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Abstract This Online Supplementary Material contains the proofs of Propositions
in the main text. Supplementary material also includes auxiliary MSE approximation
results under different asymptotics and additional simulation results.

S1. PROOFS OF RESULTS

Section S1 contains the proofs of propositions and lemmas in the main paper including
higher-order mean square error (MSE) approximation of 2SLS, LIML FULL, B2SLS,
JIVE2, HLIM, and HFUL estimators. Section S1.1 and Section S1.2 contain the MSE
approximations under N−γ locally invalid instrument specifications for γ = 1/2 and
γ > 1/2, respectively. Section S1.3 includes the asymptotic optimality of instrument
selection criteria based on Donald and Newey (2001) under γ > 1/2 and asymptotic
unbiasedness property of invalidity-robust selection criteria proposed in the main paper.

In the following proofs, each IV estimator has a representation
√
N(δ̂(K) − δ0) =

Ĥ−1ĥ + Ĥ−1ĥg. Define h = f ′v/
√
N,H = f ′f/N , Hg = f ′g/N , and ρK,N = tr(G +

L(K)). Let
∑
i =

∑N
i=1,

∑
i 6=j =

∑N
i=1

∑
j 6=i, and LLN denotes (weak) law of large

numbers, and CLT denotes the Lindberg-Levy central limit theorem. op(·) and Op(·)
denote the usual stochastic order symbols, convergence in probability, and bounded in
probability, respectively. ‖A‖ =

√
tr(A′A) denotes the Euclidean norm.

S1.1. Proofs of Lemmas and Propositions 3.1-3.5

Lemma S1.1 will be used for MSE derivations of IV estimators discussed in the main
text, and this requires modifications of the lemma in Donald and Newey (2001) due to
locally invalid instruments.

Lemma S1.1. If there is a decomposition ĥ = h + Th + Zh, Ĥ = H + TH + ZH , ĥg =
Hg + T g + Zg, and

(h+ Th)(h+ Th)′ − hh′H−1TH
′ − THH−1hh′ = Â1(K) + ZA1(K),

(Hg + T g)(Hg + T g)′ −HgH
′
gH
−1TH

′ − THH−1HgH
′
g = Â2(K) + ZA2(K),

(h+ Th)(Hg + T g)′ − hH ′gH−1TH
′ − THH−1hH ′g = Â3(K) + ZA3(K),
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such that Th = op(1), h = Op(1), Hg = Op(1), T g = op(1), H = Op(1), TH = op(1), the
determinant of H is bounded away from zero with probability 1, ρK,N = tr(G + L(K)),
and ρK,N = op(1),

‖TH‖2 = op(ρK,N ), ‖Th‖‖TH‖ = op(ρK,N ), ‖Zh‖ = op(ρK,N ), ‖ZH‖ = op(ρK,N ),

‖Zg‖ = op(ρK,N ), ‖T g‖‖TH‖ = op(ρK,N ), ZAi(K) = op(ρK,N ) for all i = 1, 2, 3,

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X] = HΦH +H(G+ L(K))H + op(ρK,N ),

then

N(δ̂(K)− δ0)(δ̂(K)− δ0)′ = Q̂(K) + r̂(K),

E[Q̂(K)|X] = Φ +G+ L(K) + T (K), (S1.1)

[r̂(K) + T (K)]/tr(G+ L(K)) = op(1), as K →∞, N →∞.

Proof: First, we observe

Ĥ−1ĥ+ Ĥ−1ĥg = H−1(ĥ− (Ĥ −H)H−1h) + Ẑ +H−1(ĥg − (Ĥ −H)H−1Hg) + Ẑg,

Ẑ = H−1(H − Ĥ)Ĥ−1(H − Ĥ)H−1h+ Ĥ−1(H − Ĥ)H−1(ĥ− h),

Ẑg = H−1(H − Ĥ)Ĥ−1(H − Ĥ)H−1Hg + Ĥ−1(H − Ĥ)H−1(ĥg −Hg).

Note that, Ĥ − H = TH + ZH , ‖TH‖2 = op(ρK,N ), ‖ZH‖2 = op(ρK,N ), ‖T g‖‖TH‖ =

op(ρK,N ), ‖Zg‖ = op(ρK,N ), and ĥg = Hg + T g + Zg = Op(1). Thus, ‖Ĥ − H‖2 ≤
2(||TH ||2 + ||ZH ||2) = op(ρK,N ), and ‖ĥg −Hg‖‖H − Ĥ‖ ≤ ‖T g‖‖TH || + ‖Zg‖‖TH || +
‖T g‖‖ZH‖+‖Zg‖‖ZH‖ = op(ρK,N ). Also, H is nonsingular with probability approaching

1 (w.p.a.1.), so that H−1 = Op(1). Moreover, Ĥ = H + op(1) and Ĥ−1 = H−1 + op(1) =
Op(1). Thus,

‖Ẑg‖ ≤ ‖H−1‖‖H−Ĥ‖2‖Ĥ−1‖‖H−1Hg‖+‖ĥg−Hg‖‖H−Ĥ‖‖H−1‖‖Ĥ−1‖ = op(ρK,N ).

Similarly, we can show that ‖Ẑ‖ = op(ρK,N ). Define τ̃g = Hg + T g − THH−1Hg and we
obtain

Ĥ−1ĥg = H−1τ̃g + op(ρK,N )

by using ‖Ẑg‖ = op(ρK,N ), ‖Zg‖ = op(ρK,N ), ‖ZH‖ = op(ρK,N ). Similarly, for ĥ = h +

Th+op(ρK,N ) = Op(1), we obtain Ĥ−1ĥ = H−1τ̃+op(ρK,N ) with τ̃ = h+Th−THH−1h

by ‖Ẑ‖ = op(ρK,N ), ‖Zh‖ = op(ρK,N ), and ‖ZH‖ = op(ρK,N ).
Then, we have

τ̃ τ̃ ′ = Â1(K) + ZA1(K)− Thh′H−1TH
′ − THH−1hTh

′
+ THH−1hh′H−1TH

′

= Â1(K) + op(ρK,N )

by ‖Th‖‖TH‖ = op(ρK,N ), ‖TH‖2 = op(ρK,N ), and ‖ZA1(K)‖ = op(ρK,N ). Also,

τ̃g τ̃
′
g = Â2(K) + ZA2(K)− T gH ′gH−1TH

′ − THH−1HgT
g ′ + THH−1HgH

′
gH
−1TH

′

= Â2(K) + op(ρK,N )

by using ‖T g‖‖TH‖ = op(ρK,N ), ‖TH‖2 = op(ρK,N ), and ‖ZA2(K)‖ = op(ρK,N ).
For the cross term, we obtain

τ̃ τ̃ ′g = Â3(K) + ZA3(K)− ThH ′gH−1TH
′ − THH−1hT g ′ + THH−1hH ′gH

−1TH
′

= Â3(K) + op(ρK,N )
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by ‖Th‖‖TH‖ = op(ρK,N ), ‖T g‖‖TH‖ = op(ρK,N ), ‖TH‖2 = op(ρK,N ) and ‖ZA3(K)‖ =

op(ρK,N ). Since
√
N(δ̂(K)− δ0) = H−1τ̃ +H−1τ̃g + op(ρK,N ), it follows that

N(δ̂(K)− δ0)(δ̂(K)− δ0)′ = H−1(Â1(K) + Â2(K) + Â3(K) + Â3(K)′)H−1 + op(ρK,N ).

Then, the desired conclusion directly follows from the assumption in the lemma. �

Next we provide useful lemmas for the proofs of Propositions 3.1-3.5. Define ef (K) =
f ′(I − PK)f/N , ∆(K) = tr(ef (K)), eg(K) = g′(I − PK)g/N , and ∆g(K) = tr(eg(K)).

Lemma S1.2. (Donald and Newey (2001) Lemma A.2, A.3) If Assumptions 2.1, 2.2 and
2.3 are satisfied, then
(a) tr(PK) = K; (b)

∑
i(P

K
ii )2 = op(K); (c)

∑
i 6=j P

K
ii P

K
jj = K2+op(K); (d)

∑
i 6=j P

K
ij P

K
ij =

K + op(K);

(e) h = f ′v/
√
N = Op(1), H = f ′f/N = Op(1);

(f) ∆(K) = op(1);

(g) f ′(I − PK)v/
√
N = Op(∆(K)1/2);

(h) u′PKv = Op(K);
(i) E[u′PKvv′PKu|X] = σuvσ

′
uvK

2 +(σ2
vΣu+σuvσ

′
uv)K+op(K) = σuvσ

′
uvK

2 +op(K
2);

(j) E[f ′vv′PKu|X] =
∑
i fiP

K
ii E[v2

i u
′
i|xi] = Op(K);

(k) ∆(K)1/2/
√
N = op(K/N + ∆(K));

(l) E[hh′H−1u′f/N |X] =
∑
i fif

′
iH
−1E[v2

i ui|xi]f ′i/N2 = Op(1/N);

(m) E[f ′(I − PK)vv′PKu/N |X] = op(∆(K)1/2
√
K/
√
N).

The next lemma gives useful calculations that will appear in the MSE approximation
due to the invalid instruments.

Lemma S1.3. If Assumptions 2.1, 2.2 and 2.3 are satisfied, then
(a) Hg = f ′g/N = Op(1);
(b) ∆g(K) = op(1);

(c) g′(I − PK)v/
√
N = Op(∆g(K)1/2), f ′(I − PK)g/N = Op((∆(K)∆g(K))1/2);

(d) E[f ′vg′u/N |X] = Hgσ
′
uv;

(e) E[u′PKv|X] = Kσuv;
(f) E[(u′f+f ′u)/NH−1f ′v

√
N |X] = (

∑
i σuvf

′
iH
−1fi+

∑
i fiσ

′
uvH

−1fi)/N
3/2 = Op(1/

√
N);

(g) E[f ′v(f ′g)′H−1(u′f + f ′u)|X] = Σifi(f
′g)′H−1σuvf

′
i + Σifi(f

′g)′H−1fiσ
′
uv.

Proof: (a) holds by LLN. Observer that (I − PK) is idempotent, and

E[∆g(K)] ≤ E[tr(g −Ψπg
′

K)′(g −Ψπg
′

K)]/N = E[|g(x)− πgKψ
K(x)|2]→ 0,

by Assumption 2.2(b). Thus, ∆g(K) = op(1) by the Markov inequality. Next, E[g′(I −
PK)v/

√
N |X] = 0, and

E[g′(I − PK)vv′(I − PK)g/N |X] = σ2
veg(K).

Therefore, g′(I − PK)v/
√
N = Op(∆g(K)1/2) by the Chebyshev inequality. Moreover,

‖f ′(I−PK)g/N‖ ≤
√
tr(f ′(I − PK)f/N)

√
tr(g′(I − PK)g/N) = Op(∆(K)1/2∆g(K)1/2),

by the Cauchy-Schwarz inequality, (I − PK) is idempotent.
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Also, E[f ′vg′u/N |X] =
∑
i,j E[fivigju

′
j |X]/N =

∑
i figiE[viu

′
i|xi]/N = Hgσ

′
uv, and

this gives (d). Moreover, (e) holds by

E[u′PKv|X] =
∑
i

E[uiP
K
ii vi|X] +

∑
i,j

E[uiP
K
ij vj |X] =

∑
i

PKii E[uivi|X] = Kσuv.

Next, E[u′f/NH−1f ′v/
√
N |X] =

∑
i E[uif

′
iH
−1fivi|xi]/N3/2 = σuv(

∑
i f
′
iH
−1fi/N

3/2),

and similarly, E[f ′u/NH−1f ′v/
√
N |X] = (

∑
i fiσ

′
uvH

−1fi)/N
3/2, and this gives (f). Fur-

thermore, (g) holds by E[f ′v(f ′g)′H−1u′f |X] = ΣiE[fivi(f
′g)′H−1uif

′
i |X] = Σifi(f

′g)′H−1σuvf
′
i ,

and E[f ′v(f ′g)′H−1f ′u|X] = Σifi(f
′g)′H−1fiσ

′
uv. �

Proof of Proposition 3.1: The 2SLS estimator, δ̂2SLS(K) = (W ′PKW )−1(W ′PKy)
has the following decomposition with invalid instrument specification in Section 2 of the
main paper, √

N(δ̂(K)− δ0) = Ĥ−1ĥ+ Ĥ−1ĥg,

where

Ĥ =
W ′PKW

N
, ĥ =

W ′PKv√
N

, ĥg =
W ′PKg

N
.

Also, ĥ, Ĥ and ĥg can be decomposed as

ĥ = h+ Th1 + Th2 ,

Th1 = −f ′(I − PK)v/
√
N = Op(∆(K)1/2), Th2 = u′PKv/

√
N = OP (K/

√
N),

Ĥ = H + TH1 + TH2 + ZH ,

TH1 = −f ′(I − PK)f/N = −ef (K) = Op(∆(K)), TH2 = (u′f + f ′u)/N = Op(1/
√
N),

ZH = (u′PKu− u′(I − PK)f − f ′(I − PK)u)/N = Op(K/N + ∆(K)1/2/
√
N),

ĥg = Hg + T g1 + Zg,

T g1 = −f ′(I − PK)g/N = Op(∆(K)1/2∆g(K)1/2),

Zg = u′g/N − u′(I − PK)g/N = Op(1/
√
N + ∆g(K)1/2/

√
N).

