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A Proof of the Main Results

Definitions and Notations

For any random variable Wi or Wt, Wi = ŌP (1) means that max1≤i≤N ∥Wi∥ = OP (1), and Wt = ŌP (1)

means that max1≤t≤T ∥Wt∥ = OP (1). ōP (1) is defined similarly. For notational simplicity, we suppress

the dependence of λ0i(τ), β̂(τ) and β0(τ) on τ . Let M > 0 denote a generic bounded constant that does

not depend on N or T .

Define:

SNT (β,Λ, F ) = (NT )−1
N∑
i=1

T∑
t=1

lit(β, λi, ft) S∗NT (β,Λ, F ) = (NT )−1
N∑
i=1

T∑
t=1

ρit(β, λi, ft)

Si,T (β, λi, F ) =
1

T

T∑
t=1

lit(β, λi, ft) S∗i,T (β, λi, F ) =
1

T

T∑
t=1

ρit(β, λi, ft)

where l(u) = [τ −K(u/h)]u, ρτ (u) is the check function, and

lit(β, λi, ft) = l(Yit − β′Xit − λ′
ift), ρit(β, λi, ft) = ρτ (Yit − β′Xit − λ′

ift).

For any random function L(β,Λ, F ) and fixed (β,Λ, F ), define L̄(β,Λ, F ) = E[L(β,Λ, F )] and L̃(β,Λ, F ) =

L(β,Λ, F )− L̄(β,Λ, F ). Let l(j)(u) denote the jth order derivative of l, i.e.,

l(1)(u) = τ −K(u/h) + k(u/h)u/h, l(2)(u) = 2k(u/h)1/h+ k(1)(u/h)u/h2,

l(3)(u) = 3k(1)(u/h)1/h2 + k(2)(u/h)u/h3, l(4)(u) = 4k(2)(u/h)1/h3 + k(3)(u/h)u/h4.
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Let l
(j)
it (β, λi, ft) = l(j)(Yit − β′Xit − λ′

ift) for j = 1, . . . , 4, and their arguments are dropped when

evaluated at (β0, λ0i, f0t).

Finally, define λ̃0i = (H′
0)

−1λ0i, f̃0t = H0f0t, Λ̃0 = [λ̃01, . . . , λ̃0N ]′, and F̃0 = [f̃01, . . . , f̃0T ]
′.

A.1 Proof of Proposition 1:

Proof. Note that

∥Σ̂x̄ − Γ0Σf0Γ
′
0∥

=

∥∥∥∥∥Γ̄Σ̂f0 Γ̄
′ − Γ0Σf0Γ

′
0 + Γ̄ · 1

T

T∑
t=1

f0tē
′
t +

1

T

T∑
t=1

ētf
′
0t · Γ̄′ +

1

T

T∑
t=1

ētē
′
t

∥∥∥∥∥
≤
∥∥∥Γ̄Σ̂f0 Γ̄

′ − Γ0Σf0Γ
′
0

∥∥∥+ 2

∥∥∥∥∥Γ̄ · 1
T

T∑
t=1

f0tē
′
t

∥∥∥∥∥+
∥∥∥∥∥ 1T

T∑
t=1

ētē
′
t

∥∥∥∥∥ .
First, by Assumption 1(ii),

∥∥∥Γ̄Σ̂f0 Γ̄
′ − Γ0Σf0Γ

′
0

∥∥∥ = O(N−1/2+T−1/2). Second, by Assumption 1(iii) and

the Cauchy-Schwarz inequality, we have

∥∥∥∥∥ 1T
T∑

t=1

f0tē
′
t

∥∥∥∥∥ ≤ 1√
N

√√√√ 1

T

T∑
t=1

∥f0t∥2

√√√√ 1

T

T∑
t=1

∥
√
Nēt∥2 = OP (N

−1/2)

and ∥∥∥∥∥ 1T
T∑

t=1

ētē
′
t

∥∥∥∥∥ ≤ 1

N
· 1
T

T∑
t=1

∥
√
Nēt∥2 = OP (N

−1).

It then follows that ∥Σ̂x̄ − Γ0Σf0Γ
′
0∥ = OP (N

−1/2 + T−1/2). Third, by matrix perturbation theory

(Hoffman-Wielandt inequality) and the fact that Γ0Σf0Γ
′
0 is a matrix with rank r (Assumption 1(ii)), it

can be concluded that ρ̂1, . . . , ρ̂r converge in probability to some positive constants, while ρ̂r+1, . . . , ρ̂k

are all OP (N
−1/2 + T−1/2). Thus, it follows that

P [r̂ ̸= r] ≤ P [r̂ < r] + P [r̂ > r] ≤ P [ρ̂r < PNT ] + P [ρ̂r+1 ≥ PNT ] → 0,

and the desired result follows.

A.2 Proof of Theorem 1

Lemma 1. Define Ĥ = Ψ̂′Γ̄. Under Assumptions 1 and 2, (i) f̂t = Ĥf0t + Ψ̂′ēt; (ii) Ψ̂
p→ Ψ0 and

Ĥ
p→ H0 = Ψ′

0Γ0; (iii) Ĥ is invertible with probability approaching 1.

Proof. Result (i) follows directly from X̄t = Γ̄f0t + ēt and f̂t = Ψ̂′X̄t. Given Assumption 2(i), it

follows from the Bauer-Fike Theorem and ∥Σ̂x̄ −Γ0Σf0Γ
′
0∥ = oP (1) (see the proof of Proposition 1) that

∥Ψ̂−Ψ0∥ = oP (1). Thus, result (ii) follows since ∥Γ̄− Γ0∥ = o(1) by Assumption 1(ii). Finally, suppose

that rank(H0) < r, and let D be the diagonal matrix with the eigenvalues of Γ0Σf0Γ
′
0 as the diagonal
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elements, then rank(D) = rank(Ψ′
0Γ0Σf0Γ

′
0Ψ0) = rank(H0Σf0H

′
0) ≤ rank(H0) < r, which contradicts

with Assumption 1(ii). Thus, we have rank(H0) = r and result (iii) follows from Ĥ = H0 + oP (1).

Proof of Theorem 1

Proof. Step 1: By Lemma 1, we have

1

T

T∑
t=1

∥f̂t− f̃0t∥2 ≤ 1

T

T∑
t=1

∥f̂t− Ĥf0t∥2+M∥H0− Ĥ∥2 ≤ r

NT

T∑
t=1

∥
√
Nēt∥2+oP (1) = OP

(
1

N

)
+oP (1).

Step 2: Adding and subtracting terms, we can write

SNT (β,Λ, F ) = (SNT (β,Λ, F )− S∗NT (β,Λ, F )) + (S∗NT (β,Λ, F )− S∗NT (β,Λ, F̃0)) + S∗NT (β,Λ, F̃0).

By the definition of the estimators, SNT (β̂, Λ̂, F̂ ) ≤ SNT (β0, Λ̃0, F̂ ). Thus, we have

S∗NT (β̂, Λ̂, F̃0)−S∗NT (β0, Λ̃0, F̃0) ≤ [SNT (β0, Λ̃0, F̂ )−S∗NT (β0, Λ̃0, F̂ )]+[S∗NT (β0, Λ̃0, F̂ )−S∗NT (β0, Λ̃0, F̃0)]

− [SNT (β̂, Λ̂, F̂ )− S∗NT (β̂, Λ̂, F̂ )]− [S∗NT (β̂, Λ̂, F̂ )− S∗NT (β̂, Λ̂, F̃0)]. (A.1)

Step 3: Let δ be a positive number close to 0. Define Bδ,i = {β ∈ B, λi ∈ A : ∥β−β0∥1+∥λi−λ̃0i∥1 ≤ δ}.
Consider any (β, λi) ∈ BC

δ,i. Let m = ∥β−β0∥1+∥λi− λ̃0i∥1 > δ, then (β̄, λ̄i) = (β, λi)δ/m+(β0, λ̃0i)(1−
δ/m) is on the boundary of Bδ,i. Note that given Xit and ft, the check function ρit is convex in (β, λi).

Thus,

δ/m · ρit(β, λi, f̃0t) + (1− δ/m) · ρit(β0, λ̃0i, f̃0t) ≥ ρit(β̄, λ̄i, f̃0t),

and it follows that

ρit(β, λi, f̃0t)− ρit(β0, λ̃0i, f̃0t) ≥ m/δ ·
[
ρit(β̄, λ̄i, f̃0t)− ρit(β0, λ̃0i, f̃0t)

]
and

S∗NT (β,Λ, F̃0)− S∗NT (β0, Λ̃0, F̃0) ≳ S∗NT (β̄, Λ̄, F̃0)− S∗NT (β0, Λ̃0, F̃0)

if (β, λi) ∈ BC
δ,i for all i.

Write

S∗NT (β̄, Λ̄, F̃0)− S∗NT (β0, Λ̃0, F̃0) = S̄∗NT (β̄, Λ̄, F̃0)− S̄∗NT (β0, Λ̃0, F̃0) + S̃∗NT (β̄, Λ̄, F̃0)− S̃∗NT (β0, Λ̃0, F̃0).
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First, by Taylor expansion ρ̄it(β, λi, f̃0t) around (β0, λ̃0i) of we have

S̄∗NT (β̄, Λ̄, F̃0)− S̄∗NT (β0, Λ̃0, F̃0) =
1

NT

N∑
i=1

T∑
t=1

ρ̄it(β̄, λ̄i, f̃0t)− ρ̄it(β0, λ̃0i, f̃0t)

=
1

N

N∑
i=1

[(β̄ − β0)
′, (λ̄i − λ0i)] ·

(
1

T

T∑
t=1

E[fit(0|Xit)VitV
′
it]

)
· [(β̄ − β0)

′, (λ̄i − λ0i)]
′ + o(δ2)

≥ δ2 · 1

N

N∑
i=1

ϱi,T + o(δ2) ≥ ϱδ2 (A.2)

by Assumption 2(iii). Second, we have

∣∣∣S̃∗NT (β̄, Λ̄, F̃0)− S̃∗NT (β0, Λ̃0, F̃0)
∣∣∣ ≤ max

1≤i≤N
sup

(β,λi)∈Bδ,i

∣∣∣∣∣ 1T
T∑

t=1

[
ρ̃it(β, λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)

]∣∣∣∣∣ . (A.3)

Step 4: ∥β̂ − β0∥1 > δ implies that (β̂, λ̂i) ∈ BC
δ,i for all i. It then follows from (A.1), (A.2) and (A.3)

that for small δ > 0, there exists an ϵ > 0 (depending on δ) such that

P [∥β̂ − β0∥1 > δ] ≤ P

[
sup
β,Λ,F

∣∣∣SNT (β,Λ, F )− S∗NT (β,Λ, F )
∣∣∣ > 1/3ϵ

]

+ P

[
sup

β,λi∈A

∣∣∣S∗NT (β,Λ, F̂ )− S∗NT (β,Λ, F̃0)
∣∣∣ > 1/3ϵ

]

+ P

[
max

1≤i≤N
sup

(β,λi)∈Bδ,i

∣∣∣∣∣ 1T
T∑

t=1

[
ρ̃it(β, λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)

]∣∣∣∣∣ > 1/3ϵ

]
. (A.4)

The first term on the right-hand side of (A.4) is o(1) because it is easy to show that1:

sup
β,Λ,F

∣∣∣SNT (β,Λ, F )− S∗NT (β,Λ, F )
∣∣∣ ≲ h

and h → 0 as N,T → ∞. The second term on the right-hand side of (A.4) is o(1) since by the result of

Step 1 and Assumption 2(ii),

sup
β,λi∈A

∣∣∣S∗NT (β,Λ, F̂ )− S∗NT (β,Λ, F0)
∣∣∣ ≤ max

1≤i≤N
sup

β,λi∈A

∣∣∣∣∣ 1T
T∑

t=1

ρit(β, λi, f̂t)−
1

T

T∑
t=1

ρit(β, λi, f̃0t)

∣∣∣∣∣
≲

√√√√ 1

T

T∑
t=1

∥f̂t − f̃0t∥2 = oP (1).

Finally, for the consistency of β̂, it remains to show that the third term on the right-hand side of (A.4)

1Note that |l(u)− ρτ (u)| = |(τ − 1{u ≤ 0})u− (τ −K(u/h))u| ≤ |u| · |1{u ≤ 0} −K(u/h)| ≲ |u| · 1{|u| ≤ h} ≲ h.
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is o(1). By the union bound, it suffices to show that for all i

P

[
sup

(β,λi)∈Bδ,i

∣∣∣∣∣ 1T
T∑

t=1

[
ρ̃it(β, λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)

]∣∣∣∣∣ > 1/3ϵ

]
= o(N−1). (A.5)

Step 5: Write θi = (β′, λ′
i)

′, and θ0i = (β′
0, λ̃

′
0i)

′. Define ∆it(θi) = ρit(β, λi, f̃0t)− ρit(β0, λ̃0i, f̃0t). Note

that there exists C1, C2 > 0 such that |∆it(θ
a
i )−∆it(θ

b
i )| ≤ C1 ·∥βa−βb∥·∥Xit∥+C2 ·∥λa

i −λb
i∥. Suppose

that there exists MX > 0 such that E∥Xit∥ ≤ MX for all i, t (see Assumption 2(v)).

Since Bδ,i is compact, for any η > 0, there exists a positive integer L and a maximal set of points

θ
(1)
i , . . . , θ

(L)
i in Bδ,i such that ∥θ(k)i − θ

(j)
i ∥ ≥ η for any k ̸= j. For any θi ∈ Bδ,i, let θ

∗
i = {θ(j)i : 1 ≤ j ≤

L, ∥θi − θ
(j)
i ∥ ≤ η}. Then,

1

T

T∑
t=1

[
ρ̃it(β, λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)

]
=

1

T

T∑
t=1

[∆it(θi)− E(∆it(θi))]

=
1

T

T∑
t=1

[∆it(θ
∗
i )− E(∆it(θ

∗
i ))] +

1

T

T∑
t=1

[∆it(θi)−∆it(θ
∗
i )− E(∆it(θi)−∆it(θ

∗
i ))] ,

and

sup
(β,λi)∈Bδ,i

∣∣∣∣∣ 1T
T∑

t=1

[
ρ̃it(β, λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)

]∣∣∣∣∣ ≤ max
1≤j≤L

∣∣∣∣∣ 1T
T∑

t=1

[
∆it(θ

(j)
i )− E(∆it(θ

(j)
i ))

]∣∣∣∣∣
+ sup

∥θa−θb∥≤η

∣∣∣∣∣ 1T
T∑

t=1

[
∆it(θ

a
i )−∆it(θ

b
i )− E(∆it(θ

a
i )−∆it(θ

b
i ))
]∣∣∣∣∣ .

