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S.A Additional simulation results: Unboundedly supported regres-

sors and asymptotic critical values

This section provides additional simulation results using the same design as in Section 8 of the main
body of the paper. Recall that the paper reports only bootstrap results for the compactly supported
regressors case. Here we include results using asymptotic critical values for both the compactly and
unbounded supported regressor cases, as well as bootstrap results for the latter, focusing on the
SARARMA(0,1,0) model. The results are in Tables OT.1-OT.4 and our findings match those in the

main text, with the bootstrap typically offering better size control.

S.B Proofs of Theorems 4.2 and 4.4

Proof of Theorem 4.2. From Corollary 4.1 and Lemma LS.2, | (7) — X|| = O, (|7 —wll) = Vdy/n,

so we have, from Assumption R.3,
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By Assumption R.2, we have & — a* = O,(1/y/n). Denote by 6*(z) = ¢(z)'s*, where f* =
argming Ely; — 1 (x;)'8)], and set On; = 0(x;), oi = Oo(i), 0; = YiB, fi = f(xi, @), ff = flai,a®).
Then w; = y; — f(x, Q) = u; + 6oy — fi- Let 8 = (6o (x1),...,00 (x,))" as before, with similar

~

component-wise notation for the n-dimensional vectors 6%, f, and u. As the approximation error is
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say. First, for any vector g comprising of conditioned random variables,
—1 3\2 - — —1(|2 2 2
£ [('2()9)"] = o2 220 g < sup|126) 7 11 gl = 0, (lal?)
ve
uniformly in vy € I", where the expectation is taken conditional on g. Similarly,
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Let ¥y be the k-th column of ¥, k =1,...,p. Then, we have ||¥/\/n|| = Op(1) and for any v € T,
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Therefore, by Chebyshev’s inequality,
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where e;, is an n x 1 vector with ¢-th entry one and zeros elsewhere, so 2?21 emegn =1,, and
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where 7 is a value between 4 and 7y due to the mean value theorem. We have
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where the last equality holds under the conditions of the theorem.

It remains to show that
Ai = o, (p1/2) i=1,... 4 (S.B.2)

It is convenient to perform the calculations under Hy, which covers Hy as a particular case. Using the

mean value theorem and either Hy or Hy, we can express
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for any v € I' and any conditioned vector g, if we take g = 0f(x,)/0ca; or g = h, then both satisfy
O, (llg]l) = Op (v/n) and it follows that
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By (3.2), we have |e|| = O(p~*n'/?) and
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Combining these together, we have

under H; and the same expression holds with A = 0 under Hj.
O

Proof of Theorem 4.4. (1) Follows from Theorems 4.2 and 4.3. (2) Following reasoning analogous to
the proofs of Theorems 4.2 and 4.3, it can be shown that under Hy, M, = n~1o*"2(6p—f*)'S ('y*)_l (60—
f*) + op(1). Then,
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and for any nonstochastic sequence {C,}, C,, = o(n/p'/?), P(F, > C,) — 1, so that consistency
follows. (3) Follows from Theorems 4.2 and 4.3. O

S.C Proof of Theorem 5.1

Proof. We prove the result under Hy, which is the more challenging case as it involves nonparametric

estimation. The proof under Hj is similar. We will show gg 2 ¢, whence B 2 Bo and 72 LN 0(2] follow



from (5.3) and (5.4) respectively. First note that
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)IT(NE), 72 = 5% (¢o) = n~ "W/ E'MEu, using (5.4)
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Note that in the particular cases of Theorems 4.1 and 6.1, where T'(\) = I,,, the ¢; term vanishes
because M (v) E(y)¥ =0 and M (1) E(7)¥ = 0. Proceeding with the current, more general proof
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where recall that N¢(n) = O\N? (1), N®(n) = {¢: ||¢ — ¢o|| < n} N ®. Because 72/03 5 1, the
property log (1 + ) =z + o(z) as = — 0 implies that it is sufficient to show that
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from Assumption SAR.2, whence Assumptions SAR.3 and SAR.4 imply (S.C.4). Again using Assump-
tion SAR.2, uniformly in ¢, | f (¢) /o2 ()| = O, (|f (¢)|) and
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where we have twice made use of the inequality
IAB||p < [[Allz | B (5.C.6)

for generic multiplication compatible matrices A and B. (S.C.3) now follows by Assumption SAR.1
and compactness of A because T'(\) = I, + Z?Ql (Aoj — Aj) G;. Finally consider (S.C.2). We first
prove pointwise convergence. For any fixed ¢ € N ¢ (n) and large enough n, Assumptions SAR.2 and
SAR.4 imply

