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Abstract This Online Supplementary Material contains the proofs of Propositions
in the main text. Supplementary material also includes auxiliary MSE approximation
results under different asymptotics and additional simulation results.

S1. PROOFS OF RESULTS

Section S1 contains the proofs of propositions and lemmas in the main paper including
higher-order mean square error (MSE) approximation of 2SLS, LIML FULL, B2SLS,
JIVE2, HLIM, and HFUL estimators. Section S1.1 and Section S1.2 contain the MSE
approximations under N~7 locally invalid instrument specifications for v = 1/2 and
v > 1/2, respectively. Section S1.3 includes the asymptotic optimality of instrument
selection criteria based on Donald and Newey (2001) under v > 1/2 and asymptotic
unbiasedness property of invalidity-robust selection criteria proposed in the main paper.

In the following proofs, each IV estimator has a representation vVN(§(K) — 8y) =
H~'h + H 'h,. Define h = f'v/s/N,H = f'f/N, H, = f'g/N, and pg.n = tr(G +
L(K)). Let >, = Zf\il,zi# = vazl > jzi» and LLN denotes (weak) law of large
numbers, and CLT denotes the Lindberg-Levy central limit theorem. o,(-) and Op(-)
denote the usual stochastic order symbols, convergence in probability, and bounded in
probability, respectively. ||A|| = /tr(A’A) denotes the Euclidean norm.

S1.1. Proofs of Lemmas and Propositions 3.1-3.5

Lemma S1.1 will be used for MSE derivations of IV estimators discussed in the main
text, and this requires modifications of the lemma in Donald and Newey (2001) due to
locally invalid instruments.

LEMMA S1.1. If there is a decomposition h=h+T"+ Zh,fI =H4+TH + ZH,iLg =
Hy+T9+ 79, and
(h+T"(h+T" — kW H'TH — THH W = Ay (K) + 24 (K),
H, +T9(H, +T9 — H,H H'TH —THEYH H' = Ay(K) + Z42(K),
g g 9gt-g 9°"g
(h+T")(Hy +T9) — hH,H'TH —THHhH! = A3(K) + Z24(K),
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such that Th = 0,(1),h = O,(1), Hy = Oy(1),T9 = 0,(1), H = O,(1), TH = 0,(1), the
determinant of H is bounded away from zero with probability 1, px n = tr(G + L(K)),
and pg N = 0p(1),
IT™N1% = 0p(pre,n) IT* T = 0p(pxe,n), 12" = 0p(pre,n): 127 = 0p (P13,
1291l = op(pre, ), ITIITH || = 0p(pr,n)s  Z4(K) = oplpr,n)  for alli =1,2,3,
E[A1(K) + A2 (K) + A3(K) + A3(K)'|X] = H®H + H(G + L(K))H + 0,(pr.n),
then
N(5(K) = 60)(6(K) — &) = Q(K) + #(K),
EQK)|X]=®+G+ L(K)+T(K), (S1.1)
[F(K)+T(K)]/tr(G+ L(K)) = 0,(1), as K — oo, N — occ.

Proof: First, we observe

1h+ 1hg = H*l(iz - (ﬁ —~H)H'h)+ Z+H Yh,— (H - HYH*H,) + Z,,
—H Y (H-H)H Y(H-HH ‘h+H '(H—-H)H *(h-h),
—H 1(H H)H Y(H - H)H 'H,+ H *(H — H)H *(h, — H,).
Note that, H — H = T" + Z" ||IT"|* = op(pxe,n): 1 2717 = op(pre,w), ITONITH ] =
op(pre, ) 129 = op(prn), and hy = Hy +T9 + 29 = Oy(1). Thus, |H — H|* <
2(/[T7) + [12™11) = op(px,n), and [|hg — Hol|[H = H| < [T9[[[|T*[| + 12| T*]] +
| TN ZH |+ |1 Z9)|| ZH || = op(pr.n)- Also, H is nonsingular with probability approaching
1 (w.p.a.1.), so that H=' = O,(1). Moreover, H = H +o0,(1) and H~!' = H~' 4 0,(1) =
Op(1). Thus,
1Zoll < 1EH M INH —HIP| A Hy |+ |lhg — Hy 11 H — HIIE I H ] = op(prn)-

Similarly, we can show that || Z|| = o,(px n). Define 7, = H, +T9 — TH H-'H, and we
obtain

N

]f[—lh = H_17~'g + Op(pK,N)
by using [ Z, = op(pse.n ). 129] = op(prc.n): 1271 = oplpsc.n). Similaly, for h = h +
Th +o,(pr.n) = Op(1), we obtain H— h=H- Y7 +o,(pr.n) with7 = h+Th—THH=1h

by [|Z]| = op(pre,n), |1 2| = 0p(px,n), and [ Z7]| = oy (pre,v)-
Then, we have

77 = A(K) + 24 (K) — T HTH TP E W T H e H T
= A1 (K) + 0p(pxc.v)
by [T*[ITH]| = op(pre.n), ITHI? = 0p(pxc,n), and |24 (K)|| = op(px,n)- Also,
o7l = Ag(K) + 22 (K) — T9H, H T — o H, 19 + TP H 1 H T
= A3(K) + 0p(prc,v)

by using |TI| [T = oy (px,n). IT" > = 0y (px,n), and [ Z42(K)|| = o, (px,n)-
For the cross term, we obtain

77 = Ay(K) + 2%(K) — T"H,H T — o= w1’ + THH hH g T
A3(K) + 0,(prc,N)
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by [T"NITH] = 0p(pre.n) 1T NTH = 0p(prc.v), ITH | = 0p(prc, ) and [|Z42(K)|| =
op(pre.n)- Since VN(§(K) — 8) = H™'% + H™'7, + 0,(px.n), it follows that

N(S(K) = 60)(O(K) = b0)' = H™H(A(K) + A2(K) + A3(K) + A3(K) ) H " + 0p(px,v).

Then, the desired conclusion directly follows from the assumption in the lemma. O

Next we provide useful lemmas for the proofs of Propositions 3.1-3.5. Define e¢(K) =
/(I —PEYf/N, A(K) =tr(e;(K)), eg(K) = ¢g'(I — PX)g/N, and A, (K) = tr(e,(K)).

LEMMA S1.2. (Donald and Newey (2001) Lemma A.2, A.3) If Assumptions 2.1, 2.2 and
2.8 are satisfied, then

() tr(PX) = K; (b) 32,(Pf)? = 0p(K); () 3oy PE Py = K2 +0yp(K); (d) 32,4 PSPl =
K + OP(K);

(¢) h=f'v/VN =0,(1),H = f'f/N = O,(1);

(f) A(K) = 0p(1);

(9) I'(1 = PX)u/VN = O, (A(K)'?);

(h) W' PXv = O,(K);

(i) E[v' PEKvv' PEu|X] = 04,00, K2+ (0254 + 04p0l, ) K 4 0, (K) = 0405, K* +0,(K?);
(7) E[f'vo' PXu|X] = 37, fi P Elvfuila;] = Op(K);

(k) A(K)'/? VN = 0, (K/N + A(K));

() E[hW H=' f/N|X] = 32, fifiH ' Elofuile] f{/N? = Op(1/N);

(m) B[f'(I — PK)o' PXu/N|X] = 0, (A(K)V2VE /VN).

The next lemma gives useful calculations that will appear in the MSE approximation
due to the invalid instruments.

LeEMMA S1.3. If Assumptions 2.1, 2.2 and 2.3 are satisfied, then

(a) Hy = f'g/N = Op(1);

(b) Ag(K) = 0,(1);

(¢c) g'(I = PXYo/VN = Op(Ag(K)'/?), f'(I — PX)g/N = Op((A(K)Ay(K))'/?);

(d) E[f'vg'u/N|X] = Hgo,,,;

(e) E[u' PEv|X] = Kouy;

(P B f+fu)[NH o/ NIX] = (5, 0w LB i+ 5, ot HF) NS/ = 0,(1/V/N);
(0) BLFo(Fig) B (! f + f'u)|X] = Sofi(f19) H \aun f1 + Sifi(F19) B fic,,.

Proof: (a) holds by LLN. Observer that (I — P¥) is idempotent, and

E[A,(K)] < Eltr(g — Ur)' (9 — Unf)l/N = Ellg(z) — mfv™ (@)]?] = 0,

by Assumption 2.2(b). Thus, Ay(K) = op,(1) by the Markov inequality. Next, E[g’'(I —
PX)u/V/N|X] =0, and

Elg' (I — PM)v'(I — PX)g/N|X] = oley(K).
Therefore, ¢'(I — PX)v/vV/N = 0,(A,(K)'/?) by the Chebyshev inequality. Moreover,

|f/(T=PX)g/N|| < \Jtr(#/(I = PE)f/N)/tr(g/(I = PK)g/N) = Op(A(K) /28, (])?),

by the Cauchy-Schwarz inequality, (I — PX) is idempotent.
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AISO, ]E[f"l}g/U/N|X] = Zz,g E[f’bv’bgju_,7|X]/N = Z’L flgl [ |ZEZ]/N H Juvﬂ and
this gives (d). Moreover, (e) holds by

E[u' PEy|X] = ZE u; PE v X +Z]E u; P, ’U]|X Z Elu;v;| X] = Koy
irj
Next, E[u/ f/NH=' f'v/VN|X] = 3, E[u; f{H " fivi|ai] /IN3/? = 04 (3, fIH f;/N?/?),
and similarly, E[f'u/NH = f'v/VN|X] = (3, fiol, H 1 ;)/N3/2, and this gives (f). Fur-
thermore, (g) holds by E[f'v(f'g) H ™"« f|X] = SB[ fivi(f'9)' H 'ui f{|X] = Zifi(f'9) H ' oun f1,
and E[f'v(f'g) H-Lf'ulX] = S, fi(f'g) H L fic,. O
Proof of Proposition 3.1: The 2SLS estimator, dags(K) = (W PEW)=1(W'PKy)

has the following decomposition with invalid instrument specification in Section 2 of the
main paper,

where

o WEEW G
Also, fL, H and ng can be decomposed as
h=h+T"+TP,
T = —f'(I — PXYWw/VN = O,(A(K)'?), T} =u'PXv/VN = 0p(K/VN),
H=H+TH +TH + 7H,
T = —f'(I = PX)fIN = —¢;(K) = Op(A(K)), Ty = (u'f + f'u)/N = Op(1/VN),
7" = (W' PXu— /(I = PX)f — f/(I = PX)u)/N = O,(K/N + A(K)Y?/VN),
hy=H, +T¢ + 79,
TY = —f'(I = P¥)g/N = Op(A(K)' /A, (K)'/?),
79 =u'g/N — /(I — PX)g/N = 0,(1/V'N + A,(K)?/VN).