Note that

sup
∥θa−θb∥≤η

∣∣∣∣∣ 1T
T∑

t=1

[
∆it(θ

a
i )−∆it(θ

b
i )− E(∆it(θ

a
i )−∆it(θ

b
i ))
]∣∣∣∣∣

≤ C1η

(
1

T

T∑
t=1

(∥Xit∥ − E∥Xit∥)

)
+ 2(C2 + C1MX)η,

it then follows from the previous two inequalities that

P

[
sup

(β,λi)∈Bδ,i

∣∣∣∣∣ 1T
T∑

t=1

[
ρ̃it(β, λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)

]∣∣∣∣∣ > 1/3ϵ

]

≤
L∑

j=1

P

[∣∣∣∣∣ 1T
T∑

t=1

[
∆it(θ

(j)
i )− E(∆it(θ

(j)
i ))

]∣∣∣∣∣ ≥ 1/9ϵ

]

+ P

[
C1η

∣∣∣∣∣ 1T
T∑

t=1

(∥Xit∥ − E∥Xit∥)

∣∣∣∣∣ ≥ 1/9ϵ

]
+ P [2(C2 + C1MX)η ≥ 1/9ϵ] . (A.6)
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First, choosing η < ϵ/(18(C2 + C1MX)), the last term on the right-hand side of (A.6) is 0.

Second, for any θi ∈ Bδ,i, E|∆it(θi)|2m+γ ≤ M ·E∥Xit∥2m+γ +O(1) < ∞ by Assumption 2(v). Thus,

by Assumption 2(iv) and Theorem 3 of Yoshihara (1978) we have

E

∣∣∣∣∣T−1/2
T∑

t=1

[
∆it(θ

(j)
i )− E(∆it(θ

(j)
i ))

]∣∣∣∣∣
2m

≤ M,

and by Markov’s inequality,

P

[∣∣∣∣∣ 1T
T∑

t=1

[
∆it(θ

(j)
i )− E(∆it(θ

(j)
i ))

]∣∣∣∣∣ ≥ 1/9ϵ

]
= O(T−m).

Finally, we can show that the second term on the right-hand side of (A.6) is O(T−m) in a similar way.

Thus, (A.5) follows since N/Tm → 0 by Assumption 2(vi). This completes the proof.

A.3 Proof of Theorem 2

To simplify the notations, write f̌0t = Ĥf0t and λ̌0i = (Ĥ′)−1λ0i.

Lemma 2. Under Assumptions 1 to 4,

(i) T−1
∑T

t=1 ∥f̂t − f̌0t∥ = OP (N
−1/2), T−1

∑T
t=1 ∥f̂t − f̌0t∥2 = OP (N

−1), T−1
∑T

t=1 ∥f̂t − f̌0t∥3 =

OP (N
−3/2), T−1

∑T
t=1 ∥f̂t − f̌0t∥4 = OP (N

−2).

(ii) T−1
∑T

t=1 ∥f̂t − f̃0t∥ = OP (N
−1/2), T−1

∑T
t=1 ∥f̂t − f̃0t∥2 = OP (N

−1), T−1
∑T

t=1 ∥f̂t − f̃0t∥3 =

OP (N
−3/2), T−1

∑T
t=1 ∥f̂t − f̃0t∥4 = OP (N

−2).

(iii) max1≤t≤T ∥f̂t − f̌0t∥ = OP (T
1/2m/

√
N) and max1≤t≤T ∥f̂t − f̃0t∥ = OP (T

1/2m/
√
N).

Proof. By the properties of Lp norms in the Euclidean space, it suffices to prove that T−1
∑T

t=1 ∥f̂t −
f̌0t∥4 = OP (N

−2) and T−1
∑T

t=1 ∥f̂t − f̃0t∥4 = OP (N
−2). Note that Assumption 3(iv) implies that

{e1t, . . . , eNt} is independent across i and E∥eit∥4 < M for all i, t. Thus,

E∥
√
Nēt∥4 = E

∥∥∥∥∥ 1√
N

N∑
i=1

eit

∥∥∥∥∥
4

≤

(
1

N

N∑
i=1

E∥eit∥2
)2

+
1

N2

N∑
i=1

E∥eit∥4 = O(1),

and by Lemma 1

1

T

T∑
t=1

∥f̂t − f̌0t∥4 ≤ ∥Ψ̂∥4 · 1

N2T

T∑
t=1

∥
√
Nēt∥4 = OP (N

−2).

Moreover, T−1
∑T

t=1 ∥f̂t − f̃0t∥4 ≤ T−1
∑T

t=1 ∥f̂t − f̌0t∥4 + C∥Ĥ − H0∥4. Then result (ii) follows if we

can show that ∥Ĥ−H0∥ = OP (N
−1/2).

By definition, ∥Ĥ−H0∥ ≤ OP (∥Ψ̂−Ψ0∥)+OP (∥Γ̄−Γ0∥). By the proof of Proposition 1 and Lemma 1

we have ∥Ψ̂−Ψ0∥ ≲ ∥Σ̂x̄−Γ0Σf0Γ
′
0∥ = OP (N

−1/2+T−1/2). Then the result (ii) follows from Assumption

1(ii) and the fact that N ≍ T .

Finally, note that max1≤t≤T ∥f̂t − f̌0t∥ ≤ OP (1) ·max1≤t≤T ∥ēt∥. For 1 ≤ h ≤ r, it is easy to show
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that E|
√
Nēth|2m ≤ M for all t. Thus, it follows from Lemma 2.2.1 and Lemma 2.2.2 of van der Vaart

and Wellner (1996) that E[max1≤t≤T

√
N |ēth|] = O(T 1/2m). Thus, result (iii) follows since ∥Ĥ−H0∥ =

oP (1).

Lemma 3. Under Assumptions 1 to 4, max1≤i≤N ∥λ̂i − λ̌0i∥ = oP (1).

Proof. Recall that λ̃0i = (H′
0)

−1λ0i, f̃0t = H0f0t. By the definition of the estimators we have Si,T (β̂, λ̂i, F̂ ) ≤
Si,T (β̂, λ̃0i, F̂ ) for each i. Note that

Si,T (β, λi, F ) = S∗i,T (β0, λi, F̃0) + (Si,T (β, λi, F )− S∗i,T (β, λi, F )) + (S∗i,T (β, λi, F )− S∗i,T (β0, λi, F̃0)).

Thus, Si,T (β̂, λ̂i, F̂ ) ≤ Si,T (β̂, λ̃0i, F̂ ) implies that

S∗i,T (β0, λ̂i, F̃0)−S∗i,T (β0, λ̃0i, F̃0) ≤ (Si,T (β̂, λ̃0i, F̂ )−S∗i,T (β̂, λ̃0i, F̂ ))+(S∗i,T (β̂, λ̃0i, F̂ )−S∗i,T (β0, λ̃0i, F̃0))

− (Si,T (β̂, λ̂0i, F̂ )− S∗i,T (β̂, λ̂0i, F̂ ))− (S∗i,T (β̂, λ̂0i, F̂ )− S∗i,T (β0, λ̂0i, F̃0)). (A.7)

Similar to the proof of Theorem 1, for small δ > 0, define Bδ,i = {λi ∈ A : ∥λi − λ̃0i∥ ≤ δ}. For any

λi ∈ BC
δ,i, let m = ∥λi − λ̃0i∥ > δ. Then λ̄i = λi · δ/m+ λ̃0i · (1− δ/m) is on the boundary of Bδ,i, i.e.,

∥λ̄i − λ̃0i∥ = δ. Given β0 and f̃0t, the check function is convex in λi, thus

δ/m · ρit(β0, λi, f̃0t) + (1− δ/m) · ρit(β0, λ̃0i, f̃0t) ≥ ρit(β0, λ̄i, f̃0t),

and it follows that

ρit(β0, λi, f̃0t)− ρit(β0, λ̃0i, f̃0t) ≥ m/δ ·
(
ρit(β0, λ̄i, f̃0t)− ρit(β0, λ̃0i, f̃0t)

)
.

Note that ρit(β0, λ̄i, f̃0t)−ρit(β0, λ̃0i, f̃0t) = ρ̄it(β0, λ̄i, f̃0t)−ρ̄it(β0, λ̃0i, f̃0t)+ρ̃it(β0, λ̄i, f̃0t)−ρ̃it(β0, λ̃0i, f̃0t),

and

ρ̄it(β0, λ̄i, f̃0t)− ρ̄it(β0, λ̃0i, f̃0t) ≥ (λ̄i − λ̃0i)
′
(
fit(0)f̃0tf̃

′
0t

)
(λ̄i − λ̃0i) + o(δ2).

Thus, if ∥λ̂i − λ̃0i∥ > δ, by Assumption 3(ii)

S∗i,T (β0, λ̂i, F̃0)− S∗i,T (β0, λ̃0i, F̃0) =
1

T

T∑
t=1

[
ρit(β0, λ̂i, f̃0t)− ρit(β0, λ̃0i, f̃0t)

]
≥ (ˆ̄λi − λ̃0i)

′

(
1

T

T∑
t=1

fit(0)f̃0tf̃
′
0t

)
(ˆ̄λi − λ̃0i) + o(δ2) +m/δ · 1

T

T∑
t=1

[
ρ̃it(β0,

ˆ̄λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)
]

≥ Cδ2 +m/δ · 1
T

T∑
t=1

[
ρ̃it(β0,

ˆ̄λi, f̃0t)− ρ̃it(β0, λ̃0i, f̃0t)
]
,

where ˆ̄λi is between λ̃0i and λ̂i and is on the boundary of Bδ,i. Thus, it follows from (A.7) that there
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exists some ϵ > 0 (depending on δ) such that

P

[
max

1≤i≤N
∥λ̂i − λ̃0i∥ > δ

]
≤ P

[
max

1≤i≤N
sup

β,λi,F

∣∣Si,T (β, λi, F )− S∗i,T (β, λi, F )
∣∣ > ϵ

]

+ P

[
max

1≤i≤N
sup
λi∈A

∣∣∣S∗i,T (β̂, λi, F̂ )− S∗i,T (β0, λi, F̃0)
∣∣∣ > ϵ

]
+ P

[
max

1≤i≤N
sup

λi∈Bδ,i

∣∣∣S̃∗i,T (β0, λi, F̃0)− S̃∗i,T (β0, λi, F̃0)
∣∣∣ > ϵ

]
. (A.8)

Similar to the proof of Theorem 1, it can be shown that the first and last term on the right-hand side of

(A.8) are both o(1). It remains to show that the second term is o(1).

By the property of the check function, we have

max
1≤i≤N

sup
λi∈A

∣∣∣S∗i,T (β̂, λi, F̂ )− S∗i,T (β0, λi, F̃0)
∣∣∣

≤ max
1≤i≤N

sup
λi∈A

∣∣∣S∗i,T (β̂, λi, F̂ )− S∗i,T (β̂, λi, F̃0)
∣∣∣+ max

1≤i≤N
sup
λi∈A

∣∣∣S∗i,T (β̂, λi, F̃0)− S∗i,T (β0, λi, F̃0)
∣∣∣

≲
1

T

T∑
t=1

∥f̂t − f̃0t∥+ max
1≤i≤N

sup
λi∈A

∣∣∣∣∣ 1T
T∑

t=1

∆it(β̂, λi)− ∆̄it(β̂, λi)

∣∣∣∣∣+ max
1≤i≤N

sup
λi∈A

∣∣∣∣∣ 1T
T∑

t=1

∆̄it(β̂, λi)

∣∣∣∣∣
≤ oP (1) + max

1≤i≤N
sup
λi∈A

sup
β∈B

∣∣∣∣∣ 1T
T∑

t=1

∆it(β, λi)− ∆̄it(β, λi)

∣∣∣∣∣+OP

(
∥β̂ − β0∥

)
where ∆it(β, λi) = ρit(β, λi, f̃0t) − ρit(β0, λi, f̃0t) and ∆̄it(β, λi) = E∆it(β, λi). Similar to the proof of

(A.2) in Kato et al. (2012) it can be shown that

max
1≤i≤N

sup
λi∈A

sup
β∈B

∣∣∣∣∣ 1T
T∑

t=1

∆it(β, λi)− ∆̄it(β, λi)

∣∣∣∣∣ = oP (1).

It then follows from ∥β̂ − β0∥ = oP (1) and Lemma 2(ii) that

max
1≤i≤N

sup
λi∈A

∣∣∣S∗i,T (β̂, λi, F̂ )− S∗i,T (β0, λi, F̃0)
∣∣∣ = oP (1).

This implies that the second term on the right-hand side of (A.8) is o(1). The desired result follows by

noting that maxi ∥λ̃0i − λ̌0i∥ ≤ OP (1) · ∥Ĥ−H0∥ = oP (1).

Lemma 4. Under Assumptions 1 to 4, ∥β̂ − β0∥ = oP (maxi ∥λ̂i − λ̌0i∥) + oP (1/
√
T ).

Proof. Step 1: Define the following notations:

Sβ(β,Λ, F )︸ ︷︷ ︸
p×1

= ∂SNT (β,Λ, F )/∂β, Sλ(β,Λ, F )︸ ︷︷ ︸
Nr×1

= ∂SNT (β,Λ, F )/∂Λ,
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Sββ′
(β,Λ, F )︸ ︷︷ ︸
p×p

= ∂2SNT (β,Λ, F )/∂β∂β′, Sβλ′
(β,Λ, F )︸ ︷︷ ︸
p×Nr

= ∂2SNT (β,Λ, F )/∂β∂Λ′.

