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C Proofs of Lemmas 1-4 and Propositions 4, 6-10

C.1 Proof of Lemma 1

From the state-space equations (2.1)-(2.2) we get:

ft = B̄′(C(L)Yt − ut), (C.1)

C(L)Yt = B[IK − Φ(L)]ft +Bvt + ut. (C.2)

By plugging (C.1) into (C.2) we get:

(
In −B[IK − Φ(L)]B̄′

)
C(L)Yt = Bvt +

(
In −B[IK − Φ(L)]B̄′

)
ut. (C.3)

The matrix polynomial on the LHS A(L) :=
(
In −B[IK − Φ(L)]B̄′

)
C(L) = In −

∑p+q
j=1 AjL

j has

order p+ q, and the matrix coefficients are:

Aj = Cj +BΦjB̄
′ −

j−1∑
i=1

BΦiB̄
′Cj−i, j = 1, ..., p+ q, (C.4)

where we set Cj ≡ 0 for j > p and Φj ≡ 0 for j > q. The process Bvt +
(
In −B[IK − Φ(L)]B̄′

)
ut =

Bvt + ut −
∑q

j=1BΦjB̄
′ut−j on the RHS has vanishing autocovariances at any order larger than q,

and therefore admits a MA(q) representation: Bvt + ut −
∑q

j=1BΦjB̄
′ut−j = wt +

∑q
j=1 Ψjwt−j =:

Ψ(L)wt with wt ∼WN(0,Σw). The MA coefficients Ψj and the variance Σw satisfy:

Σw +

q∑
j=1

ΨjΣwΨ′j = BΣvB
′ + Σu +

q∑
j=1

BΦjB̄
′ΣuB̄Φ′jB

′, (C.5)

ΨiΣw +

q∑
j=i+1

ΨjΣwΨ′j−i = −BΦiB̄
′Σu +

q∑
j=i+1

BΦjB̄
′ΣuB̄Φ′j−iB

′, i = 1, ..., q. (C.6)

These equations imply Ψj = Bν ′j for some n×K matrices νj , j = 1, ..., q. We get the VARMA(p+ q,q)

representation A(L)Yt = Ψ(L)wt.
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The determinant of the AR matrix polynomial in the VARMA(p+ q,q) representation is equal to:

detA(z) = det
(
In −B[IK − Φ(z)]B̄′

)
detC(z)

= det[(B̄ : B̄⊥)(B : B⊥)′]det
(
In −B[IK − Φ(z)]B̄′

)
detC(z)

= det[(B : B⊥)′
(
In −B[IK − Φ(z)]B̄′

)
(B̄ : B̄⊥)]detC(z)

= det

 (B′B)Φ(z)(B′B)−1 0

0 In−K

 detC(z) = detΦ(z)detC(z).

Therefore, under Assumptions M.1 (iii) and M.2 (ii), the roots of A(z) are outside the unit circle, and the

VARMA(p+ q,q) representation in (3.11) is stationary and causal.

C.2 Proof of Lemma 2

We have to show:
1

T

T∑
t=1

YtY
′
t−i

a.s.→ Γ(i), as T →∞, (C.7)

for any i ≥ 0. We use Theorem 4.1.1. in Hannan and Deistler (1988). Under Assumptions M.1 and

M.2, process {(Y ′t,f ′t)′} is a stable VAR(1) process, and {Yt} admits a MA(∞) representation Yt =∑∞
j=0 Ψjzt−j , where zt = (u′t, v

′
t)
′ ∼ WN(0,Σz). Then, by Theorem 4.1.1. in Hannan and Deistler

(1988), the strong consistency in (C.7) holds if

1

T

T∑
t=1

ztz
′
t−i

a.s.→ Σzδi,0, as T →∞, (C.8)

for any i ≥ 0, where δi,0 = 1 if i = 0, and δi,0 = 0 otherwise. Under Assumptions LS.1 (i) and (iii),

process {Xt} with Xt := ztz
′
t−i − Σzδ0,i is a Lp-mixingale, for p = β > 1. Indeed, |E[Xt|Zt−m]|p ≤

ctζm for any m ≥ 0, where Zt−m = σ(zt−j , j ≥ m), ct = E[|zt|2β]1/β + |Σz| is independent of t, and

ζm = 0 for m ≥ 1. Moreover, T−1
∑T

t=1 c
p
t /t

p < ∞. Then, by Corollary 2.8 in Mc Leish (1975), we

have T−1
∑T

t=1Xt
a.s.→ 0 and T →∞, which yields (C.8).

C.3 Proof of Lemma 3

Condition (a) holds because E(|ut|2β) <∞ and E(|vt|2β) <∞ for some β > 2 from Assumption LS.1

(iii), and the components of vector ψt are quadratic functions of the elements of vector Yt and its lags.
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To check condition (b), let us consider processXt := (Y ′t , f
′
t)
′. VectorXt follows a VAR(p∗) process

P (L)Xt = ζt with order p∗ = max{p, q} and lag polynomial P (z) = In+K −
∑p∗

j=1 Pjz
j , where

Pj =

 Cj BΦj

0 Φj

 ζt =

 ut +Bvt

vt

 ,

and we set Cj = 0 for j > p and Φj = 0 for j > q. Under Assumptions M.1 (iii) and M.2 (ii), the roots

of detP (z) = detC(z) det Φ(z) lie outside the complex unit circle. Moreover, under Assumption LS.1

(ii), process ζt is i.i.d. with positive density function f(ζ) = fu(ζ1 − Bζ2)fv(ζ2) > 0. From Theorem

1 in Mokkadem (1988) it follows that Xt is geometrically strongly mixing. Process ψt is a measurable

function of a finite number of lags of process Xt, so it is geometrically strongly mixing as well.

To check condition (c), we use that ψt is a stationary process, which implies

1

T
V

(
T∑
t=1

ψt

)
=

1

T

T−1∑
j=−T+1

(T − |j|)cov(ψt, ψt−j).

Given that ψt is a geometrically strongly mixing process with α-coefficients α(j) = O(ρj) where ρ < 1

(Condition b)), and it has finite moments of order β > 2 (Condition a)), we can apply Serfling’s inequality

and we can bound |cov(ψt, ψt−j)| ≤ K̄ × ρ(1−2/β)j |ψt|2β , where K̄ is a strictly positive constant and

|ψt|β := E[|ψt|β]1/β . The series jρ(1−2/β)j is summable, and thus

lim
T→∞

1

T
V

(
T∑
t=1

ψt

)
= lim

T→∞

T−1∑
j=−T+1

cov(ψt, ψt−j) =

∞∑
j=−∞

cov(ψt, ψt−j) = Vψ.

C.4 Proof of Lemma 4

We have to show the asymptotic normality:

√
Tvec(B̂⊥(p)′Â

?
)
d→ N(0,Σ22), (C.9)

as T → ∞, and derive the asymptotic variance matrix Σ22. From Theorem 4 (c), we have K̂(p) = K0

w.p.a. 1, so that we can neglect asymptotically the effect of estimation of K. From similar arguments as
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in Proposition 7, equation (B.4), the asymptotic expansion of
√
Tvec(Â

? −A?
0) is given by

√
Tvec(Â

? −A?
0) = [E(X̃t−p−2X̃

′
t−p−2)−1 ⊗ In]

1√
T

T∑
t=1

(
X̃t−p−2 ⊗ u?t

)
+ op(1),

where u?t = Yt−EL(Yt|Yt−1, . . . , Yt−p?) and X̃t−p−2 = Xt−p−2−EL(Xt−p−2|Yt−1, . . . , Yt−p−1) and

Xt−p−2 := (Y ′t−p−2, ..., Y
′
t−p?)′, while from equation (C.43) in the Online Appendix and Theorem 2 (a)

we have the asymptotic expansion:

√
Tvec[(B̂⊥(p)−B0⊥)′] = −A′0⊥

√
T (b̂− b0) = −A′0⊥Sb1

1√
T

T∑
t=1

Ỹt−p−1 ⊗ u∗t + op(1),

where u∗t = Yt−EL(Yt|Yt−1, . . . , Yt−p−1), Ỹt−p−1 = Yt−p−1−EL(Yt−p−1|Yt−1, . . . , Yt−p) andA0⊥ =

[0K×(n−K) : IK ]⊗ In−K . Thus, we get:

√
Tvec(B̂⊥(p)′Â

?
) =

√
Tvec{(B̂⊥ −B0⊥ +B0⊥)′(Â

? −A?
0 + A?

0)} −
√
Tvec(B′0⊥A

?
0)

=
√
Tvec{(B̂⊥ −B0⊥)′A?

0}+
√
Tvec{B′0⊥(Â

? −A?
0)}+ op(1)

= (A?′
0 ⊗ In−K0)

√
Tvec[(B̂⊥ −B⊥0)′] + (I(p?−p−1)n ⊗B′0⊥)

√
Tvec(Â

? −A?
0) + op(1)

= −([A?′
0 [0K0×(n−K0) : IK ]′]⊗ In−K0)

√
T (b̂− b0) + (I(p?−p−1)n ⊗B′⊥0)

√
Tvec(Â

? −A?
0) + op(1)

= −(Ã
?′
0 ⊗ In−K0)

√
T (b̂− b0) + (I(p?−p−1)n ⊗B′⊥0)

√
Tvec(Â

? −A?
0) + op(1)

= [M1 :M2]
1√
T

T∑
t=1

 Ỹt−p−1 ⊗ u∗t
X̃t−p−2 ⊗ u?

t

+ op(1) =M 1√
T

T∑
t=1

ψ2t + op(1),

where Ã
?
0 = [A?p+2,0,[K0] : · · · : A?p?,0,[K0]] and A?i,0,[K0] is the matrix with the last K0 columns of A?i,0,

M = [M1 :M2] withM1 = −(Ã
?′
0 ⊗In−K0)Sb1 andM2 = (I(p?−p−1)n⊗B′0⊥){E(X̃t−p−2X̃

′
t−p−2)−1⊗

In}, and ψ2,t = [(Ỹt−p−1⊗u∗t )′, (X̃t−p−2⊗u?t )′]′. We apply the CLT to 1√
T

∑T
t=1 ψ2t using the same ar-

guments of Section B.4. Hence, (C.9) follows with Σ22 =MVψ,22M′ and Vψ,22 =
∑∞

j=−∞Cov(ψ2,t, ψ2,t−j).

C.5 Proof of Proposition 4

We check the three Assumptions ID.1, ID.2, ID.3 separately.
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C.5.1 Assumption ID.1

With p = q = 1 we have:

EL(Yt|Yt−1, Yt−2) = CYt−1 +BΦEL(ft−1|Yt−1, Yt−2) = (C +BΦP ′1)Yt−1 +BΦP ′2Yt−1

where EL(ft|Yt, Yt−1) = P ′1Yt + P ′2Yt−1. Thus, we have A∗2 = BΦP ′2. Let us write P2 in terms of

model parameters. We have

 P1

P2

 = V [

 Yt

Yt−1

]−1Cov[

 Yt

Yt−1

 , ft] =

 Σ11 Σ12

Σ21 Σ22

 Π

ΠΦ′


where Π = Cov(Yt, ft), and the Σi,j denote the blocks in the inverse variance-covariance matrix of Yt,

Yt−1. Thus, we get:

P2 = Σ21Π + Σ22ΠΦ′ = Σ22((Σ22)−1Σ21Π + ΠΦ′) = Σ22(−Σ21(Σ11)−1Π + ΠΦ′)

= −Σ22
(
Γ(1)′Γ(0)−1Π−ΠΦ′

)
,

where we use (Σ22)−1Σ21 = −Σ21(Σ11)−1 = Γ(1)′Γ(0)−1. Then we get

A∗2 = −BΦ
(
Γ(1)′Γ(0)−1Π−ΠΦ′

)′
Σ22. (C.10)

Let us now focus on matrix Γ(1)′Γ(0)−1Π−ΠΦ′. We have:

Γ(1) = Cov(Yt, Yt−1) = CΓ(0) +BΦΠ′

which yields Γ(1)′Γ(0)−1 = Γ(0)C ′Γ(0)−1 + ΠΦ′B′Γ(0)−1. Hence:

Γ(1)′Γ(0)−1Π−ΠΦ′ = Γ(0)C ′Γ(0)−1Π−ΠΦ′[IK −B′Γ(0)−1Π]. (C.11)

Thus:

A∗2 = −BΦ
(
Π′Γ(0)−1CΓ(0)− [IK −Π′Γ(0)−1B]ΦΠ′

)
Σ22. (C.12)
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The matrix Π is such that:

Π = Cov(Yt, ft) = CΠΦ′ +BΣf . (C.13)

Moreover, the matrix Γ(0) is such that:

Γ(0) = CΓ(0)C ′ +BΣfB
′ + Σu + CΠΦ′B′ +BΦΠ′C ′. (C.14)

To further investigate condition (C.12), we consider the case K = 1, i.e. a single factor with variance σ2
f

and autoregression coefficient φ. Then we have Π = σ2
f (In − φC)−1B. Then, equation (C.12) becomes:

A∗2 = φσ2
fBB

′ (φ[1− σ2
fB
′Γ(0)−1(In − φC)−1B]− (In − φC ′)−1Γ(0)−1CΓ(0)(In − φC ′)

)
(In−φC ′)−1Σ22,

which yields equation (3.3) using Σ22 = (Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1.

Then, Assumption ID.1 is equivalent to φ 6= 0 and

(I − φC)Γ(0)C ′Γ(0)−1(I − φC)−1B 6= φ[1− σ2
fB
′Γ(0)−1(I − φC)−1B]B.

The latter condition is equivalent to

C ′Γ(0)−1(I − φC)−1B 6= φ[1− σ2
fB
′Γ(0)−1(I − φC)−1B]Γ(0)−1(I − φC)−1B, (C.15)

namely vector Γ(0)−1(I−φC)−1B is not an eigenvector of matrixC ′ to eigenvalue φ[1−σ2
fB
′Γ(0)−1(I−

φC)−1B].

Let us focus on DGP with n = 2 andC =

 c1 0

0 c2

 and Σu =

 σ2
u,1 0

0 σ2
u,2

. Then, condition

(C.15) is not met if either:

Case A: Γ(0)−1(I − φC)−1B =

 ∗
0

 and c1 = φ[1− σ2
fB
′Γ(0)−1(I − φC)−1B],

or

Case B: Γ(0)−1(I − φC)−1B =

 0

∗

 and c2 = φ[1− σ2
fB
′Γ(0)−1(I − φC)−1B],
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where ∗ denotes a non-zero entry.

To work out the details of the two cases, we consider the normalization B =

 b

1

 and write

Γ(0) =

 σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

 , Γ(0)−1 =
1

σ2
1σ

2
2(1− ρ2)

 σ2
2 −ρσ1σ2

−ρσ1σ2 σ2
1

 .

To compute σ2
1 , σ2

2 and ρ we use

Π = σ2
f (I − φC)−1B = σ2

f

 b
1−φc1

1
1−φc2


and

CΠΦ′B′ = φσ2
f

 c1b2

1−φc1
c1b

1−φc1
c2b

1−φc2
c2

1−φc2

 .

Using that the unconditional variance Γ(0) satiesfies Γ(0) = CΓ(0)C ′ + BΣfB
′ + Σu + CΠΦ′B′ +

BΦΠ′C ′, we get:

 σ2
1(1− c2

1) ρσ1σ2(1− c1c2)

ρσ1σ2(1− c1c2) σ2
2(1− c2

2)

 = σ2
f

 b2 b

b 1

+

 σ2
u,1 0

0 σ2
u,2


+φσ2

f

 2c1b2

1−φc1
c1b

1−φc1 + c2b
1−φc2

c1b
1−φc1 + c2b

1−φc2
2c2

1−φc2

 ,

which yields:

σ2
1 =

1

1− c2
1

(
σ2
u,1 +

1 + φc1

1− φc1
b2σ2

f

)
(C.16)

σ2
2 =

1

1− c2
2

(
σ2
u,2 +

1 + φc2

1− φc2
σ2
f

)
(C.17)

ρσ1σ2 =
1

1− c1c2
bσ2
f

(
1

1− φc1
+

φc2

1− φc2

)
. (C.18)

Case A
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We have

Γ(0)−1(I − φC)−1B =
1

σ2
1σ

2
2(1− ρ2)

 σ2
2

1−φc1 b−
ρσ1σ2
1−φc2

− ρσ1σ2
1−φc1 b+

σ2
1

1−φc2

 . (C.19)

Hence a condition for Case A is that the second element of this vector vanishes, i.e.

ρσ1σ2

1− φc1
b =

σ2
1

1− φc2

which yields b 6= 0 the equation

1− φc1

1− φc2
=

1− c2
1

1− c1c2

1
1−φc1 + φc2

1−φc2
1+φc1
1−φc1 + λ1

,

where λ1 =
σ2
u,1

b2σ2
f

, which can be rewritten as:

[1 + φc1 + λ1(1− φc1)](1− φc1)(1− c1c2) = (1− φ2c1c2)(1− c2
1). (C.20)

The first element of vector Γ(0)−1(I − φC)−1B becomes:

1

σ2
1σ

2
2(1− ρ2)

(
σ2

2b

1− φc1
− ρσ1σ2

1− φc2

)
=

b

σ2
1(1− φc1)

=
(1− c2

1)b

(1− φc1)σ2
u,1 + (1 + φc1)b2σ2

f

,

and we get:

Γ(0)−1(I − φC)−1B =
(1− c2

1)b

(1− φc1)σ2
u,1 + (1 + φc1)b2σ2

f

 1

0

 .

Thus, the condition c1 = φ[1− σ2
fB
′Γ(0)−1(I − φC)−1B becomes:

[(1− φc1)λ1 + 1 + φc1](φ− c1) = φ(1− c2
1). (C.21)

Thus, Case A is characterized by equations (C.20) and (C.21).

Now, from equation (C.21) we have (1 − φc1)λ1 + 1 + φc1 = φ(1 − c2
1)/(φ − c1), which we plug
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into equation (C.20) and get:

(1− φc1)(1− c1c2) = (1− φ2c1c2)(1− c1/φ).

This linear equation in c2 admits the solution c2 = 1/φ. However, by the stationarity conditions, this

equation cannot hold since both φ and c2 are smaller than 1 in modulus. We deduce that no admissible

parameter vector matches equations (C.20) and (C.21).

Case B

A condition for Case B is that the first element of vector Γ(0)−1(I − φC)−1B vanishes, i.e.

ρσ1σ2

1− φc2
=

σ2
2

1− φc1
b

which yields the equation
1− φc2

1− φc1
=

1− c2
2

1− c1c2

1
1−φc1 + φc2

1−φc2
1+φc2
1−φc2 + λ2

,

where λ2 =
σ2
u,2

σ2
f

, which can be rewritten as:

[(1 + φc2) + λ2(1− φc2)](1− φc2)(1− c1c2) = (1− φ2c1c2)(1− c2
2). (C.22)

The second element of vector Γ(0)−1(I − φC)−1B becomes:

1

σ2
1σ

2
2(1− ρ2)

(
− ρσ1σ2

1− φc1
b+

σ2
1

1− φc2

)
=

1

σ2
2(1− φc2)

b

=
1− c2

2

(1− φc2)σ2
u,2 + (1 + φc2)σ2

f

,

and we get:

Γ(0)−1(I − φC)−1B =
1− c2

2

(1− φc2)σ2
u,2 + (1 + φc2)σ2

f

 0

1

 .

Thus, the condition c2 = φ[1− σ2
fB
′Γ(0)−1(I − φC)−1B] becomes:

[(1− φc2)λ2 + (1 + φc2)](φ− c2) = φ(1− c2
2). (C.23)
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Thus, Case B is characterized by equations (C.22) and (C.23). They correspond to equations (C.20) and

(C.21) after interchanging c1 with c2. By the above arguments, no admissible parameter vector matches

equations (C.22) and (C.23).

Thus we have shown that, in the considered example, Assumption ID.1 is met if, and only if, φ 6= 0.

C.5.2 Assumption ID.2

With p = q = K = 1, Assumption ID.2 holds if, and only if,B is not an eigenvector of matrix ΣuC
′Σ−1
u .

In our setting, the latter matrix is equal to C =

 c1 0

0 c2

. Vector B =

 b

1

 is an eigenvector of

C iff either b = 0, or c1 = c2. Thus, Assumption ID.2 is met if, and only if, b 6= 0 and c1 6= c2.

C.5.3 Assumption ID.3

Assumption ID.3 is the condition φ 6= 0. The result follows.

C.6 Proof of Proposition 6

The eigenvalue-eigenvector equations for matrix R̂ corresponding to the K largest eigenvalues are:

R̂Ûj = λ̂jÛj , j = 1, ...,K. (C.24)

The LHS of (C.24) is equal to:

R̂Ûj = RUj +R(Ûj − Uj) + (R̂−R)Uj + (R̂−R)(Ûj − Uj)

= λjUj +R(Ûj − Uj) + (R̂−R)Uj + (R̂−R)(Ûj − Uj). (C.25)

The RHS of (C.24) is:

λ̂jÛj = λjUj + (λ̂j − λj)Uj + λj(Ûj − Uj) + (λ̂j − λj)(Ûj − Uj). (C.26)

Thus, from (C.24)- (C.26) we get:

R(Ûj − Uj) + (R̂−R)Uj + (R̂−R)(Ûj − Uj)

= (λ̂j − λj)Uj + λj(Ûj − Uj) + (λ̂j − λj)(Ûj − Uj). (C.27)
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Let us now derive expansions for eigenvalues and eigenvectors from this equation. i) Let us take the

scalar product of both sides of (C.27) with Uj . We get:

λjU
′
j(Ûj − Uj) + U ′j(R̂−R)Uj + U ′j(R̂−R)(Ûj − Uj)

= λ̂j − λj + λjU
′
j(Ûj − Uj) + (λ̂j − λj)U ′j(Ûj − Uj),

which yields after rearranging terms:

λ̂j − λj = U ′j(R̂−R)Uj + U ′j(R̂−R)(Ûj − Uj)− (λ̂j − λj)U ′j(Ûj − Uj), (C.28)

for any j = 1, ...,K.

ii) Let us now left-multiply both sides of (C.27) times Pl for l 6= j, and use that PlR = RPl = λlPl.