We show that the conditions of Lemma S1.1 are satisfied, and L(K) has the representa-
tions given in the proposition. Note that L(K) contains the terms that are proportional
to K/v/N and K?/N. To show that a term is o,(px n), it is enough to show it is
op(K/VN + K2 /N + A(K) + A(K)Y2A,(K)Y?).

Note that h = O, (1), H = O,(1) by Lemma S1.2(e). Also, T" = — f'(I — PX)v/V/N +
W' PKv/VN = O,(A(K)Y?) + O,(K/VN) = 0,(1) by Lemma S1.2(g), (h), and using
A(K) = 0,(1), K/V/N = o(1) with Z" = 0. Moreover, Tl = —f'(I-PX)f/N = O,(Ak)
by the definition of A, and T4 = (u'f + f'u)/N = O,(1/V/N) by the CLT. Thus
TN < TP+ 17512 + 2T TS = Op(A(K)?) + Op(1/N) + Op(A(K) /VN) =
op(pr,N). Also,

T T = Op(A(K)Y2)+O0p(AE) 2 /VN)+O,(A(K)K/VN)+0,(K/N) = 0p(px ),
since A(K)Y?/V/N = o,(px.n) by Lemma S1.2(k). Next, ZH = (v PXu—u'(I-PK)f—
FI(I = PX)u)/N = Oy(K/N) + Op(A(K)"?/VN) = 0y(px,n) by Lemma S1.2(g), (h),

(k).
Next, H, = O,(1) by Lemma S1.3(a), and T = O,(A(K)Y2A,(K)'?) = 0,(1) by
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Lemma S1.2(f), S1.3(b),(c). Moreover, w'g/N = O,(1/V'N) = o,(px.n) by CLT and
1/VN = o(K/V/N). Also, v/ (I — PX)g/N = 0,(A,(K)'?/VN) = 0,(px.n) by Lemma
S1.3(c) (replacing v with u) and this gives || Z9|| = op(px,N).
Also,
||Tg||||TH|| = OP(A(K)3/2A9(K)1/2) + OP(A(K)I/QAQ(K)UQ/\/N) = 0p(PK,N);

by A(K)3/2 = 0,(pr.n), AK)Y2/V/N = 0,(pr.n) using Lemma S1.2(k).

Next, we calculate the expectation of each term A;(K), Ay(K), and A3(K) defined in
Lemma S1.1. For Z4 (K) = 0, Ay (K) = (h+ T} + T8)(h + T} + T#) — hi/ H-(TH +
THY — (TH + TEYH=1hh', by the proof of Proposition 1 in Donald and Newey (2001),
E[A1(K)|X] = o3 H + oe (K) + 0u0l, K2 /N + 0, (px )

Next, for Z42(K) = 0, we analyze expectation of Ay(K) = (H, + T¢)(H, + T?) —
H,H,H-Y(TH + Ty — (TH + Tf ) H ' H H),. First of all, E[H,TY'|X] = —Hyg'(I —
PE)f/N and E[TY H)|X] = — f'(I-P®)g/N H,. Second, E[T{TY|X] = O, (A(K)A,(K)) =
op(pK,n) by Lemma S1.3(b), (c). Next,

E[H,H,H T\ X] = ~H,H, H ef(K).

Lastly,
u'f+ flu

E[H,H.H'T{!'|X] = H,H! H'E| ~

|X]=0.
Thus,
E[A2(K)|X] = HyH, + HyH,H ‘e;(K) + e;(K)H 'HyH,, — Hyg'(I — PX)f/N
—f'(I - PK)Q/NH; + op(pr,N)-

For Z43(K) = (3.7, TMTY', we investigate expectation of As(K) = h(H, +T?) +

j=17J
(TP +T3)H,—hH,H ™ (T +T3")' — (T +T4")H ' hH),. First, observe that E[hH|X] =
E[f'v/VN(f'g/N)|X] = 0, E[pT{'|X] = —E[f'v/VN(f'(I - PX)g/N)'|X] = 0, and

E[TH}|X] = —E[f'(I — PX)v/V/NH}|X] = 0. Second,

K
h K
E[T}H)|X] = E[u' PXovVNH}|X] = ﬁawHé
by Lemma S1.3(e). Second, E[hH;H*ITlHl|X] =E[f'v/VN|X]|H,H ' (f'(I-P)f/N) =
0, and E[T{? H~'hH}|X] = 0. Third, by Lemma S1.3(g)

Sl u'f+ flu

—1H' -1
Bl H VI |X) = Bl X
_ _ 1
= (Sifi HyH oo fl + S fiH,H ! fio0,) /N?/? = Op(—\/ﬁ).

Fourth, by Lemma S1.3(f),

/ / I
Hopr1 L e A i
E[T3'H ™ hH|X] = B[~ H —\/NH;|X]
rr—1 ¢, ! —1r.
_ Sl i+ S S T g L
N3/2 g VN

Note that | TP 7] = Op(A(K)AG(K)V?) = o,(px.n) by A(K) = Op(px.y) and
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ITENTY = Op(K/VNA(K)2Ag(K)'?) by A(K)V2K/VN < K?/N + Ak, thus
Z4(K) = (T} + TIHT? = 0,(p.n)- Then, we have

E[As(K)|X] = %o—ng + op(pren),
by 1/VE = o(K/VR).

In sum,
E[A) (K) + Ay (K) + A3(K) + A3(K)'|X] = 00 H + 03¢y (K) + 0007, K* /N +
K

ﬁ(HgU;v + quHé)

—Hyg'(I = PR)f/N — f'(I = P®)g/NHyg + 0y(pr.n)

= HOH + H(G + L(K))H + Op(PK7N)
with @ = o2H 1 + H’ngH;H’1 and G = 0. We have further simplification because
K?/N = o(K/v/N) and this completes the proof. O

+HyH) + HyH,H 'es(K) + ep(K)H 'Hy H, +

We also use the following lemma for the proof of Proposition 3.2. Let 52 =v'v/N, and
AK) =v'PXy/No2.

LEMMA S1.4. Suppose that Assumptions in Pmposmon 3.2 are satisfied, then

(a) A( ) = A(AK) (62/0% — 1)A(K) — (h+ Hy)H '(h+ H,)/No? +RA:A(K)+
0(K/N), VN Ry = 0,(prc.x);

(b) u' PEu/N — A(K)S, = 0,(K/N);

(¢) E[RA(K)v'n/VN|X] = (K/N)S; fE[v} 772|1’z]/N+ Op(K/N?);

(d) Elh(h+ Hy)'H " (h + H,)/VN|X] = Oy(1/VN);

(¢) E[v' PXvn'v/VN|X] = 3, Pﬁ(]E[vf’mlwz*]/\/ﬁ = O(K/VN).

Proof: Lemma S1.4(a)-(c) follows similarly to the proof of Lemma A.7 and A.8. of
Donald and Newey (2001), and it can be shown similarly below in the proof of Lemma
S1.5. For (d), we have E[hh’H~'h/V/N|X] = O,(1/N) and

rpy— /- > fifiH "Hy + fiH H™' f; o2
E((hW'H 'Hy + hH,H 'h)/VN|X] = ng g \/N:OP(U\/N).

For (e), we have
E[v' PKXonv/VN|X] = Z Elvi P vy X)/VN
byt

ZPK]E [ nili] /VN + ZE[vf\fci]B‘?E[mvﬂ = O(K/VN)

because E[v$n;|z;] is bounded and E[n;v;] = 0 by construction. O

Below, we provide proofs of Propositions 3.2-3.5 which show that LIML (FULL),
B2SLS, JIVE2, HLIM (HFUL) estimators satisfy the decomposition (S1.1) (equation
(2.10) in the main paper).

It is important to note that different IV estimators have different expressions for G as
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follows, and they can be also found in the proof of Propositions 3.2-3.5 (equations (S1.3),
(S1.4), (S1.5), (S1.6));

. O, fiH-Vf  HLHTH, .
Gunn, = H [y own ) (2 = By Sl

+Hgfi/) + (sz:; + Hgfz'/)H_lqufi/ + 2(fiH;H_1fi0'w + qufiH 1Hgfi/)]/N3/2}H_lv

VN N3/2
+(fiHy + Hyf)H 0w fi + (fiHyH ™ fion, + ouwf{H  H fI/N*PJHY, (S1.2)

_ d+3 CfIHT _
Crsss = H ' [(Hyoly, + o) (AE2 2 iy e g (o 1 a1, 1)

_ g1 / / 1 Z f/ 1f1 7 o —1/r 17/ /
GJIVEZ =H [(Hgo—uv+o—ung)(\/N N3/2 ) Z[flguvH (leg+Hgfz)

+(fiHly + Hyf)H 0w f] + (fiHlyH ™' fi0l, + oun f{H " Hy f)]/N*?1H ™,

-~ QZi.fz{H_lfi H H'H B
Guumm = H 1[(HgULU+JuUH;)(* e — i/ﬁgg 9)*Z[fi0;vH 1(‘/:1‘H£’7

+H, f]) + (fiHy + Hy f))H 0w f] + 2(fi HyH ™" fiol,, + oo f{H ™ Hy f))] /N> H .
Proof of Proposition 3.2:

LIML estimator, dpm(K) = (W PEKW — A(K)YW'W)~Y(W'PXy — A(K)W'y) has
the following form v N (6(K) — &) = H~'h + H~'h, where
. W'PKW . W'W . W'PFy o W . WPEg . Wy
H="—"—""_\K h = ~ANK = —AK)—=Z.

We have a following decomposition for hand H
5
h=h+> T+ 2"
j=1
TP = —f'(I = PXY/VN = O,(A(K)Y?), TF =n'PXv/VN = 0p(VK /VN),
T8 = —A(K)h = O,(K/N), T =—A(K)y'v/VN = 0,(K/N),
TE? =—(h+ Hg)/H_l(h + Hg)auv/\/ﬁgg = Op(l/\/ﬁ)>

Zh = (A(K) — A(K) + RA)JN(WT/” — Ouy) — RA%’,

3
H=H+Y T/ +2",
T = —f'(I - PX)f/N = —e;(K) = Op(A(K)), T3 = (u/f + f'u)/N = O,(1/VN),
Ty = —A(K)H = O,(K/N),
whtu AMK)S, — A(K) WJ;]W + ME)(H +2,)

—u'(I = PR)f/N — f'(I = P*)u/N

7" =

where the O, results follow similarly to the proof of Proposition 2 in Donald and Newey
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(2001). We observe that o,(px.n) = 0,(1/VN + K/N + A(K) + A(K)Y2A,(K)Y?),
and T" = o0,(1), [TH[* = op(pre. ), IT"IIT*] = 0p(px.n), 12" = 0p(px.x), and
|ZH | = 0,(px.n) using Lemma S1.4(a), (b).