The other functions such as Sβf ′
(β,Λ, F ), Sλλ′

(β,Λ, F ), Sλf ′
(β,Λ, F ), Sββ′fth(β,Λ, F ) are defined in a

similar fashion. The arguments of these functions are dropped when they are evaluated at (β,Λ, F ) =

(β0, Λ̌0, F̌0), where Λ̌0 = (λ̌01, . . . , λ̌0N )′, F̌0 = (f̌01, . . . , f̌0T )
′ (recall that f̌0t = Ĥf0t and λ̌0i = (Ĥ′)−1λ0i).

Expanding Sβ
NT (β̂, Λ̂, F̂ ) and Sλ

NT (β̂, Λ̂, F̂ ) around (β0, Λ̌0, F̌0) up to the third order gives:

0 = Sβ(β̂, Λ̂, F̂ ) = Sβ + Sββ′
(β̂ − β0) + Sβλ′

(Λ̂− Λ̌0) + Sβf ′
(F̂ − F̌0) + 1/2Rβ(β∗,Λ∗, F ∗), (A.9)

0 = Sλ(β̂, Λ̂, F̂ ) = Sλ + Sλβ′
(β̂ − β0) + Sλλ′

(Λ̂− Λ̌0) + Sλf ′
(F̂ − F̌0) + 1/2Rλ(β∗,Λ∗, F ∗), (A.10)

where (β∗,Λ∗, F ∗) is between (β0, Λ̌0, F̌0) and (β̂, Λ̂, F̂ ), and

Rβ(β∗,Λ∗, F ∗) =

p∑
k=1

Sββ′βk
∗ (β̂k − β0k)(β̂ − β0) +

p∑
k=1

Sβλ′βk
∗ (β̂k − β0k)(Λ̂− Λ̌0) +

p∑
k=1

Sβf ′βk
∗ (β̂k − β0k)(F̂ − F̌0)

+

N∑
i=1

r∑
h=1

Sββ′λih
∗ (λ̂ih−λ̌0i,h)(β̂−β0)+

N∑
i=1

r∑
h=1

Sβλ′λih
∗ (λ̂ih−λ̌0i,h)(Λ̂−Λ̌0)+

N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih−λ̌0i,h)(F̂−F̌0)

+

T∑
t=1

r∑
h=1

Sββ′fth
∗ (f̂th−f̌0t,h)(β̂−β0)+

T∑
t=1

r∑
h=1

Sβλ′fth
∗ (f̂th−f̌0t,h)(Λ̂−Λ̌0)+

T∑
t=1

r∑
h=1

Sβf ′fth
∗ (f̂th−f̌0t,h)(F̂−F̌0),

(A.11)

Rλ(β∗,Λ∗, F ∗) =

p∑
k=1

Sλβ′βk
∗ (β̂k − β0k)(β̂ − β0) +

p∑
k=1

Sλλ′βk
∗ (β̂k − β0k)(Λ̂− Λ̌0) +

p∑
k=1

Sλf ′βk
∗ (β̂k − β0k)(F̂ − F̌0)

+

N∑
i=1

r∑
h=1

Sλβ′λih
∗ (λ̂ih−λ̌0i,h)(β̂−β0)+

N∑
i=1

r∑
h=1

Sλλ′λih
∗ (λ̂ih−λ̌0i,h)(Λ̂−Λ̌0)+

N∑
i=1

r∑
h=1

Sλf ′λih
∗ (λ̂ih−λ̌0i,h)(F̂−F̌0)

+

T∑
t=1

r∑
h=1

Sλβ′fth
∗ (f̂th−f̌0t,h)(β̂−β0)+

T∑
t=1

r∑
h=1

Sλλ′fth
∗ (f̂th−f̌0t,h)(Λ̂−Λ̌0)+

T∑
t=1

r∑
h=1

Sλf ′fth
∗ (f̂th−f̌0t,h)(F̂−F̌0),

(A.12)

where the asterisk in the subscript of the functions means that these functions are evaluated at (β∗,Λ∗, F ∗).

Define S̃λλ′
= Sλλ′−S̄λλ′

, S̃βλ′
= Sβλ′−S̄βλ′

, where S̄βλ′
= N−1(Ξ̃1, . . . , Ξ̃N ), S̄λλ′

= N−1 diag(Ω̃1, . . . , Ω̃N ),

and Ξ̃i = ΞiĤ
′, Ω̃i = ĤΩiĤ

′. Recall that

Ξi =
1

T

T∑
t=1

E[fit(0|Xit)Xit]f
′
0t, Ωi =

1

T

T∑
t=1

fit(0)f0tf
′
0t.
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Then (A.9) can be written as

0 = Sβ + Sββ′
(β̂ − β0) + S̄βλ′

(Λ̂− Λ̌0) + S̃βλ′
(Λ̂− Λ̌0) + Sβf ′

(F̂ − F̌0) + 1/2Rβ(β∗,Λ∗, F ∗), (A.13)

and (A.10) can be written as

0 = Sλ + Sλβ′
(β̂ − β0) + S̄λλ′

(Λ̂− Λ̌0) + S̃λλ′
(Λ̂− Λ̌0) + Sλf ′

(F̂ − F̌0) + 1/2Rλ(β∗,Λ∗, F ∗). (A.14)

Plugging (A.14) into (A.13) gives

[Sββ′
− S̄βλ′

(S̄λλ′
)−1Sλβ′

](β̂ − β0) =

−
[
Sβ − S̄βλ′

(S̄λλ′
)−1Sλ

]
−
[
Sβf ′

− S̄βλ′
(S̄λλ′

)−1Sλf ′
]
(F̂ − F̌0)−

[
S̃βλ′

− S̄βλ′
(S̄λλ′

)−1S̃λλ′
]
(Λ̂− Λ̌0)

− 1/2
[
Rβ(β∗,Λ∗, F ∗)− S̄βλ′

(S̄λλ′
)−1Rλ(β∗,Λ∗, F ∗)

]
. (A.15)

Step 2: The term Sββ′ − S̄βλ′
(S̄λλ′

)−1Sλβ′
can be written as

S̄ββ′
− S̄βλ′

(S̄λλ′
)−1S̄λβ′

+ S̃ββ′
− S̄βλ′

(S̄λλ′
)−1S̃λβ′

,

where S̄ββ′
= (NT )−1

∑N
i=1

∑T
t=1 E[fit(0|Xit)XitX

′
it], S̄

λβ′
= (S̄βλ′

)′. Note that

S̄ββ′
− S̄βλ′

(S̄λλ′
)−1S̄λβ′

=
1

NT

N∑
i=1

T∑
t=1

[E[fit(0|Xit)XitX
′
it − ΞiΩ

−1
i Ξ′

i] =
1

NT

N∑
i=1

T∑
t=1

E[fit(0|Xit)ZitZ
′
it].

Next, we show that S̃ββ′ − S̄βλ′
(S̄λλ′

)−1S̃λβ′
= oP (1). Write

S̃ββ′
=

1

NT

N∑
i=1

T∑
t=1

(
l
(2)
it XitX

′
it − E[l(2)it XitX

′
it]
)
+

1

NT

N∑
i=1

T∑
t=1

(
E[l(2)it XitX

′
it]− E[fit(0|Xit)XitX

′
it]
)

where the second term on the right-side of the above equation is O(hq) = o(1) by Lemma S1, and for the

first term, by Assumption 3(iv) we have

E

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

(
l
(2)
it XitX

′
it − E[l(2)it XitX

′
it]
)∥∥∥∥∥

2

≤ 1

Th2
· 1
N

N∑
i=1

E

∥∥∥∥∥ 1√
T

T∑
t=1

h
(
l
(2)
it XitX

′
it − E[l(2)it XitX

′
it]
)∥∥∥∥∥

2

.

By Lemma S1 and Assumption 3(iii), E∥h · l(2)it XitX
′
it∥2+γ/2 ≤ E∥Xit∥4+γ ≤ M . Thus, it follows from

the mixing property (Assumption 2(iv)), the fact that Th2 → ∞ (Assumption 3(vii)) and Theorem 3 of

Yoshihara (1978) that the right-hand side of the above inequality is o(1). Thus, we have S̃ββ′
= oP (1).

Similarly, we can show that S̄βλ′
(S̄λλ′

)−1S̃λβ′
= oP (1). Therefore, it follows that

Sββ′
− S̄βλ′

(S̄λλ′
)−1Sλβ′

=
1

NT

N∑
i=1

T∑
t=1

E[fit(0|Xit)ZitZ
′
it] + oP (1) = ∆+ oP (1). (A.16)
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Step 3: Sβ − S̄βλ′
(S̄λλ′

)−1Sλ can be written as

− 1

NT

N∑
i=1

T∑
t=1

l
(1)
it Zit = − 1

NT

N∑
i=1

T∑
t=1

(
l
(1)
it Zit − E[l(1)it Zit]

)
− 1

NT

N∑
i=1

T∑
t=1

E[l(1)it Zit].

By Lemma S1 and Assumption 3(vii), (NT )−1
∑N

i=1

∑T
t=1 E[l

(1)
it Zit] = o(hq) = o(T−1/2). Similar to the

proof of (A.53) below, the first term on the right-hand side of the above equation is OP (1/
√
NT ) =

oP (T
−1/2). Thus, we have

Sβ − S̄βλ′
(S̄λλ′

)−1Sλ = oP (1/
√
T ). (A.17)

Step 4: By Lemma 8 below

[Sβf ′
− S̄βλ′

(S̄λλ′
)−1Sλf ′

](F̂ − F̌0) = oP (1/
√
T ). (A.18)

Step 5: Now consider the term:
[
S̃βλ′ − S̄βλ′

(S̄λλ′
)−1S̃λλ′

]
(Λ̂− Λ̌0). Write

S̃βλ′
(Λ̂− Λ̌0) =

1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Xitf

′
0t − Ξi

)
Ĥ(λ̂i − λ̌0i).

By the Cauchy-Schwarz inequality, we have

∥∥∥S̃βλ′
(Λ̂− Λ̌0)

∥∥∥ ≲

√√√√ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it Xitf ′

0t − Ξi

∥∥∥∥∥
2

· ∥Λ̂− Λ̌0∥/
√
N.

Note that by Lemma S1,

E

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it Xitf

′
0t − Ξi

∥∥∥∥∥
2

= E

∥∥∥∥∥ 1T
T∑

t=1

(
l
(2)
it Xit − E[l(2)it Xit]

)
f ′
0t +

1

T

T∑
t=1

(
E[l(2)it Xit]− E[fit(0|Xit)Xit]

)
f ′
0t

∥∥∥∥∥
2

≤ 1

h2
E

∥∥∥∥∥ 1T
T∑

t=1

h
(
l
(2)
it Xit − E[l(2)it Xit]

)
f ′
0t

∥∥∥∥∥
2

+ o(1)

and by the mixing property and Theorem 3 of Yoshihara (1978) the first term on the right-hand side of

the above inequality is O(1/(Th2)) = o(1). Thus, it follows that∥∥∥S̃βλ′
(Λ̂− Λ̌0)

∥∥∥ = oP (1) · ∥Λ̂− Λ̌0∥/
√
N.

Similarly, we can show that ∥S̄βλ′
(S̄λλ′

)−1S̃λλ′
(Λ̂− Λ̌0)∥ = oP (1) · ∥Λ̂− Λ̌0∥/

√
N , and conclude that∥∥∥(S̃βλ′

− S̄βλ′
(S̄λλ′

)−1S̃λλ′
)
(Λ̂− Λ̌0)

∥∥∥ = oP (1) · ∥Λ̂− Λ̌0∥/
√
N. (A.19)
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Step 6: We will show that:

Rβ(β∗,Λ∗, F ∗) = oP (∥Λ̂− Λ̌0∥/
√
N) + oP (∥β̂ − β0∥) + oP (1/

√
T ), (A.20)

S̄βλ′
(S̄λλ′

)−1Rλ(β∗,Λ∗, F ∗) = oP (∥Λ̂− Λ̌0∥/
√
N) + oP (∥β̂ − β0∥) + oP (1/

√
T ). (A.21)

To save space, we focus on (A.20), which follows from Results 1 to 9 below. The proof of (A.21) is similar.

Result 1: Sββ′βk
∗ (β̂k − β0k)(β̂ − β0) = oP (∥β̂ − β0∥).

Observe that:

Sββ′βk
∗ (β̂k − β0k)(β̂ − β0) = − 1

NT

N∑
i=1

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitX

′
itXit,k(β̂k − β0k)(β̂ − β0),

so

∥Sββ′βk
∗ (β̂k − β0k)(β̂ − β0)∥ ≤ ∥β̂ − β0∥2 ·

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitX

′
itXit,k

∥∥∥∥∥.
Expanding l

(3)
it (β∗, λ∗

i , f
∗
t ) around (β∗, λ∗

i , f̃0t) gives

1

NT

N∑
i=1

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitX

′
itXit,k

=
1

NT

N∑
i=1

T∑
t=1

l
(4)
it (β∗, λ∗

i , f
∗∗
t )XitX

′
itXit,k(λ

∗
i )

′(f∗
t − f̃0t) +

1

NT

N∑
i=1

T∑
t=1

E[l(3)it (β, λi, f̃0t)XitX
′
itXit,k]|β=β∗,λi=λ∗

i

+
1

NT

N∑
i=1

T∑
t=1

[
l
(3)
it (β∗, λ∗

i , f̃0t)XitX
′
itXit,k − E[l(3)it (β, λi, f̃0t)XitX

′
itXit,k]|β=β∗,λi=λ∗

i

]
, (A.22)

where f∗∗
t is between f∗

t and f̌0t. By Lemma S1, the second term on the right-hand side of (A.22) is

(NT )−1
∑N

i=1

∑T
t=1 E[f

(1)
it (·|Xit)XitX

′
itXit,k] + Ō(hq−1) = O(1), and the first term is bounded by√√√√ 1

T

T∑
t=1

∥f∗
t − f̃0t∥2 ·

1

NT

N∑
i=1

T∑
t=1

[l
(4)
it (β∗, λ∗

i , f
∗∗
t )]2 · ∥Xit∥6 · ∥λ∗

i ∥2 = OP

(
1/
√
Th6

)
= oP (1),

since we have |l(4)it (·)| ≲ 1/h3 by Lemma S1, E∥Xit∥6 < M by Assumption 3(iii), and T−1
∑T

t=1 ∥f∗
t −

f̃0t∥2 ≤ T−1
∑T

t=1 ∥f̂t− f̃0t∥2 = OP (N
−1) = OP (T

−1) by Lemma 2 and Assumption 3(vii). Finally, with

probability approaching 1, the last term on the right-hand side of (A.22) is bounded by N−1
∑N

i=1 Zi,

where

Zi = sup
(β,λi)∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

[
l
(3)
it (β, λi, f̃0t)XitX

′
itXit,k − E[l(3)it (β, λi, f̃0t)XitX

′
itXit,k]

]∥∥∥∥∥
and Bδ,i is a neighbourhood of (β0, λ̃0i). Then Result 1 follows if we can show that max1≤i≤N E[Zi] < ∞.

