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I Details for Section 2

We consider a simplified version of Olley and Pakes’ (1996) model without any aggregate shock.

Assume that w;, follows an AR(1) process’

Wit = OWj—1 + €j¢,

where we assume that the intercept term is zero for notational simplicity, and that our parameters

of interests are (£, ). This means that we can write the conditional expectation of p¥,,, given
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10lley and Pakes (1996) adopted a non-parametric specification for the dynamics of w; +, but Ackerberg, Caves

and Frazer (2015) adopted a parametric specification. The parametric specification makes it easier to recognize the

source of complication in the presence of aggregate shocks.



the information [}, available at time ¢ as

E [U;t+1’ Lit] = Brkjs1 + awjy
= Brkji1 + (O (4, kje) — Brkiie)
= Brkjurr + a (D (i1, ki) — Bekie)

and that (S, a) can be identified by the conditional moment restriction

O:E[t);tﬂ (Brkjerr + a(dr (i, ki) — Brkie) ‘ }

using cross-sectional variation. This gives the basic intuition underlying (7).

From
*
0ir — Brkje = wie + e = Ve + €50 + Nje,

we can infer the following limit sequences

n

plimn™> " (v7, — vy — Bikia) (05,1 — vier — Bikjem1) = o Da? (S.1)
n—oo .
7j=1
: — - * * 2
plimn " Z (05, — vt = Bikse) (054_0 — Vee2 — Bikje—2) = (') o2
n—oo .
7j=1
If the panel consists of T" observations, we can identify T+ 3 parameters, including vy, ..., vy, Bk,

(@) 02, using the T (T — 1) /2 moments based on all available pairs of time periods.>

o

While the moment conditions in (S.1) demonstrate identification in the cross-section of certain
parameters, these moments are not suitable for our limit theory which requires estimating functions
to have a martingale difference sequence property. To address this issue we propose the following

moment conditions, which is similar to Ackerberg, Caves and Frazer’s (2015) parametric rendition

2Tt may be tempting to use the Yule-Walker equation
E [wjawjs] = 0y, + 02
E wjwji] = pWar + pDo?

but the expectation operator on the LHS refers to the joint distribution involving both time series and cross-sectional

variations, and as such, is not implementable in cross-sectional data.



of Olley and Pakes’ (1996) moment condition. Recall our assumption that §; and ¢; (i, k;¢) are

known. From
D¢ = Bilje + Ge (i, Kje) + e,
we obtain
05 =050 — Bilje = & (g0, kje) + Mt
from which we further obtain
Mie =50 — O (G ki) - (S.2)

We also have

05 = Prekje = vi+ €0+ N
SO

Eit =iy — Bekje — Ve — Nje- (5.3)

Combining (S.2) and (S.3), we obtain

Ej0 =05 — Brkje — e — (05, — &1 (i, kjn)
= ¢ (11, kji) — v — Bikia,

which can be combined with

*
01 — Brkjirn = Ver1 + €1 + M
_ c (@)
= Vep1r (a( ejet €fatn ) M

to yield
£ Bk — ©) k) — e — Bk (©) A
Vjt+1 Bikjrer = vigr + ' (D (i, kje) — ve — Brkje) + i1 T Mjt+1-

After some straightforward algebra, we obtain

Vjt+t1 = 60,t+1 + Brkjeer + a@ (De (505 ki) — Brkje) + (eg,tl1 + 77j,t+1> ’

where

©),

* _
60,t+1 =V — @ t

;21 + nje+1 1s orthogonal to the past variables such as k;,, 9j,. Therefore, if the

(@)

]7t+

and the error e
;4 is an instrument uncorrelated with the error e;, 1, + 7,41, we can use the moment (7) as a

basis of estimating the parameters (ﬁat 415 Bk a(c)).
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II Detailed Calculations for Example 1

First note that it follows that

E [Zsus—l—l’ng,(s—min(l,To))n—f—i] = ZSE [us+1|c] 5

where the equality uses the fact that z, is measurable with respect to G, (s—min(1,79))n+i and that
ug41 is independent of o ({zs, 251, ..., 2 }) . To evaluate E [usy1|C] consider the joint distribution

of ugyq for s < 0 and vy = z;, which is Gaussian,

0 1 |s]
N , P
0 P

This implies that E [us11|C] = pl*! (1 — p?) z;. Evaluating the Ly norm of Condition 1(vii) leads to
y 2
HE [wq—’s’ ng,(s—min(l,To)—l)n+i] H2
<16l (L= 72) (B [(21 — Blzea))’] + (B lz1)?)

=" (1 = p*) E [(2:21 — E [z:21])°] + [0 (1 = p?) (1[)1;2)

2s

2—2s 2—
el (g ) P +1 5| P
ol ( p)—pQ)z +lol™ =

(1-
2+2|s] 1 2+2|s|
_ sl P + s| P

02
=0 (lol") = o (1s7"*)

2

such that
HE [wis‘ g’rn,(s—min(l,ﬂ))—l)n—l—i] H2 =0 (|/)||S|/2> =0 (|S|_(1+6)/2) .

