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Appendix B Proofs of the Lemmas in Appendix

Proof of Lemma

Proof. The following proves inequality (A-8). By the definition of supremum and the definition of AsyRD¢ (B, »
Bmsp) in (A.6), there exists a sequence of DGPs, denoted by {F, },en, such that

AsyRD¢ (B, Bn.sp) = limsupEx, [lc(Bn.a,, Br,) — c(Bn.sp, BE,)]-

n—oo
The real sequence {Er, [l¢(Bn.ans Br,) — c(Bn.sp, BE, )| Inen itself may not be convergent, but by the
definition of limsup, there exists a subsequence of {n},en, denoted by {p, }nen, such that the corresponding

real subsequence {Ep, [é((Bn,mn,ﬂFM) - KC(Bn,Sp,ﬁFpn)]}neN is convergent, where {F} }nen denotes the
subsequence of DGPs corresponding to {p, }nen, then

AsyRD¢ (B, Bn,sp) = nh_{I;O Eg,, [0c(Brin BrF,, ) — 0 (B, sp, Br,, )] (B.1)

Now consider the sequence of k-dimensional vectors {p}/%ppn tnen, and let {pi/Q(;Fpn Ltnen (b=1,...,k)

denote their tth coordinates. For ¢ = 1, one has either (i) limsup ’p,ll/ *0p, .
n— o0

< o0, or (ii) limsup
n—oo

p}/ 25FM7L = o0o. For case (i), there exists some subsequence {p,,}nen such that p}/ 2 6r,, . — d, for

some d, € R, by the definition of limsup. For case (ii), there exists some subsequence {p, , }nen such that

pi/ ) F,, ,. — 00 or —oo, by the definition of limsup. In both cases, therefore, there exists some subsequence

{Pn,.}nen such that p,ll{?éppn‘ﬂ — d, for some d, € Ry,. Since k is finite, one can sequentially apply the
same argument to all coordinates ¢ = 2,...,k and let the resulting subsequence be denoted by {pn. i }nen,
which satisfies pi/ iéppn , — d for some d € RE . Next consider {S(F), ,)}nen, the sequence of nuisance
parameter vectors in S induced by the DGPs {F}, , tnen. {S(F}, ,)}nen itself may not be convergent, but
since S is compact by Condition i), then there exists a convergent subsequence, denoted by {S(Fp: ) }nen,
such that S(Fp:) — s* with some s* € S. Moreover, by Condition (ii), there exists a DGP F* in F such
that S(F*) = s*. This shows that there exists some subsequence {p}},en of {pn }nen such that

p:‘Ll/Z(SFp* — d for some d € Ry, and S(Fy: ) — S(F*) for some F™* € F. (B.2)
Note that for any subsequence of {p;, } nen, the limit of the right hand side in (B.1]) remains the same, which
implies

AsyRD¢(Bni,, Brsp) = Jim Er,. [0c (B Br,.) — L (Bn,sP> B, )]- (B.3)

The definitions of é(Bn,ﬁ) in (2.1) and of ¢, (Bn,ﬂ) in (3.10)), as well as (A.3) suggest that in order to
prove (A.8), one needs to link the right hand side of (B.3) with R¢(upq) and R¢(up,q) defined in ([A.1) and
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(A-2). First consider the case where ||d|| < oo in (B.2). By Condition fi) and Lemma [I]i),

x1/2

s x1/2

A~ d' A d' —
(Bn,sp = Br,. ) — &rsp and pp " (Bn,w, — Br,: ) — Eras

which combined with the continuous mapping theorem implies that

E(Bmsp,ﬁFp;L) <y £rspYErsp and E(Bn@n,ﬁ%) N EraYEra.

Since T is positive semi-definite, f},ﬂ, spY&rsp and E_% de_ F,a are both nonnegative. Note that the function
f(z) = min{x, } is a bounded continuous function of x > 0 for fixed positive . Applying the Portmanteau
lemma (e.g., Lemma 2.2 in Van der Vaart, 2000) and invoking (A.1) and (A.2), one gets

EFPZ [EC(/Bn,SPaﬂFP;’ )} — R((“F*,d) and EFpi‘L V((Bn,u}nvﬁFp; )] — R{(“F*,d)- (B4)
Next consider the case where ||d|| = oo in (B.2). By Condition [2[(ii) and Lemma [If(ii),
“1/2/ 5 d. «1/2/ 5 d.
P (Bnsp — Br,.) — &psp and P (Bna, — Br,.) — Ersp.

Using the same argument, one also gets (B.4) in this case. Combining (A.3), (B.3) and (B.4), one can unify

the two cases and write

AsyRD¢ (Bn.a, » Bn.sp) = rc(up~ 4), for some F* € F and some d € RE,

gmax{ sup TC(URd)v sup TC(UF,d)}

UF,dGU uF,dGMOO

=max<{ sup r¢(urq),0p.
ur,a €U
This proves (A.8).
The proof of (A.9) follows the same argument and hence is omitted here. ]

Proof of Lemma

Proof. The following proves inequality . By the definition of U in , |ld|]| < oo and dp = 0 for
any F' € F such that upq € U. For any up g € U, let N, denote the smallest n such that n~2|d|| < ep,
where ep satisfies Condition ii). Then by Condition (ii)7 for each n > N.,., there is an F,, € F with
§p, =n~Y2d and |S(F,) — S(F)|| < n="/2C||d||"* for some C,x > 0. For each n < N, let F, = F. Thus, a
sequence of DGPs {F, },en in F satisfying n'/26p, — d and S(F,,) — S(F) is constructed for any up 4 € U.
Recalling the definition of S(F) in (3.17), this immediately implies that for such {F, },en,

nl/Q(SFn —de Rk, Ve, .sp = Vrsp, Cp, = Cr, and Ve,.p — Vrp. (B.5)

The real sequence {Er, [£c(Bn.a,, B, ) — £c(Bn.sp, Br, )] fnen that corresponds to {F, },en may not be con-
vergent, but by the definition of limsup, there exists a subsequence {p,}nen of {n}nen such that the

corresponding real sequence {Eg, [{¢ (Bn7u”,n,ﬁp‘p”) — éC(Bn,S’P, BE,, )}nen is convergent and

lim Ep, [£(Bu.an Br,,) = Le(Busp, Br,, )] = limsup Er, (6 (Baa,, Br,) = Le(Busp Br,))l. (B.6)

n—oo



Since {p, }nen is a subsequence of {n}en, (B.5) implies that
TLl/QéFpn —de Rk, VFPn7SP — VF,SP, CFn — CF, and VFPn7P — VF,p. (B.?)

Combined with Condition [2fi) and LemmalIi), this implies that

P/ *(Busp — BF,, ) 2 ¢rsp, and pY/2(Bn.e, — BE,, ) 2y &ra,

which, combined with the continuous mapping theorem, in turn implies that
nlglgo Ep, VC(Bn,SP»BFpn)} = R¢(up,q), and 7}1_>H;o Eg,, [&(Bn,w,”ﬁFpn)] = Re(up,q). (B.8)

This, combined with (B.€]), the definition of AsyRD, (B, » Bn.sp) in ([A.6), the definition of supremum and
the definition of 7(up,q) in (A.3), implies that for any upq € U,

ASyRTC(Bn,mnyﬁn,SP) > limsup Ep, [£¢ (Brivn s BE,) — ﬁg(én,SP, Br,)] = r(ura),

n— oo

which further implies that

ASyRTC(Bn,w7L75n7SP)Z sup 7(up,q)- (B.9)
UF,dGZ/{

On the other hand, by the definition of Us. in ([3.26), for any upg € Uss, ||d|| = co and either (i) p =0
or (ii) ||0r|| > 0. For case (i), let £; be a k x 1 vector of ones and let N, denote the smallest n such
that n=1/4||6;||'/?2 = n=Y/4kY? < ep, where e satisfies Condition ii). Then by Condition ii), for each
n > N, there is an F,, € F with 0, = n= %4, and ||S(F,) — S(F)|| < Cn="/*k"*/? for some C,x > 0.
For each n < N, let F,, = F. For case (ii), let F,, = F for all n. Thus, a sequence of DGPs {F, },en in
F satisfying n'/20p, — oo, 6r, — F and S(F,) — S(F) is constructed for any upg € Us, regardless of
whether 6 = 0 or ||6p|| > 0. Recalling the definition of S(F) in (3.17), this immediately implies that for
such {F, }nen,

|n'/26p, || = oo, Vi,

ns

sp = Vrsp, Cp, = Cr, and Vg, p = Vg p.