We show that the conditions of Lemma S1.1 are satisfied, and L(K) has the representa-
tions given in the proposition. Note that L(K) contains the terms that are proportional
to K/

√
N and K2/N . To show that a term is op(ρK,N ), it is enough to show it is

op(K/
√
N +K2/N + ∆(K) + ∆(K)1/2∆g(K)1/2).

Note that h = Op(1), H = Op(1) by Lemma S1.2(e). Also, Th = −f ′(I −PK)v/
√
N +

u′PKv/
√
N = Op(∆(K)1/2) + Op(K/

√
N) = op(1) by Lemma S1.2(g), (h), and using

∆(K) = op(1),K/
√
N = o(1) with Zh = 0. Moreover, TH1 = −f ′(I−PK)f/N = Op(∆K)

by the definition of ∆K , and TH2 = (u′f + f ′u)/N = Op(1/
√
N) by the CLT. Thus

‖TH‖2 ≤ ‖TH1 ‖2 + ‖TH2 ‖2 + 2‖TH1 ‖‖TH2 ‖ = Op(∆(K)2) +Op(1/N) +Op(∆(K)/
√
N) =

op(ρK,N ). Also,

‖Th‖‖TH‖ = Op(∆(K)3/2)+Op(∆(K)1/2/
√
N)+Op(∆(K)K/

√
N)+Op(K/N) = op(ρK,N ),

since ∆(K)1/2/
√
N = op(ρK,N ) by Lemma S1.2(k). Next, ZH = (u′PKu−u′(I−PK)f−

f ′(I − PK)u)/N = Op(K/N) + Op(∆(K)1/2/
√
N) = op(ρK,N ) by Lemma S1.2(g), (h),

(k).
Next, Hg = Op(1) by Lemma S1.3(a), and T g1 = Op(∆(K)1/2∆g(K)1/2) = op(1) by
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Lemma S1.2(f), S1.3(b),(c). Moreover, u′g/N = Op(1/
√
N) = op(ρK,N ) by CLT and

1/
√
N = o(K/

√
N). Also, u′(I − PK)g/N = Op(∆g(K)1/2/

√
N) = op(ρK,N ) by Lemma

S1.3(c) (replacing v with u) and this gives ‖Zg‖ = op(ρK,N ).
Also,

‖T g‖‖TH‖ = Op(∆(K)3/2∆g(K)1/2) +Op(∆(K)1/2∆g(K)1/2/
√
N) = op(ρK,N ),

by ∆(K)3/2 = op(ρK,N ), ∆(K)1/2/
√
N = op(ρK,N ) using Lemma S1.2(k).

Next, we calculate the expectation of each term Â1(K), Â2(K), and Â3(K) defined in
Lemma S1.1. For ZA1(K) = 0, Â1(K) = (h+ Th1 + Th2 )(h+ Th1 + Th2 )′ − hh′H−1(TH1 +
TH2 )′ − (TH1 + TH2 )H−1hh′, by the proof of Proposition 1 in Donald and Newey (2001),
E[Â1(K)|X] = σ2

vH + σ2
vef (K) + σuvσ

′
uvK

2/N + op(ρK,N ).

Next, for ZA2(K) = 0, we analyze expectation of Â2(K) = (Hg + T g1 )(Hg + T g1 )′ −
HgH

′
gH
−1(TH1 + TH2 )′ − (TH1 + TH2 )H−1HgH

′
g. First of all, E[HgT

g
1
′|X] = −Hgg

′(I −
PK)f/N and E[T g1H

′
g|X] = −f ′(I−PK)g/NH ′g. Second, E[T g1 T

g
1
′|X] = Op(∆(K)∆g(K)) =

op(ρK,N ) by Lemma S1.3(b), (c). Next,

E[HgH
′
gH
−1TH1

′|X] = −HgH
′
gH
−1ef (K).

Lastly,

E[HgH
′
gH
−1TH2

′|X] = HgH
′
gH
−1E[

u′f + f ′u

N
|X] = 0.

Thus,

E[Â2(K)|X] = HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g −Hgg

′(I − PK)f/N

−f ′(I − PK)g/NH ′g + op(ρK,N ).

For ZA3(K) = (
∑2
j=1 T

h
j )T g1

′
, we investigate expectation of Â3(K) = h(Hg + T g1 )

′
+

(Th1 +Th2 )H ′g−hH ′gH−1(TH1 +TH2 )′−(TH1 +TH2 )H−1hH ′g. First, observe that E[hH ′g|X] =

E[f ′v/
√
N(f ′g/N)′|X] = 0, E[hT g1

′|X] = −E[f ′v/
√
N(f ′(I − PK)g/N)′|X] = 0, and

E[Th1 H
′
g|X] = −E[f ′(I − PK)v/

√
NH ′g|X] = 0. Second,

E[Th2 H
′
g|X] = E[u′PKv

√
NH ′g|X] =

K√
N
σuvH

′
g

by Lemma S1.3(e). Second, E[hH ′gH
−1TH1

′|X] = E[f ′v/
√
N |X]H ′gH

−1(f ′(I−P )f/N) =

0, and E[TH1 H−1hH ′g|X] = 0. Third, by Lemma S1.3(g)

E[hH ′gH
−1TH2

′|X] = E[
f ′v√
N
H ′gH

−1u
′f + f ′u

N
|X]

= (ΣifiH
′
gH
−1σuvf

′
i + ΣifiH

′
gH
−1fiσ

′
uv)/N

3/2 = Op(
1√
N

).

Fourth, by Lemma S1.3(f),

E[TH2 H−1hH ′g|X] = E[
u′f + f ′u

N
H−1 f

′v√
N
H ′g|X]

=

∑
i σuvf

′
iH
−1fi +

∑
i fiσ

′
uvH

−1fi
N3/2

H ′g = Op(
1√
N

).

Note that ‖Th1 ‖‖T
g
1 ‖ = Op(∆(K)∆g(K)1/2) = op(ρK,N ) by ∆(K) = Op(ρK,N ) and
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‖Th2 ‖‖T
g
1 ‖ = Op(K/

√
N∆(K)1/2∆g(K)1/2) by ∆(K)1/2K/

√
N ≤ K2/N + ∆K , thus

ZA3(K) = (Th1 + Th2 )T g1
′

= op(ρK,N ). Then, we have

E[Â3(K)|X] =
K√
N
σuvH

′
g + op(ρK,N ),

by 1/
√
N = o(K/

√
N).

In sum,

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X] = σ2
vH + σ2

vef (K) + σuvσ
′
uvK

2/N +

+HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g +

K√
N

(Hgσ
′
uv + σuvH

′
g)

−Hgg
′(I − PK)f/N − f ′(I − PK)g/NH ′g + op(ρK,N )

= HΦH +H(G+ L(K))H + op(ρK,N )

with Φ = σ2
vH
−1 + H−1HgH

′
gH
−1 and G = 0. We have further simplification because

K2/N = o(K/
√
N) and this completes the proof. �

We also use the following lemma for the proof of Proposition 3.2. Let σ̃2
v = v′v/N , and

Λ̃(K) = v′PKv/Nσ2
v .

Lemma S1.4. Suppose that Assumptions in Proposition 3.2 are satisfied, then
(a) Λ̂(K) = Λ̃(K) − (σ̃2

v/σ
2
v − 1)Λ̃(K) − (h + Hg)

′H−1(h + Hg)/Nσ
2
v + R̂Λ = Λ̃(K) +

op(K/N),
√
NR̂Λ = op(ρK,N );

(b) u′PKu/N − Λ̃(K)Σu = op(K/N);

(c) E[hΛ̃(K)v′η/
√
N |X] = (K/N)ΣifiE[v2

i η
′
i|xi]/N +Op(K/N

2);

(d) E[h(h+Hg)
′H−1(h+Hg)/

√
N |X] = Op(1/

√
N);

(e) E[v′PKvη′v/
√
N |X] =

∑
i P

K
ii E[v3

i ηi|xi]/
√
N = O(K/

√
N).

Proof: Lemma S1.4(a)-(c) follows similarly to the proof of Lemma A.7 and A.8. of
Donald and Newey (2001), and it can be shown similarly below in the proof of Lemma
S1.5. For (d), we have E[hh′H−1h/

√
N |X] = Op(1/N) and

E[(hh′H−1Hg + hH ′gH
−1h)/

√
N |X] =

∑
i fif

′
iH
−1Hg + fiH

′
gH
−1fi

N

σ2
v√
N

= Op(1/
√
N).

For (e), we have

E[v′PKvη′v/
√
N |X] =

∑
i,j,k

E[viP
K
ij vjηkvk|X]/

√
N

=
∑
i

PKii E[v3
i ηi|xi]/

√
N +

∑
i

E[v2
i |xi]PKii E[ηjvj ] = O(K/

√
N)

because E[v3
i ηi|xi] is bounded and E[ηjvj ] = 0 by construction. �

Below, we provide proofs of Propositions 3.2-3.5 which show that LIML (FULL),
B2SLS, JIVE2, HLIM (HFUL) estimators satisfy the decomposition (S1.1) (equation
(2.10) in the main paper).

It is important to note that different IV estimators have different expressions for G as
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follows, and they can be also found in the proof of Propositions 3.2-3.5 (equations (S1.3),
(S1.4), (S1.5), (S1.6));

GLIML = H−1
[
(Hgσ

′
uv + σuvH

′
g)(−

2
∑
i f
′
iH
−1fi

N3/2
−
H ′gH

−1Hg√
Nσ2

v

)−
∑
i

[fiσ
′
uvH

−1(fiH
′
g

+Hgf
′
i) + (fiH

′
g +Hgf

′
i)H

−1σuvf
′
i + 2(fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1,

GB2SLS = H−1
[
(Hgσ

′
uv + σuvH

′
g)(

d+ 3√
N
−
∑
i f
′
iH
−1fi

N3/2
)−

∑
i

[fiσ
′
uvH

−1(fiH
′
g +Hgf

′
i)

+(fiH
′
g +Hgf

′
i)H

−1σuvf
′
i + (fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1, (S1.2)

GJIVE2 = H−1
[
(Hgσ

′
uv + σuvH

′
g)(

1√
N
−
∑
i f
′
iH
−1fi

N3/2
)−

∑
i

[fiσ
′
uvH

−1(fiH
′
g +Hgf

′
i)

+(fiH
′
g +Hgf

′
i)H

−1σuvf
′
i + (fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1,

GHLIM = H−1
[
(Hgσ

′
uv + σuvH

′
g)(−

2
∑
i f
′
iH
−1fi

N3/2
−
H ′gH

−1Hg√
Nσ2

v

)−
∑
i

[fiσ
′
uvH

−1(fiH
′
g

+Hgf
′
i) + (fiH

′
g +Hgf

′
i)H

−1σuvf
′
i + 2(fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1.

Proof of Proposition 3.2:
LIML estimator, δ̂LIML(K) = (W ′PKW − Λ̂(K)W ′W )−1(W ′PKy − Λ̂(K)W ′y) has

the following form
√
N(δ̂(K)− δ0) = Ĥ−1ĥ+ Ĥ−1ĥg where

Ĥ =
W ′PKW

N
− Λ̂(K)

W ′W

N
, ĥ =

W ′PKv√
N
− Λ̂(K)

W ′v√
N
, ĥg =

W ′PKg

N
− Λ̂(K)

W ′g

N
.

We have a following decomposition for ĥ and Ĥ

ĥ = h+

5∑
j=1

Thj + Zh,

Th1 = −f ′(I − PK)v/
√
N = Op(∆(K)1/2), Th2 = η′PKv/

√
N = OP (

√
K/
√
N),

Th3 = −Λ̃(K)h = Op(K/N), Th4 = −Λ̃(K)η′v/
√
N = Op(K/N),

Th5 = −(h+Hg)
′H−1(h+Hg)σuv/

√
Nσ2

v = Op(1/
√
N),

Zh = (Λ̃(K)− Λ̂(K) + R̂Λ)
√
N(

W ′v

N
− σuv)− R̂Λ

W ′v√
N
,

Ĥ = H +

3∑
j=1

THj + ZH ,

TH1 = −f ′(I − PK)f/N = −ef (K) = Op(∆(K)), TH2 = (u′f + f ′u)/N = Op(1/
√
N),

TH3 = −Λ̃(K)H = Op(K/N),

ZH =
u′PKu

N
− Λ̃(K)Σu − Λ̂(K)

W ′W

N
+ Λ̃(K)(H + Σu)

−u′(I − PK)f/N − f ′(I − PK)u/N

where the Op results follow similarly to the proof of Proposition 2 in Donald and Newey
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(2001). We observe that op(ρK,N ) = op(1/
√
N + K/N + ∆(K) + ∆(K)1/2∆g(K)1/2),

and Th = op(1), ‖TH‖2 = op(ρK,N ), ‖Th‖‖TH‖ = op(ρK,N ), ‖Zh‖ = op(ρK,N ), and
‖ZH‖ = op(ρK,N ) using Lemma S1.4(a), (b).