We get:

λlPl(Ûj − Uj) + Pl(R̂−R)Uj + Pl(R̂−R)(Ûj − Uj)

= λjPl(Ûj − Uj) + (λ̂j − λj)Pl(Ûj − Uj),

which yields using the property of distinct eigenvalues:

Pl(Ûj − Uj) =
1

λj − λl
Pl(R̂−R)Uj +

1

λj − λl
Pl(R̂−R)(Ûj − Uj)

− 1

λj − λl
(λ̂j − λj)Pl(Ûj − Uj), (C.29)

for l 6= j.

iii) By the normalization property of the eigenvectors we have:

1 = Û ′jÛj = 1 + 2U ′j(Ûj − Uj) + (Ûj − Uj)′(Ûj − Uj),

which yields:

Pj(Ûj − Uj) = −1

2
Uj |Ûj − Uj |2, (C.30)

for any j = 1, ...,K.
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By using the property
∑K

l=0 Pl = In and equations (C.29) and (C.30) we get:

Ûj − Uj =

K∑
l=0

Pl(Ûj − Uj)

=
K∑

l=0,l 6=j

1

λj − λl
Pl(R̂−R)Uj +

K∑
l=0,l 6=j

1

λj − λl
Pl(R̂−R)(Ûj − Uj)

−
K∑

l=0,l 6=j

1

λj − λl
(λ̂j − λj)Pl(Ûj − Uj)−

1

2
Uj |Ûj − Uj |2, (C.31)

for j = 1, ...,K. Equations (C.28) and (C.31) provide expansions for eigenvalues and eigenvectors.

Let us now bound the second-order terms. We use |Uj | = 1, |Pj | = 1, and
∑K

l=0,l 6=j |λj − λl|−1 ≤ ρ

for all j = 1, ...K, by definition of ρ = max
j:0≤j≤K

∑K
l=0,l 6=j |λj − λl|−1. We rewrite (C.28) and (C.31) as

λ̂j − λj = U ′j(R̂−R)Uj + Rλ,j ,

Ûj − Uj =
K∑

l=0,l 6=j

1

λj − λl
Pl(R̂−R)Uj + RU,j , (C.32)

where the remainder terms are such that:

Rλ,j ≤ |R̂−R||Ûj − Uj |+ |λ̂j − λj ||Ûj − Uj |, (C.33)

and:

RU,j ≤ ρ
(
|R̂−R||Ûj − Uj |+ |λ̂j − λj ||Ûj − Uj |

)
+

1

2
|Ûj − Uj |2. (C.34)

Let us now show that the remainder terms are of order |R̂−R|2.

(i) By the Weilandt-Hoffmann inequality (see e.g. Tao (2012), p. 137), it holds
∑n

j=1 |λ̂j − λj |2 ≤

|R̂−R|2. Thus, we have in particular for the j-th eigenvalue:

|λ̂j − λj | ≤ |R̂−R|, (C.35)

for any j = 1, ...,K. From (C.32), (C.34), (C.35) and the triangular inequality, we get:

|Ûj − Uj | ≤ ρ|R̂−R|+ 2ρ|R̂−R||Ûj − Uj |+
1

2
|Ûj − Uj |2. (C.36)
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(ii) The standardized eigenvector Ûj of matrix R̂ is defined up to a sign change. Let us define Ûj with the

sign normalization such that U ′jÛj ≥ 0. Then, |Ûj − Uj |2 = 2− 2U ′jÛj ≤ 2, i.e.

|Ûj − Uj | ≤
√

2. (C.37)

(iii) By using bound (C.37) in the RHS of (C.36) we get

|Ûj − Uj | ≤ ρ|R̂−R|+ 2
√

2ρ|R̂−R|+
√

2

2
|Ûj − Uj |,

which yields:

|Ûj − Uj | ≤ (6 + 5
√

2)ρ|R̂−R|, (C.38)

for any j = 1, ...,K. (iv), Finally, from (C.33), (C.34), (C.35) and (C.38) we deduce

Rλ,j ≤ 2|R̂−R||Ûj − Uj | ≤ 2ρ(6 + 5
√

2)|R̂−R|2,

and:

RU,j ≤ 2ρ|R̂−R||Ûj − Uj |+
1

2
|Ûj − Uj |2 ≤ ρ2(55 + 40

√
2)|R̂−R|2.

The conclusion follows.

C.7 Proof of Proposition 7

Let us start by deriving the asymptotic expansion of estimator Â∗p+1. Let Xt = (Y ′t−1, Y
′
t−2, ..., Y

′
t−p−1)′.

The OLS estimator for A∗j , with j = 1, ..., p+ 1, is given by

[Â∗1 : Â∗2 : · · · : Â∗p+1] =

(
T∑
t=1

YtX
′
t

)(
T∑
t=1

XtX
′
t

)−1

.

From the results on partitioned regression, we have

Â∗p+1 −A∗p+1 =

(
1

T

T∑
t=1

u∗t Ŷ
′
t−p−1

)(
1

T

T∑
t=1

Ŷt−p−1Ŷ
′
t−p−1

)−1

,
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where Ŷt−p−1 = Yt−p−1 − ˆ̃Γ(p)′Γ̂(0)−1Y t−1 is the sample residual of the projection of Yt−p−1 onto

Y t−1 = (Y ′t−1, ..., Y
′
t−p)

′ and Γ̂(0) = 1
T

∑T
t=1 Y tY

′
t and ˆ̃Γ(p) = 1

T

∑T
t=1 Y tY

′
t−p. By

1√
T

T∑
t=1

u∗tX
′
t = Op(1), (C.39)

and the results in Lemma 2, we get

√
T (Â∗p+1 −A∗p+1) =

(
1√
T

T∑
t=1

u∗t Ỹ
′
t−p−1

)(
1

T

T∑
t=1

Ỹt−p−1Ỹ
′
t−p−1

)−1

+ op(1),

where Ỹt−p−1 = Yt−p−1 − Γ̃(p)′Γ(0)−1Y t−1 is the population residual of the projection of Yt−p−1 onto

Y t−1. Then, by the properties of the vec operator, we get:

√
Tvec(Â∗p+1 −A∗p+1) =

( 1

T

T∑
t=1

Ỹt−p−1Ỹ
′
t−p−1

)−1

⊗ In

 vec( 1√
T

T∑
t=1

u∗t Ỹ
′
t−p−1

)
+ op(1)

=

( 1

T

T∑
t=1

Ỹt−p−1Ỹ
′
t−p−1

)−1

⊗ In

 1√
T

T∑
t=1

Ỹt−p−1 ⊗ u∗t + op(1).

By the convergence a.s. and in probability of 1
T

∑T
t=1 Ỹt−p−1Ỹ

′
t−p−1 to E(Ỹt−p−1Ỹ

′
t−p−1) = Γ(0) −

Γ̃(p)′Γ(0)−1Γ̃(p) from Lemma 2, we get

√
Tvec(Â∗p+1 −A∗p+1) =

{
[E(Ỹt−p−1Ỹ

′
t−p−1)]−1 ⊗ In

} 1√
T

T∑
t=1

Ỹt−p−1 ⊗ u∗t + op(1). (C.40)

Let us now derive the asymptotic expansion of estimator R̂. We have:

R̂ = Â∗p+1Â
∗′
p+1 =

[
A∗p+1 + (Â∗p+1 −A∗p+1)

] [
A∗p+1 + (Â∗p+1 −A∗p+1)

]′
.

By developing the product and using Â∗p+1 − A∗p+1 = Op(1/
√
T ) from (C.39) and (C.40), we get R̂ =

R + (Â∗p+1 − A∗p+1)A∗′p+1 + A∗p+1(Â∗p+1 − A∗p+1)′ + op(
1√
T

). By applying the vec operator, we get the

asymptotic expansion of R̂:

√
Tvec(R̂−R) = [(A∗p+1 ⊗ In) + (In ⊗A∗p+1) · Kn,n]

√
Tvec(Â∗p+1 −A∗p+1) + op(1),
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where Kn,n is the commutation matrix such that vec[(Â∗p+1 −A∗p+1)′] = Kn,nvec(Â∗p+1 −A∗p+1).

The asymptotic expansion of Ûj is obtained from (B.2) and the bound R̂ − R = Op(1/
√
T ), which

yield:
√
T (Ûj − Uj) =

K∑
i=0,i 6=j

1

λj − λi
(U ′j ⊗ Pi)

√
Tvec(R̂−R) + op(1), (C.41)

for j = 1, . . . ,K. This yields the asymptotic expansion for Û = [Û1 : · · · : ÛK ].

Finally, let us find the asymptotic expansion of B̂1 = Û1Û
−1
2 . We have that

B̂1 −B1,0 = Û1Û
−1
2 − (B1,0Q)(B2,0Q)−1 = (Û1 −B1,0Q)Û

−1
2 + (B1,0Q)(Û

−1
2 − (B2,0Q)−1)

= (Û1 −B1,0Q)Û
−1
2 − (B1,0Q)Û

−1
2 (Û2 −B2,0Q)(B2,0Q)−1,

where B2,0 = IK by IR.1. Using Û1 −B1,0Q = Op(
1√
T

) and Û2 −B2,0Q = Op(
1√
T

) from (C.41) and

(B.1), and B2,0 = IK , we get:

√
T (B̂1 −B1,0) =

√
T (Û1 −B1,0Q)(B2,0Q)−1 − (B1,0Q)(B2,0Q)−1

√
T (Û2 −B2,0Q)(B2,0Q)−1 + op(1)

=
√
T (Û1 −B1,0Q)Q−1 −B1,0

√
T (Û2 −B2,0Q)Q−1 + op(1).

Now plug in

Û1 −B1,0Q = M1(Û −B0Q),

Û2 −B2,0Q = M2(Û −B0Q),

where M1 = [In−K : 0(n−K)×K ] and M2 = [0K×(n−K) : IK ], and get

√
T (B̂1 −B1,0) = M1

√
T (Û −B0Q)Q−1 −B1,0M2

√
T (Û −B0Q)Q−1 + op(1)

= M
√
T (Û −B0Q)Q−1 + op(1),

where M = M1 −B1,0M2 = [In−K : −B1,0] = B′0⊥. By taking the vec, we get:

√
Tvec(B̂1 −B1,0) = [(Q−1)′ ⊗M)

√
T (Û −B0Q] + op(1).

Notice that
√
Tvec(Û −B0Q) = (

√
T (Û1 − U1)′, . . . ,

√
T (ÛK − UK)′)′ from (B.1).
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C.8 Proof of Proposition 8

Let us consider the OLS estimator ∆̂ of ∆0 defined in Section 4.1:

∆̂ = B̂′⊥

(
T∑
t=1

YtY
′
t−1

)(
T∑
t=1

Y t−1Y
′
t−1

)−1

.

Using B̂⊥ = B0⊥ + (B̂⊥ −B0⊥) and B′0⊥Yt = ∆0Y t−1 + ηt, the latter equation yields

∆̂−∆0 =

(
T∑
t=1

ηtY
′
t−1

)(
T∑
t=1

Y t−1Y
′
t−1

)−1

+(B̂⊥−B0⊥)′

(
T∑
t=1

YtY
′
t−1

)(
T∑
t=1

Y t−1Y
′
t−1

)−1

.

Taking the vec operator, we get

√
T (d̂− d0) =

( 1

T

T∑
t=1

Y t−1Y
′
t−1

)−1

⊗ In−K

 1√
T

T∑
t=1

Y t−1 ⊗ ηt

+

( 1

T

T∑
t=1

Y t−1Y
′
t−1

)−1(
1

T

T∑
t=1

Y t−1Y
′
t

)
⊗ In−K

√Tvec[(B̂⊥ −B0⊥)′].

Now let us link vec(B′⊥) to b = vec(B1). From the definition B⊥ = [In−K : −B1]′ we get:

vec(B′⊥) =

 vec(In−K)

−b

 = a0 −A′0⊥b, (C.42)

where a0 := [vec(In−K)′, 0′K(n−K)×1]′ and A0⊥ = [0(n−K)K×(n−K)2 : I(n−K)K ] = [0K×(n−K) :

IK ]⊗ In−K . Thus:

vec[(B̂⊥ −B0⊥)′] = −A′0⊥(b̂− b0). (C.43)

Hence, we get

√
T (d̂− d0) =

( 1

T

T∑
t=1

Y t−1Y
′
t−1

)−1

⊗ In−K

 1√
T

T∑
t=1

Y t−1 ⊗ ηt

−

( 1

T

T∑
t=1

Y t−1Y
′
t−1

)−1(
1

T

T∑
t=1

Y t−1Y
′

[K],t

)
⊗ In−K

√T (b̂− b0),

17



where Y[K],t = (Yn−K+1,t, ..., Yn,t)
′ is the lower K-dimensional subvector of Yt. Using that sample

moments of the process Yt converge to the Γ(j) (Lemma 2), we get the asymptotic expansion

√
T (d̂− d0) =

[
Γ(0)−1 ⊗ In−K

] 1√
T

T∑
t=1

Y t−1 ⊗ ηt −
[
Γ(0)−1Γ̃[K](−1)⊗ In−K

]√
T (b̂− b0) + op(1),

where Γ̃[K](j) = E[Y tY
′

[K],t−j ].

C.9 Proof of Proposition 9

To derive the asymptotic expansion of estimator Ĉ, we first show that it can be obtained as the minimizer

of a GMM objective function. Let us define:

Ht(C, τ) = (Yt −CY t−1)Zt(τ)′

= (Yt −CY t−1)[Y ′t−1B⊥ − Y ′t−2∆
′ : · · · : Y ′t−MB⊥ − Y ′t−M−1∆

′]

whereZt(τ) = (ηt−1(τ)′, ..., ηt−M (τ)′)′, ηt(τ) = B′⊥Yt−∆Y t−1 and τ̂ is the estimator of τ = (b′, d′)′

(dependence on b and d is via B⊥ and ∆, respectively). We have

1

T

T∑
t=1

Ht(C, τ̂) = Q̂YZ −CQ̂Y −1Z .

Then, estimator ĉ = vec(Ĉ) is the minimizer of the GMM objective function:

Q(c) =

(
1

T

T∑
t=1

ht(c, τ̂)

)′
Ω̂c

(
1

T

T∑
t=1

ht(c, τ̂)

)

where ht(c, τ) ≡ vec(Ht(C, τ)).

If we take the first-order derivative with respect to parameter c, and multiply times
√
T , we get the

first-order condition for estimator ĉ given by

(
1

T

T∑
t=1

∂ht(ĉ, τ̂)

∂c′

)′
Ω̂c

(
1√
T

T∑
t=1

ht(ĉ, τ̂)

)
= 0. (C.44)
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Now let us expand 1√
T

∑T
t=1 ht(ĉ, τ̂) at a first order w.r.t. ĉ and τ̂ . This yields

1√
T

T∑
t=1

ht(ĉ, τ̂) =
1√
T

T∑
t=1

ht(c0, τ0)

+
1

T

T∑
t=1

∂ht(c0, τ0)

∂c′

√
T (ĉ− c0)

+
1

T

T∑
t=1

∂ht(c0, τ0)

∂d′

√
T (d̂− d0)

+
1

T

T∑
t=1

∂ht(c0, τ0)

∂b′

√
T (b̂− b0) + op(1). (C.45)

To compute the derivatives on the RHS, the moment function can be written by vectorization as

ht(c, τ) = vec
[
(Yt −CY t−1)Zt(τ)′

]
= Zt(τ)⊗ (Yt −CY t−1)

= Zt(τ)⊗ [Yt − (Y ′t−1 ⊗ In)c], (C.46)

and also as:

ht(c, τ) = vec
[
(Yt −CY t−1)[Y ′t−1B⊥ − Y ′t−2∆

′ : · · · : Y ′t−MB⊥ − Y ′t−M−1∆
′]
]

=


vec [(Yt −CY t−1)Y ′t−1B⊥]

...

vec [(Yt −CY t−1)Y ′t−MB⊥]

−


vec [(Yt −CY t−1)Y ′t−2∆
′]

...

vec [(Yt −CY t−1)Y ′t−M−1∆
′]



=


In−K ⊗ [(Yt −CY t−1)Y ′t−1]

...

In−K ⊗ [(Yt −CY t−1)Y ′t−M ]

 vec(B⊥)−


In−K ⊗ [(Yt −CY t−1)Y ′t−2]

...

In−K ⊗ [(Yt −CY t−1)Y ′t−M−1]

 vec(∆′)

=


Kn−K,n ([(Yt −CY t−1)Y ′t−1]⊗ In−K)

...

Kn−K,n ([(Yt −CY t−1)Y ′t−M ]⊗ In−K)

 b⊥

−


Kn−K,n ([(Yt −CY t−1)Y ′t−2]⊗ In−K)

...

Kn−K,n ([(Yt −CY t−1)Y ′t−M−1]⊗ In−K)

 d, (C.47)

where b⊥ := vec(B′⊥) = a0 − A′0⊥b from (C.42), and Kn−K,n is the commutator matrix for orders
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n−K,n. Then, from (C.46) we get the gradient of the moment function w.r.t. c:

∂ht(c, τ)

∂c′
= −Zt(τ)⊗ (Y ′t−1 ⊗ In),

= −[Zt(τ)Y ′t−1]⊗ In,

and from (C.47) the gradients w.r.t. d and b are:

∂ht(c, τ)

∂d′
= −


Kn−K,n

([
(Yt −CY t−1)Y ′t−2

]
⊗ In−K

)
...

Kn−K,n
([

(Yt −CY t−1)Y ′t−M−1

]
⊗ In−K

)


= −(IM ⊗Kn−K,n)




(Yt −CY t−1)Y ′t−2

...

(Yt −CY t−1)Y ′t−M−1

⊗ In−K
 ,

and

∂ht(c, τ)

∂b′
=

∂ht(c, τ)

∂b′⊥

∂b⊥
∂b′

= −(IM ⊗Kn−K,n)




(Yt −CY t−1)Y ′[K],t−1
...

(Yt −CY t−1)Y ′[K],t−M

⊗ In−K
 ,

using ∂b⊥
∂b′ = [0K×(n−K) : IK ]′ ⊗ In−K .

By evaluating at the true parameter values, and computing the expectations of the gradients, we get

the Jacobian matrices:

Jc = E

[
∂ht(c0, τ0)

∂c′

]
= −Q′Y −1Z ⊗ In,
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and:

Jd = E

[
∂ht(c0, τ0)

∂d′

]
= −(IM ⊗Kn−K,n)




Γ̃(−2)′ −C0Γ(1)
...

Γ̃(−M − 1)′ −C0Γ(M)

⊗ In−K


= −(IM ⊗Kn−K,n)




ΓεY (2) · · · ΓεY (p+ 1)
... · · ·

...

ΓεY (M + 1) · · · ΓεY (M + p)

⊗ In−K ,


and:

Jb = E

[
∂ht(c0, τ0)

∂b′

]
= −(IM ⊗Kn−K,n)




Γ[K](1)−C0Γ̃[K](0)
...

Γ[K](M)−C0Γ̃[K](M − 1)

⊗ In−K


= −(IM ⊗Kn−K,n)




ΓεY[K]
(1)

...

ΓεY[K]
(M)

⊗ In−K
 ,

where Γ[K](j) = E(YtY
′

[K],t−j) and Γ̃[K](j) = E(Y tY
′

[K],t−j), and ΓεY (h) = E[εtY
′
t−h] = Γ(h) −

C0Γ̃(h− 1), ΓεY[K]
(h) = E[εtY

′
[K],t−h] = Γ[K](h)−C0Γ̃[K](h− 1) with εt = Yt −C0Y t−1.

From (C.45), taking the probability limits of the sample averages of partial derivatives, we get:

1√
T

T∑
t=1

ht(ĉ, τ̂) =
1√
T

T∑
t=1

ht(c0, τ0) + Jc
√
T (ĉ− c0) + Jd

√
T (d̂− d0) + Jb

√
T (b̂− b0) + op(1).

Plugging this expression and 1
T

∑T
t=1

∂ht(ĉ,τ̂)
∂c′ = Jc+op(1) in (C.44), using Ω̂c = Ωc+op(1), and solving

for
√
T (ĉ− c0) we get:

√
T (ĉ− c0) = −(J ′cΩcJc)

−1J ′cΩc

{
1√
T

T∑
t=1

ht(c0, τ0) + Jd
√
T (d̂− d0) + Jb

√
T (b̂− b0)

}
+ op(1).

The conclusion follows.
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C.10 Proof of Proposition 10

The proof is similar to the one of Proposition 9. Let us define:

Lt(Φ, ψ) = [ξt(ψ)−Φξt−1(ψ)]W t(ψ)′,

with ξt(ψ) = B̄′(Yt − CY t−1), B̄ = B(B′B)−1, ξt−1(ψ) = (ξt−1(ψ)′, ..., ξt−q(ψ)′)′, W t(ψ) =

(ξt−q−1(ψ)′, ..., ξt−q−L(ψ)′)′, and ψ = (b′, c′)′. By introducing the argument φ = vec(Φ), the estimator

φ̂ = vec(Φ̂) is the minimizer of the GMM objective function:

P(φ) =

(
1

T

T∑
t=1

lt(φ, ψ̂)

)′
Ω̂φ

(
1

T

T∑
t=1

lt(φ, ψ̂)

)
,

where lt(φ, ψ) = vec[Lt(Φ, ψ)].

By taking the first-order derivative with respect to φ we get the first order condition

(
1

T

T∑
t=1

∂lt(φ̂, ψ̂)

∂φ′

)′
Ω̂φ

(
1√
T

T∑
t=1

lt(φ̂, ψ̂)

)
= 0. (C.48)

Now let us expand 1√
T

∑T
t=1 lt(φ̂, ψ̂) with a first-order Taylor expansion. We have:

1√
T

T∑
t=1

lt(φ̂, ψ̂) =
1√
T

T∑
t=1

lt(φ0, ψ0) +
1

T

T∑
t=1

∂lt(φ0, ψ0)

∂φ′

√
Tvec(φ̂− φ0)

+
1

T

T∑
t=1

∂lt(φ0, ψ0)

∂c′

√
T (ĉ− c0) +

1

T

T∑
t=1

∂lt(φ0, ψ0)

∂b′

√
T (b̂− b0) + op(1). (C.49)

Let us define the following matrices:

Jφ = E

[
∂lt(φ0, ψ0)

∂φ′

]
, Jc = E

[
∂lt(φ0, ψ0)

∂c′

]
, Jb = E

[
∂lt(φ0, ψ0)

∂b′

]
.

From (C.49), taking the probability limits of the sample averages we get:

1√
T

T∑
t=1

lt(φ̂, ψ̂) =
1√
T

T∑
t=1

lt(φ0, ψ0) + Jφ
√
T (φ̂− φ0)

+Jc
√
T (ĉ− c0) + Jb

√
T (b̂− b0) + op(1).
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Plugging this expression in (C.48) and solving for φ̂− φ0 we get:

√
T (φ̂− φ0) = −(J′φΩφJφ)−1J′φΩφ

{
1√
T

T∑
t=1

lt(φ0, ψ0) + Jb
√
T (b̂− b0) + Jc

√
T (ĉ− c0)

}
+ op(1),

where Ωφ is the probability limit of Ω̂φ.