For any ϵ > 0, let θ
(1)
i , . . . , θ

(L)
i be a maximal set of points in Bδ,i such that ∥θ(j)i − θ

(l)
i ∥ ≥ ϵ for any

j ̸= l. It is well known that L, the packing number of a Euclidean ball, is bounded (up to a positive

12



constant that only depends on p+ r) by (1/ϵ)p+r. Thus, we have

EZi ≤
1√
Th4

·E

[
max

1≤j≤L

∥∥∥∥∥ 1√
T

T∑
t=1

h2
[
l
(3)
it (β(j), λ

(j)
i , f̃0t)XitX

′
itXit,k − E[l(3)it (β(j), λ

(j)
i , f̃0t)XitX

′
itXit,k]

]∥∥∥∥∥
]
+O(ϵ/h3),

where we have used the fact that |l(3)it (βa, λa
i , f̃0t)− l

(3)
it (βb, λb

i , f̃0t)| ≲ (∥βa − βb∥+ ∥λa
i − λb

i∥)/h3.

By Assumption 3 (iii) and (vii), 2m > 12(p + r) > 3(p + r)/2c. Choose 2m/3 > L > (p + r)/2c,

then E∥h2l
(3)
it (β, λi, f̃0t)XitX

′
itXit,k∥L+γ/3 ≲ E∥Xit∥3L+γ ≤ E∥Xit∥2m+γ < M . Thus, by Lemma 2.2.2 of

van der Vaart and Wellner (1996) and Theorem 3 of Yoshihara (1978), the first term on right-hand side

of the above inequality is bounded (up to a positive constant) by L1/J/
√
Th4. Choosing ϵ = 1/

√
T , we

have

EZi ≤ C

(
T

p+r
2J

√
Th4

+
1√
Th6

)

for some positive constant C. Since J > (p + r)/(2c), T
p+r
2J /

√
Th4 = o(

√
Th6). Then from Assumption

3(vii) we have max1≤i≤N E[Zi] < ∞ and the desired result follows.

Result 2: Sβλ′βk
∗ (β̂k − β0k)(Λ̂− Λ̌0) = oP (∥β̂ − β0∥).

We have

∥Sβλ′βk
∗ (β̂k − β0k)(Λ̂− Λ̌0)∥ =

∥∥∥∥∥ 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitXit,kf

∗′

t

)
(λ̂i − λ̌0i)(β̂ − β0)

∥∥∥∥∥
≤ ∥β̂ − β0∥ ·max

i≤N
∥λ̂i − λ̌0i∥ ·

1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitXit,kf

∗′

t

∥∥∥∥∥.
Note that

1

T

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitXit,kf

∗′

t =
1

T

T∑
t=1

l
(3)
it (β∗, λ∗

i , f̃0t)XitXit,kf̃
′
0t+

+
1

T

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗∗
t )XitXit,k(f

∗
t − f̃0t)

′ +
1

T

T∑
t=1

l
(4)
it (β∗, λ∗

i , f
∗∗
t )XitXit,kf̃

′
0t(λ

∗
i )

′(f∗
t − f̃0t),

where f∗∗
t is between f∗

t and f̃0t. Using Lemma S1, Lemma 2, Assumption 3(iii) and the Cauchy-

Schwarz inequality, we can show that the last two terms on the right-hand side of the above inequality is

ŌP (1/
√
Nh6) = ŌP (1/

√
Th6) = ōP (1). For the first term on the right-hand side of the above inequality,

with probability approaching 1, we have

1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f̃0t)XitXit,kf̃
′
0t

∥∥∥∥∥ ≤ 1

NT

N∑
i=1

T∑
t=1

∥∥∥E [l(3)it (β, λi, f̃0t)XitXit,kf̃
′
0t

]
|β=β∗,λi=λ∗

i

∥∥∥
+

1

N

N∑
i=1

sup
θi∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

(
l
(3)
it (β, λi, f̃0t)XitXit,kf̃

′
0t − E

[
l
(3)
it (β, λi, f̃0t)XitXit,kf̃

′
0t

])∥∥∥∥∥
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The first term on the right-hand side of the above inequality is O(1) by Lemma S1. Similar to the proof

of Result 1, The second term on the right-hand side of the above inequality can be shown to be oP (1).

Thus, we have

1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitXit,kf

∗′

t

∥∥∥∥∥ = OP (1),

and the result follows from uniform consistency of λ̂i.

Result 3: Sβf ′βk
∗ (β̂k − β0k)(F̂ − F̌0) = oP (∥β̂ − β0∥).

Note that by Lemma 2,

∥Sβf ′βk
∗ (β̂k − β0k)(F̂ − F̌0)∥

≤ ∥β̂ − β0∥ ·

∥∥∥∥∥ 1T
T∑

t=1

(
1

N

N∑
i=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitXit,kλ

∗′

i

)
(f̂t − f̌0t)

∥∥∥∥∥
≤ ∥β̂ − β0∥ ·

√√√√ 1

T

T∑
t=1

∥f̂t − f̌0t∥2 ·
1

NT

N∑
i=1

T∑
t=1

[l
(3)
it (β∗, λ∗

i , f
∗
t )]

2 · ∥Xit∥4 · ∥λ∗
i ∥2

= ∥β̂ − β0∥ ·OP

(
1/
√
Nh4

)
= oP (∥β̂ − β0∥),

because by Lemma S1, h2l
(3)
it (β, λi, ft) is uniformly bounded, and Nh4 → ∞ by Assumption 3(vii).

Result 4:
∑N

i=1

∑r
h=1 S

ββ′λih
∗ (λ̂ih − λ̌0i,h)(β̂ − β0) = oP (∥β̂ − β0∥).

Observe that for each h ≤ r,

N∑
i=1

Sββ′λih
∗ (λ̂ih − λ̌0i,h)(β̂ − β0) = − 1

N

N∑
i=1

(λ̂ih − λ̌0i,h)

(
1

T

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitX

′
itf

∗
th

)
(β̂ − β0),

so∥∥∥∥∥
N∑
i=1

Sββ′λih
∗ (λ̂ih − λ̌0i,h)(β̂ − β0)

∥∥∥∥∥ ≤ ∥β̂ − β0∥ ·max
i≤N

∥λ̂i − λ̌0i∥ ·
1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitX

′
itf

∗
th

∥∥∥∥∥,
which can be shown to be oP (∥β̂ − β0∥), similar to the proof of Result 2.

Result 5:
∑T

t=1

∑r
h=1 S

ββ′fth
∗ (f̂th − f̌0t,h)(β̂ − β0) = oP (∥β̂ − β0∥).
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The proof is similar to Result 3. For each h ≤ r, we have

T∑
t=1

Sββ′fth
∗ (f̂th − f̌0t,h) = − 1

T

T∑
t=1

(f̂th − f̌0t,h)

(
1

N

N∑
i=1

l
(3)
it (β∗, λ∗

i , f
∗
t )XitX

′
itλ

∗
ih

)
,

so ∥∥∥∥∥
T∑

t=1

Sββ′fth
∗ (f̂th − f̌0t,h)

∥∥∥∥∥ ≤

√√√√ 1

T

T∑
t=1

∥f̂t − f̌0t∥2 ·
1

NT

N∑
i=1

T∑
t=1

[l
(3)
it (β∗, λ∗

i , f
∗
t )]

2 · ∥Xit∥4 · ∥λ∗
i ∥2,

which is OP (1/
√
Th4). So Result 5 follows.

Result 6:
∑N

i=1

∑r
h=1 S

βf ′λih
∗ (λ̂ih − λ̌0,ih)(F̂ − F̌0) = oP (∥Λ̂− Λ̌0∥/

√
N).

Write:

N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih−λ̌0i,h)(F̂−F̌0) =

1

NT

N∑
i=1

T∑
t=1

[l
(2)
it (β∗, λ∗

i , f
∗
t )Xit−l

(3)
it (β∗, λ∗

i , f
∗
t )Xit(λ

∗
i )

′f∗
t ](λ̂i−λ̌0i)

′(f̂t−f̌0t).

Thus, by the Cauchy-Schwarz inequality, Lemma 2 and Lemma S1∥∥∥∥∥
N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih − λ̌0i,h)(F̂ − F̌0)

∥∥∥∥∥ ≤ ∥Λ̂− Λ̌0∥/
√
N ·√√√√ 1

T

T∑
t=1

∥f̂t − f̌0t∥2 ·
1

NT

N∑
i=1

T∑
t=1

∥∥∥[l(2)it (β∗, λ∗
i , f

∗
t )Xit − l

(3)
it (β∗, λ∗

i , f
∗
t )Xit(λ∗

i )
′f∗

t ]
∥∥∥2

= ∥Λ̂− Λ̌0∥/
√
N ·OP (1/

√
Nh4),

so the result follows by Assumption 3(vii).

Result 7:
∑N

t=T

∑r
h=1 S

βλ′fth
∗ (f̂th − f̌0t,h)(Λ̂− Λ̌0) = oP (∥Λ̂− Λ̌0∥/

√
N).

The proof is similar to the proof of Result 6.

Result 8:
∑N

i=1

∑r
h=1 S

βλ′λih
∗ (λ̂ih − λ̌0,ih)(Λ̂− Λ̌0) = oP (∥Λ̂− Λ̌0∥/

√
N).

Note that for each h ≤ r, we have

N∑
i=1

Sβλ′λih
∗ (λ̂ih − λ̌0i,h)(Λ̂− Λ̌0) = − 1

NT

N∑
i=1

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )Xit(f

∗
t )

′f∗
th(λ̂ih − λ̌0i,h)(λ̂i − λ̌0i),
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by Lemma 3

∥∥∥∥∥
N∑
i=1

Sβλ′λih
∗ (λ̂ih−λ̌0i,h)(Λ̂−Λ̌0)

∥∥∥∥∥ ≤ max
1≤N

∥λ̂i−λ̌0i∥·
1

N

N∑
i=1

(
∥λ̂i − λ̌0i∥ ·

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )Xitf

∗
t f

∗
th

∥∥∥∥∥
)

≤ oP (1) · ∥Λ̂− Λ̌0∥/
√
N ·

√√√√ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )Xit(f∗

t )
′f∗

th

∥∥∥∥∥
2

.

Thus, it remains to show that

1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )Xit(f

∗
t )

′f∗
th

∥∥∥∥∥
2

= OP (1). (A.23)

First, write

l
(3)
it (β∗, λ∗

i , f
∗
t )Xit(f

∗
t )

′f∗
th = l

(3)
it (β∗, λ∗

i , f
∗
t )Xit(f̃0t)

′f̃0,th + l
(3)
it (β∗, λ∗

i , f
∗
t )Xit

(
(f∗

t )
′f∗

th − (f̃0t)
′f̃0,th

)
= l

(3)
it (β∗, λ∗

i , f̃0t)Xit(f̃0t)
′f̃0,th − l

(4)
it (β∗, λ∗

i , f
∗∗
t )(λ∗

i )
′(f∗

t − f̃0t)Xit(f̃0t)
′f̃0,th

+ l
(3)
it (β∗, λ∗

i , f
∗
t )Xit

(
(f∗

t )
′f∗

th − (f̃0t)
′f̃0,th

)
,

thus, by the Cauchy-Schwarz inequality,

1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )Xit(f

∗
t )

′f∗
th

∥∥∥∥∥
2

≤ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f̃0t)Xit(f̃0t)
′f̃0,th

∥∥∥∥∥
2

+
1

T

T∑
t=1

∥(f∗
t )

′f∗
th − (f̃0t)

′f̃0,th∥2 ·
1

NT

N∑
i=1

T∑
t=1

∥l(3)it (β∗, λ∗
i , f

∗
t )Xit∥2

+
1

T

T∑
t=1

∥f∗
t − f̃0t∥2 ·

1

NT

N∑
i=1

T∑
t=1

∥l(4)it (β∗, λ∗
i , f

∗∗
t )(λ∗

i )Xit(f̃0t)
′f̃0,th∥2.

The last two terms on the right-hand side of the above inequality are both oP (1) by Lemma 2 and

Lemma S1. For the first term on the right-hand side of the above inequality, by Assumption 3(iii), with

probability approaching 1,

1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f̃0t)Xit(f̃0t)
′f̃0,th

∥∥∥∥∥
2

≤ max
i,t

∥∥E[git(β, λi)|β=β∗,λi=λ∗
i
]
∥∥2 +

1

N

N∑
i=1

sup
θi∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

(git(β, λi)− E[git(β, λi)])

∥∥∥∥∥
2

,

where git(β, λi) = l
(3)
it (β, λi, f̃0t)Xit(f̃0t)

′f̃0,th. The first term on the right-hand side of the above inequal-

ity is O(1) by Lemma S1. Thus, to prove (A.23), it suffices to show that

max
1≤i≤N

E

 sup
θi∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

(git(β, λi)− E[git(β, λi)])

∥∥∥∥∥
2
 = O(1).
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Similar to the proof of Result 1, for any ϵ > 0, let θ
(1)
i , . . . , θ

(L)
i be a maximal set of points in Bδ,i such

that ∥θ(j)i − θ
(l)
i ∥ ≥ ϵ for any j ̸= l. Thus, for some constants C1, C2 > 0, we have

E

 sup
θi∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

(git(β, λi)− E[git(β, λi)])

∥∥∥∥∥
2


≤ C1
1

Th4
E

 max
1≤j≤L

∥∥∥∥∥ 1√
T

T∑
t=1

h2
(
git(β

(j), λ
(j)
i )− E[git(β(j), λ

(j)
i )]

)∥∥∥∥∥
2
+ C2ϵ

2/h6.

