Supplementary Material for:

“New Control Function Approaches in Threshold Regression with Endogeneity”[”]

Ping Yu, Qin Liao,
University of Hong Kong, University of Hong Kong
Peter C. B. Phillips
Yale University, University of Auckland
University of Southampton & Singapore Management University

This Supplement contains five sections. SD.1 provides detailed calculations relating to the inconsistency
of KST’s STR estimator. SD.2 develops asymptotics for CF-I 4 and GMM-I2 B SD.3 contains detailed
analysis and discussion concerning CF and GMM-1 estimation of 8. SD.4 provides some simplified asymptotic
results for estimation of 6. SD.5 reports further simulation results relating to the performance of the IDKE

estimator of v and some comparisons of the two CF approaches when ¢ is exogenous.

SD.1 Inconsistency of KST’s STR Estimator

In this section, we first discuss the inconsistency of 4 when kg and dy are known in the simple example of
Section [2:2] and then collect details of calculation omitted in the main text of Section 2.2 and point out the
key problems in their proof using the framework of our simple example, and finally compare M-estimators

and Z-estimators in the general sense to sharpen the discussion given in Section of the main paper.

Inconsistency When ky and §, are Known

When §p and kg are known, @,, and @ depend only on 7. Since @, (7) and @ () are apparently asymmetric
about 7, we discuss v € [7,7,] and v € [yy,7] separately. Specifically, when v € [y,7,] ,

Q1) = —B[@1kd (A% = A1) + B k3 (A — A3)" (1 — oY)
+E [(50 + RN, — koAY,)” (89 — cpg)] +2E [(60 + koA — KoAY;) @7 ko (A]; — AT)]

where @) = ® (v + 2;), 6] = ¢ (v + 2:), AL = A]9, A%, = 220, @9 = &7° and ¢! = ¢)°. When v € [v,,7],

3

Q) =B 13 (A%, = AL,)" 8] — B k3 (A5, = A3,)" (1 - @])]
B [(=00 — moX]; + 50M)” (87 — 89)] + 28 (=0 — moX]; + moXd.) (1 87) mo (A — 23]

which is a quadratic function of (d¢, ko). KST assume 69 = csn~% and kg = c.n~%, 50 Q,, () is scaled by n?*
to avoid asymptotic degeneration. Actually, in the fixed-threshold-effect framework of Chan (1993), Q (v)
takes exactly the same form as in KST’s framework as long as we understand g and kg as fixed numbers; in
other words, our arguments also show that the KST estimator is inconsistent in Chan (1993)’s framework.

To avoid further notation, we use kg to represent n®xo and and &y for n®dg.

13We thank the Co-Editor, Simon Lee, and three referees for helpful comments on earlier versions of this paper. Thanks go
also to Chirok Han, Bruce Hansen, Shengjie Hong, Zhongxiao Jia, Hiroyuki Kasahara, Seojeong Lee, Hongyi Li, Jaimie Lien,
Sangsoo Park, Wenwu Wang, Jason Wu, Zhiguo Xiao, Chuancun Yin and seminar participants at CUHK, ESWC2020, QNU,
UWAC2018, Korea University and Tsinghua University for helpful suggestions. Phillips and Yu acknowledge support from the
GRF of Hong Kong Government under Grant No. 17520716, and Phillips acknowledges research support under NSF Grant No.
SES 18-50860 and the Kelly Fund at the University of Auckland.
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Figure 3: Q (v) When 69 = 0.5,1,2 and ko = 0, £2

We plot @ () in Figurefor both the exogenous case and the endogenous case when z ~ N (0,1). In the
exogenous case, ko = 0, and in the endogenous case, kg = £2, with corresponding correlations Corr(q,u) = 0
and Corr(q,u) ~ +0.63, respectively. In the figure, we set §o = 0.5, 1,2, representing small, medium and
large threshold effects, respectively. Figure [3| confirms that 7 is indeed consistent when ¢ is exogenous, as
shown in CH. On the contrary, 4 need not be consistent when ¢ is endogenous. In fact, Q () is locally
maximized rather than minimized at 7, when ko = 2, and the argmin function argmin, @ () is not even
unique in this case — as the three figures with kg = 2, especially the inset magnified portions reveal in detailE
Interestingly, when k9 = —2, 7 is consistent. The intuition is as follows: when ko < 0, the threshold effect
based on is do + Ko ()‘(l)i — )\gi), where \), = AJ?; and since A=A = Ao+ 2) = A=z —7) =
“Azi) = A (—z) = —m < 0 when 7, = 0, the original threshold effect do(> 0) is strengthened
when xg < 0.

Whether the limiting outcome argmin, @ () = 7, is realized depends on the relative magnitude of kg
and dg. If ko/dg is close to zero, then the endogeneity is neglectable, and @ () should be minimized at ~,.
In Section 2.2, we discussed the relationship between arg min,, Q () and xo/do when o and o are unknown
and need to be estimated.

Details of Calculation in the Simple Example of Section 2.2

In the case where parameters rg and dp are unknown it is possible that the misspecification of Q, (-)
may be completely absorbed through the parameters (J,%), so that although (§,k) are not consistently
estimated by using @).,, the threshold parameter v may be. In other words, although the minimized functional
arg min, Q (7, o, ko) 7 7o, it may be that in some special case arg min, Q (7,0, k) = 7o. We proceed to
explore this possibility in what follows and the main text.

M Nonuniqueness of arg min, Q () is the consequence of the special symmetric setup where z ~ AN (0,1) and vy = 0. If
Yo — mo% is not symmetric, then @Q (v) would not be symmetric and argmin, Q () is unique.



When £¢ and ¢ are unknown, based on KST, we first find (J, k) = argmins ) Q (7, 6, £) by minimizing

Q (’Yv 57 Ii) - Q (77 50) KO)
=B |97 [(50 — 8) + (xoA]; = sM)J°] + B [(1 = @) (X} — 523)%] 4 2B (@0 — 87) 6o (oA}, — wA3,)]

Solving the first order conditions (FOCs) with respect to (d, k), we have

3, b =~ et (s, = o). (32)

and 0 v Y
Ky — Ko = ol [(‘Ez - @/ ) )‘21']2 ) (33)
B[$]A3] — E[6]XL] - B[6])° /B [2]]

We then plug (6, k) into Q (7,6, k), giving

Q (’77 577 K”Y) =S8 (’ya 5'ya K;’y) =) ('V()v 607 "‘70)

=B {(I)Z (60 — 0y + RoAY; — K’V)\’l)Ii)Qi| = 2B [(d0 — 0y + RO — Ky AL;) o ()‘(l)i — ;) ®7]
+ B [ (kA% — £223)” (1= 9) | + B[ (80 + roAY: — 5,03,)" (@0 — @)
+2E [(00 + koA); — k4 A;) T ko (AY; — AL;)] -

(34)

Notice from and that (6-,ky) = (0o, ko) when v = 7,. So taking the derivative of with
respect to v and evaluating at vy, gives

dQ (7,8, 54) /dY|y=y, = —00E [¢7AY] + KoE [¢)AY (A]; + AY; — 2 (0 + 21))] (35)

where A? = &y + Ko (A]; — A3;) is the threshold effect at ~y, implied by the KST objective function. By
definition, @ (g, do, ko) = 0. Hence, inspired by the Q () in Figure |3} if dQ (v, d+, k) /dy[y=-, > 0, then
we can find a v* € [7,7,] such that Q (v*, 84+, ky+) < Q (V9,0 kv, ). From , given z ~ N (0,1) and
Yo = 0, dQ (7,0, k) /dy|,=, depends only on dg and ro. Define f (z) = ¢ (x) A (x) (M1 (z) + X2 (z) — 22)
with A (z) = dg + ko (M1 (z) — A2 (z)); then, it follows that A (z) = A (—z) and it is not hard to se that
f(xz) =—f(—=). Since yy+2z; ~ N (0, 1) is symmetric around 0, the term involving E [gb?A? (7o + )] in (35)

. slo? . (o)
disappears. In consequence, as long as kg € <(50E[¢0()\w7oo> if g > 0, or kg € (—oo,éo]ww
Blg°]
B[] 0.587. So we
have v* < 0 if ko/dg > 0.587 regardless of whether dq is positive or negativem

if 69 < 0, dQ (7, 0+, Ky) /d¥|y=y, > 0. Notice that if z ~ N (0,1) and 75 = 0

Problems in the Consistency Proof of KST

KST mimic the proof idea of CH to prove the consistency of 7. However, there is a fundamental difference
between the KST and CH frameworks. Unlike CH, the regressors in depend also on « through inverse

5Note that
AL (@) = A2 (z) = =A(x) = A(=2) = A1 (—2) = A2 (—2)
so that A (z) = A (—=z), and
AL(@) + A2 (2) = =A (@) + A (=) = —{d2 (—2) + M1 (—=).

16The break point, such as 0.587 in the above calculation, critically depends on the data generating process. For example, if
Bao is unknown, the break point is smaller.



Mills ratios. In KST’s proof of their Proposition 1, the objective function is
Sn (V) =Y'(I-P*(7))Y,

where Y is the vector stacking y;, I is the n X n identity matrix,

-1

P () =X, (1) (X5 () X, () Xy () + X0 (9) (XL (1) Xu () Xu (3

is the projection matrix on X (7) := (X, (7), X1 (7)), X, (7) is the matrix stacking (x}, A\];, A3,) 1 (¢; <7),
and X | (7) is the matrix stacking (x, A];, A\3;) 1 (¢; > =), so we are assuming x is exogenous and 7 is known

to simplify the discussion. KST write Y as
Y =G () B+ Go(79) 0 +&,

where G (v,) is the matrix stacking (x;,)\?i,)\gi), denoted as (X, )\?,)\g), Go (7p) is the matrix stacking
x A\ )\gi) 1(g: <), € is the vector stacking &; = u; — koA 1 (g < 7o) — koA 1 (¢ > ) which is e in
, B = (ﬁ;O,O, ﬁo)/ and § = ((5'0, Ko, —no)/. They claim

Sn (1) = (Go (10) 8 +8)" (1 = P*(7) (Go (1) T +8),

in other words, it is implicitly assumed that G () falls in the space spanned by X (y). But this assumption
is not satisfied. Although X falls in the span of X (), AY and A9 do not. This is because AJ; is a nonlinear
function of v and so the spaces spanned by )\2 and A} are different.