To conclude the proof, let us compute explicitly matrices Jφ, Jc and Jb. We can write the moment

vector as:

lt(φ, ψ) = vec[(ξt(ψ)−Φξt−1(ψ))W t(ψ)′] = W t(ψ)⊗ [ξt(ψ)−Φξt−1(ψ)].

The term in square brackets can be written in different forms by vectorization:

ξt(ψ)−Φξt−1(ψ) = ξt(ψ)− (ξt−1(ψ)′ ⊗ IK)φ

= B̄′Yt −Φ(Iq ⊗ B̄′)[Y ′t−1, ..., Y
′
t−q]

′

−
[
Y ′t−1 ⊗ B̄′ −Φ

(
Y t−2 ⊗ B̄ : · · · : Y t−q−1 ⊗ B̄

)′]
c

=
[
(Yt −CY t−1)′ ⊗ IK

]
b̄

−Φ [(Yt−1 −CY t−2)⊗ IK : · · · : (Yt−q −CY t−q−1)⊗ IK ]′ b̄,

where b̄ = vec(B̄′). Similarly for the instrument vector:

W t(ψ) = (IS ⊗ B̄′)(Y ′t−q−1, ..., Y
′
t−q−L)′ − (Y t−q−2 ⊗ B̄ : · · · : Y t−q−L−1 ⊗ B̄)′c

= [(Yt−q−1 −CY t−q−2)⊗ IK : · · · : (Yt−q−L −CY t−q−L−1)⊗ IK ]′ b̄.

Thus, we can write lt(φ, ψ) in three different ways to highlight its dependence on parameter vectors φ, c

and b̄, respectively:

lt(φ, ψ) = W t(ψ)⊗
[
ξt(ψ)− (ξt−1(ψ)′ ⊗ IK)φ

]
, (C.50)

lt(φ, ψ) =
[
(IS ⊗ B̄′)(Y ′t−q−1, ..., Y

′
t−q−L)′ − (Y t−q−2 ⊗ B̄ : · · · : Y t−q−L−1 ⊗ B̄)′c

]
⊗
{
B̄′Yt −Φ(Iq ⊗ B̄′)[Y ′t−1, ..., Y

′
t−q]

′

−
[
Y ′t−1 ⊗ B̄′ −Φ

(
Y t−2 ⊗ B̄ : · · · : Y t−q−1 ⊗ B̄

)′]
c
}
, (C.51)
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and:

lt(φ, ψ) =
{

[(Yt−q−1 −CY t−q−2)⊗ IK : · · · : (Yt−q−L −CY t−q−L−1)⊗ IK ]′ b̄
}

⊗
{[

(Yt −CY t−1)′ ⊗ IK
]
b̄

−Φ [(Yt−1 −CY t−2)⊗ IK : · · · : (Yt−q −CY t−q−1)⊗ IK ]′ b̄
}
. (C.52)

Then, we get the gradients of the moment vector w.r.t. φ, c and b:

∂lt(φ, ψ)

∂φ′
= −W t(ψ)⊗ (ξt−1(ψ)′ ⊗ IK) = −[W t(ψ)ξt−1(ψ)′]⊗ IK ,

∂lt(φ, ψ)

∂c′
= −(Y t−q−2 ⊗ B̄ : · · · : Y t−q−L−1 ⊗ B̄)′ ⊗ [ξt(ψ)−Φξt−1(ψ)]

−W t(ψ)⊗
[
Y ′t−1 ⊗ B̄′ −Φ

(
Y t−2 ⊗ B̄ : · · · : Y t−q−1 ⊗ B̄

)′]
= −

 [ξt(ψ)−Φξt−1(ψ)]Y ′t−q−2

...Y ′t−q−L−1

⊗ B̄′
−[W t(ψ)Y ′t−1]⊗ B̄′ +

q∑
i=1

[W t(ψ)Y ′t−i−1]⊗ (ΦiB̄
′),

and:

∂lt(φ, ψ)

∂b′
=
∂lt(φ, ψ)

∂b̄′
∂b̄(b)

∂b′
,

where:

∂lt(φ, ψ)

∂b̄′
= [(Yt−q−1 −CY t−q−2)⊗ IK : · · · : (Yt−q−L −CY t−q−L−1)⊗ IK ]′ ⊗ [ξt(ψ)−Φξt−1(ψ)]

+W t(ψ)⊗
{

(Yt −CY t−1)′ ⊗ IK −Φ [(Yt−1 −CY t−2)⊗ IK : · · · : (Yt−q −CY t−q−1)⊗ IK ]′
}

=

 [ξt(ψ)−Cξt−1(ψ)](Yt−q−1 −CY t−q−2)′

...(Yt−q−L −CY t−q−L−1)′

⊗ IK
+[W t(ψ)(Yt −CY t−1)′]⊗ IK −

q∑
i=1

[W t(ψ)(Yt−i −CY t−i−1)′]⊗ Φi.
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To compute the partial derivative ∂b̄/∂b′ at b = b0, we use that for B in a neighborhood of B0 we have:

B′B = (B′0B0)
[
IK + (B′0B0)−1(B −B0)′B0 + (B′0B0)−1B′0(B −B0)

]
+O(|B −B0|2),

(B′B)−1 =
[
IK − (B′0B0)−1(B −B0)′B0 − (B′0B0)−1B′0(B −B0)

]
(B′0B0)−1 +O(|B −B0|2),

which implies:

B̄ = B̄0 + P0(B −B0)(B′0B0)−1 − B̄0(B −B0)′B̄0 +O(|B −B0|2),

where P0 = In − B0(B′0B0)−1B′0. Now, we use that B and B0 are normalized to have IK as the lower

K ×K block. Hence:

B̄ = B̄0 + P0,[n−K](B1 −B1,0)(B′0B0)−1 − B̄0(B1 −B1,0)′B1,0(B′0B0)−1 +O(|B1 −B1,0|2),

where P0,[n−K] denotes the first n−K columns of matrix P0. By transposing and taking the vec we get:

b̄ = b̄0 +
(
P0,[n−K] ⊗ (B′0B0)−1

)
vec[(B1 −B1,0)′]−

(
B̄0 ⊗ [(B′0B0)−1B′1,0]

)
vec(B1 −B1,0) +O(|b− b0|2)

= b̄0 +
[(
P0,[n−K] ⊗ (B′0B0)−1

)
Kn−K,K − B̄0 ⊗

(
(B′0B0)−1B′1,0

)]
(b− b0) +O(|b− b0|2).

Thus, we get:

D0 :=
∂b̄(b0)

∂b′
=
(
P0,[n−K] ⊗ (B′0B0)−1

)
Kn−K,K − B̄0 ⊗

(
(B′0B0)−1B′1,0

)
.

By evaluating the derivatives at the true parameter values, and computing the expectations, we get:

Jφ = −E(W tξ
′
t−1)⊗ IK = −QWξ−1

⊗ IK

=


Γξξ(q) : · · · : Γξξ(q + L− 1)

...
...

Γξξ(1) : · · · : Γξξ(L)


′

⊗ IK ,
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where Γξξ(h) := E[ξtξ
′
t−h] = B̄′0

(
Γ(h)−C0Γ̃(h− 1)− Γ̃(−h− 1)′C ′0 +C0Γ(h)C ′0

)
B̄0, and

Jc = −


E(etY

′
t−q−2)
...

E(etY
′
t−q−L−1)

⊗ B̄′0
−E(W tY

′
t−1)⊗ B̄′0 +

q∑
i=1

E(W tY
′
t−i−1)⊗ (Φi,0B̄

′
0),

and:

Jb =



E(etε

′
t−q−1)
...

E(etε
′
t−q−L)

⊗ IK + E(W tε
′
t)⊗ IK −

q∑
i=1

E(W tε
′
t−i)⊗ Φi,0

D0,

where et = ξt −Φ0ξt−1 and εt = Yt −C0Y t−1.

D Identification in ABCD state space representations

D.1 Review of identification of ABCD representations

This section reviews some results on the identification of linear state space systems provided in Glover

and Willems (1974) and references therein. Consider a linear state space system in ABCD form

Xt+1 = AXt + BWt,

Yt = CXt + DWt,

where Xt ∈ Rp, Wt ∈ Rm and Yt ∈ Rn. The matrices A, B, C and D are parameterized in terms of

a parameter vector θ ∈ Rq. The latent input vector Wt is WN(0, I). The eigenvalues of matrix A are

assumed smaller than 1 in modulus, so that the system is covariance stationary.

By using Xt = (I −AL)−1BWt−1, we get

Yt = C(I −AL)−1BWt−1 + DWt = G(L)Wt
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where the transfer function is given by:

G(z) = C(I −Az)−1Bz + D,

for complex argument z such that z−1 ∈ C \ σ(A), i.e. the complex plane excluding the spectrum of A.

Note that G(z) = C(Is−A)−1B + D with s = z−1, which yields the transfer function given in Glover

and Willems (1974).

The spectral density function of the output process Yt is:

f(ω) =
1

2π
G(eiω)G(eiω)∗ =

1

2π
G(eiω)G(e−iω)′

for the argument ω ∈ [−π, π], whereA∗ = Ā′ is the Hermitian conjugate of complex matrixA. The spec-

tral density function is in one-to-one relationship with the ACF. So, identification from the spectral density

is tantamount to identification from the ACF. Moreover, since f(−ω) = 1
2πG((eiω)−1)G((eiω)−1)∗, we

can equivalently consider identification from the function Φ(s) = G(s)G(s̄)′, where

G(s) = C(Is−A)−1B + D.

We will refer to G(s) and Φ(s) as transfer function and spectral function, respectively. These functions

are well-defined for any complex argument s except the poles, which are located on the spectrum σ(A)

and lie inside the unit circle. Identification from those functions is equivalent to identification from the

transfer and spectral functions defined in Section 3.4 of the paper.

D.1.1 Identification from the transfer function

Let (A1,B1,C1,D1) and (A2,B2,C2,D2) be two sets of state space parameters, corresponding to struc-

tural parameters θ1 and θ2, respectively. LetG1(s) andG2(s) be the two corresponding transfer functions.

The model is identifiable from the transfer function if, and only if,

G1(s) = G2(s), ∀s ∈ D ⇒ θ1 = θ2,

where D is a domain in the complex plane where the transfer functions are well defined. Note that by

complex analysis, an analytic function which equals zero on a path in C, also vanishes on a larger domain
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outside the poles. Thus, the specification of D is not relevant for the purpose of identification.

The arguments used by Glover and Willems (1974) on p. 644 in the proof of their Proposition 1 yield

the following lemma.

Lemma 5. Suppose that the parameterization of the system is globally minimal, i.e., the dimension of

the state vector is less than or equal to that of any other system having the same transfer function. Then,

G1(s) = G2(s) for any s in a complex domain if, and only if, there exists an invertible matrix T such

that:

A1 = TA2T
−1, (D.1)

B1 = TB2, (D.2)

C1 = C2T
−1, (D.3)

D1 = D2. (D.4)

Proof. Suppose we have C1(Is − A1)−1B1 + D1 = C2(Is − A2)−1B2 + D2 for all s. By evaluating

at argument s with large modulus, it implies D1 = D2. Moreover, since the l.h.s. and r.h.s. must have

the same poles, and the system is minimal, matrices A1 and A2 have the same dimensions and the same

eigenvalues. Therefore, A1 = T1ΛT−1
1 and A2 = T2ΛT−1

2 for the diagonal matrix Λ of eigenvalues

(we are assuming that A1 and A2 are diagonalizable to simplify). It then follows C̃1(Is − Λ)−1B̃1 =

C̃2(Is − Λ)−1B̃2 for all s, where B̃i = T−1
i Bi and C̃i = CiTi. By writing Λ = diag(λ1, ..., λp),

C̃i = [ci,1 : · · · : ci,p] and B̃′i = [bi,1 : · · · : bi,p], we get:

p∑
j=1

1

s− λj
c1,jb

′
1,j =

p∑
j=1

1

s− λj
c2,jb

′
2,j , ∀s,

which implies c1,jb
′
1,j = c2,jb

′
2,j for j = 1, ..., p. Minimality of the parameterization excludes the

possibility that some bi,j or ci,j are the zero vector. Therefore, c1,j = c2,jrj and b1,j = b2,jr
−1
j for

rj > 0, and all j. Then, we get C̃1 = C̃2R and B̃1 = R−1B̃2 for R = diag(r1, ..., rp). This yields

C1 = C2T2RT
−1
1 and B1 = T1R

−1T−1
2 B2. The conclusion follows with T = T1R

−1T−1
2 .

The lemma yields the following corollary.

Corollary 1. Suppose that the parameterization of the system is globally minimal. Then, the state space

model is globally identified from the spectral function if, and only if, the validity of equations (D.1)-(D.4)
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for some invertible matrix T implies θ1 = θ2.

D.1.2 Identification from the spectral function

The model is identifiable from the spectral density if, and only if,

Φ1(s) = Φ2(s), ∀s ∈ D ⇒ θ1 = θ2.

Glover and Willems (1974) give the following Lemma.

Lemma 6. Suppose that the parameterization of the system is globally minimal, i.e., the dimension of

the state vector is less than or equal to that of any other system having the same output spectral density

function. Then, Φ1(s) = Φ2(s) for any s in a complex domain if, and only if, there exists an invertible

matrix T and a symmetric matrix Q such that:

A1 = TA2T
−1, (D.5)

C1 = C2T
−1, (D.6)

QA′1 + A1Q = −B1B
′
1 + TB2B

′
2T
′, (D.7)

QC′1 = −B1D
′
1 + TB2D

′
2, (D.8)

D1D
′
1 = D2D

′
2. (D.9)

Proof. Consider the spectral function for a purely imaginary argument s = it, t ∈ R. Equality of the

spectral functions for two parameterizations on this line is equivalent to equality of the spectral functions

on a larger domain excluding the poles. Then for imaginary argument s we have:

Φi(s) = Ci(Is−Ai)
−1BiB

′
i(−Is−A′i)

−1C′i + Ci(Is−Ai)
−1BiD

′
i

+DiB
′
i(−Is−A′i)

−1C′i + DiD
′
i.

Anderson (1969) on pages 138-139 states that minimality implies complete controllability, which in turn

implies that for each i = 1, 2 there exists a unique positive definite matrix Qi such that

−BiB
′
i = QiA

′
i + AiQi. (D.10)
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Then we have:

(Is−Ai)
−1BiB

′
i(−Is−A′i)

−1 = −(Is−Ai)
−1(QiA

′
i + AiQi)(−Is−A′i)

−1

= (Is−Ai)
−1Qi +Qi(−Is−A′i)

−1.

Thus, the spectral function becomes:

Φi(s) = Ci(Is−Ai)
−1QiC

′
i + CiQi(−Is−A′i)

−1C′i + Ci(Is−Ai)
−1BiD

′
i

+DiB
′
i(−Is−A′i)

−1C′i + DiD
′
i

= Ci(Is−Ai)
−1(QiC

′
i + BiD

′
i)

+(CiQi + DiB
′
i)(−Is−A′i)

−1C′i + DiD
′
i.

Hence, the equation Φ1(s) = Φ2(s) yields:

C1(Is−A1)−1(Q1C
′
1 + B1D

′
1) + (C1Q1 + D1B

′
1)(−Is−A′1)−1C′1 + D1D

′
1

= C2(Is−A2)−1(Q2C
′
2 + B2D

′
2) + (C2Q2 + D2B

′
2)(−Is−A′2)−1C′2 + D2D

′
2.

By considering arguments s with large modulus, it follows (D.9). Moreover, by the arguments in the

proof of Lemma 1, it follows equations (D.5), (D.6) and:

Q1C
′
1 + B1D

′
1 = T (Q2C

′
2 + B2D

′
2). (D.11)

Moreover, equation (D.6) implies TQ2C
′
2 = TQ2T

′C′1. Plugging the latter equation into (D.11) yields

equation (D.8) with Q = Q1 − TQ2T
′. Finally, taking the difference between equation (D.10) for i = 1,

and the same equation for i = 2 pre-multiplied by T and post-multiplied by T ′, we get equation (D.7).

This lemma yields the following corollary.

Corollary 2. Suppose that the parameterization of the system is globally minimal. Then, the state space

model is globally identified from the spectral function if, and only if, the validity of equations (D.5)-(D.9)

for some T invertible and Q symmetric implies θ1 = θ2.
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If system (D.5)-(D.9) admits solutions with θ1 6= θ2, but system (D.1)-(D.4) implies θ1 = θ2, then

the ABCD representation is identifiable from the transfer function but not from the spectral function.

D.1.3 Discussion of global minimality

A realization of a linear state space system is minimal if it is controllable and observable, see Glover and

Willems (1974, Theorem 2.2.). We define the observability matrix as:

O(C,A) =


C

CA

...

CAN−1

 (D.12)

and the controllability matrix as

C(B,A) =
[
B AB · · · AN−1B

]
. (D.13)

A realization of the state space system is observable if the observability matrixO(C,A) is of full rank. A

realization of the state space system is controllable if the controllability matrix C(B,A) is of full rank.

D.2 Application of identification results for the state space (2.1)-(2.2) when p = q = 1

(proof of Proposition 5)

The ABC(D) representation of our model with state Xt = (Y ′t , f
′
t+1)′ is

A =

 C B

0 Φ

 , B =

 Σ
1/2
u 0

0 Σ
1/2
v

 , C =
[
In 0n×K

]
, D = 0. (D.14)

We first check that this representation is globally minimal. Then we derive the implications of Corollaries

2 and 4 for identification.

D.2.1 Minimality

In the ABC(D) representation of our model, the system is always controllable, i.e. C(B,A) is full rank

because B is of full rank. Moreover, the system is observable. In fact, the observability matrix
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O(C,A) =


In 0

C B
...

...

 (D.15)

is full rank because B is full rank. Therefore, the system is minimal.

D.2.2 Identification from the transfer function

Let us consider Equations (D.1)-(D.4) for the ABCD representation (D.14). Equation (D.4) is trivially

satisfied. Equation (D.3) implies C2 = C1T , which yields:

T =

 In 0

T21 T22

 , T−1 =

 In 0

−(T22)−1T21 (T22)−1

 ,
with T22 invertible K ×K and T21 of dimensions K × n. Equation (D.2) yields T21 = 0, Σu,1 = Σu,2

and Σ
1/2
v,1 = T22Σ

1/2
v,2 .

Let us now focus on equation (D.1). We have:

TA2T
−1 =

 In 0

0 T22

 C2 B2

0 Φ2

 In 0

0 (T22)−1


=

 C2 B2(T22)−1

0 T22Φ2(T22)−1

 .
Hence equation (D.1) is equivalent to the system:


C2 = C1

B2(T22)−1 = B1

T22Φ2(T22)−1 = Φ1.

With the normalization of the lower K×K block of matrix B being the identity IK , the second equation

in the system implies T22 = IK , and hence B2 = B1. Then, from the third equation we get Φ1 = Φ2.

The above arguments show that the state space parameters are identifiable from the transfer function.

This yields in Proposition 5 (a).
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D.2.3 Identification from the spectral function

Let us derive the implications of Equations (D.5)-(D.9). Equation (D.9) is trivially satisfied. Equation

(D.8) becomes QC′1 = 0, which yields:

Q =

 0 0

0 Q22

 ,
withQ22 a symmetricK×K matrix. Further, as for the identification from the transfer function, Equation

(D.6) implies C2 = C1T , which yields:

T =

 In 0

T21 T22

 , T−1 =

 In 0

−(T22)−1T21 (T22)−1

 ,
with T22 invertible K ×K and T21 of dimensions K × n.

Let us now focus on equation (D.5). We have:

TA2T
−1 =

 In 0

T21 T22

 C2 B2

0 Φ2

 In 0

−(T22)−1T21 (T22)−1


=

 C2 −B2(T22)−1T21 B2(T22)−1

T21C2 − T21B2(T22)−1T21 − T22Φ2(T22)−1T21 T21B2(T22)−1 + T22Φ2(T22)−1

 .
Hence equation (D.5) is equivalent to the system:



C2 −B2(T22)−1T21 = C1

B2(T22)−1 = B1

T21C2 − T21B2(T22)−1T21 − T22Φ2(T22)−1T21 = 0

T21B2(T22)−1 + T22Φ2(T22)−1 = Φ1
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i.e. to the system:



C2 = C1 +B2(T22)−1T21

B2(T22)−1 = B1

T21C1 = T22Φ2(T22)−1T21 + T21B2(T22)−1T21

T21B2(T22)−1 + T22Φ2(T22)−1 = Φ1.

Let us finally consider equation (D.7). We have:

QA′1 + A1Q =

 0 B1Q22

Q22B
′
1 Q22Φ′1 + Φ1Q22

 ,

B1B
′
1 =

 Σu,1 0

0 Σv,1

 ,
and:

TB2B
′
2T
′ =

 Σu,2 Σu,2(T21)′

T21Σu,2 T21Σu,2(T21)′ + T22Σv,2(T22)′

 .
Therefore, equation (D.7) is equivalent to the system:


0 = −Σu,1 + Σu,2

B1Q22 = Σu,2(T21)′

Q22Φ′1 + Φ1Q22 = −Σv,1 + T21Σu,2(T21)′ + T22Σv,2(T22)′.
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We conclude that for our state space system equations (D.5)-(D.9) are equivalent to:

C2 = C1 +B2(T22)−1T21 (D.16)

B2(T22)−1 = B1 (D.17)

T21C1 = T22Φ2(T22)−1T21 + T21B2(T22)−1T21 (D.18)

Φ1 = T21B2(T22)−1 + T22Φ2(T22)−1 (D.19)

Σu,1 = Σu,2 (D.20)

B1Q22 = Σu,2(T21)′ (D.21)

Q22Φ′1 + Φ1Q22 = −Σv,1 + T21Σu,2(T21)′ + T22Σv,2(T22)′. (D.22)

We now discuss global identification from these equations. We use the identification restriction that the

lower K ×K block of matrix B is the identity IK . Then, equation (D.17) implies T22 = IK and hence

B1 = B2. So the system becomes:

C2 = C1 +B2T21 (D.23)

B2 = B1 (D.24)

T21C1 = Φ2T21 + T21B2T21 (D.25)

Φ1 = T21B2 + Φ2 (D.26)

Σu,1 = Σu,2 (D.27)

B1Q22 = Σu,2(T21)′ (D.28)

Q22Φ′1 + Φ1Q22 = −Σv,1 + T21Σu,2(T21)′ + Σv,2. (D.29)

Thus, we get

C2 = C1 +B2T21

B2 = B1

Φ2 = Φ1 − T21B1

Σu,2 = Σu,1

Σv,2 = Σv,1 +Q22Φ′1 + Φ1Q22 − T21Σu,1(T21)′,
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where matrices Q22 and T21 solve

T21C1 = Φ1T21, (D.30)

B1Q22 = Σu,1(T21)′. (D.31)

Therefore, the ABCD model is identifiable by the spectral function if equations (D.30)-(D.31) admit

T21 = 0 and Q22 = 0 as the only solution. Now, from (D.31) we have T21 = Q22B
′
1Σ−1

u,1, and plugging

this into (D.30) we get:

Q22B
′
1Σ−1

u,1C1 = Φ1Q22B
′
1Σ−1

u,1.

