Online Appendix to “Two-Step Estimation of
Quantile Panel Data Models with Interactive Fixed
Effects”

Liang Chen

Peking University HSBC Business School, No.2199 Lishui Road, Shenzhen, Guangdong 518055, China
Email: chenliang@phbs.pku.edu.cn.

April 27, 2022

A  Proof of the Main Results

Definitions and Notations

For any random variable W; or Wy, W; = Op(1) means that maxi<;<x |Wi|| = Op(1), and W; = Op(1)
means that maxj<i<7 |[Wi|| = Op(1). op(1) is defined similarly. For notational simplicity, we suppress
the dependence of Ao;(7), 5(7) and Bo(7) on 7. Let M > 0 denote a generic bounded constant that does
not depend on N or T.

Define:
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where l(u) = [1 — K(u/h)|u, p-(u) is the check function, and
Lit(By Nis fo) = 1Yae — B'Xie = Nife)s pie(Bs Niy fi) = pr(Yie — B' Xiw — Nifo)

For any random function L(3, A, F') and fixed (3, A, F), define L(3, A, F) = E[L(8, A, F)] and L(3, A, F) =
L(B,A,F) — L(B,A, F). Let 1U)(u) denote the jth order derivative of I, i.e.,

1D () =7 — K(u/h) + k(u/h)u/h, 1P () = 2k(u/h)1/h+ kY (u/h)u/h?,

19 (u) = 3D (u/h)1/h2 + KD (u/h)u/h®, 1D (u) = 4@ (u/h)1/h + kS (u/h)u/h*.



Let lgg)(ﬁ,)\i,ft) = 19(Y;y — B Xy — Nify) for j = 1,...,4, and their arguments are dropped when
evaluated at (ﬁ(), )\()7;, f()t)~

Finally, define Ao; = (Hp) " Aos, for = Hofor, Ao = [Mo1, .-+, Aon]’s and Fy = [fo1, .-, for]"-
A.1 Proof of Proposition 1:
Proof. Note that
12z — ToXp, Lol
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First, by Assumption 1(ii), ’

e, — I‘OEfOI‘{)H = O(N~'24T-1/2). Second, by Assumption 1(iii) and
the Cauchy-Schwarz inequality, we have
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It then follows that |3z — ToX, )| = Op(N~Y2 4 T-/2). Third, by matrix perturbation theory
(Hoffman-Wielandt inequality) and the fact that ToX ¢, I') is a matrix with rank r (Assumption 1(ii)), it

can be concluded that pi,...,p, converge in probability to some positive constants, while p,y1,..., ok
are all Op(N~1/2 4 T~1/2). Thus, it follows that

P[f # 1] < P[# < 1]+ P[# > 1] < Plp, < Pyr] + Plprsr > Prr] = 0,

and the desired result follows. O

A.2 Proof of Theorem 1

Lemma 1. Define H = W'T. Under Assumptions 1 and 2, (i) f; = Hfo; + Vey; (i) ¥ 5 ¥, and
H H, = U Ty; (i) H is invertible with probability approaching 1.

Proof. Result (i) follows directly from X; = Tfo; + & and fi = U'X,. Given Assumption 2(1), it
follows from the Bauer-Fike Theorem and |25 — ToX s, Th|| = 0p(1) (see the proof of Proposition 1) that
¥ — Wg|| = op(1). Thus, result (i) follows since |’ — || = o(1) by Assumption 1(ii). Finally, suppose
that rank(Hy) < r, and let D be the diagonal matrix with the eigenvalues of I'0X,I'j as the diagonal



elements, then rank(D) = rank(V I X, I'4¥o) = rank(HoX s Hj)) < rank(Hy) < 7, which contradicts
with Assumption 1(ii). Thus, we have rank(Hg) = r and result (iii) follows from H = Hy 4+ op(1). [
Proof of Theorem 1

Proof. Step 1: By Lemma 1, we have
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Step 2: Adding and subtracting terms, we can write
SNT(B7A7F) = (SNT(67AvF) - *NT(IBaA>F)) + (S*NT(BvAa F) - >R/'T(B?Avﬁb)) +S*NT(BvAa FO)

By the definition of the estimators, SNT(B, A, F) < Snt(Bo, Ao, F) Thus, we have

N1 (B A, Fo)=Sir(Bo, Ao, Fo) < [Snt(Bo, Ao, F)=Si1(Bos Ao, F)|+[Sk1(Bos Ao, F)=Skyr(Bo, Ao, Fo)]
— [Sn1(B, A, F) = Sxr(B, A, )] — Skr(B, A, F) — Syr(B, A, Ry)). (A1)

Step 3: Let d be a positive number close to 0. Define Bs; = {8 € B, A\; € A : ||~ Boll1+ X — o1 < 3}
Consider any (B, )\1) € Bgz Let m = HB_ﬁOHI + H)‘l _S\OiHl > ¢, then (B, 5\1) = (ﬁ, )\l)é/m+(ﬁo, 5\01‘)(1—
d/m) is on the boundary of Bs;. Note that given X;; and f;, the check function p;; is convex in (8, A;).
Thus,

§/m - pit (B, Nis for) + (1= 8/m) - pir(Bo, Mois for) > pie(B, Miy for),
and it follows that
pit(B, Miy for) — pit(Bos Moy for) > m/d - [,Oit(g, Niy for) — pit(ﬂO»S\Oivat)}

and
NT(ﬁaAa FO) - S?VT(/@07AO7FO) z S}"VT(B7A7FO) - S?VT(BOa ]\Oa FO)
if (B,\) € Bgi for all 4.
Write

NT(B»Av FO) - S?VT(ﬁO) AO; FO) = S}FVT(Bvﬁv FO) - S*NT(BOv]\OaFO) + S?\/'T(Bw/xv FO) - g?VT(BOa ]\Oa FO)



First, by Taylor expansion p;(8, A, fOt) around (S, 5\0¢) of we have
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by Assumption 2(iii). Second, we have
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Step 4: || — Bolly > 6 implies that (5, ;) € Bg’:i for all 4. It then follows from (A.1), (A.2) and (A.3)
that for small § > 0, there exists an € > 0 (depending on ¢§) such that

P(||3 = Bolh > 6] < P

sup_|Snr (8,4, F) = Sir(8,A, F)| > 1/361
BN F
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The first term on the right-hand side of (A.4) is o(1) because it is easy to show that!:
sup [Swr (8, A, F) = Sir(8, A, F)| S b
BAF

and h — 0 as N,T — oo. The second term on the right-hand side of (A.4) is o(1) since by the result of
Step 1 and Assumption 2(ii),
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Finally, for the consistency of B, it remains to show that the third term on the right-hand side of (A.4)

INote that [l(u) — p(u)| = |(r — 1{u < 0})u — (r = K(u/h))ul < |ul - |1{u < 0} — K (u/h)| < u - 1{|u| < h} S h.



is 0(1). By the union bound, it suffices to show that for all
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> 1/361 =o(N71). (A.5)

Step 5: Write 6; = (8',\])’, and 6; = (), \y,)'- Define At (6;) = pis(B, Ai, for) — pir(Bo, Aoi, for). Note
that there exists C1,Cy > 0 such that [A;(62) — A (62)] < C1- |8 = B | Xie || + Ca - || A — Ab||. Suppose
that there exists Mx > 0 such that E|| X;;|| < Mx for all 4, (see Assumption 2(v)).

Since Bgs,; is compact, for any n > 0, there exists a positive integer L and a maximal set of points
91(1), . ,GZ(L) in Bjs,; such that ||9§k) — HEJ)H > n for any k # j. For any 6; € Bs;, let 6 = {GZ(J) 1< <
L,|6; — 91@” < n}. Then,
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it then follows from the previous two inequalities that
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First, choosing 1 < ¢/(18(C2 + C1Mx)), the last term on the right-hand side of (A.6) is 0.

Second, for any 0; € Bs.;, E[A;(0;)]>™T7 < M -E[|X;[|*™ " + O(1) < oo by Assumption 2(v). Thus,
by Assumption 2(iv) and Theorem 3 of Yoshihara (1978) we have

T 2m
E\TY?Y [Ait(egﬂ) - E(A,-t(egj)))] <M,
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and by Markov’s inequality,
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Finally, we can show that the second term on the right-hand side of (A.6) is O(T~™) in a similar way.
Thus, (A.5) follows since N/T™ — 0 by Assumption 2(vi). This completes the proof. O

A.3 Proof of Theorem 2
To simplify the notations, write for = I:IfOt and A\o; = (PAI')_I)\(M.

Lemma 2. Under Assumptions 1 to 4,

(i) T2y I fe = forll = Op(NTY2), TE0 [Ife = forl> = Op(NTY), T2 1y = forl® =
Op(N=2), TV S0 || fe = foil* = Op(N72).

(ii) TV I fe = forll = Op(N7YV2), T-VSS L |Ife = foil> = Op(N7Y), TV 1fe = foul® =
Op(N=3/2), T=V S0 Ify — foellt = Op(N~2).

(iii) maxi<i< || fi — forl| = Op(TV/?™/V/N) and maxi<i<r || fr — for| = Op(TY/?™ /V/N).

Proof. By the properties of L, norms in the Euclidean space, it suffices to prove that 71 Zthl | fi—
forll* = Op(N—2) and T—! Ethl I f = forl* = Op(N~2). Note that Assumption 3(iv) implies that

€1, ...,ent} is independent across i and Elle;||* < M for all ¢,¢. Thus,
P
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and by Lemma 1
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=D Fadl* <
t=1
Moreover, T~ S°1|1fi = foell* < TS5, 1 fe — forl|* + C|IH — Hol|*. Then result (ii) follows if we
can show that |[H — Hy|| = Op(N~1/2).

By definition, HI:I—HOH < OP(H\i]—\I/0||)+OP(HF—F0||>. By the proof of Proposition 1 and Lemma 1
we have | U —Wo|| < |2z —ToX s, Thll = Op(N~Y/24T=1/2). Then the result (ii) follows from Assumption
1(ii) and the fact that N < T.

Finally, note that max;<;<r ||ff — f0t|| < Op(1) - maxi<i<r ||€:]]. For 1 < h < r, it is easy to show



that E|v/Neég,|>™ < M for all t. Thus, it follows from Lemma 2.2.1 and Lemma 2.2.2 of van der Vaart
and Wellner (1996) that E[max;<;<7 vV/N|&|] = O(T/?™). Thus, result (iii) follows since |H — Ho|| =
Op(l). D

Lemma 3. Under Assumptions 1 to 4, maxi<i<ny 1A — Aos|| = op(1).