Even if the expression for S, were correct, its probability limit given in KST is not correct. Specifically,
since (G (70)5—1—5)/[ (Go (7o) 6 + €) does not depend on 7, minimizing S, is equivalent to maximizing
(Go (70) 6 + E)I P*(7) (Go (70) 0 + €). Normalizing this new objective function by n='+2* gives their func-
tion

Sn ()
=n"1H2GP (V) + 20 TG (70) P () € + 071G (70) P (7) Go () € (36)
=: T (7) + T2 (7) + T30 (7).,

where ¢ = n®3 := (4, ¢, —¢,)'. KST claim in Lemma I.A.3 that Ty, (7) = 0 and Tb,, () — 0 uniformly
in 7y, so only T3, counts. But this is incorrect: both T, and T, contribute to the probability limit of S* ()
unless ¢, = 0. Essentially, they neglect the fact that €; is a function of .
If we redefine G(’YO) = X, Gg (70) = (Xgl (i < ’Yo)a/\?il (gi < ’Yo) + Agil (g > ’YO))v B = B, 0 =
(60, /10)/, Py =X (X)X () X (y) with X (y) redefined as the matrix stacking (x;1 (g; < ), x}1 (g > 7),
A 1(g <)+ A2;1(g; > 7)), then the objective function S} () is now valid. So the key difference between
KST’s S} () and our correctly defined S} () is that the element of their G () ¢ is

xjesl(qi < vo) + en (AL = A3;) Las < 7o),

whereas ours is
Xjes1(qi < o) + e [AiL(aqi < 7o) + A% 1(qi > 7o) -

In other words, our element of Gy (v,) ¢ minus theirs is ¢, \5;. Also, our P* () projects onto a smaller space
than theirs.

To calculate the probability limit of our S (), denoted as S* (), we return to our simple example where
x = 1 and By is known, so X () stacks (1 (¢; <), A};1 (¢ <~v)+A2;1 (¢ > 7)) and the element of Gy () ¢



is es1(qi < 7o) + ex [AG1(a < v) + A%i1(@i > vo)]- As in KST, we restrict v € [v,,7]-

Lemma 5
Tin (7) = Ty (7) = 2A(Y) M (v) " A(y),
Ton (v) == T2 (v) = 2¢,A ()’ M ( )~ B(y), (37)
Ty (v) == Ts (v) = B(y)'M (v)~" B(7),

where

s B (0" 7~ A3 (27— 00) )
E[¢°A] — "N + A1A (27 — @) +E[A] (\] - A) (1 —@7)] /~
By = ( E [e58° + A + ¢ A5 (97 — 90)] >
E [es@ON] + cu®OAIAT] + cuAIA] (@7 — 0)] + E [c X3N] (1 — @) )7
M :< E[l(g <) E[A1(g <7)] )
VTEMNIG@<) B 1<)+ 1> )]

Proof. In this simple example, X () stacks (1(q; <), N 1(q; <)+ A31(q > 7)), so

1 , » El(g<7)] EA1(g <9)] B
nX”*“”_*<[vu 'MJﬂw%@sw+£%@>w}>‘M“’
Since Go (7o) = X (7o),
n-ld Gl D I(Qi <7 ) ,y ~ ‘
G (70) X (7)—)(657%)[@[( )\Ol(lZiS’Yo)Jr/\gol(Qi>70) ) (L@ <), A1 {a <)+ 21 (g > 7))

= (B [e52° + ¢, @A) + cuA) (@7 — @0)] | E [e5PON] + cu®OAA] + o AA] (27 — @0)] +E [cuAIN] (1 — @7)]) = B(v)".
Next,

n-lte — notre T L@ <) &

Xore= < n= e N (g <) + A3 (g > )] €

2., . B[o'—¢7- % (07-0%)] ot
B[6°X] - 67T ~ NN (87— 89)] + B[\ (43 - A3) (1 - 27)]

In summary, by the CMT we have

T (7) = (X (7)) (07X (1) X (7)) (n ‘1+C“X( )'8) 5 2A(Y)M (v) " A(y),
Ton () =2 (n G (v9) X (7)) (0 ' X (1) X (7)) (WH&X (7)'€) 5 2¢,B(y) M
Tsn () = (07 G (7o) X (7)) (R X () X (7)) ' (n"'X (7) Go (v0) €) == B(7)'M ()" B(9).

|

Figure [4 shows S* (v) and its three components when ¢s = 1 and ¢, = 0,0.5,1,2. Since KST consider
only T3 and argmax, T3 (y) = 7o = 0, they claim 7 is consistentm This claim is correct only if ¢, = 0
(i.e., g is exogenous) where T} (v) = T2 (y) = 0, so S* (v) = T3 (7). Since argmax, T3 () = 7, as shown in
CH, argmax, S* (v) = v in that case. When ¢, = 0.5, neither T} nor T is zero, but since T5 dominates,

arg max, S* (y) is still 7y. But when ¢, = 1 or 2, i.e., there is strong endogeneity, 71 and T, are not

17 Although their T3 is different from our T3, it is still correct that arg max T3 () = 7, for their T.
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Figure 4: Components of plimS}; () When ¢; =1 and ¢, = 0,0.5,1,2

neglectable. As a result, argmax, S* () # . These results are consistent with the information in the
middle graph of the first row in Figure

Given the negative result above, a natural question is whether we can modify KST’s objective function
(pursuing their approach) to obtain a consistent estimator of y. The answer is — No. First, we strengthen

the key assumption in KST.
Assumption K': x =z, and v, L 1(¢ < )|z for any v € T.

Assumption K only requires v, L 1(g¢ < 7,)|z, so Assumption K’ strengthens Assumption K. Since ¢ =
7'z + vy, if v can take any value in R (rather than only in I'), then v, L 1(¢ < 7)|z is the same as
vy L 1(vy < a)|z for any a € R, which is equivalent to v, L v,|z. For any ~,

Elylz,g<q] = E[B] (Mz+v.)1(q <) + By (Mz 4+ v2) 1(g > ) + ulz,q < 7]
= B (I2) E(l(g < 7o)|z,q < 7] + E[Biv21(q < 7o)|2,q < 7]
+84 (I,2) E[1(q > 7o)|2,q <] + B [Bhva1(q > vo)lz, 0 < 7] +E [ulz,q < ]

By (I z) + E [Bivalz,q < 7] 1(g <), if v < 7o,

@(vfﬂ’z)f'@('yofﬂ"z) @('yfﬂ"z)fé('yofw/z)

= k- M(y—n'z)+< B (M2 S —2) +E [Byvzlz,70 < ¢ < 7] S—a)
& 'z P —n'z) .
18, (,2) ST LB (B2, < o) ST iy >
By (Iyz) , if v <~
= r-M(y—7'z)+ &(vo—7'z P(yv—7'2)—®(yo—7'z LY
51 (I, z) % + 4 (112) 20 @()ng)o Loty >

# B (Lz)+ kA (y—7'z),

as claimed in KST unless v < 7, where the conditional mean when v > ~, is a weighted average of



B (Ihz) + k- A1 (v — 7'z) and By (IT,z) + K - A1 (y — 7'z). Similarly, for any -,
P —7'z)—®(y—7'z .
IT),z) (Volfq)()vfﬂ(,z) ) + 85 (I2) =35y 7 <70

/ , 17@(7077T/Z)
1 ( T

l2 (Il2), if v > 7,
7.‘_/

Ely|z,q > 7] =l€-/\2(fy—7r’z)+{
# By (I,z) + k- Ao (v —

as claimed in KST unless v > 7,. Based on such an analysis, it seems that the correct objective function
should be

NE

r 2
= oo —7'z; ) —®(y—7"2; = 1-o —7'z; —~
|vi- B (H;Zi) (o 14(142) ) _ 35 (H;Zi) % — kA (y — Zéﬂ)} (g > )

.
Il

n ~ 2

+ [yi — B (H;Zi) —r- Ay — Z’ﬁ)} g <), if v < 7,
Sn (97 H) = nZ:-l 2
= oo 7'z, = O(y—7'2;)—D —7'z; ~

2 |vi =B (Hgﬂzi> 445(10_%@,1)) B (H;z") o @('z—%’(zt(; kG —Zéﬁ)} g <)
=1L

n ~ 2
+2 [y — By (H;Zz-) — kA2 (Y — Zﬁ)} 1(g; > ), if v > 70,

=1

where ﬁx and 7 are from the first-stage regression. However, the objective function depends on the true

value 7,, so this approach is infeasible.

Comparison of M-Estimators and Z-Estimators

Different from estimation based on a sum of squares, in estimation based on GMM (or a square of sums),
we can introduce unknown parameters to the implied moments from the conditional moments. From YLP,
we know the following identification results for v using moment conditions. First, if ¢ is exogenous (in the
sense of B [u|z, ¢] = 0) and independent of (z’,x’)’, then the identifying set based on E [zul(q < 7)] = 0 and
E[zul(q > 7)] = 0is T, i.e., the moment conditions do not have identification power at all. Second, if ¢ is
exogenous and not independent of (z’,x’)’, then the identifying set using B [zul(q < v)] = 0 is b, ’yo}, using
E[zul(g > v)] = 0is [yy, 7], and using both is v,. What is the lesson here? Even if the unknown parameter
v is introduced to the unconditional moment conditions which are implied by the conditional moment
conditions, the identifying set contains 7, i.e., the unconditional moment conditions will not contradict the
truth. These identification results contrast dramatically with those when using sum of squares to identify
7, e.g., the formulae of E[y|z,q < 7] and E[y|z, g > +] are implied by E[y|z, g], but the resulting estimator is
inconsistent (contradicting the truth).

To further understand why the KST estimator is not consistent whereas our CF estimators are, we go
back to the simple example above. It is not hard to show that the identifying set by the implied moment

conditions from ,

— 12 g) 1(y <6

El(y ) 1y < )]0, (38)
(y—20)1(y >0)

is (0, 00) which at least contains the true value 6y, and the moment conditions originated from ([L5))

—1/0

E (y_e“Llie“")l(ySl)]o. (39)

(y—1-0)1(y>1)

can point identify 6. Why is it that the identification result based on is not consistent with that based
on the resulting moments , whereas using and the resulting moment generates the same iden-



tification result? The key point is still that the conditioning set in depends on the unknown parameter.
Due to this fact, the first order condition (FOC) in minimizing S; (#) is not E [(y - 111266:11 9) 1(y < 9)} +
E[(y —20)1(y > 0)] = 0 because we need to take a derivative with respect to the fin 1 (y < 0) and 1 (y > 6);
if this were the case, ming Sp (#) should be (0, co) rather than 1.24. On the other hand, the FOCs in minimiz-
ing So1 (0) and S22 () are equivalent to ; this is why using and generates the same identification

result. Although ~y is a nonregular parameter so that the limit objective function of KST is not differentiable

at v, (see the limit objective functions in Figure , the calculation in this simple example with a regular
parameter 6 provides some intuition regarding why identification results based on sum of squares and square
of sums may not be the same when the conditioning set depends on the unknown parameter and would be
the same otherwise. Since the identifying set using square of sums or GMM will not contradict the truth,
this explains why KST fails but our two CF approaches work — their identification result may differ from
that based on GMM whereas ours will be consistent with GMM.