Then a similar argument used to show - (B.8) can be applied to show that there exists a subsequence

{Pn}nen of {n}nen such that and (B-8) are satisfied, with the help of Condition 2{ii) and Lemma Iii).
Combining this with the definition of AsyRD, (B, Bn.sp) in ([A.6), the definition of supremum and the
definition of r(upq) in (A.3), one gets that for any up 4 € Uso,

AsyRD¢ (B, Bn,sp) > limsup Eg, (e (B Br,) — Le(Bn.sp, Br,)] = 0. (B.10)

n— oo

(A.10) immediately follows inequalities and (B.10).
The proof of (A.11) follows the same argument and hence is omitted here. |

Proof of Lemma

Proof. For any F € F, since {psp ~ N (Okx1, Ve sp) by Condition one gets

d.
ErspYersp = ZIV;,/;PTV;,/;PZ’:’?



where Z ~ N (Ogx1, Ikxk). By Condition i)7 and because T is a fixed matrix, there exists some constant
C such that

SUD Pmax (V;,/;PTV;/;P> <C.
FeF
This implies that

sup B[ (€hspTerse)’| < sup i (VEGTVIE) EIZ'2)%) < C,

uF,d€U ur,d€U

where the second inequality holds because Z ~ N (Oxx1, Ikxx) and that Vi gp does not depend on d. This

proves (A.12).
By the definition of £r 4 in (3.22) and that of £p in Condition i), Cauchy-Schwarz inequality and the

simple inequality 2|ab| < a? + b? for any real numbers a and b, one gets

EraYera < 25 spYepsp + 20F (Epp +d—Epsp) T (Epp +d — Epsp)

= 265 spTer sp + 20 (EF + cZ)/ D (EF + J) , (B.11)

where D and d are defined in (A.21). Combining (B.11) and the simple inequality (a 4 b)? < 2(a® 4 b?) for
any real numbers a and b, one gets

(gﬁ'?,dTgF,df <8 (f%,SPTfF,SP)2 +8 [w% (EF + J)/ D (EF + J)} i
<C+8 [w% (£F+J)1D(EF+CZ)F, (B.12)

where the second inequality is by (A.12). By the definitions of wg in (3.21) and that of Ar and B in (3.20),
one has

[tr(Ap)]? (gF + CZ>I D (éF + J)

wh (éF + d‘)' D (EF + cZ) = 5 < Ctr(Ap) = Ctr(YVisp) — Ctr(YCr),

- N - R
|:tr(BF) + (fF + d) D (fF + d)}
where the inequality follows by tr(Ar) > 0, tr(Br) > 0 and that T being positive semi-definite implies

(€p +d)' D(€p + d) > 0. Combined with the simple inequality (a 4 b)? < 2(a® + b%), this implies that

-/

2
E [w% (EF + d) D (SF + J)} < 2C[tr(YVisp))? + 2C[tr(YCR))?
< QC[JBI‘(TVF’SP)]Q + 2C[tI(TVF’SP)]2 <, (B13)

where the second inequality holds by Condition [2[i), Condition [3{i) and that Cauchy-Schwarz inequality

implies Cr < max{Vpsp,Vp p} for any F' € F. Together, (B.12) and (B.13]) imply (A.13), since the upper
bound does not depend on F'. |

Proof of Lemma

Proof. First note that

sup ’]E [mil’l{é}?’d’rgF‘,da ¢} — ghd’rgﬂd] ’

uF,dEU



= sup |E[(¢—&rgYera) 1{raYEra > C}]|

up,d€U
< sup B¢~ &y Téral 1{EryTéra > )]
<¢ su;e)uIE [I{&rqTera > C}] + suguE [(§raYEra) - 1{paYEra > C}]
<2¢"! sup E [(EﬁdaEF,d)ﬂ <20¢7H, (B.14)
up €U

where the first equality is by the fact that min{z, (} —x = ((—z)-I{x > (}; the first inequality is by Jensen’s
inequality and the fact that an indicator function is always non-negative; the second inequality holds because
¢ >0, 5} de Fd > 0, and the simple inequality |a — b| < a + b for any non-negative real numbers a and b;
the third inequality holds by Markov’s inequality the fourth inequality is by in Lemma E

By in Lemma[A.3 and the same argument, one can show that

sup |E min{¢rspYérsp,(} — ErspYersp]| < 20¢ 1 (B.15)

up,d€U

Combining inequalities (B.14) and (B.15)), the definitions of r¢(upq) and r(upq) in (A.4) and (A.5), and the
triangular inequality, one gets sup |r¢(upq) — r(upq)| < 4C¢™!, which immediately implies (A-14). M

uF,a€U

Appendix C Details on Section

The reasons for @, € [0,1] with probability one. Note that ‘7”’513 + ‘7”7]3 — én — 6‘; is the sample
asymptotic variance-covariance matrix of Bn p— Bn,S p and recall that T is symmetric positive semi-definite,
so the first term in the denominator of is positive with probability one; the second term is a quadratic
form with positive semi-definite T, so the denominator of is positive with probability one. Moreover,
if the parametric restrictions are correctly specified or mildly misspecified, then Vi sp > Vi p (Condition
implies V,, sp > V,, p with probability one, which, together with Cauchy-Schwarz inequality, further implies
1771’5 p > én Furthermore, if the parametric restrictions are severely misspecified, then IA/n SP, f/n p and én
having finite probability limits (Condition [2)) implies that the second term in the denominator approaches
the infinity while the other terms are finite. Together, these imply that the averaging weight w,, € [0, 1] with
probability one.

Computing asymptotic variance-covariance matrices via robust influence functions. Let ¢ p sp(2)
denote the non-centered influence function of Bmg p, let ¥ p(z) denote that of Bm p, and let ¢, sp(z) and

1, p(2z) denote their sample analogs, respectively. Then

/

Vo.sp = % > Unsp(Zi sp(Z) - % Y tnse(Z)]| - % > tnse(Z)]| (C.1)
=1 i=1 i=1
Vop = % D np(Zi)W, p(Zi) — [Tll > Unp(Zi)] - % > Wnp(Z)| (C.2)
i=1 =1 i=1

2The first term is bounded using Chebyshev’s inequality. Using the same argument as Markov’s inequality, one can show
that for non-negative random variable X and constant a > 0, E[X - I{X > a}] < E(X?)/a, since E(X?) = E[X? - [{X >
a}] + E[X? I{X < a}] > E[X?2-I{X > a}] > aE[X -I{X > a}]. Applying this result to the second term gives the desired
inequality.

3Condition E(l) postulates Vi sp > Vg p, which is the case where the averaging is meaningful, otherwise Bn’p dominates
Bn, sp. Allowing for Vg sp < VF p is also easy and discussed in Remark E



/!

: (C.3)

Cp = % Z Un,sP(Zi)n p(Zi) — [Tll Zd’n’SP(Zi) % Z ¥n.p(Zi)
i=1 i=1 i=1

The asymptotic variance-covariance matrix estimates in - can then be plugged into (2.2)) to
compute the averaging weight.