IIT Details for the Proof of Theorem 1

IT1.1 Proof of (41)

In this section we show that 2221 E

248 ,
[ Yy } — 0 where 9, is defined in (36). Note that, for

any fixed n and given ¢, and thus for a corresponding unique vector (t,%), there exists a unique



j€{1,...,k} such that 7o + [rr;_1] <t < 79 + [77}]. Then,

ng,t*n+i—1] >

= A1y <~ft — [zﬂft gm,t*n+i—1]> 1{j=1}
+ )‘;',u < ~:,t (rj) — E [ ~:,t (r;)

k
batin = DN (A0 (r) = B [ A ()
=1

Gonteutia] ) lrrja] <t =m0 < [} 1{ i = 1},

where all remaining terms in the sum are zero because of by (36), (38) and (39). For the subsequent
inequalities, fix ¢ € {1,...,k,} (and the corresponding (¢,7) and j) arbitrarily. Introduce the
shorthand notation 1, =1{j =1} and 1;; = 1 {[rrj_1] <t — 7 < [tr]} 1 { i = 1}.

First, note that for 6 > 0, and by Jensen’s inequality applied to the empirical measure }L Zle X

we have that

. 1246
¥y

1 2446
— 42+5

1/\/1,11 ( ~iyt —F [@E%|g7'n,t*n+i—l}> 1 + 4/\; v (&:,t (Tj) ) |:~7lf,t (Tj) |ng,t*n+i—1]) 1ij
1 ~ 246
e O e Y I P o] TSSO ¥
2+6 246
7 Il B [ ) G ][ ) 1
2+4

2+6
)
2+6
§
‘ + H)\J V||2+ HE |: (T]) |g7'nt *nti— 1i|
We further use the definitions in (15) such that by Jensen’s inequality and for i = 1 and ¢ €
[70+ 1,79 + 7]

it

+42+5 ( ||)\]V||2+5

6
=242 (o, P

+ 22+25 (H)\] V||2+5

(TJ)

it

+6 N
a7 || B [1Gmienri |

<TJ>

’2+5

) Tt(TJ) + HE[ ¢+ (15) |G neie 1}
1

< sz (1027 + (B [0 Gomomsia]) )

1
< i ([l + B [0l Grmrnsia )

H2+§

while for i > 1 or t & [0+ 1,70 + 7],

v
it

= 0.




Similarly, for ¢ € [1,...,T]

246 246

) + HE [ ;yt|gm,t*n+zel}

1 945 2+6
< —oa7m (1027 + B {10417 (Grnsonsi]

while for ¢ ¢ [1,...,T]

o/ =o.
Noting that ||[A;,|| <1 and |[A;, ] <1,
. |246 23+251 {Z = 1,t € [7'0 + 1,7'0 + T]} v 112+6
B| [0 Gonaa| < teln AN -
25201 {t e 1,...,T)} 04
T ni+8/2 E [||¢Zt|| i ‘grn,t*n+i—1] ) (S.4)

where the inequality in (S.4) holds for § > 0.
To show that (41) holds note that from (S.4), the law of iterated expectations and Condition
1 it follows that for some constant C' < oo,

ye ] -xefe]

246
|g7'n —1
7q
23—1—25 70

L1246
< Som 2 Bl

t=70+1

Uq

g

93+24 T n

+ = 2 0 B Ikl

t=1 =1
PHNrC BN TC PR C 2IPTC
T1+6/2 plte/2 T 82 /2 0

because 2*72C and T are fixed as 7,n — 00.



I11.2 Proof of (42)

Consider the probability limit of 2521 wg We have

kn .
DY
g=1
1 k  To+T )
e Z Z (N (W7 = B [074|Grnien]))” Ly (S.5)
j=1 t=ro+1
2
+ N Z Z Aj w:t’gms n}) (WY, — E Wzl’lt’g‘rn,t*n])/)\j,ylljlj (S.6)
te(ro+1,...,70+7) J=1
A{1,..T}
2
)‘ ( it — E |:¢Z7it’g’rn,t*n+i—1])) . (S.7)
tE{l T} i= 1
Note that

(N (0= E [0501Gmea]))* < (0504 2 [l [ | [5G |
Nl | B [0 | Grnen] | -

Also note that F [w.,lf’t|grn,t*n} = 0 when t > T implies that

1 k 1047 ) )
3 (0 (98— B LGnie])) = (X007 14 (5.8)
7j=1 t=70+1
1 k
<72 > (Il i I 1B [5G aen] ||+ i I 1B [ G ien] |
J=1 te{ro+1,...,70+7N{1,.., T}

Because Condition 2 implies that

TO+T

—Z Z 1{7‘0+[7'7"j 1] <t <m+[rrj]}

7j=1 t=t=m0+1

=y (rj-1)) Ajos

||M?r

the term (S.5) is equal to

Z )‘g’w (2 (1) = Qu (1j-1)) Ajw + 0p (1)



if the RHS of (S.8) is 0, (1). To show that it is indeed the case, note that by the Markov inequality
and the Cauchy-Schwarz inequality it is enough to show that

%i > Il WE leel*] 21 [w2dGonera] ] + £ |[12 [w:,tlgm,t*nﬂf]>

j=1 te{ro+1,...,To+7}

{1, T}
(S.9)

L T - 2

S;Z H)\j»l‘H2 (ZSE [Hw:t“ ] + Z (2 E |:H¢7V-tH i|19t +19t2>>
~ _— t="o
<0(~)+ gz (2 B [lloxl] (119) " + 0 <'t'm>l>
SQCsupt JTE[H@/%HQ} :Zl <]t\1+6)_1/2
. i
() o

where the first inequality follows from Condition 1(vii). The second inequality follows from the fact
that 7" is fixed and bounded and Condition 1(vii). The final result uses that sup, £ [H@/J%HZM} <
C' < oo by Condition 1(iv) and the fact that |7o| < 7, t/7 < 1 for ¢ € [1,..., 7], such that

—1 _1/2 7ol 12
() =)
t=710 t=1
o] N\ 12
< 71 Z (_) t7(1/2+5/2)
-
t=1

<7123 04 Z 0 (1),

t=1

The last equality above uses the fact > ;2 ¢~(+9/2) < oo for any 6 > 0.