Proof. Recall that Noi = (Hy) " Mos, fOt = Hy fo;. By the definition of the estimators we have Si7T(B, i, l:“) <
SLT(B, ois F) for each ¢. Note that

Si,r (B, Ais F) = S;1(Bo, Miy Fo) + (Sir (B, Miy F) = Sip(B, X6, F)) + (S;r(B8, Ais F) — S;1(Bos Ais Fo)).
Thus, SLT(&S\ F‘) <S; T(B, Nois ) implies that

S 1(Bos Ai» Fo) =St (Bos Mois Fo) < (Sir (B, Aois F)—=S;1(8, Aois )+ (S 1(8, oir F) =S (B0, Mo, Fo))
— (Sir (B, Aoir F) = S;0(B, Mois ) = (S52(B, Aois F) = S;0(Bos Aois Fo)). - (A7)

Similar to the proof of Theorem 1, for small § > 0, define Bs; = {\; € A : ||A\; — Aoi|| < 6}. For any
Xi € BS;, let m = ||A; — Aggl| > 0. Then A; = A; - §/m + Ag; - (1 — 6/m) is on the boundary of By, i.e.,

A — S\OiH = §. Given 8y and fy, the check function is convex in )\;, thus

8/m - pit(Bo, Mis for) + (1 = 8/m) - piz(Bo, Moi» for) > pit(Bo, Mis for)s

and it follows that
pit(Bos Nis for) — pit(Bos Mois for) = m/6 - (Pit(ﬁo, Xi, for) = pit(Bo, Mois fm)) :

Note that pi (8o, Ais for) —pit (Bos Mois for) = pit(Bos Ny for)—pit (Bos Nois for)+ie(Bos Mis for) =it (Bos Mois for)s
and

Bit (Bos Ny for) — Dt (Bos Mois for) > (N — Aoi)’ ( it(o)fOtf6t> (A — Xoi) + 0(6%).
Thus, if ||[A; — Aos|| > &, by Assumption 3(ii)
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where j\, is between \o; and \; and is on the boundary of Bj;. Thus, it follows from (A.7) that there



exists some € > 0 (depending on d) such that

P | max [|A; — Aol >5} <P
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max  sup
1<i<N x,€B;.,

S; 7 (Bos Ais Fo) — SZ‘,T(ﬁoJ\i,Fo)‘ > €

Similar to the proof of Theorem 1, it can be shown that the first and last term on the right-hand side of
(A.8) are both o(1). It remains to show that the second term is o(1).

By the property of the check function, we have

St (B, My F) = Sir(Bo, M, Fo)|

1<i<N ), eA
< S* 3 )\ F) —S* 3 ). I S* o
< B S (8 Xis ) = Sir (B, Mi, Fy)| s, sw |88 Fo) - St (B0, A F0)|
1z |z
< _ _ _ A (B
S Z”ft ol + I, Sup T;An B, Ai) = Dir(B, ) +1I<nf?§vfléa T;An(ﬁ,&)
T
< op(l)+ max sup su ! Z (B, M) — A (B, )| + O (||ﬁ Ié; H)
>~ 1<1<N)\ e&ﬁeg T £ AVEERAY) it\ s P 0

where Ay (8, M) = pit(8, iy for) — pit(Bos Mis for) and Agy(8, ;) = EAy(8,A;). Similar to the proof of
(A.2) in Kato et al. (2012) it can be shown that

1 T
ZA’Lt ﬂ7 - Zt(ﬂﬁ )

t:l

max_sup sup =op(1).

1<1<N}\ cABeB

It then follows from || — Bo|| = op(1) and Lemma 2(ii) that

max sup (S5 7(8, \i, ) = Si7(80, A, Fo)| = op(1).

1<i<N ) eA

This implies that the second term on the right-hand side of (A.8) is o(1). The desired result follows by
noting that max; | Ao; — Aos|| < Op(1) - |[H — Hg| = op(1). O

Lemma 4. Under Assumptions 1 to 4, || — Bol| = op(max; || A; — Aoi||) + op(1/V/T).

Proof. Step 1: Define the following notations:

Sﬁ(67AaF) = aSNT(/BaA7F)/8/67 S)\(/B7AaF) = 8SNT(/8aA7F)/aA7
—_———— —_———

px1 Nrxl1



SPP(B, A, F) = 3*Snr (B, A, F) /088",  SPN(B,A, F) = *Sn1(8, A, F)/OBIN .
— —

PXp pXNT

The other functions such as S#7' (B,A,F), SM,(@’,AJ?), SAF! (B,A, F), Sﬁﬁ'fth(ﬁ,A,F) are defined in a
similar fashion. The arguments of these functions are dropped when they are evaluated at (8, A, F) =
(Bo, Ao, Fo), where Ag = (Aot ..., Aon)', Fo = (for, .- ., for)' (vecall that fo, = H fo, and Ag; = (H') " Agy).

Expanding S%.,.(3, A, F) and Sx(8, A, F) around (8o, Ag, Fo) up to the third order gives:
0=2S8%B,A, F)=5°+ 577 (B — Bo) + SP¥ (A — Ag) + SP (F — Fy) + 1/2R%(B*, A*, F*),  (A.9)
0=SMB, A, F) =8+ 5 (3= By) + S (A — Ag) + SM'(F — Fy) + 1/2RMNB*, A", F*),  (A.10)
where (3*, A*, F*) is between (8o, Ao, Fy) and (B,A,ﬁ‘), and
RP(B*, A", F*) =

S 8878 (B — ) (6 — o) +ZSM (B = for) (A — Ao) +ZSW’° (B = Bor) (F — Fy)

k=1 - -
+Z Z SPF N (/A\ih_}\Oi,h)(B_BO)‘FZ Z SN N (;\ih_;\Oi,h)(A_AO)+Z Z SN0 (Nin—Aoin) (F—Fp)
i=1 h=1 1=1 h=1 i=1 h=1
+ZZSBB T (fin— for.n) (B—Bo) +ZZS‘3’\ T (fun—for.n) (A +Zzsﬁf T (fun—for.n) (F—=Fp),
=1 h=1 =1 h=1 =1 h=1
(A11)
ZS’W P4 (Br — Box) (B — Bo) JrZS’\’\ P (Br = Bor) (A JFZSV % (B = Bor) (F = Fo)
k=1 - k=1
N r
+Z Z S Ain (S\ih_j\Oi,hMB_ﬁO)‘i‘Z Z SN Ain (S\ih_}\Oi,h)(A_[\O)‘i‘Z Z SN Ain (Ain—Aoin) (F—Ep)
i=1 h=1 i=1 h=1 i=1 h=1
T r , R 5 ) T r , R 5 o T r , ) 5 o
Y Y S (fa=forn) (B=Bo)+ Y Y SN (fin—forn) A=Ro)+Y Y ST (fun— forn) (F~Fy),
=1 h=1 =1 h=1 =1 h=1
(A.12)

where the asterisk in the subscript of the functions means that these functions are evaluated at (5*, A*, F*).

Define SM' = §AN G\ GBX — gBN _GBN where 5PN = N’l(éh ceey EN), SAW = N1 diag(Ql, cee QN),
and =; = =, H', Q; = HQ,H'. Recall that

T T
s Z zt O|X'Lt it]f(/)tv i = Z fOtht



Then (A.9) can be written as
0=25°+ 8% (B — Bo) + 8 (A — Rg) + SP (A — Ro) + %' (F — Fy) + 1/2RP(B*, A*, F¥), (A.13)

and (A.10) can be written as

0=5+ S (B —Bo) + S (A= Ao) + S (A = Ag) + SM'(F — ) + 1/2RNB*, A*, F*).  (A.14)
Plugging (A.14) into (A.13) gives

(577 = ST (SM) 1SN (B — o) =
B [55 B gﬁx(gx,\/)qs,\} . [Sﬁf’ . S,BA'(S,\,\/)ASAJU] (F—Fo) _[g8N _ Sﬂ,\/(g,\,\')qg,\,\’] (f\—]\o)

— 12 [RE(87 A F) = S (SW)TIRNB AT )| (A1)

Step 2: The term S5 — §AN (SA)=1 676" can be written as
G588 _ S«ﬂ,\/(sv,\,\’)—lg/\ﬁ’ 1888 _ Sﬂ,\/(sv,\/\’)—lg,\ﬁ”

where §9%" = (NT)=' SN S°T E[fin (01 Xir) Xir XJ,], S = (SPV)'. Note that

N T N T
— ’ — = I _ 1= ’ 1 —_ —1= 1
S — FN(EW) TSN = 0 T TEIR (01X Xar X, — Zi S = 5 D Y Elfir (01 Xi) Za Zy)

i=1 t=1 i=1 t=1

Next, we show that SP%" — SAN (§M)=1878" — o5 (1). Write

N N T
588 _ % SO (1Y, — BIP x0x4) + %ZZ( 1) X0 X)) — i (01 Xi0) Xit X))

=1 t=1 =1 t=1

where the second term on the right-side of the above equation is O(h?) = o(1) by Lemma S1, and for the

first term, by Assumption 3(iv) we have

N 2

£ || S0 (19 XX, — BIE X X))

i=1 t=1

( i Xit Xy — E[lgf)XitXftD

1 1
Sfﬁg

By Lemma S1 and Assumption 3(iii), E|/A - lgf)XitX{tHQ*”m < E|| Xi||**” < M. Thus, it follows from
the mixing property (Assumption 2(iv)), the fact that Th? — oo (Assumption 3(vii)) and Theorem 3 of
Yoshihara (1978) that the right-hand side of the above inequality is o(1). Thus, we have %7 = op(1).
Similarly, we can show that SPA (§*')~188" = op(1). Therefore, it follows that

1

T
7 2 2 Elfi(01Xi) Zu Z})) + 0p(1) = A + op(1). (A.16)

1t=1

M=

88" _ gBN (S/\A’)fls)\ﬁ’
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Step 3: §7 — §8N (§M)=16X can be written as

N T
—= ZZl(l)Zn = f% SN (8020 - B 24)) - % SCEM Z).

=1 t=1 i=1 t=1 =1 t=1

By Lemma S1 and Assumption 3(vii), (NT)~ Zz 1 Zt L [l(1 Zit] = o(h9) = o(T~'/?). Similar to the
proof of (A.53) below, the first term on the right-hand side of the above equation is Op(1/v/NT) =
op(T~1/?). Thus, we have

P — AN (§MN) LGN = o (1/VT). (A.17)

Step 4: By Lemma 8 below

[§P" — SN (SN LSM (B — Fy) = op(1/VT). (A.18)
Step 5: Now consider the term: {SYB)‘/ — BN (S’M/)_lg)‘x} (A — Ag). Write

5 N1 & "
S (A~ Ro) Z (T Zlg)Xitfét - Ei>H(/\i — Aoi)-
i-1 \" =1

By the Cauchy-Schwarz inequality, we have

s a2 3

Note that by Lemma S1,

Zlmxnfat —=| - IA = Aol /VN.