Also, ĥg is decomposed as

ĥg = Hg +

4∑
j=1

T gj + Zg,

T g1 = −f ′(I − PK)g/N = Op(∆(K)1/2∆g(K)1/2),

T g2 = u′g/N = Op(1/
√
N), T g3 = −u′(I − PK)g/N = Op(∆g(K)1/2/

√
N),

T g4 = −Λ̃(K)Hg = Op(K/N),

Zg = −Λ̂(K)
W ′g

N
+ Λ̃(K)Hg

where the Op results follow from the proof of Proposition 3.1 and Λ̃(K) = Op(K/N).
Also,

Λ̂(K)
W ′g

N
− Λ̃(K)Hg = (Λ̂(K)− Λ̃(K))

W ′g

N
+ Λ̃(K)(

W ′g

N
−Hg)

= op(K/N) +Op(K/N)op(1) = op(ρK,N )

by Lemma S1.4(a), and by the LLN, W ′g/N = Hg + op(1), which implies ‖Zg‖ =
op(ρK,N ). Moreover, ‖T g‖‖TH1 ‖ = op(ρK,N ), ‖T g‖‖TH3 ‖ = op(ρK,N ),

‖T g‖‖TH2 ‖ = Op(∆(K)1/2∆g(K)1/2/
√
N)+Op(1/N)+Op(∆g(K)1/2/N)+Op(K/N

3/2),

and ‖T g‖‖TH2 ‖ = op(ρK,N ) by Lemma S1.2(k), 1/N = o(K/N), and K/N3/2 = o(K/N).
Thus, ‖T g‖‖TH‖ = op(ρK,N ) holds by the Cauchy-Schwarz inequality.

Next, we calculate expectation of each term Â1(K), Â2(K), and Â3(K) to apply

Lemma S1.1. First, for Â1(K) = hh′+h(
∑5
j=1 T

h
j )′+(

∑5
j=1 T

h
j )h′+(

∑2
j=1 T

h
j )(
∑2
j=1 T

h
j )′−

hh′H−1TH
′ − THH−1hh′,

E[Â1(K)|X] = σ2
vH + σ2

vef (K) + σ2
vΣη

K

N
+ ζ̂ + ζ̂ ′ + ζ̂γ + ζ̂ ′γ

where

ζ̂ =
∑
i

fiP
K
ii E[v2

i η
′
i|X]/N − K

N

∑
i

fiE[v2
i η
′
i|X]/N,

ζ̂γ = − 1√
N
Hgσ

′
uv −

∑
i fiH

′
gH
−1fi

N

σ′uv√
N

and ‖ZA1(K)‖ = op(ρK,N ) by Lemma S1.4(d) and the proof of Proposition 2 in Donald
and Newey (2001).

Next, for ZA2(K) = (
∑4
j=2 T

g
j )(
∑4
j=2 T

g
j )′, we analyze expectation of Â2(K) = (Hg +

T g1 )(Hg+T
g
1 )′+(Hg+T

g
1 )(
∑4
j=2 T

g
j )′+(

∑4
j=2 T

g
j )(Hg+T

g
1 )′−HgH

′
gH
−1TH

′−THH−1HgH
′
g.

Note thatHgT
g
4
′−HgH

′
gH
−1TH3

′
= 0, and E[HgT

g
2
′|X] = E[Hgg

′u/N |X] = Hg

∑
i E[u′i|X]gi/N =

0. Similarly, we have E[HgT
g
3
′|X] = 0, E[T g1 T

g
2
′|X] = 0, and E[T g1 T

g
3
′|X] = 0. Also,

E[T g1 T
g
4
′|X] = E[

f ′(I − PK)g

N
Λ̃(K)H ′g|X] =

K

N

f ′(I − PK)g

N
H ′g = op(ρK,N )
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by E[Λ̃(K)|X] = E[v′PKv/Nσ2
v |X] = K/N and using K/N = O(ρK,N ). Lastly, 1/N =

o(ρK,N ), ∆g(K) = op(1), and K/N3/2 = o(K/N) so that ‖T g2 ‖‖T
g
j ‖ for each j ≥ 2.

It also follows similarly that ‖T g3 ‖‖T
g
3 ‖, ‖T

g
3 ‖‖T

g
4 ‖ and ‖T g4 ‖‖T

g
4 ‖ are op(ρK,N ). Thus,

ZA2(K) = op(ρK,N ).
With the same calculations in the proof of Proposition 3.1, we have

E[Â2(K)|X] = HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g −Hgg

′(I − PK)f/N

−f ′(I − PK)g/NH ′g + o(ρK,N ).

Next, for ZA3(K) = (
∑5
j=3 T

h
j )(
∑4
j=1 T

g
j )′ + (

∑2
j=1 T

h
j )(
∑4
j=2 T

g
j )′, we investigate

expectation of Â3(K). From the proof of Proposition 3.1, we have calculations of E[h(Hg+

T g1
′
) + Th1 H

′
g − hH ′gH−1(TH1 + TH2 )′ − (TH1 + TH2 )H−1hH ′g|X]. First, note that hT g4

′ −
hHg

′H−1TH3
′

= 0 and Th3 H
′
g − TH3 H−1hH ′g = 0, and

E[Th2 H
′
g|X] = E[η′PKv/

√
NH ′g|X] = 1/

√
N
∑
i

PKii E[ηivi]H
′
g = 0.

Second, by Lemma S1.3(d),

E[hT g2
′|X] = E[f ′v

√
Ng′u/N |X] =

1√
N
Hgσ

′
uv = Op(1/

√
N).

Third,

E[hT g3
′|X] = −E[f ′v

√
Ng′(I − PK)u/N |X] = − 1√

N

f ′(I − PK)g

N
σ′uv = op(ρK,N ).

Fourth, E[Th1 T
g
1
′|X] = E[f ′(I − PK)v

√
Ng′(I − PK)f/N |X] = 0. Fifth, E[Th2 T

g
1
′|X] =

−E[η′PKv
√
N |X]g′(I − PK)f/N = 0 as E[ηivi] = 0. Sixth,

E[Th4 H
′
g|X] = −E[

v′PKv

Nσ2
v

η′v/
√
NH ′g|X] = Op(

√
K/N3/2) = op(ρK,N )

by Lemma S1.4(e). Seventh,

E[Th5 H
′
g|X] = −E[h′H−1h|X]

σuv√
Nσ2

v

H ′g −H ′gH−1HgσuvH
′
g/
√
Nσ2

v

= −
∑
i f
′
iH
−1fi

N

σuv√
N
H ′g −H ′gH−1Hg

σuv√
Nσ2

v

H ′g = Op(1/
√
N).

Lastly,K/N = o(
√
K/
√
N), 1/

√
N = o(

√
K/
√
N), and op(

√
K/
√
N(∆(K)1/2∆g(K)1/2+

1/
√
N + ∆g(K)1/2/

√
N) +K/N) = op(ρK,N ), thus ‖Thj ‖‖T

g
k ‖ = op(ρK,N ) for j ≥ 3 and

each k. It also follows similarly that ‖Th1 ‖‖T
g
j ‖ = op(ρK,N ) and ‖Th2 ‖‖T

g
j ‖ = op(ρK,N )

for j ≥ 2, and this gives ZA3(K) = op(ρK,N ). Thus,

E[Â3(K)|X] =
1√
N
Hgσ

′
uv −

2
∑
i f
′
iH
−1fi

N3/2
σuvH

′
g −H ′gH−1Hg

σuv√
Nσ2

v

H ′g

−
∑
i

[fiH
′
gH
−1σuvf

′
i + fiH

′
gH
−1fiσ

′
uv + fiσ

′
uvH

−1fiH
′
g]/N

3/2 = Op(1/
√
N).
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In sum, we have

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X] = σ2
vH + σ2

vef (K) + σ2
vΣηK/N + ζ̂ + ζ̂ ′

+HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g −Hgg

′(I − PK)f/N − f ′(I − PK)g/NH ′g

+Op(1/
√
N) + op(ρK,N ).

If we assume E[v2
i ηi|xi] = 0, then ζ̂ = 0, and we get the desired results with Φ =

σ2
vH
−1 +H−1HgH

′
gH
−1, L(K) provided in Proposition 3.2, and G = GLIML,

GLIML = H−1
[
(Hgσ

′
uv + σuvH

′
g)(−

2
∑
i f
′
iH
−1fi

N3/2
−
H ′gH

−1Hg√
Nσ2

v

)−
∑
i

[fiσ
′
uvH

−1(fiH
′
g

+Hgf
′
i) + (fiH

′
g +Hgf

′
i)H

−1σuvf
′
i + 2(fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1.

(S1.3)

For Fuller estimator, δ̂FULL(K) = (W ′PKW − Λ̌(K)W ′W )−1(W ′PKy − Λ̌(K)W ′y),
observe that

Λ̌(K) = Λ̂(K)−
C

N−K (1− Λ̂(K))2

1− C
N−K (1− Λ̂(K))

= Λ̂(K)− C(1− Λ̂(K))2

N −K − C(1− Λ̂(K))
= Λ̂(K) +Op(1/N)

by 0 ≤ 1− Λ̂(K) ≤ 1. Therefore we have

W ′PKW

N
− Λ̌(K)

W ′W

N
=
W ′PKW

N
− Λ̂(K)

W ′W

N
+ op(ρK,N ),

W ′PKv√
N

− Λ̌(K)
W ′v√
N

=
W ′PKv√

N
− Λ̂(K)

W ′v√
N

+ op(ρK,N ),

W ′PKg

N
− Λ̌(K)

W ′g

N
=
W ′PKg

N
− Λ̂(K)

W ′g

N
+ op(ρK,N ),

by using W ′W/N = Op(1),W ′v/
√
N = Op(1),W ′g/N = Op(1) and 1/N = op(ρK,N ).

Thus, FULL estimator has the same higher-order MSE decomposition with LIML esti-
mator. �

Proof of Proposition 3.3:

B2SLS estimator, δ̂B2SLS(K) = (W ′PKW − Λ̄(K)W ′W )−1(W ′PKy− Λ̄(K)W ′y) with

Λ̄(K) = (K−d−2)/N has the following decomposition
√
N(δ̂(K)−δ0) = Ĥ−1ĥ+Ĥ−1ĥg,

Ĥ =
W ′PKW

N
− Λ̄(K)

W ′W

N
, ĥ =

W ′PKv√
N
− Λ̄(K)

W ′v√
N
, ĥg =

W ′PKg

N
− Λ̄(K)

W ′g

N
.
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We have following decomposition for ĥ, Ĥ and ĥg,

ĥ = h+

4∑
j=1

Thj , Th1 = −f ′(I − PK)v/
√
N = Op(∆(K)1/2),

Th2 = u′PKv/
√
N −

√
N Λ̄(K)σuv = OP (

√
K/
√
N),

Th3 = −Λ̄(K)h = Op(K/N), Th4 = −Λ̄(K)
√
N(u′v/N − σuv) = Op(K/N),

Ĥ = H +

3∑
j=1

THj + ZH ,

TH1 = −f ′(I − PK)f/N = −ef (K) = Op(∆(K)), TH2 = (u′f + f ′u)/N = Op(1/
√
N),

TH3 = −Λ̄(K)H = Op(K/N),

ZH =
u′PKu

N
− Λ̄(K)Σu − Λ̄(K)(

W ′W

N
−H − Σu)− u′(I − PK)f/N − f ′(I − PK)u/N,

ĥg = Hg +
4∑
j=1

T gj + Zg,

T g1 = −f ′(I − PK)g/N = Op(∆(K)1/2∆g(K)1/2),

T g2 = u′g/N = Op(1/
√
N), T g3 = −u′(I − PK)g/N = Op(∆g(K)1/2/

√
N),

T g4 = −Λ̄(K)Hg = Op(K/N), Zg = −Λ̄(K)(
W ′g

N
−Hg),

where the Op results, Th = op(1), ‖TH‖2 = op(ρK,N ), ‖Th‖‖TH‖ = op(ρK,N ), ‖Zh‖ =
op(ρK,N ), and ‖ZH‖ = op(ρK,N ) follow immediately from the proof of Proposition 3 in
Donald and Newey (2001), and ‖Zg‖ = op(ρK,N ), ‖T g‖‖TH‖ = op(ρK,N ) similarly to
the proof of Proposition 3.2 using Λ̄(K) = O(K/N).

Next, we calculate expectation of each term Â1(K), Â2(K), and Â3(K) to apply

Lemma S1.1. First, for Â1(K) = hh′+h(
∑4
j=1 T

h
j )′+(

∑4
j=1 T

h
j )h′+(

∑2
j=1 T

h
j )(
∑2
j=1 T

h
j )′−

hh′H−1TH
′ − THH−1hh′

E[Â1(K)|X] = σ2
vH + σ2

vef (K) + (σ2
vΣu + σuvσ

′
uv)

K

N
+ ζ̂ + ζ̂ ′ + op(ρK,N )

by the proof of Proposition 3 in Donald and Newey (2001), where

ζ̂ =
∑
i

fiP
K
ii E[v2

i u
′
i|X]/N − Λ̄(K)

∑
i

fiE[v2
i u
′
i|X]/N.

Next, for ZA2(K) = (
∑4
j=2 T

g
j )(
∑4
j=2 T

g
j )′, we analyze expectation of Â2(K) = (Hg +

T g1 )(Hg+T
g
1 )′+(Hg+T

g
1 )(
∑4
j=2 T

g
j )′+(

∑4
j=2 T

g
j )(Hg+T

g
1 )′−HgH

′
gH
−1TH

′−THH−1HgH
′
g.