It seems that estimation based on square of sums is more robust because unknown parameters can
be introduced to the implied moment conditions. But robustness does not come without a cost. Given
identification, sum of squares may have higher efficiency than square of sums. For example, the CH estimator
when ¢ is exogenous and our CF-I and CF-II estimators when ¢ is endogenous are all n consistent. However,
as is well known, the estimator based on GMM is at most y/n consistent. In summary, using square of
sums (i.e., the Z-estimator) and sum of squares (i.e., the M-estimator) to identify v illustrates the classical
wisdom of trade-off between efficiency and robustness. Using square of sums is more robust but less efficient
(the moment conditions may not provide enough information to identify the truth and under identification,
can only provide a y/n-consistent estimator), whereas using sum of squares is less robust but more efficient
(under identification, it can, although not always, provide an n-consistent estimator).

SD.2 Asymptotics for CF-I 7 and GMM-12 B

In this Section, we will discuss asymptotics for CF-I ¥ and GMM-I12 B Because these two estimators are

parallel to our recommended estimators CF-IT 4 and GMM-I12 B, we collect them together in this section.

Consistency of CF-I1 ¥ When Endogeneity Takes Nonlinear Forms
First, the following assumptions are imposed.
Assumption C-I:

. {w; }_, are strictly stationary and ergodic; 8 € © with © being compact; (6’10,010)/ # (ﬂgo,ago)l.
E[vi|Fic1] =0, Evi|Fi—1,¢i] = E[vi|vgi] = 1 (vgi; 0) and E[u;| Fi—1, ¢;] = E [w;]vgi] = g2 (vgi; Ko)-
E[zz) > 0, E [||z,-u2} < oo and B [||vi||2] < .

B [llg1 (vass 00) ] < 00, B [g2 (vgss 0)° ] < 00 and B[ (ef)?] < oc.

For all v € T, f(y) < f < oo, f(7) is continuous at v, and f := f(y,) > 0, P(¢<7) > 0 and
P(q>7) >0, where f (-) is the density function of g.

oUW e

6. g1 (vg;) and g (vg; k) are Lipschitz functions in each of their arguments, i.e., there is a positive
constant C' < oo such that

IN

llg1 (Uql; ©) — 81 (%2; o)l C \Uql - Uq2| )
g1 (vg; p1) — 81 (Vi )|l < C1(vg) llpr — wall s

llg2 (vg1; k) — g2 (Uq2;"$)H < C‘“ql_vq2|7

A



g2 (vg; k1) — g2 (v k2)|| < C2(vg) [[K1 — kel

with E [01 (vq)Q] <Cand E [02 (vq)Q] <.

7. P (818 + B181 (vgi; 0) + 0192 (vgis K) # B108i + B1081 (Vi o) + 01092 (vgis ko) [¢) > 0 for any 0, #
.. / A
fs0 and any g value in its support, where 6, = (65,04, oK ) .

Obviously, C-1.1,3,5 are the same as C-11.1,3,5, and other assumptions are the counterparts of those in C-II.
Especially, C-1.4 is implied by E {||V2H2:| < oo and E [uf] < 00, so it has some overlap with C-1.3; C-II.6
guarantees that replacing vy; by vy will not affect the consistency of 7. C-II.7 is the key assumption for
identification of v when ¥y, is replaced by vy, e.g., it excludes the case where g1 (vg;; @) takes a linear form

in 9 and g (vgi; k) takes a linear form in x, and implicitly assumes 52315 (gigilg] 65 > 0.
Lemma 6 Under Assumption C-I, [ 0.

Proof. The proof follows the same lines of those of Lemma 1| First, we show that S, (8) and S, (8) have
the same probability limit, where S,, (8) is the same as S, (8) except replacing g; by g; and Ugi by vg;. Since

! (8.(8) - 5. (9))
= _—op! Z [yi — (B18i + B181,i.0 + 019266 + B1A8i/2 + B1ABLi0/2 + 010G2,i,4/2) 1 (¢ < 7)
=1

— (Bygi + B581,i.p + 02920k + B2A8i/2 + ByA81i /2 + 020G2,:./2) 1 (g > )]
[(B1AG: + B1ABL i + 010G2,i,0) 1 (g < ) + (BAE: + ByA81ie + 02A0G2,.) 1 (g5 > 7))

n
= —2n7! Z [yi — (B18i + B181,i.0 + 0192,i6) 1 (6 <) — (898 + Bo81i.0 + 0292:i.0) 1 (a5 > 7)]
i=1
[(B1AB: + 8128110 + 010G2,i.0) 1 (@i <) + (BoA8: + BoA81,i + 028G2,.x) 1 (g > )]

+n7 3T [(BLAG + B1ABLip + 018G2,00) 1(gi < 7) + (B5A8: + B5ABLip + 028G2,:x) 1(a: > 7)]” )
=1

where g1, = 81 (Vgi; ©), 92,ix = 92 (Vgi; k), and

~ / ~
Mg = gi—gi= (1) 2 < |0 - 11| all = 0 (1) 2]
1A8Licl = llgr @i ) = &1 (v @)l < C s = vial < C I =l lzal) = 0 (1) 2l
Afaiv = 92 (0yii k) = g2 (045 %) < C [ = vig| < C |7 =l sl = 0, (1) ]

with the first inequalities for Ag; ; , and Ags; .. from C-L6, the second inequalities for Agi ; , and Aga; .

from Vg; — vgi = (7 — 57\)/ z;, and the last equalities for all three terms from C-1.2-3, we need only show that

n
n v — (Bi8i + Bi8Li + 0192,0m) 1(a <) — (858 + B481ip + 0202.x) 1(ai > 7)| 2] = O, (1)
i=1

(40)
uniformly in @ and

w3 zdl? = 0, (1). (41)
=1

is straightforward by the ergodic theorem and C-1.3. As for , we apply Lemma 2.4 of Newey and
McFadden (1994). Its almost sure continuity condition is implied by the continuity of g1, in ¢ and ga; »



in k (C-1.6) and the distribution of ¢ (C-1.5). To check the summand is dominated by a function of w; with
finite first moment, we need only show E [y?] < oo, E {HngQ} < o0, B [Hglﬂ-,%Hﬂ < oo and E [gimo] < o0
by the Cauchy-Schwarz inequality and

Elgiol’] < C (B[l l®] +le - l?),

Bl3in] < C(Blgin) + Il rol?)

IN

for any ¢ and k (which is implied by C-1.6). E [||gz||2} < oo is implied by C-1.3, E {ng,%H?} < oo and

E [g%m[)] < oo are assumed in C-1.4, and E [yf] < o0 is implied by these two results and E [(e?)ﬂ < o0
(C-1.4).

Second, we prove the consistency of 0 by applying Theorem 2.1 of Newey and McFadden (1994). For this
purpose, we need only show that S, (@) converges uniformly in probability to S () which is continuous and
minimized uniquely at 6y. By Lemma 2.4 of Newey and McFadden (1994) and the analysis above, S, (8)
converges uniformly in probability to

= 2
S(0)=E {{yz - (ﬁllgi + ﬁﬁgl,w + 0192,1,5) 1(gi <) — (/B/ng’ + 5l2gl,i,<p + 0292,2‘,5) 1(q > ’Y)} } )
which is continuous in 8. From Section 2.2.2 of Newey and McFadden (1994), S (6) is minimized uniquely at
00 if g (w;; 0) = g (w;; Op) implies @ = O, where g (w;; 0) := (5/181‘ + 8181 (vgi; @) + 0192 (vyi; H)) 1(g; <v)—
(858 + B581 (vgi; @) + 0292 (vgi; £)) 1 (¢; > 7). The remaining analysis is exactly the same as in the proof

of Lemma [M so omitted. m

Asymptotics for CF-1 7

The notations such as Dy, VOi and ¢ in Section still apply with X;, k¢ and ey; adapted to CF-I, where

0
€

= e1;1(q; < o) + e21(q > 7o) with ey = B}vi + 0ou; — Kevg;. We impose the following assumptions
which strengthen Assumption C-I.

Assumption I:

1. Conditions 1, 3-8, and 10 hold as in Assumption II.
2. B[vi|Fi1] = 0, B [vi| Fie1, @i] = E[vi|vgi] = pvgi and B [w;]Fi-1, ] = E [uifvg] = kvg.

I; O
9. @Dge > 0,dVite > 0 and f > 0, where ¢ = d c.

/

o K
Because Assumption I is parallel to Assumption II, the comments on the latter can be applied to the former.
We only provide more explanations on 1.9 here. As in IL.9, the assumption ¢ Dgc > 0 in 1.9 excludes the
CTR in the augmented regression. When ¢, = 0, the CTR in the original regression implies the CTR in
the augmented regression. Suppose x = (1,¢)’, and then cg = (=7, 1) implies a CTR. Now, it is not hard
to see that ¢ = (—7,1,1) if ¢, = 0, s0 @Dge = (=74, 1, 1) E [(1, 7'z, v,)’ (L, 7'z, 09)| ¢ = 7o) (=70, 1, 1) =
E [(q — 70)2 lg = 70} = 0. When ¢, # 0, however, even if the original regression is a CTR, the augmented
regression need not be. If x = (1,¢)" and cg = (=g, 1), then € = (—v¢, 1,1+ ke ). As a result, ¢ Doc =
E [(q — Y + /{cavq)2 lg = 70} = K?c2I [v3|q = 7] is positive in general. Also, D > 0 implies that dim (z;) >
dim (x;) = d since E [g;g}|q: = vo] = E [2;2}|¢; = 7] I > 0 implies dim(z;) > d.

Theorem 3 Under Assumption I, a, (§ —,) has the same form asymptotic distribution as in Theorem
with new definitions of Dy, VOi and ¢.