It is worth emphasizing that the influence functions need to be valid under potential misspecification (e.g.,
Ichimura and Lee, 2010), such that the estimators XA/mg P, ‘A/m p and én are consistent regardless of whether
the parametric restrictions hold or not. In other words, they must be robust against misspecification of the
parametric restrictions; otherwise the resulting averaging estimator might not conform to the asymptotic
theory in Section [3] Appendix [D] will illustrate this point using the partially linear model in Section

Appendix D Details on Section

Robust influence function in partially linear models. In this example, the estimators are based on
the objective function Q(z,8,h) = [y — hi(z2) — (z1 — ha(x2))'8]*> where z represents the vector of all
observed variables, so that Qg (8, k) in equals to Er[Q(Z, B, h)], where the expectation is taken with
regard to the distribution F' of the data Z. Under DGP F, let hip(s) = Ep(Y|s(X1,X2) = s) and hop =
Er(X1|s(X1,X2) = s) denote the conditional mean functions of Y; and Xi; given s(X1;, Xo;) = sﬁ Since
these functions do not depend on 3, the general formula of the influence function of an estimator Bn robust
to potential misspecification of h can be derived using Theorem 3.3 of Ichimura and Lee (2010). Borrowing
their notation, one gets

Ai(2) = DpQ(z,8,h) = —[y — ha(22) — (21 — ha(22)) B](z1 — ha(x2)),
DpgQ(z, B, h) = (x1 — ha(x2)) (21 — ha(x2)),

FQBR) _ 1y (8. h) = B[(X1 — ha(X2)) (X1 — ha(Xa))'],

dpdp’
— [y — har(z2) — (21 — hap(22)) B (h1(22) — ha(22)'B),
L DrQUB k)]
= DpnQ(B, hr)[h]
= Ep[(X1 — har(X2)) B(h1(X2) — ha(X2)' 5]
+Er[(Y — hip(Xe) — (X1 — hor(X2)) B)ha(X2)]

:O’

Vo=

DnQ(z, B, hr)[h]

Fl(Z)

where the last equality holds by the law of iterated expectations (i.e., first conditional on Xs). By Theorem

3.3 of Ichimura and Lee (2010), the influence function of an estimator G, is

(z) = —Vy A (2)
= {E[(X) — ha(s(X1, X2))) - (X1 — ha(s(X1, X2)))]} !

/
[y = ha(s(zr, 2)) = (@1 = ha(s(21,22))) 8] - (w1 — ha(21,22)). (D.1)

4Here s(X1,X2) = s is a shorthand notation to indicate conditioning on all the additively separable components
of s(X1,X2). For example, in the model (4.2) in Section s(X1,X2) = s is a shorthand for the entire vector

(X4, X11X21, X12X22, X13X23, X14X24) being fixed.



Note that I'y(2), the term in Ichimura and Lee (2010) that captures the impact of first step estimation error
of h on the asymptotic distribution of B, is zero.

For the parametric estimator, s is restricted to be a linear function of zo only, i.e., s(x1,22) = 09 +
2561, then Bn,p is just the least squares coefficient of X; in a linear regression of ¥ on X;, X5, and
an intercept. Under this modeling restriction, both h; and hy are also linear functions of x5 only. Let
X3 = (1,X}), then standard results of linear regressions imply that hip p(z2) = 23 y1r and hop p(x2) =
3 yer with yip = [Ep(X3X3)] 1ER(X3Y) and yor = [Ep(X3X3)]) 'Er(X;X]), which can then be
plugged into to obtain the influence function of Bn p. In order to get its sample version, let 41 , =
(S0, X3 X50) (X0, X3,V and 4s, = (X0, X3,X37) 1 (X, X3,X],), then one has

n -1

1
wp(Z) == | =S (X1i = X2 Ap) (X1 4 — X3390
Vn,p(Zi) - ;:1( 1, 5iv2,n) (X1, 5i72,n)
AY - X3 Am — (X1 — Xék,'fYQ,n)/Bn,SP} (X1 — X5 A2.0)s (D.2)

where note that 8 in the influence function is replaced by its robust estimator Bn,S p-

For the semiparametric estimator, a series of basis functions G*(z1,22) = (g1 (21, 72), gor. (71, T2), . ..,
grr(z1,22))
an integer that increases with n and g¢;r(x1,z2) is a known function (e.g., polynomial functions) for each

" is used to approximate the unknown function s(zi,z2) in the original model, where L is

le{1,...,L}. In this case, Bnysp is just the least squares coefficient of X; in a linear regression of ¥ on
X, and GF(X;, X3), and its influence function is what is in . The argument in Ackerberg, Chen and
Hahn (2012) and Ackerberg, Chen, Hahn and Liao (2014) allows one to treat this series approximation as
the true model in estimating the asymptotic variance of Bmgp. To proceed, let

n -1 n
:\1,11 <Z GL(Xl,iaX2,i)GL/(X1,i;X2,i)> (Z GL(Xl,ivXQ,i)}/;> , and

i=1 =1

n -1 n
Aon = (Z GL(XM,Xz,i)GL’(Xl,i,XQ,Z-)> (Z GL<X1,Z-,X2,Z->X1,Z-> ,

i=1 i=1
then one has

n

-1
1 « N
Yn,sp(Z;) = — [n Z(Xu - GL/(XLi,Xz,i)/\z,n)(Xu - GL/(Xl,iaX2,i)A2,n)/]

i=1
Y — GL/(Xl,i7X2,i):\1,n — (X1, — GL/(Xl,iaX2,i)5\2,n)//3n,SP}

(X1 — GV (X1, Xo.0) dan). (D.3)

As a result, the averaging weight can be constructed by first plugging and into ,
and , and then plugging the latter into .

Two points are worth emphasizing here. First, 8 naturally arises in the influence functions and
is invariant to how the conditional mean function A is modeled. Therefore, when computing the sample
analogs of the influence functions using and , B should be replaced by /3’”73 p, the estimator that
is consistent regardless of whether the joint normality restriction is correctly specified or not. Second, the
nuisance function h directly enters the influence function of Bn As a result, how h is modeled (by the linear
function of x4 only or without such restriction) affects the functional form of the influence functions, even
though neither nor contains a correction term for the first step estimation error of h.



Primitive conditions. For a specific model and specific estimators Bn’s p and Bn p, Conditions andare
straightforward to verify, and Condition 2| can be verified under more primitive conditions. The following

condition is the primitive condition of Condition [2] for the partially linear model

Condition [2[. Let || - || indicate the Euclidean norm of a vector and let || - ||z, indicate the Lo norm of a
function. For the partially linear model in and the estimators described in Section @, assume that the
following conditions hold for any F € F, where 0 < M < oo and 7 > 0 are some generic constants.

(1) Ep{[X1 — Ep(X1|s(X1,X2))] - [X1 — Ep(X1]s(X1, X2))]'} is positive definite.

(i) Ep{[U + s(X1, X2) — Ep(s(X1, X2)| X2))?[X1 — Er(X1|X2)] - [X1 —Er(X1|X2)]'} is positive definite.

(1it) For functions s(xz1,x2) and hop p(z2) = Ep(X1|X2) = 23/ ver, there exist ds, do, Ts 1, and ma 1,
such that ||s(z1,x2) — G¥ (21, 22)7s 1]l 2, = O(L™%) and ||har(22) — G (22) 72 1|2, = O(L™9) as L — oo,
where G (x1,22) and G*(x3) are series basis functions of order L.

(v) varp[Y|X1, (X1, X2)] < M < 00 and varp[X1]s(X1, X2)] < M.

(0) Ep{|X; — Ep[X;[s(X;, )] [} < M.

(vi) The series order L is such that L — oo, L/n — 0 and /nL=%~9 — 0 as n — 0.

(vii) The variance-covariance matriz (under F) of (X1, X5) is positive definite.

(viid) B[ X17+7] < M and Ex[|XI|*+7] < M.