T 2

1 2 -
E T Z lz(t)Xitf(gt — =

( B[ X.i] — Elfu (01Xit) Xat]) Sy

+o(1)

HMH

T
o335 ) e
zhwm- x.0)

*h2

and by the mixing property and Theorem 3 of Yoshihara (1978) the first term on the right-hand side of
the above inequality is O(1/(Th?)) = o(1). Thus, it follows that

[7% (A = Ro)|| = op(1) - 1A — Aoll/VA.
Similarly, we can show that [|S#A (SM) =18 (A — Ag)|| = op(1) - ||A — Ag||/v/N, and conclude that

H (57— 87 ($2) 18 (A - AO)H = op(1) - |A — Ao/ VDN. (A.19)
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Step 6: We will show that:
RP(B*, A", F*) = op(||A — Roll/V'N) + op(|I8 — Boll) + 0p(1/VT), (A.20)
SN (S TLRMNB* A F*) = op([|A — Ro||/VN) + 0p (|8 — Boll) + op(1/VT). (A.21)

To save space, we focus on (A.20), which follows from Results 1 to 9 below. The proof of (A.21) is similar.

Result 1: S777 (83, — Box)(B — Bo) = op (|8 — Boll)-
Observe that:

SE8Pk (B, — Bor) (B — Bo) = 1 Zlf (B*, A7, )Xt X[ Xiv k(B — Bow) (B = Bo),

zltl

1S28 B (Br — Bow) (B — Bo)ll < 1B — Boll? -

1
NTZZZES (B AL FE) X X[ X i

=1 t=1

Expandlng lzt (/8*5 R ft ) around (B [ R R) fOt) gives

1
T 2

=1

1(3) B ’ zaft )XZthtXltk

it

M'ﬂ

~
Il

1

<.

N T
* ** 1 ~
U (B* N5 ) Xie Xy Xt e N (fF = for) + NT > Z]EUE?)(@ Ais for) Xie Xy Xit k]| 5=+ 2i=xr

=1 t=1

s
Il
fal
-
Il
-

I
3=~ g~
M= 1]
(]~ 10~

+

[ZEf)(B, A7, for) tiétXit,k*E[ll('f)(@)\ufOt)XitX{tXit,k]|/3:5*,>\,~,:>\; ; (A.22)

1t=1

K2

where f** is between ft and fo;. By Lemma S1, the second term on the right-hand side of (A.22) is
(NT ZZ 1 Zt 1 [ ( | X)Xt X[, Xt ] + O(h971) = O(1), and the first term is bounded by

T N T

1 ~ 1

7 7 = Forll? e 5 SO (B £ XKl - A2 = O (1/VTRS) = op(1),
t=1

=1 t=1

since we have |I!)(-)] < 1/h3 by Lemma S1, E||X;||® < M by Assumption 3(iii), and 7! S -
fol> <171 Zthl Ifi = forl|? = Op(N~1) = Op(T~") by Lemma 2 and Assumption 3(vii). Finally, with
probability approaching 1, the last term on the right-hand side of (A.22) is bounded by N~! ZZI\LI Z;,
where

Z; = sup
(B,Xi)€Bs,i

'ﬂ \

T
Z[l“” (8. i, for) nX;tXit,k—E[lE?(ﬁ,Ai,fm)XitX;tXit,k}]H

and Bs; is a neighbourhood of (5o, 5\0i)~ Then Result 1 follows if we can show that maxi<,<n E[Z;] < o0.

o

For any € > 0, let . 0§L) be a maximal set of points in Bs; such that HHEj) — 01@ || > € for any

j # 1. Tt is well known that L, the packing number of a Euclidean ball, is bounded (up to a positive

12



constant that only depends on p + r) by (1/€)P™". Thus, we have

EZ, <

1 3
i > 7WE [II%EE(L +O(€/h )7

T
1 e N
Nii E h? [ZEE)(ﬂ(J)aAgj)afOt)XithtXit,k - ]E[ll(f) (ﬂ(j)7)‘Ej)afOt)Xith{tXit,kﬂ |
=1

where we have used the fact that |12 (8%, A%, for) — 12 (8%, AL, for)| < (I3% — B + [IAZ — Ab||)/h3.

By Assumption 3 (iii) and (vii), 2m > 12(p +r) > 3(p + r)/2c. Choose 2m/3 > L > (p + r)/2c,
then E||h21) (8, A, for) Xt X1, Xie || FT7/3 < BJ| X327 < B[ X3 ||>™ 7 < M. Thus, by Lemma 2.2.2 of
van der Vaart and Wellner (1996) and Theorem 3 of Yoshihara (1978), the first term on right-hand side
of the above inequality is bounded (up to a positive constant) by L7 /v/Th*. Choosing € = 1/V/T, we

have

EZ, < C T -
‘e VTh:  VThS

for some positive constant C. Since J > (p +1)/(2¢), T%7 /NTh* = o(~/ThS). Then from Assumption

3(vii) we have maxi<;<n E[Z;] < oo and the desired result follows.

Result 2: S2% (8, — Bor) (A — Ro) = 0p(||3 = Bol)-
We have

12X P4 (By — Bow) (A — )

N T
Z( Z (3) (BN ) XX e f >(5\i5\0i)(350)

1 T
213) ﬂ ) 17 )XZtXZt kft

t 1

<18 = Bol - mage | Ai = Aol Z

i=1

Note that

T
21(3) IOXuXinf, = Z (B*, A7, for) Xis Xiv e S+

'ﬂ \

T T
Z ) :7 ) tiLtk:( fOt Z 3 ;,ka ) ltXit,kf(l)t(A;)/(ft*_fot)a

where f;* is between f;" and for. Using Lemma S1, Lemma 2, Assumption 3(iii) and the Cauchy-
Schwarz inequality, we can show that the last two terms on the right-hand side of the above inequality is
Op(1/V/NhS) = Op(1/VThS) = 6p(1). For the first term on the right-hand side of the above inequality,
with probability approaching 1, we have

N T
1 - .
ﬁ E § ”E [l(g) ﬁvAiafOt)XitXit,kf(/Jt} ‘B:[i*,Ai:A;

=1 t=1

T
Z (3 ﬁv zvat)thth kf()t

1N
vl

1 N

+ = sup
N zzzl 0:€Bs,;

T
Z ( (B Xiy for) Xis X i for — E [ZS’) (B, A, fOt)XitXit,kfétDH

'ﬂ \



The first term on the right-hand side of the above inequality is O(1) by Lemma S1. Similar to the proof
of Result 1, The second term on the right-hand side of the above inequality can be shown to be op(1).

Thus, we have

T
le(?)ﬂa i )ththkft = Op(1),

t=1

Nl =

1N
=

and the result follows from uniform consistency of \;.

Result 3: SP7%% (8, — By ) (F — Fy) = op (|3 — Bol))-
Note that by Lemma 2,

||Sﬁf P ([3k - 50k )(F' — Fp)

< 1(3) AL D) tiit,k)\f/>(ft—f0t)

N

< (18- 8ol -

IN

T N T

- 1 sz 1

18— Boll - | 5 D e = Jorll? - o D2 DM (8% AL F12 - 1 X4+ 1472
t=1

i=1 t=1

18 = Boll - Op (1/VNRT) = 0p (I3 = foll).

because by Lemma S1, h2 (,6’ Ai, f¢) is uniformly bounded, and Nh* — oo by Assumption 3(vii).

Result 4: 2 S5 S99 (35 = Min) (B = Bo) = op (1B — Bol)-

Observe that for each h < r,

HMZ

ZSBB’\”L (Ain = Aoi.n)(B — o) =

i=1

zh_S\Ozh < Zl(3) ) z?ft )th ;tf:h)(é_ﬁ())v

SO

)

Zsﬂ’e A (Xin = Aoin) (B — Bo)

i=1

Zl(g) A O X Xy fin

t 1

<18 Boll - maXll)\ — oil - Z

=1

which can be shown to be op(||3 — Bol|), similar to the proof of Result 2.

Result 5: 31 S0 8270 (fu, — forn) (B — Bo) = o (118 — Boll).

14



The proof is similar to Result 3. For each h < r, we have

T
Zsﬂﬁfthfth_fmh 1thh_f0th< Zl N D) X X, >

t=1 t=1

SO

T

ZSM Jon (fth — for.n)

t=1

\l left Jot1? - NITZZ#B AL FOPR - 1Kl - X112,

=1 t=1

which is Op(1/vTh*). So Result 5 follows.

Result 6: SV S 587 (R, — Xo.n)(F — Fy) = op(J|A — Ao||/V/N).
Write:

T

N N T
S0 SN BB ) (= Fo) = e 7 SR8 A ) X1 (5% A8 )X 71— Ror) (o).
h=1

i=1 =1 t=1
Thus, by the Cauchy-Schwarz inequality, Lemma 2 and Lemma S1

N

er:sﬁf /\m )\h—)\olh)(F Fo)

< [|A = Ao||/VN -

r 2
$ >l = Jul? 7 DB N 1) X — 1 (8% N0 F) XX £

= i=1 t=1

= A= Roll/VN-Op(1/VNhY),

so the result follows by Assumption 3(vii).

Result 7: S8 570 SEM (fuy — fon) (A — Rg) = op(|A — Kol /VN).

The proof is similar to the proof of Result 6.
Result 8: >N S SEA0 (Rin = Xoin) (A = Ro) = 0p(| A — Aol /VN).

Note that for each h < r, we have

N T
o 1 o . N .
ZSB’\ A (Ain = Aoin) (A = Ao) *Nizz LD (B X Xt (D) £ i = Roin) (Ni = Aai),

=1



by Lemma 3

N N T
!’ . ~ N ~ ~ 1
DS (Ain=Aosn) (A=Ag) || < max [[A >\0z||NZ<||>\ oill - Z )Xt ff fth)
=1 =1 t=1
1 L1 & ’
<op(1) A= Roll/VN - \| 5 D7 || 7 DU (BN FOXae )
=1 t=1
Thus, it remains to show that
| X T 2
3) *
¥ TZ< (B N I X F7) 1| = Op(1). (A.23)
i=1 t=1

First, write

B X Xl 7Y Fi = U0 (B N )Xo For) Fouan + 1087 N ) Xae () Fin = (For) Fon)
= 1 (87N Jor) Xae (o) Fon = U (B N5 J75 YD (7 = Joo) Xie (fon) Foen
+UDB A £ X (57 Fi = (For) Foan)

thus, by the Cauchy-Schwarz inequality,

2 2

| X T LN
NZ Z(S (B% N7, 1) Xt (F7) fin SNZ
=1 || = i=1

T
z:: ) fin = (for) foanl® - NTZZW AL FO) X2

i=1 t=1

Zl A For) Xt (for) fo.en

ant Forll? - NTZZIII(‘” L £ X (for) Fon P

i=1 t=1

The last two terms on the right-hand side of the above inequality are both op(1) by Lemma 2 and
Lemma S1. For the first term on the right-hand side of the above inequality, by Assumption 3(iii), with
probability approaching 1,

N T 9
1 for)' f 2
N; Z 13 (B*, X7, for) Xit(for) fo,n SDggXHE[git(ﬂa)\i)|ﬁ:6*,/\i:,\;} +
1 Y T 2
= su 2 (B — Elgie (B A |
N;fhefg,i 2:: g (B, A [9i(B, Ai)])

where g;+(8,\;) = ll(:’) (B, \i, fOt)Xit(fOt)'f07th. The first term on the right-hand side of the above inequal-
ity is O(1) by Lemma S1. Thus, to prove (A.23), it suffices to show that

2

= 0(1).

max E | sup
1<i<N 0,€Bs,;

T
%Z (9i (8, Ai) = Elgie (8, X))

16



Similar to the proof of Result 1, for any € > 0, let 91(1), ceey QEL) be a maximal set of points in Bs; such
that ||9§j) — 91@” > e for any j # [. Thus, for some constants C7,Cy > 0, we have

2

T
%Z (9:¢(8, \i) — Elgir (B, M)

2

< -
=G Th4]E 1<j<L

th ( /B(J )\(])) [git(ﬁ(j), )\gj))]) + Coe? /RS

By Assumption 3 (iii) and (vii), m > (p 4+ r)/(4c). Choose J such that m > J > (p + r)/(4c). Since
E|h2g:.(8, \)]|>7 T S E|| Xu||*/ T < E||[ Xu||*™ T < M. It follows that the right-hand side of the above

inequality is

/I 96 T(p+r)/(27) 1

This completes the proof of Result 8.