Next we show that (S.6) is o, (1). For this purpose, we note

E Z Z N -E [ Z,t’gm,s*n]) ( Zl/t - F W%tlgm,t*n]),)‘l,ylljll
te (r0+1,...,70+7) J=1
n{1,.., T}
2 1/2
</ X £0G-01])
te{ro+1,....,10+7}
n{1,.. T}
y y ! 2]\ /2
% (B |0, = B [ 1Gms-al) My ]) (8.10)

<P E () X (Bt - EWGae ) s
e

1/2

\/—SHP [||wi,tHD1/2(SupE[HwZ,uHZD —0 (S.12)

where the first inequality in (S.10) follows from the Cauchy-Schwarz inequalities. Then we have

n (S.11), by Condition 1(iii) and the Holder inequality that

E (|, = B[40 Gemeenl) M[] < 28 [14,1°]

such that (S.12) follows. We note that (S.12) goes to zero because of Condition 1(iv) as long
as T'/y/Tn — 0. Clearly, this condition holds as long as T is held fixed, but holds under weaker

conditions as well.

Next the limit of (S.7) is, by Condition 1(v) and Condition 3,

Z Z nzt [ Z7it|gq—n,t*n+i—1}))2 £> Z >\/17yQty)\1,y‘

te{l T} i=1 te{1,..,T}

This verifies (42).

I11.3 Proof of (43)

For (43) we check that

, 146/2
ng,q—1:|> < Q. (S].?))



First, use (S.4) with 6 = 0 to obtain

> [ 6] < 22E 27| 6]

t=T0

YA

te{l1,., T} i=1

¥y

ng,t*n+z'—1i| . (814)

Applying (S.14) to (S.13) and using the Holder inequality implies

el

6 23 . ) 1+6/2
<228 (= 3 B [[02l| Gonsrnsi]

t=19+1
14+6/2
g‘rn,t*n+i71:| ) .
By Jensen’s inequality, we have
y q Y

1 W e 1 14+58/2
(; Z |:H77/} tH ngt *n4i— }) S ; Z “|77/} tH ngt *n4i— 1}

Uy

23 -
v (g S S
tE{To

..... To+7}0{1,.., T} =1

t=To+1 t=To+1
and
B [120P] Gensrnsica] ™ < B 52 G
so that
93 v |2 e 93+80/2 T 245
E[(7t§lE[|wT,t» g]) ]< — 2 BBl Gonr]

<292 qup B w27 < o0 (S.15)

and similarly,

146/2
3 n
(% Z Z E [szthZ ng,t*n+i1i|) (S.16)

te{l,.., T} i=1

n

93+30/2 (Tn)62 T s
< 2R T S g ]

t=1 i=1

< 93+30/2p1+6/2 sup E [szﬁuzm} < o0
it

10



By combining (S.15) and (S.16) we obtain the following bound for (S.13),

k 1+4/2
( E E |: |g7'n,q—1:|>
qg=1

< 933/2 gy [H@ZJ’Z,t”yﬂs} 4 3+38/27p1+6/2 sup F [ngitsz] < .
t it

.12
Wy

II1.4 Second Term in (40)

Consider

max(T,70+7) n

k
Z Z)\; [szt ’l”]) ’ngt *n4i— 1:|
1 j=1

t=min(1,70+1) =

T0+T k
— 7‘_1/2 Z Z >\;qu [ :,t|g7'n,t*n+i—1} 1 {7—0 + [TT‘]‘_l] <tsTot [Trj]}
t=mo+1 j=1
_1/2 Z Z A n,it|g7'n,t*n+i—1:| ’
t=1 i=1

where we defined ry = 0. Note that

K [ 7V',t|g7n,t*n+i—1} =0fort>T
and
K [wryb,it‘grn,t*nﬂfl} = 0.

This implies, using the convention that a term is zero if it is a sum over indices from a to b with

a > b, as well as the fact that T' < 7y + 7, that

TO+T
T2 N N [ G mtica]
t= 7'()+1
m Z Z N B (07 |G enyioa ] 1{mo + [1750] < t < 7o 4[]}
t=70+1 j=1

11



By a similar argument used to show that (S.9) vanishes, and noting that 7" is fixed while 7 — o0,

it follows that, as long as 7o < T,

T 146/2
7—71/2 Z )\;:VE [w:,t|g7'n,t*n]
t=7o+1
1 1/2+6/4 s T -
S(F> (T—=m)"" B | Y [N, [0 Grnen] ]
t=10+1

T

1\ /2+6/4 5/ T 146/2
§<_> @) 3 B [|B [lGoniea] ]

t=10+1

1 1/248/4 T 1/2+6/4

< (‘) (T -7)" 3 (BB WG I7])
t=10+1

where the first inequality uses the triangular inequality and the second and third inequalities are
based on versions of Jensen’s inequality. We continue to use the convention that a term is zero
if it is a sum over indices from a to b with a > b. Now consider two cases. When 7y — —o0 use

Condition 1(vii) and the fact that (T — 7o) /7 < 1 as well as (T — 19) /% < ||/

1 1/2+6/4 e
(;) S (5 15 4515

t=T0

T 1/2+5/4 5452
—(1/246/4) Z( [‘W t” ]) —(1/2+6/4) sz 1 L )
t=0

t=70

<0 (77(1/2+5/4)) . (1/2%/4), ‘1/2 (6+62) /402115‘ (146/2)

t=T10

1/2—6/4 oo
< O (r~/2+0/) 4 -0/ (@) CY 0o

- T
— 0 () >0

@ —wvasT—ooand Y ot Hlog (t+ 1))~ < co. The second case arises when 7 is

fixed. Then,

since

(%> 1/2+6/4 (T . )5/2 XT: (E [HE [ Z,tlng,t*n} Hg} ) 1/2+6/4

t=70+1

< (B[ lus ) @+ ) 0
t

12



as 7 — 00. In both cases the Markov inequality then implies that

TO+T n

_1/2 Z ZZ)\/ [szt T])|grnt*n+z 1| = Op (1)

t=70+1 i=1 j=1

and the conclusion follows consequently.