Condition 2'(i) - (vi) follow Assumption 2 and Theorem 2 in Donald and Newey (1994), which ensure the
asymptotic normality of Bn sp based on series first step. Among them, (i) is the key identification requirement
of Br; (i) and (ii) ensure that the asymptotic variance-covariance matrix of Bms p is well defined; (iii) implies
that the nuisance functions can be approximated well by the series basis functions; (iv) implies that they can
be consistently estimated; (v) is the moment condition required by the central limit theorem; and (vi) gives
the under-smoothing order of the series basis functions. (vii) is the key identification requirement of S p,
and (viii) is the usual moment condition for the asymptotic normality of Bn p based on linear regression of
Y on (X1, X})" and an intercept[’]

Verification of the primitive conditions. This part verifies Conditions |1} 2’ and |3| for the Monte Carlo
model (4.2)) and the estimators used in Section |4} Recall that in this model,

4 4

s(x1,2) = 2501 + t(wq,22), wWith t(zq,29) = p Zﬁgj exp(z2;) + Z 0351225 | - (D.4)
j=1 j=1

Because the misspecified model (4.3 only uses 6y+x56, as s(x1, x2), p controls the degree of misspecification.
Note that for VF' € F, one has

—1
bo,r,p — 0o, F 1 Er(X7) Er(X3) Er[t(Xy, X2)]
ﬂF,P — /BF == ]EF(Xl) EF(XlX{) EF(XlXé) EF[Xlt(Xl, XQ)] B (D5)
O1rp—01F Ep(X2) Ep(X2Xi) Ep(X2X)) Ep[Xot(X1, Xo)]

where (604 g p, B p,0) pp)’ is the pseudo-true parameter value in the misspecified model and (0 ,
B, 01 )" is the true parameter vector in model E The joint normal distribution of (X7}, X3)" implies
that on the right hand side of , the entries of the first matrix are non-zero finite numbers, and the
second vector is proportional to p, since Ep(X;X1,;X2;) and Er[X; exp(X2;)] are both finite (I = 1,2 and

5The joint asymptotic normality can be shown under Condition 2/ by invoking Cramér-Wold theorem (not elaborated here).
6In particular, Oo,r = 0.



j= 1,2,3,4) So, one gets
0r = Brp — Br=c1p (D.6)

with non-zero ¢y, where the non-zero constant ¢; depends on the moments of polynomials up to the third
order and the exponential functions of (X}, X})’. As a result, as long as the values of p contain an open
set around 0, Condition [If(ii) is satisfied. Moreover, note that the nuisance function hr in Condition [If(i) is

s(x1,x2) and g4, in Condition [1fi) is 2461 F,p, then one has
9ve = hrlle, = 25(01..p = 01.F) + 00.p.p — t(21,22)| 2, = c2lp], for some cz > 0,

where the second equality holds due to , the definition of ¢(x1, z2) in , the joint normal distribution
of (X1, X35)" and that 6y = 0 in model (£2). As a result, Condition [I[i) is satisfied.

The joint normal distribution of (X1, X3) in Section [ immediately implies that Conditions 2’ (vii), (viii)
and the second part of (iv) are satisﬁedﬁ Moreover, the normal distribution of U and its independence from
(X1, X}%)" ensure Condition 2’ (ii) and the first part of (iv). In addition, the definition of s(x1,z2) in
shows that X; and s(X7, X3) are not perfectly collinear, indicating that Condition 2'(i) and (v) are satisfied.
Furthermore, note that s(x1,x2) only contains linear, quadratic and exponential functions of zy and zs and
horp p(x2) only contains linear function of x, which are all four times continuously differentiable functions,
so Condition 2'(iii) is satisfied with ds = dy = %ﬂ Given this, one can choose L such that L — oo, L/n — 0
and L?/n — oo to satisfy Condition 2’(vi).

To verify Condition [3 first recall §p = ¢1p with non-zero ¢; shown in , so dr belongs to a compact
set as long as p does. Second, note that the asymptotic variance-covariance matrices of Bn sp and Bn p are

Visp = ofr - (Bp{[X1 — Er(X1]s(X1, X2))] - [X1 — Ep(Xa]s(X1, X2)/'D 7, (D.7)
Vep = (Ep{[X1 — Ep(X1|X2)] - [X1 — Ep(X1]X2)'}) ™"
(Er{[U + 5(X1, X2) = Ep(s(X1, X2)| X2)]2[X1 — Ep(X:1]X2)] - [X1 — Ep(X1|X2)]'})
(Ep{[X: - Ep(X1|X2)] - [X1 — Ep(X1|X2)D 7, (D-8)
Cr = (Ep{[X1 — Er(X1|s(X1, X2))] - [X1 — Ep(Xa|s(X1, X))/}
(Er{[U + s(X1, X2) — Ep(s(X1, X2)|X2)] - [X1 — Ep(X1|s(X1, X2))]'})

(Ep{[X1 —Er(X:1|X0)] - [X1 — Er(X1 | X2)] D)7, (D.9)

where 07, = Er(U?). Given the specification in (4.2) (reiterated in (D.4)) and the joint normal distribution
of (X{,X%)" in Section {4} the following points can be verified.

1. hopp(-) = Ep(X1]|X2) defined before (D.2) is a 4 x 1 vector-valued linear function of x2 that does not
depend on p; in particular, its jth coordinate is hop pj(x2) = Ep(X1;| X2 = x2) = 0.4+ 0.2 Z?:l o
for 5 =1,2,3,4.

2. Note that once the values of exp(Xy;) and X1;X5; (j = 1,2,3,4) are fixed, then so are the values of
Xi; and Xo; (j =1,2,3,4); and vice versa. For this reason, the function hop(-) = Ep(X:|s(X1, X2)) =
Er(X1| X2, X11X21, X12 X292, X13X23, X14X04) defined before (D.1) does not depend on p, although its

functional form is difficult to obtain and hence is omitted herel°]

"The finite moments of exp(X2) can be shown using the moment generating function of the normally distributed X2. For
example, E{[exp(X2;)]?} = E[exp(2X2;)] = Mx,;(2) = exp(2u2; + 20'3]-) < oo, with p2; = 2 and cr%j =0.52.

8Note that conditional variance is bounded above by unconditional variance.

9s(x1,22) is four times continuously differentiable and has eight arguments, so by the discussion that follows Assumption 3
in Newey (1997), ds = % = % Similarly, hop(z2) is twice continuously differentiable and has four arguments, so do = % = %

10See FootnotcEfor details on Ep(X1|s(X1, X2)).



3. By the specification in (4.2), one has

4
s(X1, Xs) — Ep(s(X1, X2)|Xa) = p Y _ 03, X5[X1; — Ep(X1;|X2)] = Cap, (D.10)
j=1

where C3 is a random variable that depends on X; and Xs.

Point 2 immediately implies that Vg sp in (D.7) equals to

Visp = ot [Br(WrspWpsp)] ™

with Wpgp = X7 — Ep(X1]X2, X11X01, X12X02, X13X03, X14X04), (D.11)
which does not depend on p. Points 1 - 3 together imply that Vg p in equals to

Vip = [Br(WepWpp) ™ A{Ep((U + Csp)*WrpWi pl} - [Er(WrpWi p)]
with Wp’p = X1 — EF(X1|X2), (D12)

which is a quadratic function of p. Similarly, one can show that Cr in is a linear function of p. In
summary, S(F) defined in is a quadratic function of p; that is, for F' € F such that dp = c1p, there
exist some fixed vectors ¢y, c5 and cg such that S(F) = ¢4 + c5p + cgp?. This has two implications. First, as
long as p takes values from a compact set, so does S(F) defined in , satisfying Condition i). Second,
Condition ii) is satisfied with k = 2, ez = 1 and C being some constant depending on ¢4, c5 and cg but
not p.

Verification of Vrsp > Vpp in Condition @(1) The paragraph that follows Condition [2| provided

intuition for Vg gp > Vg p using the semiparametric efficiency bound and Le Cam’s third lemma. For a

specific model, however, this result can often be verified directly. What follows will use (D.11) and (D.12)

to verify it for the parameterization of the partially linear model in .

Recall that shows that 6 = Br p — Br = c1p with non-zero ¢;. Also recall that the presumption of
Condition i) is ||d|| < oo with n'/26p, — d, then any sequence p,, of p values considered here satisfies p,, =
(SCLI“ = O(n~%/2). Moreover, U is independent of Wr p due to the independence between U and (X}, X3)'.
These together imply that in the scenario of Condition i), Ve p in equals to o - [EF(WRPW[’T’P)]A.
Comparing it with , it is obvious that Ep(Wr g le{?, sp) SEp(Wp, pW},ﬂ, p) since Wg gp conditions
on more variables. This further implies that Vpsp > Vi p.