=0 (;;) +o(1) = o(1).

Result 9: 327 SV ST (f = foun)(F — Fo) = op(1/V/T).
For each h < r, we have

N
Zsﬂf T (fon — forn)(F — Fp) = %Zzlffg) BN SO Xt N (fin = forn) (fr = for),

t=1 =1 t=1

P (;jz) ' %Z 1o = Joull® = Op (1/802).
t=1

so by Assumption 3(iii), Lemma 2 and Lemma S1,

’ﬂ\H

Zsﬁfffh fen = forn)(F = Fy)

t=1

t=1

T
Z(IIft—fOtIIQ-H Zl(g) A SO X (A]) A

Then the result follows since Op (1/Nh?) =

.

Op (m) and Assumption 3(vii) implies that vV Nh? —

Step 7: It follows from (A.15) to (A.21) that:
A(B = fo) = or(IB = Boll) + o (I[A = Aol /V'N) +op(1/VT),

then the desired result follows from the assumption that A is positive definite and the fact that ||A —
]\OH/\/N S max; ||5\7, — 5\()7;”. O
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Lemma 5. Under Assumptions 1 to 4, there exists 0 < v < 1/6 — ¢ (where c is defined in Assumption
3(vii)) such that maxi<;<n X = Aos|| = Op(1/TH/2=1/2m)y

Proof. Expanding the first order condition: 71 Zt 1 l(l)(ﬁ, Ais o) fe = 0 gives:

T T
Qi(hi—Aoi) = TZz“) Zl“) —fo)— = Z‘”ftxgtﬂ Bo)) ( Z(”fmfm> (Ai—Ro1)

T T = =t
(;ZE? (fe— fOt)f0t>( ~Xoi) — < Z Vfilfe - fOt))A01+05 Zz(?’) D f X3 = Bo)?
+%Zlf§’>(*)ft~[xgt(ﬁ—ﬂo)] [(£5) (N = Aoy)] Tz Vo X503 = Bo)] - (D) (fi = for)]
t=1 =1
2 S DA AN e o O QiAo 1055 S I () fel ) o Ford P05 S () (082 G
t=1 t=1

Step 1: Let M be a generic bounded constant. By Lemma S1,

T

1 .

70l for|| < § jz<”f0f
t=1

max
1<i<N

IIl aX

L[| + O ().

Since, {ll(t1 ) fot} is uniformly bounded, by the mixing property of u;; and Theorem 3 of Yoshihara (1978),

N J
for any J > 2 we have E HT*U2 Zle lgtl)fOtH < M and it follows from Lemma 2.2.2 of van der Vaart
and Wellner (1996) that

= Op(NYI INT) = Op(1/TV?7 1Y),

Zl(l)fm

1<i<N

Choosing J = 2m, we have
T

1 <
Tzl'gtl)f()t

= Op(TY ™) 71/2) (A.24)

max
1<i<N

since O(h?) = o(T~1) by Assumption 3(vii).

Step 2: By Lemma S1, ll(tl ) is uniformly bounded, so it follows from Lemma 2 that

max
1<i<N

Zl — for)

T
<0p(1 Z 1fe = forl = Op(NTV2) = Op(T1/2). (A.25)
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Step 3: Note that:

T

= D I~ Bo)

t=1

<18 = Boll - max

1 T
T Z 15 fou X,
=1

T Z 17 Fix,

1<i<N
t=1

< (18— Boll - 1]l - max

1<i<N + |8 — Boll - max

1<i<N

T
Z — fo)X.

First, by Assumption 3(iii), Lemma 2 and Lemma S1, we have

max
1<i<N

Zl — fo)X.

1, s
<Op(h™1)- T ; I.fe = forll = Op(1/(VNR)) = 0p(1).
Second, by Lemma S1,

<

T
Zz@’fmxzt Z (82 for X1 — BID fou X0 ) | +0(1).
=1

1<i<N

Since ||hl1t) Jot Xl is uniformly bounded by Assumption 3(iii) and Lemma S1, it follows from Theorem
3 of Yoshihara (1978) that

4

7= h (lz(tZ)fOth{t - ]E[ll(f)fotX’L(t]> <M,

and then it follows from Lemma 2.2.2 of van der Vaart and Wellner (1996) that

1
JTh? 1<2<N

T
%Z (l(2)f0 X}, — B[l fo X ])

| = Op(NY*/VTh2) = 0p(1).

Thus, it can be concluded that

T
1 ) , _ A
x| ;z JXG (B = o)) ‘ = 0p (13 = Boll) (A.26)
Step 4: By the definition of Q;, we have
T
2 5 ‘ 2
1SN (Q - 721( )fotf0f> (A = Aoo)|| < ||H||2~11§112§%X Z_: (12 = £,4(0)) forfoe - max 1% = Aos -

Similar to the proof of Step 3, we can show that

max

1<i<N =or(1),

T
Z 0)) foefo

19



thus it follows that

max
1<i<N

< let fOtf0t> )\Oz)

= op (m?,x 1A — XOZ»H) . (A.27)

Step 5: By Lemma 2, Lemma S1 and Assumption 3(vii) we have

( Zl — for) fot> (A — Ao

max
1<i<N

< [H]-0p(1/VNR2)- max. [|Ai=Aoil| = op (max | = Aol

(A.28)

Step 6: Note that

T

Z  for(Fe = for)’

max
1<i<N

< Op(1)- [H] - max

1<i<N

< Zl”)ft fi- fm)’) Roi

Zz<2> — for)(fe = for)’

+Op(1) - max
1<i<N

The second term on the right-hand side of the above inequality is Op(1/(Th)) by Lemma S1 and Lemma

2. Next, we have

max
1<i<N

7 Zz<2 Jor(Je = Jor)

S max. ||ft Foul - max TZ

and

1
max —
1<i<N T

12‘<1h max — Hluyl < h
- / Tt§1 {| t|f }

1<i<N
1 T
-1
< max Plluie| < A)/h -+~ ma) 2 3 [1{Juia] < b} = PJua < h)]‘.

It is easy to see that max;; P[|ui| < h] = O(h). Moreover, similar to the proof of Step 3, we can show

that
T
omax | Z U] < b}~ PJua| < h>]| = op(1).

Therefore,
DX, Z =0rl1
and by Lemma 2
T
1 9 . y .
12‘?5\1 T ;lgt)f()t(ft - fot)l ’ = OP(Tl/(2 )/\/N)
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Thus, we can conclude that

( Zl flfi - f0t>'> Aoi

max

(B = 0p(TY®™ [\/N) + Op(1/(Th)) = Op(T"/ ™ /T'/?). (A.29)

Step 7: By the consistency of ﬁ,

3 A 3 ~
max | Zl” XL = o)l < max, || Zl” VX 16 = Bol?
= 3 _ . ) (4 ’
= op(I18 = Boll) - max_ || Zz #)fe Xl | -
Write

T T T
fZl“”’) VXt = o SIS Fo For Xt 7 SO (80 £ For Xt (7~ Fo Ao SIS () (o) Xy

t=1 t=1 t=1

It then follows from Lemma 2 and Lemma S1 that

Z 1 (%) f X! +O0p(1/VTHS).

max
1<i<N

max
1< <N

Z 1D (B* X, for) for X},

Let Bs,; be a neighborhood of (5, 5\02-), then by the uniform consistency of \;, with probability approach-

ing 1, we have

< max sup
it 9,€Bs,

B8, M, for) for X1

T
%Z (lﬁf’) (B, \iy for) for X}y — B[S (B, M, fOt)fOth{tD H :

t=1

1<i<N

T

1

T Z 1D (B NE, for) for XLy
t=1

+ max sup
1<i<N g, Bs,;

The first term on the right-hand side of the above inequality is O(1) by Lemma S1. Next, for each i, let

951), ey GELi) be a maximal set of points in B;; such that max; ||9§j) — o || < e for some small e > 0. It

follows that

max sup
1<i<N 0,€Bs ;

'ﬂ \

T
Z (K2 (B, Ny for) for Xy = B (8, Avs Jo) Jou X))

1

. 3
VTh? 1SN 1655, +O(e/h?).

T
1 ) N ) N~
7 20 (BN Jor) for X — B (B, o) for X))
t=1

Note max; L; < L = (1/e)P*". By Assumption 3(iii), 2m > 3(p +7)/(2¢) > (p + 7+ 2)/(2¢). Choose
2m > L > (p+r+2)/(2c). Then |25 (8, \i, for) for Xt 7+ < B[ Xae||”HY < E|| X327 < M. By
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Theorem 3 of Yoshihara (1978),

J

T
1 , P ) . L
7 20 (LGN Fo for X~ B (BN o for X0 )| < M.
=1

Thus, by Lemma 2.2.2 of van der Vaart and Wellner (1996), we have

max sup
1<i<N 0,€Bs.;

T B (N_)I/J
Z (5(3 (8, Ni, for) for X, — [lz(f)(ﬁv)‘hfot)fOth(t]) H =Op (W) +O(e/h?).

Choosing € = 1/v/T, we have

(NL)Y/7 _ e
OP <W> +O(€/h3) = Op(l/ Thﬁ) = Op(l).