10



Proof. The proof is exactly the same as that of Theorem [1| except that &; = —7}8y + Tyika+ €, and
€ = —Tf3, + T ko + €° stacks ¢;, where 7, = v — V| = 7/ (H - H) = (7,;,Tqi), and T =V =V = (r,,T,)

stacks 7. m

As in CF-II, extra randomness in the generated regressors would not affect the asymptotic distribution
~ I C . . . .
of 4. If §, = 0, then ¢ = 'f cg is simplified. It seems hard to determine the relative magnitude of its

particular coefficients ¢ and w compared to those of LS even under the simplifications in Section [3.3] First,

consider ¢ Doc vs. c3lB [x;x]|q; = o] c. Since

Ele o lg; — Elev.lg =
@Doc = (cs, s+ Cok) [ngZ/qu Yol [gzqu|qz ol / “
E [vgigilai = 7ol B [vZ]a = o] Chp + Cok

2
= Elgigila = 7ol s + 2B [8ivgilai = 7o) (e + cok) + (cho + cor)” B [v3ilas = 7]

where E [v2|q; = v = E (o — 7'z 2|y i =79 — mz;| > 0, the threshold effect information in the con-
qi 0 0 q 0

ditional mean dg (or cg = n%dg) is re-explored in 0, in the sense that n%d, = cjzp + ¢,k involves

cg. On the other hand, the variation of g; is smaller than that of x;, i.e., c’ﬁE (8ig}|qi = 7o) cs tends to

be smaller than c¢jE [x;x;|¢; = 7] cs. So we lose some information in the first term c;E [gig}|g; = 7o) cs

2
and gain some information from the third term (cbgp + cwe) E [v§i|qi = 70] compared with least squares,
and the overall effect is not clear. Here, note that although E [g;v,] = E[E [g;vg]2;]] = 0, the second
term QCQBE [8ivqildi = Vo) (c%cp + cgn> = QC'BH/E (B (2ivgi|vgi = vo — 7' 24, 2i] |Vgi = Yo — 7'2) (c’ﬁap + Ca-li) =

2¢5I1'E [z; (o — 7'24) |vgi = 7o — 7'2i] (c;gcp + C,_-,—Ii) is generally nonzero unless q is exogenous; actually, when

q is exogenous, ¢ = 0 and kK = 0, so both the second and third terms disappear. Second, consider
ep = BZVi + opu; — Kevg; vs. oeu. Although the variance of oyu — oykv, is smaller than that of o,u,
o . . Ele3, 2
it is hard to compare the variances of ey; and oiu; and the ratios E{Z?} and %

1i 1

Likelihood Ratio Tests

The LR statistic still takes the form

Lh, ()= 5200 =52 (3)

2
where 7 is a consistent estimator of n? = @V, ¢/¢ Doé.

Corollary 2 Under the assumptions in Theorem@ LR, (vy) has the same form asymptotic distribution as
in Theorem |1| with the new definition of ¢ =€V, ¢/ Vy e.

Proof. The proof is exactly the same as that of Corollary ]
If the model is homoskedastic, then ¢ = 1 and ﬁz in LR, () can be replaced by an estimate of E [6?2}, such

as Sy, (7) /n as in CH. However, the model is generally heteroskedastic. For example,

_ o v 2
Vo =B (%% (8] (Vi—ovg) + 01 (wi — kvgi))~ |ai = 70— »
o 2
Vol =B |%:%] (85 (vi—pvgi) + 02 (us — Kvgi)) ™ |as = Yo+ | -

Even if E [ili; [vi—pvgll® |a; = 7} and B [)“(l)“(; (ui — Kvgi)? |gi = 7} are continuous at -y,, we have V;~ # V"

if 8, # B, and/or o1 # os.

11



For inference based on LR, (7y), we need to estimate > and ¢. The estimation method is exactly the same
as in CF-II except with new definitions of 71;, r9; and r3;. The nuisance parameter ¢ is not easy to simplify un-
less B [%;%(et;|q; = v0—] = E[%iX{|qi = 7] E [e};] and B [%;%[e3;]q; = vo+] = B[%:iX{|g: = 7] E [e3;], which
would hold under the homoskedasticity assumption Var ((v/, u)'| z,q) = Var (v/,u) |v,) =E [Var (v/,u) |v,)]
because

BxXiehla] = BB [xXehlz, ] la] =B [%% (5 00) Var ((vh,w) [vg) (8,00) lai]
= E[®X|q] (B 00) B [Vm‘ ((Vévui)/ |qu‘)} (81,00)" = B [%:%|q:] B [e7,] -

In this case, ¢ = E [e%i] /E [6%1] can be estimated by a = 83/3% if the homoskedasticity assumptions
E [eﬁqi} =E [e%i] when ¢; <y, and E [e%i|qi] =E [e%i] when ¢; > 7, hold, where 3? = |Ig|_1 ZiEIe ez

-

s
~=
a consistent estimator of E [(62 (Vi—pvg) + o (u; — “qu))ﬂ’ €1; = y; — X;3; is defined only for i € Z; :=

{ilg: <7}, and ey; = y; — ;“E;BQ is defined only for ¢ € Zy := {i|g; > 7} with some consistent estimators of
By in Section {4} If E [%;X}e?;]q; = vo—] = B [%:X]|q; = 7o) E [e%;], then n* = E [e%,] can be estimated by CH
under the homoskedasticity assumption E [eﬂqi} =E [em when ¢; < 7,. Given the estimates of 7% and ¢,
the LR-CI of v takes the same form as in Section [3.4]

Asymptotics for GMM-12 B

The following theorem states the asymptotic distribution of GMM-I12 B

Theorem 4 Under Assumption I,

~

n'/? (B, —B,) <5 N (0,%0),

where

Yo = (GyWeGy) ™ (GOWeQuW,Gy) (GW,Gy) ™.

Insy, G =F [zx’ } Gy=F [zii;m} and G,W,Gy > 0,

i#S’YO

Q=0+ 0% + Q5 + 5,

with
ol = E :ziz;é%ei} >0,02=E [zﬁ;megi] >0,
Q% = E :iizgaﬁﬂ’o: E [Zizg]_l E [ZiZ; (R’lvivgﬁl)] E [Zizﬂ_l E |:Zii;7§70:| 5
Q0 = E [iizli,>%} E[z:2)] " E[z:2, (RyviviF2)] B [z:2]] ' E [ziig’ym} ,
Q%l = E :iizg,gvo: E [zizg]A E [Ziigﬁgyoﬁllvieli} ,Q%Q = Q%ll,
0B, = Blaz., | Blal] B ar . mvies] 9% = 031,

and Ry = (—621.,/4:@ — ﬁéq)/' When Wy, = Q;l, Y reduces to (G%Q;ng)il. The asymptotic covariance

matriz between nt/? (51 — Bl) and n'/? (52 - 32) is
CGMM = (G&WlGl)il G,1W1912W2G2 (GIQWQGQ)il )

12



with Q10 = B Z—z’ié%} E[2:2)) "' B [2:2, (R)viviRo)| B [z:2]) ' B [ziig7>%] .

is independent of ((¢) in Theorem @

The N (0,%,) limit distribution

Proof. In the proof of Theorem [2| we need only replace Tk, by —T8; +Tyr1 = ?( Bl; ) =: TRy,
K1 — 1q

so we just replace x; in GMM-II2 by %; in GMM-I2. The two influence functions z;vj%; and Z; <, e1; are
correlated, so we also have two cross terms in the asymptotic variance matrix. Specifically, the cross terms
are

o -1 I— o/
E {zizié%} E[z;z;] E [zivimeuzié%]

and its transpose.

The covariance matrix in GMM-I2 just replaces k¢ in GMM-II2 by &y.

The asymptotic independence between N (0,%,) and ((¢) follows from Proposition 3| m R
Compared with GMM-II12, GMM-I2 has some extra terms in ¥, i.e., Qf, and Qf,. Take B; as an

example, where the extra terms arise because the two random components in the influence functions z;v,%;

and iiévo e1; are correlated in CF-I. To see why, note that in general

E[vieiilzi, a:] = B [vi (8] (Vi—pvgi) + 01 (wi — 5vg:)) |24, ¢
=E [(Vi*Sm’qi) (Vi*Sm)qi), |Uq] By + o1 B [(vi—pvgi) (ui — Kvg;) [vg]
= Var (vlvg) B + 01Cov (v, ulvg) # 0,

so that

E [zizf

17§70V;E161i:| = E |:E [Ziil V%Eleu Z;, qL:H = ]El [Ziig,gfmﬁl [VCLT (V|Uq) 61 + 0'100’[) (V,’U,|Uq)] 7& 0.

1,<7p

Even in CH’s framework, Q1, # 0 and Q3, # 0. Specifically, Z; = z;, k1 = 0, v,; = 0, and ey; = i v+ou =
v, 81, + 01u, so that

9%1 = E [Zi,évozﬂ E [ZiZ;rl E [zizg,gyo (—viB1a) elz}

—E [Zi;S’YoZ;] E [ziz;]_l E [Zizg,gwo (Uluvlwiﬁla: + ﬁllmvliv:/viﬁlw)} 7& O’

and similarly Q1, # 0.
The comments in the main text on the estimation of ¥, and CI construction of 8 in GMM-II2 can also
be applied to GMM-I2.

SD.3 CF and GMM-1 Estimators for [

In this section, we provide detailed discussions on the CF and GMM-1 estimators of 3. Before discussing the
GMM-1 estimators we first show that the moment conditions in CH and KST will not generate consistent

estimates of § in general when ¢ is endogenous.

CF Estimators

/!
The following theorem gives the asymptotic properties of (ﬁl, B2> . Different from 7, the extra randomness

., !/
in the generated regressors now affects the asymptotic efficiency of (/6’/1, ,6;) .

13



Theorem 5 Under Assumption I for CF-I and Assumption II for CF-II,
= = d
n1/2 (ﬁé - ﬂé) — N(Oa Ef) )
where Xy = M, QuM; ™ with My = My and My = M — My. In CF-I,

Q =V, + Qf, + Q% + 95,

with
Vi = E[xXel;1(q <vo)] >0,Ve =E [%;%e3;1(q; > 70)] > 0,
Q = E :i‘cizié%: E [Zizg]_lE [z;z; (R vivik1)|E[z;z,]  E {zi)”(;é%} ,
Q0 = E [iiz;’>%} E[2z:2)] " E[z:2, (RyviviF)| B[22 ' E {zﬁc;’ym} ,
QL = E :iizié,m: E[z:iz]] 'E [ziigévoﬁlvieh} O, = Qb
03, = B[, |Blas] B lax ., movies] 0% = 03

and By := (— By, ke — ﬁeq)/, and in CF-II,
Qp =V, + 98,

with QY taking the same form as in CF-I but replacing Ky by g R
In CF-I, the asymptotic covariance matriz between n'/> (Bl — B1> and n'/? (BQ — BQ> 18

Cop = M 'QuaMy !

with Q12 = E {iiz;évo} E[z:z)] ' Bz:z, (7| viv/Ey)| B [zz]] ' E {zii;7>%} , and in CF-II, again simply re-

place Ry by k¢ in the above formula.