More Monte Carlo results. This subsection reports Monte Carlo results for the second, the third and
the fourth coordinates of g (i.e., B2, 83 and f4). Similar results for 31, the first coordinate of 3, are reported
in Figure 2] and Table[I]in Section

Figures — @ plot the Monte Carlo distributions (kernel densities) of the averaging estimator Bnyﬁ,n
(thick solid lines) for representative p values. Figure is for B, Figure @ is for B3 and Figure is
for B4. In the same figures, the normal distributions based on the naive inference method with the common
standard error are represented by the thick dashed lines (one randomly chosen Monte Carlo replication)
and dotted lines (averaged over all Monte Carlo replications). It is obvious that the naive inference method
miscalculates the randomness in the averaging estimators Bn,ﬁ,mg, Bn7@n73 and Bn@mz;, since it treats the
averaging weight w,, as non-random.

Tables - report for different p values the rejection rates of Bn sp with the common standard error
and those of Bn,wn with both the naive and the two-step inference methods (S = 1000 random draws in the
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Figure D.1: True vs. Naive Distributions of Bm;,mg for the Partially Linear Model

(a) Correct Specification (p = 0):

(b) Misspecification (p = 0.2):

0.7 0.7
Kernel density Kernel density
- — Naive asymptotic (random) — — Naive asymptotic (random)
0.6 Naive asymptotic (MC mean) 061 - Naive asymptotic (MC mean)
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1|V
0.4r L 0.4Ff
1l
1 1
03r AL 03r
i [}
i\
02¢t i |\ 02+
01+ S 01+
1
2 a h . 0
-10 -5 0 5 10 15 -10
(c) Misspecification (p = 0.4): (d) Misspecification (p = 0.6):
0.4 I 0.4
Kernel density Kernel density
0354~ " Naive asymptotic (random) 035+~ = Naive asymptotic (random)
T e Naive asymptotic (MC mean) P Naive asymptotic (MC mean)
True 35 True (3
03r 03r
0.25 - 0.25
1\
02} DN 02t
1 \
0.15 0.15 -
0.1r 0.1F
0.05 - 0.05 -
0 ‘ 0
-10 -5 0 15 -10 15
(e) Misspecification (p = 0.8): (f) Misspecification (p = 1):
03 I 03r
Kernel density Kernel density
- — Naive asymptotic (random) — — Naive asymptotic (random)
0.25 [[=e Naive asymptotic (MC mean) 0.25 | Naive asymptotic (MC mean)
True 3y True 3y
02 B 0.2 L
0.15 0.15 -
0.1 0.1+
0.05 - 0.05 -
0
-10 -10

Notes: (1) All distributions are based on R = 10000 Monte Carlo replications and n = 1000 sample size.

(2) Solid lines represent the MC distributions of Bnyan, the averaging estimator of 82. Dashed and dotted lines both represent

the asymptotic distribution of BAn@mg if the naive inference method, which takes w., as fixed, is used. The former show a

randomly chosen MC replication, while the latter show the average over all MC replications.
(3) See Section E for the details of the partially linear model example and the Monte Carlo experiments.
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Figure D.2: True vs. Naive Distributions of Bm;,mg for the Partially Linear Model

(a) Correct Specification (p = 0): (b) Misspecification (p = 0.2):
051 I 05r |
Kernel density Kernel density
- — Naive asymptotic (random) — — Naive asymptotic (random)
-------- Naive asymptotic (MC mean) weesees Naive asymptotic (MC mean)
0.4+ True S35 04+ True 33
0.3 03r
0.2r 021
0.1 0.1+
) 0 ;
-10 15 -10 15
(c) Misspecification (p = 0.4): (d) Misspecification (p = 0.6):
0.6 I 0.6 I
Kernel density Kernel density
— — Naive asymptotic (random) — = Naive asymptotic (random)
0.5 F|=e Naive asymptotic (MC mean) 0.5 k|~ Naive asymptotic (MC mean)
True 33 True (35
04+ 0.4+
-
\
03 0.3+
0.2r 0.2r
0.1r
0 , )
-10 -5 15 15
(e) Misspecification (p = 0.8):
0.25 - I 0251 I
Kernel density Kernel density
- — Naive asymptotic (random) — — Naive asymptotic (random)
-------- Naive asymptotic (MC mean) weeseees Naive asymptotic (MC mean)
0.2+ True S35 0.2r True 33
0.15 0.15 -
0.1r 0.1r
0.05 - 0.05 -
0 0
-10 15 -10

Notes: (1) All distributions are based on R = 10000 Monte Carlo replications and n = 1000 sample size.

(2) Solid lines represent the MC distributions of Bnyu”,n,?” the averaging estimator of 83. Dashed and dotted lines both represent
the asymptotic distribution of 3n7@ﬂ,,3 if the naive inference method, which takes w., as fixed, is used. The former show a
randomly chosen MC replication, while the latter show the average over all MC replications.

(3) See Section E for the details of the partially linear model example and the Monte Carlo experiments.
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Figure D.3: True vs. Naive Distributions of Bn,ﬁmA for the Partially Linear Model

(a) Correct Specification (p = 0):

051
Kernel density
- — Naive asymptotic (random)
-------- Naive asymptotic (MC mean)
0.4+ True 34
0.3
0.2r
0.1
-10 10 15
(c) Misspecification (p = 0.4):
0.4
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035"~ Naive asymptotic (random)
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(e) Misspecification (p = 0.8):
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- — Naive asymptotic (random)
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(b) Misspecification (p = 0.2):

05
Kernel density
— — Naive asymptotic (random)
-------- Naive asymptotic (MC mean)
04+ True 34
03r
021
0.1+
0 ,
-10 15
(d) Misspecification (p = 0.6):
0.4
Kernel density
035+~ = Naive asymptotic (random)
P Naive asymptotic (MC mean)
True 34
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0 ,
-10 15
(f) Misspecification (p = 1):
03r
Kernel density
— — Naive asymptotic (random)
0.25 || Naive asymptotic (MC mean)
True 3,
0.2r
0.15 -
0.1+
0.05 -
-10 15

Notes: (1) All distributions are based on R = 10000 Monte Carlo replications and n = 1000 sample size.
(2) Solid lines represent the MC distributions of 3,, ,, 4, the averaging estimator of 84. Dashed and dotted lines both represent

the asymptotic distribution of BAn@nA if the naive inference method, which takes w., as fixed, is used. The former show a
randomly chosen MC replication, while the latter show the average over all MC replications.
(3) See Section E for the details of the partially linear model example and the Monte Carlo experiments.
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Table D.1: Rejection Rates for Bn@mg in the Partially Linear Model (5% Level)

p Bn,sp,2 B2 CI Length

Naive Naive (robust SE) Two-step CI(Bp. v, .2)

