itZ̊

′
itX̌it,lX̌it,l′)

]∥∥∥
∞
< ε/K∗

})
holds almost surely after some large T ∗, as desired.
Proof of Claim 5. Note that the model is

Yit = X ′itβit + fit + αi + εit.

Recall that βP = [
∑N

i=1E (X ′iMTXi)]
−1
∑N

i=1E (X ′iMTYi) and Ω̂i = T−1
∑T

t=1 ŻitŻ
′
itε̂

2
r,it. We

divide the analysis into four parts. The first part is on ε̂2
r,it. The second part is on ŻitŻ

′
it. The

third part puts the results in parts 1 and 2 together, and shows the decomposition in the claim.
The fourth part shows that

⋂N
i=1 {‖Ri‖∞ ≤ ε/K∗} holds almost surely after some large T ∗.

Part 1. Note that ε̂r,it = ûit − ûi. The population version of ûit is

uit ≡ Yit −X ′itβP = X ′it (βit − βP ) + fit + αi + εit,

and the population version of ûit − ûi is

uit − ui = X ′it (βit − βP )− T−1∑T
t=1X

′
it (βit − βP ) + fit − f̄i + εit − ε̄i

= [Xit − E (Xit)]
′ (βit − βP )− T−1∑T

t=1 [Xit − E (Xit)]
′ (βit − βP ) + εit

+ E (Xit)
′ (βit − βP )− T−1∑T

t=1E (Xit)
′ (βit − βP ) + fit − f̄i − ε̄i.

Using the expression of uit and ūi, ûit and ûit − ūi can be written as

ûit = uit +X ′it

(
βP − β̂FE

)
= X ′it (βit − βP ) + fit + αi + εit +X ′it

(
βP − β̂FE

)
,

ûi = ūi + X̄ ′i

(
βP − β̂FE

)
.
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As a result,

ûit − ûi = uit − ūi +
(
Xit − X̄i

)′ (
βP − β̂FE

)
= [Xit − E (Xit)]

′ (βit − βP )− T−1∑T
t=1 [Xit − E (Xit)]

′ (βit − βP ) + εit

+ E (Xit)
′ (βit − βP )− T−1∑T

t=1E (Xit)
′ (βit − βP ) + fit − f̄i

+
(
Xit − X̄i

)′ (
βP − β̂FE

)
− ε̄i

= X̌ ′it (βit − βP )

+
[
E (Xit)

′ (βit − βP )− T−1∑T
t=1E (Xit)

′ (βit − βP ) + fit − f̄i
]

+ εit

+
(
Xit − X̄i

)′ (
βP − β̂FE

)
− ε̄i

≡ X̌ ′itβ̌it + f̃it + εit + [Xit − E (Xit)]
′ %1,NT + %i2

= X̌ ′itβ̌it + f̃it + εit + X̌ ′it%1,NT + %i2,

where

f̃it ≡ E (Xit)
′ β̌it − T−1∑T

t=1E (Xit)
′ β̌it + fit − f̄i, β̌it ≡ βit − βP ,

%1,NT = βP − β̂FE , %i2 =
[
X̄i − E

(
X̄i

)]′ (
βP − β̂FE

)
− ε̄i.

We have for any ε > 0, {
‖%1,NT ‖ <

ε

K∗

}
and

⋂N
i=1

{
|%i2| <

ε

K

}
holds almost surely after some large T ∗ due to the results in Claims 1, 2, and 3. f̃i (t) is
uniformly bounded due to the uniform boundedness of βit and fit. Recall ε̂r,it = ûit − ûi,

therefore,

ε̂2
r,it =

(
ûit − ûi

)2
= (X̌ ′itβ̌it + f̃it + εit + X̌ ′it%1,NT + %i2)2

= (X̌ ′itβ̌it + f̃it)
2 + ε2

it + 2(X̌ ′itβ̌it + f̃it)εit

+ (X̌ ′it%1,NT + %i2)2 + 2(X̌ ′it%1,NT + %i2)εit + 2(X̌ ′itβ̌it + f̃it)(X̌
′
it%1,NT + %i2). (A.14)

Part 2. We similarly write

ŻitŻ
′
it =

(
Z̊it +

[
E
(
Z̄i
)
− Z̄i

]) (
Z̊it +

[
E
(
Z̄i
)
− Z̄i

])′
= Z̊itZ̊

′
it + %i4 − Z̊it%′i3 − %i3Z̊ ′it (A.15)
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where %i3 = Z̄i − E
(
Z̄i
)
is a K × 1 vector and %i4 = %i3%

′
i3 is a K ×K matrix such that for

any ε > 0 ⋂N
i=1

{
‖%i3‖∞ <

ε

K

}
and

⋂N
i=1

{
‖%i4‖∞ <

ε

K

}
holds almost surely after some large T ∗ due to the results in Claim 3.
Part 3. Put the results in equations (A.14) and (A.15) together, we get

ŻitŻ
′
itε̂

2
it =

[
Z̊itZ̊

′
it + %i4 − Z̊it%′i3 − %i3Z̊ ′it

] [
(X̌ ′itβ̌it + f̃it)

2 + ε2
it + 2(X̌ ′itβ̌it + f̃it)εit

+(X̌ ′it%1,NT + %i2)2 + 2
(
X̌ ′it%1,NT + %i2

)
εit + 2(X̌ ′itβ̌it + f̃it)

(
X̌ ′it%1,NT + %i2

)]
.

Therefore,

Ω̂i = T−1∑T
t=1Z̊itZ̊

′
it

[
(X̌ ′itβ̌it + f̃it)

2 + ε2
it

]
+R1i +R2i,

where

R1i = 2T−1∑T
t=1Z̊itZ̊

′
it(X̌

′
itβ̌it + f̃it)εit, and

R2i = Terms involved with %1,NT , %i2, %i3, %i4.