By right-multiplying times Σu,1 and transposing this equation, we get:

Σu,1C
′
1Σ−1

u,1B1Q22 = B1Q22Φ′1.

This yields in Proposition 5 (b).

E Additional results

E.1 Proof of the unidentifiability of the (unrestricted) VARMA representation

In this section we show that parameters of the VARMA(p + q,q) representation are not identifiable in

general, unless the structural relationships in equations (A.2)-(A.3) are fully imposed. We present our

argument in the case p = q = 1. Then, the VARMA(2,1) representation reads:

Yt = (BΦB̄′ + C)Yt−1 − (BΦB̄′C)Yt−2 + wt +Bν ′wt−1, wt ∼WN(0,Σw). (E.1)

The matrices ν and Σw are such that Σw +Bν ′ΣwνB
′ = BΣvB

′ + Σu +BΦB̄′ΣuB̄Φ′B′ and ν ′Σw =

ΦB̄′Σu. Let us suppose that these two restrictions are not imposed on the parameters of (E.1), and

investigate identifiability of B, C, Φ, ν, Σw.

Proposition 11. Assume the matrix equation

aB′0a+ C ′0a− a(B′0B0)Φ′0 = 0 (E.2)
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admits non-trivial solutions for the n×K matrix a. Then, given the DGP in the state-space model (2.1)-

(2.2) with p = q = 1, the parameters B0, C0, Φ0, ν0 and Σw,0 are not identifiable from the VARMA(2,1)

representation (E.1).

Equation (E.2) is a so-called non-symmetric algebraic Riccati equation. Dilip and Pillai (2016) show that

in general, this equation has non-trivial real-valued solutions. As an example, consider the single-factor

case K = 1. Then, equation (E.2) is an eigenvalue-eigenvector equation C ′0a = ((B′0B0)Φ0 − B′0a)a

for matrix C ′0 (notice Φ0 is a scalar here). Suppose there exists an eigenvector v of C ′0 which is not in

R(B0)⊥, and let λ be its eigenvalue, with λ 6= Φ0. Then a = 1
B′0v

(Φ0 − λ)v is a solution of equation

(E.2).

Proof of Proposition 11: Let us consider the VARMA(2,1) representation in (E.1) written for the true

parameter values:

[In − (B0Φ0B̄
′
0 + C0)L+ (B0Φ0B̄

′
0C0)L2]Yt = (In +B0ν

′
0L)wt.

Let us multiply both sides by In −B0ς
′B′0⊥L, where ς is a (n−K)×K matrix. Then we get:

Yt = [B0(Φ0B
′
0 +ς ′B′0⊥)+C0]Yt−1− [B0(ς ′B′0⊥+Φ0B

′
0)C0]Yt−2 +wt+B0(ν0−B0⊥ς)

′wt−1. (E.3)

This yields another VARMA(2,1) representation as (E.1) with same parameterB0 but different parameters

C, Φ, ν, if we can find matrices C, Φ, ς such that

B0(Φ0B
′
0 + ς ′B′0⊥) + C0 = B0ΦB′0 + C (E.4)

B0(ς ′B′0⊥ + Φ0B
′
0)C0 = B0ΦB′0C, (E.5)

and either C 6= C0, or Φ 6= Φ0, or ς 6= 0. For this purpose, let us transform equation (E.4). Pre-

multiplying equation (E.4) by B̄′0 we get

Φ0B
′
0 + ς ′B′0⊥ + B̄′0C0 = ΦB′0 + B̄′0C. (E.6)

Post-multiplying equation (E.6) by B̄0 we get Φ0 + B̄′0C0B̄0 = Φ + B̄′0CB̄0, i.e.

Φ− Φ0 = −B̄′0(C − C0)B̄0. (E.7)
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Post-multiplying equation (E.6) by B̄0⊥ we get ς ′ + B̄′0C0B̄0⊥ = B̄′0CB̄0⊥, i.e.

ς ′ = B̄′0(C − C0)B̄0⊥. (E.8)

Now, pre-multiplying (E.4) by B′0⊥ we get B′0⊥(C − C0) = 0, which is equivalent to

C − C0 = B0a
′ (E.9)

where a is an n×K matrix. The equation (E.7) and (E.9) imply Φ−Φ0 = −a′B̄0, while equations (E.8)

and (E.9) imply ς ′ = a′B̄0⊥. Therefore, equation (E.4) is satisfied if, and only if,

C = C0 +B0a
′, Φ = Φ0 − a′B̄0, ς ′ = a′B̄0⊥. (E.10)

By plugging these equations into (E.5), using that B0 is full rank, we get:

(ς ′B′0⊥ + Φ0B
′
0)C0 = ΦB′0C,

a′B̄0⊥B
′
0⊥C0 + Φ0B

′
0C0 = (Φ0 − a′B̄0)B′0(C0 +B0a

′),

a′B̄0⊥B
′
0⊥C0 − Φ0(B′0B0)a′ + a′B̄0B

′
0C0 + a′B0a

′ = 0.

Hence, by using B̄0⊥B
′
0⊥ + B̄0B

′
0 = In, we get

a′C0 − Φ0(B′0B0)a′ + a′B0a
′ = 0. (E.11)

In Proposition 11 we assume that the matrix equation (E.11) admits non-trivial solutions for n×K matrix

a. Then, we have solutions of equations (E.4)-(E.5) with C 6= C0, Φ 6= Φ0 and ς 6= 0.

E.2 Identification of variance-covariance matrices Σu and Σv

Some transformations of the variance-covariance matrix Σu are semi-parametrically identifiable from

second-order moments of processes ηt and ξt. Indeed, we have V (ηt) = B′0⊥ΣuB0⊥ and Cov(ηt, ξt) =

B′0⊥ΣuB̄0. For the identification of the complementary transformation B̄′0ΣuB̄0 and of variance Σv, we

use the ACF of process ξt and the VAR(q) dynamics of the factor. Indeed, from the Yule-Walker equations
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of process (ft) we get:

Γf (0) =

q∑
j=1

ΦjΓf (−j) + Σv, (E.12)

Γf (h) =

q∑
j=1

ΦjΓf (h− j), 1 ≤ h ≤ q, (E.13)

where Γf (h) = Cov(ft, ft−h). Since the autoregressive matrices Φj and the autocovariances Γf (h) =

Cov(ξt, ξt−h) for h 6= 0 are identified (Section 3.3), system (E.13) yields a linear matrix equation to

identify the factor variance Γf (0) = V (ft). If we just consider the equation for h = q in (E.13), we

get ΦqΓf (0) = Cov(ξt, ξt−q) −
∑q−1

j=1 ΦjCov(ξt, ξt−q+j). Under Assumption ID.3, the latter equation

admits a unique solution and Γf (0) is identified. From V (ξt) = Γf (0) + B̄′0ΣuB̄0, the identification of

B̄′0ΣuB̄0 follows immediately. Finally, equation (E.12) yields the identification of Σv.

Proposition 12. Under Assumptions M.1, M.2, IR.1, ID.1, ID.2 and ID.3, matrices Σu and Σv are iden-

tifiable from the autocovariances of process {Yt}.

We can link Proposition 12 to specifications (i)-(iii) for Σu considered in Section 2.1. Differently

from a static factor model, we can identify the variance-covariance matrix Σu of the innovation ut with-

out imposing a diagonal structure on it (case (i)), because we rely on the factor dynamics to identify

parameters B0,C0. Once Σu is identified, matrices Λ and D in parameterization (ii) are identifiable

under the identification conditions for static factor models (e.g. Anderson and Rubin (1956), Lawley and

Maxwell (1971)). In case (iii), identification of matrices Q0 and D requires e.g. exclusion restrictions on

the elements of Q0 as in the literature on Structural VAR models (see e.g. Stock and Watson (2016) for a

recent survey).

E.3 Estimators of Σu and Σv

We estimate transformations ̂B′0⊥ΣuB0⊥ = Q̂ηη, ̂B′0⊥ΣuB̄0 = Q̂ηξ and ¯̂B′0ΣuB̄0 = Q̂ξξ − Γ̂f (0),

where Q̂ηη, Q̂ξξ and Q̂ηξ denote the sample variances of η̂t and ξ̂t, and their sample covariance matrix,

respectively. We estimate the factor variance Γ̂f (0) by the symmetric part of the matrix which solves

approximately in least square sense the linear system (E.13) after replacing Φ with Φ̂, and Γf (h) with

the sample ACF Γ̂ξ(h) of ξ̂t for h 6= 0. The symmetric part of matrix A is {A}s := 1
2(A+ A′). Finally,

Σ̂v = Γ̂f (0) − {
∑q

j=1 Φ̂jΓ̂ξ(−j)}s. This procedure does not ensure positive-definiteness of estimates
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Σ̂u and Σ̂v. Positive-semidefiniteness can be imposed by some regularization procedure, e.g. replacing

negative eigenvalues with zero.

E.4 Identification of model parameters when some of the factors are static

In Section 3, we have investigated the identification strategy of the model parameters for the state space

model (2.1)-(2.2) when the autoregressive matrix Φ0 is assumed to be a full rank matrix (Section 3.1), and

matrix Φq,0 is non-singular (Section 3.3). If Φ0 is a full rank matrix, then all the elements of the factor

vector ft and their linear combinations show a certain dynamics. In this section we analyse a model in

which the factors have some directions driven by a pure shock and discuss identification. To simplify, we

assume p = q = 1 throughout this section.

Let us assume that the rank of matrix Φ is r < K. Upon rotation of the factors, this model can be

written as

Yt = CYt−1 + Λggt + Λhht + ut (E.14) gt

ht

 =

 Φgg Φgh

0 0

 gt−1

ht−1

+

 vgt

vht

 , (E.15)

where we split the factor vector ft = (g′t, h
′
t)
′ such that gt and ht are respectively r and (K − r) dimen-

sional vectors, Λg and Λh are respectively n×r and n×(K−r) matrices of loadings, and [Φgg : Φgh] has

full row rank. The unobservable factors ht are driven by a pure shock, instead the unobservable factors gt

evolve dynamically. More precisely, process (ht) is White Noise and process (gt) follows a VARMA(1,1)

model.

For model (E.14)-(E.15) we have

EL(Yt|Yt−1, Yt−2) = C0Yt−1 + ΛgEL(gt|Yt−1, Yt−2) = (C0 + ΛgF
(2)
g,1 )Yt−1 + ΛgF

(2)
g,2 Yt−2,

where F (2)
g,1 , F

(2)
g,2 are the coefficients of the linear projection of gt on Yt−1, Yt−2. To identify the param-

eters we should impose identification restrictions on Λg as in Section 3 for the loadings B, as well as a

rank condition on F (2)
g,2 .
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Assumption IR.1. Matrix Λg is such that

Λg =

 Λg,1

Ir


where Λg,1 is the upper (n− r)× r block.

Assumption RR.1. The matrix F (2)
g,2 has full rank.

If Identification Restriction IR.1 and Assumption RR.1 hold, then Λg is identifiable with the same

argument for the identification ofB in Section 3.1 relying on the spectrum of matrixA∗2A
∗′
2 . In particular,

the number of non-zero eigenvalues of this matrix identifies the number r of dynamic factors.

A second identification restriction for the identification of Λg,⊥ has to be defined.

Assumption IR.2. Matrix Λg,⊥ is such that Λg,⊥ = [In−r : −Λg,1]′.

For the identification of matrix C, let us consider the following moment conditions:

E[(Λggt + Λhht + ut)(Λ
′
g,⊥(Λhht+j + ut+j))

′] = 0, j ≥ 1.

These conditions hold because we haveE(gtu
′
t+j) = 0,E(gth

′
t+j) = 0,E(htu

′
t+j) = 0,E(hth

′
t+j) = 0,

E(utu
′
t+j) = 0, E(uth

′
t+j) = 0, for j ≥ 1. We can notice that Λggt + Λhht + ut = Yt − C0Yt−1 and

Λ′g,⊥(Λhht+j + ut+j) = Λ′g,⊥(Yt+j − C0Yt+j−1). Moreover, the parameter δ′0 = Λ′g,⊥C0 is identifiable

as in Section 3.2 by regressing Λ′g,⊥Yt on Yt−1. We get the moment conditions

E[Yt(Y
′
t+jΛg,⊥ − Y ′t+j−1δ0)] = CE[Yt−1(Y ′t+jΛg,⊥ − Y ′t+j−1δ0)],

for j = 1, . . . ,M . They correspond to the restrictions in (3.7), using a negative index j in (3.6). Under

similar rank conditions as in Assumption ID.2 matrix C is identifiable.

To identify the loading matrix Λh, we have to consider the model given by

Yt − C0Yt−1 = [Λg,0 : Λh]

 gt

ht

+ ut, (E.16)

as a static factor model for observable data Yt −C0Yt−1. As noticed by Lawley and Maxwell (1971), the

identification of the loadings can be obtained if we impose some structure on the variance of ut, i.e. Σu is
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diagonal. Other conditions need to be specified, but necessary and sufficient restrictions are not provided

in closed form, see e.g. Lawley and Maxwell (1971), Anderson and Rubin (1956). Williams (2020) shows

that the identifiability of the parameters of a factor model does not require that the variance-covariance

matrix Σu is diagonal. Therefore, for the identification of Λh we state the following assumption.

Assumption RR.2. The model in equation (E.16) is such that the loading matrix [Λg : Λh] is identifiable.

Then, given that Λg is identifiable, we can recover Λh. Finally, the identification of matrices Φgg and

Φgh are obtained with a system of equations with IV variables as in Section 3.3.

E.4.1 A special case

Under Assumption RR.3 introduced below regarding the factor autoregressive matrix, the dynamic com-

ponent of the factor vector follows a VAR model without MA component, which simplifies identification.

Write Φ = ΨR′ with Ψ and R some K × r full rank matrices.

Assumption RR.3. Matrix R′Ψ is non-singular.

Note that matrix R′Ψ is invariant to transformations of the latent factor. 1 Let Ψ⊥ be a K × (K − r)

matrix spanning the orthogonal complement to the range of Ψ. Under Assumption RR.3, matrix S =

[Ψ⊥ : R] is non-singular. Indeed, S′[Ψ : Ψ⊥] =

 0 Ψ′⊥Ψ⊥

R′Ψ R′Ψ⊥

 is invertible, if R′Ψ is non-singular.

Consider the transformation f̃t = S′ft. We have:

f̃1t = Ψ′⊥ft = Ψ′⊥vt ≡ ṽ1t,

f̃2t = R′ft = (R′Ψ)R′ft−1 +R′vt = Φ̃f̃2,t−1 + ṽ2t,

where Φ̃ = R′Ψ. Then, with B̃ = B(S′)−1 the model writes

yt = Cyt−1 + B̃2f̃2t + ũt, (E.17)

f̃2t = Φ̃f̃2,t−1 + ṽ2t,

where ũt = ut + B̃1ṽ1,t. This is a model with K̃ = r dynamic factors in vector f̃2t following a VAR

model with autoregressive matrix Φ̃ of full-rank. Hence, Assumption ID.3 is met here. Notice however
1In fact, if we transform ft → Aft, with A non-singular, then we have Φ→ AΦA−1. Thus, Ψ→ AΨ and R→ (A−1)′R,

and R′Ψ is invariant to this transformation.
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that ũt and ṽ2t are correlated when Ψ′⊥ΣvR 6= 0. In fact, ũt contains K − r static factors ṽ1t possibly

correlated with the shocks of the dynamic factors.

When the rank of matrix R′Ψ is reduced, the latent factors involve components with non-Markov

dynamics as seen above.

Let us briefly discuss the identification in model (E.17) under Assumption RR.3. Suppose that p =

q = 1 is known to the econometrician. We apply the ideas in the paper accounting for the possible

correlation between ũt and ṽ2t. (i) We first use the pseudo-model Yt = A∗1Yt−1 + A∗2Yt−2 + u∗t . Under

the assumption rank(A∗2) = r, from the SVD of A∗2(A∗2)′ we identify K̃ = r and the range of B̃2. (ii)

The orthogonality restrictions E[εtη
′
t−j ] = 0 are valid for j ≤ −1, where εt = Yt − CYt−1 and the

instrument is ηt = B̃′2,⊥(Yt − CYt−1). So we can identify C by the IV condition. (iii) Finally we can

identify Φ̃ from the VARMA(1,1) dynamics of ξt = ¯̃B′2(Yt − CYt−1) using instruments.

E.5 Asymptotic variance of our estimator with Gaussian innovations

Consider our state space model with p = q = 1:

Yt = CYt−1 +Bft + ut

ft = Φft−1 + vt

where ut ∼WN(0,Σu) and vt ∼WN(0,Σv) are uncorrelated white noises, and matrixB is normalized

such that the lower K ×K block is the identity.

Let b = vec(B1), c = vec(C) and φ = vec(Φ). The asymptotic expansion of our estimator is (see

Theorem 2):

√
T


b̂− b0

ĉ− c0

φ̂− φ0

 =


Sb1 0 0 0

Sc1 Sc2 Sc3 0

Sφ1 Sφ2 Sφ3 Sφ4

 1√
T

T∑
t=1


Ỹt−2 ⊗ u∗t
Yt−1 ⊗ ηt

Zt ⊗ εt

Wt ⊗ et

+op(1) = S
1√
T

T∑
t=1

ψt+op(1)

where Ỹt−2 = Yt−2−EL(Yt−2|Yt−1), u∗t = Yt−EL(Yt|Yt−1, Yt−2), εt = Yt−CYt−1, et = ξt−Φξt−1,

Zt = (η′t−1, ..., η
′
t−M )′, Wt = (ξ′t−2, ..., ξ

′
t−1−L)′, with ηt = B′⊥(Yt − CYt−1) = B′⊥ut and ξt =

B̄′(Yt − CYt−1) = ft + B̄′ut, where B̄ = B(B′B)−1. The blocks of matrix S are defined in (B.7).
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Let us now derive results necessary to compute the asymptotic variance.

E.5.1 Computing the blocks of matrix S

i) The ACF

To compute the ACF Γ(j) of vector Yt we use the ABC(D) representation written as

Xt = AXt−1 + Bwt

Yt = [In : 0]Xt,

where Xt = (Y ′t , f
′
t)
′ and wt = (u′t, v

′
t)
′ ∼ N(0,Σw) and

A =

 C BΦ

0 Φ

 , B =

 In B

0 IK

 , Σw = V (wt) =

 Σu 0

0 Σv

 .

Then, the ACF VX(j) = Cov(Xt, Xt−j) of process Xt is given by

VX(j) = AjVX(0)

for any j ≥ 0, where the variance VX(0) is such that

vec(VX(0)) = (I(n+K)2 −A⊗A)−1(B ⊗ B)vec(Σw).

The autocovariances Γ(j) of process Yt are obtained by the upper-left n× n block of matrix VX(j), and

using Γ(−j) = Γ(j)′. The autocovariances Γf (j) of process ft are obtained by the lower-right K ×K

block of matrix VX(j).

ii) Pseudo-true values

We have EL(Yt|Yt−1, Yt−2) = A∗1Yt−1 +A∗2Yt−2 with

[
A∗1 A∗2

]
= Cov(Yt,Yt−1)V (Yt−1)−1

=
[

Γ(1) Γ(2)
] Γ(0) Γ(1)

Γ(1)′ Γ(0)

−1
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where Yt−1 = (Y ′t−1, Y
′
t−2)′. In particular, by the formula of the partitioned inverse:

A∗2 =
(
Γ(2)− Γ(1)Γ(0)−1Γ(1)

) (
Γ(0)− Γ(1)′Γ(0)−1Γ(1)

)−1
. (E.18)

Alternatively, we have A∗2 = BΦP ′2 where P2 is the coefficient matrix in the linear projection

EL(ft−1|Yt−1, Yt−2) = P ′1Yt−1 + P ′2Yt−2 that is given by

[
P ′1 P ′2

]
= Cov(ft−1,Yt−1)V (Yt−1)−1

=
[

Π′ ΦΠ′
] Γ(0) Γ(1)

Γ(1)′ Γ(0)

−1

where Π = Cov(Yt, ft) is obtained by the upper-right block of VX(0). Then:

A∗2 = BΦ
(
ΦΠ′ −Π′Γ(0)−1Γ(1)

) (
Γ(0)− Γ(1)′Γ(0)−1Γ(1)

)−1
. (E.19)

iii) Matrix Sb1

From (B.7) we have

Sb1 =
(
Q⊗B′⊥

) K∑
i=0,i 6=1

1

λ1 − λi
(U1 ⊗ Pi) : · · · :

K∑
i=0,i 6=K

1

λK − λi
(UK ⊗ Pi)

′
×(In2 +Kn,n)

[(
A∗2(Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1

)
⊗ In

]
where U1, ... , UK are the standardized eigenvectors of matrix R = A∗2(A∗2)′ associated with the non-

zero eigenvalues λ1 > · · · > λK > 0, matrices Pi = UiU
′
i are the corresponding eigenprojectors, and

P0 = In − B(B′B)−1B′ is the eigenprojector for eigenvalue λ0 = 0; the K ×K matrix Q is such that

Q′(B′B)Q = IK .

Now, write Q = [Q1 : · · · : QK ], where the Qk are the columns of matrix Q and are equal to

Qk = 1√
µk
Ek, where the Ek and µk are standardized eigenvectors and eigenvalues of B′B. We have
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Uk = BQk from (B.1). Then, B′⊥Pi = 0 for i = 1, ...,K, while B′⊥P0 = B′⊥. Moreover:

(
Q⊗B′⊥

) K∑
i=0,i 6=1

1

λ1 − λi
(U1 ⊗ Pi) : · · · :

K∑
i=0,i 6=K

1

λK − λi
(UK ⊗ Pi)

′

=
[
Q1 ⊗B′⊥ · · · QK ⊗B′⊥

]
U ′1 ⊗ (

∑K
i=0,i 6=1

1
λ1−λiPi)

...