Observe that HgT
g
4
′ − HgH

′
gH
−1TH3

′
= 0 and E[T g1 T

g
4
′|X] = Λ̄(K) f

′(I−PK)g
N H ′g =

op(ρK,N ). Similar to the proof of Proposition 3.2 by replacing Λ̄(K) with Λ̃(K), we
have

E[Â2(K)|X] = HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g −Hgg

′(I − PK)f/N

−f ′(I − PK)g/NH ′g + o(ρK,N ),

and ZA2(K) = op(ρK,N ). For ZA3(K) = (
∑4
j=3 T

h
j )(
∑4
j=1 T

g
j )′+ (

∑2
j=1 T

h
j )(
∑4
j=2 T

g
j )′,
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we investigate expectation of Â3(K). From the proof of Propositions 3.1 and 3.2, we have

E[h(Hg + T g1 + T g2 + T g3 )′ + Th1 (Hg + T g1 )′ − hH ′gH−1TH
′

2 − TH2 H−1hH ′g|X]

=
1√
N
Hgσ

′
uv −

∑
i f
′
iH
−1fi

N3/2
σuvH

′
g

−
∑
i

[fiH
′
gH
−1σuvf

′
i + fiH

′
gH
−1fiσ

′
uv + fiσ

′
uvH

−1fiH
′
g]/N

3/2 = Op(1/
√
N)

and ZA3(K) = op(ρK,N ). Also observe that hT g4
′ − hHg

′H−1TH3
′

= 0 and Th3 H
′
g −

TH3 H−1hH ′g = 0. Next,

E[Th2 H
′
g|X] = E[(u′PKv/

√
N −

√
N Λ̄(K)σuv)H

′
g|X]

= (K/
√
N −

√
N Λ̄(K))σuvH

′
g =

d+ 2√
N
σuvH

′
g = Op(1/

√
N)

by the definition of Λ̄(K). Similarly,

E[Th2 T
g
1
′|X] = Op(

1√
N
f ′(I − PK)g/N) = op(ρK,N ).

Lastly,

E[Th4 H
′
g|X] = −E[Λ̄(K)

√
N(u′v/N − σuv)H ′g|X] = 0.

In sum,

E[Â3(K)|X] = Op(1/
√
N) + o(ρK,N ).

Thus, we have

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X] = σ2
vH + σ2

vef (K) + (σ2
vΣu + σuvσ

′
uv)K/N

+HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g −Hgg

′(I − PK)f/N

−f ′(I − PK)g/NH ′g +Op(1/
√
N) + ζ̂ + ζ̂ ′ + op(ρK,N ).

Using σ2
vΣu = σ2

vΣη + σuvσ
′
uv and assuming E[v2

i ui|X] = 0, Lemma S1.1 holds with
Φ = σ2

vH
−1 +H−1HgH

′
gH
−1, L(K) provided in Proposition 3.3, and G = GB2SLS,

GB2SLS = H−1
[
(Hgσ

′
uv + σuvH

′
g)(

d+ 3√
N
−
∑
i f
′
iH
−1fi

N3/2
)−

∑
i

[fiσ
′
uvH

−1(fiH
′
g +Hgf

′
i)

+(fiH
′
g +Hgf

′
i)H

−1σuvf
′
i + (fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1.

(S1.4)

�

Proof of Proposition 3.4:
JIVE2 estimator, δ̂JIVE2(K) = (W ′PKW −

∑
i P

K
ii WiW

′
i )
−1(W ′PKy −

∑
i P

K
ii Wiyi)

has the following decomposition
√
N(δ̂(K)− δ0) = Ĥ−1ĥ+ Ĥ−1ĥg,

Ĥ =
W ′PKW

N
−
∑
i P

K
ii WiW

′
i

N
, ĥ =

W ′PKv√
N
−
∑
i P

K
ii Wivi√
N

, ĥg =
W ′PKg

N
−
∑
i P

K
ii Wigi
N

.
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We have a following decomposition for ĥ, Ĥ and ĥg,

ĥ = h+

4∑
j=1

Thj , Th1 = −f ′(I − PK)v/
√
N = Op(∆(K)1/2),

Th2 = u′PKv/
√
N −Kσuv/

√
N = OP (

√
K/
√
N),

Th3 = −
∑
i P

K
ii fivi√
N

= OP (
√
K/
√
N), Th4 = −(

∑
i P

K
ii uivi√
N

− K√
N
σuv) = OP (

√
K/
√
N),

Ĥ = H +

3∑
j=1

THj + ZH ,

TH1 = −f ′(I − PK)f/N = −ef (K) = Op(∆(K)), TH2 = (u′f + f ′u)/N = Op(1/
√
N),

TH3 = −
∑
PKii fif

′
i

N
= Op(K/N),

ZH = (
u′PKu

N
− K

N
Σu) + (

K

N
Σu −

∑
i P

K
ii uiu

′
i

N
)−

∑
i P

K
ii (fiu

′
i + uif

′
i)

N

−u′(I − PK)f/N − f ′(I − PK)u/N,

ĥg = Hg +

4∑
j=1

T gj + Zg,

T g1 = −f ′(I − PK)g/N = Op(∆(K)1/2∆g(K)1/2),

T g2 = u′g/N = Op(1/
√
N), T g3 = −u′(I − PK)g/N = Op(∆g(K)1/2/

√
N),

T g4 = −
∑
i P

K
ii figi
N

= Op(K/N), Zg = −
∑
i P

K
ii uigi
N

,

where the Op results, Th = op(1), ‖TH‖2 = op(ρK,N ), ‖Th‖‖TH‖ = op(ρK,N ), ‖Zh‖ =
op(ρK,N ), ‖ZH‖ = op(ρK,N ), ‖Zg‖ = op(ρK,N ), and ‖T g‖‖TH‖ = op(ρK,N ) follow sim-
ilarly to the proof of Proposition 3.3 and using

∑
i P

K
ii uiu

′
i/N − K/NΣu = op(K/N),∑

i P
K
ii (fiu

′
i + uif

′
i)/N = op(K/N) by the Markov Inequality. Note that op(ρK,N ) =

op(1/
√
N+K/N+∆(K)+∆(K)1/2∆g(K)1/2) because f ′DKf/N+f ′DKg/N = Op(K/N).

First, for ZA1 (K) = 0, we have E[hTh2
′|X] = −E[hTh4

′|X] =
∑
i fiP

K
ii E[v2

i u
′
i|xi]/N by

Lemma S1.2(j). Next,

E[hTh3
′|X] = −E[f ′v/

√
N
∑
i

PKii f
′
ivi/
√
N |X] = −

∑
i P

K
ii fif

′
i

N
σ2
v ,

E[hh′H−1TH3
′|X] = −E[f ′vv′f/NH−1

∑
i

PKii fif
′
i |X] = −

∑
i P

K
ii fif

′
i

N
σ2
v ,

and E[hTh3
′−hh′H−1TH3

′|X] = 0. Next, E[Th1 T
h
2
′|X] = E[Th1 T

h
4
′|X] = op(∆

1/2
K

√
K/N) =

op(ρK,N ) by Lemma S1.2(m). We also have

|E[Th1 T
h
3

′|X]| =
|E[
∑
i,j fiQ

K
ij vj

∑
i P

K
ii f
′
ivi|X]|

N
≤ |f

′Qµ|
N

= op(∆
1/2
K

√
K/N) = op(ρK,N )

where µi = f ′iP
K
ii σ

2
v by using

∑
i(P

K
ii )2 = o(K) and the Cauchy-Schwarz inequality.

Using the similar calculations in the proof of Proposition 3.3, E[Th2 T
h
2
′|X] = (σ2

vΣu +
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σuvσ
′
uv)

K
N + op(K/N). Next,

E[Th2 T
h
3

′|X] = −
∑
i(P

K
ii )2f ′iE[uiv

2
i |X]

N
= op(K/N),

E[Th2 T
h
4

′|X] = −E[(u′PKv/
√
N −K/

√
Nσuv)(

∑
i

PKii uivi/
√
N −K/

√
Nσuv)

′]

= −
∑
i(P

K
ii )2E[uiu

′
iv

2
i |X]

N
−
∑
i 6=j P

K
ii P

K
jj

N
σuvσ

′
uv +

K2

N
σuvσ

′
uv = op(K/N)

by Lemma S1.2(b) and (c). Similarly, we can show E[Th3 T
h
4
′|X] = −

∑
i(P

K
ii )2f ′iE[u′iv

2
i |X]/N =

op(K/N) and E[Th4 T
h
4
′|X] = op(K/N). Thus, for Â1(K) = hh′+h(

∑4
j=1 T

h
j )′+(

∑4
j=1 T

h
j )h′+

(
∑4
j=1 T

h
j )(
∑4
j=1 T

h
j )′ − hh′H−1TH

′ − THH−1hh′, we have

E[Â1(K)|X] = σ2
vH + σ2

vef (K) + (σ2
vΣu + σuvσ

′
uv)

K

N
+ op(ρK,N ).

Next, for ZA2(K) = (
∑4
j=2 T

g
j )(
∑4
j=2 T

g
j )′, we analyze expectation of Â2(K) = (Hg +

T g1 )(Hg+T
g
1 )′+(Hg+T

g
1 )(
∑4
j=2 T

g
j )′+(

∑4
j=2 T

g
j )(Hg+T

g
1 )′−HgH

′
gH
−1TH

′−THH−1HgH
′
g.

Similar to the proof of Proposition 3.3, we have E[T g1 T
g
4
′|X] = f ′(I−PK)g/N

∑
i P

K
ii figi/N =

op(ρK,N ),

E[HgT
g
4
′|X] = −Hg

∑
i P

K
ii f
′
igi

N
,

E[HgH
′
gH
−1TH3

′|X] = −HgH
′
gH
−1

∑
PKii fif

′
i

N
,

E[Â2(K)|X] = HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g −Hgg

′(I − PK)f/N

−f ′(I − PK)g/NH ′g −Hgg
′DKf/N − f ′DKg/NH ′g

+HgH
′
gH
−1f ′DKf/N + f ′DKf/NH−1HgH

′
g + op(ρK,N )

and ZA2(K) = op(ρK,N ).

Lastly, for ZA3(K) = (
∑4
j=1 T

h
j )(
∑4
j=2 T

g
j )′, we investigate expectation of Â3(K). We

have E[Th2 H
′
g|X] = E[(u′PKv/

√
N−Kσuv/

√
N)H ′g|X] = 0, E[Th2 T

g
1
′|X] = 0,E[hT g4

′|X] =

0,E[Th3 H
′
g|X] = 0,E[Th3 T

g
1
′|X] = 0 and similarly, E[Th4 H

′
g|X] = 0,E[Th4 T

g
1
′|X] = 0. Also

observe that E[hHg
′H−1TH3

′|X] = 0,E[TH3 H−1hHg
′|X] = 0. From the similar calcula-

tions as in Propositions 3.1-3.3,

E[Â3(K)|X] =
1√
N
Hgσ

′
uv −

∑
i f
′
iH
−1fi

N3/2
σuvH

′
g

−
∑
i

[fiH
′
gH
−1σuvf

′
i + fiH

′
gH
−1fiσ

′
uv + fiσ

′
uvH

−1fiH
′
g]/N

3/2 + op(ρK,N ),
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and ZA3(K) = op(ρK,N ). In sum,

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X] = σ2
vH + σ2

v

f ′(I − PK)f

N
+HgH

′
g

+(σ2
vΣu + σuvσ

′
uv)K/N +HgH

′
gH
−1 f

′(I − (PK −DK))f

N
+
f ′(I − (PK −DK))f

N
H−1HgH

′
g

−Hgg
′(I − (PK −DK))f/N − f ′(I − (PK −DK))g/NH ′g +Op(1/

√
N) + op(ρK,N ).

Thus, Lemma S1.1 holds with Φ = σ2
vH
−1 +H−1HgH

′
gH
−1, L(K) provided in Proposi-

tion 3.4, and G = GJIVE2,

GJIVE2 = H−1
[
(Hgσ

′
uv + σuvH

′
g)(

1√
N
−
∑
i f
′
iH
−1fi

N3/2
)−

∑
i

[fiσ
′
uvH

−1(fiH
′
g +Hgf

′
i)

+(fiH
′
g +Hgf

′
i)H

−1σuvf
′
i + (fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1.

(S1.5)

�
We use the following lemma for the HLIM/HFUL results. Let λ̃(K) = v′(PK−DK)v

Nσ2
v

.

Lemma S1.5. Suppose that Assumptions in Proposition 3.5 are satisfied, then
(a) λ̂(K) = λ̃(K)−(σ̃2

v/σ
2
v−1)λ̃(K)−(h+Hg)

′H−1(h+Hg)/Nσ
2
v+R̂λ = λ̃(K)+op(K/N),√

NR̂λ = op(ρK,N );

(b) E[hλ̃(K)v′η/
√
N |X] = op(K/N

2).

Proof: Note that the HLIM estimator is δ̂HLIM = arg minδ λ(δ), λ(δ) = A(δ)/B(δ)
where A(δ) = (y −Wδ)′(PK − DK)(y −Wδ)/N,B(δ) = (y −Wδ)′(y −Wδ)/N , and

λ̂(K) = λ(δ̂HLIM). By the Taylor expansion, we have

λ̂(K) = λ(δ0)− λδ(δ0)′λδδ(δ0)−1λδ(δ0)/2 +Op(1/N
3/2)

where we use δ̂HILM − δ0 = −λδδ(δ0)−1λδ(δ0) + Op(1/N) from the FOC, λδ(δ̂HLIM) = 0
w.p.1. We have straightforward calculations of the gradient and Hessian

λδ(δ) = B(δ)−1[Aδ(δ)− λ(δ)Bδ(δ)],

λδδ(δ) = B(δ)−1[Aδδ(δ)− λ(δ)Bδδ(δ)]−B(δ)−1[Bδ(δ)λδ(δ)
′ + λδ(δ)Bδ(δ)

′].