{er @)} = 0, (I80l7*) = 0,(1) (8.C.7)
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because {n~lodtr (T’(/\)E(v)*1T(/\)E*1)}71 = Op(1) and, proceeding like in the bound for |f(¢)],
tE =Ly (BT (N E(Y (I - M (7)) E()T(\)E™) = OP(HT(A)Hz/n) = 0,(1/n). In fact it is
worth noting for the equicontinuity argument presented later that Assumptions SAR.2 and SAR.4
actually imply that (S.C.7) and (S.C.8) hold uniformly over N(z)(n), a property not needed for the
present pointwise arguments. Thus ¢3(¢) / (c1(¢) +c2(9)) = Op (lcs(¢p)|) where, writing B(¢p) =



T'(N)E(v) M () E(v)T(X\) with typical element b,s(¢), 7,8 = 1,...,n, c3 (¢) has mean 0 and variance
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with K,s, denoting the fourth cumulant of w,, us, us, uy, 7,8,t,v = 1,...,n. Under the linear process
assumed in Assumption R.4 it is known that
> Kl =0(n). (S.C.10)

r,s,t,u=1

Using (S.C.6) and Assumptions SAR.1 and R.3, the first term in parentheses in (S.C.9) is
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while the second is similarly
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using (S.C.10). Finally, the third term in parentheses in (S.C.9) is
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By compactness of A and Assumption SAR.1, (S.C.11), (S.C.12) and (S.C.13) are negligible, thus
pointwise convergence is established.

Uniform convergence will follow from an equicontinuity argument. First, for arbitrary ¢ > 0 we
can find points ¢, = (\.,7.)’, possibly infinitely many, such that the neighborhoods |¢ — ¢*|| <
form an open cover of N’ ¢(77). Since ® is compact any open cover has a finite subcover and thus we
may in fact choose finitely many ¢, = (\.,~.)’, whence it suffices to prove
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Proceeding as in Gupta and Robinson (2018), we denote the two components of c3(¢) by c31 (¢),
c32 (@), and are left with establishing the negligibility of
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|cs (4]
+ 2 (8)ca (62) ca (¢4) — c2 ()], (8.C.14)

uniformly on ||¢ — ¢,|| < €. By the fact that (S.C.7) and (S.C.8) hold uniformly over ®, we first
consider only the numerators in the first two terms in (S.C.14). As in the proof of Theorem 1 of
Delgado and Robinson (2015), (S.C.6) implies that &£ (sup||¢,¢*||<€ les1 (@) — e31 (¢*)|) is bounded by
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because € ||ul|? = O(n) and tr¥ = O(n). B(¢) — B(¢«) can be written as

(T(A) = T(\) E()MEM)TA) + TA)'S (7)) M (3:) B(7) (T(A) = T(\))
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which, by the triangle inequality, has spectral norm bounded by
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By Assumption SAR.1 the first term in parentheses on the right side of (S.C.16) is bounded uniformly
on [[¢ — ¢ull < e by

dy
S = AlIGl < max Gyl 1A= Al = Op(c), (s.C.7)
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while because E(7)'M(y)E(y) = n~1S(y)~ 1w (n_lllf’Z‘(y)_l\I/)_l U'S(y)~! for any v € T, the second

one can be decomposed into terms with bounds typified by
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uniformly on ||¢ — ¢«|| < e, by Assumptions R.3 and R.8, Proposition 4.1 and the inequality ||A|| <