Proof of Theorem Take 3, as an example since 3, can be similarly analyzed. Note that in CF-II,
= _ ~ o~ \ 1 A o o ~ —
W2 (B -By) = w2 (Ri%0) R) (KB4 Koo - RiF, + o)

oo\ ' 1 o /(e o\=
_ (X;X1> X{((Xl—Xl)Bl—XbEn’“JreO)
n

vn
1o, ' 1 o y
(nX{X1> X (?m — Xyen~o + eo)

where X; and X, are matrices stacking X/1(¢; <7) and %, (1 (¢; <7) — 1 (¢; < 7)), respectively. By Lemma
the continuity of 1\41 and consistency of 7, L XX, 2, My. We now study the asymptotic distribution of
ﬁX{i‘\m, NG S xixiel (v < ¢ <7) and ﬁX{eO.

First,
I 5. I s, T 1 s, 1eN—L 1 1, 1, - 1,
%Xlrﬁll = %XlZ (H — H) K1 = ﬁX1Z(Z Z) Z VK'/l = EX1Z EZ A %Z ‘//‘617

14



1y P g ’
where 1 X{Z — E [X;,<,2}]

127 2 Blagl), and £2Vi — N (0,8 [2,2] (visy)’] ) with the

influence function z;vjx1. Second, by Lemma A.10 of Hansen (2000), uniformly on v € [—7, ],

n

n2 N %X (g < v+ v/an) = 1(a < 7o) = Op(1),
1=1

and

n

n R /
n2N R (g5 < o +v/an) — 1(gi < 7o) (H - H) n2 Y X1 (g < o+ v/an) = 1(g <o)
=1 =1

= 0, (n7?) 0,(1) = 0, (n72).

~

Since ap, (¥ —7¢) = Op(1), we have

Third, by Lemma [2]

1 5 .
—Xje' — —=X;e% = 0,(1).

N

By Lemma A.4 of Hansen (2000),

1 - d
0 ) 2
ﬁXle I N (O,E I:Xixi7§70€1i:|) y
with the influence function X; <, e1;. Because the two influence functions z;vik; and X; <~,€1; are not
correlated, the asymptotic variance of n'/2 (Bl — Bl) is 1.

In CF-I, we need only replace Tk1 by —T8; +Tgk1 = ?( _515 ) =: TR1, SO we just replace k1 in
K]l - 1q

CF-II by ®; in CF-I. The two influence functions z;v}%; and ii,ﬁ’yoe(l)i are correlated, so we also have two

cross terms in the asymptotic variance matrix. Specifically, the cross terms are
E [5& ZI} E [z-z/]_1 E |z;viRie1%,
1,<Yo 4 144 ViR1E1ERG <y | s

and its transpose.
To study the asymptotic covariance matrix between El and Ez in CF-1II, note that the influence function
for El is
Ml_1 (E [iiéﬂmz,’i] E [Ziz;]_l Z;Vik1 + )‘J(Z-é%eu) ,
and for 52 is
Mt (E [)”(i7>70z;»] E [Zizg]_l Z;Viko + ii7>-\/0621‘> .

Note that the second parts of the two influence functions are not correlated, so we need only consider the

correlation between the first parts. Specifically, the covariance matrix is

M{'B [%,y,2]) B [221] " Bz (viry) (Vi) | B l2i2)) ' B 2% 5.

}M;l.
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The covariance matrix in CF-I just replaces k¢ by Ky. =

Because GMM-2 is an extension of CF, most of the comments on the GMM-2 estimators remain relevant
here. For example, the randomness of the generated regressors will not disappear in the asymptotic distri-
butions of 3,, the matrices Q5 and Cop can be simplified when the first-stage regression is homoskedastic,
the GMM-I1 estimator has two more cross terms than the GMM-II1 estimator in the asymptotic variance
matrices, the estimates Bl and 52 are not asymptotically independent, the estimator E is asymptotically
independent of our CF estimators 7, and so 7 does not affect the asymptotic distribution of é Estimation
of ¥y is needed for inference and a plug in procedure may be used for this purpose but for brevity is not
pursued here.

Overviewing the asymptotic properties of 0 in the two CF approaches, it seems that CF-II is the more
convenient and appealing from many perspectives. In particular, it is more robust to discreteness in z, it has
a firmer theoretical foundation, the ~ estimator should be more efficient than the LS estimator, the nuisance
parameters ¢ and n? in the LR statistic can be simplified under weaker homoskedasticity assumptions, and
the asymptotic variance matrix of E is easier to estimate.

Finally, we detail the asymptotic variances of CF-I and CF-II under DGP2 in our simulations of Section
5.3. Because ¢ plays the role of 3, we only report €2; here. In both CF-I and CF-II, the matrix Vi can be
simplified as

Vi = E[%%1(g; < 7)) E [e%i]

where X; = (1, z;, vqi)/ and ey; = (0 + 1,) €z + €y in CF-T and X; = (z;, v, qu)/ and ey; = ey, in CF-II. In
CF-1, Q) can be simplified as

O = (=6, m) E[vivi] (6, m) B [%: 5,2 B leesl]) " B [ o, |
and in CF-II, 2} can be simplified as
2 . - <
Q% =F {(1/)'vz) } E [Xié%z;] E [z;z]] 'm |:ZiX;7S70:| .
Also, in CF-I, the cross term
Q%l = K [)”(@S%Zﬂ E [ziz;]_l E [Ziigvg’)’o (—(5, Hl) vieh}
= B [%i <y, 2] B[22 B [2i <, (0,2, 05) (51 — 0) vgi — dexi) (6 + 1, €0 + €ui)]

—5(5+1,) B [e2] B [% <, 2] Blziz)] ' B {zii;é%} £0.

In GMM-2, G, = & [ziigé%}, where %; = (2}, ¢;)’ in GMM-I2 and %; = (2}, z;, ¢;)" in GMM-II2. For !, Q1

and Q}, in GMM-I2 and Qf and Q3 in GMM-I12, just replace the %X; in Vi, Q) and Q1; of CF-1 and V; and
Q2 of CF-II by the corresponding %;. Due to extra effects from the generated regressors, the 2SLS estimator
is not efficient — it is actually the same as the CF estimator. The optimal W is Qfl and the resulting ¥, is

(GﬁQflGl)_l. In simulations, we use the optimal W.

Inconsistency of CH and KST Estimators of § when ¢ is Endogenous
To discuss these two methods, we first assume that there is no threshold effect in the conditional variance.
Assumption H: §, = 0.

As mentioned in the Introduction, this simplification produces the setup in CH and KST, and we absorb o4
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in v under Assumption H. Section 3.3 of CH estimates § based on the moment conditions
E[z;ui1(q; < 7g)] = 0 and E [z;u;1(¢; > vo)] = 0;

this method is labeled CH’s GMM. When ¢ is exogenous, E[u;|z;] = 0 implies these moment conditions.
However, when ¢ is endogenous, say in the setup of CF-I,

B [zuil(gi < 70)] = B [2i (kvgi) 1(m'zi + vgi < 70)] # 05

similarly in the setup of CF-II and for the moments E [z;u;1(g; > 7)]. So the estimator of 8 based on these
moment conditions is not consistent even if the estimator of v were consistent.

In the KST setup where x = z and v, L 1(¢ < 7¢)|Fi—1, if their 7 estimator were consistent, then their
estimator of 5 would be consistent. This is because their estimator uses the moment conditions

B (Zel;1(q; < 79)] = 0 and E [Z;e5,1(q; > )] = 0,

where
Z; = (Z;, A1 (’YO - W/Z) ’>‘2 (70 - W/z))la
and
el = Yi—B1Gwi — kM (vg—7'z),
ey = Yi— ﬁlzgm' — K- A (79 — W/Zi) .

This works because E [e};]2:, ¢; < 7] = 0 and E [e3;]2;, ¢ > 7] = 0 as shown in KST, so any function of z;,
say, h (z;), in each regime can serve as instruments. Using A1 (7, — 7'2;) and A2 (yo — 7'2;) as instruments is
natural because they appear as the control functions in the STR estimator. Of course, if 7 is not consistent
as shown in Section 2, then these moment conditions need not hold when =, is replaced by plim,,_,~.7 and
the resulting estimator of 8 need not be consistent. If we use our CF estimators 7, and estimate 3 based on
Eh(z;)ei;1(q: <o) =0 and E[h (z;) e5;1(¢; > vo)] = 0, then we require some critical assumptions. First,
dim(h (z;)) > d + 1. Second, ¢ ¢ x. This assumption can be relaxed; see the discussion around equation
(7). Third, vy ~ N (0,1). This assumption is quite strong; see footnote 1. Fourth, v, L 1(g < 7¢)|Fi1.
This assumption is too strong to hold in practice unless x is exogenous and such that v, = 0. In summary,

estimation of § based on these moment conditions seems unattractive.

GMM-1 Estimators

We first state and prove the asymptotic properties of the GMM-1 estimators of 5.

Theorem 6 Under Assumption I (for CF-175) or Assumption II (for CF-II7), and Assumption H,
'/ (B-8) 5 N (0,%),

where ¥ = (G'WG) ™ (G'WOWG) (G'WG) ™ with G = (E [z,;x;g%] E [zix;’ym]), O =B [zizu?], and
G'WG > 0. When W = Q~1, & reduces to (G/Q*IG)A,
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Proof of Theorem [6l Note that

n'/? (B - /3) = Kixz> W, (:LZXH h K;XZ> W,L%Z’ (u+ (Xo = X5)6n)|

where X, stacks x,’ié,y, and Xg = X,,. By Lemma 1 of Hansen (1996), the consistency of 7 and the
continuity of G, = (E [zix’iév] JE [zix;y{]) in 7, we can show 17’'X* -, G. Next, by Lemma A.10 of
Hansen (2000), uniformly on v € [-7, 7],

n

n=2 Y 21 (g < v +v/an) — 1(gi < vp) = Op(1).
=1

Since ay, (¥ —7¢) = Op(1), we have

1 1 = =~ —a - a —a
Jrl Xom X5 = 2 ;Zixg (1(g: <79) = 1@ <7))en™™ =n~ 120, (n**)n
= Op(ar_zl/Q) = op(1).

Since ﬁZ’ u-% N (0, ), by Slutsky’s theorem the result in the theorem follows. m

This result follows from standard GMM asymptotics. It is easy to obtain the asymptotic variance of Bl,
B, and 3, as (I3,0)%(I4, 0, (0,1,)%(0, 1) and (Ig, —I4)S(I4, —I4) for these three estimates, respectively.
Different from CH’s GMM where 3, (82) uses only information in the data with ¢; <% (¢; > 7), the GMM-1
estimates ; and [, use information in all data points. As a result, 8, and (5 are not asymptotically
independent; this is similar to the CF estimators of 5. Estimation of the asymptotic variance matrix by its
sample analog is a standard econometric exercise and is omitted here.