It can be shown that B(δ0) = σ̃2
v + g′g/N2 + (g′v + v′g)/N3/2 = σ̃2

v +Op(1/N),

−σ̃2
v

√
Nλδ(δ0)/2 = W ′(PK −DK)ε/N1/2 − ε′(PK −DK)ε/

√
NW ′ε/ε′ε

= h+Hg +Op(∆(K)1/2 +
√
K/
√
N)− v′(PK −DK)v√

N
(
W ′v

v′v
− σuv

σ2
v

)

= h+Hg + op(1)
d→ N(H̄g, σ

2
vH̄)

by the similar calculations from Proposition 3.4 and that W ′v
v′v −

σuv
σ2
v

= Op(1/
√
N).

Therefore, we have λδ(δ0) = Op(1/
√
N). Similarly, we have

σ̃2
vλδδ(δ0)/2 = W ′(PK −DK)W/N − λ(δ0)W ′W/N +Op(1/

√
N)

= H +Op(∆(K) + 1/
√
N +K/N)
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where we use Bδ(δ0) = Op(1) and the calculations in the proof of Proposition 3.4. Thus,

λ̂(K) = λ(δ0)− (h+Hg)
′H−1(h+Hg)/Nσ

2
v +Op(∆(K)1/2/N +

√
K/N3/2).

From the proof of Lemma A.7 in Donald and Newey (2001), it can be shown similarly
that λ(δ0) = λ̃(K)− (σ̃2

v/σ
2
v − 1)λ̃(K) +Op(K/N

2). For (b),

f ′vv′(PK −DK)vv′η = 2
∑
i 6=j

PKij fiv
2
i v

2
j η
′
j −

∑
i 6=j

fiP
K
ii v

3
i vjηj −

∑
i 6=j

PKii v
3
i ηifjvj .

Similar to Lemma S1.4(c), we have

E[hλ̃(K)v′η/
√
N |X] = E[f ′vv′(PK −DK)vv′η/N2σ2

v |X] = op(K/N
2)

as E[v2
j η
′
j |X] is bounded and E[vjηj |xj ] = 0. �

Proof of Proposition 3.5:
HLIM estimator, δ̂HLIM(K) = (W ′(PK −DK)W − λ̂(K)W ′W )−1(W ′(PK −DK)y −

λ̂(K)W ′y) has the following form
√
N(δ̂(K)−δ0) = Ĥ−1ĥ+Ĥ−1ĥg where Ĥ = W ′(PK−

DK)W/N − λ̂(K)W ′W/N ,

ĥ =
W ′(PK −DK)v√

N
− λ̂(K)

W ′v√
N
, ĥg =

W ′(PK −DK)g

N
− λ̂(K)

W ′g

N
.

We have a following decomposition for ĥ and Ĥ

ĥ = h+

7∑
j=1

Thj + Zh,

Th1 = −f ′(I − PK)v/
√
N = Op(∆(K)1/2), Th2 = η′PKv/

√
N = OP (

√
K/
√
N),

Th3 = −f
′DKv√
N

= OP (
√
K/
√
N), Th4 = −η

′DKv√
N

= OP (
√
K/
√
N),

Th5 = −λ̃(K)h = Op(K/N), Th6 = −λ̃(K)η′v/
√
N = Op(K/N),

Th7 = −(h+Hg)
′H−1(h+Hg)σuv/

√
Nσ2

v = Op(1/
√
N),

Zh = (λ̃(K)− λ̂(K) + R̂λ)
√
N(

W ′v

N
− σuv)− R̂λ

W ′v√
N
,

Ĥ = H +

4∑
j=1

THj + ZH ,

TH1 = −f ′(I − PK)f/N = −ef (K) = Op(∆(K)), TH2 = (u′f + f ′u)/N = Op(1/
√
N),

TH3 = −λ̃(K)H = Op(K/N), TH4 = −
∑
PKii fif

′
i

N
= Op(K/N),

ZH =
u′(PK −DK)u

N
− λ̃(K)Σu −

∑
i P

K
ii (fiu

′
i + uif

′
i)

N

−λ̂(K)
W ′W

N
+ λ̃(K)(H + Σu)− u′(I − PK)f/N − f ′(I − PK)u/N.
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Also, ĥg is decomposed as

ĥg = Hg +

5∑
j=1

T gj + Zg,

T g1 = −f ′(I − PK)g/N = Op(∆(K)1/2∆g(K)1/2),

T g2 = u′g/N = Op(1/
√
N), T g3 = −u′(I − PK)g/N = Op(∆g(K)1/2/

√
N),

T g4 = −λ̃(K)Hg = Op(K/N), T g5 = −
∑
i P

K
ii figi
N

= Op(K/N),

Zg = −λ̂(K)
W ′g

N
+ λ̃(K)Hg −

∑
i P

K
ii uigi
N

,

Th = op(1), ‖TH‖2 = op(ρK,N ), ‖Th‖‖TH‖ = op(ρK,N ), ‖Zh‖ = op(ρK,N ), ‖ZH‖ =
op(ρK,N ), ‖Zg‖ = op(ρK,N ) and ‖T g‖‖TH‖ = op(ρK,N ) and Op results follow similarly
from the proof of Propositions 3.2 and 3.4.

For, ZA1(K) = (
∑7
j=5 T

h
j )(
∑7
j=5 T

h
j )′+(

∑7
j=5 T

h
j )(
∑4
j=1 T

h
j )′+(

∑4
j=1 T

h
j )(
∑7
j=5 T

h
j )′

and Â1(K) = hh′+h(
∑7
j=1 T

h
j )′+(

∑7
j=1 T

h
j )h′+(

∑4
j=1 T

h
j )(
∑4
j=1 T

h
j )′−hh′H−1TH

′−
THH−1hh′, we have hTh

′

5 −hh′H−1TH
′

3 = 0, E[hTh
′

3 −hh′H−1TH
′

4 |X] = 0, E[hTh
′

2 |X] =
−E[hTh

′

3 |X], E[Thj T
h′

k |X] = op(K/N) for k ≥ j ≥ 2 as in the proof of Proposition 3.4

by replacing ui with ηi and using σηv = 0. Further, E[hTh
′

6 ] = op(K/N
2) = op(ρK,N ) by

Lemma S1.5 (b). Then, we have

E[Â1(K)|X] = σ2
vH + σ2

vef (K) + σ2
vΣη

K

N
+ ζ̂γ + ζ̂ ′γ + op(ρK,N ),

where

ζ̂γ = − 1√
N
Hgσ

′
uv −

∑
i fiH

′
gH
−1fi

N

σ′uv√
N
.

Next, for ZA2(K) = (
∑5
j=2 T

g
j )(
∑5
j=2 T

g
j )′, we analyze expectation of Â2(K) = (Hg +

T g1 )(Hg+T
g
1 )′+(Hg+T

g
1 )(
∑5
j=2 T

g
j )′+(

∑5
j=2 T

g
j )(Hg+T

g
1 )′−HgH

′
gH
−1TH

′−THH−1HgH
′
g.

First, note that HgT
g
4
′−HgH

′
gH
−1TH3

′
= 0. By combining results in the proof of Propo-

sitions 3.2 and 3.4, replacing Λ̃(K) with λ̃(K), we have

E[Â2(K)|X] = HgH
′
g +HgH

′
gH
−1ef (K) + ef (K)H−1HgH

′
g −Hgg

′(I − PK)f/N

−f ′(I − PK)g/NH ′g −Hgg
′DKf/N − f ′DKg/NH ′g

+HgH
′
gH
−1f ′DKf/N + f ′DKf/NH−1HgH

′
g + op(ρK,N )

and ZA2(K) = op(ρK,N ).

Next, for ZA3(K) = (
∑7
j=5 T

h
j )(
∑5
j=1 T

g
j )′+(

∑4
j=1 T

h
j )(
∑5
j=2 T

g
j )′, we investigate ex-

pectation of Â3(K). First, note that hT g4
′−hHg

′H−1TH3
′

= 0 and Th5 H
′
g−TH3 H−1hH ′g =

0. It follows from S1.4(e) and the proof of Proposition 3.2,

E[Th6 H
′
g|X] = −E[λ̃(K)η′v/

√
N |X]H ′g = 0,

E[Th7 H
′
g|X] = −

∑
i f
′
iH
−1fi

N

σuv√
N
H ′g −H ′gH−1Hg

σuv√
Nσ2

v

H ′g = Op(1/
√
N).



S18 B. Kang

Then, we have

E[Â3(K)|X] =
1√
N
Hgσ

′
uv −

2
∑
i f
′
iH
−1fi

N3/2
σuvH

′
g −H ′gH−1Hg

σuv√
Nσ2

v

H ′g

−
∑
i

[fiH
′
gH
−1σuvf

′
i + fiH

′
gH
−1fiσ

′
uv + fiσ

′
uvH

−1fiH
′
g]/N

3/2 = Op(1/
√
N).

In sum,

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X] = σ2
vH + σ2

v

f ′(I − PK)f

N
+HgH

′
g

+(σ2
vΣu + σuvσ

′
uv)K/N +HgH

′
gH
−1 f

′(I − (PK −DK))f

N
+
f ′(I − (PK −DK))f

N
H−1HgH

′
g

−Hgg
′(I − (PK −DK))f/N − f ′(I − (PK −DK))g/NH ′g +Op(1/

√
N) + op(ρK,N ).

Thus, Lemma S1.1 holds with Φ = σ2
vH
−1 +H−1HgH

′
gH
−1, L(K) provided in Proposi-

tion 3.5, and G = GHLIM,

GHLIM = H−1
[
(Hgσ

′
uv + σuvH

′
g)(−

2
∑
i f
′
iH
−1fi

N3/2
−
H ′gH

−1Hg√
Nσ2

v

)−
∑
i

[fiσ
′
uvH

−1(fiH
′
g

+Hgf
′
i) + (fiH

′
g +Hgf

′
i)H

−1σuvf
′
i + 2(fiH

′
gH
−1fiσ

′
uv + σuvf

′
iH
−1Hgf

′
i)]/N

3/2
]
H−1.

(S1.6)

HFUL estimator, δ̂HFUL(K) = (W ′(PK −DK)W − λ̄(K)W ′W )−1(W ′(PK −DK)y −
λ̄(K)W ′y) has the same higher-order MSE decomposition with HLIM estimator as λ̄(K) =

λ̂(K) +Op(1/N). This completes the proof. �

S1.2. Proofs of Propositions 4.1-4.5

For the proofs of Propositions 4.1-4.5, we use the following Lemma S1.6 to handle higher-
order terms due to the N−γ (γ > 1/2) locally invalid instruments specification. This is a

slight modification of Lemma S1.1 without Op(1) term in the decomposition of ĥg, and
immediately follows from Lemma S1.1 replacing Hg = 0. Define ρK,N = tr(G+ L(K)).

Lemma S1.6. If there is a decomposition ĥ = h + Th + Zh, Ĥ = H + TH + ZH , ĥg =
T g + Zg, and

(h+ Th)(h+ Th)′ − hh′H−1TH
′ − THH−1hh′ = Â1(K) + ZA1(K),

T gT g ′ = Â2(K) + ZA2(K), (h+ Th)T g ′ = Â3(K) + ZA3(K),

such that Th = op(1), h = Op(1), T g = op(1), TH = op(1), and H = Op(1), the deter-
minant of H is bounded away from zero with probability 1, ρK,N = tr(G + L(K)), and
ρK,N = op(1),

‖TH‖2 = op(ρK,N ), ‖Th‖‖TH‖ = op(ρK,N ), ‖Zh‖ = op(ρK,N ), ‖ZH‖ = op(ρK,N ),

‖Zg‖ = op(ρK,N ), ‖T g‖‖TH‖ = op(ρK,N ), ZAi(K) = op(ρK,N ) for all i = 1, 2, 3,

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X] = HΦH +H(G+ L(K))H + op(ρK,N ),
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then

N(δ̂(K)− δ0)(δ̂(K)− δ0)′ = Q̂(K) + r̂(K),

E[Q̂(K)|X] = Φ +G+ L(K) + T (K),

[r̂(K) + T (K)]/tr(G+ L(K)) = op(1), as K →∞, N →∞.