Also, ﬁq is decomposed as

4
hg=Hy+> T?+ 29,

T{ = —f'(I - P%)g/N = Op(A(K )WA (K)'/?),

T§ =u'g/N = O,(1/VN), T§ =—u/(I-P")g/N = 0,(A,(K)"*/VN),
Tzf = _A(K)Hg = OP(K/N)v

79 = —A(K) Wj\;g + AK)H

where the O, results follow from the proof of Proposition 3.1 and A(K) = O,(K/N).
Also,

i A W'y W'g
~R()H, = (AK) A 52 + Ay (N hy)
= 0p(K/N) + Op(K/N)op(1) = 0p(px,N)

by Lemma S1.4(a), and by the LLN, W’/g/N = H, + o0,(1), which implies || Z9| =
0p(pxc.n). Moreover, || 79[| T{]| = op(pre.n), 1T T3] = 0p(prc.n),
1T TS| = Op(A(K) 2 A0 (K)'/2 /VN) +0y(1/N) + 0, (84 (K)'/? /N) + O, (K /N*/?),
and || 79| T#!|| = op(px.n) by Lemma S1.2(k), 1/N = o(K/N), and K/N3/? = o(K/N).
Thus, ||T9)|TH| = 0,(px.n) holds by the Cauchy-Schwarz inequality.

Next, we calculate expectation of each term A;(K), Ay(K), and As(K) to apply
Lemma S1.1. First, for A, (K) = hh’Jrh(Z?:l Tjh)’Jr(Zizl Tjh)h’Jr(Z?:l Tf)(Z?Zl ") —
hh'H-ITH — THH-1pp

N K “ “ ~ “
E[A,(K)|X] = 02H + o2e;(K) + agEnﬁ +C++ ¢+
where

C ZszKEUMX/N— Zfz Um
~ 1 i iHl ! [
G =——=Hyoy, — L W] o,
VN N VN
and || Z41(K)|| = 0,(px.n) by Lemma S1.4(d) and the proof of Proposition 2 in Donald
and Newey (2001).

Next, for Z42(K) = (Z] T )(Z] =T T?)', we analyze expectation of Ag(K) = (H, +
) (Hy T ) +(Ho 1) (3o T )+ (5o T (Hy+ T = Hy HyH-' T =T H™ H, H,
Note that H,T{'~H,H,H'T{!" = 0, and E[H,T}'|X] = E[H,g'u/N|X] = H, ", E[u}| X]g;/N =
0. Similarly, we have E[H,T'|X] = 0, E[TYTY'|X] = 0, and E[T?TY'| X] = 0. Also,

K /(I — PX)g
v = o)

aprery' 1] = B ey g )
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by E[A(K)|X] = E[v'PKv/No2|X] = K/N and using K/N = O(pg n). Lastly, 1/N =
o(pre.n), Ag(K) = 0p(1), and K/N3/?2 = o(K/N) so that | TS| T for each j > 2.
It also follows similarly that || T|/| 75|, |75 |1 77] and ||T{|||| 75| are o,(pk, n). Thus,
Z42(K) = 0p(px,n)-
With the same calculations in the proof of Proposition 3.1, we have
E[A2(K)|X] = HyHy + HyHyH 'es (K) + ep (K)H "HyHy — Hog'(I — P) f/N

—f'(I - PK)Q/NH; + o(pk,N).

Next, for Z43(K) = (ZJ 3 Th)(zj T7) + (Zj 1 Th)(zj _, T7)', we investigate
expectation of A3(K). From the proof of Proposition 3.1, we have calculations of E[h(H,+
) + T{LH;/f hH,H-Y(TH + Ty — (T + T YH~*hH,| X]. First, note that hT{  —
hH,/H T =0 and T{H) — T H-*hH] = 0, and

E[T)H,|X] = E[n'PXv/VNH}|X] = 1/fZPKE nivi H}) = 0.

Second, by Lemma S1.3(d),

—_H,0l,, = 0,(1/VN).

EINTY'|X] = ELS'oVNg'u/NIX] =

Third,

1 f/(I-PX)g ,

E[nTY'|X] = —E[f'vV/Ng'(I — PX)u/N|X] = N N wT 0p(Pr.N)-

Fourth, E[TMTY'|X] = E[f'(I — PX)uv/Ng/(I — PX)f/N|X] = 0. Fifth, E[T3TY'|X] =
~E[ PXoV/N|X]g' (I — PX)f/N =0 as E[n;v;] = 0. Sixth,

v PEy
BT} ) X] = ~E[C0 -y
v

U/\/NH_(/;‘X] = Op(\/E/Nsm) = op(pK.N)

by Lemma S1.4(e). Seventh,

E[T}H!|X] = —E[h'H'h|X] \/Uia H!) — H H " Hy0,,H./V/No?
_ S SHT i w gy O O,(1/VN).

Y A Y =

Lastly, K/N = o(VE/VE), 1V = o(VE/VI), and o (VE VI (AGK) /28, (K)Y2+
LV + Ay (K)Y2 VR £ K/N) = op(pre.n), ths [THITE] = oy (prc ) for § > 3 and
each k. Tt also follows similarly that |T7'[|[|T7]| = op(px.n) and T3 T7 = op(px.~)
for j > 2, and this gives Z42(K) = o,(px.n). Thus,

N 221 leHilfl Ouv
E[A5(K)|X] = TNHQ wy W"uvh@ — HyH ™' H, VNo? H,

Y UHH  ou f] + [iH H ™ fi0h, + fiol H ' [iH)/N®/? = 0,(1/VN).
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In sum, we have

E[Ay(K) + Ay(K) + A3(K) + A3(K)'|X] = 02H + ope (K) + 075, K/N + ( +
+HyH, + HyH,H 'es(K) + ey (K)H "HyH,, — Hyg'(I — PX)f/N — f'(I - PX)g/NH,
+Op(1/\/ﬁ) +0p(pK,N)'

If we assume E[vn;|z;] = 0, then ¢ = 0, and we get the desired results with ® =
o2H1 + H_IHQH;H_I, L(K) provided in Proposition 3.2, and G = GpmL,

25, fiH'fi HyH 'H,

N3 2 T /No?
+Hy f]) + (fiHy + Hy f{)H oo fi + 2(fi HyH ™ fy07, + 0w [{H ™ Hy f})]/N*/2| H ™.
(1.3)

Grna, = H ™ [(Hyoy, + 0w Hy) (= )= > [fiol, H ' (fiH,

i

For Fuller estimator, dpyry(K) = (W PEW — AK)W'W)~Y(W'PEy — A(K)W'y),
observe that

(
C(1—A(K))?

by 0 < 1— A(K) < 1. Therefore we have

wW'PEW . W'W wW'PEW . wW'W
W'PKy W' wW'PKy . W'v
\/N 7A(K)\/N = \/N *A(K)ﬁ‘i’op(pK,N),
w'pPK . w’ w'pPK " w’
- A= = = - A= + op(pwn),

by using W'W/N = O,(1), Wv/VN = 0,(1),W'g/N = O,(1) and 1/N = o,(pr.n)-
Thus, FULL estimator has the same higher-order MSE decomposition with LIML esti-
mator. O

Proof of Proposition 3.3:
B2SLS estimator, dpasLs(K) = (W' PEW — A(K)W'W)~Y(W'PEy — A(K)W'y) with
A(K) = (K —d—2)/N has the following decomposition vV N(6(K)—dy) = H=*h-+H 'h,,

/PK _ / /PK
WNW_A(K)WNW w v

"= N

b= R(K)

S
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We have following decomposition for fz, H and ﬁg,
4
h=h+Y "TF T/ =—fI-P%u/VN=0,A(K)"?),
=1

T8 = ' PXv/VN = VNA(K)oum = Op(VEK /VN),
Th = ~A(K)h = O,(K/N), T =—AK)VN@'v/N —0y,)=0,(K/N),
3
H=H+>» T/ + 2",
T = —f'(I = PF)f/N = —e;(K) = Op(A(K)), T3" = (u'f + f'u)/N = O,(1/VN),
—A(K)H = O,(K/N),

wPEy - W'wW

4
hg=Hy+> T¢+ 29,
j=1
T = —f'(I - PF)g/N = Op(A(K)Y2A,(K)'?),
T =u'g/N = O,(1/VN), T§=—u'(I—P¥)g/N = 0,(A4(K)"?/VN),
W/

A —H-3%,)—u'(I—-P5f/N— f(I—-PKu/N,

T{ = ~A(K)Hy = Op(K/N), Z9=-A(K)( N Hy),
where the O, results, T" = o,(1), [IT|* = op(px.n), IT"ITH]| = 0p(pre.n). 12" =
0p(pr.n), and | ZH | = 0,(px.n) follow immediately from the proof of Proposition 3 in

Donald and Newey (2001), and || Z9]| = o,(px.n), ITY||ITH| = op(pk,n) similarly to
the proof of Proposition 3.2 using A(K) = O(K/N). R R

Next, we calculate expectation of each term A;(K), A2(K), and A3(K) to apply
Lemma S1.1. First, for Ay (K) = hh'+h(3 5 TP +(3 -y TR+, T (G-, Ty -
W HTH — THH=

. K . .
E[A;(K)|X] = 02H + o2ef(K) + (025, + qua;v)ﬁ + ¢+ +op(pr.N)
by the proof of Proposition 3 in Donald and Newey (2001), where
{= ZszKE ui| X]/N — A(K Zfz

Next, for Z42(K) = (Ej 5 ])(Zj 5 J) we analyze expectation of Ay(K) = (H, +
1! _
TO) (T8 +(Hy 4 TE) (3 T+ (S T9)(H,+T0Y — H, H)H T ~TH H |, ),
Observe that H,T{ — H,H,H'T{" = 0 and E[TYT{'|X] = A(K)MH’ -

op(pr.n). Similar to the proof of Proposition 3.2 by replacing A(K) with A(K), we
have