Size Power Size Power Size Power Size Power CI(Bn,sp,2)
0.00 | 9.19%  24.71% 9.20% 64.11% 9.10% 63.93% 1.55% 10.96% 33.1069
0.05 | 10.03% 25.49% 13.89% 66.46% 13.60%  66.38% 1.73% 14.32% 33.1784
0.10 | 9.36%  23.99% 18.18%  65.45% 17.99%  65.38% 1.77% 16.07% 33.2881
0.15 | 8.94%  24.48% 21.56%  63.96% 21.39%  63.89% 2.01% 18.84% 33.4046
0.20 | 9.80% 24.67% 22.22%  61.40% 22.06%  61.36% 2.48% 22.26% 33.5380
0.25 | 9.34%  24.71% 21.00%  58.04% 20.96%  57.98% 2.86%  23.80% 33.6886
0.30 | 9.93%  24.78% 20.19%  53.85% 20.10%  53.83% 3.67%  25.06% 33.8610
0.35 | 9.56%  24.86% 19.26% 51.33% 19.21%  51.24% 4.08%  26.55% 33.9920
0.40 | 9.85%  25.03% 17.26%  48.73% 17.21%  48.71% 4.711%  26.65% 34.1516
0.45 9.11% 23.67% 15.68%  44.38% 15.67% 44.35% 4.92%  25.28% 34.2996
0.50 | 9.99%  24.93% 15.83%  43.27% 15.79%  43.22% 5.67%  26.60% 34.4368
0.55 | 9.95%  24.79% 14.70%  41.33% 14.65%  41.29% 5.54% 26.01% 34.5620
0.60 9.43% 24.07% 13.32%  39.86% 13.32% 39.80% 5.57% 25.21% 34.6631
0.65 | 9.64%  24.30% 12.89% 37.71% 12.88%  37.73% 6.00% 24.58% 34.7839
0.70 | 9.74%  24.48% 13.03% 36.81% 13.04%  36.81% 6.25% 24.56% 34.8843
0.75 9.68% 24.40% 12.19%  35.12% 12.15% 35.11% 6.10% 23.76% 34.9779
0.80 | 10.40%  24.34% 12.28%  34.57% 12.28%  34.56% 6.40%  23.90% 35.0621
0.85 | 9.94%  24.49% 11.89%  34.28% 11.89%  34.28% 6.40% 23.52% 35.1280
0.90 9.93% 24.92% 11.90%  33.84% 11.88% 33.82% 6.41% 23.66% 35.2114
0.95 | 9.93%  24.16% 11.43%  32.50% 11.42%  32.52% 6.31% 22.65% 35.2659
1.00 | 9.69% 24.71% 11.30% 32.19% 11.30%  32.18% 6.24% 22.80% 35.3216
1.05 9.98% 25.03% 11.41%  32.58% 11.41% 32.55% 6.43% 22.92% 35.3794
1.10 | 10.46% 24.29% 11.98% 31.07% 11.98%  31.05% 6.75%  21.94% 35.4232
1.15 | 9.80% 24.67% 10.98% 31.84% 10.95%  31.85% 6.59% 22.27% 35.4762
1.20 | 10.11% 24.46% 10.77%  30.80% 10.77% 30.79% 6.23% 21.67% 35.5112
1.25 | 10.22% 23.85% 11.30% 29.97% 11.30%  29.96% 6.68% 21.26% 35.5386
1.30 | 10.43% 24.41% 11.34%  30.03% 11.33%  30.02% 6.41% 21.53% 35.5749

Notes: (1) This table reports the inference results for B,L,wmg, the averaging estimator of 2.

(2) All results are based on R = 10000 Monte Carlo replications and n = 1000 sample size. The two-step inference method
uses S = 1000 random draws to simulate the distribution of EF,d =(1—-wr)épsp +wr(€rp +d) in .

(3) The naive inference methods treat the averaging weight w, as non-random, and hence underestimate the randomness
in Bn,ﬁzn,Z- Two naive methods are reported here: the first uses the common estimators of Vz p and Cr, which might be
biased under misspecification (see the discussion after (C.3))); and the second (robust SE) uses the robust influence function
@) when computing the standard error (see Appendix [D|for details).

(4) The test value for the “Size” columns is 3, the true value of B2; the test value for the “Power” columns is 0.

(5) See Section E for the details of the partially linear model example and the Monte Carlo experiments.
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Table D.2: Rejection Rates for Bn@mg in the Partially Linear Model (5% Level)

p Bn,spP,3 Br,in,3 CI Length

Naive Naive (robust SE) Two-step CI(Bp. v, .3)

Size Power Size Power Size Power Size Power CI(Bn,sp,3)
0.00 | 9.35%  16.49% 9.42%  46.84% 9.22% 46.65% 1.80%  6.06% 31.8093
0.05 | 9.69%  16.52% 14.45% 52.31% 14.17%  52.17% 1.93% 8.16% 31.8198
0.10 | 9.49%  16.33% 20.92%  53.27% 20.61%  53.14% 2.20%  10.44% 31.8614
0.15 | 10.07% 16.77% 25.42%  52.54% 25.21%  52.52% 2.78%  13.99% 31.9477
0.20 | 9.63%  17.04% 25.25%  50.24% 25.09%  50.21% 3.20% 17.46% 31.0517
0.25 | 9.65%  17.02% 23.98%  47.67% 23.86%  47.65% 4.42%  20.00% 32.1615
0.30 | 10.15% 16.74% 22.78%  43.62% 22.56%  43.59% 5.70%  20.86% 32.3306
0.35 | 9.61%  16.22% 20.77%  40.84% 20.76%  40.77% 6.25% 21.78% 32.4561
0.40 | 9.90%  16.80% 19.42%  38.84% 19.35%  38.83% 7.06%  23.04% 32.6202
0.45 | 10.06% 16.79% 18.22%  35.95% 18.20% 35.87% 7.97%  22.56% 32.7834
0.50 | 10.25% 15.83% 16.34%  32.80% 16.28%  32.77% 7.71%  21.51% 32.9379
0.55 | 9.89%  16.35% 15.58% 31.71% 15.56%  31.67% 8.12% 21.49% 33.0857
0.60 | 10.37% 16.99% 15.40%  30.73% 15.35% 30.74% 8.68% 21.88% 33.2150
0.65 | 9.91%  16.83% 14.31%  29.00% 14.30%  29.00% 8.37%  20.75% 33.3506
0.70 | 10.14% 17.00% 13.90% 28.56% 13.86%  28.51% 8.43% 20.84% 33.4695
0.75 9.46% 16.54% 12.88%  26.52% 12.87% 26.50% 8.05% 19.66% 33.5899
0.80 | 10.62%  17.09% 13.44%  26.64% 13.42%  26.60% 8.71%  20.37% 33.6846
0.85 | 9.89%  16.79% 12.35% 25.31% 12.35%  25.31% 8.06% 19.32% 33.7756
0.90 | 10.711% 17.31% 12.88%  25.08% 12.87% 25.10% 8.72%  19.34% 33.8567
0.95 | 10.64% 16.45% 12.50% 23.82% 12.49%  23.81% 8.11% 18.27% 33.9313
1.00 | 10.08% 16.81% 12.13%  23.45% 12.12% 23.44% 8.02% 18.17% 33.9944
1.05 | 10.93% 16.74% 12.61%  23.32% 12.61% 23.30% 8.63% 18.13% 34.0518
1.10 | 10.58% 17.66% 12.37% 23.85% 12.36%  23.84% 8.58% 18.72% 34.1105
1.15 | 10.69% 17.19% 12.31%  22.54% 12.32% 22.53% 8.35% 18.01% 34.1666
1.20 | 10.91% 17.07% 12.18%  22.46% 12.17% 22.41% 8.71% 17.61% 34.2091
1.25 | 11.08% 17.57% 12.51% 22.91% 12.52%  22.93% 8.63% 17.98% 34.2507
1.30 | 11.08% 17.38% 12.50% 21.84% 12.49%  21.86% 8.75% 17.59% 34.2906

Notes: (1) This table reports the inference results for B,L,wmg, the averaging estimator of (3.

(2) All results are based on R = 10000 Monte Carlo replications and n = 1000 sample size. The two-step inference method
uses S = 1000 random draws to simulate the distribution of EF,d =(1—-wr)épsp +wr(€rp +d) in .

(3) The naive inference methods treat the averaging weight w, as non-random, and hence underestimate the randomness
in Bn,wmg. Two naive methods are reported here: the first uses the common estimators of Vz p and Cr, which might be
biased under misspecification (see the discussion after (C.3))); and the second (robust SE) uses the robust influence function
@) when computing the standard error (see Appendix [D|for details).

(4) The test value for the “Size” columns is 2, the true value of 3; the test value for the “Power” columns is 0.