Apparently, Ri = R1i +R2i.

Part 4. In this part, we show that⋂N
i=1 {‖Ri‖∞ ≤ ε/K

∗} ,

holds almost surely after some large T ∗. One suffi cient condition to the above is that⋂N
i=1 {‖R1i‖∞ ≤ ε/K

∗} and
⋂N
i=1 {‖R2i‖∞ ≤ ε/K

∗}

holds almost surely after some large T ∗.We first show the results on R1i and then move to R2i.

For R1i, it is a linear combination of finite terms of

T−1∑T
t=1Z̊itZ̊

′
itεit and T

−1∑T
t=1Z̊itZ̊

′
itX̌it,lεit, l = 1, 2, ..., d,

and the coeffi cients before those terms are uniformly bounded by our assumptions on βit and
fit. Each element in those matrices are mean 0. Thus we can apply the same logic as in the
proof of Claim 4, and show that ⋂N

i=1 {‖R1i‖∞ ≤ ε/K
∗}

holds almost surely after some large T ∗.
We turn to R2i. The term inside R2i that demands the most strict condition is

T−1∑T
t=1Z̊itZ̊

′
itX̌it,lX̌

′
it%1,NT .

Note we have shown that ‖%1,NT ‖ < ε/K∗ holds almost surely after some large T ∗. Thus we
only need to show that ⋂N

i=1

{∥∥∥T−1∑T
t=1Z̊itZ̊

′
itX̌it,lX̌

′
it

∥∥∥
∞
< C

}
13



holds almost surely after some T ∗ for some generic C. By the moment conditions we imposed
on X, we can similarly apply the same logic as in the proof of Claim 4 and show the above
statement. Then ⋂N

i=1

{∥∥∥T−1∑T
t=1Z̊itZ̊

′
itX̌it,lX̌

′
it%1,NT

∥∥∥
∞
< Cε/K∗

}
holds almost surely after some T ∗. Further R2i is a linear combination of finite terms similar
to T−1

∑T
t=1 Z̊itZ̊

′
itX̌it,lX̌

′
it%1,NT with uniformly bounded coeffi cients. Consequently,⋂N

i=1 {‖R2i‖∞ ≤ ε/K
∗}

holds almost surely after some large T ∗.
Proof of Claim 6. This is a direct result from inequalities in (A.7). Apply the second
inequality in (A.7), we have

λmin

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])
≥ λmin

(
T−1∑T

t=1E(Z̊itZ̊
′
itε

2
it)
)
.

Then

min
1≤i≤N

λmin

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])
≥ min

1≤i≤N
λmin

(
T−1∑T

t=1E(Z̊itZ̊
′
itε

2
it)
)
≥ czzε2 ,

where the last inequality holds by one of the assumptions we imposed. For the second part
in this claim, we apply the first inequality in (A.7) and use the condition that β̌it and fit are
uniformly bounded to get

λmax

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])

≤ C6

d∑
l=1

λmax

(
T−1∑T

t=1E[Z̊itZ̊
′
itX̆

2
it,l]
)

+ C7λmax

(
T−1∑T

t=1E[Z̊itZ̊
′
it]
)

+ λmax

(
T−1∑T

t=1E[Z̊itZ̊
′
itε

2
it]
)

for some positive C6 and C7. Note that by Assumptions 1-2, λmax

(
T−1

∑T
t=1E[Z̊itZ̊

′
itX̌

2
it,l]
)
,

λmax

(
T−1

∑T
t=1E[Z̊itZ̊

′
it]
)
, λmax

(
T−1

∑T
t=1E[Z̊itZ̊

′
itε

2
it]
)
are all uniformly bounded. As a re-

sult
max

1≤i≤N
λmax

(
T−1∑T

t=1E
[
Z̊itZ̊

′
it[(X̌

′
itβ̌it + f̃it)

2 + ε2
it]
])
≤ C† <∞,

for a positive C†.

Additional References:

Fan, J., Y. Feng, & R. Song (2011) Nonparametric independence screening in sparse ultra-
high-dimensional additive models. Journal of the American Statistical Association 106,
544—557.

Huang, J.Z., C.O. Wu, & L. Zhou (2004) Polynomial spline estimation and inference for
varying coeffi cient models with longitudinal data. Statistica Sinica 14, 763—788.

14



D THE SKETCH OF PROOFS FOR MAIN RESULTS IN

SECTION 4

In this section, we give some additional assumptions for the tests for stability of heterogeneous
coeffi cients and for homogeneity of time-varying coeffi cients. Since the proofs for Theorems 4.3
and 4.1 are similar to that of Theorem 3.1, we provide the sketch of the proofs.

D.1 Test for the Stability of Heterogeneous Coeffi cients

To start, we first study the behavior of ûit under Hs1,γNT . By the definition of β̄P,i, we still
have we have β̄P,i = βi under Hs1,γNT and

β̂i − βi = γNT
(
X ′iMTXi

)−1
X ′iMT g∆,i +

(
X ′iMTXi

)−1
X ′iMT εi

= γNT β̄∆i + γNT ν∆i,T + νi,T ,

where β̄∆i ≡ [E (X ′iMTXi)]
−1E (X ′iMT g∆,i), ν∆i,T ≡ β̂∆i,T − β̄∆i with β̂∆i,T ≡ (X ′iMTXi)

−1

×X ′iMT g∆,i and νi,T ≡ (X ′iMTXi)
−1X ′iMT εi. Then

ûit = ~εit + αi + γNT ğ∆,it − γNTX ′itν∆i,T and (A.1)