E[Ay(K)|X] = HyH) + HyH,H 'es(K) + e;(K)H 'HyH, — Hyg'(I — P¥)f/N
—f'(I-P¥)g/NH, + o(pk,n),

and Z42(K) = o, (pi,n)- For Z4(K) = (X5 T2 T9) + (25 TS5, TY s
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we investigate expectation of Ag(K). From the proof of Propositions 3.1 and 3.2, we have
E[h(Hy +T{ +T§ +T§) + TP (Hy + T{) — hH,H T — T H~'hH]|X]

> fiH i /
= ﬁHg uv N3/2 UUHQ
S VfHH oy f] + fiH,H ™ fiol, + fiol, H ' f;H,]/N*/? = 0,(1/VN)

and Z43(K) = oy(px.n). Also observe that hT{" — hHg’H_ngfI/ = 0 and T{H) —
T4 H 'hH) = 0. Next,
E[T}H,|X] =E[(«'P¥v/VN — VNA(K)o,,)H,|X]

= (K/VN — VNA(K))ou B, = d\;;awﬂ' — 0,(1/VN)

by the definition of A(K). Similarly,

BTSTY'|X] = Oy (1 = P¥)g/N) = oy(psc).
Lastly,

E[T] H,|X] = —E[A(K)VN(u'v/N — 0u,)H)| X] = 0.
In sum,

E[A3(K)|X] = Op(1/VN) + o(px.n).-
Thus, we have
E[A)(K) + Ay (K) 4 As(K) + A3(K)'|X] = 02H + 02 (K) 4 (0250 + 0wl ) K/N
+HgH, + HyH,H 'es(K) + e (K)H "H,H, — Hyg'(I — P¥)f/N
—f'(I = PX)g/NH} 4+ O,(1/VN) + ¢+ (' + 0p(px.v)-

Using 2%, = 02X, + 04,0, and assuming E[v?u;|X] = 0, Lemma S1.1 holds with
®=0H '+ H 'HyH,H', L(K) provided in Proposition 3.3, and G = GasLs,

_ / d+3 i ,L'/H_l 7 — /

GBQSLS =H 1[(HQU1L1) +O—7ﬂ)Hé)( \/N - Z ]fv3/2 f ) - Z[flo—{wH l(fng +Hgf1/)
+(fiH; + Hgfi/)H_lauvfi/ + (fiH;H_lfia;v + qufz'lH_ngfi/)]/N?)/Q]H_l‘

(S1.4)

O

Proof of Proposition 3.4:
JIVE2 estimator 5JIVE2( ) (W PKW Z .PffWZWl/)il(WIPKy — Zz PffWZyl)
has the following decomposition vVN(§(K) — &) = H~'h + H 'hy,,

W'PKW S, PEWW] . W'PKy 3, PEWivi 5 _ W'PKg 33, PEWig,

E[: — =
N N VN JN N N
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We have a following decomposition for h, H and ﬁg,
4
h=h+Y "TF T =—fI-P5u/VN=0,A(K)"?),
j=1

T} = u'PXu/VN = Koy /VN = Op(VK /VN),

Z fzvz 7722PKU’017 K

3
H=H+Y T/ +2",
j=1

T = —f’(I -~ PK)f/N = —e;(K) = Oy(A(K)), T3' = (u'f+ f'u)/N = 0,(1/VN),

N
I pK K ! K / /
g_ WP u K K 7ZiPiiuiui 2 P (foug +uif)
7 = (—— — 5 + (F 5 N N
—u'(I = P*)f/N — f'(I = P%)u/N,
4
hg=Hy+> T¢+ 29,
j=1
Tf = —f'(I = PX)g/N = Oy (A(K) A (K)?),
TY =u'g/N = Oy(1/VN), T§=—u'(I- PK)Q/N Op(Ay(K)'2/VN),
1y = - Z B ey, g0 = Tl
where the o,, results, T = 0,(1), ITH]12 = op(prc.n), ITIITH1| = op(pren), 12" =
op(pr.n), 1271 = 0p(pr,n), 127]] = 0p(pr,n), and |T9[[| T || = o,(px,n) follow sim-

ilarly to the proof of Proposition 3.3 and using Y, PXuu;/N — K/N¥, = o0,(K/N),
> PE(fiuh + wif])/N = 0,(K/N) by the Markov Inequahty Note that o,(px,n) =
0p(L/VN+K/N+A(K)+A(K)Y2A,(K)Y?) because f' DK f/N+f' DKg/N = O,(K/N).

First, for Z{(K) = 0, we have E[hT}'|X] = —E[hT}'|X] = ¥, fi PEE[v2u)|2,]/N by
Lemma S1.2(j). Next,

ERTY|X] = —E[f'u/VN S P o/ VR X] = 2 Nfzf’ .

i b fifi fzf/

B[ H T X) = (o f/NH S P £ ) = — 2.0 N o

and E[hT} —hh/ HITH'|X] = 0. Next, B[TMTE | X] = E[TPTY | X] = 0,(AY?/K/N) =
op(pK,n) by Lemma S1.2(m). We also have

K £/ /
B[S, £:Q! U;VZ P flv;| X]| < \f]eul — 0,(AY2VETN) = oy (pxc.)

where p; = f/PKo? by using >, (PK)? = o(K) and the Cauchy-Schwarz inequality.

71

Using the similar calculations in the proof of Proposition 3.3, E[T}T2 |X] = (025, +

li
BT T3 |X]| =
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Ouv0ly) X + 0,(K/N). Next,

BT x) = — oL ) FELvi1 X

I
= o,(K/N),
E[T}T)|X] = —E[(u/'PX0/VN — K/VNo )3 Pl uivi /VN = K/VNG,)]

K pK
LPEPEwulX) Ty PEPS K
N N vt TN

CunOry = 0p(K/N)

by Lemma S1.2(b) and (c). Similarly, we can show IE[T?fLTf'|X] = — > (PE)? flE[u[v?|X]/N =
0p(K/N) and E[T T} | X] = 0,(K/N). Thus, for Ay (K) = hh/+h(¥;_y TF)+(35_, T+
(i TSy T — Al HATH' — THH=hh!, we have

) K
E[A1(K)|X] = 07 H + oges (K) + (0754 + 0uvol)

Nt 0p(PK.N)-

Next, for Z42(K) = (Z] o T; )(Zj T} T?)', we analyze expectation of Ag(K) = (H, +
T (Hy+ T ) +(Hy+TY) (35 T+ =y TV Hy+TY) —Hy Hy H T ~TH L H, Hy,.
Similar to the proof of Proposition 3.3, we have E[TYT{'|X] = f/(I-P¥)g/N Y, PK fig;/N =
op(pPK.N),

PK /
B[H, T X) = —H, 2 D0
N
/
E[H,H.H'T"'|X] = ~H,H,H} 12 Nflf

E[Ay(K)|X] = HyH, + HgH;H*ef(K) + ef(K)HlegH_; — H,g'(I - P*)f/N
—f'(I = P®)g/NH] — Hyg' DX f/N — f'D"g/NH,
+H H,H ' f'DX f/N + f'DX fINH ' HyH) + 0,(pK,n)

and Z4(K) = o,(px,n)-

Lastly, for Z43(K) = (ZJ 1 T )(Z] o, T7)', we investigate expectation of A3(K). We
have E[T8 H} | X] = E[(u' PXv/VN—Koy,/VN)H}| X] = 0, E[T}T{'|X] = 0, E[rT{'|X] =
0,E[TPH)|X] = 0,E[T$T{'|X] = 0 and similarly, E[T{-H}|X] = 0, E[TfT{'|X] = 0. Also
observe that E[hHg/H’lTPfI,|X] = 0,E[TfH-'hH,/|X] = 0. From the similar calcula-
tions as in Propositions 3.1-3.3,

. 'H —1
E[A3(K)|X} *ﬁHg uv Z fv3/2 fl uvH;

=Y fHGH  ouufi + fiHyH ™ fio, + fiol, H 7 fiHG N® + 0y (prc.v),
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and Z4*(K) = 0,(pk.n). In sum,

E[A)(K) + Ay(K) + A3(K) + A3(K)'|X] = o2 H + a2¥ + HyH),
/ _ K _ DK / _ K _ nK
+(o—§zu+awa;v)K/N+HgH;H—1f(I <PN DE)f + ra (PN D ))fH—ngH;

o (I = (PX = DX)f/N — f'(I = (P* = D))g/NHy + O,(1/VN) + 0, (px n)-

Thus, Lemma S1.1 holds with ® = o2H~' + H 'H,HH ", L(K) provided in Proposi-
tion 3.4, and G = GyrvEs2,

_ L fiH i -

Garvee = H[(Hyol + o) = Z0 0T = St 172 1ty + 11,5
UH, + Hy S 00+ (FeHH it & 0wl By )]/NY2

(SL5)

We use the following lemma for the HLIM/HFUL results. Let A(K) = %.

LEMMA S1.5. Suppose that Assumptions in Proposztwn 3.5 are satisfied, then
(a) A(K) = A(K)=(62 /02— 1)NK)—(h+H,)' H™ (h+Hy) /NoZ+ Ry = A(K)+0, (K/N),

VNR) = op(pr,N);
(b) E[RA(K)v'n/VN|X] = 0,(K/N?).

Proof: Note that the HLIM estimator is dgrny = argming A(8), A(6) = A(d)/B(9)
where A(6) = (y — Wé) (PK — DE)(y — W§)/N,B(8) = (y — Wé)'(y — W3)/N, and
)\(K) A(dHLIM) By the Taylor expansion, we have

AME) = X(0) — As(80) As5(60) " A5(80) /2 4 O, (1/N3/?)

where we use dgym — 6o = —X56(60) "t As(80) + Op(1/N) from the FOC, )\5(8HL1M) =0
w.p.1. We have straightforward calculations of the gradient and Hessian

As(0) = B(8) ™' [A5(8) — A(6)B5(9)],
Xss(8) = B(8) ™ [Ass(8) — A(8) Bss(9)] — B(6) ' [B5()As(6)" + As(8) Bs(6)']-
It can be shown that B(0y) = 62 + ¢'g/N? + (¢'v +v'g)/N3/? = 2 + O,(1/N),
—52V/NXs(8)/2 = W'(PK — DK)e /N2 — /(PK — DK)e )/ NW'e/e'e

1/2 vV (PE —DEYy Wv o
= h+ Hy + Op(A(K)'? + VE /VN) - ( N )(v’v_on%)

=h+Hy+o,(1 )—>N(H o2H)

g9 Fv
by the similar calculations from Proposition 3.4 and that VX: — 2w = O,(1/VN).
Therefore, we have A\s(do) = O,(1/v/N). Similarly, we have
520s5(80)/2 = W/(PK — DEYW/N — X(60)W'W/N + O,(1/V'N)
= H + Oy(A(K) +1/VN + K/N)




S16 B. Kang
where we use B;(d9) = Op(1) and the calculations in the proof of Proposition 3.4. Thus,
AK) = X(o) — (h+ Hy) H™ ' (h+ Hy) /No? + Op(A(K)/2 /N + VK /N*/?).