ITI.5 Proof of (48)

Define
. 1, ,
= F ( it E |: 7—7t‘ng,(tfmin(l,To)n*i’l)])
and
To+[77]
nTV Z 17D
t=10+1
such that
To+[77]

XnT,V (T> = XTLT v E T’t|grn,(t—min(1,70)n+1):| .

t=10+1

w

Let S; 5= ZSDSH)\’ v, and

To+s v 1 v
Ztoto—i-l ( + FE [ Ti‘ gfn,(tmin(l,To)nJrl)])

as before. Since

P (max ’STJC-"-S — ST,kl > C)
s<T

< P (oS = 8o+ | T X 050G men]| = )
.. . IS
< _ z
= P (I?Sax S‘r,kJrs ST,k > 2)
T0+S v c
+P (1?2} \/—Zto Todk+1 NE WT,t|grn7(t—min(1ﬁo)n+1)} > 5) )

note that for each k and 7 fixed, M, = Sﬂs% — STk and Fr s = 0 (Zryy s Zrgtsth) s AMrs, Frs} 18

a martingale. Note that the filtration F. ; does not depend on 7 when 7 is held fixed. We prove

an extension of Hall and Heyde (1980, Theorems 2.1 and 2.2) to triangular martingale arrays in

Lemma 1 and Corollary 2 in Online Appendix IV.?

3There is only a limited literature on laws of large numbers for triangular arrays of martingales. Andrews (1988)

or Kanaya (2017) prove weak laws, de Jong (1996) proves a strong law but without proving a maximal inequality.
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We first consider the term (S.18) and show that

T S v c
ot E |: 7—7t’g‘rn,(tmin(l,‘l’o)n+1):|‘ > 5) =0. (819)

\/_Zt To+k+1

lim lim sup ¢*P | max
=00 ryn0 s<T

Using the convention that a term is zero if it is a sum over indices from a to b with a > b, note

that (S.18) is bounded by Markov inequality by

P (10 [ X [5G i) | > 597

s<T t To+k+1

4 T S v
—FE {max ‘Ztoto—l—k—&-l E [wﬁt|g‘rn7(t*min(1ﬂ'o)n+1)] ‘2}

<
- 2T s<t

4 ~rotr v 2
>~ E t:70+k+1E |:HE [wq—’t|g7'n,(t—min(1,’ro)n+1)} H i| )

SO

2P (max ‘Zzot§+k+1)\,yE [wa:t|g7'n,(t7min(1,7'0)n+1):| ‘ > gﬁ)

s<T

(S.20)

- r t=T+1

4 4 _
+ ;ZthoE [le;t‘ﬂ + ;Zt:lmﬂcﬂﬁt'

4ir ,
< ot E |:||E [@DT’t|g7'n,(t—min(1,7'0)n+l)] H2i|

For the first term in (S.20), we have

4 ir v
A [ B [0ttt s ] ] =0

t=T+1

because E[ Y |G, (t—min(1 To)nJrl)} = 0 for t > T. The second term =+ Zt . [H@Z):tHQ} — 0 as

T — 00 because T is finite. For the third term in (S.20) note that
4 -1 145 /2
ﬁzt:ﬁ)-‘rk‘-f—l t < \/—Zt To+k+1 <|t| )
1/2-5/4
AKT!/20 (1+6/4) — () (7_75/4) 0.

S \/— Ztl

These considerations imply the desired result (S.19).
With (S.19), in order to establish (48), it suffices to consider (S.17) and show that

c
-] =0.
-5

Atchade (2009) and Hill (2010) allow for trinagular arrays but only with respect to a fixed filteration that does not

ST,kJrs - S‘r,k

lim lim sup ¢*P max
€20 1300

depend on samples size.

14



Because

P (r?<a7?( ST’k+S o ST’k > 5) S %E |:I£1<aj( ST,k+s - ST,k -1 (I?gfi Sf,k—i-s - ST,k: 2 §>:|
_ 4 E k+s )\/ 1 k+s X cC
T2 |REN [k max Dtk 5

it suffices to prove that

> )] ~0. (S.21)

L1240
We show in Online Appendix I11.6 that (S.21) holds as long as sup, F U\/F)\’V Y

lim limsup £ {max ’Zer,fH/\’

€20 100

<maX ‘Zf+l:+1)‘/

latter is satisfied by Condition 1(iv).