ûi = ~εi + αiιT + γNT ğ∆,i − γNTXiν∆i,T (A.2)

where ~εit ≡ εit − X ′itνi,T , ~εi ≡ (~εi1, . . . , ~εiT )′ = εi − Xi (X ′iMTXi)
−1X ′iMT εi, ğ∆,it ≡ g∆,it −

X ′itβ̄∆i, and ğ∆,i ≡ (ğ∆,i1, . . . , ğ∆,iT )′ .
Now we give the sketch of the proof of Theorem 4.1.
The Sketch of proof for Theorem 4.1. We only give the sketch proof for (ii) because

(i) can be seen as a special case of (ii) with γNT = 0. Using (A.2), we can decompose ΓNT as
follows

ΓNT =
1

NT 2

N∑
i=1

(~εi + γNT ğ∆,i − γNTXiν∆i,T )′Ki (~εi + γNT ğ∆,i − γNTXiν∆i,T ) ≡
6∑
s=1

Γ
(s)
NT , say

where Γ
(1)
NT = 1

NT 2

∑N
i=1 ~ε

′
iKi~εi, Γ

(2)
NT =

γ2
NT
NT 2

∑N
i=1 ğ

′
∆,iKiğ∆,i, Γ

(3)
NT =

γ2
NT
NT 2

∑N
i=1 ν

′
∆i,TX

′
iKiXiν∆i,T ,

Γ
(4)
NT = 2γNT

NT 2

∑N
i=1 ~ε

′
iKiğ∆,i, Γ

(5)
NT = −2γNT

NT 2

∑N
i=1 ~ε

′
iKiXiν∆i,T , and Γ

(6)
NT =

−2γ2
NT

NT 2

∑N
i=1 ğ

′
∆,iKiXiν∆i,T .

With the decomposition, we have

ĴNT =
N1/2TΓNT − B̂NT

V̂1/2
NT

=

(
JNT +

6∑
s=2

N1/2TΓ
(s)
NT

V1/2
NT

+
BNT − B̂NT

V1/2
NT

)
V1/2
NT

V̂1/2
NT

where JNT = (N1/2TΓ
(1)
NT − BNT )/V1/2

NT . We can complete the proof by showing that (i)

JNT
d→ N (0, 1) ; (ii) N1/2TΓ

(2)
NT /V

1/2
NT = Φ∆ + op (1), where Φ∆ = plim(N,T )→∞Φ∆,NT with
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Φ∆,NT = N−1T−2
∑N

i=1 ğ
2
∆,it; (iii) N

1/2TΓ
(s)
NT /V

1/2
NT = op (1) for s = 3, . . . , 6; (iv) B̂NT −BNT =

op(K
1/2); (v) V̂NT /VNT = 1 + op (1).
First, it is straightforward to show (i)-(ii), (iv)-(v) by modifying the corresponding proofs

for Theorem 3.1. For (iii), following the proof of (iii) in Theorem 3.1, we can show that Γ
(3)
NT =

op
(
γ2
NT

)
, Γ

(4)
NT = γNTOp([K/(NT )]1/2) = op

(
γ2
NT

)
, Γ

(5)
NT = γNTOp([K/(NT )]1/2)op (1) =

op
(
γ2
NT

)
, and Γ

(6)
NT = op

(
γ2
NT

)
.

Proof of Corollary 4.2. We can follow the proof of Theorem 3.2 to show the corollary.
The details are omitted here.

D.2 Test the Homogeneity of Time-Varying Coeffi cients

We first study the behavior of ûit and ĝit under the local alternative. There exist Π0
β ∈ Rd×L

and Π0
f ∈ RL−1 such that β0 (·) ≈ Π0

βB
L (·) and f0 (·) ≈ Π0′

f B
L
−1 (·). Let git ≡ g0,it + γNT g∆,it,

where g0,it ≡ X ′itβ0 (τt)+f0 (τt). Given ZLit ≡ (BL′
−1t,

(
Xit ⊗BL

t

)′
)′, denote rg0,it ≡ g0,it−ZL′it Π0,

where Π0 ≡ (Π0′
f ,vec(Π

0′
β ))′. Let SŻŻ ≡

∑N
i=1 Ż

L′
i Ż

L
i , Π̂∆,NT ≡ S−1

ŻŻ

∑N
i=1 Ż

L′
i g∆,i, Π̄∆ ≡[

E
(
SŻŻ

)]−1∑N
i=1E

(
ŻL′i g∆,i

)
, Rg0,i ≡ (rg0,i1, . . . , rg0,iT )′ and g∆,i ≡ (g∆,i1, . . . , g∆,iT )′. Then

we have

Π̂FE −Π0 = S−1
ŻŻ

N∑
i=1

ŻL′i Rg0,i + γNT Π̄∆ + γNT

[
Π̂∆,NT − Π̄∆

]
+ S−1

ŻŻ

N∑
i=1

ŻL′i εi

≡ Rg0,NT + γNT Π̄∆ + γNT νΠ∆,NT + νL,NT ,

where Rg0,NT ∼ S−1
ŻŻ

∑N
i=1 Ż

L′
i Rg0,i, νΠ∆,NT ≡ Π̂∆,NT − Π̄∆ and νL,NT ≡ S−1

ŻŻ

∑N
i=1 Ż

L′
i εi. Let

ğ∆,it ≡ g∆,it − ZL′it Π̄∆ and ν̆L,NT ≡ γNT νΠ∆,NT + νL,NT . We can write

git − ĝit = (g0,it + γNT g∆,it)− ZL′it
(
Π0 +Rg0,NT + γNT Π̄∆ + ν̆L,NT

)
=
(
g0,it − ZL′it Π0

)
+ γNT

(
g∆,it − ZL′it Π̄∆

)
− ZL′it Rg0,NT − ZL′it ν̆L,NT

=
(
rg0,it − ZL′it Rg0,NT

)
+ γNT ğ∆,it − ZL′it ν̆L,NT

= r̆g0,it + γNT ğ∆,it − ZL′it ν̆L,NT

where r̆g0,it ≡ rg0,it − ZL′it Rg0,NT . Let R̆g0,i = (r̆g0,i1, . . . , r̆g0,iT )′ and ğ∆,i = (ğ∆,i1, . . . , ğ∆,iT )′.
Then we have