By Assumption 3 (iii) and (vii), m > (p + r)/(4c). Choose J such that m > J > (p + r)/(4c). Since

E∥h2git(β, λi)∥2J+γ ≲ E∥Xit∥2J+γ ≤ E∥Xit∥2m+γ < M . It follows that the right-hand side of the above

inequality is

O

(
L1/J

Th4
+ ϵ2/h6

)
= O

(
T (p+r)/(2J)

Th4

)
+O

(
1

Th6

)
= o

(
T 2c

Th4

)
+ o(1) = o(1).

This completes the proof of Result 8.

Result 9:
∑T

t=1

∑r
h=1 S

βf ′fth
∗ (f̂th − f̌0t,h)(F̂ − F̌0) = oP (1/

√
T ).

For each h ≤ r, we have

T∑
t=1

Sβf ′fth
∗ (f̂th − f̌0t,h)(F̂ − F̌0) = − 1

NT

N∑
i=1

T∑
t=1

l
(3)
it (β∗, λ∗

i , f
∗
t )Xit(λ

∗
i )

′λ∗
ih(f̂th − f̌0t,h)(f̂t − f̌0t),

so by Assumption 3(iii), Lemma 2 and Lemma S1,

∥∥∥∥∥
T∑

t=1

Sβf ′fth
∗ (f̂th − f̌0t,h)(F̂ − F̌0)

∥∥∥∥∥ ≤ 1

T

T∑
t=1

(
∥f̂t − f̌0t∥2 ·

∥∥∥∥∥ 1

N

N∑
i=1

l
(3)
it (β∗, λ∗

i , f
∗
t )Xit(λ

∗
i )

′λ∗
ih

∥∥∥∥∥
)

≲ OP

(
1

h2

)
· 1
T

T∑
t=1

∥f̂t − f̌0t∥2 = OP

(
1/Nh2

)
.

Then the result follows since OP

(
1/Nh2

)
= OP

(
1√

N ·
√
Nh2

)
and Assumption 3(vii) implies that

√
Nh2 →

∞.

Step 7: It follows from (A.15) to (A.21) that:

∆(β̂ − β0) = oP (∥β̂ − β0∥) + oP (∥Λ̂− Λ̌0∥/
√
N) + oP (1/

√
T ),

then the desired result follows from the assumption that ∆ is positive definite and the fact that ∥Λ̂ −
Λ̌0∥/

√
N ≤ maxi ∥λ̂i − λ̌0i∥.
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Lemma 5. Under Assumptions 1 to 4, there exists 0 < ν < 1/6 − c (where c is defined in Assumption

3(vii)) such that max1≤i≤N ∥λ̂i − λ̌0i∥ = OP (1/T
1/2−1/(2m)) .

Proof. Expanding the first order condition: T−1
∑T

t=1 l
(1)
it (β̂, λ̂i, f̂t)f̂t = 0 gives:

Ω̃i(λ̂i−λ̌0i) =
1

T

T∑
t=1

l
(1)
it f̌0t+

1

T

T∑
t=1

l
(1)
it (f̂t−f̌0t)−

1

T

T∑
t=1

l
(2)
it f̂t[X

′
it(β̂−β0)]−

(
Ω̃i −

1

T

T∑
t=1

l
(2)
it f̌0tf̌

′
0t

)
(λ̂i−λ̌0i)

−

(
1

T

T∑
t=1

l
(2)
it (f̂t − f̌0t)f̌

′
0t

)
(λ̂i − λ̌0i)−

(
1

T

T∑
t=1

l
(2)
it f̂t(f̂t − f̌0t)

′

)
λ̌0i + 0.5

1

T

T∑
t=1

l
(3)
it (∗)f̂t · [X ′

it(β̂ − β0)]
2

+
1

T

T∑
t=1

l
(3)
it (∗)f̂t · [X ′

it(β̂ − β0)] · [(f∗
t )

′(λ̂i − λ̌0i)] +
1

T

T∑
t=1

l
(3)
it (∗)f̂t · [X ′

it(β̂ − β0)] · [(λ∗
i )

′(f̂t − f̌0t)]

+
1

T

T∑
t=1

l
(3)
it (∗)f̂t·[(λ∗

i )
′(f̂t−f̌0t)]·[(f∗

t )
′(λ̂i−λ̌0i)]+0.5

1

T

T∑
t=1

l
(3)
it (∗)f̂t·[(λ∗

i )
′(f̂t−f̌0t)]

2+0.5
1

T

T∑
t=1

l
(3)
it (∗)f̂t·[(f∗

t )
′(λ̂i−λ̌0i)]

2.

Step 1: Let M be a generic bounded constant. By Lemma S1,

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(1)
it f̌0t

∥∥∥∥∥ ≤ max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l̃
(1)
it f0t

∥∥∥∥∥ · ∥Ĥ∥+O(hq).

Since, {l(1)it f0t} is uniformly bounded, by the mixing property of uit and Theorem 3 of Yoshihara (1978),

for any J ≥ 2 we have E
∥∥∥T−1/2

∑T
t=1 l̃

(1)
it f0t

∥∥∥J < M and it follows from Lemma 2.2.2 of van der Vaart

and Wellner (1996) that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l̃
(1)
it f0t

∥∥∥∥∥ = OP (N
1/J/

√
T ) = OP (1/T

1/2−1/J).

Choosing J = 2m, we have

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(1)
it f̌0t

∥∥∥∥∥ = OP (T
1/(2m)/T 1/2) (A.24)

since O(hq) = o(T−1) by Assumption 3(vii).

Step 2: By Lemma S1, l
(1)
it is uniformly bounded, so it follows from Lemma 2 that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(1)
it (f̂t − f̌0t)

∥∥∥∥∥ ≤ OP (1) ·
1

T

T∑
t=1

∥f̂t − f̌0t∥ = OP (N
−1/2) = OP (T

−1/2). (A.25)
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Step 3: Note that:

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f̂t[X

′
it(β̂ − β0)]

∥∥∥∥∥ ≤ ∥β̂ − β0∥ · max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f̂tX

′
it

∥∥∥∥∥
≤ ∥β̂ − β0∥ · ∥Ĥ∥ · max

1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f0tX

′
it

∥∥∥∥∥+ ∥β̂ − β0∥ · max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it (f̂t − f̌0t)X

′
it

∥∥∥∥∥ .
First, by Assumption 3(iii), Lemma 2 and Lemma S1, we have

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it (f̂t − f̌0t)X

′
it

∥∥∥∥∥ ≤ OP (h
−1) · 1

T

T∑
t=1

∥f̂t − f̌0t∥ = OP (1/(
√
Nh)) = oP (1).

Second, by Lemma S1,

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f0tX

′
it

∥∥∥∥∥ ≤ 1√
Th2

· max
1≤i≤N

∥∥∥∥∥ 1√
T

T∑
t=1

h
(
l
(2)
it f0tX

′
it − E[l(2)it f0tX

′
it]
)∥∥∥∥∥+O(1).

Since ∥hl(2)it f0tX
′
it∥ is uniformly bounded by Assumption 3(iii) and Lemma S1, it follows from Theorem

3 of Yoshihara (1978) that

E

∥∥∥∥∥ 1√
T

T∑
t=1

h
(
l
(2)
it f0tX

′
it − E[l(2)it f0tX

′
it]
)∥∥∥∥∥

4

< M,

and then it follows from Lemma 2.2.2 of van der Vaart and Wellner (1996) that

1√
Th2

· max
1≤i≤N

∥∥∥∥∥ 1√
T

T∑
t=1

h
(
l
(2)
it f0tX

′
it − E[l(2)it f0tX

′
it]
)∥∥∥∥∥ = OP (N

1/4/
√
Th2) = oP (1).

Thus, it can be concluded that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f̂t[X

′
it(β̂ − β0)]

∥∥∥∥∥ = OP (∥β̂ − β0∥). (A.26)

Step 4: By the definition of Ω̃i, we have

max
1≤i≤N

∥∥∥∥∥
(
Ω̃i −

1

T

T∑
t=1

l
(2)
it f̌0tf̌

′
0t

)
(λ̂i − λ̌0i)

∥∥∥∥∥ ≤ ∥Ĥ∥2· max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

(l
(2)
it − fit(0))f0tf

′
0t

∥∥∥∥∥· max
1≤i≤N

∥λ̂i−λ̌0i∥.

Similar to the proof of Step 3, we can show that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

(l
(2)
it − fit(0))f0tf

′
0t

∥∥∥∥∥ = oP (1),
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thus it follows that

max
1≤i≤N

∥∥∥∥∥
(
Ω̃i −

1

T

T∑
t=1

l
(2)
it f̌0tf̌

′
0t

)
(λ̂i − λ̌0i)

∥∥∥∥∥ = oP

(
max

i
∥λ̂i − λ̌0i∥

)
. (A.27)

Step 5: By Lemma 2, Lemma S1 and Assumption 3(vii) we have

max
1≤i≤N

∥∥∥∥∥
(

1

T

T∑
t=1

l
(2)
it (f̂t − f̌0t)f̌

′
0t

)
(λ̂i − λ̌0i)

∥∥∥∥∥ ≤ ∥Ĥ∥·OP (1/
√
Nh2)· max

1≤i≤N
∥λ̂i−λ̌0i∥ = oP

(
max

i
∥λ̂i − λ̌0i∥

)
.

(A.28)

Step 6: Note that

max
1≤i≤N

∥∥∥∥∥
(

1

T

T∑
t=1

l
(2)
it f̂t(f̂t − f̌0t)

′

)
λ̌0i

∥∥∥∥∥ ≤ OP (1) · ∥Ĥ∥ · max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f0t(f̂t − f̌0t)

′

∥∥∥∥∥
+OP (1) · max

1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it (f̂t − f̌0t)(f̂t − f̌0t)

′

∥∥∥∥∥ .
The second term on the right-hand side of the above inequality is OP (1/(Th)) by Lemma S1 and Lemma

2. Next, we have

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f0t(f̂t − f̌0t)

′

∥∥∥∥∥ ≲ max
1≤t≤T

∥f̂t − f̌0t∥ · max
1≤i≤N

1

T

T∑
t=1

∣∣∣l(2)it

∣∣∣ ,
and

max
1≤i≤N

1

T

T∑
t=1

∣∣∣l(2)it

∣∣∣ ≲ 1/h · max
1≤i≤N

1

T

T∑
t=1

1{|uit| ≤ h}

≤ max
i,t

P [|uit| ≤ h]/h+ h−1 ·max
i≤N

∣∣∣∣∣ 1T
T∑

t=1

[
1{|uit| ≤ h} − P (|uit| ≤ h)

]∣∣∣∣∣ .
It is easy to see that maxi,t P [|uit| ≤ h] = O(h). Moreover, similar to the proof of Step 3, we can show

that

h−1 ·max
i≤N

∣∣∣∣∣ 1T
T∑

t=1

[
1{|uit| ≤ h} − P (|uit| ≤ h)

]∣∣∣∣∣ = oP (1).

Therefore,

max
1≤i≤N

1

T

T∑
t=1

∣∣∣l(2)it

∣∣∣ = OP (1),

and by Lemma 2

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it f0t(f̂t − f̌0t)

′

∥∥∥∥∥ = OP (T
1/(2m)/

√
N).

20



Thus, we can conclude that

max
1≤i≤N

∥∥∥∥∥
(

1

T

T∑
t=1

l
(2)
it f̂t(f̂t − f̌0t)

′

)
λ̌0i

∥∥∥∥∥ = OP (T
1/(2m)/

√
N) +OP (1/(Th)) = OP (T

1/(2m)/T 1/2). (A.29)

Step 7: By the consistency of β̂,

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂t · [X ′

it(β̂ − β0)]
2

∥∥∥∥∥ ≤ max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂tX ′

it

∥∥∥∥∥ · ∥β̂ − β0∥2

= oP (∥β̂ − β0∥) · max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂tX ′

it

∥∥∥∥∥ .
Write

1

T

T∑
t=1

l
(3)
it (∗)f̂tX ′

it =
1

T

T∑
t=1

l
(3)
it (β∗, λ∗

i , f̃0t)f̃0tX
′
it+

1

T

T∑
t=1

l
(4)
it (β∗, λ∗

i , f
∗∗
t )f̃0tX

′
it·[(f∗

t −f̃0t)λ
∗
i ]+

1

T

T∑
t=1

l
(3)
it (∗)(f̂t−f̃0t)X

′
it.

It then follows from Lemma 2 and Lemma S1 that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂tX ′

it

∥∥∥∥∥ ≲ max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f̃0t)f0tX
′
it

∥∥∥∥∥+OP (1/
√
Th6).

Let Bδ,i be a neighborhood of (β0, λ̃0i), then by the uniform consistency of λ̂i, with probability approach-

ing 1, we have

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f̃0t)f0tX
′
it

∥∥∥∥∥ ≤ max
i,t

sup
θi∈Bδ,i

∥∥∥E[l(3)it (β, λi, f̃0t)f0tX
′
it]
∥∥∥

+ max
1≤i≤N

sup
θi∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

(
l
(3)
it (β, λi, f̃0t)f0tX

′
it − E[l(3)it (β, λi, f̃0t)f0tX

′
it]
)∥∥∥∥∥ .

The first term on the right-hand side of the above inequality is O(1) by Lemma S1. Next, for each i, let

θ
(1)
i , . . . , θ

(Li)
i be a maximal set of points in Bδ,i such that maxi ∥θ(j)i − θ

(k)
i ∥ ≤ ϵ for some small ϵ > 0. It

follows that

max
1≤i≤N

sup
θi∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

(
l
(3)
it (β, λi, f̃0t)f0tX

′
it − E[l(3)it (β, λi, f̃0t)f0tX

′
it]
)∥∥∥∥∥ ≤

1√
Th2

· max
1≤i≤N

max
1≤j≤Li

∥∥∥∥∥ 1√
T

T∑
t=1

h2
(
l
(3)
it (β(j), λ

(j)
i , f̃0t)f0tX

′
it − E[l(3)it (β(j), λ

(j)
i , f̃0t)f0tX

′
it]
)∥∥∥∥∥+O(ϵ/h3).