| Al for a generic matrix A, so that

sup  [|B(¢) — B(dx)[ = Op(e)- (5.C.18)
ll¢—¢«ll<e



Thus equicontinuity of the first term in (S.C.14) follows because ¢ is arbitrary. The equicontinuity of
the second term in (S.C.14) follows in much the same way. Indeed supj,_g, <= c32 (¢) — c32 (¢+) =
2071 By W supyg_g, <= (B(9) — B(¢)) u = Op (SUPH¢7¢*H<5 1B () — ‘B(éb*)H) = Op(e), using earlier
arguments and (S.C.18). Because c¢;(¢) is bounded and bounded away from zero in probability (see
S.C.7) for sufficiently large n and all ¢ € N¢(n), the third term in (S.C.14) may be bounded by
les ()] /e1(dx) (14 c1(ds)/e1(d)) —= 0, convergence being uniform on ||¢ — ¢.| < & by pointwise
convergence of c3(¢)/ (c1(¢) + c2(¢)), cf. Gupta and Robinson (2018). The uniform convergence to
zero of the fourth term in (S.C.14) follows in identical fashion, because c2(¢) is bounded and bounded
away from zero (see (S.C.8)) in probability for sufficiently large n and all ¢ € N ¢(77). This concludes
the proof. O

S.D Lemmas

Lemma LS.1. Under the conditions of Theorem 4.1, c1(y) = n~ 1B/ W'E (v)M(v)E(7)¥8 + 0,(1).
Proof. First,

ci(y) = n" BVE (V) M(1)EM)YS + c12(v) + er3(7),
with c1a(7y) = 2n~ Y/ E'(v)M(y)E(y)¥S3 and ci3(y) = n~Le'E'(y)M(y)E(y)e. It is readily seen that
c12(y) and c13(7y) are negligible. O

Lemma LS.2. Under the conditions of Theorem 4.2 or Theorem 5.2, |[7 — vl = Op (\/dy/n) .

Proof. We show the details for the setting of Theorem 4.2 and omit the details for the setting of
Theorem 5.2. Write | = 0L(50,70)/07. By Robinson (1988), we have |7 — vl = O, (||l||). Now
L= (... ,la), with I; = n~lr (S71%;) — n~Log 2u/S~18, 5 . Next, € ||i]|? Zj;s(z;) and

_ _ 1
nTaalvar (¢B'S7'8;271Be) = nTaalvar (¢'Dje), (S.D.1)

E (l2) ——var (uZ 12 > u) =

2

say. But, writing d; s for a typical element of the infinite dimensional matrix D;, we have

var (¢'Dje) = (pa — 300 Z iss T ZJOtr DQ) (pa — 300 Z s T 200 Z d (S.D.2)
s,t=1

Next, by Assumptions R.4, R.3 and R.9

Z Bo =D (BZ71250)" (Zﬂb H ) ISP =0 [ SN 62 =om). (8D.3)
s=1

j=1 s=1
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Similarly,

Z 2= Zb’Sz*lm* (Z btb;> SR =) M DTSSR, = O(n). (S.D4)
s,t=1 =1 t=1 s=1

Using (S.D.3) and (S.D.4) in (S.D.2) implies that & (lf) = O(n™'), by (S.D.1). Thus we have
EI? = O(d,/n), and thus ||I| = O, (v/dy/n), by Markov’s inequality, proving the lemma. O

Lemma LS.3. Under the conditions of Theorem 4.3, £ (00 6’7/5) =p and Var (00 5’7/6) /2p — 1.