ûit = εit + αi + γNT ğ∆,it + r̆g0,it − ZL′it ν̆L,NT and (A.3)

ûi = εi + αiιT + γNT ğ∆,i + R̆g0,i − ZLi ν̆L,NT . (A.4)

To establish the asymptotic distribution of ĴNT , we need the following assumptions.
Assumption 3∗. (i) f (·) and β0,l (·) for l = 1, . . . , d are all continuously differentiable up
to κ-th order for some κ > 0; (ii) For each i, ∆β,il (·) for l = 1, . . . , d, and ∆f,i (·) are all
continuously differentiable up to κ-th order for some κ > 0.
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Assumption 4∗∗. As (N,T )→∞, Φ∆ = plim(N,T )→∞Φ∆,NT > 0 under Hh1,γNT .
Assumption 5. As (N,T )→∞, L→∞, L2/T → 0, and K/L→ 0.

Now we give the sketch for the proof of Theorem 4.3.
Sketch of Proof for Theorem 4.3. We only give the sketch proof for (ii) because (i) can

be seen as a special case of (ii) with γNT = 0. Using (A.4) and ΓNT = 1
NT 2

∑N
i=1 û

′
iKiûi, we

have ΓNT ≡
∑10

s=1 Γ
(s)
NT , where Γ

(1)
NT ≡

1
NT 2

∑N
i=1 ε

′
iKiεi, Γ

(2)
NT ≡

γ2
NT
NT 2

∑N
i=1 ğ

′
∆,iKiğ∆,i, Γ

(3)
NT ≡

1
NT 2

∑N
i=1 R̆

′
g0,i
KiR̆g0,i, Γ

(4)
NT ≡

1
NT 2

∑N
i=1 ν̆

′
L,NTZ

L′
i KiZLi ν̆L,NT , Γ

(5)
NT ≡

2γNT
NT 2

∑N
i=1 ε

′
iKiğ∆,i,

Γ
(6)
NT ≡

2
NT 2

∑N
i=1 ε

′
iKiR̆g0,i, Γ

(7)
NT ≡

−2
NT 2

∑N
i=1 ε

′
iKiZLi ν̆L,NT , Γ

(8)
NT ≡

2γNT
NT 2

∑N
i=1 ğ

′
∆,iKiR̆g0,i,

Γ
(9)
NT ≡

−2γNT
NT 2

∑N
i=1 ğ

′
∆,iKiZLi ν̆L,NT , and Γ

(10)
NT ≡

−2
NT 2

∑N
i=1 R̆

′
g0,i
KiZLi ν̆L,NT . Then ĴNT can be

decomposed as follows

ĴNT =
N1/2TΓNT − B̂NT

V̂1/2
NT

=

(
JNT +

10∑
s=2

N1/2TΓ
(s)
NT

V1/2
NT

+
BNT − B̂NT

V1/2
NT

)
V1/2
NT

V̂1/2
NT

.

We complete the proof by showing that: (i) JNT = (N1/2TΓ
(1)
NT − BNT )/V1/2

NT
d→ N (0, 1) ;

(ii) J (2)
NT ≡ N1/2TΓ

(2)
NT /V

1/2
NT = Φ∆ + op (1), where Φ∆ = plim(N,T )→∞Φ∆,NT with Φ∆,NT =

N−1T−1
∑N

i=1

∑T
t=1 ğ

2
∆,it; (iii) J

(s)
NT ≡ N1/2TΓ

(s)
NT /V

1/2
NT = op (1) for s = 3, . . . , 10; (iv) B̂NT −

BNT = op(K
1/2); (v) V̂NT /VNT = 1 + op (1).

First, by modifying the proof of Theorem 3.1, we can easily show that (i), (ii), (iv) and (v).
Second, we can follow the proofs of (iii) for Theorem 3.1 to show that Γ

(3)
NT = Op

(
L−2κ

)
=

op(γ
2
NT ), Γ

(4)
NT = op

(
γ2
NT

)
+Op (L/ (NT )) = op(γ

2
NT ), Γ

(5)
NT = Op(γNT [K/(NT )]1/2) = op(γ

2
NT ),

Γ
(6)
NT = Op(L

−κ[K/(NT )]1/2) = op(γ
2
NT ), Γ

(7)
NT = Op([K/(NT )]1/2) [op (γNT )+Op([L/(NT )]1/2)] =

op(γ
2
NT ), Γ

(8)
NT = op (γNTL

−κ) = op(γ
2
NT ), Γ

(9)
NT = op

(
γ2
NT

)
+ Op(γNT [L/(NT )]1/2) = op(γ

2
NT ),

Γ
(10)
NT = Op (L−κ) [op (γNT ) +Op([L/(NT )]1/2) = op(γ

2
NT ).

Proof for Corollary 4.4. We can follow the proof of Theorem 3.2 to show the corollary.
The details are omitted here.
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E A COMPARISON BETWEEN ONE-STAGE AND TWO-