Note maxi Li ≲ L̄ = (1/ϵ)p+r. By Assumption 3(iii), 2m > 3(p + r)/(2c) > (p + r + 2)/(2c). Choose

2m > L > (p + r + 2)/(2c). Then E∥h2l
(3)
it (β, λi, f̃0t)f0tXit∥J+γ ≲ E∥Xit∥J+γ ≤ E∥Xit∥2m+γ < M . By
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Theorem 3 of Yoshihara (1978),

E

∥∥∥∥∥ 1√
T

T∑
t=1

h2
(
l
(3)
it (β(j), λ

(j)
i , f̃0t)f0tX

′
it − E[l(3)it (β(j), λ

(j)
i , f̃0t)f0tX

′
it]
)∥∥∥∥∥

J

< M.

Thus, by Lemma 2.2.2 of van der Vaart and Wellner (1996), we have

max
1≤i≤N

sup
θi∈Bδ,i

∥∥∥∥∥ 1T
T∑

t=1

(
l
(3)
it (β, λi, f̃0t)f0tX

′
it − E[l(3)it (β, λi, f̃0t)f0tX

′
it]
)∥∥∥∥∥ = OP

(
(NL̄)1/J√

Th4

)
+O(ϵ/h3).

Choosing ϵ = 1/
√
T , we have

OP

(
(NL̄)1/J√

Th4

)
+O(ϵ/h3) = OP (1/

√
Th6) = oP (1).

Therefore, we can conclude that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (β∗, λ∗

i , f̃0t)f0tX
′
it

∥∥∥∥∥ = OP (1)

and that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂t · [X ′

it(β̂ − β0)]
2

∥∥∥∥∥ = oP (∥β̂ − β0∥). (A.30)

Step 8: Similar to the proof of Step 7, we can show that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂t · [X ′

it(β̂ − β0)] · [(f∗
t )

′(λ̂i − λ̌0i)]

∥∥∥∥∥ = oP (∥β̂ − β0∥), (A.31)

and

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂t · [(f∗

t )
′(λ̂i − λ̌0i)]

2

∥∥∥∥∥ = OP

(
max

i
∥λ̂i − λ0i∥2

)
. (A.32)

Step 9: From Lemma 2 and Lemma S1 it follows easily that:

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂t · [X ′

it(β̂ − β0)] · [(λ∗
i )

′(f̂t − f̌0t)]

∥∥∥∥∥ = oP (∥β̂ − β0∥), (A.33)

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂t · [(λ∗

i )
′(f̂t − f̌0t)] · [(f∗

t )
′(λ̂i − λ̌0i)]

∥∥∥∥∥ = OP (1/
√
Th4) ·OP

(
max

i
∥λ̂i − λ0i∥

)
,

(A.34)

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (∗)f̂t · [(λ∗

i )
′(f̂t − f̌0t)]

2

∥∥∥∥∥ = OP (1/(Th
2)). (A.35)

Finally, since maxi ∥Ω̃−1
i ∥ ≤ ∥Ĥ−1∥2 · maxi ∥Ω−1

i ∥ = OP (1) by Assumption 3 (ii), it follows from
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(A.24) to (A.35) that:

max
1≤i≤N

∥λ̂i − λ0i∥ = OP (∥β̂ − β0∥) + oP

(
max

i
∥λ̂i − λ0i∥

)
+OP (T

1/(2m)/T 1/2), (A.36)

then the desired result follows from (A.36) and Lemma 4.

Lemma 6. Under Assumptions 1 to 4,

Ω̃i(λ̂i − λ̌0i) =
1

T

T∑
t=1

l
(1)
it f̌0t +

1

T

T∑
t=1

l
(1)
it (f̂t − f̌0t)−

(
Ω̃i −

1

T

T∑
t=1

l
(2)
it f̌0tf̌

′
0t

)
(λ̂i − λ̌0i)

−

(
1

T

T∑
t=1

l
(2)
it f̌0t(f̂t − f̌0t)

′

)
λ̌0i + ŌP (∥β̂ − β0∥) + ŌP (T

1/(2m)/(Th2)). (A.37)

Proof. The result follows immediately from the proof of Lemma 5.

From (A.15) and the proof of Lemma 4 we have:

∆(β̂ − β0) = oP (∥β̂ − β0∥) +
1

NT

N∑
i=1

T∑
t=1

l
(1)
it Zit

−
[
Sβf ′

− S̄βλ′
(S̄λλ′

)−1Sλf ′
]
(F̂ − F̌0)−

[
S̃βλ′

− S̄βλ′
(S̄λλ′

)−1S̃λλ′
]
(Λ̂− Λ̌0)

− 1/2

N∑
i=1

r∑
h=1

(Sβλ′λih
∗ − S̄βλ′

(S̄λλ′
)−1Sλλ′λih

∗ )(λ̂ih − λ̌0i,h)(Λ̂− Λ̌0)

− 1/2

N∑
i=1

r∑
h=1

(Sβf ′λih
∗ − S̄βλ′

(S̄λλ′
)−1Sλf ′λih

∗ )(λ̂ih − λ̌0i,h)(F̂ − F̌0)

− 1/2

T∑
t=1

r∑
h=1

(Sβλ′fth
∗ − S̄βλ′

(S̄λλ′
)−1Sλλ′fth

∗ )(f̂th − f̌0t,h)(Λ̂− Λ̌0)

− 1/2

T∑
t=1

r∑
h=1

(Sβf ′fth
∗ − S̄βλ′

(S̄λλ′
)−1Sλf ′fth

∗ )(f̂th − f̌0t,h)(F̂ − F̌0). (A.38)

In the next 5 lemmas, we analyze each term on the right-hand side of (A.38).

Lemma 7. Under Assumptions 1 to 4,

[S̃βλ′
− S̄βλ′

(S̄λλ′
)−1S̃λλ′

](Λ̂− Λ̌0) = −b1
T

+ oP (T
−1) + oP (∥β̂ − β0∥).

Proof. Step 1: Note that we can write:

[S̃βλ′
− S̄βλ′

(S̄λλ′
)−1S̃λλ′

](Λ̂− Λ̃0) =
1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ĥ(λ̂i − λ̌0i).
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Plugging in the result of Lemma 6, we have

[S̃βλ′
− S̄βλ′

(S̄λλ′
)−1S̃λλ′

](Λ̂− Λ̌0)

=
1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
1

T

T∑
t=1

l
(1)
it f0t

)
+

1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i (Ĥ′)−1

(
1

T

T∑
t=1

l
(1)
it (f̂t−f̌0t)

)

− 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
1

T

T∑
t=1

l
(2)
it f0t(f̂t − f̌0t)

′

)
λ̃0i

− 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
Ωi −

1

T

T∑
t=1

l
(2)
it f0tf

′
0t

)
(Ĥ′)−1(λ̂i − λ̌0i)

+
[
OP (∥β̂ − β0∥) +OP (T

1/(2m)/(Th2)))
]
·OP

(
1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it Zitf

′
0t

∥∥∥∥∥
)
. (A.39)

Step 2: By the Cauchy-Schwarz inequality,

∥∥∥∥∥ 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i (Ĥ′)−1

(
1

T

T∑
t=1

l
(1)
it (f̂t − f̌0t)

)∥∥∥∥∥
≲

√√√√ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it Zitf ′

0t

∥∥∥∥∥
2

·

√√√√ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(1)
it (f̂t − f̌0t)

∥∥∥∥∥
2

.

First, by Theorem 3 of Yoshihara (1978),

E

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it Zitf

′
0t

∥∥∥∥∥
2

=
1

Th2
· E

∥∥∥∥∥ 1√
T

T∑
t=1

h · l(2)it Zitf
′
0t

∥∥∥∥∥
2

= O(1/(Th2)).

Second, by Lemma 1, we have

1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(1)
it (f̂t − f̌0t)

∥∥∥∥∥
2

≤ 1

N

N∑
i=1

∥∥∥∥∥∥ 1

NT

N∑
j=1

T∑
t=1

l
(1)
it ejt

∥∥∥∥∥∥
2

·
∥∥∥Ψ̂∥∥∥2

= OP (1) ·
1

N

N∑
i=1

∥∥∥∥∥∥ 1

NT

N∑
j ̸=i

T∑
t=1

l
(1)
it ejt

∥∥∥∥∥∥
2

+OP (1/N
2) · 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(1)
it eit

∥∥∥∥∥
2

For simplicity, consider the case where p = 1. Then by the mixing property we have

E

∥∥∥∥∥∥ 1

NT

N∑
j ̸=i

T∑
t=1

l
(1)
it ejt

∥∥∥∥∥∥
2

=
1

N2T 2

N∑
j ̸=i

T∑
t=1

T∑
s=1

E[l(1)it l
(1)
is ] · E[ejtejs]

=
1

NT
· 1

N

N∑
j ̸=i

(
1

T

T∑
t=1

T∑
s=1

E[l(1)it l
(1)
is ] · E[ejtejs]

)
= O((NT )−1) = O(1/T 2).
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Moreover, it is easy to show that

E

∥∥∥∥∥ 1T
T∑

t=1

l
(1)
it eit

∥∥∥∥∥
2

= O(1).

There, it follows that∥∥∥∥∥ 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i (Ĥ′)−1

(
1

T

T∑
t=1

l
(1)
it (f̂t − f̌0t)

)∥∥∥∥∥ = OP

(
1

T
· 1√

Th2

)
= oP (T

−1). (A.40)

Similarly, it can be shown that∥∥∥∥∥ 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
1

T

T∑
t=1

l
(2)
it f0t(f̂t − f̌0t)

′

)
λ̃0i

∥∥∥∥∥ = OP

(
1

T
· 1√

Th4

)
= oP (T

−1). (A.41)

Step 3: By the Cauchy-Schwarz inequality and Lemma 5,

∥∥∥∥∥ 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
Ωi −

1

T

T∑
t=1

l
(2)
it f0tf

′
0t

)
(Ĥ′)−1(λ̂i − λ̌0i)

∥∥∥∥∥
≲ max

1≤i≤N
∥λ̂i − λ̌0i∥ ·

√√√√ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

l
(2)
it Zitf ′

0t

∥∥∥∥∥
2

·

√√√√ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

(l
(2)
it − fit(0))f0tf ′

0t

∥∥∥∥∥
2

= OP (T
1/(2m)/T 1/2) ·OP (1/

√
Th2) ·

√√√√ 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

(l
(2)
it − fit(0))f0tf ′

0t

∥∥∥∥∥
2

.

Moreover, similar to the proof of the previous step, we can show that

E

∥∥∥∥∥ 1T
T∑

t=1

(l
(2)
it − fit(0))f0tf

′
0t

∥∥∥∥∥
2

= OP (1/(Th
2)).

Thus, by Assumption 3(vii)∥∥∥∥∥ 1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
Ωi −

1

T

T∑
t=1

l
(2)
it f0tf

′
0t

)
(Ĥ′)−1(λ̂i − λ̌0i)

∥∥∥∥∥ = OP

(
1

T
· T

1/(2m)

T 0.5−2c

)
= oP

(
1

T

)
.

(A.42)

Step 4: By Lemma S1 and Assumption 3(vii), we can write

1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
1

T

T∑
t=1

l
(1)
it f0t

)
=

1

N

N∑
i=1

(
1

T

T∑
t=1

l
(2)
it Zitf

′
0t

)
Ω−1

i

(
1

T

T∑
t=1

l̃
(1)
it f0t

)
+oP (h

q)

1

T
· 1

N

N∑
i=1

(
1√
T

T∑
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l
(2)
it Zitf

′
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)
Ω−1

i

(
1√
T

T∑
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(1)
it f0t

)
+ oP (T

−1). (A.43)
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First, by Lemma S1 and the mixing property, we have

E

[
1

N

N∑
i=1

(
1√
T

T∑
t=1

l
(2)
it Zitf

′
0t

)
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i

(
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T

T∑
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it f0t
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=

1

N
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(
1

T

T∑
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T∑
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is Zitf

′
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)

=
1

N
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1

T

T∑
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(1)
it Zitf

′
0tΩ
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)
+

1

N

N∑
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 1

T

T∑
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T∑
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E[l(2)it l̃
(1)
is Zitf

′
0tΩ

−1
i f0s]


= (τ − 0.5) · 1

N

N∑
i=1

ω
(1)
T,i +

1

N

N∑
i=1

ω
(2)
T,i +O(Thq) = −b1 + o(1),

where

ω
(1)
T,i =

1

T

T∑
t=1

E
[
fit(0|Xit)Zit

]
f ′
0tΩ

−1
i f0t,

ω
(2)
T,i =

1

T

T∑
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T∑
s̸=t

(
τE[fit(0|Xit)Zit]− E

[∫ 0

∞
fi,ts(0, v|Xit, Xis)dv · Zit

])
f ′
0tΩ
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i f0s,

and

b1 = −(τ − 0.5) · lim
N,T→∞

1

N

N∑
i=1

ω
(1)
T,i − lim

N,T→∞

1

N

N∑
i=1

ω
(2)
T,i.

Second, similar to the proof the Lemma A6 of Galvao and Kato (2016), we can show that

Var

(
1

N

N∑
i=1

(
1√
T

T∑
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l
(2)
it Zitf

′
0t

)
Ω−1

i

(
1√
T

T∑
t=1

l̃
(1)
it f0t
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= o(1).

Thus, we have

1

N

N∑
i=1

(
1√
T

T∑
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l
(2)
it Zitf

′
0t

)
Ω−1

i

(
1√
T

T∑
t=1

l̃
(1)
it f0t

)
= −b1 + oP (1).