Proof of Proposition 4.1: The 2SLS estimator, δ̂2SLS(K) has the following decompo-
sition with N−γ locally invalid instruments specification in the main paper,

√
N(δ̂(K)− δ0) = Ĥ−1ĥ+ Ĥ−1ĥg,

where ĥ, Ĥ is defined and decomposed as in the proof of Proposition 3.1, but ĥg can be
decomposed as follows,

ĥg =
W ′PKg

N1/2+γ
= T g0 + T g1 + Zg,

T g0 =
Hg

Nγ−1/2
= Op(

1

Nγ−1/2
), T g1 =

−f ′(I − PK)g

N

1

Nγ−1/2
= Op(

∆(K)1/2∆g(K)1/2

Nγ−1/2
),

Zg = (
u′g

N
− u′(I − PK)g

N
)

1

Nγ−1/2
= Op(1/N

γ + ∆g(K)1/2/Nγ),

where Op results immediately follow from the proof of Proposition 3.1. We show that the
conditions of Lemma S1.6 are satisfied. Note that G+ L(K) in Proposition 4.1 contains
the terms of order 1/N2γ−1,K/Nγ , and K2/N . It is important to note that these terms
may have same order in MSE approximation. To show a term is op(ρK,N ), it is enough
to show that it is op(1/N

2γ−1 +K/Nγ +K2/N + ∆(K)).
By similar arguments as in the proof of Proposition 3.1, T g = op(1), ‖Zg‖ = op(ρK,N )

by 1/Nγ = o(K/Nγ) and ‖T g‖‖TH‖ = o(K/Nγ).
Calculation of the expectation of Â1(K) and ZA1 = op(ρK,N ) defined in Lemma S1.6

follows similarly to the proof of Proposition 3.1. For Â2(K) = (
∑1
j=0 T

g
j )(
∑1
j=0 T

g
j )′ and

ZA2(K) = 0, we have

E[Â2(K)|X] =
HgH

′
g

N2γ−1
−Hg

g′(I − PK)f

N

1

N2γ−1
− f ′(I − PK)g

N
H ′g

1

N2γ−1
+ op(

1

N2γ−1
)

=
HgH

′
g

N2γ−1
+ op(ρK,N )

by Lemma S1.3(c) and 1/N2γ−1 = Op(ρK,N ).

For ZA3(K) = (Th1 +Th2 )T g1
′
, we can easily show E[hT g0

′|X] = 0,E[hT g1
′|X] = 0,E[Th1 T

g
0
′|X] =

0, and

E[Th2 T
g
0
′|X] = E[

u′PKv√
N

H ′g
Nγ−1/2

|X] =
K

Nγ
σuvH

′
g.

Moreover, ZA3(K) = op(ρK,N ) by inspection. Thus, E[Â3(K)|X] = K
Nγ σuvH

′
g. In sum,

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X]

= σ2
vH + σ2

vef (K) + σuvσ
′
uvK

2/N +
HgH

′
g

N2γ−1
+

K

Nγ
(Hgσ

′
uv + σuvH

′
g) + op(ρK,N )

= HΦH +H(G+ L(K))H + op(ρK,N )



S20 B. Kang

with Φ = σ2
vH
−1,G = H−1HgH

′
gH
−1/N2γ−1. Second result holds becauseOp(1/N

2γ−1) =

Op((
N1−γ

K )2K2

N ) = op(K
2/N) under K

N1−γ →∞, and this completes the proof. �

Proof of Proposition 4.2: For LIML estimator, we have a similar decomposition as in
the proof of Proposition 3.2 with ĥg,

ĥg =

2∑
j=0

T gj + Zg,

T g0 =
Hg

Nγ−1/2
= Op(

1

Nγ−1/2
), T g1 = −f

′(I − PK)g

N

1

Nγ−1/2
= Op(

∆(K)1/2∆g(K)1/2

Nγ−1/2
),

T g2 =
u′g

N

1

Nγ−1/2
= Op(

1

Nγ
),

Zg = −u
′(I − PK)g

N

1

Nγ−1/2
− Λ̃(K)

Hg

Nγ−1/2
− Λ̂(K)

W ′g

Nγ−1/2
+ Λ̃(K)

Hg

Nγ−1/2

where the Op results and T g = op(1), Zg = op(ρK,N ), ‖T g‖‖TH‖ = op(ρK,N ) follow from
the proof of Proposition 3.2, and using 1/Nγ = op(

1
N2γ−1 +K

N ). To see 1/Nγ = op(
1

N2γ−1 +
K
N ), consider the function (K/a) + a which is convex, and has a global minimum at

a =
√
K which gives function value 2

√
K. Therefore, for a = N1−γ , (1/Nγ)/(1/N2γ−1 +

K/N) = 1/(a+K/a) ≤ 1/(2
√
K)→ 0. To show a term is op(ρK,N ) it is enough to show

that it is op(K/N
2γ−1 +K/N + ∆(K)).

Calculation of the expectation of Â1(K) and ZA1 = op(ρK,N ) follows from the proof

of Proposition 3.2. Next, for ZA2(K) = 0, we have E[T g0 T
g
2
′|X] = 0,E[T g1 T

g
2
′|X] = 0, and

E[T g2 T
g
2
′|X] =

1

N2γ−1

1

N2
E[u′gg′u|X] =

1

N2γ−1

g′g

N2
Σu = op(ρK,N )

by 1/N2γ−1 = Op(ρK,N ), g′g/N = Op(1). Therefore, we have

E[Â2(K)|X] =
HgH

′
g

N2γ−1
+ op(ρK,N )

with similar calculations as in the proof of Proposition 4.1.
Next, for ZA3(K) = (

∑5
j=3 T

h
j )(
∑2
j=0 T

g
j )′+ (Th1 + Th2 )T g2

′
, observe that E[hT g0

′|X] =

0,E[hT g1
′|X] = 0,E[Th1 T

g
0
′|X] = 0,E[Th1 T

g
1
′|X] = 0,E[Th1 T

g
2
′|X] = 0, and E[hT g2

′|X] =
1
NγHgσ

′
uv. Moreover, E[Th2 T

g
0
′|X] = E[η′PKv/

√
NH ′g/N

γ−1/2|X] = 0, E[Th2 T
g
1
′|X] = 0

by using E[ηivi|xi] = 0. Thus,

E[Â3(K)|X] =
1

Nγ
Hgσ

′
uv = op(ρK,N )

by using Op(1/N
γ) = op(ρK,N ). We can also verify ZA3(K) = op(ρK,N ) from the proof

of Proposition 3.2 by inspection. In sum,

E[Â1(K) + Â2(K) + Â3(K) + Â3(K)′|X]

= σ2
vH + σ2

vef (K) + σ2
vΣηK/N + ζ̂ + ζ̂ ′ +

HgH
′
g

N2γ−1
+ op(ρK,N )

= HΦH +H(G+ L(K))H + op(ρK,N )

with Φ = σ2
vH
−1, G = H−1HgH

′
gH
−1/N2γ−1. The results for FULL estimator follows
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similarly to the proof of Proposition 3.2, and this completes the proof. �

Proof of Propositions 4.3-4.5: This follows similarly as in the proof of Propositions
4.1-2 with the results in the proof of Propositions 3.3-3.5. �

S1.3. Proofs of Propositions 5.1 and 5.2

Proof of Proposition 5.1: This immediately follows by Propositions 4.1-4.5 and Propo-
sition 4 of Donald and Newey (2001) under Assumptions 5.1 and 5.2. �

Proof of Proposition 5.2:
Similar to the proof of Propositions 3.1-3.5, to show a term is op(ρ̄K,N ), it is enough to

show that it is op(K/
√
N +K2/N +∆(K)+∆(K)1/2∆g(K)1/2) for 2SLS and op(K/N +

∆(K) + ∆(K)1/2∆g(K)1/2) for other estimators.
First, we consider the 2SLS estimator. By straightforward algebra, we have

2Ĥgσ̂uv
K√
N

+ σ̂2
uv

K2

N
= 2(Hg + Λg)σuv

K√
N

+ σ2
uv

K2

N
+ op(ρ̄K,N )

by Assumption 5.3.
Because the choice of K is unaffected by subtracting constants from L̂IR(K), we can

assume without loss of generality that L̂IR(K) can be constructed using R̃(K) = R̂(K)−
u′u/N, G̃(K) = Ĝ(K) + u′u/NH−1

z hz + u′u/NTz − u′v/
√
N where Hz = f ′Pzf/N, hz =

f ′Pzv/
√
N . Then we have a following decomposition for the Mallows criterion:

R̃(K)− σ̂2
u

K

N
=
W ′(I − PK)W

N
+ σ̂2

u

K

N
− u′u/N

=
f ′(I − PK)f

N
+
f ′(I − PK)u

N
+
u′(I − PK)f

N
− (

u′PKu

N
− σ2

u

K

N
) + op(

K

N
)

=
f ′(I − PK)f

N
+ op(ρ̄K,N )

by Lemma S1.2, Assumption 5.3 and the same calculations in the proof of Proposition
3.3. It can be similarly shown for the cross-validation criterion.

Note that ε̂ = y −Wδ̂ = −W (δ̂ − δ0) + g√
N

+ v, and

√
N(δ̂ − δ0) = Ĥ−1

z ĥz = H−1
z hz + Tz,

Tz = Op(1/
√
N), Ĥz = Hz +Op(1/

√
N), ĥz = hz +Op(1/

√
N),

where Hz = f ′Pzf/N, hz = f ′Pzv/
√
N by the assumption in the Proposition with valid

instruments z. Then, we have following decompositions for Ĥ, Ĥg and G̃(K),

Ĥ =
W ′P K̃W

N
− σ̂2

uK̃/N = H + T1,H + T2,H + ZH ,

T1,H = −f ′(I − P K̃)f/N = −ef (K̃) = Op(∆(K̃)), T2,H = (u′f + f ′u)/N = Op(1/
√
N),

ZH = u′P K̃u/N − σ̂2
uK̃/N − u′(I − P K̃)f/N − f ′(I − P K̃)u/N,
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Ĥg =
W ′P K̃ ε̂√

N
− K̃/

√
Nσ̂uv = Hg + Λg +

7∑
j=1

Tj,g + ZH,g,

Λg = h−HH−1
z hz = Op(1), T1,g = −T1,HH

−1
z hz = Op(∆(K̃)),

T2,g = u′P K̃v/
√
N − σuvK̃/

√
N = Op(K̃

1/2/
√
N), T3,g = −u′P K̃u/NH−1

z hz = Op(K̃/N),

T4,g = −T2,HH
−1
z hz −HTz + u′g/N = Op(1/

√
N), T5,g = −

√
N(σ̂uv − σuv)K̃/N = Op(K̃/N),

T6,g = −f ′(I − P K̃)g/N = Op(∆
1/2(K̃)∆1/2

g (K̃)), T7,g = −f ′(I − P K̃)v/
√
N = Op(∆

1/2(K̃)),

ZH,g = −u′(I − P K̃)g/N − T1,HTz − T2,HTz = Op(∆
1/2
g (K̃)/

√
N + ∆(K̃)/

√
N + 1/N),

G̃(K) =
W ′(I − PK)ε̂√

N
+

K√
N
σ̂uv − u′v/

√
N + u′u/NH−1

z hz + u′u/NTz =

5∑
j=1

Tj,G + op(ρ̄K,N ),

T1,G = −f ′(I − PK)f/NH−1
z hz = Op(∆(K)), T2,G = u′PKu/NH−1

z hz = Op(K/N),

T3,G = f ′(I − PK)g/N = Op(∆
1/2(K)∆1/2

g (K)),

T4,G = f ′(I − PK)v/
√
N = Op(∆

1/2(K)),

T5,G = −(u′PKv/
√
N −K/

√
Nσuv) = Op(

√
K/
√
N)

where we use the similar calculations as in the proof of Propositions 3.1-3.3 using Lemma
S1.2 and S1.3. We can show that ZH = op(ρ̄K,N ), ZH,g = op(ρ̄K,N ) and the above
decomposition satisfies the condition of the Assumption 5.3 by assuming ρ̄K̃,N = o(ρ̄K,N )

as K̃,K →∞.

Next, we observe that

ĤgG̃(K) = (Hg + Λg +

7∑
j=1

Tj,g + op(ρ̄K,N ))(

5∑
j=1

Tj,G + op(ρ̄K,N ))

= (Hg + Λg)

5∑
j=1

Tj,G + op(ρ̄K,N )

by Assumption 5.3 and

Ĥ−1Ĥ2
g (R̃(K)− σ̂2

u

K

N
) = (H−1 + op(1))((Hg + Λg)

2 + op(1))(
f ′(I − PK)f

N
+ op(ρ̄K,N ))

= H−1H2
g

f ′(I − PK)f

N
+H−1Λ2

g

f ′(I − PK)f

N

+2H−1HgΛg
f ′(I − PK)f

N
+ op(ρ̄K,N ).
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In sum,

L̂IR(K) = 2Ĥgσ̂uv
K√
N

+ σ̂2
uv

K2

N
+ (σ̂2

v +
2Ĥ2

g

Ĥ
)(R̃(K)− σ̂2

u

K

N
)− 2ĤgG̃(K) + 2

K

N
R̂g(K)

= 2(Hg + Λg)σuv
K√
N

+ σ2
uv

K2

N
+ (σ2

v +
2H2

g

H
)(
f ′(I − PK)f

N
) + 2H−1Λ2

g

f ′(I − PK)f

N

+4H−1HgΛg
f ′(I − PK)f

N
− 2(Hg + Λg)

5∑
j=1

Tj,G

+
2K

N
σ2
v,zσ

2
uHH

−1
z (I −HH−1

z )− 2HH−1
z σ2

v

f ′Pz(I − PK)f

N

+2

∑
i fiPii,zf

′
i

N
H−1
z σ2

v

f ′(I − PK)f

N
+ op(ρ̄K,N ),

where σ2
v,z = E[v′vz/N |X] = E[v′zvz/N |X], vz = Pzv.

Next, we calculate expectation of each term in L̂IR(K). First,

E[Λ2
g|X] = E[hh′ − 2hh′zH

−1
z H +HH−1

z hzh
′
zH
−1
z H|X]

= σ2
vH − 2

∑
i fiPii,zf

′
i

N
σ2
vH
−1
z H +HH−1

z

∑
i fiP

2
ii,zf

′
i

N
σ2
vH
−1
z H.