II1.6 Proof of (S.21)

We will follow Billingsley (1968, p.208). Let

gT’t - )\i’ ( 71{715 - L [¢Z,t‘g'rn,(t—min(l,ro)n-‘rl)]) = \/FA;/'&:@
f:,t = f‘r,tl (’f¢t| < U) ,

u

771;715 =St E [ gﬂg’ gfn,(tfmin(l,ro)n+1):| )

57—7t = gT,t - 771;,1; = g’r,t - gg,t - K |:§’7’,t - §g7t| g‘rn,(t—min(l,m)n-l—l)}

=)
> c)] : (5.22)

2

and note that the expectation in (S.21) can be written as

k+s /
(max ‘Zt k+1)‘

1 (max

k‘+S u

\/—Zt k+1 Tt

e e
E {rggg‘Zt:kH% i

= F |max

s<T

1 k+s k+s
\/FthngT,t \/—Zt k+1£7'7t

We will use the fact that

< Qmax

max
s<T

1 k+s
FZt:k-ﬁ-lg‘ﬂt

15



which also implies that

1 k+s
1 (r?g:( th pr1Smit| = C)
1 2
k+s

=1 (2123 FZt:k+1£ﬂt =

ket G L et G
<1 21?23( \/—Zt rrillg| 2 o +1 2212} 721& T 5
=1 max Zk+8 nel > 5 ) +1( max zk+s > ). (S.24)

s<7 \/— t= k+1 Tt = 2 s<7 \/— t=k+1 2

Combining (S.22), (S.23) and (S.24), we obtain

2z

k+s / k+s /
{max ‘Zt k+1)‘ (maX ‘Zt k+1>‘

2
k+s u k+s c
<2F I?Saj( \/—Zt k177t 1(?33( \/—Zt k+1 Tt > 5 ] (S.25)
[ 1 2 1 c
k+s u k+s u
+25 | max th pr10re] 1 (213} th k10m| = 5) (S.26)
- 9 . . -
k+s u k+s 5u
+2F I?Sa:( \/—Ethrl iy 1(r£1<a$( thk+l 25) (S.27)
- . 9 . Z
k+s u k+s u
+2E |max th pr10re] 1 (T?TX \/—Zt ST 0 e 5) : (S.28)

We will bound each term (S.25) - (S.28). First, we have

1 k+s ’ k+s C
(5.25) =2E I?Sa} FZt R/ (max \/—Zt ki1l = B
A 4
k+s 'u,
SQ'—E max \/—Zt k+1t ]

<2. % ( ) sz+;+l n, 4} . (S.29)

4 4
4 1 k+T1 4
] < <§> ﬁE [‘Zt+k+ln7t }

by using Corollary 1. We can then note the fact that by construction, (i) 7y, is a martingale

We can note that

k+s u

E \/—Zt k+1 Tt

max
s<t

difference; and (ii) it is bounded by 2u, which allows us to follow Billingsley’s (1968, p.207)
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argument, leading to T%E UZ

E

k+s

t—k+1"7.t

max
s<T

%

Combining (S.29) and (S.30), we obtain

(5.25)

<4
22

where C' denotes a generic finite constant.

Second, we have

(5.26) = 2F

<2F

max
s<T

max
s<T

1
N

1
N

k+s
t= k—f—l

k+s
t= k:+1

k‘+8 u
t= k—‘rl Tt

4
} <6 (2u)4. Therefore, we have

4] < (3)4-6(2@4.

u

2
-1 | max |—
s<T

1

u

(S.30)

(S.31)

(S.32)

Using Lemma 1 in Online Appendix IV, and the fact that by construction, ¢}, is a martingale

difference, we can conclude that

E

Now, note that

max
s<t

ol
%thmtqmtqtq

IN

1
72

k+s

U

t= k+1

(é}t
(€n
G ) ]

_ 1 k
—F |max t+§+15“
T s<t

}

< %'4E {( f+l:+15u ) ]

= é fikTHE [((5?71:)2} :

T

= E &0 = &4 Grng-minropnsn)] >2}

E & - €2])’]

[ rt — &l (& <)) }
[g‘rtl ’67'1‘,’ >'LL)) ]
[ |§’7’t| >u)}

E [€2+6

Tt

| <=

1 supE [£2+5} 7
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where the first inequality is by Billingsley’s (1968, p. 184) Lemma 1. It follows that

1 o g I

E max FZFkH ] " supE [52”} . (S.33)

Combining (S.32) and (S.33), we obtain
(5.26) < ¢ sup B [£217] (S.34)
20) < sosup BE .
Third, we have
k 2 k C
(5.27) =2E max \/—Zt+l:+1 Nre| -1 (max \/—Zt+l:+1 Ory| = 2>]

k+s

\/—Zt k+l

k+8 u

\/—Zt k+1 Tt

[\DIQ

max
s<T

1=9)])

;] (.35)

1 [ max
s<T

)

- P {max

s<T

(E
. (<§>4.6(gu)4)

where the first inequality is by Cauchy-Schwarz and the last equality is by (S.30). We further have

[N

k+s u

1
FZt k+1

Lcwers su|s €] o4 1k+5u2
P [rggg —ﬁZt kr10r2] 2 2} s 5k (Iglgg —\/;Zt k10
40 246
< 25 SUthE [f ]
C
== sng [&21°], (S.36)

where the first inequality is by Markov, and the second inequality is by (S.33). Combining (S.35)
and (S.36), we obtain

C 2—6
(5.27) < u2 supE [§2+6] : (S.37)
c
Fourth, we have
i 2
S u S c
(5.28) = 2F rglg} \/—Zflﬂ 1 (m33< \/—Zerk—i-l rt 5)]
i 2
k+s u
<2F 1?33( \/—Zt+k+1 ]
C
< swE (2], (S.38)
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where the second inequality is by (S.33).
Combining (S.31), (S.34), (S.37), (S.28), we obtain that

k+s / k+s /
[max )Zt k+1/\ (max ’Zt k—l—l)\

C C Cu*™°
< —Z —l— — SupE [£2+6] + u2
c c

o))

supE (&) + g 5 SUP E[€7].