Finally, the last term on the right-hand side of (A.39) can be shown to be oP (∥β̂−β0∥)+oP (T
−1). Then

the desired result follows from (A.39) to (A.43)

Lemma 8. Under Assumptions 1 to 4,

[Sβf ′
− S̄βλ′

(S̄λλ′
)−1Sλf ′

](F̂ − F̌0) =
1

NT

N∑
i=1

T∑
t=1

At(H0)
−1Ψ′

0eit −
d1
N

+ oP (T
−1).
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Proof. Step 1: Write

[Sβf ′
− S̄βλ′

(S̄λλ′
)−1Sλf ′

](F̂ − F̌0)

=
1

T

T∑
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(
1

N

N∑
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l
(2)
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′
0i

)
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1

T

T∑
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(
1

N

N∑
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(2)
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′
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=
1

T
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(
1

N

N∑
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′
0i − l

(2)
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′
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(1)
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)
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=
1

T
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(
1

N
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=
1

T

T∑
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1

T

T∑
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(
1

N
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{
(l

(2)
it Zit − E[fit(0|Xit)Zit])λ

′
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(1)
it Φi
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(Ĥ)−1(f̂t − f̌0t).

Step 2: By Lemma 1, we have f̂t − f̌0t = Ψ̂′ēt, thus,

1

T

T∑
t=1

At(Ĥ)−1(f̂t − f̌0t) =
1

NT

N∑
i=1

T∑
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At(H0)
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1
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N∑
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(Ĥ)−1Ψ̂′ − (H0)
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]
eit.

It is easy to show that∥∥∥∥∥ 1
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t=1
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[
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0

]
eit
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)
= oP (T

−1).

Therefore,

1

T

T∑
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At(Ĥ)−1(f̂t − f̌0t) =
1
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N∑
i=1

T∑
t=1

At(H0)
−1Ψ′

0eit + oP (T
−1). (A.44)

Step 3: Since ∥Ĥ−H0∥ = OP (T
−1/2) and ∥Ψ̂−Ψ0∥ = OP (T

−1/2), we have

1

T

T∑
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(
1

N

N∑
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{
(l

(2)
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′
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it Φi
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1

N
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(
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(l
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′
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(1)
it Φi
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0

(
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N

N∑
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eit

)
.

(A.45)
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Next, by Lemma S1 and Assumption 3(iv), it can be shown that

E

[
1

T

T∑
t=1

(
1√
N

N∑
i=1

{
(l

(2)
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′
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(1)
it Φi
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−1Ψ′
0

(
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N

N∑
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eit

)]

=
1
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N∑
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T∑
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E
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l
(2)
it Zitλ

′
0i + l

(1)
it Φi

)
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−1Ψ′
0eit

]
=

1
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N∑
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T∑
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E[fit(0|Xit)Zitλ
′
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−1Ψ′
0eit] + o(1) = −d1 + o(1). (A.46)

Step 4: Define

Zt =

(
1√
N

N∑
i=1

{
(l

(2)
it Zit − E[fit(0|Xit)Zit])λ

′
0i + l

(1)
it Φi
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−1Ψ′
0

(
1√
N

N∑
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eit

)
.

To complete the proof, it remains to show that∥∥∥∥∥Var
(

1

T

T∑
t=1

Zt

)∥∥∥∥∥ = o(1).

Note that ∥∥∥∥∥Var
(

1

T

T∑
t=1

Zt

)∥∥∥∥∥ ≤ 1

Th2
· E

∥∥∥∥∥ 1√
T

T∑
t=1

h(Zt − E[Zt)]

∥∥∥∥∥
2

.

By Assumption 3(iv), {Z1, . . . ,ZT } is α−mixing. Thus, by Theorem 3 of Yoshihara (1978) it suffices to

show that E∥hZt∥4 < ∞ for all t. By the Cauchy-Schwarz inequality,

E∥hZt∥4 ≲

√√√√E

∥∥∥∥∥ 1√
N

N∑
i=1

h
{
(l

(2)
it Zit − E[fit(0|Xit)Zit])λ′
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it Φi

}∥∥∥∥∥
8

·

√√√√E

∥∥∥∥∥ 1√
N

N∑
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eit

∥∥∥∥∥
8

= O(1).

Thus, we have ∥∥∥∥∥Var
(

1

T

T∑
t=1

Zt

)∥∥∥∥∥ = O

(
1

Th2

)
= o(1).

This completes the proof.

Lemma 9. Under Assumptions 1 to 4,

N∑
i=1

r∑
h=1

(Sβλ′λih
∗ − S̄βλ′

(S̄λλ′
)−1Sλλ′λih

∗ )(λ̂ih − λ̌0i,h)(Λ̂− Λ̌0) = −2b2
T

+ oP (T
−1) + oP (∥β̂ − β0∥).

Proof. Let Φik be the kth row of Φi = ΞiΩ
−1
i . The kth element of−

∑N
i=1

∑r
h=1(S

βλ′λih
∗ −S̄βλ′

(S̄λλ′
)−1Sλλ′λih

∗ )(λ̂ih−
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λ̌0i,h)(Λ̂− Λ̌0) can be written as

1
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T∑
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l
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Step 1: Note that

1

T

T∑
t=1

l
(3)
it (∗)(Xit,k − Φik(Ĥ)−1f∗
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Thus, by Lemma 2, Lemma 5 and Lemma S1 we have
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Step 2: Recall that
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N∑
i=1

T∑
t=1

r∑
h=1

l
(3)
it (∗)(Xit,k − Φik(Ĥ)−1f∗

t )f
∗′

t f∗
th(λ̂ih − λ̌0i,h)(λ̂i − λ̌0i)

=
1

N

N∑
i=1

(λ̂i − λ̌0i)
′ĤCi,kĤ

′(λ̂i − λ̌0i) + oP (T
−1) (A.47)

because OP (T
−1+1/m/

√
Th4) = oP (T

−1) by Assumption 3(iii).

Step 3: By Lemma 6 we can write

λ̂i − λ̌0i = Ω̃−1
i

1

T

T∑
t=1

l
(1)
it f̌0t + gi + ŌP (∥β̂ − β0∥) + ŌP (T

1/(2m)/(Th2)).

where

gi = Ω̃−1
i

1

T

T∑
t=1

l
(1)
it (f̂t− f̌0t)−Ω̃−1

i

(
Ω̃i −

1

T

T∑
t=1

l
(2)
it f̌0tf̌

′
0t

)
(λ̂i− λ̌0i)−Ω̃−1

i

(
1

T

T∑
t=1

l
(2)
it f̌0t(f̂t − f̌0t)

′

)
λ̌0i.

By the proof of Lemma 7, it can be shown that

1

N

N∑
i=1

∥gi∥ = OP

(
1

T 1−1/mh

)
.
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Thus,

∥∥∥∥∥ 1

N

N∑
i=1

(λ̂i − λ̌0i)
′ĤCi,kĤ

′(λ̂i − λ̌0i)−
1

N

N∑
i=1

(
1

T

T∑
t=1

l
(1)
it f ′

0t

)
Ω−1

i Ci,kΩ
−1
i

(
1

T

T∑
t=1

l
(1)
it f0t

)∥∥∥∥∥
= OP

(
max

1≤i≤N
∥λ̂i − λ̌0i∥

)
· 1

N

N∑
i=1

∥gi∥+ oP (∥β̂ − β0∥) +OP

(
max

1≤i≤N
∥λ̂i − λ̌0i∥

)
·OP (T

1/(2m)/(Th2))

= OP

(
1

T 1.5−1.5/mh
+

1

T 1.5−1/mh2

)
+ oP (∥β̂ − β0∥) = oP (T

−1) + oP (∥β̂ − β0∥).

Thus, we can write

1

N

N∑
i=1

(λ̂i − λ̌0i)
′ĤCi,kĤ

′(λ̂i − λ̌0i)

=
1

T
· 1

N

N∑
i=1

(
1√
T

T∑
t=1

l
(1)
it f ′

0t

)
Ω−1

i Ci,kΩ
−1
i

(
1√
T

T∑
t=1

l
(1)
it f0t

)
+ oP (T

−1) + oP (∥β̂ − β0∥). (A.48)

Step 4: First, by Lemma S1,

E

[
1

N

N∑
i=1

(
1√
T

T∑
t=1

l
(1)
it f ′

0t

)
Ω−1

i Ci,kΩ
−1
i

(
1√
T

T∑
t=1

l
(1)
it f0t

)]

=
1

NT

N∑
i=1

T∑
t=1

E
(
l
(1)
it

)2
f ′
0tΩ

−1
i Ci,kΩ

−1
i f0t +

1

N

N∑
i=1

· 1
T

T∑
t=1

T∑
s ̸=t

E
[
l
(1)
it l

(1)
is

]
f ′
0tΩ

−1
i Ci,kΩ

−1
i f0s

=
1

N

N∑
i=1

ω
(3)
T,i +

1

N

N∑
i=1

ω
(4)
T,i + o(1) = 2b2 + o(1),

where

ω
(3)
T,i,k = τ(1− τ) · 1

T

T∑
t=1

f ′
0tΩ

−1
i Ci,kΩ

−1
i f0t

ω
(4)
T,i,k =

1

T

T∑
t=1

T∑
s ̸=t

{E[1{uit ≤ 0, uis ≤ 0}]− τ2}f ′
0tΩ

−1
i Ci,kΩ

−1
i f0s

and

b2,k = 0.5 lim
N,T→∞

1

N

N∑
i=1

ω
(3)
T,i,k + 0.5 lim

N,T→∞

1

N

N∑
i=1

ω
(4)
T,i,k.
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Step 5: Finally, note that by Theorem 3 of Yoshihara (1978),

∥∥∥∥∥Var
[
1

N

N∑
i=1

(
1√
T

T∑
t=1

l
(1)
it f ′

0t

)
Ω−1

i Ci,kΩ
−1
i

(
1√
T

T∑
t=1

l
(1)
it f0t

)]∥∥∥∥∥
≲

1

N2

N∑
i=1

E

∥∥∥∥∥
(

1√
T

T∑
t=1

l
(1)
it f ′

0t

)
Ω−1

i Ci,kΩ
−1
i

(
1√
T

T∑
t=1

l
(1)
it f0t

)∥∥∥∥∥
2

≲
1

N2

N∑
i=1

E

∥∥∥∥∥ 1√
T

T∑
t=1

l
(1)
it f ′

0t

∥∥∥∥∥
4

= O(N−1) = o(1),

it then follows from (A.47) and (A.48) that

1

NT

N∑
i=1

T∑
t=1

r∑
h=1

l
(3)
it (∗)(Xit,k−Φik(Ĥ)−1f∗

t )f
∗′

t f∗
th(λ̂ih−λ̌0i,h)(λ̂i−λ̌0i) = −2b2,k+oP (T

−1)+oP (∥β̂−β0∥),

and the desired result follows.

Lemma 10. Under Assumptions 1 to 4,

T∑
t=1

r∑
h=1

(Sβf ′fth
∗ − S̄βλ′

(S̄λλ′
)−1Sλf ′fth

∗ )(f̂th − f̌0t,h)(F̂ − F̌0) = −2d2
N

+ oP (T
−1) + oP (∥β̂ − β0∥).

Proof. Step 1:

Note that the kth element of −
∑T

t=1

∑r
h=1(S

βf ′fth
∗ − S̄βλ′

(S̄λλ′
)−1Sλf ′fth

∗ )(f̂th − f̌0t,h)(F̂ − F̌0) can

be written as:

1

T

T∑
t=1

r∑
h=1

(
1

N

N∑
i=1

l
(3)
it (∗)[Xit,k − Φik(Ĥ)−1f∗

t ](λ
∗
i )

′λ∗
ih

)
(f̂th − f̌0t,h)(f̂t − f̌0t)

=
1

T

T∑
t=1

(f̂t − f̌0t)
′

(
1

N

N∑
i=1

l
(3)
it (∗)[Xit,k − Φik(Ĥ)−1f∗

t ]λ
∗
i λ

∗′

i

)
(f̂t − f̌0t)

+2 · 1
T

T∑
t=1

(f̂t − f̌0t)
′

(
1

N

N∑
i=1

l
(2)
it (∗)λ∗

iΦik(Ĥ)−1

)
(f̂t − f̌0t).

Step 2:

First, by Lemma 2,

∥∥∥∥∥ 1T
T∑

t=1

(f̂t − f̌0t)
′

(
1

N

N∑
i=1

l
(3)
it (∗)[Xit,k − Φik(Ĥ)−1f∗

t ]λ
∗
i λ

∗′

i

)
(f̂t − f̌0t)−

1

T

T∑
t=1

(f̂t − f̌0t)
′(H′

0)
−1Dt,k(H0)

−1(f̂t − f̌0t)

∥∥∥∥∥
≤ OP (log T/T ) ·

1

T

T∑
t=1

∥∥∥∥∥ 1

N

N∑
i=1

l
(3)
it (∗)[Xit,k − Φik(Ĥ)−1f∗

t ]λ
∗
i λ

∗′

i − (H′
0)

−1Dt,k(H0)
−1

∥∥∥∥∥ .
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Second, write

1

N

N∑
i=1

l
(3)
it (∗)[Xit,k−Φik(Ĥ)−1f∗

t ]λ
∗
i λ

∗′

i =
1

N

N∑
i=1

l
(3)
it Zit,kλ̌0i(λ̌0i)

′+
1

N

N∑
i=1

l
(3)
it [Φikf0t−Φik(Ĥ)−1f∗

t ]λ̌0i(λ̌0i)
′

+
1

N

N∑
i=1

l
(3)
it (∗)[Xit,k−Φik(Ĥ)−1f∗

t ]
(
λ∗
i (λ

∗
i )

′ − λ̌0i(λ̌0i)
′)+ 1

N

N∑
i=1

(
l
(3)
it (∗)− l

(3)
it

)
[Xit,k−Φik(Ĥ)−1f∗

t ]λ̌0i(λ̌0i)
′,

it then follows that

1

T

T∑
t=1

∥∥∥∥∥ 1

N

N∑
i=1

l
(3)
it (∗)[Xit,k − Φik(Ĥ)−1f∗

t ]λ
∗
i λ

∗′

i − (H′
0)

−1Dt,k(H0)
−1

∥∥∥∥∥ ≤

OP (1)·
1

T

T∑
t=1

∥∥∥∥∥ 1

N

N∑
i=1

l
(3)
it Zit,kλ0iλ

′
0i −Dt,k

∥∥∥∥∥+OP

(
max

t
∥f̂t − f̌0t∥/h3

)
+OP

(
max

i
∥λ̂i − λ̌0i∥/h3

)
+OP (∥β̂−β0∥/h3),

where we have used Lemma S1, Lemma 4, and the fact that

|l(3)it (∗)− l
(3)
it | ≲

(
∥β̂ − β0∥ · ∥Xit∥+ ∥f̂t − f̌0t∥+ ∥λ̂i − λ̌0i∥

)
/h3

and

max
t

1

N

N∑
i=1

∥Xit∥2 = OP (1).