Proof. As & (00_25’”//6) =tr (E[B'ES 10 (WS10)"N'E 1 B]) = p, and

)

1 © o
var (25'"’”‘") - (Mi - 3) S EQE) + Eltr (P V) + (1) = (”i - 3) S 2 42, (SDS)
70 70 s=1 s=1

it suffices to show that -

2p)~ 1) W2 Bo. (S.D.6)

ss
s=1

2
Because vgs = b, #bs, we have v2, = (Z” 1 bzsbjsm”) . Thus, using Assumption R.4 and (A.5), we
have

2

oo n 3 n o
oz < (Sup |sz|) Z Z bis| | =0p | p’n? (Sgpz \bfsl) > Ibi]
—1 s=1 \ij=1 = i=1 s=1
= O, (p n_l) , (S.D.7)
establishing (S.D.6) because p?/n — 0. O

Lemma LS.4. Under the conditions of Theorem 6.2, ||T — 10|l = Op (N/dT/n) .
Proof. The proof is similar to that of Lemma LS.2 and is omitted. 0

Denote H(y) = In + 37", ’VJWJ' and K(v) = In — 3272 W, Let Gi(v) = W;K~1(v),
j=1...,m, Tj = HYy)W,, j = m1+1,...,m1 + mgo and, for a generic matrix A, denote
A=A+ A" Our final conditions may differ according to whether the W; are of general form or have
‘single nonzero diagonal block structure’, see e.g Gupta and Robinson (2015). To define these, denote

mi+ma

by V an n x n block diagonal matrix with i-th block V;, a s; x s; matrix, where ) Y s; =n, and

for i = 1,...,m1 + mgo obtain W; from V by replacing each Vj, j # i, by a matrix of zeros. Thus
V=S

11



Lemma LS.5. For the spatial error model with SARMA(p, q) errors, if

sup (|[K' (|| + [|K 'O + [[H )| + |[H P ()]) + | max W] < C, (S.D.8)
yere 00 ot =1, mi1+ma

then

mi+mgo
(D=(7) (+) = 4 (ZMH B ﬂ()) A7),

j=mi+1

Proof. We first show that DX € & (I'°, M™*"). Clearly, D is a linear map and (S.D.8)

o= ()] < e,

in the general case and

Jioson ()] <,

..... mi+ms

in the ‘single nonzero diagonal block’ case. Thus DY is a bounded linear operator between two normed
linear spaces, i.e. it is a continuous linear operator.

With A(y) = H (v)K (), we now show that

A7 (y+ A1) A7 (v +4T) = AL () A7 () = (DE(y)) (V1)
I,

0, as HryTH =0, (S.D.9)
g

where ||| o s either the 1-norm or the max norm on I'. First, note that
A7t ('y + 7*) A (v + ’ﬂ) — AT (A ()
= A7 (7 + 7*) (A‘l (7 + ’YT) — A_l(v))/ + (A‘l (7 + 7*) - A‘l(v)) A7 (9)
= —a7 (y+a) a7 (y4t) (A (v +af) - A(’Y)>/ A ()
= A (y+t) (A(v+at) - Am) AT AN ), (8.D.10)

Next,

A(v+v*)fA(v) = H'(y+9f K( +’7T>—H_1(7)K(7)

12



Substituting (S.D.11) in (S.D.10) implies that

AT () A (4 4f) — AT AT ) = A (19T) + 22 (147) = A (547) . (8Da2)

say, where
m1+m2
Ay (%VT> = A (7+7T) At (7+7) ZVTWHLK’ YH'=Y( Z %TW
Jj=mi+1

x H'™ (’Y + 7*) A (),

Ay (%7*) = A7 (v + 7T> H! (V +7 ) (Z YW + mim VW, H K(v))

j=mi-+1

X ATHA T ().

From the definitions above and recalling that A(y) = H~'(y)K(v), we can write

A(vat) =at (v 441) T (r41) a7 (), (SD.13)
with
T(v41) = ing} (v H (v +91) + 47 (v +91) A() mim AT (v +41)
] j=mi+1
+ Z'y (7+7)G(7)+m§27;7}(7+¢)-
Jj=mi+1

Then (S.D.12) implies that
A7 (y491) A7 (3 441) - AT )4 () - (020 (4)
= A7 (v A7 (7 491) - AT AT () = A (19) = (02) (7F) + A (1.47)
= A (%WT) — (DX(y)) (7T) : (S.D.14)
so to prove (S.D.9) it is sufficient to show that

|12 (v:71) = (@E(M) (D]
[

— 0 as HVTH — 0. (S.D.15)
g

The numerator in (S.D.15) can be written as 23:1 IT; (’Y»VT) A'"1(v) by adding, subtracting and