Second, E[ΛgK/
√
Nσuv|X] = E[H−1HgΛg

f ′(I−PK)f
N |X] = 0 as E[Λg|X] = 0. Also

note that E[HgT1,G|X] = 0,

E[HgT2,G|X] = E[Hg
u′PKu

N
H−1
z

f ′Pzv√
N

] = −Hg

∑
i=1 P

K
ii Pii,zE[uiu

′
ivi|X]H−1

z fi
N3/2

= op(ρ̄K,N ).

Next, E[HgT3,G] = Hgf
′(I − PK)g/N ,

E[HgT4,G] = E[Hgf
′(I − PK)v/

√
N |X] = 0

E[HgT5,G] = −HgE[(u′PKv/
√
N −K/

√
Nσuv)|X] = 0

by Lemma S1.2 (h). Next, we have

E[ΛgT1,G|X] = −E[(h−HH−1
z hz)

f ′(I − PK)f

N
H−1
z hz|X] = −

∑
i fiPii,zf

′
i

N
σ2
vH
−1
z

f ′(I − PK)f

N

+ HH−1
z

∑
i fiP

2
ii,zf

′
i

N
σ2
vH
−1
z

f ′(I − PK)f

N
.

Note that

E[f ′vv′zfH
−1
z u′PKu/N2|X] =

∑
i fiP

K
ii f
′
iH
−1
z

N2
E[vivz,iu

2
i |X]

+
∑
i6=j

fiE[vivz,i|X]f ′iP
K
jjH

−1
z E[u2

j |X]/N2 +
∑
i 6=j

fif
′
jP

K
ij H

−1
z E[viui|X]E[vz,iui|X]/N2

= Op(K/N
2) +

K

N
HH−1

z σ2
v,zσ

2
u.
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Thus,

E[ΛgT2,G|X] = E[(h−HH−1
z hz)

u′PKu

N
H−1
z hz|X]

=
K

N
HH−1

z σ2
v,zσ

2
u −HH−1

z

K

N
HH−1

z σ2
v,zσ

2
u.

Finally, by the zero third-moment condition assumption,

E[ΛgT5,G|X] = −
∑
i fiP

K
ii E[v2

i ui|X]

N
+HH−1

z

∑
i fiPii,zP

K
ii E[v2

i ui|X]

N
= 0,

and

E[ΛgT3,G|X] = E[(h−HH−1
z hz)|X]f ′(I − PK)g/N = 0

E[ΛgT4,G|X] = E[(h−HH−1
z hz)f

′(I − PK)v/
√
N |X]

= σ2
v

f ′(I − PK)f

N
−HH−1

z

f ′Pz(I − PK)f

N
σ2
v .

Therefore,

E[L̂IR(K)|X] = 2Hgσuv
K√
N

+ σ2
uv

K2

N
+ (σ2

v +
2H2

g

H
)(
f ′(I − PK)f

N
)− 2Hg

f ′(I − PK)g

N
+ op(ρ̄K,N ).

For JIVE2 and HLIM/HFUL estimators, we have following decompositions for R̃D(K), G̃D(K),

R̃D(K) =
W ′(I − (PK −DK))W

N
− u′u/N

=
f ′(I − (PK −DK))f

N
− (

u′PKu

N
− σ2

u

K

N
) + (

∑
i uiu

′
iP

K
ii

N
− σ2

u

K

N
) + op(ρ̄K,N )

=
f ′(I − (PK −DK))f

N
+ op(K/N) + op(ρ̄K,N ),

G̃D(K) = W ′(I − (PK −DK))ε̂/
√
N − u′v/

√
N + u′u/NH−1

z hz + u′u/NTz =

6∑
j=1

Tj,G + op(ρ̄K,N ),

T1,G = −f ′(I − (PK −DK))f/NH−1
z hz = Op(∆(K) +K/N),

T2,G = f ′(I − (PK −DK))g/N = Op(∆
1/2(K)∆1/2

g (K) +K/N),

T3,G = f ′(I − PK)v/
√
N = Op(∆

1/2(K)),

T4,G = −(u′PKv/
√
N − K√

N
σuv) = Op(

√
K/
√
N),

T5,G = (

∑
i P

K
ii uivi√
N

− K√
N
σuv) = Op(

√
K/
√
N), T6,G =

∑
i P

K
ii fivi√
N

= Op(
√
K/
√
N)

where we use similar calculations as in the proof of Propositions 3.4-3.5. The results for
other estimators follow similarly. The results for the case γ > 1/2 also follows similarly
as in the proof of Propositions 4.1-4.5. This completes the proof. �
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S2. AUXILIARY RESULTS

S2.1. MSE Approximation of 2SLS under K = O(
√
N)

This subsection provides MSE approximation of 2SLS under K = O(
√
N) that is faster

than those imposed in Proposition 3.1. This rate is considered in many-instruments
literature, such as Morimune (1983) and Hahn and Hausman (2005). Note that the
assumption in Proposition 3.1 limits the growth rate of the number of instruments, K =
o(
√
N), and this guarantees the first-order asymptotic properties of the 2SLS estimator,

where the bias from many instruments is of order Op(K/
√
N). Therefore, we find a

different decomposition here rather than the equation (2.10) in the main paper.
Specifically, in the next corollary, we will find the following first-order approximations

of the conditional MSE,

N(δ̂(K)− δ0)(δ̂(K)− δ0)′ = Q̂(K) + op(1), (S2.1)

E(Q̂(K)|X) = σ2
vH
−1 +H−1HgH

′
gH
−1 + L(K) + op(1), K →∞, N →∞.

Corollary S2.1. Suppose that Assumptions 2.1, 2.2, 2.3 are satisfied with γ = 1/2. If
K/
√
N → α(0 < α < ∞), σuv 6= 0, Hg 6= 0, then the approximate MSE for the 2SLS

estimator satisfies decomposition (S2.1) with the following terms

L(K) = H−1
[ K√

N
(Hgσ

′
uv + σuvH

′
g) + σuvσ

′
uv

K2

N

]
H−1. (S2.2)

Proof: Similar to the proof of Proposition 3.1, the 2SLS estimator has the following form
with locally invalid instruments specification

√
N(δ̂(K)− δ0) = Ĥ−1ĥ+ Ĥ−1ĥg,

where Ĥ = W ′PKW/N, ĥ = W ′PKv/
√
N, ĥg = W ′PKg/N . Also, ĥ, Ĥ and ĥg are

decomposed as

ĥ = h+ Th,

h =
f ′v√
N

+ u′PKv/
√
N = Op(1), Th = −f ′(I − PK)v/

√
N = op(1),

Ĥ = H + TH ,

TH = −f ′(I − PK)f/N + (u′f + f ′u)/N

+(u′PKu− u′(I − PK)f − f ′(I − PK)u)/N = op(1),

ĥg = Hg + T g,

T g = −f ′(I − PK)g/N + u′g/N − u′(I − PK)g/N = op(1).

It is important to note that h includes term u′PKv/
√
N which is Op(K/

√
N) = Op(1)

as K/
√
N = O(1), where op(1) results immediately follows from the proof of Proposition

3.1.
By using similar arguments as in the proof of Lemma S1.1, we have

√
N(δ̂(K)− δ0) = H−1τ̃ +H−1τ̃g + op(1)

where τ̃ = h + Th − THH−1h = h + op(1), τ̃g = Hg + T g − THH−1Hg = Hg + op(1)
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by using Th = op(1), TH = op(1), h = Op(1), Hg = Op(1), T g = op(1), and H−1 =

Op(1), Ĥ−1 = Op(1).

Since
√
N(δ̂(K)− δ0) = H−1h+H−1Hg + op(1), it follows that

N(δ̂(K)− δ0)(δ̂(K)− δ0)′ = H−1(hh′ + hH ′g +Hgh
′ +HgH

′
g)H

−1 + op(1).

First, we have

E(hh′|X) = E
(f ′vv′f

N

)
+ E

(f ′vv′PKu
N

)
+ E

(u′PKvv′f
N

)
+ E

(u′PKvv′PKu
N

)
= σ2

vH + σuvσ
′
uv

K2

N
+Op(

K

N
) + op(

K2

N
)

= σ2
vH + σuvσ

′
uv

K2

N
+ op(1)

by Lemma S1.2 (i), (j), and K/N = o(K/
√
N),K2/N = O(1). Second,

E(hH ′g|X) = E
[
(
f ′v√
N

+
u′PKv√

N
)H ′g|X

]
=

K√
N
σuvH

′
g

by Lemma S1.3 (d). Therefore, we have the approximate MSE for the 2SLS estimator as
in decomposition (S2.1). �

S2.2. Rothenberg (1984)’s approximation with invalid instruments

Here, we derive the bias and variance of the 2SLS estimator similar to the approaches in
Rothenberg (1984). We consider a model

y = Wδ0 +
Ψτ

µ
+ v, W = Ψπ + u,

where δ0 is a scalar, Ψ is a K × 1 (nonrandom) instrument matrix, µ2 = π′Ψ′Ψπ/σ2
u is a

concentration parameter, and (vi, ui) are bivariate normal with mean zero, variance σ2
v ,

σ2
u, and the correlation coefficient ρ. 2SLS estimator can be written as√

π′Ψ′Ψπ

σ2
v

(δ̂2SLS − δ0) =
X1 + (X2 + µ̄A)/µ+ µ̄B/µ2

1 + 2Y1/µ+ Y2/µ2

whereX1 = π′Ψ′v
σv
√
π′Ψ′Ψπ

, X2 = u′Pv
σvσu

, Y1 = π′Ψ′u
σu
√
π′Ψ′Ψπ

, Y2 = u′Pu
σ2
u
, A = π′Ψ′Ψτ√

τ ′Ψ′Ψτ
√
π′Ψ′Ψπ

, B =

τ ′Ψ′u
σu
√
τ ′Ψ′Ψτ

, µ̄2 = τ ′Ψ′Ψτ/σ2
v , and P = Ψ(Ψ

′
Ψ)−Ψ

′
. Under conventional asymptotics (µ

is large, K is small, and µ̄ is small), we have following expansions similar to Rothenberg
(1984), √

π′Ψ′Ψπ
σ2
v

(δ̂2SLS − δ0)

= X1 +
X2 − 2X1Y1 + µ̄A

µ
+

4X1Y
2
1 −X1Y2 − 2Y1X2 − 2Y1µ̄A+ µ̄B

µ2︸ ︷︷ ︸
≡X̃

+o(1/µ2).

Note that (X1, Y1) and (X1, B) are bivariate normal with mean zeros, variances 1, and
correlation coefficient ρ, and E(X2) = Kρ, V ar(X2) = K(1 + ρ2),E(Y2) = K,V ar(Y2) =
2K,E(B) = 0, V ar(B) = 1. To the order o(µ−2), we have
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E(X̃) =
(K − 2)ρ

µ
+

µ̃

µ2
, V ar(X̃) = 1− (K − 4)(1 + 3ρ2) + 4ρ2 + 2ρµ̄

µ2

where µ̃ = π′Ψ′Ψτ/(σuσv).

S3. GENERAL INSTRUMENT SELECTION CRITERIA

In this section, we provide invalidity-robust (IR) instrument selection criteria for the
general vector endogenous variable case. The selection of the instrument K is based on
the MSE approximations in Section 3 and 4 of the main paper. Specifically, we choose
K to minimize L̂λ(K) which is an estimate of Lλ(K) = λ′L(K)λ with user-specified
λ ∈ Rp, where L(K) is a part of the dominating term in the MSE approximations in
Propositions 3.1-3.5.

Let δ̃ be some preliminary estimator, e.g., the IV estimator using all available instru-
ments, or IV estimator where the instruments K̃ are chosen to minimize the first-stage CV

or Mallows’ criteria. Let ε̃ as residuals ε̃ = y−Wδ̃, and let Ĥ = W ′P K̃W/N − σ̂2
uλ
K̃/N

as a preliminary estimator of H = f ′f/N . Also, let ũ = (I − P K̃)W as a preliminary
residual vector of the first-stage reduced-form regression. Define ũλ = ũĤ−1λ and

σ̂2
v = ε̃′ε̃/N, σ̂2

u = ũ′ũ/N, σ̂uv = ũ′ε̃/N, σ̂2
uλ

= ũ′λũλ/N, σ̂uλv = ũ′λε̃/N.