From the proof of Lemma A.7 in Donald and Newey (2001), it can be shown similarly
that A(do) = AM(K) — (62/02 — 1)A(K) + O,(K/N?). For (b),

f’vv'(PK—DK)vv'n:QZ X fvivin) Zf, Kvdvin; — Z Kvdn: fiv;.
i#] i#] i#]

Similar to Lemma S1.4(c), we have
E[RA(K)v'n/VN|X] = E[f'vv'(PE — DE)ou'n/N?62|X] = 0,(K/N?)
as E[vjzn}\X} is bounded and E[v;n;|z;] = 0. O

Proof of Proposition 3.5:

HLIM estimator, duriv(K) = (W'(PX — DE)W — A(K)W'W) =1 (W/(PX — DX)y —
A(K)W'y) has the following form v/N(8(K)—do) = H~'h+H'h, where H = W'(PX —
DFYW/N — \(K)W'W/N,

e L A

We have a following decomposition for h and H

>

7
il:h+ZTJh+Zha
Th = —f'(1 - PX)o/VN = O,(A(K)Y2), T = PXu/VN = 0p(VE/VN),
! KU 12 KU
! fﬁ — Op(VE/VN), Th=-" ﬁﬁ — 0p(VE/VN),
“XK)h = Op(K/N), T = —A(K)n/'v/VN = 0,(K/N),
= —(h+ Hy) H(h+ Hy)ou,/VNo? = 0,(1/VN),

2" = (AE) - ME) + BV (L~ g,) - m‘j’%,

T§L=—

N

4
H=H+Y T/ +2",
j=1

T = —f'(I1— PX)f/N = —e;(K) = O(A(K)), T3 = (u'f+ f'u)/N = 0,(1/VN),
H = SE)H = 0y(k/N), Tff = - EEI o ey,

N
_u/(PK - DRy > P (foui + uif)
7" = e M), ~ -
AE) L AR (H 4 50) — o (I = PX)F/N = /(I = P<)u/N,

N
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Also, iLg is decomposed as

5
ﬁg = H, +ZT]§J + 27,
T = —J'(I = PX)g/N = Op(A(K)/2 A, (K)'2),
T = u'g/N = Op(1/VN), T = —u/(I - PX)g/N = 0,(8y(K)"*/VN),

19 = (E)H, = 0,(K/N), T = -=E 0o /),

° N
A ng Y Z Ui g;
79 = - \K AK
(1) 4 Ay, - s
" = 0p(1). ITH|* = op(pre.y), IT"ITH|| = o0p(pr.n). 12" = op(px,n), 127 =
0p(pr.N)s |29 = 0p(pr,n) and |T9||||TH|| = op(pr,n) and O, results follow similarly

from the proof of Propositions 3.2 and 3.4.

For, 24 (K) = (3]s T/ (X =5 T} +(3)- Th)(zj VI (L TS T
and A, (K) = hh’+h(2] VT A (S TR + (Zg VT3 , I}Y) —hiW'H S
THH !, we have hTY —hi HVTH = 0, E[WTY —hi/ HTJ | X] = 0, E[hTY|X] =
—~E[hT} |X] [ThTh |X] = op(K/N) for k > j > 2 as in the proof of Proposition 3.4

by replacing u; with 7; and using o), = 0. Further, E[RT{ | = 0p(K/N?) = 0,(px.n) by
Lemma S1.5 (b). Then, we have

) R
E[A1(K)|X] = o3 H + oe(K) + 078y 1 + &y + ¢ + op(pre ),

where
o 1 Zl sz/ 1fz (o
(= ——=H,yol, — =10 2w
VN N VN
Next, for Z42(K) = (Zj - T; )(Zj T T?), we analyze expectation of Ag(K) = (H, +
_ / _
TY)(Hy+T7) +(Hy+T7) (352 T (/Zg 2 T ) (Hy+TY ) —Hy HyH = T T H™' Hy Hy.
First, note that Hng' —HyH H™ ITH" = 0. By combining results in the proof of Propo-
sitions 3.2 and 3.4, replacing A(K) with A(K), we have
E[A3(K)|X] = HyH, + HyH,H 'e;(K) + ey (K)H 'HyH, — Hyg'(I — PX)f/N
—f'(I = P¥)g/NH, — Hyg' DX f/N — f' D" g/NH,
+H H)H ' f'DX f/N + f'DX f/NH  H,H} + 0,(px,n)

and Z42(K) = o,(px,n)-

Next, for Z43(K) = (27 s T”)(Z7 \T9) + (ZJ L Th)(zj _, T})', we investigate ex-
pectation of Az(K). First, note that hT' —hH,H'T" = 0 and TV H! - TS/ H~'hH! =
0. It follows from S1.4(e) and the proof of Proposition 3.2,

E[T} H,|X] = ~E[NK)n'v/VN|X]H, =

Z f/ 1f1 quH/_H/H_lH Ouv (1/\/*)

h
E[TIH!|X] = N T
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Then, we have
1 25, fiH i

qu

0 -1
E[A3(K)|X] = \/NHgULv — =N Owlly — HyH T H, JNo? H,
= (fHH o f{ + [iHyH ! fiot, + fiol H - [;H,)/N®/? = O,(1/VN).
In sum,
. . . . fi(I—-PK)f
E[A(K) + Ay(K) + A3(K) + A3(K)'|X] = 02H + 03% + HgH;
/ _ K K / o K K

+(02%, +crm)a:w)K/N+HgH;H’1f ( (PN D7))f + Fa (PN D ))fH*HgH;

~Hyg'(I = (P* = D)) f/N — f'(I - (P¥ — D¥))g/NHy + Op(1/VN) + 0p(pr.v)-
Thus, Lemma S1.1 holds with ® = o2 H~' + H 'H,HH ", L(K) provided in Proposi-
tion 3.5, and G = Gurim,

B oS f/H-'f; H,H'H }
Guuv = H'[(Hyol, + ounHy ) (— N3/2 - - g\/ﬁag %) —Z[fm:wH 1(fiH£’7

+Hy f]) + (fiH, + HyfYH Yoo fl + Q(fiH;H_lfio';v + ouvf;H—ngf{)]/NS/z} -1
(S1.6)

HFUL estimator, dgpur (K) = (W/(PX — DXYW — X(K)W'W)~Y(W'(PK — DF)y —
(K)W'y) has the same higher-order MSE decomposition with HLIM estimator as A(K) =

A
MK) 4 O,(1/N). This completes the proof. O

S1.2. Proofs of Propositions 4.1-4.5

For the proofs of Propositions 4.1-4.5, we use the following Lemma S1.6 to handle higher-
order terms due to the N7 (v > 1/2) locally invalid instruments specification. This is a
slight modification of Lemma S1.1 without O,(1) term in the decomposition of h,, and
immediately follows from Lemma S1.1 replacing Hy = 0. Define pg v = tr(G + L(K)).

LEMMA S1.6. If there is a decomposition h=h+T"+ ZhH=H+TH+ ZH,fALg =
T9+ 79, and

(h+T"(h+T") — W H'TH — THH WK = A (K) + 2% (K),
TITY = Ay(K) + Z42(K), (h+T"TY = A3(K) + Z%(K),
such that T" = o0,(1),h = O,(1),T9 = 0,(1), T = 0,(1), and H = O,(1), the deter-
minant of H is bounded away from zero with probability 1, px,n = tr(G + L(K)), and
PK,N = Op(]-);
IT™N1? = 0p(pre,n) IT* T = 0p (o, n), 12" = 0p(pre,n)s 127 = 0p (P13,
129] = 0 pren) ITNITT I = 0ppicn), Z4(K) = oy(prc) for alli =1,2,3,
E[A;(K) + Ay (K) + A3(K) + A3(K)'|X] = H®H + H(G + L(K))H + o,(px.,n),
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then

N(o (K) = 00) (0(K) — 6p) = Q(K) +#(K),

E[Q(K)|X]=®+ G+ L(K) + T(K),
[F(K) 4+ T(K)]/tr(G+ L(K)) = 0,(1), as K — oo, N — 0.

Proof of Proposition 4.1: The 2SLS estimator, 52SLS(K) has the following decompo-
sition with N =7 locally invalid instruments speciﬁcation in the main paper,

VN(O(K) = 60) = H 'h + H ' hy,

where fl, H is defined and decomposed as in the proof of Proposition 3.1, but iLg can be
decomposed as follows,

- W'PKg
hg =~y = To + 11 + 27,

H, 1 ~f(I-PX)g 1 A(K)'V20,(K)'?
Té] = NY— 1/2 = OP(N7_1/2)7 Tlg = N N,y_l/g = OP( N.y_l/g )7

wg W(I-P)g 1
N NN
where O,, results immediately follow from the proof of Proposition 3.1. We show that the
conditions of Lemma S1.6 are satisfied. Note that G + L(K) in Proposition 4.1 contains
the terms of order 1/N?Y~' K/N7, and K?/N. It is important to note that these terms
may have same order in MSE approximation. To show a term is o,(px,n), it is enough
to show that it is 0,(1/N?~! + K/N7 + K2/N + A(K)).

By similar arguments as in the proof of Proposition 3.1, T9 = 0,(1), || Z7]|| = op(px,N)
by 1/N7 = o(K/N7) and || T9]||T]| = o(K/N"7).