Therefore, we can conclude that

T
1
s, |7 U fa X | = O (1)
and that
(3) / _ 3
max TZZ X5(B = Bo)?|| = op (I3 = Boll)- (A.30)

Step 8: Similar to the proof of Step 7, we can show that

) (x / TCEY(N — X = 3 _
s | 7 Zz XA = o)) (07O = Ao | —op(lB—fol), (A3
and
1 - (3) ¢ " 3 )2 I 2
| SO0 e 107 i = Jo)F| = 0 (max A = A1) (A.32)
Step 9: From Lemma 2 and Lemma S1 it follows easily that:
T
/ *®\/(F F _ A
s | 7 o O X3 — - 00 o o ‘ —op(lB—l),  (A33)
22 TZI“’) D= For)] - (7Y (i = B0 | = 0p(1/VTH) - Op (max]|Ai = i)
(A.34)
1 (3) .\ 7 wh _ Eovzll - 2
25, |7 0 e (00— | = 0r /T, (A.35)
Finally, since max; ||§~ZZ_1H < ||I:I_1H2 - max; HQ:IH = Op(1) by Assumption 3 (ii), it follows from
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(A.24) to (A.35) that:

g [ = il = Op (1 = oll) + op (max 3 = Xa ) + Op (T2 /T112) (A.36)
then the desired result follows from (A.36) and Lemma 4. O

Lemma 6. Under Assumptions 1 to 4,

T

T
Qi(hi — Aoy) = ilpzlzt for + = Zl — for) - < i ;Z it fOtf0t> (A — Aoi)
t=1
( Zl for(fi = fm)’> Moi + Op (18 = Bol)) + Op(TY/ ™ /(Th?)).  (A.37)

Proof. The result follows immediately from the proof of Lemma 5. O

From (A.15) and the proof of Lemma 4 we have:

A(B ~ Bo) = op(18 = foll) + 7 Zz<”z
=1 t=1

-~ [Sﬁf’ -~ SBA’(SAA/)—ISAW} (F— ) — {g@,\’ _ SB/\’(SW\/\’)—IS?A/\’} (A = Ag)

N r
—1/2) 0D (SN = SIS TSN (Rin — Koz (A — o)

i=1 h=1

N r
—1/2) 7Y (S = SPN(EN) TSI N (Kip, — Aain)(F — F)

i=1 h=1

T r
— 17237 3 (5PN Fr - SN (W) TLgMTen ) (fo — foun)(A — Aq)

t=1 h=1

T r
—1/2 57 ST (S T N (SN )L (fo — Foun) (B — Fo). (A.38)

In the next 5 lemmas, we analyze each term on the right-hand side of (A.38).

Lemma 7. Under Assumptions 1 to 4,

S — 55N (5W)LEW)(A — Rg) = — 2 1 op(T) + 0p (I3 — Boll).

Proof. Step 1: Note that we can write:

=l

N T

~ ’ = = ’ ~ ’ ~ ~ ]_ ]_

[P = SP(S) TS (A — Ro) = = ( > ‘2>znf0t> (A = Xoa).
i=1 t=1
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Plugging in the result of Lemma 6, we have
[§7X = §PV(SM) 7L (A ~ Ao)
LN (1 1 X N
2 _

SO S INALIEIWTANSS
i=1 t=1 t=1 i=1

1 T

2

NS ZAALE

i=1 t=1

lem (12, v \oo d Lo
2\ T 2 Zade || - Zl foefor | (H) ™M (A = Aoi)

i=1 =1 t:l
@) 7w
E lit’ Zit fos

(% Z lz(Q)Zztht> ( !

t=1

T
ST 1P (fi—for )

t=1

el

ﬂ"_‘ - N

T
Z  fou(Fe — for) )5\01

t=1

+[0p(13 - Goll + Op(TVE (T82))] - O (

) (A

Step 2: By the Cauchy-Schwarz inequality,

1L (1 & . 1 <&
NZ(TZlS)Zﬁfat)Qf(H’)—l( S - m))H

i=1 t=1 t=1
1|1 & © 1 o i
S NZ lez(t itfoe|| NZ lez(t (fe = for)
i=1 =1 i=1 =1
First, by Theorem 3 of Yoshihara (1978),
T 2 2
LS~ @y @), o 2
Bl 2t Zudis)| = s E Zh Ly Zufy| = O(1/(Th?).
Second, by Lemma 1, we have
2 2
N T ) AN s " 1
Z Tz()ft*fm) Sﬁz ﬁzzlt €t ‘I’)
i=1 t=1 i=1 j=1t=1
T ? T 2
1
=0p(1)- 5> WZZZ;)% +Op(1/N?). NZ Tszt et
i=1 i t=1 i=1 t=1

For simplicity, consider the case where p = 1. Then by the mixing property we have

2 1 N T T (
1),(1
S S [N o o o [
j#i t=1 j#i t=1 s=1
1 11 (1),(1) ~1 2
=NT Nz T S OS CELE] Elejiej] | = O((NT)™!) = 0(1/T7).
Jj#i t=1 s=1
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Moreover, it is easy to show that

T
Z it Cit = 1)

There, it follows that

1 & ) . 11
ﬁz ( Zl( )thf(gt)Qi ( Zl( ) — for >|| =0Op <T : > =op(T7Y). (A.40)

Similarly, it can be shown that

N Z ( le('tQ)Zitf(gt> (T ZZ(Q)fOt (fi — fot)'> Noi

—0p (; . \/j%) = op(T™Y). (A1)

Step 3: By the Cauchy-Schwarz inequality and Lemma 5,

1 N 1 T T )
~ > (T Zlgf)zitf6t> ;! ( Z 0tf0t> (H) " (A = Aoi)
=1 t=1

2 T 2
S max A = Aol J Zl D Ziufh|| J ~ 2; ; (17 = £ (0)) fou foy
N T 2
_ OP(Tl/(2m)/T1/2) Op(l/\/rlz? \J < Z = Z 5(2) 0)) for S,
Moreover, similar to the proof of the previous step, we can show that
T 2
Z 0)) forfoe|| = Op(1/(Th?)).

Thus, by Assumption 3(vii)
T

N T
%Z (T >l 2)Zu€f6t> ;! ( i Z fmfm) H') " (\i = Aoi)
1=1 t=1

1 T/ (@2m) 1
=0p (T T0.5— 20) =or (T)

(A.42)

Step 4: By Lemma S1 and Assumption 3(vii), we can write

1L (1 &K 1 <& 1 ) 1 &
N ESWIRATIIES WUNERS oS R AT ES ol U BTl
i=1 t=1 t=1 i=1

t=1

1 1 N T T
TNZ( Z >z”f0t> ( Z f0t>+0p (T7Y). (A.43)
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First, by Lemma S1 and the mixing property, we have

EH%(

T ) LN /LT
Z (Q)Zztf0t> (\/Tzl(l)fm)] = Z (T ZZE lz(f)lz(;)zztfétgi_lfOSO
=1 t= =

\F N i=1 t=1 s=1
N /4T XN 1 LT
2)7(1 _ 2)5(1 _
Z <T SR Zi £, 1fot]> + % > - SN TR Zi 3,977 o
i=1 t=1 i=1 t=1 s#t
N " | XN
1
-9y R Lo )
where
(1) ZE it 0|th) zt}fOtQ fOta
(2) = ZZ (TE 'Lt 0|th) 'Lt |:/ fz ts 0 U|X2t7X’LS)dU Z’Lt:|> fOt 1f057
t 1 s#t
and

N
_— 2)
br=—(r=05): Nlll“goo Zw _N,lll“gooﬁ2w:r’l

Second, similar to the proof the Lemma A6 of Galvao and Kato (2016), we can show that

iN LTZ 1 Tl() =o(1)
ar N; \/th:;Z ztht ;Z fOt - .

N Z (\/;Zl z)thf(/)t>Qi1<

Finally, the last term on the right-hand side of (A.39) can be shown to be op(||3 — Bol|) +0p(T~1). Then
the desired result follows from (A.39) to (A.43) O

H

Thus, we have

T
Z it f0t> = —b1 +op(1).

t=1

5/~

Lemma 8. Under Assumptions 1 to 4,

[P — 5 (§) LM (B — Fy) = A W — L op()

zltl
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Proof. Step 1: Write

[S77 = SP(SW) TSN (E — Fo)

RS RS WE NV g g1y L@ s 08\ (f o f
= fz Nzlit Xit 07 (H) fOt Z Z‘I’z ) (lit fOt)\Oi_lit) (ft_fOt)
t=1 i=1 r=\N=
1i<1iumxx D, foN; + 1} ’@) — Jon)
= T AT t lt 0t it 0Ot
Tt:l Ni:l
_ sy 12 ZuN + 109,
= ftzzl N;[ itAo; + J ) D)7 (fe = for)
1, o Lo~ (15[, o\ \f-1(7 _ f
= fZAt(H) fOt + = Z(NZ{ Zit — E[fi(01X3t) Zit)) Noi + Uiy ‘})(H)_l(ft—f()t).
t=1 t=1 =1

Step 2: By Lemma 1, we have ft — for = g, thus,

T
— for) = At (Ho) ' Whei + —= )TN — (Ho) ' | ey
NT

zltl i=1 t=1

It is easy to show that

ZZAt[ )71 — (Ho) W e

=1 t=1

< Op((NT)7/2) - (I = Ho| + & — o) = op(T~).

Therefore,
T 1 N T
Z — for) = ~7 SO A(Hy) e +op(T7H). (A.44)
t=1 i=1 t=1

Step 3: Since |H — Hy| = Op(T~/2) and | ¥ — Wo|| = Op(T~1/2), we have

T
= (fv > {0 2 — Bl (01Xu) Za Ny + 11y 1} ) ()~ (f — for)

= (1+0p(1))-%-% Z <1N Z {(lgf)Zit — E[fit (0 Xit) Zit] ) Ao + ll(tl)q)i} ) (Ho) ' (

.
Il
_

-

M=
2

N~

27



Next, by Lemma S1 and Assumption 3(iv), it can be shown that

ZT:( 12va:{ (lie’ Zit — E[fit (01 Xit) Zit] ) Ao +ll)q’}>(H — (fi:: lt>]
e

i=1
1 N T
Y E[(1 Zu+ 1) (310) e
i=1 t=1
1

T
= > B[t (01Xi0) Zie Ay (Ho) ™' Wheir] + 0(1) = —dy + o(1).  (A.46)

t=1

!
M=

Il
<

2

Step 4: Define

o~
M-
o

< Z{ it Zit — Blfit (01 Xit) Zie]) 6i+l§t1)q)i}>(H0)_1\I’6<

1

2}—‘

To complete the proof, it remains to show that

Var (z{ i2t> H = o(1).