We next discuss why the GMM-1 estimates are hard to extend to the §, # 0 case. In this case, E [z;u;] = 0

can be written as , .
E [Zi (‘%_x’ﬂll(qi <) + ml(% > 70))] =0.
g1 g2

Obviously, o1 and o2 cannot be identified separately. Instead, define p, = 01/02 and then

Elz (Y= xiB1,, N _ _
[Zz< o g <v0) + (i — x;52) 1gs >’70)>} =0.
The moment conditions are nonlinear in g,. We can first estimate g, and then estimate 3, or estimate g, and
B jointly. In CF-I, it seems hard to estimate g,. The square root of 1/@ = 3:{/83 in Section estimates
the ratio E [e?] /E [e3] = E {(ﬁ'lv +o1u— Hlvq>2} /E [(ﬂ;v + oou — [Q2Uq)2i| which is generally different
from 0%/0%@ In CF-II, g, can be estimated by the ratio of any component of K1 and the corresponding
component of Ko given that k1 = 17 and kg = agwE Given 9,, the moment conditions are linear in g
SO B can be easily solved out. However, the randomness in g, will affect the asymptotic variance of B in a
complicated way. In joint estimation of g, and 3, we can concentrate on g, and then grid search over g,
but estimation requires 2d 4+ 1 instruments. In sum, GMM estimation of 8 when J, # 0 involves several

complications and seems messy for practical work.

I81f p = 0 and » # 0, then w1 /K2 = 01/02, but this case is very special.
199 can also be estimated by the square root of 57/53 in Section because 53 /52 estimates the ratio E [e2] /E [€3] =

E|o% (u~— W'v)?| JE [cr% (u — w/v)2] = 0%/0% under the homoskedasticity assumption E [e}|q] = E [e?] when ¢ < 74 and
E [e%|q} =F [eg] when ¢ > 7.
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Finally, we detail the asymptotic variances of GMM-1 under DGP2 in our simulations of Section 5.3.

Now, the 2SLS estimator is efficient, and the asymptotic variance can be simplified as

1

E [u*] (G'WG)~

with B [u?] = (Y0 +v,)  + 92 +1, G = B [z, <, | and W = E[z;7)] .

SD.4 Simplified Asymptotic Theory

We first decompose X; into (X};, ’V(lm)’ where the coefficients of X3; remain the same across the two regimes
while the coefficients of X1; change. Correspondingly, write XL, B, and € as (xh, Xo; 641, B ) and (¢},0'),
and denote Do = B [X1,%X;|¢: = 7o), Vig = E [xlixlieu\qi = ’y—], V10 =E [x1¢x1i62i|qi = ’yo—|—]. Then in
¢ Vige1

R
(E'D1061)2f and ¢, = ¢, Vy(¢1 /) Viger,
1

Theorem (1| and Corollary we need only replace w and ¢ by w; =
respectively

For Be estimators, because part of Bl and 32 are the same, we can employ such information to improve
the efficiency of 3, estimators. Consider GMM-2 estimators first because the GMM-II2 estimator is the most

efficient and will be used in practice. Now, the moment conditions are

E

NC  N¢

i (yi - >:<:1i§11 - %%z?c) (g <) —0 (42)
i (yz — X181 — X2i/Bc) 1(gi > o)

and we estimate 3 := (B;I7B;I7Bc> jointly by minimizing

— —\/ — )
nmny (ﬁ) ann (ﬂ) )
to have
=~ ~ ~\ — <7
5= (G’Wn(}) G'W,~ Z £yil(e <7) )
Z;yil(qi >7)
PN -~/ =7 - T
~ 7%, 1(q; <7 0 7% 1(q; <7 Zy (X1,0, X5
where W,, 25 W >0,G = 13" | 2i%,;1(0; <7) 1 Zi%9i (qu) - SN
0 Z; )\2 1(q1 > ’}/) Z; )\22 1(Qz > ’)/) Zé 0, X1, Xo

-~ ~/
with X, stacking %X,,, and

~/ — ~ —
i Zi (yi — X101 — Xo0;8. ) W@ <7)
~/ — ~ — e
o1\ Zi(yi —X;Bo1 — Xo,8. ) Lai > 7)
For identification, we need only 2dim (Z;) > 2dim (X1;) + dim (X;) rather than dim (Z;) > dim(%;) (or
equivalently, dim (z;) > dim (x;)).
First consider GMM-II2. Note that ¢, is either zero or not, so X1; will either include the whole v; or not
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at all. First suppose X;; include v;. Then by the analysis in the proof of Theorem
n/2 (5 -B)
~ Z{ (X2B, + X1 By + Xioein™® — X1 8y, — XoB, +€°
:(G’WnG) Gw, = DN T
Zy ( XaB. + X181 — Xioean™* — X189 — Xof, + €°

L IPN Z Xz*)@ BCJr X1*)A(1 B +ef

(G’W G) Gw,= [ b Ty ! +0p(1)

Zh | Xo— Xo) B+ (X1 — X1 ) By +€°
2’ rnl + e )
G'WG)~ P + 0,(1) + 0,(1
( ( Zé i'\li2+e) > Op( ) Op( )
, , Q9 , 1
[GWG] LGWw x N ( 0 ):(GWG) G'W x N (0,9),
21
. . E 7%}, 0 E [7:%),
where X, stacks X);, Xio stacks X;1(¢; < 7g), G = [ ! <7°} 26570 ,
0 E{zing} E 2% ...

X, — )?2 =0, Q1, Q2 and Q5 are defined in GMM-II2 of Theorem [2, and Q51 = Q},. Second, suppose Xy,

does not include v; (i.e., 01 = 03 = ). Now,
nl/2 (E _ B)
~ ~1—1 Z\/ XQ*)?Q Bc+ lejfl B +e0
= [G/WRG:I G/ n\/7 Al o ~ — . ~ 711
Zy |( X2 = Xa) B+ (X1 — X1 ) By +€°

— [G/WG] G/ f ( Zl (f/ﬁ‘i’ez) ) +Op(1)

+ op(1)

= (G'WG) ' G'W x N (0,9),
Q0 ( ) (0,9)

L GWGE T GW x N (o,
where X; — )A(l =0, and k = gv is the common k; and k9, so in 1,y and 15, replace both x; and ks by
x and note that e;; = eog;. In practice, we can set W, :diag(éié\l, 252}) to get an initial estimator of g,
and then set W, as a consistent estimator of Q~! to obtain the optimal estimator.

In GMM-I2, the analysis is similar. X;; will either include v, or not. In the former case, suppose X}, =
(ziI11,vy) and X5, = z/II,, the error terms corresponding to z/II; and z;II, in the first stage are vy; and vy,
and correspondingly, T is decomposed as (¥}, 75)". We need only replace Try by —T28, — 16, +Tyke =: TRy.
With this new definition of %y, the asymptotic distribution takes the same form as in GMM-I12 with Q1, Q5
and ;5 defined in GMM-I2 of Theoreml In the latter case, suppose X}; = z,II; and X, = (z;1I3,v,). Then
we need only replace Try by (—T2,T,) 8. — T13,, =: Tke, where the last component of 3, is x - the common
k1 and Kko. With this new definition of %y, the remaining specification of the asymptotic distribution is the
same as in the former case.

The analyses for CF-I and CF-II estimators are parallel to those for GMM-12 and GMM-II2 estimators.
Since

~

=~ ~ ~\ —1 <
= (X’X) X'y,

-~ ~ ~ -~ ~ ~/ =~ ~/
where X = (Xl,ga,X1’>g,X2> with X <5 stacking X,,1(¢; < 7) and X, -5 stacking X;;1(¢; > 7), the
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moment conditions corresponding to (42]) are

XlivS’Yo
o 9%} a 9% a v 7 o
E X1i,>~, (yz - Xli,gyoﬁn - X1¢,>w0521 - X27:5c) =0,

or equivalently,
X1 (yi — i/liéll - ’v(/méc) g <)
B Xy (y — X181 — )\E/Qiﬁc) (g > o) =0,

~ %%} o) “!
X2i (Z‘/z X!, <’y0/811 X1i,>70521 — X958,

which is weaker than
Now,

Xi = XQBC + X8y + Xrooin ™ - XLS%BM - )A(L>$BQ1 - )A(zﬁc +ée
— (2%%) 7 | R, (RF o+ X0Fy - Xugen - RycsBy - KiogBy - KB+ o
X} (Xch + X1By; + X1otin ™ — X1By; — X1,<51n~® — Xof, + €
o (X2 = X2) B+ (X1 — X1) By + e
. X = Xp) Bot (X1 = K1) Bon + € + 0p(1),
%5 (% - %) Bt (X0 = X1) By + )

!/
A7 “/ “/ ~/ v/ </
where M = E [(xué%,x“»%,xzi) (Xliévo X 5y X ﬂ and in the third term,

1 s % [e%
ﬁXé (X10 - X1’<§) c1in
1 v/ @ 1 ! —«
= —nXQ (X10 X1’<,y) c1n + 7)(2 (X1 <y — X1 <’Y) cin
I o /o o ~ o
= op(1)+ 7 ZXzi (X/u - Xu) (g <7)en

which will not disappear in the fixed-threshold-effect framework of Chan (1993). Note also that by re-
expressing X, + X184, + X1061n~* — X1 By, —)?quﬁm_“ —XoB, as XoB,+ X181 — X10e1n™* — X158y, +
Xlé.ycln o — Xgﬁc, the components (Xl — )?1) 321 in the third term can be replaced by (Xl — )?1) Bll;
this will not affect the asymptotic distribution because 3;; — B9y = ¢1n~® = 0(1). In other words, in the
statements of all theorems in Section 4, k1 and ko (or &1 and R») can be exchanged with each other.

First consider CF-II. If Xy; include v;, then

-1 1 )A( 1.<5 (Th1 +€%)
w2 (F-B) =W | Kios Bt e) | o)
é (I‘Iig +e )
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) <, 0 Qg )
LM N[0, 0 Qs Qe | =M N(0,9),

Do1,<yy  D21,54, Qo

where Ql,éwo and Ql,>vo are the same as 2; and 5 in CF-II of Theorem |§| but replacing X; by X1,

% = B[Xeky (<))’ }—HE}[)“( B [z,2]) " Blziz, (khvivine)] B [z,2]) " Blzixb;],
Qacyy = B [Rii<y,Xpied] + B[R0 <y, 2] Blziz)] ' Blziz) (v vivie)| B [z,z)] T Elz;%,],
o - —1 —1 -
Qosqyy = B [Xuisq,Xbies;] + B [X1i 50,2 Blziz)] B2z (k5viviko)] E(zz]] B[z;%5]

— O ey, < . : )
and 221, <+, = Qm,g%, Q21,5+, = ng7>%. If X1; does not include v;, then

R ) Xi <5 (rn + eo)
nl/2 (B —B) - M‘lﬁ X g Frte®) | +op(1),
X} (tr + €°)

so we need only replace k1 and ko everywhere in € by k and note that e? = e1; = €9;.