U ′K ⊗ (
∑K

i=0,i 6=K
1

λK−λiPi)


=

K∑
k=1

1

λk
(QkU

′
k)⊗B′⊥ = [

K∑
k=1

1

λk
(QkQ

′
k)B

′]⊗B′⊥ = [(
K∑
k=1

1

λkµk
EkE

′
k)B

′]⊗B′⊥.

Thus we get

Sb1 =

(
[(

K∑
k=1

1

λkµk
EkE

′
k)B

′]⊗B′⊥

)
(In2 +Kn,n)

[(
A∗2(Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1

)
⊗ In

]
.

Now, we use that by the properties of the commutation matrix we have

Kn,n
[(
A∗2(Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1

)
⊗ In

]
=
[
In ⊗

(
A∗2(Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1

)]
Kn,n,

and A∗2 = BD′ for D′ = B̄′A∗2 = Φ
(
ΦΠ′ −Π′Γ(0)−1Γ(1)

) (
Γ(0)− Γ(1)′Γ(0)−1Γ(1)

)−1 from (E.18)

and (E.19). Thus, because B′⊥A
∗
2 = 0 we get:

Sb1 =

(
[(

K∑
k=1

1

λkµk
EkE

′
k)B

′]⊗B′⊥

)[(
A∗2(Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1

)
⊗ In

]
= [(

K∑
k=1

1

λkµk
EkE

′
k)B

′A∗2(Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1]⊗B′⊥

= [(

K∑
k=1

1

λk
EkE

′
k)D

′(Γ(0)− Γ(1)′Γ(0)−1Γ(1))−1]⊗B′⊥.

iv) Matrix [Sc1 : Sc2 : Sc3]
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From (B.7) with p = 1 we know that:

[Sc1 : Sc2 : Sc3] = −(J ′cΩcJc)
−1J ′cΩc[ (

Jb − Jd(Γ(0)−1Γ[K](−1)⊗ In−K)
)
Sb1 Jd(Γ(0)−1 ⊗ In−K) In(n−K)M

]
where Γ[K](−1) denotes the K right columns of matrix Γ(−1) = Γ(1)′. Let us now compute matrices

Jc, Jb and Jd.

• We have Jc = −Q′Y−Z ⊗ In and

QY−Z =
(

Γ(0)− Γ(1)C ′ Γ(1)− Γ(2)C ′ · · · Γ(M − 1)− Γ(M)C ′
)

(IM ⊗B⊥).

Equivalently, by using E(Yt−1η
′
t−j) = E(Yt−1u

′
t−j)B⊥ = Cj−1ΣuB⊥, for j ≥ 1, which yields:

QY−Z =
(
In C · · · CM−1

)
[IM ⊗ (ΣuB⊥)].

• We have

Jd = −(IM ⊗Kn−K,n)[


Γ(2)− CΓ(1)

...

Γ(M + 1)− CΓ(M)

⊗ In−K ].

• Moreover:

Jb = −(IM ⊗Kn−K,n)[


Γ(1)− CΓ(0)

...

Γ(M)− CΓ(M − 1)


[n−K+1:n]

⊗ In−K ],

where (·)[n−K+1:n] denotes the K right columns of a matrix.

v) Matrix [Sφ1 : Sφ2 : Sφ3 : Sφ4]

From (B.7) we have

[Sφ1 : Sφ2 : Sφ3 : Sφ4] = −(J ′φΩφJφ)−1J ′φΩφ

[
JbSb1 + JcSc1 JcSc2 JcSc3 IK2L

]
.
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We now compute matrices Jφ, Jb and Jc.

• We have Jφ = −QWξ− ⊗ IK with

QWξ− =


Γf (0)Φ′

Γf (0)(Φ′)2

...

Γf (0)(Φ′)L

 . (E.20)

• With q = 1 we have

Jc = −


E[etY

′
t−3]

...

E[etYt−L−2]

⊗ B̄′ − E(WtY
′
t−1)⊗ B̄′ + E(WtY

′
t−2)⊗ (ΦB̄′)

= −


B̄′[Γ(−1)− CΓ(−2)]

...

B̄′[Γ(−L)− CΓ(−L− 1)]

⊗ B̄′ +


B̄′[Γ(0)− CΓ(−1)]
...

B̄′[Γ(1− L)− CΓ(−L)]

⊗ (ΦB̄′).

• Finally:

Jb =




E(etε
′
t−2)

...

E(etεt−1−L)

⊗ IK + E(Wtε
′
t)⊗ IK − E(Wtε

′
t−1)⊗ Φ

D0

=




Γf (0)(Φ′)2B′

...

Γf (0)(Φ′)L+1B′

⊗ IK −


Γf (0)Φ′B′

...

Γf (0)(Φ′)LB′

⊗ Φ

D0

=
{

(QWξ−Φ′B′)⊗ IK − (QWξ−B
′)⊗ Φ

}
D0

= QWξ− ⊗ (Φ(B′B)−1B′1)− (QWξ−Φ′)⊗ ((B′B)−1B′1),

for QWξ− given in (E.20), where D0 = (P0,[n−K] ⊗ (B′B)−1)Kn−K,K − B̄ ⊗ ((B′B)−1B′1),

P0,[n−K] denotes the first n −K columns of P0 = In − B(B′B)−1B′ and B1 is the upper block

of B.
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E.5.2 Computing the asymptotic variance of 1√
T

∑T
t=1 ψt

The asymptotic variance is
∑∞

j=−∞Cov(ψt, ψt−j). We can compute in closed form the autocovariances

Cov(ψt, ψt−j) when the WN processes ut and vt are Gaussian. Then, any block in ψt is the Kronecker

product of two Gaussian zero-mean vectors. Thus, what we need are covariances of the type

Cov(x1 ⊗ x2, x3 ⊗ x4)

where x1, ..., x4 are zero-mean jointly Gaussian vectors. We use the next Lemma.

Lemma 7. Let x1, x2, x3, x4 be four zero-mean jointly Gaussian vectors of dimensions N,m, r, s, re-

spectively, such that X = (x′1, x
′
3)′ and Y = (x′2, x

′
4)′ have variances V (X) = ΩXX and V (Y ) = ΩY Y

and covariance Cov(X,Y ) = ΩXY . Then:

Cov(x1 ⊗ x2, x3 ⊗ x4) = A1

[
ΩXX ⊗ ΩY Y +KN+r,m+s(Ω

′
XY ⊗ ΩXY )

]
A′2, (E.21)

where A1 =
[
IN ⊗ [Im : Om×s] ONm×r(m+s)

]
and A2 =

[
Ors×N(m+s) Ir ⊗ [Os×m : Is]

]
.

Proof. The result follows from writing x1 ⊗ x2 = A1(X ⊗ Y ) and x3 ⊗ x4 = A2(X ⊗ Y ), and

V (X ⊗ Y ) = ΩXX ⊗ ΩY Y +KN+r,m+s(Ω
′
XY ⊗ ΩXY ) (see e.g. Magnus and Neudecker’s book).

The derivation of the asymptotic variance
∑∞

j=−∞Cov(ψt, ψt−j) proceeds as follow. In Step 1,

we use Lemma 1 to rewrite this asymptotic variance in terms of variances and covariances of Gaussian

vectors. Indeed, let us define the zero-mean Gaussian vectors:

x1 =


Ỹt−2

Yt−1

Zt

Wt

 , x2 =


u∗t

ηt

εt

et

 , x3 =


Ỹt−2−j

Yt−1−j

Zt−j

Wt−j

 , x4 =


u∗t−j

ηt−j

εt−j

et−j

 .

The dimensionsN ,m, r and s of these four vectors areN = r = 2n+(n−K)M+KL andm = s = 3n.

In order to write vector ψt as a linear transformation of the Kronecker product x1 ⊗ x2, let us partition
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the identity matrices IN and Im as:

IN =



S11
n×N

S21
n×N

S31
(n−K)M×N

S41
KL×N


, Im =



S12
n×m

S22
(n−K)×m

S32
n×m

S42
k×m


,

reflecting the blocks in x1 and x2. Then, we have for instance Ỹt−2 ⊗ u∗t = (S11x1) ⊗ (S12x2) =

(S11⊗S12)(x1⊗x2), and similarly for the other Kronecker products in vector ψt. Thus, ψt = S(x1⊗x2),

where

S =


S11 ⊗ S12

S21 ⊗ S22

S31 ⊗ S32

S41 ⊗ S42

 , (E.22)

and ψt−j = S(x3 ⊗ x4). Hence

Cov(ψt, ψt−j) = SCov(x1 ⊗ x2, x3 ⊗ x4)S ′.

Now, by Lemma 1 we haveCov(x1⊗x2, x3⊗x4) = A1[ΩXX⊗ΩY Y +K2N,2m(Ω′XY ⊗ΩXY )]A′2, where

ΩXX , ΩY Y and ΩXY are the variance matrices, and the covariance, of X = (x′1, x
′
3)′, Y = (x′2, x

′
4)′,

and

A1 =
[
IN ⊗ [Im : Om×m] ONm×2Nm

]
, (E.23)

A2 =
[
ONm×2Nm IN ⊗ [Om×m : Im]

]
. (E.24)

In Step 2, we write vectors x1, x2, x3 and x4 as linear transformations of current and lagged realizations

of process Yt. Indeed, by using Ỹt−2 = Yt−2 − Γ(1)′Γ(0)−1Yt−1 and

Zt =


B′⊥(Yt−1 − CYt−2)

...

B′⊥(Yt−M − CYt−M−1)

 , Wt =


B̄′(Yt−2 − CYt−3)

...

B̄′(Yt−L−1 − CYt−L−2)

 ,
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and denoting Lmax = max{M + 1, L+ 2} we have

x1 =



−Γ(1)′Γ(0)−1 In On×n On×n · · · On×n

In On×n On×n On×n · · · On×n

B′⊥ −B′⊥C On×n On×n · · · On×n

On×n B′⊥ −B′⊥C On×n · · · On×n
. . . . . .

On×n B̄′ −B̄′C On×n · · · On×n

On×n On×n B̄′ −B̄′C · · · On×n
. . . . . .





Yt−1

Yt−2

Yt−3

Yt−4

...

Yt−Lmax


≡M1Yt−1:t−Lmax

(E.25)

where in vector Yt−1:t−Lmax we stack the lags t − 1 up to t − Lmax of vector Y , and matrix M1 is

L × Lmaxn. Similarly, using u∗t = Yt − A∗1Yt−1 − A∗2Yt−2, ηt = B′⊥(Yt − CYt−1), εt = Yt − CYt−1

and et = B̄′(Yt − CYt−1)− ΦB̄′(Yt−1 − CYt−2) = B̄′Yt − (B̄′C + ΦB̄′)Yt−1 + ΦB̄′CYt−2, we have

x2 =


In −A∗1 −A∗2
B′⊥ −B′⊥C On×n

In −C On×n

B̄′ −(B̄′C + ΦB̄′) ΦB̄′C




Yt

Yt−1

Yt−2

 ≡M2Yt:t−2, (E.26)

where matrix M2 is m× 3n. Thus, x1 = M1Yt−1:t−Lmax , x2 = M2Yt:t−2, x3 = M1Yt−1−j:t−Lmax−j ,

and x4 = M2Yt−j:t−2−j .

In Step 3, we use the writing of x1, ..., x4 as linear transformations of Yt and its lags to derive the

matrices ΩXX , ΩY Y and ΩXY . We have for j ≥ 0:

X =

 x1

x3

 =

 M1 : OL×jn

OL×jn : M1

Yt−1:t−Lmax−j ≡MX(j)Yt−1:t−Lmax−j ,

and

Y =

 x2

x4

 =

 M2 : Om×jn

Om×jn : M2

Yt:t−2−j ≡MY (j)Yt:t−2−j .

Note that in matrixMX(j) the blocks in the upper and lower parts are not vertically aligned, and similarly
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for MY (j). We have

V (Yt−1:t−Lmax−j) =


Γ(0) Γ(1) · · · · · · Γ(Lmax + j − 1)

Γ(−1) Γ(0) Γ(1) · · · Γ(Lmax + j − 2)

. . . . . .

Γ(−Lmax − j + 1) Γ(−Lmax − j + 2) · · · · · · Γ(0)

 ≡ T1(j),

V (Yt:t−2−j) =


Γ(0) Γ(1) · · · · · · Γ(j + 2)

Γ(−1) Γ(0) Γ(1) · · · Γ(j + 1)

. . . . . .

Γ(−j − 2) Γ(−j − 1) · · · · · · Γ(0)

 ≡ T2(j),

and

Cov(Yt−1:t−Lmax−j ,Yt:t−2−j) =


Γ(−1) Γ(0) · · · · · · Γ(j + 1)

Γ(−2) Γ(−1) Γ(0) · · · Γ(j)

. . . . . .

Γ(−Lmax − j) Γ(−Lmax − j + 1) · · · · · · Γ(−Lmax + 2)


≡ T12(j).

Thus, we get ΩXX = MX(j)T1(j)MX(j)′, ΩY Y = MY (j)T2(j)MY (j)′ and ΩXY = MX(j)T12(j)MY (j)′.

To conclude, we summarize our result. The asymptotic variance is

∞∑
j=−∞

Cov(ψt, ψt−j) = Γψ(0) +

∞∑
j=1

[Γψ(j) + Γψ(j)′]

where:

Γψ(j) = SA1

[
ΩXX(j)⊗ ΩY Y (j) +K2N,2m(ΩXY (j)′ ⊗ ΩXY (j))

]
A′2S ′

for j ≥ 0, the matrices A1 and A2 are given in (E.23), the matrix S is defined in (E.22), and

ΩXX(j) = MX(j)T1(j)MX(j)′,

ΩY Y (j) = MY (j)T2(j)MY (j)′,

ΩXY (j) = MX(j)T12(j)MY (j)′,
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and

MX(j) =

 M1 : OL×jn

OL×jn : M1

 , MY (j) =

 M2 : Om×jn

Om×jn : M2


and the matrices M1 and M2 are given in (E.25) and (E.26).

E.6 Asymptotic variance of MLE in the state space model

Consider the state space model

Yt = CYt−1 +Bft + ut

ft = Φft−1 + vt

where ut ∼ WN(0,Σu) and vt ∼ WN(0,Σv) are uncorrelated white noises, and matrix B is such that

the lower K ×K block is the identity. We collect in vector θ the set of unknown parameters.

Let us start with the MLE. The errors ut and vt are assumed Gaussian. Under regularity conditions

(including global and local identification), the MLE θ̂ is asymptotically normal as T →∞, i.e.

√
T (θ̂ − θ0) ⇒ N(0, I−1

0 ),

where the asymptotic variance is given by the inverse information matrix, that is defined as

I0 = lim
T→∞

E[− 1

T

∂2LT (θ0)

∂θ∂θ′
]

= lim
T→∞

1

T

T∑
t=1

{
E[
∂mt(θ0)′

∂θ
Σt(θ0)−1∂mt(θ0)

∂θ′
] +

1

2
E[
∂vecΣt(θ0)′

∂θ
(Σt(θ0)−1 ⊗ Σt(θ0)−1)

∂vecΣt(θ0)

∂θ′
]

}

where mt(θ0) = EL[Yt|Yt−1] with Yt−1 = (Yt−1, ..., Y1) and Σt(θ0) = V [Yt − mt(θ0)]. Note that

under the Gaussian assumption, EL coincides with conditional expectation, and Σt(θ0) coincides with

the conditional variance of Yt given Yt−1 (which is independent of Yt−1).

E.6.1 Derivation of the information matrix formula

See Lutkepohl (2007), equation (18.4.7).

53



E.6.2 Numerical computation of the information matrix

The numerical computation of the information matrix I0 uses the Kalman filter. We have the following

equations from the standard Kalman filter:

ft|t−1 = Φft−1|t−1 (E.27)

Yt|t−1 = Bft|t−1 + CYt−1 (E.28)

Vt|t−1 = ΦVt−1|t−1Φ′ + Σv (E.29)

Σt|t−1 = BVt|t−1B
′ + Σu (E.30)

ft|t = ft|t−1 + Vt|t−1B
′Σ−1
t|t−1(Yt − Yt|t−1) (E.31)

Vt|t = Vt|t−1 − Vt|t−1B
′Σ−1
t|t−1BVt|t−1 (E.32)

where ft|t−1 and ft|t are the predicted and filtered values of the factor, Vt|t−1 and Vt|t are the correspond-

ing variances of the prediction and filtering errors, respectively, and similarly Yt|t−1, Yt|t, Σt|t−1 and

Σt|t for the endogenous variables. All these quantities depend on θ, but we omit this dependence in the

notation for expository purpose. Note that Yt|t−1 corresponds to mt(θ), and Σt|t−1 to Σt(θ) introduced

above.

Thus, the equations

Yt|t−1 = BΦft−1|t−1 + CYt−1 (E.33)

Σt|t−1 = B(ΦVt−1|t−1Φ′ + Σv)B
′ + Σu (E.34)

link the prediction vector, and prediction error variance, of Yt to the lagged filtered value of the factor,

and the associated variance of the filtering error. The latter satisfy the recursions

ft|t = Φft−1|t−1 + Vt|t−1B
′(BVt|t−1B

′ + Σu)−1(Yt −BΦft−1|t−1 − CYt−1)

Vt|t = Vt|t−1 − Vt|t−1B
′(BVt|t−1B

′ + Σu)−1BVt|t−1

where

Vt|t−1 = ΦVt−1|t−1Φ′ + Σv.

By differentiating these equations w.r.t. θ we get recursive relations for the gradients, that we now derive.
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One-factor model

We consider the case of a single factor model (K = 1), in which the derivations are a bit simpler.

Here, the normalization of the loading vector is B = (b′, 1)′. Then, the vector of the parameters is

θ = (c′, b′, φ, S′u, σ
2
v)
′,

where c = vec(C) and Su = vech(Σu).

The recursive equations are:

Yt|t−1 = Bφft−1|t−1 + CYt−1 (E.35)

Σt|t−1 = [φ2Vt−1|t−1 + σ2
v ]BB

′ + Σu (E.36)

ft|t = φft−1|t−1 + Vt|t−1B
′(Vt|t−1BB

′ + Σu)−1(Yt −Bφft−1|t−1 − CYt−1)

Vt|t = Vt|t−1 − V 2
t|t−1B

′(Vt|t−1BB
′ + Σu)−1B

Vt|t−1 = φ2Vt−1|t−1 + σ2
v .

By writing Yt|t−1 = Bφft−1|t−1 + CYt−1 = Bφft−1|t−1 + (Y ′t−1 ⊗ In)c, we have:

∂Yt|t−1

∂c′
= Bφ

∂ft−1|t−1

∂c′
+ Y ′t−1 ⊗ In

∂Yt|t−1

∂B′
= Bφ

∂ft−1|t−1

∂B′
+ Inφft−1|t−1

∂Yt|t−1

∂φ
= Bφ

∂ft−1|t−1

∂φ
+Bft−1|t−1

∂Yt|t−1

∂S′u
= Bφ

∂ft−1|t−1

∂S′u
∂Yt|t−1

∂σ2
v

= Bφ
∂ft−1|t−1

∂σ2
v

,

where the gradient w.r.t. b is obtained from the gradient w.r.t. B by deleting the last row. Thus we get:

∂mt(θ0)

∂θ′
= B0φ0

∂ft−1|t−1

∂θ′
+

[
Y ′t−1 ⊗ In I1:n−1φ0ft−1|t−1 B0ft−1|t−1 0

n×n(n+1)
2

0n×1

]
,

(E.37)
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where I1:n−1 is the n × (n − 1) matrix that is obtained from the identity matrix In by deleting the last

column.

By using vec(Σt|t−1) = (φ2Vt−1|t−1 + σ2
v)B ⊗ B + MSu, where M is a n2 × n(n+1)

2 matrix such

that vec(Σu) = Mvech(Σu), we get

∂vec(Σt|t−1)

∂c′
= (B ⊗B)φ2∂Vt−1|t−1

∂c′

∂vec(Σt|t−1)

∂B′
= (B ⊗B)φ2∂Vt−1|t−1

∂B′
+ (φ2Vt−1|t−1 + σ2

v)
∂B ⊗B
∂B′

∂vec(Σt|t−1)

∂φ
= (B ⊗B)φ2∂Vt−1|t−1

∂φ
+ 2φVt−1|t−1B ⊗B

∂vec(Σt|t−1)

∂S′u
= (B ⊗B)φ2∂Vt−1|t−1

∂S′u
+M

∂vec(Σt|t−1)

∂σ2
v

= (B ⊗B)φ2∂Vt−1|t−1

∂σ2
v

+B ⊗B.

Note that ∂B⊗B∂Bk
= ek ⊗B +B ⊗ ek, where ek is the kth column of the identity matrix In. Thus we get:

∂vecΣt(θ0)

∂θ′
= (B0 ⊗B0)φ2

0
∂Vt−1|t−1

∂θ′

+
[

0n2×n (φ2
0Vt−1|t−1 + σ2

v,0)∂B0⊗B0
∂b′0

2φ0Vt−1|t−1B0 ⊗B0 M B0 ⊗B0

]
where ∂B0⊗B0

∂b′0
= I1:n−1 ⊗B0 +B0 ⊗ I1:n−1.

Let us now obtain the recursive equations for the gradient of ft|t.

(i) Derivative of ft|t w.r.t. c. We have

∂ft|t

∂c′
= φ

∂ft−1|t−1

∂c′
+B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt|t−1

∂c′

−Vt|t−1B
′Σ−1
t|t−1BB

′Σ−1
t|t−1(Yt − Yt|t−1)

∂Vt|t−1

∂c′

−Vt|t−1B
′Σ−1
t|t−1[Bφ

∂ft−1|t−1

∂c′
+ (Y ′t−1 ⊗ In)].

Using
∂Vt|t−1

∂c = φ2 ∂Vt−1|t−1

∂c and rearranging terms, we get:

∂ft|t

∂c
= φ

(
1− Vt|t−1B

′Σ−1
t|t−1B

) ∂ft−1|t−1

∂c

+φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂c
− Vt|t−1[Yt−1 ⊗ (Σ−1

t|t−1B)].
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(ii) Derivative of ft|t w.r.t. b. We have

∂ft|t

∂B′
= φ

∂ft−1|t−1

∂B′
+B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt|t−1

∂B′
+ Vt|t−1(Yt − Yt|t−1)′Σ−1

t|t−1

−Vt|t−1B
′Σ−1
t|t−1BB

′Σ−1
t|t−1(Yt − Yt|t−1)

∂Vt|t−1

∂B′

−V 2
t|t−1

(
B′Σ−1

t|t−1

∂BB′

∂Bk
Σ−1
t|t−1(Yt − Yt|t−1)

)
k=1,...,n

−Vt|t−1B
′Σ−1
t|t−1[Bφ

∂ft−1|t−1

∂B′
+ φft−1|t−1In].