In view of (S.21), it suffices to prove that we can choose u — oo as a function of ¢ such that the

terms above all converge to zero as ¢ — oo. This we can do by choosing u = ¢/?, for example.

IV A Maximal Inequality for Triangular Arrays

In this section we extend Hall and Heyde (1980) Theorem 2.1 and Corollary 2.1 to the case
of triangular arrays of martingales. Let F,, be an increasing filtration such that for each T,
Frs C Frst1. Let S; s be adapted to F; s and assume that for all 7 and k > 0, E'[S; 51| Frs] = Srs.
Since for p > 1, |.|" is convex, it follows by Jensen’s inequality for conditional expectations that

E[|Srstk|” | Frs] = |E [Srsik| Frsl|” = |Srsl” . Thus, for each 7, {|S,s|", Frs} is a submartingale.
We say that {|S;s|", Frs} is a triangular array of submartingales. If {S; s, F, s} is a triangular
’p

array of submartingales then the same holds for {|S;,|”,F;s}. The following Lemma extends

Theorem 2.1 of Hall and Heyde (1980) to triangular arrays of submartingales.

Lemma 1 For each, let {S; s, Fr s} be a submartingale S, s with respect to an increasing filtration

Frs. Then for each real A, and each T it follows that

AP <m<ax Srs > )\) <FE {Swl {m<ax Srs > )\}

Proof. The proof closely follows Hall and Heyde (1980, p.14), with the necessary modifications.
Define the event

E. = {max Srs > )\} =U_, {Sm > \;max Sr; < /\} =U_, ;.
s<T 1<5<4
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These events are F,; measurable and disjoint. Then,
AP(E) <3 BIS,1{E,.)]
i=1
< S BBIS P 1{E,.)
i=1
= ZT: E[E[S; - 1{Emi} | F7il]
i=1

— Z E[S; 1{E.;}] = E[S,,1{E,}].

m
Corollary 2.1 in Hall and Heyde (1980) now follows in the same way. If {S,, F,} is a

martingale triangular array then {|S;s|”, Frs} is submartingale for p > 1.

Corollary 1 For each 7, let {S; s, Frs} be a triangular array of a martingale S; s with respect to

an increasing filtration F,s. Then for each real X and for each p > 1 and each T it follows that
NP (m<ax |Srs| > )\) < E[|S:-"].

Proof. Note that P (maxs<, |S,s| > A) = P (maxs<, |S-s[" > M) . Then, using the fact that
{1S+s|", Frs} is submartingale for p > 1, apply Lemma 1. =
Below is a triangular array counterpart of Hall and Heyde’s (1980) Theorem 2.2.

Corollary 2 For each 7, let {S; s, Frs} be a triangular array of a martingale S; s with respect to

an increasing filtration F,s. Then for each real X and for each p > 1 and each 7 it follows that

s<T

P p
B |maxis..p| < (S2) Bl 1.
p—1

Proof. This proof is based on Hall and Heyde (1980, proof of Theorem 2.2). Note that by the

layer-cake representation of an integral, we have

E [max|ST,s|p] :/ P (max|ST,s|p > t) dt :/ P (max|STﬁs| > t;) dt.
s<T 0 s<T 0 s<T

With the change of variable z = t%, we get

E {maX|ST,s]p} :p/ N <II1<aX|ST73| > x) dt.
0 s<t

s<T
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Because |S; ¢| is a submartingale, we can apply Lemma 1 and obtain

E {mgx]Sﬂsd Sp/ o) l|ST’T| 1 {m<aX|ST,s] > x}
s<t 0 s<t
=pE {|ST,T|/ P21 {m<ax |Sr.s| > x} d:r}
0 ST
maxg<r,|Sr s|
|ST,T|/ P 2dw
0

P g {|ST7T| max |Sm|p—1]
p— 1 s<T

dx

1

(E ngx IST’s|p_1)qu |

= ]%. Dividing both

<L _(E[S,.[")

p—1

3 =

where the last inequality is an application of Holder’s inequality for ¢ = =

3=

sides by (B | (maxoer [Sno7™) 7] )" = (B [max,< S5, 7)), we get
17% P 1
p PN\
(& [maxisear]) < L5 el

or

P p
E {max\s”w} < (—> E[S..I7].
SST Iy p_ 1 Iy

V  Proof of (56)

Lemma 2 Assume that Conditions 7, 8 and 9 hold. Forr,s € [0,1] fized and as T — oo it follows
that

To+[77]

Y () = €T E 151G, - min(1 ) -1n] ) | 2 0.

t=70+([Ts]+1

Proof. By Hall and Heyde (1980, Theorem 2.23) we need to show that for all £ > 0

To+[77]

Y B {7 e | > €} Grn emin(iro)-1yn] 2 0. (S.39)
t=7o+[rs]+1
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By Condition 7iv) it follows that for some 6 > 0

To+[77]

FE ’7'_1 Z 6_2’yt/7—E [777521 {‘7_1/26_’yt/777t| > 5} |g‘rn,(t7min(l,‘ro)fl)n]
t=T1o+[rs]+1
To+[77) (67%/7—) 2+6

_ 244
<y — E [Im! i ]
t=7o+[7s]+1

2+5] [7] = [78] (246)
< Sl;lpE |:‘77t’ :| me 0.