13



grouping terms, where (omitting the argument ('y, WT))

m = A 1(’Y+’YT> > ool (v+at) ) (H(’Y)—H(’Y‘F’YT))/H/_l (v+41),

M = A l(wrvT) AH (v441) (HO) = H (v+47)) B 0G5 (),
= o) S (00 ) )5 ).
j=mi+1
I, = (A_l (7+7T) )mfu 7] 7+7T)
Jj=mi+1
I = mffm TH=T(y +97) (H(y) — H (v +90) H- ()W,
Jj=mi+1

Mg = <’Y’Y>Z Wi (y
I, = (A_l (7+’yT> )ZWTH (7).

y (S.D.8), (S.D.13) and replication of earlier techniques, we have

II; (’MT) A”(W)H <C Hv

(S.D.16)

max_ sup
7,:1,.“,7 ’YEFO

where the norm used on the RHS of (S.D.16) depends on whether we are considering the general case

or the ‘single nonzero diagonal block’ case. Thus

A (1.91) = (D2()) ()]
[ e

proving (S.D.15) and thus (S.D.9). O

<l = 0us 5], >0
g g

Corollary CS.1. For the spatial error model with SAR(my) errors,

(Dx() (+1) = K Z G ().

Proof. Taking ms = 0 in Lemma LS.5, the elements involving sums from m; + 1 to m1 + mo do not

arise and H () = I,,, proving the claim. O
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Corollary CS.2. For the spatial error model with SMA(ms) errors,

(Dx() (+) = H Z%T

Proof. Taking m; = 0 in Lemma LS.5, the elements involving sums from 1 to m; do not arise and

K (~) = I, proving the claim. O

Lemma LS.6. For the spatial error model with MESS(my) errors, if
jmax (W5l + ||w7]) < 1, (S.D.17)

L

then

Proof. Clearly DY € . (I'°, M™*™). Next,

A7 (r491) 47 (1497) A7 )4 ) - (02)) () |

= |lexp gj (7]+’yj> (W +W)) — exp (Z’yj W —l—W)) — (DX(7)) <'yT>

= |lexp iw(WfrW}))(

mi mi mi
< |lexp Z’yj (VV]—FWJ)) exp ( 'y; (WJ+W;)) —In—z'y; (W]—FWJ/)
j=1 j=1 j=1
p o mi k mi
< ClL+ Y AW +w)+> Wi+ W) b = L= Al (W + W)
J=1 k=2 | j=1 j=1
k

VAN
Q
hE
—
NgE
GQ——)—
=
_l’_
3
—_———
VAN
Q
M8
NgE
Q2—+
=
_l’_
3
=

, (S.D.18)

AN
Q
e
=

by (S.D.17), without loss of generality, and again the norm used in (S.D.18) depending on whether we
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are in the general or the ‘single nonzero diagonal block’ case. Thus

[A™" (v +97) A7 (v +9F) — AT AT () = (DE()) (D] Ci HVTHH =0
I, <O, =0

as HWTHQ — 0, proving the claim. O
Theorem TS.1. Under the conditions of Theorem 4.4 or 5.3, T, — F,* = 0,(1) as n — 0.
Proof. It suffices to show that nm, = nm, +o,(\/p). As =y — [9\, u=y— fA‘, and 0= 0 — ]?, we have
u=n-+7vand
N N R PN N A N At PPV RSN (Y
nm, = 0 (uE(y) u—nx®) 77) =0 (2u2(’y) v—02(7) v)
~ ~—2 Iy —1 e a1 =k
= 2nm, — 0o \I/<\IIZ(7) \I/> UYE(AF) (u+e)—e+6y—f
~\—1 v\ —1 -1 Iv o~ —1 n
SEH e (WEE ) wEE) o) —etbo- ]
-1 P\ ~
= 2ni, -5 2 3) O (VEE) ) WEE) w572 (60— F) ()7 (% - F)
~ !/
+572 (2000~ ) =) H) 7 (T- Wz @) 9T eE @) e
N/ -1
~252 (60— F) =@ v (vEE) ) wEE)
= 2nm, — (nT/an 52 (A1 + Ay + As + A4)) — 8_2144
~ !/
572 (200~ 1) ) BE) (- wwEE) TR E) ) e - 254
= nmy, -+ 572 (A] + A2 — A3)