We use

B′Σ−1
t|t−1

(
∂BB′

∂Bk

)
Σ−1
t|t−1(Yt − Yt|t−1) =

{
[(Yt − Yt|t−1)′Σ−1

t|t−1]⊗ [B′Σ−1
t|t−1]

}
vec

(
∂BB′

∂Bk

)
=

{
[(Yt − Yt|t−1)′Σ−1

t|t−1]⊗ [B′Σ−1
t|t−1]

}
(ek ⊗B +B ⊗ ek)

= (Yt − Yt|t−1)′Σ−1
t|t−1ek(B

′Σ−1
t|t−1B)

+(Yt − Yt|t−1)′Σ−1
t|t−1BB

′Σ−1
t|t−1ek,

where ek is the kth column of In, and
∂Vt|t−1

∂B = φ2 ∂Vt−1|t−1

∂B to get:

∂ft|t

∂b
= φ

(
1− Vt|t−1B

′Σ−1
t|t−1B

) ∂ft−1|t−1

∂b

+φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂b

+Vt|t−1[Σ−1
t|t−1(Yt − Yt|t−1 −Bφft−1|t−1)]1:n−1

−V 2
t|t−1(B′Σ−1

t|t−1B)[Σ−1
t|t−1(Yt − Yt|t−1)]1:n−1

−V 2
t|t−1B

′Σ−1
t|t−1(Yt − Yt|t−1)[Σ−1

t|t−1B]1:n−1

= φ
(

1− Vt|t−1B
′Σ−1
t|t−1B

) ∂ft−1|t−1

∂b

+φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂b

+Vt|t−1

(
1− Vt|t−1B

′Σ−1
t|t−1B

)
[Σ−1
t|t−1(Yt − Yt|t−1)]1:n−1 − Vt|t−1ft|t[Σ

−1
t|t−1B]1:n−1.
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(iii) Derivative of ft|t w.r.t. φ. We have

∂ft|t

∂φ
= φ

∂ft−1|t−1

∂φ
+ ft−1|t−1 +B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt|t−1

∂φ

−Vt|t−1B
′Σ−1
t|t−1BB

′Σ−1
t|t−1(Yt − Yt|t−1)

∂Vt|t−1

∂φ

−Vt|t−1B
′Σ−1
t|t−1[Bφ

∂ft−1|t−1

∂φ
+Bft−1|t−1]

= φ
(

1− Vt|t−1B
′Σ−1
t|t−1B

) ∂ft−1|t−1

∂φ

+
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt|t−1

∂φ
+
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
ft−1|t−1.

Using
∂Vt|t−1

∂φ = φ2 ∂Vt−1|t−1

∂φ + 2φVt−1|t−1 we get:

∂ft|t

∂φ
= φ

(
1− Vt|t−1B

′Σ−1
t|t−1B

) ∂ft−1|t−1

∂φ

+φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂φ

+
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
ft−1|t−1 + 2φVt−1|t−1

(
1− Vt|t−1B

′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1).

(iv) Derivative of ft|t w.r.t. Su. We have

∂ft|t

∂S′u
= φ

∂ft−1|t−1

∂S′u
+B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt|t−1

∂S′u

−Vt|t−1B
′Σ−1
t|t−1BB

′Σ−1
t|t−1(Yt − Yt|t−1)

∂Vt|t−1

∂S′u

−Vt|t−1

(
B′Σ−1

t|t−1

∂Σu

∂Su,k
Σ−1
t|t−1(Yt − Yt|t−1)

)
k=1,...,

n(n+1)
2

−Vt|t−1B
′Σ−1
t|t−1[Bφ

∂ft−1|t−1

∂S′u
].

Using

B′Σ−1
t|t−1

∂Σu

∂Su,k
Σ−1
t|t−1(Yt − Yt|t−1) =

{
[(Yt − Yt|t−1)′Σ−1

t|t−1]⊗ [B′Σ−1
t|t−1]

} ∂vecΣu

∂Su,k
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and
∂Vt|t−1

∂Su
= φ2 ∂Vt−1|t−1

∂Su
and rearranging terms, we get:

∂ft|t

∂Su
= φ

(
1− Vt|t−1B

′Σ−1
t|t−1B

) ∂ft−1|t−1

∂Su

+φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂Su

−Vt|t−1M
′
{

[Σ−1
t|t−1(Yt − Yt|t−1)]⊗ [Σ−1

t|t−1B]
}
.

(v) Derivative of ft|t w.r.t. σ2
v . We have

∂ft|t

∂σ2
v

= φ
∂ft−1|t−1

∂σ2
v

+B′Σ−1
t|t−1(Yt − Yt|t−1)

∂Vt|t−1

∂σ2
v

−Vt|t−1B
′Σ−1
t|t−1BB

′Σ−1
t|t−1(Yt − Yt|t−1)

∂Vt|t−1

∂σ2
v

−Vt|t−1B
′Σ−1
t|t−1Bφ

∂ft−1|t−1

∂σ2
v

and
∂Vt|t−1

∂σ2
v

= φ2 ∂Vt−1|t−1

∂σ2
v

+ 1 which yields

∂ft|t

∂σ2
v

= φ
(

1− Vt|t−1B
′Σ−1
t|t−1B

) ∂ft−1|t−1

∂σ2
v

+φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂σ2
v

+
(

1− Vt|t−1B
′Σ−1
t|t−1B

)
B′Σ−1

t|t−1(Yt − Yt|t−1).

Putting these equations together and evaluating the parameters at the true values, we get

∂ft|t

∂θ
= φ0γt

∂ft−1|t−1

∂θ
+ φ2

0γtB
′
0Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂θ
+At (E.38)

where

γt = 1− Vt|t−1B
′
0Σ−1

t|t−1B0
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and

At =



−Vt|t−1[Yt−1 ⊗ (Σ−1
t|t−1B0)]

Vt|t−1γt[Σ
−1
t|t−1(Yt − Yt|t−1)]1:n−1 − Vt|t−1ft|t[Σ

−1
t|t−1B0]1:n−1

γt

(
ft−1|t−1 + 2φ0Vt−1|t−1B

′
0Σ−1

t|t−1(Yt − Yt|t−1)
)

−Vt|t−1M
′
{

[Σ−1
t|t−1(Yt − Yt|t−1)]⊗ [Σ−1

t|t−1B0]
}

γtB
′
0Σ−1

t|t−1(Yt − Yt|t−1)


.

Let us finally obtain the recursive equations for the gradient of Vt|t.

(i) Derivative of Vt|t w.r.t. c. We have

∂Vt|t

∂c′
=

∂Vt|t−1

∂c′
− 2Vt|t−1B

′Σ−1
t|t−1B

∂Vt|t−1

∂c′

+V 2
t|t−1B

′Σ−1
t|t−1BB

′Σ−1
t|t−1B

∂Vt|t−1

∂c′

= φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)2 ∂Vt−1|t−1

∂c′
.

(ii) Derivative of Vt|t w.r.t. b. We have

∂Vt|t

∂B′
=

(
1− Vt|t−1B

′Σ−1
t|t−1B

)2 ∂Vt|t−1

∂B′

+V 3
t|t−1

(
B′Σ−1

t|t−1

∂BB′

∂Bk
Σ−1
t|t−1B

)
k=1,...,n

− 2V 2
t|t−1B

′Σ−1
t|t−1.

By using B′Σ−1
t|t−1

∂BB′

∂Bk
Σ−1
t|t−1B = 2(B′Σ−1

t|t−1B)B′Σ−1
t|t−1ek and

∂Vt|t−1

∂b = φ2 ∂Vt−1|t−1

∂b we get

∂Vt|t

∂b
= φ2

(
1− Vt|t−1B

′Σ−1
t|t−1B

)2 ∂Vt−1|t−1

∂b

−2V 2
t|t−1

(
1− Vt|t−1B

′Σ−1
t|t−1B

)
[Σ−1
t|t−1B]1:n−1.

(iii) Derivative of Vt|t w.r.t. φ. We have

∂Vt|t

∂φ
=

(
1− Vt|t−1B

′Σ−1
t|t−1B

)2 ∂Vt|t−1

∂φ

= φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)2 ∂Vt−1|t−1

∂φ
+ 2φVt−1|t−1

(
1− Vt|t−1B

′Σ−1
t|t−1B

)2
.
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(iv) Derivative of Vt|t w.r.t. Su. We have

∂Vt|t

∂S′u
=

(
1− Vt|t−1B

′Σ−1
t|t−1B

)2 ∂Vt|t−1

∂S′u

+V 2
t|t−1

(
B′Σ−1

t|t−1

∂Σu

∂Su,k
Σ−1
t|t−1B

)
k=1,...,n

.

By using
(
B′Σ−1

t|t−1
∂Σu
∂Su,k

Σ−1
t|t−1B

)
k=1,...,

n(n+1)
2

=
[
(B′Σ−1

t|t−1)⊗ (B′Σ−1
t|t−1)

]
M and

∂Vt|t−1

∂Su
= φ2 ∂Vt−1|t−1

∂Su

we get

∂Vt|t

∂Su
= φ2

(
1− Vt|t−1B

′Σ−1
t|t−1B

)2 ∂Vt−1|t−1

∂Su

+V 2
t|t−1M

′
[
(Σ−1

t|t−1B)⊗ (Σ−1
t|t−1B)

]
.

(v) Derivative of Vt|t w.r.t. σ2
v . We have

∂Vt|t

∂σ2
v

=
(

1− Vt|t−1B
′Σ−1
t|t−1B

)2 ∂Vt|t−1

∂σ2
v

= φ2
(

1− Vt|t−1B
′Σ−1
t|t−1B

)2 ∂Vt−1|t−1

∂σ2
v

+
(

1− Vt|t−1B
′Σ−1
t|t−1B

)2
.

Putting these equations together and evaluating the parameters at the true values, we get

∂Vt|t

∂θ
= φ2γ2

t

∂Vt−1|t−1

∂θ
+Dtg (E.39)

where

Dt =



0n2×1

−2V 2
t|t−1γt[Σ

−1
t|t−1B0]1:n−1

2φ0Vt−1|t−1γ
2
t

V 2
t|t−1M

′
[
(Σ−1

t|t−1B0)⊗ (Σ−1
t|t−1B0)

]
γ2
t


.

To summarize, we can compute the input for the information matrix by augmenting the Kalman filter

61



with the equations for the gradients:

ft|t−1 = φ0ft−1|t−1

Yt|t−1 = B0ft|t−1 + C0Yt−1

Vt|t−1 = φ2
0Vt−1|t−1 + σ2

v,0

Σt|t−1 = Vt|t−1B0B
′
0 + Σu,0

γt = 1− Vt|t−1B
′
0Σ−1

t|t−1B0

ft|t = ft|t−1 + Vt|t−1B
′
0Σ−1

t|t−1(Yt − Yt|t−1)

Vt|t = γtVt|t−1

∂ft|t

∂θ
= φ0γt

∂ft−1|t−1

∂θ
+ φ2

0γtB
′
0Σ−1

t|t−1(Yt − Yt|t−1)
∂Vt−1|t−1

∂θ
+At

∂Vt|t

∂θ
= φ2

0γ
2
t

∂Vt−1|t−1

∂θ
+Dt

∂mt(θ0)

∂θ′
= B0φ0

∂ft−1|t−1

∂θ′
+

[
Y ′t−1 ⊗ In I1:n−1φ0ft−1|t−1 B0ft−1|t−1 0

n×n(n+1)
2

0n×1

]
∂vecΣt(θ0)

∂θ′
= (B0 ⊗B0)φ2

0

∂Vt−1|t−1

∂θ′

+
[

0n2×n (φ2
0Vt−1|t−1 + σ2

v,0)∂B0⊗B0
∂b′0

2φ0Vt−1|t−1B0 ⊗B0 M B0 ⊗B0

]
.

The iteration is started with f0|0 = f1|0 = 0, V0|0 = V1|0 =
σ2
v,0

1−φ20
, Y1|0 = Y0 = 0, Σ1|0 = Ω, where

vec(Ω) = (In2 − C ⊗ C)−1(
σ2
v,0

1−φ20
B0B

′
0 + Σu,0), and

∂f0|0
∂θ = 0 and

∂V0|0
∂θ = 0.
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F Additional empirical results

In Table 2 and Figure 4 we provide summary statistics and the auto- and cross-correlation functions (ACF

and XCF) for the four series of log 5-minute realized volatilities of the CAC 40, OMX Stockholm 30,

IBEX 35 and DAX 30 indices used in the empirical illustration of Section 78. Figure 5 provides the ACF

and XCF of ξ̂t and η̂t = (η̂1,t, η̂2,t, η̂3,t)
′.

Mean St.Dv. 5% quant. Median 95% quant. Skew Kurt.

CAC 40 -9.6483 0.9036 -11.0429 -9.6860 -8.1353 0.4145 3.6503

OMX Stockholm 30 -10.1363 0.9073 -11.4314 -10.2404 -8.5189 0.7201 4.2395

IBEX 35 -9.2547 0.8441 -10.5308 -9.2937 -7.8389 0.4377 3.6228

DAX 30 -9.6486 0.9058 -11.0877 -9.6844 -8.1321 0.3427 3.5243

Table 2: This table summarizes some descriptive statistics of daily log 5-minute realized volatilities for
European financial indices for the period from June 1, 2009 to November 19, 2021.
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Figure 4: This figure plots the autocorrelation and cross-correlation functions of the log realized volatil-
ities. The series Y1t, Y2t, Y3t and Y4t are the demeaned log realized volatilities of the CAC 40, OMX
Stockholm 30, IBEX 35 and DAX 30 indices, respectively. The plots on the diagonal are the auto-
correlation functions of Yit, for i = 1, 2, 3, 4. The plots that are in out-of-diagonal position refer to
cross-correlation functions of Yit and Yjt for i 6= j. In each panel, the horizontal axis represents the lag
h.
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Figure 5: This figure plots the estimated autocorrelation and cross-correlation functions of the two per-
sistent components ξit, i = 1, 2 and the two White Noise components ηjt, j = 1, 2. The plots on the
diagonal are the autocorrelation functions of ξit and ηjt, for i, j = 1, 2. The plots that are in out-of-
diagonal position refer to cross-correlation functions.

G Monte Carlo results

This section reports the results of the Monte Carlo experiments. The finite-sample bias and variance of the

model parameters’ estimators are provided in Section G.1. The finite-sample size and power of the test

statistic for the number of common factors are presented in Section G.2. The finite-sample percentages

of selected model orders K, p, q are displayed in Section G.3.

G.1 Bias and standard deviations of estimators
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Figure 6: This figure plots the kernel density of the execution times (in seconds) for our estimator in 1000
Monte Carlo samples. Data are generated according to DGP 1, with T = 5000.
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Figure 7: This figure plots the kernel density of the execution times (in seconds) for the ML estimator in
1000 Monte Carlo samples. Data are generated according to DGP 1, with T = 5000.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b1 0.5000 0.0105 0.1680 0.0086 0.1162 0.0020 0.0491
b2 0.5000 -0.0014 0.1681 -0.0057 0.1116 0.0013 0.0496
b3 0.5000 0.0088 0.1730 0.0065 0.1191 0.0019 0.0519
c11 -0.2158 0.0400 0.0766 0.0140 0.0634 -0.0008 0.0279
c21 0.2860 0.0503 0.0748 0.0265 0.0555 0.0019 0.0174
c31 0.3860 0.0420 0.0698 0.0170 0.0530 0.0007 0.0251
c41 0.4719 0.0864 0.1096 0.0407 0.0839 0.0032 0.0343
c12 -0.3768 0.0156 0.0482 0.0088 0.0342 0.0008 0.0131
c22 -0.6122 0.0058 0.0485 0.0036 0.0351 0.0000 0.0140
c32 -0.0122 0.0180 0.0475 0.0109 0.0349 0.0014 0.0130
c42 -0.0244 0.0275 0.0659 0.0161 0.0470 0.0012 0.0170
c13 0.3280 0.0730 0.0781 0.0318 0.0668 0.0021 0.0286
c23 0.2537 0.0677 0.0794 0.0360 0.0593 0.0040 0.0244
c33 0.4537 0.0634 0.0810 0.0282 0.0664 0.0013 0.0302
c43 -0.6927 0.1395 0.1290 0.0700 0.1039 0.0070 0.0418
c14 -0.4669 0.0621 0.0836 0.0263 0.0652 0.0007 0.0238
c24 0.2445 0.0586 0.0814 0.0319 0.0594 0.0025 0.0183
c34 0.3445 0.0608 0.0781 0.0275 0.0571 0.0023 0.0224
c44 0.2890 0.1130 0.1337 0.0557 0.0955 0.0035 0.0345
φ 0.8000 -0.1184 0.2496 -0.0301 0.1150 -0.0030 0.0176

Table 3: Bias and standard deviation for our estimator in DGP 1 (n = 4, K = 1, Gaussian noises). The
second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b1 0.5000 -0.0002 0.0745 0.0007 0.0502 0.0043 0.0228
b2 0.5000 -0.0161 0.0748 -0.0124 0.0520 -0.0046 0.0253
b3 0.5000 -0.0872 0.0659 -0.0816 0.0518 -0.0623 0.0417
c11 -0.2158 -0.0161 0.0471 -0.0181 0.0341 -0.0236 0.0158
c21 0.2860 -0.0088 0.0417 -0.0132 0.0296 -0.0212 0.0146
c31 0.3860 0.0080 0.0435 0.0038 0.0328 -0.0061 0.0186
c41 0.4719 -0.0233 0.0595 -0.0313 0.0434 -0.0425 0.0212
c12 -0.3768 -0.0052 0.0370 -0.0062 0.0267 -0.0043 0.0117
c22 -0.6122 -0.0048 0.0404 -0.0048 0.0288 -0.0030 0.0121
c32 -0.0122 0.0019 0.0386 0.0004 0.0288 0.0018 0.0128
c42 -0.0244 -0.0094 0.0465 -0.0116 0.0326 -0.0080 0.0156
c13 0.3280 0.0294 0.0588 0.0245 0.0466 0.0091 0.0284
c23 0.2537 0.0337 0.0536 0.0275 0.0438 0.0113 0.0284
c33 0.4537 0.0485 0.0582 0.0447 0.0485 0.0275 0.0350
c43 -0.6927 0.0611 0.0981 0.0504 0.0818 0.0208 0.0534
c14 -0.4669 -0.0357 0.0342 -0.0382 0.0244 -0.0379 0.0130
c24 0.2445 -0.0291 0.0316 -0.0329 0.0226 -0.0352 0.0110
c34 0.3445 -0.0077 0.0309 -0.0123 0.0226 -0.0181 0.0100
c44 0.2890 -0.0701 0.0415 -0.0747 0.0301 -0.0729 0.0175
φ 0.8000 -0.1224 0.0934 -0.1102 0.0716 -0.0826 0.0401

Table 4: Bias and standard deviation for the ML estimator in DGP 1 (n = 4, K = 1, Gaussian noises).
The second column reports the true values of the parameters.
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True Random

Param. θ0 Bias Std. Bias Std.

b1 0.5000 0.0011 0.0563 0.2149 0.2223
b2 0.5000 0.0019 0.0498 0.1795 0.2242
b3 0.5000 0.0029 0.0640 0.5522 0.1048
c11 -0.2158 -0.0015 0.0320 0.3495 0.0842
c21 0.2860 0.0002 0.0272 0.2997 0.0833
c31 0.3860 -0.0003 0.0333 0.3464 0.0374
c41 0.4719 0.0011 0.0383 0.5584 0.0575
c12 -0.3768 -0.0011 0.0262 0.0090 0.0605
c22 -0.6122 -0.0009 0.0286 -0.0043 0.0370
c32 -0.0122 -0.0008 0.0275 0.0306 0.0828
c42 -0.0244 0.0005 0.0326 0.0269 0.0766
c13 0.3280 -0.0005 0.0402 0.4666 0.0607
c23 0.2537 0.0000 0.0333 0.3940 0.0731
c33 0.4537 -0.0023 0.0466 0.5240 0.0523
c43 -0.6927 0.0013 0.0582 0.7081 0.0542
c14 -0.4669 -0.0001 0.0226 0.1120 0.0673
c24 0.2445 0.0007 0.0215 0.1088 0.0583
c34 0.3445 0.0015 0.0217 0.1389 0.0639
c44 0.2890 0.0004 0.0249 0.2163 0.0669
φ 0.8000 -0.0061 0.0340 0.1414 0.0571

Table 5: Bias and standard deviation for the ML estimator in DGP 1 (n = 4, K = 1, Gaussian noises,
T = 5000) with different initial values in the iterative maximization algorithm. The second column
reports the true values of the parameters. The third and fourth columns are the results when the initial
values are the true parameter values. The fifth and sixth columns are the results when the initial values
are the true parameter values plus a random draw from a uniform variate U [−0.5, 0.5].
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b1 0.5000 0.0205 0.1833 0.0109 0.1184 0.0011 0.0498
b2 0.5000 0.0077 0.1776 0.0025 0.1218 0.0009 0.0489
b3 0.5000 0.0127 0.1747 0.0102 0.1144 0.0039 0.0516
c11 -0.2158 0.0411 0.0789 0.0155 0.0576 -0.0014 0.0294
c21 0.2860 0.0515 0.0797 0.0240 0.0511 0.0025 0.0164
c31 0.3860 0.0457 0.0751 0.0178 0.0543 -0.0001 0.0264
c41 0.4719 0.0913 0.1196 0.0421 0.0837 0.0028 0.0360
c12 -0.3768 0.0137 0.0464 0.0091 0.0338 0.0009 0.0132
c22 -0.6122 0.0051 0.0478 0.0014 0.0326 -0.0002 0.0142
c32 -0.0122 0.0171 0.0485 0.0109 0.0345 0.0021 0.0130
c42 -0.0244 0.0288 0.0699 0.0162 0.0466 0.0020 0.0175
c13 0.3280 0.0724 0.0806 0.0341 0.0634 0.0006 0.0304
c23 0.2537 0.0719 0.0758 0.0355 0.0596 0.0032 0.0236
c33 0.4537 0.0659 0.0839 0.0301 0.0661 0.0009 0.0321
c43 -0.6927 0.1440 0.1290 0.0709 0.1038 0.0061 0.0427
c14 -0.4669 0.0635 0.0812 0.0280 0.0598 0.0006 0.0250
c24 0.2445 0.0650 0.0810 0.0306 0.0564 0.0042 0.0179
c34 0.3445 0.0647 0.0750 0.0303 0.0578 0.0022 0.0226
c44 0.2890 0.1177 0.1326 0.0574 0.0965 0.0043 0.0361
φ 0.8000 -0.1174 0.2539 -0.0313 0.1260 -0.0014 0.0168