This establishes (S.39) by the Markov inequality. Since 77! ZTOHTT] 20 B 02| G o (t—min(1,m0)~1)n)

t=1o+[rs]+1 €
is uniformly integrable by (55) and (59) it follows from Hall and Heyde (1980, Theorem 2.23, Eq

2.28) that

To+[77]

Eflr Y (W) = €T IE [071Gen, t—min(tr)—1n] )| | = 0.

t=1o+[rs]+1

The result now follows from the Markov inequality. m

Lemma 3 Assume that Conditions 7, 8 and 9 hold. Forr,s € [0,1] fized and as T — oo it follows

that

To+[77]

7—_1 Z e(_Q,Yt/T)E [’r/tQ|g7'n,(t—min(1,7'o)—1)n} —P 0-2/ CXp (_Q’Yt) dt.
t=7o+[7s]+1 s

Proof. The proof closely follows Chan and Wei (1987, p. 1060-1062) with a few necessary
adjustments. Fix 6 > 0 and choose s =ty < t; < ... <t = r such that

max |e*27t" — 6727ti_1’ < 0.
i<k

This implies

k

/ 6_27tdt — Z 6_27ti (tz — ti—l)

$ i=1

dt < 6. (.40)

k t;
S E / ‘6—2’yt _ 6—2’)/157;
i=1 Yti-1
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Let I; = {l : [tt;i_1] <1 < [rt;]}. Then,

To+[77]

T_l Z € 2ﬁ/t/TE [nt|g’rn,(t min(1,79) 1)n — 0 / _2’)’tdt
t*To-l—[Ts]-&-l
71 Z Z € 271/TE 771 ’g’rn l—min(1,70) 0'2/ *2’7tdt
i=1 [el;
_1 Z Z =271/ _ —2’7[7’151-71]/7') E [le’g‘rn,(lfmin(l,m)fl)n}
i=1 lel;
k
+ Z 6_27[Tti—1]/7' (7-—1 Z E [7712|g7'"v(l_min(1v7'o)—l)n} _ 0_2 (ti . ti—1)>
=1 lel;

k T
+ Yy el () — o / e Mdt

i=1

=, +1,+111,.

For III, we have that e~ 2ti—l/7 5 ¢=27ti1 a5 7 — 00. In other words, there exists a 7’ such

that for all 7 > 7/, |e= 2=/ — e=2vhi-1] < § and by (S.40)
111, < 20.

We also have by Condition 7vii) that
T_l Z E [nl2|g‘l'n,(l—min(1,7'0)—1)n} — 02 (tz — ti—l)
lel;

as T — oo such that by max;<y, ’627[7“_1]/7‘ < e2hl

|]ITL| < €2|’Y| T_l Z E [7712|g7'n,(l—min(1,'ro)—1)n} - 02 (tz - ti_l) = 0p (1) .

lel;

Finally, there exists a 7" such that for all 7 > 7/ it follows that
max max }e Dl _ o= nlrtia /T‘ < max ‘e Hlrtil/r _ 6—2“/[7%—1}/7’
i<k lel; i<k

< 2max ‘e Nlrtil/m _ ¢
i<k

4+ max !e_%ti - 6_27“*1‘
i<k

<26+ 6 = 3.
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We conclude that

k
L0 < 36|77 B [0 tomin(im)-1n) | = 3807 (1 + 0, (1)) .

=1 lel;

The remainder of the proof is identical to Chan and Wei (1987, p. 1062). =

VI Standard Error for Section 2

We state precise sufficient conditions for our example and establish that they imply the regularity

conditions of our general results in Section 4.

Condition 1 (EX-1) Assume that

i) f (y;|0) is measurable with respect to Gy (t—min(1,7))n+i and E [f (y5.100)] ng,(t—min(l,To))n+j—1] =
0.

i) g (v (B) |ve—1 (B), B, p) is measurable with respect to Grp (t—min(1,70))n+i Jor all i = 1,....n and
E [g (velvi—1, Bo, po)] QTm(t_min(l,To)_l)nJri] =0 fort>T and alli=1,...n.

iii) Let y;-ft be the k-th element of y;,. Then, for some 6 > 0 and C' < oo, sup;, B [|yﬁt|2+6} <C
for allm > 1.

iv) For some § > 0 and C' < 00, sup,<,, . E [\Y;*]ZM] < C and sup;<,,, & []Kt*\%a} < C and
for all T > 1.

v) HE [g (velvi—1, Bo, po)| ng7(t_min(17TO)_1)n+i} HQ <Y fort <0 and alli=1,...,n where
~1/2
9, < C (|t|1+5) .

Conditions EX-1(i) and (ii) impose that the estimating functions are martingale differences
relative to the filtrations defined in (14). These filtrations accumulate information about the time
series and cross-section samples up to a common point in time ¢, as well as information about
common shocks of the cross-section sample. The conditions can be interpreted as imposing correct
specification of the time series and cross-section models in terms of the conditional mean. Note
that for the time series moments E [g (velvi-1, Bo, po)| Q7n7(t_min(1,70)_1)n+i} £ 0 for t < T because
of possible mean dependence of g (.) with the aggregate shocks generating C. The violation of the

moment conditions for ¢ < T leads to possible estimator bias that is being controlled by imposing
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Condition (v). It is important to stress that we are not assuming that the cross-section and time
series samples are independent of each other or the common shocks, or that conditioning on the
common shocks leads to conditionally independent samples. Nor do we assume that the cross-
section is sampled randomly. Such additional assumptions can be invoked to ensure that laws of
large numbers for sample averages hold, but are likely much stronger than needed. In our theory
we impose these laws of large numbers as high level regularity conditions. Conditions EX-1(iii)
and (iv) impose mild regularity conditions in terms of moments of the marginal distributions of all
variables in the cross-section and time series samples. Finally, Condition (v) imposes a mixingale
condition on the common shock process. We show in Example 1 that it holds for a stationary
Gaussian AR(1) model for 14, although the condition is expected to hold for much more general
processes. Condition EX-1 parallels Footnote 32 of HKM20 for a different example where the
focus is on the cross-sectional parameters, while here we use an example that focuses on the time
series parameters as the main object of interest.