Var (; ;Zt> H < % E % ;h(zt —E[Z,)]

By Assumption 3(iv), {Z1,..., 27} is a—mixing. Thus, by Theorem 3 of Yoshihara (1978) it suffices to
show that E||hZ;||* < oo for all t. By the Cauchy-Schwarz inequality,

Note that )

8

N N
1 1
BLZ* S o\ B 7 ok {0020~ BlfaOIXe) 2Ny + 172} | (B > e =00
Thus, we have
1« 1
This completes the proof. O

Lemma 9. Under Assumptions 1 to 4,

r = ’ ’y . ~ -~ ~ ~ 2b _ ~
Do DN =S (EW) TSN (A — o) (A — Ro) = =T +0p(T7) +op (18— ful)).
i=1 h=1

Proof. Let ®;1, be the kth row of ®; = Z,Q; " The kth element of — Zfil Zzzl(Sfohfgﬁ)‘/ (SAN)=LGANXin ) (X —
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XOi,h)(A — Ap) can be written as

T

S ) K — P (BT Fiin (i = Doin) (A = Aoi)

h=1

N
Il
-
~
—

- 3-
M= 11
1= 117

(s = 2ot) 1 () (X — @i (F) T ) f7 7 (i = Roi)

Il
—
o~
Il
—

3

> (A = Aoi) ( Zl(g) Xt — ®a () F) 1T )(j\z‘—j\m)'

i=1

=~

Step 1: Note that

Zl“’ Xk — Pae(F) O£
=H (7{ Z lgf)Zit,katf(/)t> H + Z 1 () (Ko — @a () TV F)) (f7 7 — FLfou f, L)

T
( 21(3) i (for — (A)lf:)fOtf(;t)I:I/_FI:I( ZZ(B) s Ltkfmfm)

Thus, by Lemma 2, Lemma 5 and Lemma S1 we have

N T

ZA—Am ( Zf” Xt — ©ipo(H >1ft>ftft><xi—xm>

= < -

Z)\ _)\Oz /H<Tzlzt ztkf()tfm) (>\ —)\01)

T
= Op(T1H1/™)-0p(TY ™ [NTHS)+Op (T~ 1) max - 7 2N Zitll18=Boll/1* = op(T™)+op(I5=Foll),

t 1

= \

where we have used the fact that

D00 =21 S (18 = Boll + 1 = Fooll + 1% = Dol ) /0,
and thus
T

Z () () = 15D) Zie o for Fo

1 R . .
N m?XfZ 1Ziell - 18 = Boll /h° + max|| fo — foull /2* +max A — Doill/1?

T
1 R
= max — 1| Zul - 18 = oll/n* + Op(T/ ™) JNTHS).
t=1
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Step 2: Recall that

T
1
Cik = —7 ; [f (1)(0|X1t) Zit ) for for-

First, by Lemma 5,

()\- — Xoi)HC,  H' (A — Ao)

\\Mz

N
1
Z /\ - )\Oz IH( Z it u& katht) H/()‘ - >\01) - N

t=1

N
< OP(T—1+1/m L Z

T

1

T Z lES)Zit,katfét —Cik
t=1

2

Second, by Lemma S1 and Theorem 3 of Yoshihara (1978),

T
—= N 02(1 Zivk — BUD Ziv i) fou S| +o(T™Y) = O(1/VThY).

<1 E
~ VTh*

T
1 3
E||7 ; U Zivsfoufon — Ci

Thus, we have

r

N T
1 T\ —1 px\ gk’ px 3 Y N e
NT SO TS P )X — ()T £ F Rin — Roin) (A — Roi)
i=1 t=1 h=1
N
Z Ai — o) HC,  H (A — Aog) +op(T™1)  (A.47)
because Op(T~1+1/™ /\/Th%) = op(T~') by Assumption 3(iii).
Step 3: By Lemma 6 we can write

T

A . ~ 1 . _ ~ _

A= Ao = 07 2 D1 for+ 95+ O (18 = Boll) + Op (T /(TH?)).
t=1

where

g =071 Zl“’ — for)— (Q Zz@’fmfot) (A —Roi) = ( Zz@)fm (fi - fOt)’> Sos-

By the proof of Lemma 7, it can be shown that

1 & 1
Nzl lgill = Op (Tll/mh) .
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Thus,

le( f0t> i Cit (;Zl(l)fm)H
t

t=1

Nl

N 1 N
N;/\ — Xoo)HC  H' (A — Aoi) — NZ(

) Z lgill + op (|13 = Boll) + Op (1@%}5\7 1% — 5\0i||) -Op(T ™) /(Th?))

1 1 A A
—0r (rrsmrsrg + s ) + or(13 = al) = on(T ™) 4 or (15— o),

=Op < max ||)\ — )\01||
1<i<N

Thus, we can write

)\Oz HC; kH (/\ - )\Oz)

N T
1 (1) g1 -1 -1
*Z 72% Jor | i Gy
N i=1 (ﬁ t=1

||Mz

T
Z f0t> +op(T™) +op(I3 — foll). (A.48)

ﬂ\

Step 4: First, by Lemma S1,

1 Y 1 & ) 1 & (1)
E|- W oteuat | =Y 0
[NZ( ;z f0t> i AR <\/th_; it Jot

VT
N T T
[D12] 15071 Can 2 fos

T
ZE(lz(tl)) fOt 1CikQ fOt+%Z%ZZE it Vis

_ L

~ NT

'Mz

i=1 t=1
XN
3
NZW() Zw 1) = 2by + o(1),
=1
where -
(3) 1 ’ o1 1
Wrik = =7(l—7)- T ZfOtQi Ci k82 for
t=1

T T
1
rok = 75 2 O AEM{uir < 0,uis < 03] = 7} 6,02 Cony  fos

Wrik =
t=1 s#t
and
1 e~ (3 1 & W@
bojp = 0.5 lim lemk +05 Tim Zl -
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Step 5: Finally, note that by Theorem 3 of Yoshihara (1978),

1 1 (1) . (1 T W
NZ <\/Tzlzt f0t> Qz Cthz ﬁ;llt fOt

i=1 =1
1 N 1 T (1 1 T W 4
/ —1 1
SJ Ni L:ZI <\/T ; fOt) 91 Ci,}ch (\/T tz:;ln f0t> N N2 ZE \/» Zl fOt
=O(N~1) = o(1),

— SN S I O Kt = @i () FinBin—Roin) i = Roi) = =2ba s +0p(T 1) +op(1|B—Bol)),

and the desired result follows. O

Lemma 10. Under Assumptions 1 to 4,

Z Z(Sff/fth - Sﬁ/\/(g/\’\/)flsé\f/f‘h)(fth - fOt,h)(F —Fy) = *2;:[2 +op(T™H) + 0P(||B — Boll)-

t=1 h=1

Proof. Step 1:
Note that the kth element of — Y, Zzzl(Sff,fth — SN (G TLGM Sy (f — fou ) (F — Fp) can

be written as:

Ly (1 SOUD ()X — B ()L f7 N1 z‘h><fth—f0t,h><ﬁ—f0t>

t=1 h= i=
o hA1 V 11 Ny ) N
= Tt—l(ft_fOt)/<N;lit (%) [Xitp — Pir(F)~ 1ft])\f)\’{>(ft—f0t)
1 T N o
+2-T; — for) < ; )_1>(ft_f0t)-
Step 2:
First, by Lemma 2,
1 I , 1 <& A
=S (= F) < Zz Xt — @ (H)~ 1ft]A;‘A:-‘> — for) = o D2 (Fe = For) (H) "Dy (Ho) M = for)
- T
Ty N ,
< Op(logT/T) - Z 5 21 X — ik (E) 7 NN —<H’o>—1Dt,k<Ho>-1H.
t=1 i=1
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Second, write

=

N

ns 1 3 NP
; Xit o~ @ (H) LN = 2; Zit 1k hoi(Noi) ﬁ;lgt)[@ikforq’ik(H) L Noi (Noi)’
N o 1 R o
Zl“’ Xinr=@in(E) 7T (G ) = A0i(or)) 470 2 (19769 = 1) [Xira= i () 7 71 Dou (B
i=1 =1

it then follows that

i

}ﬂ \

N
STIP )Xo — P ()TN — (H)) "Dy (Ho) ™!
=1

N
L

where we have used Lemma S1, Lemma 4, and the fact that

N
1 . 5 . . .
¥ 2 4 ZiesdoXsy = Do +0r (max e = Joull/1* ) +0p (maxc||A: = Roill /5 ) +Op(113—Bol /1),

1D 00 = 115 (18 = Boll - 1Xaall + 11 = fooll + 1% = D]} /0

and

mafoantn — 0p(1).

Similar to the proof of Lemma 9, it can be shown that

»

Therefore, by Lemma 2 and Lemma 5,

N
S 15 Ziskhoidy; — Dik|| = Op(1/VNRD).

i=1

'ﬂ\
=zl

T T
%Z fe—for) ( ZZ(S) Xit, k_cbik(ﬂ)_lft*]A?A:/) (fi—for) = - Z fo—for) (HG) ™' Dy (Ho) ™ (fi— for)
=1 =

Tl/m Tl/(2m) T1/m R
+OP( T >'0P(W)+0P(W>'OP(|ﬁ_BO||)
T

_! Z — for) (Hp) "Dy i (Ho) ~  (f — for) + op(T71) +op([|B = Boll).  (A.49)

t:l
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Step 3: By Lemma 2 we can write

T T N ! N
; Je=for)' (H) "Dy 1 (Ho) ™ (fi= for) NTEQNZ ) W (Hp) ' Dy g (Ho) 0 <\/1NZG>

N
:&%Z( Z&t) Uo(H)) "Dy i (Ho) 1, (\/lﬁz:eit>+;[‘op (jlvz

t=1

Define

Second, we have

T 2

% S (2 - E[2)

t=1

Since the process {21, ..., Zr} is a—mixing, it then follows from E|Z;|* < E||N~1/2 ZZ Leit]|® < oo that
2

T
N Z (Z2: —E[Z])] =0(1)

and thus

Therefore, we have

== f) GZ&SN*)[&M i (H >1ft1xzxf’><ft—f0t>

N T
= 37 20 D T {Eleinel o (Hy) Dy (Ho) W} +0p(T 1) +0p (15— Gl (4.50)
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Step 4: Similarly, we can show that:

T
%Z( — for) <Nzl(2 )N P, (H) - 1>(ft.f0t)

1

N T
= N7 > T {Eleae), ] Wo(Hy) ™ By (Ho) W4} + 0p(T1) + 0p([18 — Boll)-

=1 t=1

This completes the proof. O

Lemma 11. Under Assumptions 1 to 4,

N T
Z Zsff/)\m(j\ih - Xo,ih)(ﬁ —Fy) =o0p(T7h) + OP(HB — boll)
1=1 h=1
T r , R B R B R
ZZ SENTen(fu, — forn)(A = Ag) = op(T™Y) +0p (I3 — Bol),
t=1 h=1
’ N A
SN (M) ZZSV (i = Ao,in) (F = Fo) = op(T™") + op (15 = Bol)),
i=1 h=1
N A R
SON (S ZZSM T (fun = forn)(A = Ao) = 0p(T™1) + 0p(||3 = Bol))-
t=T h=1

Proof. To save space, we only prove the first result. The proof of the other results are similar. Write

N - N T

Iy . ~ v ~ 1 * w179 v A -
Do SN R =Roun) (F=Fo) = <= - S I8N ) Xa =1 (B A7 ) Xae N £ Ai=201)' (fifo).
i=1 h=1 =1 =1
Let Rt (%) = l(2 (B*, A5, )X (3)(5*7 AL FOXa(A]) [ and Ry = ll('f)Xit - lgf)Xit)\f),;fon then by

Lemma 1 and Lemma 4 we have

N r T
ZZSﬂfA7h>\h—>\01h)F Fy) = NZ( Z fm))(;\i—}\m)