STAGE PROCEDURES

We compare the sizes and powers of the two procedures in this section. We first show below the
relationship between the one-stage test statistic and our two-stage test statistic. After that,
we show that they are asymptotically equivalent under H0. In the end, we show that they can
detect the deviation from H0 in a very similar way, or in other words, they have similar power
under H1. Due to the page limit, we only outline the proof and leave out the tedious technical
details. For an easier illustration, we suppose X is a scalar.
Step 1: Relationship. The model can be written as:

Yit = Xitβi (τt) + fi (τt) + αi + εit

≈ Xit

K∑
j=0

ϑ̃β,i,jBj (τt) +

K∑
j=1

ϑ̃f,i,jBj (τt) + αi + εit

≡ Z ′itϑ̃i + αi + εit

= Xitϑ̃β,i,0 + Z ′−1,itϑ̃−1,i + αi + εit, (A.1)

where we note B0 (τt) = 1 and Xitϑ̃β,i,0B0 (τt) = Xitϑ̃β,i,0,

Zit = (Xit, XitB1 (τt) ..., XitBK (τt) , B1 (τt) , ..., BK (τt))
′ ,

ϑ̃i =
(
ϑ̃β,i,0, ϑ̃β,i,1, ..., ϑ̃β,i,K , ϑ̃f,i,1, ..., ϑ̃f,i,K

)′
and Z−1,it denote the Zit without the first element.

The test statistic formed using only one-stage is:

Γ̃NT =
1

NT

N∑
i=1

T∑
t=1

[
Xit

(̂̃
ϑβ,i,0 −

1

N

N∑
i=1

̂̃
ϑβ,i,0

)
+ Z ′−1,it

̂̃
ϑ−1,i

]2

, (A.2)

where ̂̃
ϑi =

(
Z ′iMιTZi

)−1 (
Z ′iMιT Yi

)
, (A.3)

Zi = (Zi1, Zi2, ..., ZiT )′ , ̂̃ϑβ,i,0 is the first element of ̂̃ϑi, and ̂̃ϑ−1,i is
̂̃
ϑi without its first element.

Write Yit = Z ′it
̂̃
ϑi + ̂̃uit, where ̂̃uit is the generalized residual.

We turn to the two-stage statistics. ûit is obtained from

ûit = Yit −Xitβ̂FE

≈ Xit

(̂̃
ϑβ,i,0 − β̂FE

)
+ Z ′−1,itϑ̂−1,i + ̂̃uit (A.4)
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using the last line of equation (A.1). In the matrix form, we have

ûi ≈ Xi

(
ϑ̃β,i,0 − β̂FE

)
+ Z−1,iϑ̃−1,i + ̂̃ui

≈ Zi
(

(ϑ̃β,i,0 − β̂FE)′, ϑ̃′−1,i

)′
+ ̂̃ui.

Note the estimator of ϑi is

ϑ̂i =
(
Z ′iMιTZi

)−1 (
Z ′iMιT ûi

)
=
(

(ϑ̂β,i,0 − β̂FE)′, ϑ̂′−1,i

)′
+
(
Z ′iMιTZi

)−1
Z ′iMιT

̂̃ui. (A.5)

We can show the above second term is op (1) and the following relationships hold asymptotically:

̂̃
ϑβ,i,0 − β̂FE = ϑ̂β,i,0 + op (1) and ̂̃ϑ−1,i = ϑ̂−1,i + op (1) .

Using the above identities, the two-stage test statistic can be written as

ΓNT =
1

NT

N∑
i=1

T∑
t=1

(
Z ′itϑ̂i

)2

=
1

NT

N∑
i=1

T∑
t=1

[
Xitϑ̂β,i,0 + Z ′−1,itϑ̂−1,i

]2

=
1

NT

N∑
i=1

T∑
t=1

[
Xit

(̂̃
ϑβ,i,0 −

1

N

N∑
i=1

̂̃
ϑβ,i,0

)
+ Z ′−1,it

̂̃
ϑ−1,i +X ′itD̄NT

]2

, (A.6)

where D̄NT = 1
N

∑N
i=1
̂̃
ϑβ,i,0 − β̂FE . Comparing equations (A.2) and (A.6), we can see the

additional term X ′itD̄NT , which comes from different centers are used.
We compare Γ̃NT and ΓNT based on the results in equations (A.2) and (A.6).

Step 2: Comparison under H0. Under H0, it is not hard to see that 1
N

∑N
i=1
̂̃
ϑβ,i,0 and β̂FE

converge to the same true β in probability and at the same rate (Op[(NT )−1/2]). Then the
effect of X ′itD̄NT is asymptotically negligible. Therefore, Γ̃NT converges to zero at the same
rate as ΓNT does. Under some proper normalization (with some work), Γ̃NT will converge to
the same standard normal distribution. In view of this observation, we conclude that these two
procedures are asymptotic equivalent.
Step 3: Power comparison under H1. We discuss the powers under local alternatives in
three cases. In the first case, we compare the two procedures when only f deviates from the
null. In the second case, only β deviates from the null. In the last case, both f and β differ
from the null.

Case 1: H1 with deviation in f only. Specifically, we suppose βit = β0 and fit = γNT∆f,it;

∆f,it was defined in Section 3.3. γNT measures the magnitude of the deviation, and we assume
γNT is much bigger than the estimation error so that the deviation is significant enough for
the sample size.

• For the one-step procedure, ̂̃ϑβ,i,0 P→ β0. Thus 1
N

∑N
i=1
̂̃
ϑβ,i,0

P→ β0.
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• For the two-step procedure, it is not hard to see that β̂FE = β0 + OP (γNT ) because
fit = OP (γNT ) .