Calculation of the expectation of A;(K) and Z41 = o,(pk.n) defined in Lemma S1.6
follows similarly to the proof of Proposition 3.1. For Ay(K) = (Z] —o T} )(Z] —oT})" and
Z42(K) = 0, we have

79 = ( = Op(1/NY + Ay (K)Y?/N7),

HyH, gU-P)f 1 f'(I—-PK)g 1 1
E[Ay(K)|X] = N2 -1 —H, N N2 -1 N H;Nqu +OP(N27*1)

 H,H,

T ON27-1 +0P(pK N)

by Lemma S1.3(c) and 1/N?7~! = O, (pk n)-
For Z43(K) = (TI+T)TY', we can easily show E[hTY'| X] = 0, E[RTY'|X] = 0, E[TPTY'| X] =
0, and

et o1 W PEu Hy K
BT, T3 |X] = E[WWW] = WUMH;.
Moreover, Z4%(K) = o,(px,n) by inspection. Thus, E[A3(K)|X] = £5 0y, H,. In sum,
E[A;(K) + Ay(K) + A3(K) + A3(K)'|X]
2 2 / 2 H H/ K !
= UUH + Uvef(K) + UUUUUUK /N + N2v— 1 + W(H uv + UUUHQ) + OP(pK,N)

= H®H + H(G + L(K))H + 0,(px.n)
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with® =o2H"',G=H 'H, H H ’1/N27*1 Second result holds because O, (1/N?7~1) =

Op((N1 w)QKQ) 0p(K?/N) under

174 N — 00, and this completes the proof. [

Nl‘Y

Proof of Proposition 4.2: For LIML estimator, we have a similar decomposition as in
the proof of Proposition 3.2 with Ay,

2
hy =3 T] +2°,
=0

H 1 "(I-PK 1 A(K)Y2A (K)Y/?
Nv—1/2 Nv—1/2 N Nr—1/2 NY—1/2
ug 1 1
B=§ wme = Ol
Zg:_u’(I—PK)g 1 ~ H, . W'g ~ H,

N N1z~ AE) s — AR s A e

where the O, results and T9 = 0,(1), Z9 = o,(pr.n), | T||[|TH|| = 0,(pr.n) follow from
the proof of Proposition 3.2, and using 1/N7 = o, (52— + ). Tosee 1/N7 = o, (5= +
£), consider the function (K/a) + a which is convex, and has a global minimum at
a = vK which gives function value 2v/K. Therefore, for a = N*=7, (1/N7)/(1/N*~1 4
K/N)=1/(a+ K/a) <1/(2/K) — 0. To show a term is 0,(pf,n) it is enough to show
that it is 0,(K/N?7"1 + K/N + A(K)).

Calculation of the expectation of A;(K) and Z41 = o,(px.n) follows from the proof
of Proposition 3.2. Next, for Z42(K) = 0, we have E[TJTY'|X] = 0,E[TYTY'| X] = 0, and

1 1 1
992

E[TYTY'|X] = WW]E[U'QQMX] NI N2 0p(PK,N)
by 1/N*=' = 0,(pk.n),9'9/N = O,(1). Therefore, we have
H, H/

E[AQ(K”X] N27— 1 + OP(pK N)
with similar calculations as in the proof of Proposition 4.1.
!/ /
Next, /for 74 (K) = (Z/j 3’Th)(zj o j/) + (T —|—Th)T29/, observe that E[th/\X]
0,E[RTY|X] = 0,E[TPTY'|X] = 0,E[TPTY'|X] = 0,E[TPTY|X] = 0, and E[hTY'| X] =
1 L H,o!,. Moreover, E[TRTY'|X] = E[y/ PKU/\FH’/N7 12|X] =0, E[T;T9’|X] =0
by using E[nzvzm] = 0. Thus,

E[A3(K)|X] =

by using O,(1/N7) = o0,(pr,n). We can also verify Z42(K) = o0,(pr, ) from the proof
of Proposition 3.2 by inspection. In sum,

E[A,(K) + Ay(K) + A3(K) 4+ As(K)'| X]

1
~7 o = 0p(PK.N)

/

5 N H,H,
=02H + o2e;(K) + 023, K/N+ ¢+ + oo <
=H®H + H(G+ L(K))H + o,(pr,n)

with @ = 02H™', G = H'HyH}H~'/N?'~'. The results for FULL estimator follows

+0p(pr.N)
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similarly to the proof of Proposition 3.2, and this completes the proof. (]

Proof of Propositions 4.3-4.5: This follows similarly as in the proof of Propositions
4.1-2 with the results in the proof of Propositions 3.3-3.5. (]

S1.3. Proofs of Propositions 5.1 and 5.2

Proof of Proposition 5.1: This immediately follows by Propositions 4.1-4.5 and Propo-
sition 4 of Donald and Newey (2001) under Assumptions 5.1 and 5.2. O

Proof of Proposition 5.2:

Similar to the proof of Propositions 3.1-3.5, to show a term is o,(px, ), it is enough to
show that it is 0,(K/vVN + K2?/N + A(K) + A(K)Y2A,(K)'/?) for 2SLS and o, (K/N +
A(K) + A(K)Y2A,(K)'?) for other estimators.

First, we consider the 2SLS estimator. By straightforward algebra, we have

2 2
by Assumption 5.3. R

Because the choice of K is unaffected by subtracting constants from L;r(K), we can
assume without loss of generality that L;z(K) can be constructed using R(K) = R(K)—
w'u/N,G(K) = G(K)+uu/NH;  h, +u'u/NT, —uw'v/\/N where H, = f'P,f/N,h, =
f'Pov/ V/N. Then we have a following decomposition for the Mallows criterion:

Ry - o3 WU LW oKy
"I - PX "I —-PX "I —PK 'pK K K
:f( i~ )f+f( = )quu( = )f,(uNu—aZN)JrOp(ﬁ)
:W+Op(ﬁlﬂl\/)

by Lemma S1.2, Assumption 5.3 and the same calculations in the proof of Proposition
3.3. It can be similarly shown for the cross-validation criterion.
Note that &=y —Wd = —W(d — &) + = + v, and
VNG —60) = H 'h, = H: 'h, + T,
T, = Op(l/\/ﬁ)vﬁz =H. + Op(l/‘/ﬁ)v iLZ =h. + Op(l/\/ﬁ)a

where H, = f'P.f/N,h. = f'P,v/V/N by the assumption in the Proposition with valid
instruments z. Then, we have following decompositions for H, H, and G(K),

- WPKw

H _&Z[?/N:H""TI,H“FTZH“FZHv

Tin = —f'(I - PR)fN = —e4(K) = O)(A(K)), Tomr = (' + ['u)/N = 0,(1/VN),
Zy = ' PXu/N — 62K /N — /(I — PE)f/N — f'(I — PE)u/N,
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. W'PKz d
H, = Nic —JW¢N@W=EQ+Ag+2;Eg+me

Ag=h—HH'h. = 0,(1), Ti,=-T1xH: h. = 0y(A(K)),

Ty = u'PRv/VN — 0, K VN = O)(KY/?|VN), Ts g = —u/ PXu/NH . = O, (K/N),
Tig=~TouH; 'hy — HT. +'g/N = O,(1/VN), Ts g = =V N(8u0 — 0u) K/N = O, (K /N),
Ty = —f'(I— PR)g/N = O(AVA(K)AY?(K)), Ty = — /(I — PR )u/VN = 0,(AV*(K)),
Zitg = —u'(I - PR)g/N — Ty 4T, — ToqT. = O,(AY*(K)/VN + A(K)/VN + 1/N),

G(K) = V[/’(I\/—T\f?]()?+ \/%&uv —u'v/VN +w'u/NH*h, +u'u/NT, = jz:Tjg + 0,(PK.N),
Tig=—f(I-P5)f/NH h. = O,(A(K)), To,¢ = u'P*u/NH; *h. = O,(K/N),

Ty = f'(I— PX)g/N = O,(AY*(K)A(K)),
Ty = f'(I - PX)u/VN = 0,(AV*(K)),

Ts.c = —(W'P5v/VN — K/VNow,) = O,(VK/VN)

where we use the similar calculations as in the proof of Propositions 3.1-3.3 using Lemma
S1.2 and S1.3. We can show that Zyg = 0,(pr.n),ZH,g = 0p(pr,n) and the above
decomposition satisfies the condition of the Assumption 5.3 by assuming pz y = o(px,~)
as K , K — oo.

Next, we observe that

7 5
Hgé(K) =(Hg+Ag+ ZTJ%Q + Op(ﬁK,N))(Z Tj.c + op(pr.n))

j=1 j=1

E

= (Hg+4y) ZTJG + 0p(Pr,N)
j=1

by Assumption 5.3 and

f'iL—PE)f
N

1o ST =PR)f
+H 11\_’5T

HHY (R(K) — &77) = (H™ + 0p(1) (Hy + Ag)® + 0,(1))(

g1 U PR)f
= HOH

f'I—P5)f
N

+0p(pr,N))

2=

+2H_1H9Ag +0p(ﬁK7N)-
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In sum,

. . K K?
LIR(K) = 2Hga_u1)7 +0 52

\/N qu
K K? 2HZ? f'(I — P¥
= 2(H, + Mg+ ot o + (o + (ST
‘(I - PX 2
% —2(Hg +Ay) ZTJ‘,G
j=1

02+ ) ) - 02 ) 21,600) 42 Ry 50

)+ 2H™

+4H 'H A,

2K 2 - -1 zfl (I —P)f
—_— HH, “(I-HH 2HH, _
+ N O-'UZ u ( z ) N
> filuis {H_102f'(I—PK)f
N 2o N
where o7 , = E[v'v,/N|X] = E[v,v./N|X], v. = Pv.

Next, we calculate expectation of each term in L;p(K). First,

+2 + 0p(Px.N),

E[A2|X] = E[hh — 2hh, H;'H + HH; 'h.h, H; ' H| X]

Zi fiPii,zfilazH_lH + HH_1 Zz fZPz2z,zfz/

2
= 02H — 2
UU N v z z N

o?H 'H.
Second, E[AyK/vNoy|X] = E[H 1 H A, LU=LEI | X] = 0 as E[A)|X] = 0. Also
note that E[H,T1 ¢|X] =0,

U/PKUH 1fIPU] —H Zz 1‘P111(P“’ZE[UZU’;U2|X]HZ_1f’L —0 (ﬁKN)
v N p(Prc):

EH,T» ¢ X] =E[H,

Next, E[H,Ts.¢] = Hyf'(I — PX)g/N,
E[H,Ty.c] = E[H,f' (I — PX)v/VN|X] =0
E[H,Ts c] = —H,E[(v'PXv/VN — K/VNo,,)|X] =0
by Lemma S1.2 (h). Next, we have

E[A,T1 c|X] = —E[(h - HHglhz)nglhzm _ XifiPusli oy 'I=PE)f

N N v N
D2 / / K
i JiPas S o (I —PR)f
+ HH; N o N .
Note that
lPK /H—
E[f'vvl fH "/ PXu/N?|X] = EJCTE[WMUZ%X]
+ > fiEloiv. | X1 f PR H Blu? | X]/N? + > £ 1P H ' Elvgu | X|E v, us| X]/N?
i#] i#£]

u*

K
= O,(K/N?) + ~HH: Yol on.
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Thus,

u' PXy

E[AyTo.c|X] =E[(h — HH 'h,)