+52 (2(00 ~H- e)l 2 F) ! <I ¥ (11/’2 #)" \1/)_1 o'y (a)*) e. (S.D.19)

In the proof of Theorem 4.2, we have shown that

N/
(00 7) 567 (1- WS @ 0 wS 6 e <o)
in the process of proving |As| = 0,(/p). Along with
Iv o~ —1 Ie o~ —1 RSO |
e (7) I-v(UVE@H)"v) ¥E®) e
-1
< |es@ e+ ls@m e (vEE ) wEsE) e
2 -1 2 -1 201 1 / -1 - /
< JelPsup|s (07 +lelsup s cw (Cvs e e)
~€eT ~er n n
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= 0y (") = 0 (™ *n) = oyl

we complete the proof that nm,, = nm, + o,(,/p). In the SAR setting of Section 5,
ning = o2 (TT@) T a-7SE) ) =62 (2T @) - iEE) a)
— Onit, — 52 |V (qﬂz@)*l\y)_ 'y (7)! u—i—e—i—z =AWy | —e+ 60— F
2@ v (veE) ) vsE) u+e+Z jo = M)Wy | —e+60—

Compared to the expression in (S.D.19), we have the additional terms

_ dy R
‘QZ o= MWiy'S 37 (WS @) TS E)TS - AW
j=1
and
—2“‘22 o WS @ e (W2 @) e) wsE) ! (utt - 7).

Both terms are o,(,/p) from the orders of A5 and Ag in the proof of Theorem 5.2. Hence, in the SAR

setting, nm, = nm, + o,(,/p) also holds.
We now present similar calculations that justify the validity of our bootstrap test for the
SARARMA (mq,m2, m3) model. The bootstrapped test statistic is constructed with

nin;, =375 (3%) 1A = (0, — f(e, @) (3 ((In = NWuy" - f(%@i)) :

k=1

Let J, = (I, — L1,0,). As y = S(A\)71(0(z) + R(7)E), we have
§ = Jﬁg

ms3 -1 m3 -1 ms3 ms3 -1
= Jn (Z V3t War + In) + <Z Y3 War + In> > (s — A1) W (Z YaiWar + In>
=1

=1 =1 =1

X (In = Wa+ > (- 721)W2z> (S(/\)y 0(x) + Z M — M) Wiy + 0(x) — WB)
=1 =1

=1
= - l 0E+J, (Z YaiWs + In> (I — Z’me) (Z()\k — M) Wigy + 0(z) — l//g)
=1 =1
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ms -1 mo mi
+Jn (Z Y31Wai + fn> > (vt — Fa) W (S()\)y —0(z) + Y (e — M) Wigy + 0() — Wﬁ)
=1

- =1 k=1
m3 -1 ms3 ms3 -1
+Jn (Z YaWar + In) > (s —Fa) W (Z Y31 War + In>
=1 =1 =1
mo mo mi R R
X (In = aWa+ > (- 721)W2z> (S(/\)y = 0(z) + > (A — M) Wiry + 0(x) — Wﬁ) ;
=1 =1 k=1

which can be written as

=€+ CingPnj+ D Conj@nsé
= =1

where py; is an n-dimensional vector with bounded elements, Q; = [gn;;] is an n X n matrix with
bounded row and column sum norms, and (i, ; and (op ;’s are equal to [;,£/n, elements of A\ — Xk,
Yo — Yo, 0(x) — ¥'B or their products. This differs from the proof of Lemma 2 in Jin and Lee (2015)
in the term 0(x) — ' and potentially increasing order of dy. Then, (in; = O0,(\/p'/2/n v Vdy/n)
and Conj = Op(\/pY/2/n Vv \/d,/n), instead of O,(y/1/n) as in Jin and Lee (2015). Based on this
result, the assumptions in Theorem 4 of Su and Qu (2017) hold, so the validility of our bootstrap test