• Comparing the above two, we can see that 1
N

∑N
i=1
̂̃
ϑβ,i,0− β̂FE = OP (γNT ) . At the same

time, Z ′−1,it
̂̃
ϑ−1,i ≈ fit, and thus E

[(
Z ′−1,it

̂̃
ϑ−1,i

)2
]
∝ γ2

NT . Collecting all the results, we

can see that Γ̃NT ∝ γ2
NT and ΓNT ∝ γ2

NT in probability, which means that these two
procedures have the same power (roughly) .

Case 2: H1 with deviation in β only. Specifically, we suppose βit = β0 + γNT∆β,it, fit = 0,

and ∆β,it was defined in Section 3.3.

• For the one-step procedure, it is not hard to see that ̂̃ϑβ,i,0 = β0 + OP (γNT ) because
βit − β0 = O (γNT ) .

• For the two-step procedure, β̂FE = β0 +OP (γNT ) for the same reason as above.

• Thus, 1
N

∑N
i=1
̂̃
ϑβ,i,0 − β̂FE = OP (γNT ) .

Continuing from the last line for Γ̃NT in (A.2),

Γ̃NT =
1

NT

N∑
i=1

T∑
t=1

[
Xit

(̂̃
ϑβ,i,0 −

1

N

N∑
i=1

̂̃
ϑβ,i,0

)
+ Z ′−1,it

̂̃
ϑ−1,i

]2

=
1

NT

N∑
i=1

T∑
t=1

[
Xit

(̂̃
ϑβ,i,0 − β0

)
+ Z ′−1,it

̂̃
ϑ−1,i +Xit

(
β0 −

1

N

N∑
i=1

̂̃
ϑβ,i,0

)]2

∝P γ2
NT ,

due toXit

(̂̃
ϑβ,i,0 − β0

)
+Z ′−1,it

̂̃
ϑ−1,i ≈ βit−β0 = γNT∆β,it, and β0− 1

N

∑N
i=1
̂̃
ϑβ,i,0 = OP (γNT ) ,

with some regular conditions.
Similarly, continuing from the last line for ΓNT in (A.6),

ΓNT =
1

NT

N∑
i=1

T∑
t=1

[
Xit

(̂̃
ϑβ,i,0 − β̂FE

)
+ Z ′−1,it

̂̃
ϑ−1,i

]2

=
1

NT

N∑
i=1

T∑
t=1

[
Xit

(̂̃
ϑβ,i,0 − β0

)
+ Z ′−1,it

̂̃
ϑ−1,i +Xit

(
β0 − β̂FE

)]2

∝P γ2
NT ,

due to Xit

(̂̃
ϑβ,i,0 − β0

)
+ Z ′−1,it

̂̃
ϑ−1,i ≈ γNT∆β,it, and β0 − β̂FE = OP (γNT ) , with some

regularity conditions.
Therefore, both procedures have the same local power for Case 2.
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Case 3: H1 with deviations in β and f . Specifically, we suppose βit = β0 + γNT,1∆β,it and
fit = γNT,2∆f,it. Using the results from Cases 1 and 2, it is not hard to see that

̂̃
ϑβ,i,0 = β0 +OP (max {γNT,1, γNT,2}) , β̂FE = β0 +OP (max {γNT,1, γNT,2}) .

Therefore, ̂̃
ϑβ,i,0 − β̂FE = OP (max {γNT,1, γNT,2}) .

Using it, we apply similar analysis in Cases 1 and 2 here, and we can obtain

Γ̃NT ,ΓNT ∝P
(
max

{
γ2
NT,1, γ

2
NT,2

})
,

which implies that both procedures have the same local power.
To summarize, both procedures have the same power in general.
As for the global power, note that

D̄NT =
1

N

N∑
i=1

̂̃
ϑβ,i,0 − β̂FE →p lim

N→∞

1

N

N∑
i=1

ϑ̃β,i,0 − βP = c 6= 0.

It is unclear whether the additional term XitD̄NT ≈ Xitc in ΓNT makes ΓNT greater or smaller
than Γ̃NT . Neither is dominant in global power performance. It should depend on the data
generating process, that is, the heterogeneity in βit and fit and the regressor Xit. But they
(normalized version) tend to ∞ at the same rate (OP

(
TN1/2/K)

)
as sample size increases to

∞.
Conclusion: In terms of sizes and powers, both procedures are asymptotically equivalent. We
note that compared with the two-step procedure, the one-step procedure is more intuitive and
measures the deviation more precisely when βit = β0 but fit being different across i and t. Due
to the page limit, we leave the full investigation of the one-step procedure to the future.

F ADDITIONAL SIMULATION AND APPLICATION RE-

SULTS

In this section, we present the size results using normal critical values for H0 and the testing
results for the three tests discussed in Section 4. We show the sieve estimates for the application
under Hh0 in Figure 1.
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Table 4: Size performance for testing H0 using normal critical values
K1 K2 K3 Kcv

DGP T N 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
1 25 25 0.086 0.052 0.024 0.095 0.062 0.026 0.095 0.071 0.028 0.091 0.053 0.016

50 0.111 0.072 0.033 0.130 0.085 0.034 0.096 0.057 0.027 0.116 0.077 0.027
50 25 0.071 0.049 0.013 0.084 0.047 0.018 0.084 0.057 0.025 0.067 0.041 0.017

50 0.078 0.041 0.011 0.082 0.047 0.012 0.101 0.067 0.027 0.070 0.048 0.011
100 25 0.055 0.038 0.011 0.058 0.035 0.012 0.074 0.042 0.013 0.062 0.038 0.010