K
= yHH: ‘o2 o0 —HH" HH Yol o

H*lhzm

Finally, by the zero third-moment condition assumption,

2 FiPEEviui| X] S HH > fiPii,- P E[v}ui| X]

E[AQT5,G|X] = N z N =0,
and
E[AyT3.6|X] = E[(h — HH'h.)|X]f'(I = P®)g/N =0
E[A,Tyq|X] =E[(h — HH h.) f'(I = PX)o/VN|X]
:Ugf/(l _NPK)f _HH—lf/ (IN PK)fO'g.
Therefore,
R 2 2H?2 17 _ pK 17 _ pK

ElLn(R)|X] = 2,00~ + o o+ 02+ S (IS o T o ),

For JIVE2 and HLIM/HF UL estimators, we have following decompositions for Rp(K), G p(K),
. W'(I-(PK - DK)W

Rp(K) = ~ —u'u/N
:f(I—(PN—D ))f_(uq]av u—auN) L (P uN i —03%)+0p(ﬁK,N)
_ f’(I_ (P;—DK))f +0P(K/N)+0p(ﬁK,N)v

Gp(K) =W'(I — (PX — DK)&/VN —u'v/V'N +v'u/NH ' h, —l—uu/NT—Z a + op(Pr.N),

Ty =—f'(I-(PX—=D")f/NH "h, = O,(A(K) + K/N),

Ty = f/(I— (PK — DX))g/N = O,(AY2(K)AY2(K) + K/N),

Ty = f/(I - PXYo/V = 0,(AV2(K)),

Tyc=—(u PKU/\F \ﬁam,) :Op(\/E/\/N),

Tyo = <Z Pf“ - jiam = 0,(VE VW), Ty = 2= mf’“’ — 0,(VE/VN)

where we use similar calculations as in the proof of Propositions 3.4-3.5. The results for
other estimators follow similarly. The results for the case v > 1/2 also follows similarly
as in the proof of Propositions 4.1-4.5. This completes the proof. (|
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S2. AUXILIARY RESULTS
S2.1. MSE Approzimation of 2SLS under K = O(v/N)

This subsection provides MSE approximation of 2SLS under K = O(v/N) that is faster
than those imposed in Proposition 3.1. This rate is considered in many-instruments
literature, such as Morimune (1983) and Hahn and Hausman (2005). Note that the
assumption in Proposition 3.1 limits the growth rate of the number of instruments, K =
0(\/N ), and this guarantees the first-order asymptotic properties of the 2SLS estimator,
where the bias from many instruments is of order O,(K/v/N). Therefore, we find a
different decomposition here rather than the equation (2.10) in the main paper.

Specifically, in the next corollary, we will find the following first-order approximations
of the conditional MSE,

N(0(K) — d0)(3(K) — 00)" = Q(K) + 0,(1), (52.1)
E(QK)|X)=02H '+ H 'HH,H ' + L(K) + 0,(1), K —00,N — oc.

COROLLARY S2.1. Suppose that Assumptions 2.1, 2.2, 2.3 are satisfied with v = 1/2. If
K/\/N = a0 < a < ), oy # 0,H, # 0, then the approzimate MSE for the 25LS

estimator satisfies decomposition (S2.1) with the following terms

K K
L(K)=H"! [W(Hgo':w + O'UUH;) + ouvgq’wﬁ] o1 (S2.2)

Proof: Similar to the proof of Proposition 3.1, the 2SLS estimator has the following form
with locally invalid instruments specification

VN(§(K) —680) = H 'h+ H hy,

where H = W’PKW/]\LB = W/PK’U/\/N,BQ = W'PKg/N. Also, h,H and iLg are
decomposed as

5]% +u'PXvu/VN =0,(1), T"=—f(I-P¥)/VN =o0,(1),
H=H+T",
TH = —f'(I = PX)f/N + (u'f + f'u)/N
+(u' PRy — /(I = PR)f = f'(I = PF)u) /N = 0,(1),
hy=H,+T9,
T9 = —f'(I — PX)g/N +u'g/N — /(I — PX)g/N = 0,(1).

h=h+T"
h:

It is important to note that h includes term w'PXv/v/N which is O,(K/vVN) = O,(1)

as K/v/N = O(1), where 0,(1) results immediately follows from the proof of Proposition
3.1.
By using similar arguments as in the proof of Lemma S1.1, we have

VN((K) = do) = H Y7 + H 7, + 0,(1)
where 7 = h+Th —THH'h = h+ 0,(1),7y = Hy + T9 —THH'H, = H, + 0,(1)
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by using 7" = 0,(1),TH = 0,(1),h = O,(1),H, = O,(1),T9 = 0,(1), and H™! =
Op(1), H™' = 0,(1).

Since VN (0(K) — &) = H *h + H ' H, + 0,(1), it follows that

N(3(K) = 80)(0(K) — 60)' = H*(hl' + hH} + Hyh' + HyH,)H™" + 0,(1).

First, we have
flov' f o' PEy ' PRy’ f ' PXoyu' PKy,

LR T AL S YRR S R L )

K2 K K2
—U2H+qu0qu +O( )+0;D(N)

E(hh'|X) = E(

=0%H + UuUO'uv ~ +0p( )
by Lemma S1.2 (i), (j), and K/N = o(K/v/N), K?/N = O(1). Second,

f/ u K , K ,

H|X| = —=0wH

(s i v
by Lemma S1.3 (d). Therefore, we have the approximate MSE for the 2SLS estimator as
in decomposition (S2.1). O

E(hH!|X)=E

S52.2. Rothenberg (1984)’s approzimation with invalid instruments

Here, we derive the bias and variance of the 2SLS estimator similar to the approaches in
Rothenberg (1984). We consider a model

T
y=Wéog+ — +v, W=Ur—+u,
w
where Jy is a scalar, ¥ is a K x 1 (nonrandom) instrument matrix, u? = 7/¥'¥r/02 is a

concentration parameter, and (v;,u;) are bivariate normal with mean zero, variance o2,
and the correlation coefficient p. 2SLS estimator can be written as

A% (Basns — 60) = X1+ (Xo + A)/p+ pB/p?

’1L7

— P ) _ uPv _ 'y _ u/Pu _ ik 28\ Zs —
WhereXli ﬂ’\IJ’\I/ﬂ’X27 Uqu’Yli O'u\/ﬂ"\I/'\I/‘IT’Y27 ’Ai VT 7O
% @2 = 7'0'Wr/o2, and P = ¥(¥ W)~ ¥ . Under conventional asymptotics (p
is large, K is small, and f is small), we have following expansions similar to Rothenberg
(1984),
\/w(CSQSLS —do)
Xy —2X Y1 + A 44X YE - X1Y, — 21 Xy — 2V iA + B
- X, + 2 T i + 11Xy 1Y2 212 14 Iz +o(1/42).
H I
=X

Note that (X1,Y7) and (X3, B) are bivariate normal with mean zeros, variances 1, and
correlation coefficient p, and E(X3) = Kp, Var(Xs) = K(1+p?),E(Yz2) = K, Var(Ys) =
2K,E(B) = 0,Var(B) = 1. To the order o(u~2), we have
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S (K2 i < K —4)(143p2) + 4p> + 2pj1
E(X):( o, I Var(X):l—( )(1+3p7) +4p° + 2pa
ju I I

where i = 7' U'UT/(0,0,).

S3. GENERAL INSTRUMENT SELECTION CRITERIA

In this section, we provide invalidity-robust (IR) instrument selection criteria for the
general vector endogenous variable case. The selection of the instrument K is based on
the MSE approximations in Section 3 and 4 of the main paper. Specifically, we choose
K to minimize Ly(K) which is an estimate of Ly(K) = NL(K)\ with user-specified
A € RP, where L(K) is a part of the dominating term in the MSE approximations in
Propositions 3.1-3.5.

Let 0 be some preliminary estimator, e.g., the IV estimator using all available instru-
ments, or IV estimator where the instruments K are chosen to minimize the first-stage CV
or Mallows’ criteria. Let & as residuals & = y — W, and let H = W/ PKW/N — 62 K/N
as a preliminary estimator of H = f'f/N. Also, let & = (I — PX)W as a preliminary
residual vector of the first-stage reduced-form regression. Define @y = tH '\ and

62 =¢&/N, 62 =uu/N, Gy =UE/N, &5 =u\Ur/N, Guyo=Tuye/N.

Let § as an IV estimator with known valid instruments z;, and residuals as £ =y — W3.
For example, 2SLS estimator 6 = (W'P,W)~1(W’'P,y) where z = [21,--- ,2n], P, =
2(2'2)~12'. Finally, let H, = W/PX&/\/N — K/V/Né,,, as a preliminary estimator of
H, = f'g/N, let NH 'H, = Hyy. It is important to note that all of these preliminary
estimates remain fixed (do not depend on K) while the criterion is calculated for a
different set of instruments. Based on Propositions 3.1-3.5, the invalidity-robust criterion
L[R(K) is

N 2K R Kz . 4 K
2SLS : Hgmwﬁ + ozwﬁ +62(RA(K) — 62, ﬁ)
+2H,\ (FA(K) — GA(K)),
s K, :
LIML : O'U(R)\(K)— ) N)'FQHQ)\(F)\(K)—G)\(K)),
s K, :
B2SLS : 67 (RA(K) + 52 N)+2Hg,\(F,\(K)—G,\(K)),
A2/ D 63”1[( 2 A
JIVE2 : O'U(R)\(K)-i- 5 N)+2Hg)\(F/\D(K)_G)\D(K)),
s 2K, :
HLIM/HFUL : 6;(Rx(K) — A; N)+2Hg,\(F,\D(K)—G,\D(K)),

where 05 = (I-PKYW, 0 = 4/ H~' )\ denote residual vectors, F)(K) = NH ' (R(K)—
~ A A A rr_ K _nK A~ A N A~ rir_pKyzs
GRRVA Hy, Fyp(K) = N AW WUSEGDEIW =1 Gy () = N H TR

A A~ A rir_ K__ K B A~ A~
NHTK/V NGy, and Gap(K) = NHHIEUEEDE For the R(K) and Ry (K),
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we can use the Mallows’ criterion

R T K R o oK K
K)=-2_2 4252 — K) = 267 —
RA(K) N T Tuy (K) N Ty
CV criterion can also be used
u)\ N 1 (ﬂK)2
2 RK)=—Y —i 2
NZ (1 - PK)2 (K) N;(lfPf)Q

Note that when H,y = 0, L;(K) reduces to the criterion in Donald and Newey (2001).