directly follows.
O
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PS Trig B-s
0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

n—
c=0 001 0.032 0.05 0.01 0.028 0.054 0.02 0.042 0.064
0.036 0.084 0.122 0.02 0.056 0.084 0.044 0.008 0.11
c=3 0.07 0156 0.194 0.166 0.248 0.296 0.208 0.302 0.372
0.454 0.58 0.658 0.172  0.29 0.358 0.166 0.274 0.346
c=6 037 0532 0.644 0.688 0.806 0.854 0.688 0.82 0.884
0.998 1 1 0.676 0.822 0.866 0.576 0.726 0.81

c= 0.008 0.03 0.044 0.006 0.012 0.028 0.016 0.028 0.042
0.022 0.052 0.068 0.004 0.028 0.05 0.018 0.048 0.062
c=3 0352 0478 0.574 027 0.39 0484 0.376 0.518 0.614
0.54 0.666 0.744 0.288 0.412 0.508 0.316 0.462 0.544
c=6 0984 099 0.99 0.956 0.986 0.992 0.98 0.992 0.994
0.998 0.998 0.998 0.948 0.99 0.992 0.956 0.99 0.996

c=0 0002 0016 0.034 0.002 0.014 0.034 0.038 0.074 0.102
0.008 0.026 0.048 0.012 0.028 0.036 0.01 0.036 0.074
c=3 0176 0.29 0.356 0.164 0.256 0.312 0.388 0.354 0.606
0.34 0.496 0.582 0.144 0.274 0.356 0.168 0.282 0.376
c=6 0883 0.942 0.96 0.818 0.898 0.934 0.944 0.974 0.986
0.99 0.998 1 0.816 0.904 0.944 0.862 0.932 0.954

Table OT.1: Rejection probabilities of SARARMA(0,1,0) using asymptotic test .7, at 1, 5, 10% levels,
power series (PS), trigonometric (Trig) and B-spline (B-s) bases. Compactly supported regressors.
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PS Trig B-s
0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

n—
c=0 001 0.032 0.05 0.01 0.028 0.054 0.06 0.01 0.016
0.036 0.084 0.122 0.02 0.056 0.084 0.044 0.008 0.116
c=3 0.07 0156 0.194 0.16 0.252 0.292 0.09 0.138 0.186
0.454 0.58 0.658 0.174 0.29 0.358 0.166 0.272 0.34
c=6 037 0532 0.644 0.682 0.798 0.85 0.514 0.644 0.714
0.998 1 1 0.676 0.822 0.866 0.572 0.714 0.8

c= 0.008 0.03 0.044 0.006 0.012 0.026 0 0.004 0.006
0.022 0.052 0.068 0.006 0.028 0.05 0.018 0.05 0.062
c=3 0352 0478 0.574 0.268 0.396 0.486 0.158 0.23 0.288
0.54 0.666 0.744 0.288 0.412 0.508 0.322 0.466 0.55
c=6 0984 099 0.99 0.958 0.986 0.992 0918 097 0.98
0.998 0.998 0.998 0.952 0.99 0.992 0.96 0.99 0.998

c=0 0002 0016 0.034 0.002 0.018 0.038 0 0 0
0.008 0.026 0.048 0.012 0.028 0.032 0.01 0.036 0.064

c=3 0176 0.29 0.356 0.156 0.258 0.312 0.022 0.03 0.044
0.34 0.496 0.582 0.144 0.272 0.352 0.154 0.266 0.352

c=6 0883 0.942 0.96 0.816 0.908 0.936 0.43 0.522 0.554
0.99 0.998 1 0.816 0.904 0.944 0.856 0.924 0.944