In CF-I, the analysis can combine those of GMM-I2 and CF-II. Specifically, the asymptotic distribution
takes the same form as in CF-II with only €2 redefined: €, <, and €, -,  take the same form as €2; and {2
in CF-I of Theorem [5] but replacing X; by Xi;,

r /
o o/ n=1_r. — < 0 o n=1_r. — v 0
Q = E (E [X2:2; E [z;2;] ~ z;v;F2 + XQiCi) (E [X2:2; E [z;2;] ~ z;Vv;R2 + Xgiei) ] ,
I /
- / =1 5 — v - / n—=1 . — - 0
Qio<y, = E (E {xuzié%} E[z;z)] "z, viF1 + xué%eh-) (E [X2,2;) B [z;2;] " z;v;F2 + xziei) } ,
B /
o / =1 4, _ o - / =1, _ - 0
M2>y, = E (E [Xlizi,>’vo} Blziz;] ~ zjviFo + Xlz‘,>v0€2i> (E (X2i2zi| B [z:2;] ~ ziviFa + X2iei) } :

Do1,<q, = Q’ué%, Qo1 54, = Q’12,>%, where %, is understood as the &, in GMM-I2. Note that the cross
terms in 5 <, Q1,5+, Q2, Q12 <, and Q12 - will not disappear.
We next check GMM-1. Now, we decompose x; (rather than %;) as (x};, x5;)’, and the moment conditions
are
E [Zi (?Ji - X/u,g%Bu - X/1i,>w0321 - Xéiﬁc)} =0,
SO
B=[(X"2) W (Z' X)) (X 2) W, (2'Y)],

where X* stacks (x’12 <52 X >§,x’2i>, and Z stacks z}. In the statement of the asymptotic distribution of B

in Theorem|§|, we need only redefine G = (E [zix’ué%} B [zix’li7>%} B [zixgi]).
Finally, we specify the formulae above to the simulations in Section 5.3; only CF-II and GMM-II2 can
be simplified where k1 = k3 = 1. In CF-II,

where
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with

<|
I

B [ (@120 v1) (@290, ¥1)]

Qa - E Tj <~y Cui + [xié%z;] E [z;Z, ]71 Z; Vi Tj <~y Cui + B [:E,Lvé%z;] E [zl ]7 Z; Vi
viey + E[v;z} E [z;2 ]7 z; Vi vieyi + B [v;z}] E[z;2;]” ziviw

) . !
= E [eii] E l( $z570 > ("L’i:§707v7/;) E [(¢’vi)2] E ( ml’vg;jzl )1 E [ZiZ;]_l E [(zixi,gwo,zivg)]
= Ql + QQ.
In GMM-II2,

nu2<3;i ) N 0D),

where ¥ — (G'WG) ™ (G'WQWE) (G'WE) ™ with G — | | 2% 4Yi

0 Z;vh

<
©=%0 ],and

%,>%0

!
0 = E 22} zvit) ) ( %i <o Cui + B (%, <, 20 B [2:2]] " 2:vie) ) ]

-1 o o -1
[z,2}]" z;viY Zi >y, eui + B [zi7>%z;] E[z;z)] " ziviy

E {(1//%—)2} E l( z =70 z% )1 E[z;z]] ' E [(z Zi <oy il sy )]

V) ~ !
Zi,<vyeui + B |2, <, 2]
v ~ /
Zi sy Cui + B [Zi 5, 20

0

E[e] E 4% <,
“ 0 Z,Z) >0

ZQl +QQ

Note that, different from CF-II, 2y # G, where G is not even square. In GMM-II2, the 2SLS estimator is

still the same as the CF-II estimator, and we instead use the optimal W = Q1.

SD.5 Further Simulation Results

Performance of the IDKE

In this subsection, we report the risk of the IDKE of v in YP under DGP1 and DGP2 where no instruments

are used. We do not report these simulation results in the main text because it is not fair to compare the

IDKE and the two CF estimators given that more data (i.e., z;’s) are used in the latter. The main theme

of this paper is how to estimate v and [ when z is available and ¢ is endogenous; deviating from this theme

too far seems undesirable. Also, the performance of the IDKE has already been studied in YP and YLP.
First, recall that the IDKE of YP is defined as

2

~ 1| 1 & -1 ¢
A = argmax — E —_— E y; K} i~ E yjK;Zi‘_j 3
v e~ |n—-1 < ' n—1 4~ ’
=1 J=1,j#i J=1,j#i
where

K55 = kn(xy — i) - ki (g5, — 7)),

4K’Y_.4
= j= 1J;ﬁzy hoij

- 27 L Yj K?jj has n — 1 summands since z; falls in either the ¢; < v regime or ¢; > 7 regime

with kp, (+,-) and ki¥ = Lky () being rescaled boundary kernels. Note that for a given v, either -
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rather than both. For simplicity, we replace ﬁ Zj L by %Z::f YP use ﬁ Z;:Lj . to convert
a V-statistic to a U-statistic, but this conversion is not important in practice. To avoid using the boundary
kernel &y, (+,-) (which is needed to judge whether z; is near the boundary of a’s support), we replace ky, (-, )
by the rescaled normal density %tb (ﬁ), also, we replace the compact-supported boundary kernel k, () by
the half normal density 2¢ (-) 1(- > 0) and set k_ (-) = k4 (—-). Under DGP1, the IDKE reduces to the DKE

because ¢ is the only covariate, where the DKE of ~ is defined as

2

- I~
7= argmax Z yiki (0 =) = =~ D _wiky (g
j=1

As to the bandwidth selection, we use the Matlab function kde.m of Botev et al. (2010) to choose the
bandwidth h in DKE, and use their Matlab function kde2d.m to choose the bandwidths h = (hy, hy)’ for
(z, q)' in IDKE. To check the robustness of our bandwidth selection, we also tried h/2 and 2h for the DKE
and h/2 and 2h for IDKE.

i 11
Table 12 reports the MAD of the DKE of v under DGP1. Note that because < Yai ) ~N (0, < L 9 ))
q;

K
54

B fui|q:] = B [vgilq:] = 5

is a continuous function of g;, so the DKE can be applied. The new error term is e; := u; — 5G; = €uit+ 5vqi+
52; whose variance iso?=1 + 5 %*  Based on the approximation of shrinking threshold effects in YLP, ¢ =1
and w = f <+ in DKE, while for our CF estimators, ¢ =1 and w = 72 -1 which is smaller than that in DKE,
so our CF estlmators are expected to be more efficient. Table 13 reports the MAD of the IDKE of v under

Vgi 1 1 1 € 110
DGP2. Note that because | z; ~N10,1] 1 3 2 and | =z ~NJ10, ] 1 3 2 ,
q 1 2 2 Qi 0 2 2
Eui|lzi, ] = E [wmvm- + quq¢\<,0vqi + eqi + 12, vg + '/T/Zi]
= 2KE [vgi|vgi + €z — 24, Vg — 2zi]) + KE [ez|zi, ¢i]
= kg + k(T — @) = KT
is a continuous function of (xi,qi)', so the IDKE can be applied. The new error term is e; := u; —

KT, = ey + (2 — K)vgi + (1 — K) egi + k2, whose variance is 02 =3(k— 1)2 +3. Now, ¢ =1 and w =

o?Blw? (2,002 f2 (@)|qi=0] _ 1.802 . : : _ _ 1 _ 1
7 (Ble? £ (0.0) Flon)|i=0))° ® e in IDKE, while for our CF-II estimator, ¢ =1 and w = FEE a0 ~ 3

which is much smaller than that in IDKE, so our CF-II estimator is expected to be more efficient. In CF-I,
¢ # 1, so it is hard to compare with CF-II and IDKE.

Porter and Yu (2015) suggest a smaller (than optimal in density estimation) bandwidth in « estimation,

but it is not always the case in our simulation. Under DGP1, the bandwidth should be smaller when  is
larger (to induce a smaller bias) because we use the local constant estimator while the endogeneity increases
the slope of ¢ from 0 to §. Under DGP2, the bandwidth for = should be smaller when § and/or x are
larger (to induce a smaller bias) because the endogeneity increases the slope of x from ¢ to § + x, while the
bandwidth for ¢ should be large (to increase efficiency) because its slope is zero even under endogeneity. As
a result, we also tried the bandwidth h = (hq/2,2hs) in our simulation.

We next compare the risks of DKE and IDKE with our two CF approaches. Our comparison is based on
the best performances of the DKE and IDKE among the few bandwidths (which are blacked in Tables 12 and
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13). Comparing Table 12 and Table 1, we can see that the risk of DKE is between that of the two CFs and
2SLS in all cases. Also, endogeneity is harmful and larger § is beneficial. When 7 increases from 200 to 800,

the MAD decreases although need not decrease exactly in an order of 4 (as implied by the n consistency)

because we did not use the optimal bandwidth (which is unknown) in our estimation. Comparing Table 13
and Table 4, we can see that the risk of IDKE is between that of CF-II and CF-I (also 2SLS) in all cases.
When n = 200, weak and strong endogeneities induce similar risks, while when n = 800, strong endogeneity

is indeed harmful. In all cases, larger 6 and n are beneficial although the implied convergence rate (by

comparing the risks of n = 200 and n = 800) is smaller than n.

n — 200 800

J— 0.5 1 0.5

k— | 0.2 1) 0.26 1 0.26 1 0.26 1 0.26 1 0.26 )

h 0.359 | 0.714 | 0.161 | 0.650 | 0.037 | 0.553 | 0.091 | 0.390 | 0.020 | 0.150 | 0.009 | 0.070

h/2 | 0.424 | 0.560 | 0.194 | 0.417 | 0.081 | 0.287 | 0.149 | 0.305 | 0.028 | 0.086 | 0.011 | 0.025

2h 0.420 | 1.068 | 0.188 | 1.182 | 0.039 | 1.230 | 0.093 | 1.027 | 0.020 | 1.076 | 0.008 | 1.124
Table 12: MAD for the DKE of v Under DGP1

n — 200 800

J— 0.5 1 2 0.5 1 2

K — 0.29 1 0.26 ) 0.26 ) 0.26 0 0.26 0 0.26 0

h 0.511 | 0.611 | 0.556 | 0.621 | 0.571 | 0.623 | 0.345 | 0.486 | 0.283 | 0.543 | 0.245 | 0.563

h/2 0.562 | 0.695 | 0.752 | 0.794 | 0.913 | 0.794 | 0.451 | 0.569 | 0.582 | 0.734 | 0.688 | 0.806

2h 0.437 | 0.393 | 0.367 | 0.355 | 0.330 | 0.316 | 0.317 | 0.328 | 0.234 | 0.314 | 0.188 | 0.299

(hL,2hy) | 0.437 | 0.542 | 0.455 | 0.532 | 0.424 | 0.501 | 0.262 | 0.374 | 0.216 | 0.400 | 0.153 | 0.387

Comparison When ¢ is Exogenous

Table 13: MAD for the IDKE of v Under DGP2

In this subsection, we compare the performance of the two CF approaches when ¢ is exogenous. We use
DGP2 but set m =0, ¢ =0, ¢, = 0 and z = ¢g. The formulae for ¢ and n? are the same as before. In this
DGP, k1 = k2 = 0 in CF-I and k; = k2 = 7, in CF-II; since v, = 0, X; would exclude v, in both CF-I and

CF-11, i.e.,

In CF-I,

and in CF-1II,
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X; =

Wi
Q0

1
Q21

Vi

= B¢, |E[d],

= E [v;} &°E [gizgévo} E [ziz;]_l E [2igi,<v,] »

= I [vm-eh-} E {giz;g%] E [ZiZ;]71 E [Zigi,gfyo] y

= Blxx o, | B[],

= 3B [v] E [%i,<,, 2] B [2.2]]
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We can still estimate 6 and v, jointly in CF-II and the resulting asymptotic variance matrix ¥ takes the
same formula as before except that v; is replaced by v,; and v'v; is replaced by v, v,;. The asymptotic
variance formula in GMM-1 is the same as before. In GMM-2,

%; = z; in GMM-I2 and #%; = (2}, ;)" in GMM-II2.