S4. ADDITIONAL SIMULATIONS

We report additional simulation results in addition to the model considered in the main
paper. The main model we consider is
/
T'Z;
szO + = N7

/
T, = Zi + uy,

+ i,

where we set 5y = 0.1, instruments Z; as N (0, Iz) and the errors (v;, u;) as bivariate nor-
mal with mean zero, variances 1, and covariances o, — 7’7 /N7 to ensure an endogeneity
Cov(x;,&;) = Oyy. This is same simulation design as in the main paper without an in-
tercept in the model. We consider v € {oo0,1,1/2,1/3}, (K, N) € {(20,100), (30,1000)}
and the first-stage R? € {0.1,0.01}. We use the same simulation design of Donald and
Newey (2001) allowing for potentially invalid instruments.

Model 1 (Baseline Specification) - B
In the baseline specification, we set 7 = (w1, -+ ,7g)", T = ¢(K)(1 — k/(K +1))*,Vk
where ¢(K) is chosen to set the first-stage R?. We also set 7 = (11, -+ ,7g)’,

m=0fork=1 7,=05fork=2---,K/2 and 7, =0 for k > K/2,

Here, we explore Model 1 with different endogeneity parameters o, € {0.2,0.5,0.8}.
We consider the same specification for 7 = (71, -+ , 75 )" as in the main paper.

Model 2 (equal strength of instruments)
In Model 2, we explore the following specifications for 7 (equal strength),

R2
K- 1)

T =

for all k. This is the case where the instruments have equal strengths as in Donald and
Newey (2001, Model 2). We again use the same specification for 7 = (71, -+ ,7x)" as in
the baseline specification with endogeneity ., = 0.5.

Model 3 (heteroskedastic error)
In Model 3, we analyze a heteroskedastic error case. Specifically, we set E[vZ|Z;] =
(1+ Zy;+ -+ Zg;)? We consider the same specification for 7 = (71,--- ,75)" as follows;

m=0for k=1, 7, =05fork=2,---,K/2, and 7 =0 for k > K/2.
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Model 4 (wrong order of instrument strengths) In Model 4, we consider the the
case where the order of the IV strengths is wrong,

me = c(K)(1 = (K +1—k)/(K+1))",

with the same specification for 7 as above in Models 1-3.

Model 5 (different instrument validity)

Using the baseline specification (Model 1) for instrument strength, 7 = (w1, ,7z) , 7 =
c(K)(1 —k/(K +1))* Vk, we also consider the various specifications in terms of instru-
ment invalidity. We vary 7 as follows; 1) 7 < (0,1,1,1,0,....,0), 2) 7 « (0,1,0,....,0), 3)

7 (0,0,0,0,1,...., 1).

Median bias (Bias), interdecile range (IDR), root mean square error (MSE), and
root trimmed mean square error (TMSE) of the OLS, 2SLS, averaging GMM estima-
tor (GMM-AVE) in Cheng et al. (2019), LIML, FULL (with C = 1), JIVE2, HLIM and
HFUL are reported. For models 1 (o,, € {0.2,0.8}), 3, 4 and 5, we only report the
case (N, K) = (100,20) for brevity. The results are calculated using 10,000 simulation
replications.

Tables 1-4 contain results for the Model 1 (baseline specification) with oy, = 0.5. The
v = oo case in Tables 1-4 replicate the Monte Carlo studies in Tables I-IT in Donald and
Newey (2001) with all valid instruments.

Tables 5-8 contain results for Model 1 with different o.,,. Tables 9-12 give results for
Model 2 and they replicate Tables III-IV in Donald and Newey (2001) when v = oo
(with 04, = 0.5). Tables 13-14 and Tables 15-16 give results for Model 3 and Model
4, respectively. Tables 17-22 give results for Model 5 with different specifications of 7
(instruments invalidity).

In Model 1 (Tables 1-4) with endogeneity o,, = 0.5, the results are qualitatively
similar to the results in the main paper (with an intercept in the model), except that
the jackknife versions of the k-class estimators using only valid instruments (K = 1)
perform considerably worse. For Model 2 (Tables 9-12), similar to Donald and Newey
(2001), this different specification (equal instrument strengths) tends to increase the
median bias/MAD as well as dispersion (IDR/MSE) in most cases compared with the
baseline specification (decreasing order of w). Model 1 (Tables 7-8) with high endogene-
ity o4, and heteroskedastic setup in Model 3 (Tables 13-14) also tends to increase the
bias and the TMSE compared with the baseline specification (Tables 1-2). However, the
results are qualitatively similar to the baseline specification; Fuller/HFUL estimators
combined with instrument selection perform well with lower IDR/MSE. This suggests
that when we have no prior information on which instruments are relatively important
or in heteroskedastic setups, instrument selections can still be useful for estimators with
finite-sample moments, but less so for “no-moment” estimators.

Next consider Model 4 when the order of the IV strengths is wrong (Tables 15-16).
First, we consider the strong identification case (R? = 0.1). When the degree of inva-
lidity is small (i.e., ¥ = oo,y = 1), DN/IR tend to choose a relatively small number
of instruments (which are weak), while K*5F that minimizes the trimmed MSE is 20
(using all instruments) for most cases (2SLS, FULL, HLIM, and HFUL), and this leads
to worse performances than the baseline scenario with the correct order of IV strengths.
However, when invalidity increases v = 1/3, this also makes it costly to include strong,
but invalid instruments (KM5F = 1 for FULL/HLIM/HFUL), and instrument selection
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criteria tend to choose a smaller number of instruments than the baseline specifications
by excluding weak invalid instruments (the median K for DN/IR is 1 for FULL/HFUL).
In the weakly identified cases (R? = 0.01), all instruments are weak instruments anyway,
so the performances are similar to the baseline specification.

Finally, we consider Model 5 with alternative specifications on 7. As we expected, the
results are very similar to the baseline specification (7 « (0,1,1,1,...,1,0,0,....,0)) when
the degree of invalidity is small (i.e., v = o0,y = 1), so we focus on the case v = 1/3
where the degree of invalidity is relatively large.

Tables 17-18 report the case 7 < (0,1,1,1,0,....,0). In the strong identification case
(R? = 0.1), some relatively strong instruments become valid instruments compared with
the baseline specification. Thus, the median bias/MAD and IDR/TMSE of using all
instruments are slightly lower than those in the baseline model except MSE of “no-
moment” estimators. IR tends to choose slightly more valid instruments than the baseline
case on average, however, the differences are relatively small. In the weakly identified case
(R? = 0.01), all valid instruments are weak instruments anyway, so the performances are
no better than the baseline scenario as DN/IR tends to choose only a small number of
instruments in such cases.

Tables 19-20 consider the case 7 « (0, 1,0,0, ...., 0). In the strong identification case, the
third, fourth and fifth strong instruments become valid instruments compared with the
above case, and we find that the performance of using all instruments and the instrument
selections are substantially better than the baseline specification.

Tables 21-22 consider 7 « (0,0,0,0,1,....,1). In this case, many invalid instruments
mainly coincide with weak instruments, thus we find that DN/IR perform better by not
including weak and invalid instruments in terms of lower bias/MAD and IDR/MSE in
most cases compared with the baseline specification.

S4.1. Simulation Design in Hausman et al. (2012)

In this subsection, we explore the following simulation design as in Hausman et al. (2012).
Although we can consider the main simulation design with a scalar endogenous regressor
as a case where the covariates (including an intercept) have already been partialled out,
we note that theoretical results of HLIM/HFUL in Hausman et al. (2012, Assumption
1) include an intercept in the model. The model we consider is

T/ Dl—lzl
Q""Ei)

Yi = Bo + B1x; + g

Ty = T2i + Ui,

where z; ~ N(0,1),u; ~ N(0,1), 7 is chosen so that the concentration parameter u? =
n7r2 = 8,32, D; = (Di717Di727"' 7Di,l_(—5)? Dzk c {0,1}7P’I“(Di)k = 1) = 1/2, and the
full set of available instruments is

! 2 .3 4
Zi = (17 Ziy R 3R s Rq ZiDi,la ziDi,27 e aZiDi,R—5)'
The structural error term ¢ is given by

1—p?

W(@h +0.86v3)

= pu—+
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where v; ~ N (0, 22),v9 ~ N(0, (0.86)?), and vy, v3 are independent of u. We set N = 800,
p = 0.3, and choose ¢ so that the R-squared for the regression of €2 on the instruments
is 0. Results are based on 1,000 simulations.

We consider various IV estimators with different numbers of instruments K € K =
{2,3,---, K = 30} where we use the first K elements of Z;. For examples, the instruments
are (1,2;) for K = 2, (1, 25,22, 23, 2}) for K = 5, and (1, 2, 22, 23, 2}, 2:D; 1, 2:Di 2, -, 2iD; 25)
for K = 30.

Again, v captures “degree of invalidity” and we vary v = 00,1,1/2 and 1/3, and we
consider the following specification for 7 = (7, -+ , 75 _5)":

w=1fork=1,---,K/2-3 and 7, =0for k> K/2—3.

When v = oo, any instruments from the full set of instruments Z; are valid, and the
simulation design corresponds to the same setup in Hausman et al. (2012). When v < oo,
the instruments consisting of interactions with dummy variables are invalid.

Similar to the main paper, we report the median bias (Bias), median absolute deviation
(MAD), interdecile range (IDR), root mean squared error (MSE), and root trimmed mean
squared error (TMSE) of OLS, 2SLS, LIML, FULL (with C' = 1), JIVE2, HLIM, and
HFUL (with C = 1). For the IDR, we report the range between the 0.05 and 0.95
quantiles to be comparable to the results in Hausman et al. (2012). For all IV estimators,
we consider four different cases: using all available instruments K = 30 (all), using only
the valid instrument (1, z;), K = 2 (val), utilizing the instruments chosen by Donald
and Newey (2001)’s criterion (DN), and the instruments selected by the invalidity-robust
criterion in this paper (IR). The v = oo case in Table 23 (u? = 8) and Table 24 (u? = 32)
with K = 2 and K = 30 replicate the Monte Carlo studies in Hausman et al. (2012, Tables
1 and 2) without invalid instruments.

Again, Fuller/HFUL estimators perform well with lower IDR/MSE/TMSE and are
much less dispersed than LIML/HLIM. Further, instrument selection can help to lower
IDR/MSE/TMSE. In Table 23 (u? = 8, the weakly identified case), when the instruments
are slightly invalid (y > 1/2) or all valid (v = 00), we find that all estimators combined
with the DN criterion can lead to a reduction in the IDR and MSE/TMSE compared to
those of the estimators using all instrument sets or only valid instruments, except HLIM.
For FULL/HFUL, results are similar across DN/IR and using only valid instruments.
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