(5) See Section E for the details of the partially linear model example and the Monte Carlo experiments.
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Table D.3: Rejection Rates for Bn,u?nA in the Partially Linear Model (5% Level)

p /Bn,SPA /Bn,zf;n,4 CI Length

Naive Naive (robust SE) Two-step CI(Bp. ., .4)

Size Power Size Power Size Power Size Power CI(Bn,sp,4)
0.00 | 10.25% 11.89% 10.34%  24.59% 10.19%  24.24% 1.61% 2.57% 33.1842
0.05 | 9.75%  11.86% 15.86% 34.95% 15.67%  34.70% 2.00%  3.43% 33.1979
0.10 | 9.60%  11.69% 23.23%  38.97% 23.00%  38.78% 1.97%  4.47% 33.2342
0.15 | 9.61% 11.45% 27.28%  40.30% 27.13%  40.29% 2.58%  5.88% 33.2914
0.20 | 9.26%  11.05% 27.23%  39.53% 27.16%  39.41% 3.19%  8.01% 33.3738
0.25 | 9.52%  11.28% 26.18%  36.56% 26.08%  36.48% 4.38% 10.66% 33.4788
0.30 | 10.48% 11.81% 25.09%  34.94% 25.09%  34.85% 6.25% 13.17% 33.6082
0.35 | 10.01% 11.59% 22.91%  32.41% 22.87%  32.35% 7.43%  14.00% 33.7167
0.40 | 8.75%  10.72% 19.98%  29.64% 19.96%  28.59% 7.45%  14.08% 33.8650
0.45 9.77% 11.76% 19.52%  26.84% 19.54% 26.77% 8.63% 15.06% 34.0064
0.50 | 9.53%  11.68% 18.34%  25.77% 18.33%  25.71% 8.81% 15.00% 34.1383
0.55 | 10.01% 11.73% 17.10%  23.62% 17.09%  23.57% 8.96% 14.76% 34.2743
0.60 9.84% 11.79% 16.38%  23.08% 16.38% 23.08% 8.82%  14.94% 34.3891
0.65 | 10.58% 12.45% 15.89% 21.82% 15.86%  21.77% 9.62% 14.52% 34.5273
0.70 | 9.89%  11.50% 14.72%  20.47% 14.67%  20.49% 8.77% 13.84% 34.6379
0.75 | 10.26% 12.13% 14.46%  20.10% 14.45% 20.11% 8.69% 13.84% 34.7625
0.80 | 10.48%  12.44% 14.12%  19.43% 14.11%  19.44% 9.18% 13.83% 34.8632
0.85 | 10.07% 11.54% 13.32%  18.49% 13.30%  18.47% 8.36% 12.68% 34.9520
0.90 | 11.21% 12.84% 14.21%  18.65% 14.20% 18.65% 9.07% 13.43% 35.0439
0.95 | 11.84% 13.21% 14.45% 18.67% 14.43%  18.66% 9.36% 13.47% 35.1175
1.00 | 10.83% 12.16% 13.06% 17.49% 13.03%  17.49% 8.21% 12.65% 35.1874
1.05 | 11.01% 12.42% 13.15%  17.24% 13.15% 17.25% 8.79% 12.42% 35.2540
1.10 | 11.90% 13.29% 13.68% 17.32% 13.66%  17.32% 8.80% 12.65% 35.3121
1.15 | 11.26% 12.32% 12.76%  16.22% 12.77% 16.22% 8.39% 11.92% 35.3659
1.20 | 11.22% 12.93% 12.98%  17.44% 12.99% 17.43% 8.58% 12.29% 35.4167
1.25 | 11.12% 12.97% 12.85% 16.68% 12.84%  16.67% 8.78% 12.54% 35.4533
1.30 | 11.85% 13.16% 12.97% 16.79% 13.00%  16.79% 8.77% 12.14% 35.4980

Notes: (1) This table reports the inference results for BA,L,,;,"A, the averaging estimator of (4.

(2) All results are based on R = 10000 Monte Carlo replications and n = 1000 sample size. The two-step inference method
uses S = 1000 random draws to simulate the distribution of EF,d =(1—-wr)épsp +wr(€rp +d) in .

(3) The naive inference methods treat the averaging weight w, as non-random, and hence underestimate the randomness
in Bn,wnA- Two naive methods are reported here: the first uses the common estimators of Vz p and Cr, which might be
biased under misspecification (see the discussion after (C.3))); and the second (robust SE) uses the robust influence function
@) when computing the standard error (see Appendix [D|for details).

(4) The test value for the “Size” columns is 1, the true value of B4; the test value for the “Power” columns is 0.

(5) See Section E for the details of the partially linear model example and the Monte Carlo experiments.
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second step). Table is for Bo, Table is for B3 and Table is for B4. Two variations of the naive
inference method for 3, 4, are considered. The “Naive” one uses the common estimators of Vi p and Cp
when computing the standard error, but they can be biased under misspecification (see the discussion after
(C.3)). The “Naive (robust SE)” one uses the robust influence function when computing the standard
error (see Appendix D] for details). For the “Size” columns, the test value is the true value of the coordinate
(i.e., 3 for B, 2 for 5 and 1 for By4); for the “Power” columns, the test value is 0. Table — also report
the average ratios between the lengths of the two-step confidence intervals of 3, 4, ; and of the standard
confidence intervals of Bn75p7j (1 =2,3,4).

All these results are categorically similar to those for ;.

Appendix E Justification for Vsp > Vp in Condition

Justification for Condition [2(i)

This section provides rationale of Vgp > Vp in Condition (1) based on the semiparametric efficiency theory
and Le Cam’s third lemma. (The subscript F' is suppressed throughout this subsection for notational
simplicity.) What follows is not the proof of Condition i), since Condition [2|is a maintained assumption
and can be verified with corresponding primitive conditions for a specific model (like Appendix @ for the
partially linear model). This subsection merely argues that Vsp > Vp in Condition i) holds for quite
general semiparametric models as it does not require much more than the setup of the semiparametric
model.

Consider a set P consisting of densities f(z|3,8p,h,n), where h is the nuisance parameter identified
by the objective function R(h) in (3.2), 38 is the parameter of interest identified by h and the objective
function Q(S, h) in , Bp is the parameter identified by g, and the objective function Q(8, g) in E
and let n € £ denote the parameter that determines the features of the distribution of Z other than those
characterized by 8, Sp and h Maintain the assumption that the true density is in P; in other words, P
is the semiparametric model. Let Vsp and Vp denote the efficiency bounds of 5 and §p, respectively.

Let 6 = Bp— 03, then the densities in P can be rewritten as f(z|8, 844, h,n). For any f(z|38, 8+6,h,n) € P,

one can define a parametric model (a subset of P) that incorporates the parametric restriction

P,B,5,’y = {f(z|675+ 5a97777) : 676 S Rk? Y S Rt7
7 is identified by the objective function R(g,) in (3.7);
0 =0 only if h = g, forsome’yeRt}.

Note that this parametric model internalizes the parametric restriction and Condition i) that the parametric
restriction leads to bias if misspecified. Also note that Pg s~ may or may not include f(z|8, 8+, h,n) itself,
depending on whether h admits the parametric restriction g, .

If the density f(z|8,8+ 6, h,n) itself belongs to Pg s~ (i.e., h = g for some v € R?), then the parametric
restriction is correctly specified, and Pg s~ is a parametric submodel — that is, a parametric model that
includes the true DGP - like that defined by Bickel, Klaassen, Ritov and Wellner (1993, Definition 1 on
page 46) or Tsiatis (2006, page 59). As a result, one has Vsp > Vp by the definition of the semiparametric
efficiency bound — that is, the efficiency bound of the semiparametric model is the supremum of efficiency

bounds of all parametric submodels — such as equation (2) on page 46 in Bickel et al. (1993) or equation

1 Recall that g~ is a given parametric function characterized by v € R?, which is identified by the objective function R(g-)
in . In fact, for given g function, one can rewrite f(z|8,Bp,h,n) as f(z|8,Bp,h, g,n) to make the dependence of Bp on
v explicit, but g is suppressed here for notational simplicity.

12This follows the setup in the proof of Lemma 1 in Ackerberg et al. (2014). 7 may have infinite dimension.
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(4.16) in Tsiatis (2006). At the same time, the construction of Pg ;. dictates that § = 0 and 8 = Sp
when f(z|8, 8+ d,h,n) € Pa,s,. This implies that the statement Vsp > Vp in Condition i) is a plausible
condition when the parametric restriction is correctly specified.