Table OT.2: Rejection probabilities of SARARMA (0,1,0) using asymptotic test 7, at 1, 5, 10% levels,
power series (PS), trigonometric (Trig) and B-spline (B-s) bases. Compactly supported regressors.
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PS I =T Trig n Trig T
0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

n = 60
c=0 0.02 0.05 0.072 0.016 0.038 0.052 0.016 0.038 0.052
0.038 0.082 0.11 0.038 0.06 0.08 0.038 0.06 0.08
c=3 0.106 0.158 0.224 0.062 0.11 0.146 0.062 0.11 0.146
0.152 0.25 0.31 0.09 0.158 0.204 0.09 0.158 0.204
c=6 0552 0.686 0.73 0.234 0.352 0.482 0.236 0.354 0.43
0.634 0.774 0.82 0.404 0.542 0.642 0.404 0.542 0.642

n = 100
c=0 0.008 0.024 0.036 0.002 0.018 0.036 0.002 0.018 0.036
0.024 0.05 0.068 0.012 0.026 0.052 0.012 0.026 0.052
c=3 0.162 0.262 0.342 0.142 0.22 0.286 0.142 0.22 0.286
0.216 0.332 0.408 0.164 0.274 0.35 0.164 0.274 0.35
c=6 0824 0.894 0.926 0.79 0.868 0.892 0.79 0.866 0.894
0.888 0.944 0.952 0.862 0.896 0.928 0.862 0.896 0.928

n = 200
c=0 0.006 0.018 0.032 0.008 0.022 0.032 0.008 0.022 0.032
0.012 0.032 0.068 0.01 0.026 0.046 0.01 0.026 0.046
c=3 0.096 0.182 0.258 0.076 0.152 0.212 0.078 0.15 0.208
0.126 0.24 0.33 0.098 0.184 0.26 0.098 0.184 0.26
c=6 0.754 0.858 0.892 0.596 0.728 0.794 0.596 0.724 0.79
0.84 0.918 0.944 0.684 0.794 0.866 0.684 0.792 0.866

Table OT.3: Rejection probabilities of SARARMA(0,1,0) using asymptotic tests 7, 7, at 1, 5, 10%
levels, power series (PS) and trigonometric (Trig) bases. Unboundedly supported regressors.
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PS 7, =% Trig 7 Trig 7%

0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

n = 60
c=0 0.008 0.058 0.108 0.01 0.046 0.124 0.01 0.046 0.124
0.008 0.042 0.094 0.006 0.044 0.102 0.006 0.044 0.102
c=3 0.052 0.17 0.318 0.036 0.14 0.21 0.036 0.14 0.21
0.034 0.16 0.184 0.034 0.132 0.234 0.034 0.132 0.234
c=256 0.35 0.67 0.808 0.16 0.392 0.556 0.16 0.392 0.558
0.262 0.656 0.794 0.204 0.468 0.66 0.204 0.468 0.66

n = 100
c= 0.006 0.05 0.102 0.006 0.05 0.11 0.004 0.05 0.112
0.012 0.054 0.128 0.004 0.044 0.112 0.004 0.044 0.112
c=3 0.13 0.342 0.516 0.128 0.324 0.488 0.126  0.32 0.488
0.122 0.326 0.498 0.114 0.298 0.474 0.114 0.298 0.474
c=6 0.766 0.932 0.974 0.728 0.92 0.974 0.728 0.92 0.972
0.774 0.934 0.968 0.732 0.898 0.952 0.732 0.898 0.952

n = 200
c= 0.03 0.056 0.088 0.028 0.06 0.098 0.028 0.06 0.098
0.028 0.084 0.128 0.022 0.068 0.118 0.022 0.068 0.118
c=3 0.17 0.346 0.49 0.132 0.286 0.384 0.13 0.288 0.38
0.178 0.34 0.488 0.128 0.274 0.416 0.128 0.274 0.416
c=6 0794 092 0.966 0.682 0.866 0.93 0.678 0.864 0.93
0.84 0.936 0.976 0.698 0.888 0.93 0.698 0.888 0.93

Table OT.4: Rejection probabilities of SARARMA(0,1,0) using bootstrap tests .7,", 7,*" at 1, 5, 10%
levels, power series (PS) and trigonometric (Trig) bases. Unboundedly supported regressors.
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