Table 6: Bias and standard deviation for our estimator in DGP 2 (n = 4, K = 1, Student noises). The
second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b1 0.5000 0.0092 0.0733 0.0130 0.0513 0.0200 0.0219
b2 0.5000 -0.0222 0.0697 -0.0154 0.0465 -0.0163 0.0199
b3 0.5000 -0.0261 0.0768 -0.0079 0.0617 0.0293 0.0299
c11 -0.2158 -0.0292 0.0465 -0.0311 0.0347 -0.0383 0.0149
c21 0.2860 -0.0174 0.0395 -0.0214 0.0284 -0.0281 0.0126
c31 0.3860 -0.0180 0.0468 -0.0239 0.0373 -0.0403 0.0170
c41 0.4719 -0.0463 0.0576 -0.0525 0.0433 -0.0657 0.0180
c12 -0.3768 -0.0015 0.0369 -0.0018 0.0265 0.0015 0.0116
c22 -0.6122 0.0002 0.0394 -0.0004 0.0278 0.0038 0.0123
c32 -0.0122 0.0024 0.0360 0.0000 0.0275 0.0003 0.0123
c42 -0.0244 0.0007 0.0463 0.0014 0.0331 0.0083 0.0148
c13 0.3280 -0.0130 0.0622 -0.0225 0.0494 -0.0435 0.0203
c23 0.2537 -0.0001 0.0506 -0.0110 0.0401 -0.0289 0.0154
c33 0.4537 -0.0053 0.0675 -0.0175 0.0573 -0.0470 0.0251
c43 -0.6927 -0.0169 0.0960 -0.0344 0.0780 -0.0717 0.0292
c14 -0.4669 -0.0306 0.0316 -0.0305 0.0223 -0.0283 0.0098
c24 0.2445 -0.0219 0.0311 -0.0223 0.0234 -0.0189 0.0102
c34 0.3445 -0.0185 0.0308 -0.0230 0.0225 -0.0301 0.0101
c44 0.2890 -0.0575 0.0378 -0.0550 0.0280 -0.0474 0.0130
φ 0.8000 -0.0605 0.0701 -0.0443 0.0503 -0.0178 0.0170

Table 7: Bias and standard deviation for ML estimator in DGP 2 (n = 4, K = 1, Student noises). The
second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b11 -1.5000 -0.0423 0.2599 -0.0184 0.1605 -0.0036 0.0664
b21 -1.2000 -0.0332 0.2359 -0.0156 0.1475 -0.0030 0.0597
b31 1.3000 0.0439 0.1995 0.0203 0.1232 0.0014 0.0476
b12 1.6000 0.0163 0.1968 0.0137 0.1281 0.0017 0.0534
b22 1.5000 0.0168 0.1729 0.0142 0.1124 0.0026 0.0477
b32 -0.8000 -0.0158 0.1535 -0.0128 0.0956 -0.0011 0.0407
c11 0.8000 0.0104 0.2621 -0.0286 0.2109 -0.0180 0.0899
c21 0.0000 0.0106 0.2240 -0.0260 0.1771 -0.0162 0.0758
c31 0.2000 -0.0425 0.1924 -0.0074 0.1513 0.0097 0.0731
c41 0.0000 -0.0532 0.1228 -0.0282 0.1003 0.0013 0.0520
c51 0.0000 -0.0409 0.0907 -0.0420 0.0776 -0.0101 0.0260
c12 0.0000 -0.0540 0.3109 -0.0561 0.2572 -0.0221 0.1217
c22 0.8000 -0.0743 0.2652 -0.0633 0.2171 -0.0199 0.0972
c32 0.0000 0.0129 0.2314 0.0144 0.1825 0.0120 0.0977
c42 0.4000 -0.0328 0.1439 -0.0218 0.1155 0.0013 0.0682
c52 0.0000 -0.0690 0.1137 -0.0567 0.0939 -0.0125 0.0311
c13 0.4000 0.0853 0.3549 0.0463 0.2628 0.0002 0.1055
c23 0.0000 0.0786 0.3112 0.0451 0.2318 0.0010 0.0941
c33 -0.6000 -0.0316 0.2514 -0.0221 0.1795 -0.0006 0.0698
c43 0.0000 0.0309 0.1553 0.0142 0.1030 0.0030 0.0397
c53 0.5000 0.0646 0.1542 0.0351 0.1248 0.0039 0.0558
c14 0.0000 -0.0004 0.3586 0.0125 0.2844 -0.0058 0.1288
c24 0.6000 -0.0074 0.3189 0.0073 0.2528 -0.0056 0.1145
c34 0.0000 0.0159 0.2414 -0.0005 0.1833 0.0039 0.0802
c44 -0.5000 0.0408 0.1297 0.0169 0.0949 0.0024 0.0403
c54 0.0000 0.0183 0.1821 0.0156 0.1468 -0.0012 0.0690
c15 0.0000 -0.0506 0.5149 -0.0402 0.3528 -0.0195 0.1403
c25 0.0000 -0.0682 0.4395 -0.0464 0.2979 -0.0182 0.1138
c35 0.0000 -0.0005 0.3862 -0.0012 0.2726 0.0087 0.1159
c45 0.0000 -0.0215 0.2414 -0.0210 0.1688 -0.0004 0.0747
c55 0.8000 -0.0906 0.1824 -0.0587 0.1239 -0.0142 0.0397
φ11 0.9000 -0.2317 0.5046 -0.0754 0.3098 -0.0041 0.0549
φ21 0.0000 -0.0866 0.6865 -0.1473 0.5237 -0.0529 0.2080
φ12 0.0000 0.1728 0.5550 0.1214 0.4183 -0.0071 0.1985
φ22 -0.9000 0.6333 0.6904 0.4847 0.6643 0.0645 0.2352

Table 8: Bias and standard deviation for our estimator in DGP 3 (n = 5, K = 2, φ0 = 0.9, σv,0 = 1,
Gaussian noises). The second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 med(θ̂)-θ0 IQR/(2z75%) med(θ̂)-θ0 IQR/(2z75%) med(θ̂)-θ0 IQR/(2z75%)

b11 -1.5000 -0.0332 0.2494 -0.0037 0.1546 -0.0014 0.0655
b21 -1.2000 -0.0272 0.2060 -0.0088 0.1407 -0.0019 0.0585
b31 1.3000 0.0351 0.1888 0.0192 0.1161 0.0005 0.0491
b12 1.6000 0.0104 0.1916 0.0095 0.1235 0.0014 0.0552
b22 1.5000 0.0111 0.1677 0.0140 0.1110 0.0014 0.0474
b32 -0.8000 -0.0157 0.1474 -0.0112 0.0915 -0.0010 0.0400
c11 0.8000 0.0534 0.2083 0.0080 0.1842 -0.0067 0.0858
c21 0.0000 0.0397 0.1854 0.0024 0.1558 -0.0065 0.0744
c31 0.2000 -0.0699 0.1669 -0.0249 0.1400 0.0018 0.0709
c41 0.0000 -0.0683 0.1113 -0.0387 0.0923 -0.0036 0.0481
c51 0.0000 -0.0263 0.0670 -0.0266 0.0564 -0.0082 0.0207
c12 0.0000 -0.0241 0.2640 -0.0247 0.2386 -0.0092 0.1104
c22 0.8000 -0.0421 0.2131 -0.0311 0.1902 -0.0116 0.0895
c32 0.0000 -0.0017 0.1962 -0.0007 0.1685 0.0023 0.0894
c42 0.4000 -0.0309 0.1194 -0.0245 0.1068 -0.0027 0.0609
c52 0.0000 -0.0517 0.0966 -0.0356 0.0664 -0.0096 0.0254
c13 0.4000 0.0783 0.3411 0.0396 0.2489 -0.0045 0.1018
c23 0.0000 0.0669 0.2916 0.0393 0.2203 0.0014 0.0925
c33 -0.6000 -0.0279 0.2337 -0.0163 0.1673 0.0023 0.0686
c43 0.0000 0.0348 0.1399 0.0174 0.0948 0.0030 0.0398
c53 0.5000 0.0702 0.1494 0.0359 0.1210 0.0020 0.0542
c14 0.0000 0.0003 0.3742 0.0144 0.2856 -0.0115 0.1297
c24 0.6000 -0.0081 0.3331 0.0142 0.2558 -0.0136 0.1180
c34 0.0000 0.0095 0.2461 -0.0065 0.1894 0.0064 0.0796
c44 -0.5000 0.0339 0.1235 0.0139 0.0867 0.0016 0.0378
c54 0.0000 0.0166 0.1927 0.0188 0.1478 -0.0032 0.0709
c15 0.0000 -0.1017 0.4142 -0.0535 0.3173 -0.0303 0.1343
c25 0.0000 -0.1062 0.3471 -0.0596 0.2722 -0.0211 0.1084
c35 0.0000 0.0395 0.3259 0.0194 0.2493 0.0184 0.1115
c45 0.0000 0.0004 0.2112 -0.0038 0.1565 0.0060 0.0699
c55 0.8000 -0.0565 0.1292 -0.0362 0.0956 -0.0102 0.0327
φ11 0.9000 -0.0773 0.2367 -0.0163 0.1253 -0.0049 0.0568
φ21 0.0000 -0.1541 0.5634 -0.1990 0.4331 -0.0358 0.1944
φ12 0.0000 0.1002 0.5331 0.0565 0.3776 -0.0149 0.1999
φ22 -0.9000 0.3598 0.7433 0.1820 0.4277 0.0142 0.0481

Table 9: Difference between the median and true value, and Interquartile Range (IQR) divided by twice
the 75% standard Normal quantile z75%, for our estimator in DGP 3 (n = 5, K = 2, φ0 = 0.9,
σv,0 = 1, Gaussian noises). The second column reports the true values of the parameters. The quan-
tity IQR/(2z75%) equals the standard deviation in a Gaussian N(0, 1) distribution.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b11 -1.5000 -0.0662 0.3565 -0.0249 0.2126 -0.0045 0.0898
b21 -1.2000 -0.0462 0.3202 -0.0183 0.1963 -0.0033 0.0802
b31 1.3000 0.0588 0.2724 0.0231 0.1644 0.0005 0.0647
b12 1.6000 0.0375 0.3042 0.0264 0.2022 0.0040 0.0833
b22 1.5000 0.0393 0.2631 0.0275 0.1766 0.0062 0.0742
b32 -0.8000 -0.0332 0.2328 -0.0237 0.1492 -0.0021 0.0641
c11 0.8000 -0.0412 0.2108 -0.0401 0.1518 -0.0116 0.0614
c21 0.0000 -0.0302 0.1795 -0.0328 0.1270 -0.0100 0.0503
c31 0.2000 -0.0010 0.1599 0.0105 0.1136 0.0071 0.0511
c41 0.0000 -0.0187 0.1210 -0.0016 0.0813 0.0040 0.0385
c51 0.0000 -0.0304 0.0934 -0.0218 0.0593 -0.0037 0.0182
c12 0.0000 -0.0382 0.2672 -0.0286 0.1868 -0.0120 0.0856
c22 0.8000 -0.0577 0.2226 -0.0343 0.1555 -0.0105 0.0678
c32 0.0000 -0.0010 0.2027 0.0015 0.1454 0.0071 0.0707
c42 0.4000 -0.0235 0.1446 -0.0124 0.0997 0.0029 0.0527
c52 0.0000 -0.0466 0.1209 -0.0286 0.0727 -0.0048 0.0221
c13 0.4000 0.0406 0.2692 0.0195 0.1771 -0.0019 0.0724
c23 0.0000 0.0366 0.2403 0.0180 0.1607 -0.0014 0.0649
c33 -0.6000 -0.0249 0.1962 -0.0138 0.1241 0.0009 0.0488
c43 0.0000 0.0109 0.1291 0.0018 0.0799 0.0025 0.0303
c53 0.5000 0.0181 0.1601 0.0058 0.1008 0.0019 0.0407
c14 0.0000 0.0249 0.2786 0.0168 0.2102 -0.0026 0.0858
c24 0.6000 0.0121 0.2513 0.0098 0.1884 -0.0034 0.0744
c34 0.0000 -0.0166 0.1948 -0.0135 0.1372 0.0014 0.0557
c44 -0.5000 0.0142 0.1195 0.0021 0.0797 0.0019 0.0331
c54 0.0000 0.0035 0.1670 0.0010 0.1201 -0.0006 0.0458
c15 0.0000 -0.0118 0.3379 -0.0172 0.2243 -0.0127 0.0855
c25 0.0000 -0.0308 0.2857 -0.0200 0.1880 -0.0115 0.0689
c35 0.0000 -0.0247 0.2704 -0.0086 0.1861 0.0074 0.0730
c45 0.0000 -0.0215 0.1731 -0.0110 0.1176 0.0034 0.0484
c55 0.8000 -0.0571 0.1578 -0.0315 0.0924 -0.0058 0.0277
φ11 0.9000 -0.1230 0.3577 -0.0291 0.1872 -0.0058 0.0498
φ21 0.0000 -0.0158 0.6187 -0.0559 0.4155 -0.0226 0.1463
φ12 0.0000 0.0506 0.5055 0.0065 0.3450 -0.0224 0.1635
φ22 -0.9000 0.5260 0.6863 0.2929 0.5566 0.0156 0.1020

Table 10: Bias and standard deviation for our estimator in DGP 4 (n = 5, K = 2, φ0 = 0.9, σv,0 = 0.6,
Gaussian noises). The second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b11 -1.5000 -0.0630 0.4274 -0.0271 0.2465 -0.0042 0.0941
b21 -1.2000 -0.0505 0.3910 -0.0221 0.2247 -0.0033 0.0846
b31 1.3000 0.0640 0.3211 0.0279 0.1871 0.0004 0.0670
b12 1.6000 0.0171 0.3039 0.0192 0.1873 0.0037 0.0758
b22 1.5000 0.0189 0.2685 0.0206 0.1661 0.0049 0.0674
b32 -0.8000 -0.0122 0.2392 -0.0172 0.1415 -0.0027 0.0572
c11 0.8000 -0.0647 0.2670 -0.0664 0.2013 -0.0266 0.0850
c21 0.0000 -0.0486 0.2271 -0.0545 0.1721 -0.0220 0.0698
c31 0.2000 0.0164 0.2020 0.0284 0.1442 0.0197 0.0704
c41 0.0000 -0.0103 0.1351 0.0073 0.1056 0.0132 0.0520
c51 0.0000 -0.0408 0.1125 -0.0289 0.0755 -0.0048 0.0249
c12 0.0000 -0.1184 0.3299 -0.0701 0.2342 -0.0286 0.1188
c22 0.8000 -0.1235 0.2812 -0.0718 0.2009 -0.0242 0.0956
c32 0.0000 0.0580 0.2410 0.0327 0.1801 0.0208 0.0971
c42 0.4000 0.0055 0.1592 0.0044 0.1301 0.0129 0.0709
c52 0.0000 -0.0674 0.1350 -0.0408 0.0966 -0.0060 0.0307
c13 0.4000 -0.0831 0.3157 -0.0352 0.2397 -0.0179 0.1024
c23 0.0000 -0.0646 0.2729 -0.0323 0.2174 -0.0141 0.0919
c33 -0.6000 0.0718 0.2346 0.0276 0.1687 0.0107 0.0706
c43 0.0000 0.0653 0.1615 0.0289 0.1127 0.0080 0.0421
c53 0.5000 -0.0045 0.1507 -0.0069 0.1264 -0.0017 0.0559
c14 0.0000 -0.0914 0.3107 -0.0359 0.2499 -0.0176 0.1189
c24 0.6000 -0.0845 0.2760 -0.0377 0.2290 -0.0151 0.1048
c34 0.0000 0.0744 0.2161 0.0327 0.1679 0.0114 0.0776
c44 -0.5000 0.0610 0.1302 0.0298 0.1016 0.0068 0.0434
c54 0.0000 -0.0154 0.1685 -0.0046 0.1445 -0.0031 0.0640
c15 0.0000 -0.1226 0.4548 -0.0563 0.3014 -0.0292 0.1263
c25 0.0000 -0.1212 0.3874 -0.0603 0.2547 -0.0252 0.1021
c35 0.0000 0.0531 0.3487 0.0181 0.2388 0.0201 0.1069
c45 0.0000 0.0194 0.2404 0.0054 0.1701 0.0116 0.0732
c55 0.8000 -0.0903 0.1721 -0.0504 0.1167 -0.0082 0.0344
φ11 0.7000 -0.1774 0.4976 -0.0079 0.2865 0.0446 0.0975
φ21 0.0000 -0.0632 0.5958 -0.0443 0.4417 -0.0167 0.1779
φ12 0.0000 -0.0061 0.5396 -0.0408 0.4203 -0.0781 0.2323
φ22 -0.7000 0.5471 0.6191 0.3239 0.5297 0.0351 0.1296

Table 11: Bias and standard deviation for our estimator in DGP 5 (n = 5, K = 2, φ0 = 0.7, σv,0 = 0.6,
Gaussian noises). The second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b11 -1.5000 -0.1108 0.7914 -0.0488 0.3652 -0.0063 0.1393
b21 -1.2000 -0.0909 0.7308 -0.0384 0.3371 -0.0046 0.1248
b31 1.3000 0.1189 0.5583 0.0422 0.2788 -0.0011 0.0996
b12 1.6000 0.0693 0.5472 0.0446 0.3134 0.0085 0.1238
b22 1.5000 0.0630 0.4857 0.0443 0.2768 0.0112 0.1097
b32 -0.8000 -0.0386 0.4125 -0.0355 0.2331 -0.0049 0.0941
c11 0.8000 -0.0679 0.1997 -0.0504 0.1436 -0.0129 0.0522
c21 0.0000 -0.0494 0.1719 -0.0383 0.1175 -0.0106 0.0422
c31 0.2000 0.0195 0.1565 0.0184 0.1070 0.0088 0.0423
c41 0.0000 0.0044 0.1221 0.0118 0.0801 0.0068 0.0332
c51 0.0000 -0.0213 0.0956 -0.0150 0.0597 -0.0022 0.0180
c12 0.0000 -0.0782 0.2475 -0.0489 0.1721 -0.0124 0.0677
c22 0.8000 -0.0899 0.2173 -0.0501 0.1461 -0.0104 0.0540
c32 0.0000 0.0366 0.1979 0.0183 0.1360 0.0085 0.0562
c42 0.4000 0.0068 0.1373 0.0077 0.0946 0.0057 0.0426
c52 0.0000 -0.0383 0.1174 -0.0227 0.0727 -0.0027 0.0214
c13 0.4000 -0.0423 0.2181 -0.0191 0.1598 -0.0086 0.0654
c23 0.0000 -0.0326 0.1947 -0.0180 0.1498 -0.0071 0.0587
c33 -0.6000 0.0305 0.1742 0.0110 0.1199 0.0045 0.0452
c43 0.0000 0.0315 0.1290 0.0112 0.0846 0.0036 0.0292
c53 0.5000 -0.0104 0.1350 -0.0098 0.0987 -0.0008 0.0395
c14 0.0000 -0.0442 0.2228 -0.0166 0.1758 -0.0073 0.0751
c24 0.6000 -0.0464 0.2026 -0.0201 0.1635 -0.0070 0.0660
c34 0.0000 0.0332 0.1645 0.0109 0.1249 0.0041 0.0495
c44 -0.5000 0.0325 0.1147 0.0135 0.0830 0.0030 0.0308
c54 0.0000 -0.0165 0.1418 -0.0079 0.1125 -0.0016 0.0433
c15 0.0000 -0.0542 0.3052 -0.0340 0.1906 -0.0144 0.0747
c25 0.0000 -0.0580 0.2576 -0.0361 0.1618 -0.0127 0.0603
c35 0.0000 0.0073 0.2615 0.0053 0.1610 0.0095 0.0645
c45 0.0000 0.0104 0.1753 0.0056 0.1109 0.0060 0.0448
c55 0.8000 -0.0549 0.1409 -0.0305 0.0898 -0.0043 0.0259
φ11 0.7000 -0.0982 0.4403 0.0172 0.2102 0.0178 0.0717
φ21 0.0000 0.0228 0.6230 0.0116 0.3799 -0.0089 0.1484
φ12 0.0000 -0.0602 0.5510 -0.0798 0.3708 -0.0438 0.1758
φ22 -0.7000 0.4108 0.5974 0.2156 0.4617 0.0162 0.0800