T
_ %Z <; Zth ft fOt ) (S\i_j\(]i)‘f'OP (mzax‘ AZ
t=1

ft - f(]t

Yo} 0 (mps

)-OP (Hﬁx ([ Rt () — Rit|> :

Similar to the proof of Lemma 10, it can be shown that

max | R () — Rl = Op (T ™ [(TY21%)) + Op(I3 = Boll/1°),
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thus, by Lemma 2 and Lemma 6,

Op (miaX’ A\i — Aoi ) -Op (m?XHft - fOtH) -Op (H?;%XlRit(*) — Rit”)
Tl/m Tl/(2m) Tl/m ) B )
= 0p (5 g ) + 0 (T ) Or 1A = ul) = 00(27) + 001 = ).
Therefore,

N N T
ZZSW S (i = Ros) (F— Fy) = N2 (1 > Rulfi— for) )(S\i—5\0i)+0P(T_1)+0P(||B—Bo||)~
t=1

i=1 h=1 z:l

(A.51)
Note that
1N /(1 X R R XN T
NZ( ZRnft for) >(>\i>\0i) Sm?X’ i NZ Z Ri(fi — for)' ‘
i=1 t=1 i=1 t=1
Similar to Step 2 of the proof of Lemma 7, we can show that
T
E|x Z (Fy — Fop)' | =O(T~'h72),
it then follows from Lemma 6 that
N T
1 Tl/(2m) B
N Z ( ZR” ft fOt ) ( /\01> =0p <T3/2h2> = OP(T 1), (A52)
i=1 t=1
Thus, it follows from (A.51) and (A.52) that
N r R ~ _ )
DO SEA (in = Mon) (F = Fo) = op(T ™) + 0p([18 = Boll).
i=1 h=1
The proofs of the other results are similar and thus are omitted. O

Proof of Theorem 2

Proof. It follows from (A.38) and Lemma 7 to Lemma 11 that

N T
A(B—po) = [57 = 57 (§) 1] -1 30 D7 AuHo) Wheit 2t op (T op (5o,
i=1 t=1

N T
57— 5V (V)1 = - S S 2,

’ﬂ
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it then follows from Assumption 3(vii) that

N T

VRT(5p0) = e 303 A7 10 Za =y (F) ™ W} A" (b7 ) 0p (10 (VAT =)
i=1 t=1

Define W} = Zz(tl)Zit — A (Hy) ' W)e; and W) = T—1/2 Zt 1 Wi, it remains to show that

N T N
ZZWZ@ ZW SN, V).

T

(A.53)
First, by Lemma S1, we have E[W;] = O(h?) = o(T~!), thus
1N N B
N g W T ; (W7 —E[W;]) +o(1). (A.54)
Second, by the mixing property and Theorem 3 of Yoshihara (1978)
3
E|W; —EW;]||° = E Z (Wi —E[W])| < oc.
Third, since Wy, ..., V_V]’(, are independent, it follows from Lyapunov’s CLT that
LS e ) .
N ; (W —E[W;]) 5 N(0,V7) (A.55)

where

V= o S E[(W ~ BV - B{V;1)] = 7 S SR — BIW) (W5 — BV

1 N T T
NZZ; (W5 — BIWED (W — BT

Finally, by Lemma S1 it is easy to show that

1 N T ) N 7
7 2 O B — EWED (W, — EW3])] = 7(1 - 1) 722

‘ NT
i=1t=1

N T
tNT ZZAt(HO)_l‘PSE[eiteét]‘I’O(Hf))_lAQ +0(1) = V1 +o(1),
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and

3~
M=
M=
M=

E[(Wii = EWiD) (Wi — BIWE])]

«
Il

—
~

S

%

Il
Z‘H
'ﬂ .
ER

«
Il
-
o
I
-

s#t

E[(T — E[1{uit < 0} Xit, Xis]) Ziress] Vo (Hp) T A

&
Il
—
~
Il
A
w
*
-

Ay (Ho) " U(E[er Zi (1 — E[1{u;s < 0} X, Xis])]

3~ 3~
NJERINE
[~ 1]~
[~ 1]~

o
Il
A
~
Il
=
w
S
o~

L L

T T
+ % D> A(Ho) T R e Uo(HG) AL + o(1) = Va + o(1).

=1 s#t

|
\\Mz

~

i=1

Thus, we have V* =V +0(1), and (A.53) follows from (A.54) and (A.55). This completes the proof. O

A.4 Proof of Theorem 3

Lemma 12. Under Assumptions 1 to 4, we have

(i) maxy<i<n [Ei=Es]| = Op(TV ™ [(TO?h)), maxi<i<n Q= = Op (T ™) /(TOPh)), maxi <i<n [|i~
H| = Op(TY ™ [(TOh)), max; ¢ |2 — Zull = Op (T 2™ /(TO51)).

(i) max; |6 — ext]| = Op(TH @™ /T,

Proof. Step 1: Adding the subtracting terms, we have
T

ZZ(Q) Uit ztft - 7 let itfétI:I/ + %Z (lEtQ)Xit [zt(O|th) }) fOt

t=1

[I]>
[I]z

First, by Theorem 3 of Yoshihara (1978)

J

Zh(%c E[fi (01Xi0) X)) for|| < M

for any 2m > J > 2. It then follows from Lemma 2.2.2 of van der Vaart and Wellner (1996) that

Nl/J T1/(2m)
—op ().
VTh 05,

T
=37 (K2 Xt — B (01X Xad) S| =

T

Z Uzt zt(ft fOt

1 o N
D 1P Xt = 7 1 Xie o, H

t=1 t=1

i <Z(2 l(2 ) Xitf(l)t
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The first term on the right-hand side of the above inequality is Op(1/vV Nh2) by Lemma 2. For the

second term, using Taylor expansion and Lemma 5 we can write

T T
1 1 A S . - -
T > ( (i) — L ) Xichoe = =7 > {ZS) (X7 (B = Bo)| Xie foy + 15 [ foa (N = Ron) XS, + 15 P (o — fOt)]Xitfét}
t=1 t=1
+0p (TV™)(Th?)).
By Theorem 2,
1 (3 11 1
3) / /
— X! 4 . — ).
o | S B = s = 0r (G 7) =or (77
Next, by Lemma 2 and Lemma 5,
1 3 T
il 3) \ A ) Ty
x| ;l [For(hi = Aoi) | Xie S| < max max Z Xitforfore|| - max (A = Ao

Z 1D Xt foy Fouk

O T1/(2m)
- P ( T0-5 ) 1<7,<)§\/' lrglgi(r
Similar to the proof of Lemma 4, it can be shown that

max max
1<i<N 1<k<r

Zl(g)Xufétht,k = Op(1).

Thus, we have

T

Z 3) fOt )‘ _)‘01)} itf[/)t

T1/(2m) T1/(2m)
12‘{?5\/ _OP< T0.5 > :OP( T0.5), )

Similarly,
T
max Zl max max Z — it Ao
1<I<N fOt)] ztht 1<k<r1<Z<N 4 ft k fOt k) 'Ltht 01,k

< max | for — foel| - max *ZU |- 1 Xt foe -

~1<t<T 1<i<N T

Since E[|ll(f)| N Xie £l = O(h™1) by Lemma S1, and it can be shown that

1 T @) ) @) , Tl/(2m)
e =S {0 X fall — EILY| - 1 Xafol) | = Or ( Fom )

ﬂ
Il
—
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and it follows from Lemma 2 that

max

T/ (2m)
1<i<N > .

TO5],

T
%le(f)[~6i(ft — fo )l Xt S|l = Op(TY ™ )V/NY - Op(h™Y) = op <
=1

Combining all the above results, we have

N - Tl/(2m)
2 15— =il = Or (m) :

It can be shown in a similar way that

Q Q Tl/(27n)
s 10— 0 = 0 (500

Moreover, by the definition of ®,; and D,

max ||(i)l — <I>iI:I_1|| = max
1<i<N 1<i<N

EiQi_l - EiQi_lH_l‘ = max
1<i<N

thus, it follows from the above results and the fact that €; is positive definite with probability approaching

1 that
&, a0 = 0p (T2
R 19: — ®:H™| = Op | ~7555 -

Finally, by the definitions of Z;; and Zit and the results above,

Zit — Zit

= ~
— . =
=3 =3

T1/(2m)
:OP( TO5) )

Step 2: Define X; = (X;1,...,Xir)’, and f; = (ﬁ"ﬁ)’lﬁ’Xi. Then we have é; = X — f‘ift, and
eit = Xit — FifOt =Xy — FiI:I_lfOt. It follows that

N R I

max ‘

< max
i,t 7

max [|&;; — eq|| S max IT; — T H | + max Ife = forll-
,

=1 t=1
and
1<, 1 &
T2 Nl =H 5y fouf + Op(NT2)
t=1 t=1



Thus, it follows that
T

E tezt

max ||I; — T;H Y| < Op(N~V2) + max

Next, by the proof of Lemma 2,

+O0p(N~Y2) = Op(NYC™) )\/T) + Op(N~1/?).

1 T
T Z f0t6§t
t=1

1z
max || = g freh|| < max
i ||T P i

It then follows from the above results and Lemma 2 that max; ; [|é;; — ey || = Op(TY 3™ //T).

Proof of Theorem 3

Proof. Step 1: We first show that A = A + op(1).
Note that by the definition of A and Lemma S1,
N

% SN {1(2 ZZiy — B[P Ziy Zz-t]}

=1 t=1

IA = Al < +o(1).

) 1 N T
- W;; Zthzt

Similar to Step 2 in the proof of Lemma 4, it can be shown that

N T
% Z Z {lz(tz)zitzit - E[lz(?)zitzit}} =op(1).

=1 t=1

Thus, it remains to show that

=op(1).

. 1 N T (2
A — ﬁz::z:: Zthzt

By the definition of A, we have

T
o 1 .
A— ~NT ;; ll )24 Zit < max Hl(2 (tit) — lg) + H%ix‘ Ziy — Zy|| /h.
First, by Lemma 2 and Lemma 5,
max ’1(2 Ust) l(2)H < (||5 Bo || [ Xl +max’ +max’ ft for )/h

= Op(TY ™) /]\/ThA) = op(1).

Second, by Lemma 12

N T1/(2m)
Zit — Zit|| /h = Op (W) =op(1).

max ‘
it

Therefore, the desired result follows.
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Step 2: Next, we show that b = b+ op(1).
By definitions, it suffices to show that

(2)
T — W,

(1) (1)

—Wr; :OP(]-)v

=op(l), max

max

and
max ’Q(Tzfzk —wgflz kH =op(1)

~(3) (3) _
max ‘wT’i K~ Wrk = op(1), max

1<i<N
for k <.

First, similar to the proof of the previous step, we have

T T
s o8 = o2 = s | £ o 02 R0 o 3 B0 ) 50 o
< LS00 07 . -1 L\~ (0 1
R T;l (it) Zit - f1S% ft—*zln it - S0 S0 for +ma>§v Tz::(l“ Zit — EB[fit (01 Xit) Z; ])fm Jot
<male(2) 2)H+maX‘Zﬁ— it /h+maX 1ft fo:SY; 1fOtH/h+0p()

/h+op(1).