Remark 3. By the definition of the efficiency bounds, one has Vsp > Vsp and Vp > Vp, and either equality
holds if the corresponding estimator is efficient. Because the above shows that Vgp > Vp, the statement
Vsp > Vp in Condition E(z} only means that Bn’p is at least as efficient as Bn’sp, but does not require Bn’p
to be efficient in general. For instance, if Vsp > Vp or Vsp > Vsp, then there is room between Vsp and

Vp such that it is possible that the asymptotic variance Vp of some inefficient parametric estimator Bn,p
satisfies Vgp > VPH

What follows shows that the relationship Vsp > Vp remains invariant if the parametric restriction
deviates from correct specification to mild misspecification. For any fixed density f(z|, 5%, 8", gy+,n") in
Pg+ 5+ 4+ (€., 0¥ = 0 by the construction of Pg« 5+ 4+), let P denote the resulting probability measure, and
let P, = P be a sequence of such probability measures (same for all n € N). Note that P, corresponds to the
case where the parametric restriction is correctly specified. For any nuisance function h that does not admit
the functional form g., one has f(z|8*, * 4+ 9, h,n*) ¢ Pg- 5+ 4~ and 6 # 0 by the construction of Pg« 5+ =.
Inspired by Theorem 7.2 in Van der Vaart (2000), consider a sequence of such nuisance functions, denoted
by h,, such that the resulting densities f(z|5*, 8* + 0n, hn,n*) satisty §,, = %, d, — d for some d € R¥
with ||d|| € (0,00) and the corresponding g,, are g,«. Note that the sequence of h,,, by the construction
of Pg« 5+ ~+, converges to g,-, since the corresponding 6,, converges to zero. Let @), denote the resulting
sequence of probability measures, and it corresponds to the case where the parametric restriction is mildly
misspecified. Under a technical condition called differentiable in quadratic mean at B* the log likelihood

ratio between @,, and P,, admits the following Taylor expansion with respect to Sp (i.e., 8* + §,) around

g

T dQn o fu(ZilB*, B + 6, s ")
lo =lo

1 1 ,( 1<
—d (\/ﬁ;egp(zi)> —id (—ngeﬁp(zi)> d+o,(1),

of(2B",B" g4+ ,1")/9Bp

where égp (z) = T B ) is the score function with respect to Sp under P, evaluated at 8%,
NERN
.. 2 * ok * , .
and lg,(z) = 9 f(;l(il’ﬁﬁ* bgjg’z 37/*?58[3 is the corresponding Hessian matrix. Note that Ep, [¢s,(Z;)] = 0 and
B gy,

Ep, [0, (Z;)] = Zs, (the Fisher information matrix with respect to 8p). By the central limit theorem and

Cramér-Wold theorem, it can be shown that

Vi(Bnsp — B) 0 Vsp C  7Tgp
VilBup —B) | THN 0 1 c v , (E.1)
log [Ti, 4 —5d'T,d Tsp Tp dIgd

where the symbol Pny means that the left hand side converges in distribution to the right hand side if P, is

13 A well known special case is the inverse probability weighted (IPW) estimator of the average treatment effect (ATE) with
series logit propensity score. For the ATE, Hahn (1998) proves that Vgp = Vp under the correct specification of the parametric
restriction, and Hirano, Imbens and Ridder (2003) show that the IPW estimator with series logit propensity score satisfies
Vsp = Vgp. Together, these require that the parametric estimator has to be efficiency for Vgp > Vp to hold (with equality).
The author thanks an anonymous referee for pointing this out.

MGee (7.1) in Van der Vaart (2000), for example. This assumption is common and maintained for the majority of the models
in the M estimation literature.
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the true distribution of the data This fulfills the assumption of Le Cam’s third lemma (Example 6.7 in
Van der Vaart, 2000), so by this lemma one gets

n(p — T, \%: C
\/»(,BAVL,SP B) Qn ar se sp . (B.2)

V1 (Bn,p — B) TP cC Vp
That is, Le Cam’s third lemma implies that the asymptotic variance-covariance matrices of Bn sp and Bn P
remain invariant whether the parametric restriction is correctly specified or mildly misspecified. Together

with the earlier condition that Vsp > Vp under the correct specification, it provides the rationale behind
Vsp > Vp in Condition i).

Remark 4. In and (E.2), 7sp =Ep, [Wsp(Z:)s,(Z:))d and mp = Ep, [p(Zi)ls, (Z:)]d by the central
limit theorem, where Ysp(z) and Yp(z) are the (centered) influence functions OmeSp and Bn,p, respectively.
Note that Bn’sp is a regular and asymptotically linear (RAL) estimator of 5 but Bnyp is an RAL estimator of
ﬁpthen by Theorem 4.2 in Tsiatis (2006), one has Ep, [vsp(Z:)s,(Z:)] = 0 and Ep, [p(Z:)ls, (Z:)] = I
(i.e., the k x k identity matriz), further implying that Tsp = 0 and 7p = d. This, combined with the above
argument for Vgp > Vp, indicates that the joint asymptotic distribution postulated in Condition @(z) s in
fact a general result for the semiparametric model and the estimators considered in this paper.

Justification for Condition @(ii)

Note that the asymptotic properties of the semiparametric estimator Bn)sp do not depend on whether
[|d|| < oo or ||d|| = oo, so one still has n'/2(B,.sp — BF,) N ¢r,sp under the same primitive conditions like
those for Condition [2(i).

To study the asymptotic properties of the parametric estimator Bn p when ||d|| = oo, consider two cases:
(1) b5, = o(1); and (i) 13r,
function of Bmp under DGP F, which is an O,(1) term, then by the definition of g p and 4,

> ¢ for some ¢ > 0. For case (i), let ¥p p(z) denote the (centered) influence

n'?(B, p — Br,,p) =n"'/? Z¢FH,P(Z1') +0p(1)
i=1

— n'2(Bup — Br,) =n'?5r, + 0,(1). (E.3)

Note that the presumption of Condition ii) is that ||n'/265, | — ||d|| = oo, then ndy OF, — 00, which
together with implies that ||n'/2(3,.p — Br, )| == .

For case (ii), note that Sp p is identified in , then under the same conditions for ,@n sp = PBr, +op(1),
one gets Bn.p = Bp,.p + op(l) This, combined with the presumption that |0z, | = ||8r,.r — Br, || > ¢,
implies that
= [n*26k, || - (14 0p(1)) = 0.

7Y% (Bn,p — Bl = 10/ 2(Bnp — Br,.p)|| — |In"/?5F,

References

15The symbol Q4 below is understood in a similar way.

16Recall that this paper maintains the assumption that Bn,SP and Bnyp are both locally regular estimators, so that their
asymptotic properties hinge on the influence functions.

7This is a familiar result for pseudo-true parameter values (e.g., Newey and McFadden, 1994, Section 2).

19



Ackerberg, D., X. Chen, and J. Hahn (2012). A practical asymptotic variance estimator for two-step semi-
pametric estimators. Review of Economics and Statistics 94(2), 481-498.

Ackerberg, D.; X. Chen, J. Hahn, and Z. Liao (2014). Asymptotic efficiency of semiparametric two-step
GMM. Review of Economic Studies 81(3), 919-943.

Bickel, P. J., C. A. Klaassen, J. Ritov, and J. A. Wellner (1993). Efficient and adaptive estimation for
semiparametric models. Johns Hopkins University Press Baltimore.

Donald, S. G. and W. K. Newey (1994). Series estimation of semilinear models. Journal of Multivariate
Analysis 50(1), 30-40.

Hahn, J. (1998). On the role of the propensity score in efficient semiparametric estimation of average
treatment effects. Econometrica 66(2), 135-331.

Hirano, K., G. W. Imbens, and G. Ridder (2003). Efficient estimation of average treatment effects using the
estimated propensity score. Econometrica 71(4), 1161-1189.

Ichimura, H. and S. Lee (2010). Characterization of the asymptotic distribution of semiparametric M-
estimators. Journal of Econometrics 159(2), 252-266.

Newey, W. K. (1997). Convergence rates and asymptotic normality for series estimators. Journal of Econo-
metrics 79(1), 147-168.

Newey, W. K. and D. McFadden (1994). Large sample estimation and hypothetis testing. Handbook of
Econometrics 4, 2111-2245.

Tsiatis, A. (2006). Semiparametric theory and missing data. Springer Science & Business Media.

Van der Vaart, A. W. (2000). Asymptotic statistics. Cambridge Series in Statistical and Probabilistic
Mathematics, Cambridge University Press.

20



	Introduction
	Averaging Weight
	Theoretical Results
	An Example with Monte Carlo Experiments
	Conclusion
	Proofs of the Theorems
	Proofs of the Lemmas in Appendix A
	Details on Section 2
	Details on Section 4
	Justification for VSP VP in Condition 2