Let δ̂ as an IV estimator with known valid instruments zi, and residuals as ε̂ = y −Wδ̂.
For example, 2SLS estimator δ̂ = (W ′PzW )−1(W ′Pzy) where z = [z1, · · · , zN ]′, Pz =

z(z′z)−1z′. Finally, let Ĥg = W ′P K̃ ε̂/
√
N − K̃/

√
Nσ̂uλv as a preliminary estimator of

Hg = f ′g/N , let λ′Ĥ−1Ĥg = Ĥgλ. It is important to note that all of these preliminary
estimates remain fixed (do not depend on K) while the criterion is calculated for a
different set of instruments. Based on Propositions 3.1-3.5, the invalidity-robust criterion
L̂IR(K) is

2SLS : Ĥgλσ̂uλv
2K√
N

+ σ̂2
uλv

K2

N
+ σ̂2

v(R̂λ(K)− σ̂2
uλ

K

N
)

+2Ĥgλ(F̂λ(K)− Ĝλ(K)),

LIML : σ̂2
v(R̂λ(K)−

σ̂2
uλv

σ̂2
v

K

N
) + 2Ĥgλ(F̂λ(K)− Ĝλ(K)),

B2SLS : σ̂2
v(R̂λ(K) +

σ̂2
uλv

σ̂2
v

K

N
) + 2Ĥgλ(F̂λ(K)− Ĝλ(K)),

JIVE2 : σ̂2
v(R̂λ(K) +

σ̂2
uλv

σ̂2
v

K

N
) + 2Ĥgλ(F̂λD(K)− ĜλD(K)),

HLIM/HFUL : σ̂2
v(R̂λ(K)−

σ̂2
uλv

σ̂2
v

K

N
) + 2Ĥgλ(F̂λD(K)− ĜλD(K)),

where ûK = (I−PK)W , ûKλ = ûKĤ−1λ denote residual vectors, F̂λ(K) = λ′Ĥ−1(R̂(K)−
σ̂2
u
K
N )Ĥ−1Ĥg, F̂λD(K) = λ′Ĥ−1W

′(I−(PK−DK))W
N Ĥ−1Ĥg, Ĝλ(K) = λ′Ĥ−1W

′(I−PK)ε̂√
N

+

λ′Ĥ−1K/
√
Nσ̂uλv, and ĜλD(K) = λ′Ĥ−1W

′(I−(PK−DK))ε̂√
N

. For the R̂(K) and R̂λ(K),
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we can use the Mallows’ criterion

R̂λ(K) =
ûK
′

λ ûKλ
N

+ 2σ̂2
uλ

K

N
, R̂(K) =

ûK
′
ûK

N
+ 2σ̂2

u

K

N
.

CV criterion can also be used

R̂λ(K) =
1

N

N∑
i=1

(ûKλi)
2

(1− PKii )2
, R̂(K) =

1

N

N∑
i=1

(ûKi )2

(1− PKii )2
.

Note that when Ĥgλ = 0, L̂IR(K) reduces to the criterion in Donald and Newey (2001).

S4. ADDITIONAL SIMULATIONS

We report additional simulation results in addition to the model considered in the main
paper. The main model we consider is

yi = xiβ0 +
τ ′Zi
Nγ

+ vi,

xi = π′Zi + ui,

where we set β0 = 0.1, instruments Zi as N(0, IK̄) and the errors (vi, ui) as bivariate nor-
mal with mean zero, variances 1, and covariances σuv−π′τ/Nγ to ensure an endogeneity
Cov(xi, εi) = σuv. This is same simulation design as in the main paper without an in-
tercept in the model. We consider γ ∈ {∞, 1, 1/2, 1/3}, (K̄,N) ∈ {(20, 100), (30, 1000)}
and the first-stage R2 ∈ {0.1, 0.01}. We use the same simulation design of Donald and
Newey (2001) allowing for potentially invalid instruments.

Model 1 (Baseline Specification)
In the baseline specification, we set π = (π1, · · · , πK̄)′, πk = c(K̄)(1− k/(K̄ + 1))4,∀k

where c(K̄) is chosen to set the first-stage R2. We also set τ = (τ1, · · · , τK̄)′,

τk = 0 for k = 1, τk = 0.5 for k = 2, · · · , K̄/2, and τk = 0 for k > K̄/2,

Here, we explore Model 1 with different endogeneity parameters σuv ∈ {0.2, 0.5, 0.8}.
We consider the same specification for τ = (τ1, · · · , τK̄)′ as in the main paper.

Model 2 (equal strength of instruments)
In Model 2, we explore the following specifications for π (equal strength),

πk =

√
R2

K̄(1−R2)

for all k. This is the case where the instruments have equal strengths as in Donald and
Newey (2001, Model 2). We again use the same specification for τ = (τ1, · · · , τK̄)′ as in
the baseline specification with endogeneity σuv = 0.5.

Model 3 (heteroskedastic error)
In Model 3, we analyze a heteroskedastic error case. Specifically, we set E[v2

i |Zi] =
(1 +Z1i + · · ·ZK̄i)2. We consider the same specification for τ = (τ1, · · · , τK̄)′ as follows;

τk = 0 for k = 1, τk = 0.5 for k = 2, · · · , K̄/2, and τk = 0 for k > K̄/2.
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Model 4 (wrong order of instrument strengths) In Model 4, we consider the the
case where the order of the IV strengths is wrong,

πk = c(K̄)(1− (K̄ + 1− k)/(K̄ + 1))4,

with the same specification for τ as above in Models 1-3.

Model 5 (different instrument validity)
Using the baseline specification (Model 1) for instrument strength, π = (π1, · · · , πK̄)′, πk =

c(K̄)(1− k/(K̄ + 1))4,∀k, we also consider the various specifications in terms of instru-
ment invalidity. We vary τ as follows; 1) τ ∝ (0, 1, 1, 1, 0, ...., 0), 2) τ ∝ (0, 1, 0, ...., 0), 3)
τ ∝ (0, 0, 0, 0, 1, ...., 1).

Median bias (Bias), interdecile range (IDR), root mean square error (MSE), and
root trimmed mean square error (TMSE) of the OLS, 2SLS, averaging GMM estima-
tor (GMM-AVE) in Cheng et al. (2019), LIML, FULL (with C = 1), JIVE2, HLIM and
HFUL are reported. For models 1 (σuv ∈ {0.2, 0.8}), 3, 4 and 5, we only report the
case (N,K) = (100, 20) for brevity. The results are calculated using 10,000 simulation
replications.

Tables 1-4 contain results for the Model 1 (baseline specification) with σuv = 0.5. The
γ =∞ case in Tables 1-4 replicate the Monte Carlo studies in Tables I-II in Donald and
Newey (2001) with all valid instruments.

Tables 5-8 contain results for Model 1 with different σuv. Tables 9-12 give results for
Model 2 and they replicate Tables III-IV in Donald and Newey (2001) when γ = ∞
(with σuv = 0.5). Tables 13-14 and Tables 15-16 give results for Model 3 and Model
4, respectively. Tables 17-22 give results for Model 5 with different specifications of τ
(instruments invalidity).

In Model 1 (Tables 1-4) with endogeneity σuv = 0.5, the results are qualitatively
similar to the results in the main paper (with an intercept in the model), except that
the jackknife versions of the k-class estimators using only valid instruments (K = 1)
perform considerably worse. For Model 2 (Tables 9-12), similar to Donald and Newey
(2001), this different specification (equal instrument strengths) tends to increase the
median bias/MAD as well as dispersion (IDR/MSE) in most cases compared with the
baseline specification (decreasing order of π). Model 1 (Tables 7-8) with high endogene-
ity σuv and heteroskedastic setup in Model 3 (Tables 13-14) also tends to increase the
bias and the TMSE compared with the baseline specification (Tables 1-2). However, the
results are qualitatively similar to the baseline specification; Fuller/HFUL estimators
combined with instrument selection perform well with lower IDR/MSE. This suggests
that when we have no prior information on which instruments are relatively important
or in heteroskedastic setups, instrument selections can still be useful for estimators with
finite-sample moments, but less so for “no-moment” estimators.

Next consider Model 4 when the order of the IV strengths is wrong (Tables 15-16).
First, we consider the strong identification case (R2 = 0.1). When the degree of inva-
lidity is small (i.e., γ = ∞, γ = 1), DN/IR tend to choose a relatively small number
of instruments (which are weak), while KMSE that minimizes the trimmed MSE is 20
(using all instruments) for most cases (2SLS, FULL, HLIM, and HFUL), and this leads
to worse performances than the baseline scenario with the correct order of IV strengths.
However, when invalidity increases γ = 1/3, this also makes it costly to include strong,
but invalid instruments (KMSE = 1 for FULL/HLIM/HFUL), and instrument selection
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criteria tend to choose a smaller number of instruments than the baseline specifications
by excluding weak invalid instruments (the median K̂ for DN/IR is 1 for FULL/HFUL).
In the weakly identified cases (R2 = 0.01), all instruments are weak instruments anyway,
so the performances are similar to the baseline specification.

Finally, we consider Model 5 with alternative specifications on τ . As we expected, the
results are very similar to the baseline specification (τ ∝ (0, 1, 1, 1, ..., 1, 0, 0, ...., 0)) when
the degree of invalidity is small (i.e., γ = ∞, γ = 1), so we focus on the case γ = 1/3
where the degree of invalidity is relatively large.

Tables 17-18 report the case τ ∝ (0, 1, 1, 1, 0, ...., 0). In the strong identification case
(R2 = 0.1), some relatively strong instruments become valid instruments compared with
the baseline specification. Thus, the median bias/MAD and IDR/TMSE of using all
instruments are slightly lower than those in the baseline model except MSE of “no-
moment” estimators. IR tends to choose slightly more valid instruments than the baseline
case on average, however, the differences are relatively small. In the weakly identified case
(R2 = 0.01), all valid instruments are weak instruments anyway, so the performances are
no better than the baseline scenario as DN/IR tends to choose only a small number of
instruments in such cases.

Tables 19-20 consider the case τ ∝ (0, 1, 0, 0, ...., 0). In the strong identification case, the
third, fourth and fifth strong instruments become valid instruments compared with the
above case, and we find that the performance of using all instruments and the instrument
selections are substantially better than the baseline specification.

Tables 21-22 consider τ ∝ (0, 0, 0, 0, 1, ...., 1). In this case, many invalid instruments
mainly coincide with weak instruments, thus we find that DN/IR perform better by not
including weak and invalid instruments in terms of lower bias/MAD and IDR/MSE in
most cases compared with the baseline specification.

S4.1. Simulation Design in Hausman et al. (2012)

In this subsection, we explore the following simulation design as in Hausman et al. (2012).
Although we can consider the main simulation design with a scalar endogenous regressor
as a case where the covariates (including an intercept) have already been partialled out,
we note that theoretical results of HLIM/HFUL in Hausman et al. (2012, Assumption
1) include an intercept in the model. The model we consider is

yi = β0 + β1xi +
τ ′(Di − 1

2 )zi

Nγ
+ εi,

xi = πzi + ui,

where zi ∼ N(0, 1), ui ∼ N(0, 1), π is chosen so that the concentration parameter µ2 =
nπ2 = 8, 32, D′i = (Di,1, Di,2, · · · , Di,K̄−5), Di,k ∈ {0, 1}, P r(Di,k = 1) = 1/2, and the
full set of available instruments is

Z ′i = (1, zi, z
2
i , z

3
i , z

4
i , ziDi,1, ziDi,2, · · · , ziDi,K̄−5).

The structural error term ε is given by

ε = ρu+

√
1− ρ2

φ2 + (0.86)4
(φv1 + 0.86v2)
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where v1 ∼ N(0, z2), v2 ∼ N(0, (0.86)2), and v1, v2 are independent of u. We set N = 800,
ρ = 0.3, and choose φ so that the R-squared for the regression of ε2 on the instruments
is 0. Results are based on 1,000 simulations.

We consider various IV estimators with different numbers of instruments K ∈ K =
{2, 3, · · · , K̄ = 30} where we use the first K elements of Zi. For examples, the instruments
are (1, zi) forK = 2, (1, zi, z

2
i , z

3
i , z

4
i ) forK = 5, and (1, zi, z

2
i , z

3
i , z

4
i , ziDi,1, ziDi,2, · · · , ziDi,25)

for K = 30.
Again, γ captures “degree of invalidity” and we vary γ = ∞, 1, 1/2 and 1/3, and we

consider the following specification for τ = (τ1, · · · , τK̄−5)′:

τk = 1 for k = 1, · · · , K̄/2− 3, and τk = 0 for k > K̄/2− 3.

When γ = ∞, any instruments from the full set of instruments Zi are valid, and the
simulation design corresponds to the same setup in Hausman et al. (2012). When γ <∞,
the instruments consisting of interactions with dummy variables are invalid.

Similar to the main paper, we report the median bias (Bias), median absolute deviation
(MAD), interdecile range (IDR), root mean squared error (MSE), and root trimmed mean
squared error (TMSE) of OLS, 2SLS, LIML, FULL (with C = 1), JIVE2, HLIM, and
HFUL (with C = 1). For the IDR, we report the range between the 0.05 and 0.95
quantiles to be comparable to the results in Hausman et al. (2012). For all IV estimators,
we consider four different cases: using all available instruments K = 30 (all), using only
the valid instrument (1, zi), K = 2 (val), utilizing the instruments chosen by Donald
and Newey (2001)’s criterion (DN), and the instruments selected by the invalidity-robust
criterion in this paper (IR). The γ =∞ case in Table 23 (µ2 = 8) and Table 24 (µ2 = 32)
with K = 2 and K = 30 replicate the Monte Carlo studies in Hausman et al. (2012, Tables
1 and 2) without invalid instruments.

Again, Fuller/HFUL estimators perform well with lower IDR/MSE/TMSE and are
much less dispersed than LIML/HLIM. Further, instrument selection can help to lower
IDR/MSE/TMSE. In Table 23 (µ2 = 8, the weakly identified case), when the instruments
are slightly invalid (γ > 1/2) or all valid (γ =∞), we find that all estimators combined
with the DN criterion can lead to a reduction in the IDR and MSE/TMSE compared to
those of the estimators using all instrument sets or only valid instruments, except HLIM.
For FULL/HFUL, results are similar across DN/IR and using only valid instruments.
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