FO7 e — 15,97 fou

:max‘
it

3

Note that by Lemma 2 and Lemma 12,

Jh = | 20— gy B ) () g

max|| /97 fy = f3, 0 fo
T1/(2m)

FO fo = F607" for | /e S x| o= forl| /- max |05 Q7| /b = Op <T0-W>:OP(1)'

= max
it

Thus, it follows that
= Op(l).

max w —w
1§¢§NH Ty TZ

Second, by Lemma 12

of) — wi)

=7(l —7)- max

max
1<i<N

1<i<N

+op(1).

< max | fu— foull/n%max [0~ Q7 /52 max € — HC B | = max || € — FC; 8
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By the definitions of Ci,k and C; , it follows from Lemma 12 that

*E[fi(tl)(O\Xit)Zit,k]ﬂfOtfétﬂ/

T
max chk - I:ICi,kI:I/H = max || Z (i) Zi e foff — f

1

- Ak
T I

+ma

< max | (19 Zit + ISP (01 Xi0) Zio 1) Fou i

iMﬂ IIMH

T
Z ( (ttit) Zie p foff — lg?)Zit,katf(l)t)

. . . R Tl/(2m)
S max ||ft—f0t||/h2+H}%X ”uit_uit“/hg)_"nzl,%x | Zis—Zu||/h*+op (1) = Op (\/T—hG)H’P (1) = op(1).

Thus, we have
max Hof)( —w®
p T, Ty

1<i<N

= Op(].).

Third, by the proof Lemma 7 and Assumption 2(iv), it can be shown that

T—-L t+L T t—1
1 - _
=23 Y B[P 2P R ot Yo S B[P 20 D] 05 fout Op (T 400k,
t=1 s=t+1 t=L+1s=t—L

Since 0 < v < 1 and L — 0o as T'— oo, by the definition of w(T)L, it follows that

t+
~(2) _ (2) (2) (1) 1 (2) -1
12353\,“‘“11' Wr 1<z< z; ;1{ Zl (ths) - fQ fs |:lit Z’Ltlzs:| foe2; fOs}
| Il
2 1 _
+max |5 > S0 {1 ) Zal ) - F e~ B 1D Zal)] - 5257 fos |+ 0 (1),
t=L+1s=t—L
Note that
T—L t+L @, 0
(2) (1) pMA-1F ( 1 1
1<1<N Z Z { Zl (uzs) fth fS E|:lzt ztl ] fOt fOs}
t=1 s=t+1
T—L t+L
jmax | =SS {10 2 ) - 10 122D - 1057 o
== t=1 s=t+1
T—L t+L
2 2
1<1<N Z Z {lz(f)Z“fl E[Zg) ztl ]} fOt 1fos
t=1 s=t+1

It can be shown that the second term on the right-hand side of the above inequality is Op (LT (™) /(T%5h)) =
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op(1). For the first term, similar to the proof for d)g,}z we have

T—L t+L
2)
121%)3\] Z Z {l(2 it Z i )( s) fQ 1fs l( ztl f()t 1fos}
t=1 s=t+1
SL(male(Q) Ust) —l )H—&-male(l) (i) l(1 H/h—l—max‘Zn Zit /h—&—max‘ft 1f5—f0t L fos /h)
LT/ (2m)
=Or (m) = or(L).
Thus, we have
122;}3\[ Hsz - wTZ - OP(l)'
Finally, we show can that
/(2m)
NORNC LT _
@%H“ R OP( rosps ) = orl)

in a similar way. Thus, we can conclude that b= b+ op(1).

Step 3: Finally, we show that d= d+ op(1), which follows from dy = dy + op(1) and dQ’k =da+op(1)
for all £ <.

First, by the definitions of d; and dl, we need to show that

N T N T
1 N p rara 1 _
~7 SO 1 ) Zu N ey — ~T D> B[ (01Xir) Zie Ay (Ho) ™ Whese]

:0]3(1).
| T i=1 t=1 i=1 t=1
We have
1 L& 1
‘WZZ””@‘J%M%W’@#— == JE [fit (01 Xit) Zie \oi (Ho) ™' Wheir]
1=1 t=1 i=1 t=1
1 N T 1 N T @
L @) > N, - 2 Ly e,
< | RS W WAL R TTRES 9 ST ERUSRIN
1 N T 1 N
+ WZZZ(Q)ZMA&(HO) "he — 7TZZE it(0] Xir) ZisXo; (Ho) ™ Woeir]|| -
=1 t=1 =1 t=1

It is easy to see that the second term on the right-hand side of the above inequality is Op(1/vV NTh?) +
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Op(h?) = op(1). For the first term, by Lemma 2, Lemma 5 and Lemma 12 we have

! ZZl zwé,t_izzz@ ZiaNyy(Ho) " Whess

1,1t1 =1 t=1

< m%XW(Q)(ﬁit) S max 1Zie — Zul| /b + max | A; — Nil| /b + || & — Wol| /b + max € — eitl|/

T1/2m)
—0p ( — ) —op ().

Therefore, we can conclude that cil =d; +op(1).

Second, by the definitions of ds ; and Ci27k, we need to show that

N T N T
1 a4 1 - B
| NT Z Ze;t\IIB Wiey - NT ZZTr {E[eitegt] - Wo(Hp) 1Bt,k(H0) 1‘1/6} | =op(1),
i=1 t=1 i=1 =1
and
T
‘ NT D> e ¥DuYen - o ZZTr {Elesees] - Wo(HH) ™ Dy po(Ho) ™' W5 } | = op(1).
i=1 t=1 i=1 t=1

N T N
1 e 1 B
‘ NT ;;e;t\PBmk\Iﬂen “NT Zl ;Tr {E eltezt \I’O(H/) Bt & (Hop) \IJO} ‘
1 N T 1 N
< v Z Z é;t‘i/Bt,k\I’/éit N Z €; t\pO(Hé)_lBt,k(Ho)_l‘l’geit —+
‘ NT i=1 t=1 NT i=1 t=1
| XT LN
’ NT Z Z egt\IJO(HO) Bt k(HO) ‘I/oez't “NT Z Z Tr {E[eite;t] . \I/O(Ha)*lBM(I_Io)fllljéJ
=1 t=1 =1 t—1

It is easy to see that the second term on the right-hand side of the above inequality is Op(1/v NT). For

the first term, we have

N T N T
1 ~ > T A
ﬁ E E e;t\IJBt,k\Il/eit T E E ezt‘l/() HO) Bt k(Ho) \Iloezt

i=1 t=1 i=1 t=1

S max (e — eall/h+ | & = ol b+ max||Br, — ()~ Boa(Ho) !

7maXHBtk — HO) Bfk HO H + Op Tl/(Qm /4/ h2)
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By the definitions of Bt,k and By, it follows that

N N
A _ _ 1 LNk 2 1 _ _
mgx HBt’k — (HB) 1Bt,k(H0) 1“ = m?x N Zl l(z) (ult))\lélvk — N Zlflt(O)(Hé) lei(I)i,k(Ho) 1
1 & 1 &
- ) - B
< max | ;l@)( DAidin — Zl( Roi®s k(Ho) ™| + max || = 1:1[152 — fie(0))Aos®i i | - [H |

< max 1% (@) U+ maox [|As = A /b + max |, — &, H | /h + |[Ho — H' | /A + 0p(1)

_0p (T\//TL:)) T op (1) = 0p(1).

Combining all the above results gives that 6227]@ =dg i +op(1) for all & <r. This completes the proof of
Theorem 3. O]

A.5 Proof of Theorem 4

Proof. First, similar to the proof of Theorem 3, we have

N N
) 1 o
At IS @p s v L XN 7N -]
11%1tEiSXTHAt AH; )_12% NE‘_lz (i) Ziu N, NE‘_lE[fzt(0|XZt)ZZt]>\0iH0
1 o [,
2 —1
< max. NE:{ (i) Zie Xs — 112 Z3y N, } + max NZ:{Z“ Zit—IE[fit(0|Xit)Zit]} Y|

2) (5 (2) 5 . ~ T1/(2m) T1/(2m)
S max [ (ar) = bl e Zie = Ziell /oA max A = Adll fh o+ Op (Tosshz> - or <T05hz> |

Second, it follows that

max Wi — W = max "l(l)(ﬁit)zit — A0 — [lz(tl)Zit — Ay(Ho) ' Whey]

<male( ) —lgtl)H

Zit — Zit

+ max ’
it

A _1 ~ . Tl/(2m)
+ Intax HAt - AH, H + W — Wy + H%%X it — el = Op <TO5h2)
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Third, similar to the proof of Theorem 3, we have

R | N | N T-LokL
i=1 t=1 st i=1 t=1 s=t+1
1 N T t—1 ) R
Xl X X (Wi, W1 + op(1)
1=1t=14+L s=t—L
1 N T—L t+L R ) , 1 T—L t+L ,
<\wvr 2 Wi = WaWil bl + | vz Z}:Wm%—an§H

N
=1 t=1 s=t+1
N T t—1

* */ * */
Y Y {waw - mwwg
1=1t=1+L s=t—L

L max [Wi — Wil + Op(L/VNT) = Op
1,

N

LTl/(Zm)
(Jmm)+”m:”

By the proof of Theorem 2, it follows that Vy = V + op(1).

Finally, we can show that V,=V;+ op(1) in a similar way. This completes the proof. O

B Some Auxiliary Lemmas

Lemma S1. Let M be a generic bounded constant. Under Assumptions 1 to 3, it can be shown that
(i) supuep 1V (u) - W =Y < M forj=1,...,4;
(ii)
B[l Xu) = O(h%), Ellf)] = O(h), E[ Xir) = Elfie(01Xi) Xie] + O(h?), EI) = £:1(0) + O(h?),
E[lY X;y) = ~E[f P (01X,) Xi] + Ok Y, EfP1P X, —0.5) - E[fir (0| Xy0) X, 1
[l Xl [fi (01 Xie) Xie] + O(hT™7), B[l 1" Xae] = (7 — 0.5) - Effir (0] X3 ) Xat] + 0(1),

E[l21) X)) = 7B (0|1 X3) Zit) — B [/ F;.06(0, 0] Xty Xis)dv - Zig | + 0(1),
o0
2
E [(l;”) ] = 7(1=7) +o(1), E I1D] = Bl1{ua < 0,uis <0} = 7% +o(1),

OV | )
E (1) ZuZiy| =70~ 7) - ElZuZi)) + o(1).
191) max; ¢ sup A EIG (Y, — B' Xt — )\ifOt Xit] < M almost surely.
5 BEBN;,EA

Proof. The proof of the above results follows from standard calculations of nonparametric kernel estima-
tors, and can be found in Horowitz (1998) or Galvao and Kato (2016). Thus, it is omitted. O
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