Under Condition EX-1 it follows that for w;, = eﬁ)ﬂ + 101 and f(y;4|60) = wjez;¢ the

cross-sectional moment vector satisfies a martingale difference property such that

E [uj,t-i—lzj,t|g7'n,(t7min(1,7'0))n+jfl] =0.

In our example, z;; = (1, kj 1, ij,t_1)/ consists of lagged values that are measurable with respect
t0 Grn,(t—min(1,70))n+j—1- Lhe condition then is equivalent to imposing the martingale difference
assumption on the cross-sectional innovation u;;. The construction of Gr, (t—min(1,70))ntj—1 i (14)
guarantees that wu;; are uncorrelated both cross-sectionally and temporally. This implies that
when evaluated at the true parameter 6,
AN A
Var (% Z Z I (5.l «90)> = Z Z E [u§7t2j7tz§-7t} )
t=1 j=1 t=1 j=1

The next condition postulates that a law of large numbers holds.

Condition 2 (EX-2) There exist non-singular constant matrices Q0 and Qg such that

T n
1
Q= pEm - Z Z uitzjytzé-’t, (S.41)
e |
1 2
Q, = plim - Z (egA)) V2. (S.42)
oo T T
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Also, let Qp = 1 Zt LDy UG 2502, with

Ujr =0, — (Bg,t+5~kkj,t+a <¢t (ij0-1, kjo1) — Brkjs 1))

and set WS = Q' W =Q;" and F, (B,v) = —h,, (B,v) WSh, (B,v).

At the true parameter values 3y and py it follows that g (v, (8)|vs—1 (8), 5, p) = g (vs| vs—1, B, p) =
egA) vs_1. As for the cross-sectional error, Condition EX-1 implies that [egA) Vs_1 |ng,(t_min(1,TO)_1)n il =
0forall j = 1,...,n. By the same logic as before, v,_; is measurable with respect to G,y (1—min(1,70)~1)n+j

such that a martingale difference assumption may be directly imposed on the aggregate time series

shock V. The martingale difference sequences (mds) property then implies that

(\/— TOZJF:T g (2 ﬁmpo)) :% Toi E [(egA)yVil]-

s=1p+1 s=19+1

. 2 .
Let Q, = Z;Ot;q( )> 72 | where 7, = Y — 3, K! and e =, — aWp, . Then, set
T _(O-1 T _ (O—1 - ! -
WI=Q 7, W =Q " and let G, (8, p) = —k- (8, p) W]k, (B,p).
We now demonstrate how to obtain the distributional approximations analogous to (23) and
(24). Similar arguments for a more complicated and cross-sectionally oriented example can also

be found in Section 6, Eq (35) of HKM20. To obtain explicit formulas we turn to the derivatives

of the criterion functions. We have

1
= - (k?jt - Oé(o)k’jt—l) 2
— (¢ (ija—1,Fje—1) — Brkji—1)

and let h (0) = plim,_, . h,, (8,v) and k (B, p) = plim__, k. (B, p) . It follows from standard GMM

of (yj,t|9)/
00

large sample theory that

s (ah (60) gy Oh (9))1 oh (0)

Ctoly
o6 90 ooV F (Wil 0o)

such that the asymptotic variance covariance matrix of the cross-sectional GMM estimator is

—1
(0’;;0 O; 1‘%8(30)) . Note that 9k (6) /00 = plim, . 0~ S5 S 9f (y;,]0) /0¢'. Similarly,
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considering the time series estimator one obtains

0
HEPD || (K= aWE ) v (8) = (v (8) = aWry (8) K2
99(2s|8.p)
g 55 P O
i —a™ (v, (8))° |

It then follows again from standard theory that hypothetical estimates for the parameter p obtained

from the time series data and using the moment function ¢ (.) at the true parameter value for (y

have an asymptotic variance covariance matrix equal to <8k(§2,’p O)leak(g‘;’p °)>_1. Our theory
formally allows to handle the case where 3 is estimated from the cross-section sample. While
the expressions for the asymptotic distribution of p are similar to standard formulas for two step
estimators, a rigorous derivation of the asymptotic approximations is much more involved because
there are two generally dependent samples involved in the estimation.

With these expressions it is now possible to obtain standard errors, mimicking the procedure
laid out in Section 6 of Hahn, Kuersteiner and Mazzocco (2020). For this, we sketch how to obtain
the joint limiting distribution of the vector ¢ = (¢, ')

The joint (with C measurable random variables) limiting distribution of D, 1.J,.; (¢g) is estab-

lished in the following Lemma.

Lemma 4 Assume that Conditions EX-1 and EX-2 hold, and that (S.41) and (S.42) are well
defined. Then,
D;TlJnT (Qbo) —d N (Oa Q) C'Stably

where Q = diag (€2,,Q,) is the asymptotic variance covariance matriz of the moment functions

defined in (29).

Lemma 4 is a direct consequence of Corollary 1 in Section 4 and the fact that Condition EX-1
combined with (S.41) and (S.42) imply that Conditions 1, 2 and 3 hold for r = 1, where r is
defined in Condition 2.
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