50 0.060 0.030 0.009 0.060 0.042 0.014 0.080 0.048 0.020 0.057 0.036 0.014

Table 5: Power sensitivity studies: DGP 2-6 using different K

K1 K2 K3

DGP T N 10% 5% 1% 10% 5% 1% 10% 5% 1%

2 25 25 0.369 0.237 0.080 0.246 0.145 0.046 0.182 0.101 0.028

50 0.525 0.374 0.149 0.343 0.220 0.063 0.206 0.122 0.028

50 25 0.923 0.813 0.520 0.855 0.727 0.388 0.794 0.615 0.293

50 0.992 0.973 0.854 0.979 0.932 0.746 0.944 0.866 0.571

3 25 25 0.594 0.483 0.252 0.484 0.326 0.147 0.401 0.285 0.125

50 0.754 0.626 0.390 0.655 0.509 0.269 0.521 0.387 0.162

50 25 0.962 0.910 0.762 0.934 0.887 0.704 0.914 0.845 0.609

50 0.995 0.991 0.954 0.995 0.977 0.908 0.980 0.959 0.857

4 25 25 0.559 0.423 0.203 0.437 0.318 0.145 0.341 0.215 0.093

50 0.690 0.569 0.336 0.583 0.457 0.244 0.454 0.296 0.137

50 25 0.944 0.901 0.709 0.929 0.847 0.611 0.888 0.771 0.521

50 0.999 0.987 0.938 0.998 0.981 0.881 0.977 0.943 0.799

5 25 25 0.516 0.360 0.142 0.362 0.234 0.088 0.256 0.148 0.044

50 0.664 0.500 0.249 0.492 0.330 0.127 0.333 0.203 0.077

50 25 0.944 0.884 0.653 0.914 0.812 0.552 0.867 0.731 0.478

50 0.999 0.984 0.931 0.989 0.966 0.858 0.979 0.934 0.764

6 25 25 0.471 0.332 0.125 0.364 0.217 0.069 0.212 0.131 0.045

50 0.662 0.497 0.204 0.492 0.311 0.090 0.261 0.138 0.042

50 25 0.988 0.964 0.831 0.980 0.949 0.755 0.965 0.893 0.632

50 1.000 0.999 0.991 1.000 0.997 0.961 0.998 0.989 0.904

Note: K1 = dT 1/5e, K2 = d1.5T 1/5e, K3 = d2T 1/5e

22



Table 6: Simulation results for testing Hs0
K1 K2 K3 Kcv

DGP T N 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
1 25 25 0.087 0.044 0.007 0.076 0.038 0.006 0.092 0.044 0.013 0.073 0.032 0.007

50 0.074 0.039 0.010 0.091 0.043 0.009 0.106 0.051 0.014 0.063 0.028 0.002
50 25 0.078 0.034 0.007 0.090 0.037 0.005 0.103 0.047 0.011 0.073 0.032 0.006

50 0.085 0.040 0.010 0.087 0.036 0.004 0.087 0.039 0.010 0.078 0.040 0.004
2 25 25 0.767 0.606 0.320 0.589 0.410 0.152 0.330 0.192 0.049 0.950 0.877 0.647

50 0.912 0.839 0.591 0.764 0.608 0.298 0.476 0.293 0.088 0.998 0.986 0.889
50 25 0.999 0.994 0.952 0.997 0.985 0.890 0.977 0.937 0.764 1.000 1.000 0.999

50 1.000 1.000 0.999 1.000 1.000 0.992 0.999 0.998 0.964 1.000 1.000 1.000
3 25 25 0.094 0.037 0.006 0.081 0.045 0.007 0.083 0.039 0.005 0.081 0.032 0.003

50 0.076 0.041 0.004 0.103 0.047 0.005 0.095 0.038 0.004 0.073 0.032 0.005
50 25 0.094 0.043 0.009 0.103 0.047 0.011 0.098 0.049 0.008 0.083 0.043 0.008

50 0.091 0.041 0.007 0.084 0.031 0.004 0.098 0.035 0.003 0.072 0.033 0.005
4 25 25 0.141 0.073 0.019 0.131 0.059 0.013 0.108 0.048 0.011 0.168 0.092 0.018

50 0.177 0.093 0.018 0.142 0.077 0.016 0.101 0.048 0.010 0.151 0.082 0.022
50 25 0.313 0.187 0.056 0.269 0.154 0.047 0.219 0.123 0.022 0.364 0.232 0.057

50 0.432 0.300 0.100 0.333 0.215 0.057 0.286 0.175 0.052 0.431 0.289 0.115
5 25 25 0.520 0.354 0.119 0.333 0.199 0.060 0.241 0.128 0.034 0.761 0.624 0.311

50 0.692 0.545 0.237 0.496 0.324 0.109 0.330 0.204 0.048 0.904 0.814 0.556
50 25 0.963 0.913 0.694 0.884 0.794 0.506 0.773 0.654 0.370 0.999 0.992 0.931

50 0.999 0.994 0.958 0.987 0.966 0.832 0.974 0.917 0.706 1.000 1.000 0.998
6 25 25 0.947 0.856 0.612 0.783 0.640 0.333 0.542 0.375 0.143 0.993 0.982 0.894

50 0.994 0.980 0.885 0.933 0.865 0.626 0.704 0.549 0.255 1.000 1.000 0.994
50 25 1.000 1.000 0.998 1.000 1.000 0.995 0.999 0.998 0.976 1.000 1.000 1.000

50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000

Note: 1. KC=
⌈
CT 1/5

⌉
, C = 1, 1.5, 2, Kcv refers to the number of sieve terms by LOOCV;

2. DGPs 1 and 3 are for the size study and DGPs 2 and 4-6 are for power comparison.
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Table 7: Simulation results for testing Hh0

K1 K2 K3 Kcv
DGP T N 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
1 25 25 0.104 0.063 0.023 0.104 0.044 0.012 0.106 0.051 0.015 0.110 0.056 0.011