We estimate § and 1, jointly in GMM-II2 and adjust the asymptotic variance matrix correspondingly.
Note that when ¢ is exogenous, we can also estimate § by CH’s GMM which is based on the moment
conditions

E(z; (yi — 2:0) 1 (¢ < 7o)] = 0;

we compare its performance with the GMM-1 estimator which is based on the moment conditions
E(zi (yi — 2i01 (q: <)) =0
and the GMM-I2 estimator which is based on the moment conditions
Ezie1il (¢ <79)] =0,
where e1; = y; — ;0 = dez; +u; = (0 +¥,.) €xi + eyi- The former two asymptotic variances take the form

E[u®] (G'WG) ™,

where E [uz] = wi +1and G = E [zi:z:ié%]. In CH’s GMM, W = E [Ziz’/iévo] (and E [uz] can be
estimated based on E [u?|q < 7,]) and in GMM-1, W = E [z:z]]". So CH’s GMM is more efficient because
only the data points with ¢; < 7, are informative for § whereas GMM-1 uses some redundant data. In

GMM-12, the asymptotic variance takes the form

(E [gizg,g'yo} QO 'E [Zi,gyogi])71 ,
where

Q=E[e]E {ziz’-

1,<7p

] +E [vfm] 5°E {ziz,’ié%} E [zizg]fl E [ziz' ] — 20E [vgier;| B {ziz;é%] E [ziz;]fl E [ziz’ié%]

1,<7g

7fa§’)’o i7S’YO

— !
=E [zzzié%]

—1
(E [e2] B [ziz< } +E [12)] 0°B 2] ' — 20E [vpier;] B [z,;z;]1> E [ziz’ ] .
It seems that even in this simple case, it is hard to compare the asymptotic variance of GMM-I2 with
those of CH’s GMM and GMM-1. If the randomness of the generated regressors can be neglected, then the

asymptotic variance reduces to

—1

-1 -1 -1
Bl (Blost,|Bladicr,) Blacsl) = Bl (Bloaie,]Blazi,] Bloe)

E[e2] (GWG)™" with W = E [ziz;é%} o

Since it is hard to compare the magnitude of E [¢};,] = E [(5em + ui)z} =(0+9,) +1and B [u?] =92 +1,
it is still hard to compare the asymptotic variance of GMM-12 with that of CH’s GMM.
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n — 200 800

J— 0.5 1 2 0.5 1 2

K — 0.26 0 0.26 0 0.26 1 0.26 1) 0.26 0 0.26 )

CF-I | 0.695 | 0.752 | 0.487 | 0.620 | 0.381 | 0.558 | 0.431 | 0.479 | 0.301 | 0.396 | 0.238 | 0.354

CF-II | 0.199 | 0.201 | 0.054 | 0.053 | 0.021 | 0.021 | 0.046 | 0.049 | 0.013 | 0.013 | 0.005 | 0.005

Table 14: MAD for Two CF Estimators of

n— 200 800

J— 0.5 1 0.5 1

K — 0.26 ) 0.2 0 0.20 o 0.2 ) 0.2 ) 0.2 )

CF-I | 0973 | 0.985 | 0.972 | 0.971 | 0.982 | 0.973 | 0.977 | 0.975 | 0.972 | 0.973 | 0.977 | 0.971

CF-II | 0.971 | 0.974 | 0.972 | 0.986 | 0.988 | 0.983 | 0.977 | 0.976 | 0.980 | 0.977 | 0.987 | 0.981

Table 15: Coverage of Nominal 95% Confidence Intervals for

n — 200 800

§— 0.5 1 0.5 1

K — 0.26 0 0.26 0 0.26 1 0.26 1) 0.26 0 0.26 )

CF-1 | 2486 | 2.709 | 1.752 | 2.330 | 1.478 | 2.196 | 1.451 | 1.679 | 1.023 | 1.338 | 0.885 | 1.250

CF-II | 1.085 | 1.080 | 0.271 | 0.268 | 0.091 | 0.093 | 0.243 | 0.250 | 0.064 | 0.065 | 0.023 | 0.023

Table 16: Length of Nominal 95% Confidence Intervals for

n — 200 800
J— 0.5 1 2 0.5 1
K — 0.26 ) 0.29 1) 0.26 0 0.26 0 0.29 1 0.26 0
CF-1 0.131 | 0.161 | 0.151 | 0.206 | 0.188 | 0.363 | 0.057 | 0.067 | 0.060 | 0.086 | 0.082 | 0.147
CH’s GMM | 0.117 | 0.137 | 0.115 | 0.156 | 0.110 | 0.243 | 0.053 | 0.060 | 0.052 | 0.069 | 0.055 | 0.112
GMM-I1 0.153 | 0.177 | 0.154 | 0.208 | 0.167 | 0.347 | 0.067 | 0.076 | 0.061 | 0.087 | 0.069 | 0.144
GMM-12 0.132 | 0.162 | 0.153 | 0.209 | 0.190 | 0.366 | 0.058 | 0.067 | 0.060 | 0.086 | 0.082 | 0.149
CF-II 0.086 | 0.092 | 0.086 | 0.098 | 0.091 | 0.148 | 0.041 | 0.045 | 0.040 | 0.049 | 0.043 | 0.069
CH’s GMM | 0.106 | 0.121 | 0.107 | 0.142 | 0.111 | 0.220 | 0.051 | 0.057 | 0.051 | 0.068 | 0.055 | 0.105
GMM-II1 0.119 | 0.136 | 0.118 | 0.156 | 0.123 | 0.257 | 0.058 | 0.063 | 0.056 | 0.075 | 0.061 | 0.120
GMM-I12 0.086 | 0.091 | 0.086 | 0.093 | 0.090 | 0.114 | 0.041 | 0.045 | 0.040 | 0.047 | 0.043 | 0.052

Table 17: RMSE for Eight Estimators of §
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n— 200 800
0 — 0.5 1 2 0.5 1
K — 0.26 o 0.26 1) 0.2 ) 0.2 ) 0.26 1) 0.2 )
CF-1 0.904 | 0.879 | 0.905 | 0.886 | 0.936 | 0.896 | 0.930 | 0.913 | 0.942 | 0.938 | 0.944 | 0.929
CH’s GMM | 0.919 | 0.872 | 0.913 | 0.875 | 0.951 | 0.878 | 0.935 | 0.923 | 0.937 | 0.953 | 0.933 | 0.933
GMM-I1 0.928 | 0.910 | 0.938 | 0.931 | 0.963 | 0.934 | 0.923 | 0.915 | 0.954 | 0.948 | 0.953 | 0.937
GMM-12 0.905 | 0.875 | 0.897 | 0.872 | 0.919 | 0.880 | 0.923 | 0.914 | 0.939 | 0.932 | 0.923 | 0.918
CF-II 0.944 | 0.926 | 0.941 | 0.950 | 0.941 | 0.946 | 0.945 | 0.941 | 0.952 | 0.957 | 0.945 | 0.955
CH’s GMM | 0.949 | 0.931 | 0.937 | 0.937 | 0.959 | 0.947 | 0.951 | 0.933 | 0.943 | 0.964 | 0.936 | 0.956
GMM-II1 0.956 | 0.938 | 0.942 | 0.954 | 0.954 | 0.954 | 0.935 | 0.939 | 0.951 | 0.959 | 0.937 | 0.954
GMM-I12 0.946 | 0.929 | 0.943 | 0.953 | 0.942 | 0.943 | 0.945 | 0.946 | 0.950 | 0.953 | 0.948 | 0.957
Table 18: Coverage of Nominal 95% Confidence Intervals for §
n — 200 800
J— 0.5 1 2 0.5 1
K — 0.26 ) 0.26 1) 0.26 0 0.26 0 0.26 1 0.26 0
CF-1 0.427 | 0.488 | 0.481 | 0.668 | 0.653 | 1.158 | 0.207 | 0.235 | 0.229 | 0.318 | 0.302 | 0.541
CH’s GMM | 0.400 | 0.423 | 0.404 | 0.522 | 0.429 | 0.822 | 0.199 | 0.216 | 0.202 | 0.270 | 0.214 | 0.426
GMM-I1 0.508 | 0.577 | 0.515 | 0.732 | 0.623 | 1.226 | 0.232 | 0.264 | 0.239 | 0.335 | 0.282 | 0.553
GMM-12 0.427 | 0.487 | 0.477 | 0.658 | 0.634 | 1.133 | 0.207 | 0.234 | 0.226 | 0.313 | 0.289 | 0.527
CF-II 0.323 | 0.342 | 0.323 | 0.396 | 0.335 | 0.573 | 0.161 | 0.171 | 0.162 | 0.199 | 0.167 | 0.286
CH’s GMM | 0.398 | 0.445 | 0.401 | 0.561 | 0.427 | 0.890 | 0.198 | 0.221 | 0.200 | 0.278 | 0.211 | 0.440
GMM-IT1 0.448 | 0.498 | 0.447 | 0.622 | 0.475 | 1.000 | 0.219 | 0.244 | 0.221 | 0.307 | 0.234 | 0.488
GMM-I12 0.323 | 0.340 | 0.323 | 0.373 | 0.333 | 0.428 | 0.161 | 0.170 | 0.162 | 0.187 | 0.166 | 0.214

Table 19: Length of Nominal 95% Confidence Intervals for §
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