Table 12: Bias and standard deviation for our estimator in DGP 6 (n = 5, K = 2, φ0 = 0.7, σv,0 = 0.6,
Gaussian noises). The second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b11 -1.5000 -2.6187 65.8725 -1.2791 25.5578 -0.0324 0.3360
b21 -1.2000 -2.0605 51.0188 -1.7170 42.1275 -0.0285 0.3036
b31 1.3000 1.5312 39.5820 1.9711 45.6743 0.0111 0.2436
b12 1.6000 -2.7543 98.6036 -0.4349 16.6540 0.0308 0.2712
b22 1.5000 -2.0407 76.4933 -0.8691 27.2747 0.0332 0.2405
b32 -0.8000 1.7117 59.2185 0.9694 29.6995 -0.0179 0.2013
c11 0.8000 -0.0823 0.2498 -0.0682 0.1801 -0.0126 0.0535
c21 0.0000 -0.0493 0.2084 -0.0486 0.1477 -0.0099 0.0425
c31 0.2000 0.0337 0.2238 0.0204 0.1228 0.0068 0.0407
c41 0.0000 0.0086 0.1770 0.0132 0.0951 0.0070 0.0348
c51 0.0000 -0.0169 0.1466 -0.0146 0.0884 -0.0025 0.0228
c12 0.0000 -0.0853 0.2793 -0.0538 0.1943 -0.0115 0.0656
c22 0.8000 -0.0985 0.2288 -0.0668 0.1742 -0.0103 0.0538
c32 0.0000 0.0554 0.2239 0.0258 0.1498 0.0063 0.0546
c42 0.4000 0.0079 0.1603 0.0084 0.1131 0.0057 0.0415
c52 0.0000 -0.0260 0.1599 -0.0236 0.1099 -0.0033 0.0292
c13 0.4000 -0.0994 0.2365 -0.0719 0.1702 -0.0162 0.0667
c23 0.0000 -0.0736 0.1934 -0.0638 0.1511 -0.0125 0.0588
c33 -0.6000 0.0673 0.1916 0.0537 0.1351 0.0073 0.0497
c43 0.0000 0.0417 0.1541 0.0302 0.0922 0.0074 0.0359
c53 0.5000 -0.0227 0.1518 -0.0222 0.0966 -0.0035 0.0445
c14 0.0000 -0.0845 0.2148 -0.0550 0.1583 -0.0138 0.0694
c24 0.6000 -0.0811 0.1873 -0.0579 0.1469 -0.0118 0.0599
c34 0.0000 0.0622 0.1727 0.0446 0.1221 0.0072 0.0483
c44 -0.5000 0.0439 0.1332 0.0312 0.0920 0.0063 0.0380
c54 0.0000 -0.0254 0.1360 -0.0137 0.0989 -0.0024 0.0458
c15 0.0000 -0.0850 0.2944 -0.0446 0.2082 -0.0145 0.0752
c25 0.0000 -0.0783 0.2365 -0.0497 0.1784 -0.0132 0.0635
c35 0.0000 0.0341 0.2503 0.0181 0.1680 0.0076 0.0669
c45 0.0000 0.0219 0.1973 0.0181 0.1246 0.0076 0.0454
c55 0.8000 -0.0573 0.1613 -0.0354 0.1090 -0.0057 0.0356
φ11 0.4000 2.9343 94.0909 -0.1971 5.0240 0.0656 0.1747
φ21 0.0000 -1.9473 61.8889 0.3173 8.0495 0.0193 0.2026
φ12 0.0000 4.3236 143.7967 -0.1937 3.3216 -0.0552 0.2509
φ22 -0.4000 -2.5941 94.1016 0.4482 5.2015 0.0296 0.2061

Table 13: Bias and standard deviation for our estimator in DGP 7 (n = 5, K = 2, φ0 = 0.4, σv,0 = 0.6,
Gaussian noises). The second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 med(θ̂)-θ0 IQR/(2z75%) med(θ̂)-θ0 IQR/(2z75%) med(θ̂)-θ0 IQR/(2z75%)

b11 -1.5000 0.1375 1.4029 -0.0283 0.9184 0.0029 0.3051
b21 -1.2000 0.1022 1.2850 -0.0326 0.8061 -0.0080 0.2706
b31 1.3000 -0.0802 1.0326 0.0072 0.6914 -0.0184 0.2255
b12 1.6000 -0.0101 1.0898 0.0113 0.6854 0.0081 0.2542
b22 1.5000 -0.0070 0.9429 0.0233 0.6058 0.0059 0.2252
b32 -0.8000 -0.0365 0.7987 -0.0273 0.4954 -0.0096 0.1838
c11 0.8000 -0.0246 0.1662 -0.0240 0.1152 -0.0030 0.0401
c21 0.0000 -0.0158 0.1359 -0.0145 0.0943 -0.0031 0.0333
c31 0.2000 0.0003 0.1195 -0.0055 0.0836 0.0018 0.0309
c41 0.0000 -0.0079 0.0913 -0.0012 0.0636 0.0021 0.0263
c51 0.0000 -0.0119 0.0751 -0.0100 0.0535 -0.0022 0.0189
c12 0.0000 -0.0447 0.1660 -0.0209 0.1126 -0.0046 0.0495
c22 0.8000 -0.0480 0.1441 -0.0265 0.1101 -0.0037 0.0419
c32 0.0000 0.0203 0.1264 0.0040 0.0899 0.0014 0.0418
c42 0.4000 0.0003 0.0928 0.0012 0.0744 0.0017 0.0327
c52 0.0000 -0.0189 0.0863 -0.0142 0.0563 -0.0025 0.0217
c13 0.4000 -0.0892 0.1708 -0.0657 0.1281 -0.0144 0.0580
c23 0.0000 -0.0660 0.1522 -0.0618 0.1159 -0.0124 0.0503
c43 0.0000 0.0402 0.1043 0.0286 0.0724 0.0064 0.0289
c53 0.5000 -0.0200 0.0976 -0.0141 0.0697 -0.0018 0.0329
c14 0.0000 -0.0892 0.1585 -0.0468 0.1439 -0.0088 0.0576
c24 0.6000 -0.0751 0.1422 -0.0482 0.1253 -0.0078 0.0530
c34 0.0000 0.0638 0.1207 0.0413 0.1027 0.0051 0.0448
c44 -0.5000 0.0373 0.0887 0.0274 0.0651 0.0047 0.0309
c54 0.0000 -0.0233 0.1031 -0.0135 0.0775 -0.0010 0.0366
c15 0.0000 -0.0680 0.1773 -0.0495 0.1355 -0.0144 0.0610
c25 0.0000 -0.0642 0.1497 -0.0442 0.1173 -0.0125 0.0467
c35 0.0000 0.0356 0.1310 0.0224 0.0995 0.0068 0.0473
c45 0.0000 0.0250 0.1063 0.0201 0.0834 0.0047 0.0366
c55 0.8000 -0.0324 0.1028 -0.0215 0.0654 -0.0036 0.0275
φ11 0.4000 0.0096 0.6245 0.0671 0.4293 0.0503 0.1517
φ21 0.0000 -0.0354 0.7005 -0.0012 0.5182 0.0277 0.2027
φ12 0.0000 -0.0412 0.5356 -0.0523 0.4372 -0.0399 0.2004
φ22 -0.4000 0.2939 0.8744 0.0927 0.5012 0.0002 0.1100

Table 14: Difference between the median and true value, and Interquartile Range (IQR) divided by
twice the 75% standard Normal quantile z75%, for our estimator in DGP 7 (n = 5, K = 2, φ0 = 0.4,
σv,0 = 0.6, Gaussian noises). The second column reports the true values of the parameters. The quantity
IQR/(2z75%) equals the standard deviation in a Gaussian N(0, 1) distribution.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b11 -1.5000 -0.0402 0.2824 -0.0194 0.1685 -0.0021 0.0607
b21 -1.2000 -0.0300 0.2524 -0.0140 0.1590 -0.0005 0.0554
b31 1.3000 0.0436 0.2188 0.0208 0.1298 0.0004 0.0471
b12 1.6000 0.0078 0.1928 0.0010 0.1144 -0.0007 0.0400
b22 1.5000 0.0087 0.1681 0.0038 0.1042 0.0002 0.0362
b32 -0.8000 -0.0071 0.1458 -0.0029 0.0881 0.0000 0.0297
c11 0.8000 -0.0105 0.6686 -0.0685 0.6029 -0.0466 0.4284
c21 0.0000 -0.0176 0.5780 -0.0670 0.5355 -0.0490 0.3863
c31 0.2000 -0.0512 0.4903 0.0011 0.4167 0.0076 0.2743
c41 0.0000 -0.0887 0.3233 -0.0535 0.2569 -0.0275 0.1562
c51 0.0000 -0.0854 0.2580 -0.0893 0.2692 -0.0543 0.2226
c12 0.0000 -0.1829 0.6892 -0.1233 0.6305 -0.0855 0.4248
c22 0.8000 -0.1790 0.5873 -0.1251 0.5521 -0.0808 0.3714
c32 0.0000 0.1194 0.5230 0.0658 0.4503 0.0419 0.2965
c42 0.4000 0.0408 0.3588 0.0050 0.2942 -0.0032 0.1889
c52 0.0000 -0.0825 0.2447 -0.0760 0.2650 -0.0574 0.1903
c13 0.4000 -0.0784 0.6358 -0.0666 0.5244 -0.0358 0.3631
c23 0.0000 -0.0560 0.5528 -0.0469 0.4588 -0.0243 0.3189
c33 -0.6000 0.0940 0.4558 0.0732 0.3798 0.0394 0.2597
c43 0.0000 0.1024 0.2954 0.0736 0.2417 0.0437 0.1699
c53 0.5000 0.0329 0.2683 0.0191 0.2146 0.0182 0.1628
c14 0.0000 -0.1491 0.8655 -0.0990 0.5411 -0.0391 0.3676
c24 0.6000 -0.1318 0.7881 -0.0850 0.4808 -0.0302 0.3193
c34 0.0000 0.1319 0.5172 0.0976 0.3610 0.0414 0.2564
c44 -0.5000 0.1022 0.2454 0.0807 0.2069 0.0385 0.1664
c54 0.0000 -0.0124 0.4666 0.0042 0.2574 0.0113 0.1661
c15 0.0000 -0.3164 0.9029 -0.2446 1.0087 -0.1318 0.8330
c25 0.0000 -0.2906 0.7769 -0.2229 0.8886 -0.1155 0.7589
c35 0.0000 0.2038 0.6634 0.1535 0.6901 0.0852 0.5038
c45 0.0000 0.0969 0.4443 0.0659 0.4169 0.0351 0.2561
c55 0.8000 -0.1434 0.3529 -0.1086 0.4665 -0.0516 0.4582
φ11 0.9000 -0.3410 0.5747 -0.2749 0.5382 -0.1077 0.3335
φ21 0.0000 -0.1586 1.8350 -0.2519 2.1722 -0.1702 0.9468
φ12 0.0000 0.0659 1.1689 0.1434 1.8705 0.1243 1.1423
φ22 -0.9000 0.8966 0.6990 0.8258 0.7262 0.5325 0.6585

Table 15: Bias and standard deviation for our estimator in DGP 8 (n = 5, K = 2, ARCH noises). The
second column reports the true values of the parameters.
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T = 500 T = 1000 T = 5000

Param. θ0 med(θ̂)-θ0 IQR/(2z75%) med(θ̂)-θ0 IQR/(2z75%) med(θ̂)-θ0 IQR/(2z75%)

b11 -1.5000 -0.0222 0.2401 -0.0112 0.1456 -0.0015 0.0548
b21 -1.2000 -0.0275 0.2134 -0.0140 0.1416 0.0007 0.0499
b31 1.3000 0.0272 0.1961 0.0174 0.1201 -0.0035 0.0424
b12 1.6000 0.0007 0.1658 0.0025 0.1011 -0.0007 0.0361
b22 1.5000 0.0070 0.1545 -0.0012 0.0964 0.0015 0.0316
b32 -0.8000 -0.0090 0.1245 -0.0034 0.0802 -0.0005 0.0263
c11 0.8000 0.0491 0.3561 0.0116 0.3064 -0.0078 0.2156
c21 0.0000 0.0338 0.2979 0.0098 0.2582 -0.0115 0.1805
c31 0.2000 -0.0712 0.2593 -0.0311 0.2272 -0.0045 0.1620
c41 0.0000 -0.0813 0.1471 -0.0577 0.1323 -0.0266 0.1022
c51 0.0000 -0.0405 0.1077 -0.0353 0.0872 -0.0184 0.0522
c12 0.0000 -0.1191 0.3948 -0.0723 0.3655 -0.0295 0.2717
c22 0.8000 -0.1201 0.3562 -0.0725 0.3179 -0.0321 0.2249
c32 0.0000 0.0680 0.2958 0.0340 0.2513 0.0092 0.2058
c42 0.4000 0.0085 0.1643 -0.0097 0.1458 -0.0127 0.1249
c52 0.0000 -0.0624 0.1396 -0.0472 0.1126 -0.0233 0.0695
c13 0.4000 -0.0983 0.4252 -0.0785 0.3727 -0.0309 0.2544
c23 0.0000 -0.0786 0.3529 -0.0637 0.3341 -0.0274 0.2199
c33 -0.6000 0.1024 0.2984 0.0653 0.2595 0.0269 0.1702
c43 0.0000 0.0814 0.1819 0.0581 0.1396 0.0238 0.0923
c53 0.5000 0.0254 0.1665 0.0188 0.1597 0.0079 0.1038
c14 0.0000 -0.1423 0.4545 -0.0829 0.4369 -0.0362 0.2828
c24 0.6000 -0.1338 0.3955 -0.0693 0.3554 -0.0281 0.2557
c34 0.0000 0.1165 0.2990 0.0703 0.2670 0.0308 0.1830
c44 -0.5000 0.0847 0.1563 0.0565 0.1296 0.0166 0.0846
c54 0.0000 -0.0214 0.1998 -0.0054 0.1851 0.0093 0.1252
c15 0.0000 -0.2894 0.5842 -0.2127 0.5090 -0.1077 0.3178
c25 0.0000 -0.2586 0.5108 -0.1838 0.4436 -0.0962 0.2631
c35 0.0000 0.1957 0.4347 0.1382 0.3747 0.0703 0.2430
c45 0.0000 0.0936 0.2480 0.0580 0.2186 0.0291 0.1546
c55 0.8000 -0.1006 0.1910 -0.0755 0.1635 -0.0265 0.0882
φ11 0.9000 -0.1596 0.3858 -0.1118 0.2690 -0.0355 0.1127
φ21 0.0000 -0.1613 0.5686 -0.1731 0.5803 -0.1415 0.4241
φ12 0.0000 0.0046 0.4973 0.0028 0.4808 0.0055 0.3031
φ22 -0.9000 0.7900 0.9401 0.5671 1.0108 0.2207 0.6004

Table 16: Difference between the median and true value, and Interquartile Range (IQR) divided by twice
the 75% standard Normal quantile z75%, for our estimator in DGP 8 (n = 5, K = 2, ARCH noises). The
second column reports the true values of the parameters. The quantity IQR/(2z75%) equals the standard
deviation in a Gaussian N(0, 1) distribution.
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T = 500 T = 1000 T = 5000

Param. θ0 Bias Std. Bias Std. Bias Std.

b11 0.5000 0.0214 0.1850 0.0120 0.1144 0.0013 0.0444
b21 0.5000 0.0115 0.1847 0.0050 0.1173 -0.0013 0.0456
b31 0.5000 0.0187 0.1775 0.0124 0.1140 0.0019 0.0457
c1,11 -0.2158 0.0338 0.1073 0.0171 0.0816 0.0039 0.0427
c1,21 -0.3768 0.0390 0.1068 0.0252 0.0773 0.0067 0.0394
c1,31 0.3280 0.0392 0.1066 0.0211 0.0803 0.0065 0.0390
c1,41 -0.4669 0.0851 0.1590 0.0534 0.1190 0.0139 0.0665
c1,12 0.2860 0.0478 0.1011 0.0294 0.0754 0.0087 0.0381
c1,22 -0.6122 0.0438 0.1045 0.0276 0.0745 0.0077 0.0401
c1,32 0.2537 0.0503 0.0949 0.0306 0.0673 0.0097 0.0336
c1,42 0.2445 0.1044 0.1506 0.0690 0.1087 0.0204 0.0571
c1,13 0.3860 0.0721 0.0980 0.0384 0.0740 0.0120 0.0358
c1,23 -0.0122 0.0697 0.0957 0.0417 0.0699 0.0116 0.0336
c1,33 0.4537 0.0614 0.1048 0.0308 0.0762 0.0088 0.0360
c1,43 0.3445 0.1418 0.1461 0.0833 0.1064 0.0245 0.0477
c1,14 0.4719 0.1087 0.1176 0.0683 0.0968 0.0202 0.0527
c1,24 -0.0244 0.1088 0.1150 0.0715 0.0944 0.0208 0.0494
c1,34 -0.6927 0.1118 0.1127 0.0706 0.0875 0.0211 0.0422
c1,44 0.2890 0.2097 0.1840 0.1376 0.1496 0.0402 0.0762
c2,11 -0.3000 0.0748 0.1100 0.0461 0.0849 0.0123 0.0451
c2,21 0.0000 0.0730 0.1089 0.0473 0.0819 0.0141 0.0432
c2,31 0.1000 0.0793 0.0973 0.0493 0.0759 0.0146 0.0366
c2,41 0.0000 0.1530 0.1577 0.1002 0.1214 0.0276 0.0649
c2,12 0.0000 -0.0377 0.0830 -0.0188 0.0598 -0.0051 0.0282
c2,22 -0.3000 -0.0435 0.0851 -0.0264 0.0607 -0.0073 0.0267
c2,32 0.0000 -0.0378 0.0896 -0.0190 0.0618 -0.0048 0.0279
c2,42 0.2000 -0.0722 0.1253 -0.0406 0.0883 -0.0107 0.0443
c2,13 0.1000 -0.1238 0.1517 -0.0741 0.1180 -0.0210 0.0592
c2,23 0.0000 -0.1214 0.1472 -0.0783 0.1155 -0.0220 0.0546
c2,33 0.3000 -0.1255 0.1501 -0.0749 0.1102 -0.0217 0.0488
c2,43 0.0000 -0.2379 0.2441 -0.1517 0.1872 -0.0436 0.0868
c2,14 0.0000 0.0039 0.1007 0.0022 0.0737 0.0010 0.0398
c2,24 -0.2000 -0.0026 0.1040 -0.0041 0.0724 -0.0016 0.0394
c2,34 0.0000 -0.0076 0.0990 -0.0065 0.0736 -0.0035 0.0386
c2,44 -0.4000 -0.0042 0.1530 -0.0079 0.1151 -0.0023 0.0685
φ 0.8000 -0.1385 0.2651 -0.0142 0.1271 0.0096 0.0370

Table 17: Bias and standard deviation for our estimator in DGP 9 (n = 4, K = 1, p = 2, φ0 = 0.8,
σv,0 = 1, Gaussian noises). The second column reports the true values of the parameters.
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G.2 Size and power of the test on the number of latent factors

Nominal size: α = 10% α = 5% α = 1% α = 0.5%

DGP 3 T = 500 0.1330 0.0700 0.0160 0.0040

T = 1000 0.1270 0.0650 0.0110 0.0080

T = 5000 0.0940 0.0420 0.0130 0.0040

DGP 4 T = 500 0.1000 0.0530 0.0090 0.0010

T = 1000 0.1070 0.0570 0.0120 0.0040

T = 5000 0.0950 0.0370 0.0140 0.0060

DGP 5 T = 500 0.0850 0.0450 0.0080 0.0010

T = 1000 0.1000 0.0570 0.0090 0.0040

T = 5000 0.0920 0.0430 0.0120 0.0040

DGP 6 T = 500 0.1040 0.0550 0.0130 0.0030

T = 1000 0.1070 0.0530 0.0130 0.0050

T = 5000 0.0990 0.0470 0.0110 0.0040

DGP 7 T = 500 0.0350 0.0110 0.0000 0.0000

T = 1000 0.0680 0.0290 0.0010 0.0000

T = 5000 0.0980 0.0400 0.0070 0.0030

DGP 8 T = 500 0.0990 0.0510 0.0170 0.0060

T = 1000 0.1150 0.0530 0.0150 0.0040

T = 5000 0.0970 0.0470 0.0090 0.0040
Table 18: Empirical size of the test for the null hypothesis H0 : K = 2 against the alternative Ha : K >
2, in DGPs 3-8, for different nominal sizes. The number of Monte Carlo replications is Nrep = 1000.
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Nominal size: α = 10% α = 5% α = 1% α = 0.5%

DGP 3 T = 500 0.9850 0.9560 0.7840 0.6830

T = 1000 1.0000 1.0000 1.0000 0.9990

T = 5000 1.0000 1.0000 1.0000 1.0000

DGP 4 T = 500 0.8230 0.6920 0.3800 0.2900

T = 1000 0.9940 0.9830 0.9110 0.8430

T = 5000 1.0000 1.0000 1.0000 1.0000

DGP 5 T = 500 0.7110 0.5590 0.2450 0.1670

T = 1000 0.9840 0.9530 0.8000 0.6820

T = 5000 1.0000 1.0000 1.0000 1.0000

DGP 6 T = 500 0.8940 0.7650 0.4460 0.3070

T = 1000 1.0000 0.9960 0.9670 0.9240

T = 5000 1.0000 1.0000 1.0000 1.0000

DGP 7 T = 500 0.2370 0.1140 0.0220 0.0100

T = 1000 0.4700 0.3090 0.1020 0.0580

T = 5000 1.0000 1.0000 0.9950 0.9890

DGP 8 T = 500 0.8700 0.7360 0.3650 0.2460

T = 1000 0.9970 0.9900 0.9230 0.8500

T = 5000 1.0000 0.9990 0.9970 0.9970
Table 19: Empirical power of the test for null hypothesisH0 : K = 1 against the alternativeHa : K > 1,
in DGPs 3-8, for different nominal sizes. The number of Monte Carlo replications is Nrep = 1000.
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G.3 Selection of model orders K, p, q

α = 5%

(p,K) (1,1) (1,2) (2,1) (2,2) others

T = 500 0.6550 0.0700 0.2520 0.0110 0.0120

T = 1000 0.8870 0.0420 0.0640 0.0020 0.0050

T = 5000 0.9310 0.0150 0.0540 0.0000 0.0000

α = 1%

(p,K) (1,1) (1,2) (2,1) (2,2) others

T = 500 0.8210 0.0280 0.1240 0.0020 0.0250

T = 1000 0.9310 0.0150 0.0540 0.0000 0.0000

T = 5000 0.9680 0.0140 0.0180 0.0000 0.0000

α = 0.5%

(p,K) (1,1) (1,2) (2,1) (2,2) others

T = 500 0.8550 0.0160 0.0930 0.0010 0.0350

T = 1000 0.9530 0.0080 0.0390 0.0000 0.0000

T = 5000 0.9830 0.0050 0.0120 0.0000 0.0000

α = 0.1%

(p,K) (1,1) (1,2) (2,1) (2,2) others

T = 500 0.6880 0.0000 0.0050 0.0000 0.3070

T = 1000 0.9960 0.0000 0.0000 0.0000 0.0040

T = 5000 0.9970 0.0000 0.0000 0.0000 0.0030

Table 20: The table reports the percentage of times that model (p,K) is selected in 1000 Monte
Carlo replications. Orders (p,K) are selected with the testing procedure described in Section 5, with
α = 5%, 1%, 0.5%, 0.1%. Data are simulated according to DGP 1 (K = p = q = 1), with
T = 500, 1000, 5000.
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α = 0.01

(p,K, q) Percentage

(2, 0, 0) 4%

(4, 0, 0) 2%

(1, 1, 1) 66%

(1, 1, 2) 10%

(1, 1, 3) 12%

(2, 1, 1) 1%

(2, 2, 1) 2%

(1, 2, 1) 1%

(1, 2, 2) 0%

otherwise 0%

Table 21: The table reports the percentage of times that model (p,K, q) is selected in 1000 Monte Carlo
replications. Orders (p,K) are selected with the testing procedure described in Section 5, with α = 0.01.
Order q is selected with BIC. Data are simulated according to DGP 1 (K = p = q = 1), with T = 1000.
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