50 0.099 0.045 0.012 0.100 0.047 0.012 0.114 0.054 0.015 0.095 0.053 0.014
50 25 0.093 0.056 0.016 0.098 0.057 0.009 0.121 0.066 0.019 0.100 0.051 0.012

50 0.099 0.045 0.012 0.106 0.054 0.016 0.105 0.052 0.011 0.120 0.060 0.017
2 25 25 0.110 0.065 0.016 0.103 0.055 0.009 0.112 0.063 0.013 0.110 0.061 0.013

50 0.100 0.054 0.012 0.118 0.065 0.022 0.088 0.046 0.013 0.094 0.046 0.012
50 25 0.104 0.056 0.015 0.108 0.055 0.008 0.106 0.058 0.019 0.107 0.058 0.009

50 0.093 0.055 0.015 0.099 0.048 0.013 0.106 0.058 0.013 0.122 0.059 0.017
3 25 25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.990 1.000 1.000 0.999

50 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.999 1.000 1.000 1.000
50 25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 25 25 0.545 0.406 0.187 0.422 0.287 0.116 0.373 0.230 0.100 0.650 0.506 0.283

50 0.720 0.587 0.333 0.584 0.441 0.198 0.426 0.283 0.121 0.825 0.726 0.472
50 25 0.933 0.867 0.656 0.904 0.820 0.583 0.869 0.764 0.510 0.978 0.942 0.826

50 0.994 0.986 0.897 0.986 0.955 0.846 0.973 0.943 0.808 0.999 0.994 0.978
5 25 25 0.313 0.206 0.072 0.257 0.156 0.055 0.224 0.132 0.049 0.361 0.255 0.099

50 0.407 0.292 0.105 0.326 0.202 0.080 0.238 0.143 0.054 0.495 0.369 0.173
50 25 0.605 0.490 0.239 0.577 0.441 0.218 0.506 0.358 0.149 0.732 0.609 0.363

50 0.790 0.689 0.431 0.720 0.589 0.364 0.724 0.586 0.341 0.910 0.829 0.586
6 25 25 0.098 0.052 0.010 0.098 0.051 0.012 0.096 0.047 0.010 0.095 0.056 0.024

50 0.090 0.047 0.014 0.076 0.048 0.005 0.115 0.070 0.018 0.081 0.043 0.009
50 25 0.082 0.036 0.007 0.092 0.048 0.015 0.090 0.052 0.023 0.094 0.048 0.008

50 0.102 0.051 0.010 0.101 0.050 0.013 0.081 0.039 0.006 0.096 0.050 0.009

Note: 1. KC=
⌈
CT 1/5

⌉
, C = 1, 1.5, 2, Kcv refers to the number of sieve terms by LOOCV;

2. DGPs 1-2 are for the size study. and DGPs 3-5 are for power comparison.
3. DGP 6 satisfies Hh0 but comes with non-smooth f0 and β0.
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Table 8: Simulation results for testing H0 with both individual and time fixed effects
K1 K2 K3 Kcv

DGP T N 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
1 25 25 0.119 0.058 0.014 0.115 0.050 0.010 0.104 0.058 0.016 0.119 0.065 0.011

50 0.092 0.046 0.006 0.097 0.045 0.009 0.108 0.047 0.012 0.089 0.050 0.005
50 25 0.102 0.055 0.012 0.102 0.056 0.008 0.104 0.053 0.005 0.089 0.057 0.016

50 0.104 0.053 0.014 0.102 0.057 0.014 0.104 0.052 0.014 0.093 0.044 0.011
2 25 25 0.603 0.474 0.230 0.451 0.323 0.134 0.408 0.278 0.100 0.740 0.629 0.386

50 0.804 0.707 0.461 0.674 0.518 0.279 0.532 0.395 0.199 0.925 0.844 0.669
50 25 0.915 0.835 0.658 0.825 0.733 0.496 0.807 0.695 0.427 0.987 0.974 0.921

50 0.996 0.983 0.934 0.976 0.960 0.843 0.958 0.919 0.743 1.000 0.999 0.999
3 25 25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
50 25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 25 25 0.728 0.596 0.351 0.610 0.471 0.255 0.507 0.368 0.176 0.837 0.744 0.517

50 0.927 0.866 0.669 0.782 0.675 0.438 0.720 0.571 0.339 0.970 0.935 0.821
50 25 0.975 0.947 0.823 0.946 0.890 0.717 0.892 0.815 0.575 0.997 0.992 0.965

50 1.000 0.999 0.984 0.994 0.990 0.947 0.987 0.964 0.879 1.000 1.000 1.000
5 25 25 0.675 0.557 0.295 0.581 0.459 0.222 0.498 0.359 0.161 0.821 0.732 0.509

50 0.898 0.818 0.589 0.788 0.671 0.408 0.685 0.554 0.294 0.965 0.939 0.819
50 25 0.953 0.920 0.790 0.900 0.851 0.666 0.889 0.810 0.599 0.995 0.992 0.956

50 0.998 0.995 0.975 0.998 0.985 0.930 0.989 0.971 0.873 1.000 1.000 1.000
6 25 25 0.930 0.865 0.673 0.872 0.802 0.595 0.808 0.712 0.453 0.978 0.967 0.878

50 0.995 0.988 0.947 0.985 0.958 0.873 0.953 0.915 0.774 1.000 1.000 0.992
50 25 1.000 1.000 1.000 1.000 0.999 0.987 0.999 0.997 0.973 1.000 1.000 1.000

50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Note: 1. KC=
⌈
CT 1/5

⌉
, C = 1, 1.5, 2, Kcv refers to the number of sieve terms by LOOCV;

2. DGP 1 is for the size study and DGPs 2-6 are for power comparison.
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Figure 1: Estimated homogeneous TVCs under Hh0

26