Similar to the proof of Lemma 9, it can be shown that

1

T

T∑
t=1

∥∥∥∥∥ 1

N

N∑
i=1

l
(3)
it Zit,kλ0iλ

′
0i −Dt,k

∥∥∥∥∥ = OP (1/
√
Nh4).

Therefore, by Lemma 2 and Lemma 5,

1

T

T∑
t=1

(f̂t−f̌0t)
′

(
1

N

N∑
i=1

l
(3)
it (∗)[Xit,k−Φik(Ĥ)−1f∗

t ]λ
∗
i λ

∗′

i

)
(f̂t−f̌0t) =

1

T

T∑
t=1

(f̂t−f̌0t)
′(H′

0)
−1Dt,k(H0)

−1(f̂t−f̌0t)

+OP

(
T 1/m

T

)
·OP

(
T 1/(2m)

√
Th6

)
+OP

(
T 1/m

Th3

)
·OP (∥β̂ − β0∥)

=
1

T

T∑
t=1

(f̂t − f̌0t)
′(H′

0)
−1Dt,k(H0)

−1(f̂t − f̌0t) + oP (T
−1) + oP (∥β̂ − β0∥). (A.49)
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Step 3: By Lemma 2 we can write

1

T

T∑
t=1

(f̂t−f̌0t)
′(H′

0)
−1Dt,k(H0)

−1(f̂t−f̌0t) =
1

N
· 1
T

T∑
t=1

(
1√
N

N∑
i=1

eit

)′

Ψ̂(H′
0)

−1Dt,k(H0)
−1Ψ̂′

(
1√
N

N∑
i=1

eit

)

=
1

N
· 1
T

T∑
t=1

(
1√
N

N∑
i=1

eit

)′

Ψ0(H
′
0)

−1Dt,k(H0)
−1Ψ′

0

(
1√
N

N∑
i=1

eit

)
+

1

N
· oP

 1

T

T∑
t=1

∥∥∥∥∥ 1√
N

N∑
i=1

eit

∥∥∥∥∥
2


=
1

N
· 1
T

T∑
t=1

(
1√
N

N∑
i=1

eit

)′

Ψ0(H
′
0)

−1Dt,k(H0)
−1Ψ′

0

(
1√
N

N∑
i=1

eit

)
+ oP (N

−1).

Define

Zt =

(
1√
N

N∑
i=1

eit

)′

Ψ0(H
′
0)

−1Dt,k(H0)
−1Ψ′

0

(
1√
N

N∑
i=1

eit

)
.

First, it is easy to show that

1

T

T∑
t=1

E[Zt] =
1

NT

N∑
i=1

T∑
t=1

Tr
{
E[eite′it]Ψ0(H

′
0)

−1Dt,k(H0)
−1Ψ′

0

}
.

Second, we have

Var

(
1

T

T∑
t=1

Zt

)
=

1

T
· E

∣∣∣∣∣ 1√
T

T∑
t=1

(Zt − E[Zt])

∣∣∣∣∣
2

.

Since the process {Z1, . . . ,ZT } is α−mixing, it then follows from E|Zt|4 ≲ E∥N−1/2
∑N

i=1 eit∥8 < ∞ that

E

∣∣∣∣∣ 1√
T

T∑
t=1

(Zt − E[Zt])

∣∣∣∣∣
2

= O(1)

and thus

Var

(
1

T

T∑
t=1

Zt

)
= O(T−1) = o(1).

Therefore, we have

1

T

T∑
t=1

(f̂t − f̌0t)
′

(
1

N

N∑
i=1

l
(3)
it (∗)[Xit,k − Φik(Ĥ)−1f∗

t ]λ
∗
i λ

∗′

i

)
(f̂t − f̌0t)

=
1

NT

N∑
i=1

T∑
t=1

Tr
{
E[eite′it]Ψ0(H

′
0)

−1Dt,k(H0)
−1Ψ′

0

}
+ oP (T

−1) + oP (∥β̂ − β0∥). (A.50)
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Step 4: Similarly, we can show that:

1

T

T∑
t=1

(f̂t − f̌0t)
′

(
1

N

N∑
i=1

l
(2)
it (∗)λ∗

iΦik(Ĥ)−1

)
(f̂t − f̌0t)

=
1

NT

N∑
i=1

T∑
t=1

Tr
{
E[eite′it]Ψ0(H

′
0)

−1Bt,k(H0)
−1Ψ′

0

}
+ oP (T

−1) + oP (∥β̂ − β0∥).

This completes the proof.

Lemma 11. Under Assumptions 1 to 4,

N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih − λ̌0,ih)(F̂ − F̌0) = oP (T

−1) + oP (∥β̂ − β0∥)

T∑
t=1

r∑
h=1

Sβλ′fth
∗ (f̂th − f̌0t,h)(Λ̂− Λ̌0) = oP (T

−1) + oP (∥β̂ − β0∥),

S̄βλ′
(S̄λλ′

)−1
N∑
i=1

r∑
h=1

Sλf ′λih
∗ (λ̂ih − λ̌0,ih)(F̂ − F̌0) = oP (T

−1) + oP (∥β̂ − β0∥),

S̄βλ′
(S̄λλ′

)−1
N∑

t=T

r∑
h=1

Sλλ′fth
∗ (f̂th − f̃0t,h)(Λ̂− Λ̌0) = oP (T

−1) + oP (∥β̂ − β0∥).

Proof. To save space, we only prove the first result. The proof of the other results are similar. Write

N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih−λ̌0i,h)(F̂−F̌0) =

1

NT

N∑
i=1

T∑
t=1

[l
(2)
it (β∗, λ∗

i , f
∗
t )Xit−l

(3)
it (β∗, λ∗

i , f
∗
t )Xit(λ

∗
i )

′f∗
t ](λ̂i−λ̌0i)

′(f̂t−f̌0t).

Let Rit(∗) = l
(2)
it (β∗, λ∗

i , f
∗
t )Xit − l

(3)
it (β∗, λ∗

i , f
∗
t )Xit(λ

∗
i )

′f∗
t , and Rit = l

(2)
it Xit − l

(3)
it Xitλ

′
0if0t, then by

Lemma 1 and Lemma 4 we have

N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih − λ̌0i,h)(F̂ − F̌0) =

1

N

N∑
i=1

(
1

T

T∑
t=1

Rit(∗)(f̂t − f̌0t)
′

)
(λ̂i − λ̌0i)

=
1

N

N∑
i=1

(
1

T

T∑
t=1

Rit(f̂t − f̌0t)
′

)
(λ̂i−λ̌0i)+OP

(
max

i

∥∥∥λ̂i − λ̌0i

∥∥∥)·OP

(
max

t

∥∥∥f̂t − f̌0t

∥∥∥)·OP

(
max
i,t

∥Rit(∗)−Rit∥
)
.

Similar to the proof of Lemma 10, it can be shown that

max
i,t

∥Rit(∗)−Rit∥ = OP (T
1/(2m)/(T 1/2h3)) +OP (∥β̂ − β0∥/h3),
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thus, by Lemma 2 and Lemma 6,

OP

(
max

i

∥∥∥λ̂i − λ̌0i

∥∥∥) ·OP

(
max

t

∥∥∥f̂t − f̌0t

∥∥∥) ·OP

(
max
i,t

∥Rit(∗)−Rit∥
)

= OP

(
T 1/m

T
· T

1/(2m)

T 1/2h3

)
+OP

(
T 1/m

Th3

)
OP (∥β̂ − β0∥) = oP (T

−1) + oP (∥β̂ − β0∥).

Therefore,

N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih− λ̌0i,h)(F̂ − F̌0) =

1

N

N∑
i=1

(
1

T

T∑
t=1

Rit(f̂t − f̌0t)
′

)
(λ̂i− λ̌0i)+oP (T

−1)+oP (∥β̂−β0∥).

(A.51)

Note that∥∥∥∥∥ 1

N

N∑
i=1

(
1

T

T∑
t=1

Rit(f̂t − f̌0t)
′

)
(λ̂i − λ̌0i)

∥∥∥∥∥ ≤ max
i

∥∥∥λ̂i − λ̌0i

∥∥∥ · 1

N

N∑
i=1

∥∥∥∥∥ 1T
T∑

t=1

Rit(f̂t − f̌0t)
′

∥∥∥∥∥ .
Similar to Step 2 of the proof of Lemma 7, we can show that

E

∥∥∥∥∥ 1T
T∑

t=1

Rit(F̂t − F̃0t)
′

∥∥∥∥∥ = O(T−1h−2),

it then follows from Lemma 6 that

1

N

N∑
i=1

(
1

T

T∑
t=1

Rit(f̂t − f̌0t)
′

)
(λ̂i − λ̌0i) = OP

(
T 1/(2m)

T 3/2h2

)
= oP (T

−1). (A.52)

Thus, it follows from (A.51) and (A.52) that

N∑
i=1

r∑
h=1

Sβf ′λih
∗ (λ̂ih − λ̃0,ih)(F̂ − F̃0) = oP (T

−1) + oP (∥β̂ − β0∥).

The proofs of the other results are similar and thus are omitted.

Proof of Theorem 2

Proof. It follows from (A.38) and Lemma 7 to Lemma 11 that

∆(β̂−β0) = −
[
Sβ − S̄βλ′

(S̄λλ′
)−1Sλ

]
− 1

NT

N∑
i=1

T∑
t=1

At(H0)
−1Ψ′

0eit+
b

T
+

d

N
+oP (T

−1)+oP (∥β̂−β0∥).

Since

Sβ − S̄βλ′
(S̄λλ′

)−1Sλ = − 1

NT

N∑
i=1

T∑
t=1

l
(1)
it Zit,
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it then follows from Assumption 3(vii) that

√
NT (β̂−β0) =

1√
NT

N∑
i=1

T∑
t=1

∆−1(l
(1)
it Zit−At(H0)

−1Ψ′
0eit)+∆−1(κb+κ−1d)+oP (1)+oP (

√
NT∥β̂−β0∥).

Define W ∗
it = l

(1)
it Zit −At(H0)

−1Ψ′
0eit and W̄ ∗

i = T−1/2
∑T

t=1 W
∗
it, it remains to show that

1√
NT

N∑
i=1

T∑
t=1

W ∗
it =

1√
N

N∑
i=1

W̄ ∗
i

d→ N (0,V). (A.53)

First, by Lemma S1, we have E[W̄ ∗
i ] = O(hq) = o(T−1), thus

1√
N

N∑
i=1

W̄ ∗
i =

1√
N

N∑
i=1

(
W̄ ∗

i − E[W̄ ∗
i ]
)
+ o(1). (A.54)

Second, by the mixing property and Theorem 3 of Yoshihara (1978)

E
∥∥W̄ ∗

i − E[W̄ ∗
i ]
∥∥3 = E

∥∥∥∥∥ 1√
T

T∑
t=1

(W ∗
it − E[W ∗

it])

∥∥∥∥∥
3

< ∞.

Third, since W̄ ∗
1 , . . . , W̄

∗
N are independent, it follows from Lyapunov’s CLT that

1√
N

N∑
i=1

(
W̄ ∗

i − E[W̄ ∗
i ]
) d→ N (0,V∗) (A.55)

where

V∗ =
1

N

N∑
i=1

E
[
(W̄ ∗

i − E[W̄ ∗
i ])(W̄

∗
i − E[W̄ ∗

i ])
′] = 1

NT

N∑
i=1

T∑
t=1

E [(W ∗
it − E[W ∗

it])(W
∗
it − E[W ∗

it])
′]

+
1

NT

N∑
i=1

T∑
t=1

T∑
s̸=t

E [(W ∗
it − E[W ∗

it])(W
∗
is − E[W ∗

is])
′] .

Finally, by Lemma S1 it is easy to show that

1

NT

N∑
i=1

T∑
t=1

E [(W ∗
it − E[W ∗

it])(W
∗
it − E[W ∗

it])
′] = τ(1− τ) · 1

NT

N∑
i=1

T∑
t=1

E[ZitZ
′
it]

+
1

NT

N∑
i=1

T∑
t=1

At(H0)
−1Ψ′

0E[eite′it]Ψ0(H
′
0)

−1A′
t + o(1) = V1 + o(1),
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and

1

NT

N∑
i=1

T∑
t=1

T∑
s̸=t

E [(W ∗
it − E[W ∗

it])(W
∗
is − E[W ∗

is])
′]

=
1

NT

N∑
i=1

T∑
t=1

T∑
s̸=t

E[(τ2−E[1{uit ≤ 0}|Xit, Xis]−E[1{uis ≤ 0}|Xit, Xis]+E[1{uit ≤ 0}, uis ≤ 0}|Xit, Xis])ZitZ
′
is]

− 1

NT

N∑
i=1

T∑
t=1

T∑
s ̸=t

E[(τ − E[1{uit ≤ 0}|Xit, Xis])Ziteis]Ψ0(H
′
0)

−1A′
s

− 1

NT

N∑
i=1

T∑
t=1

T∑
s ̸=t

At(H0)
−1Ψ′

0E[eitZ ′
is(τ − E[1{uis ≤ 0}|Xit, Xis])]

+
1

NT

N∑
i=1

T∑
t=1

T∑
s̸=t

At(H0)
−1Ψ′

0E[eiteis]Ψ0(H
′
0)

−1A′
s + o(1) = V2 + o(1).

Thus, we have V∗ = V+ o(1), and (A.53) follows from (A.54) and (A.55). This completes the proof.

A.4 Proof of Theorem 3

Lemma 12. Under Assumptions 1 to 4, we have

(i) max1≤i≤N ∥Ξ̂i−Ξ̃i∥ = OP (T
1/(2m)/(T 0.5h)), max1≤i≤N ∥Ω̂i−Ω̃i∥ = OP (T

1/(2m)/(T 0.5h)), max1≤i≤N ∥Φ̂i−
ΦiĤ

−1∥ = OP (T
1/(2m)/(T 0.5h)), maxi,t ∥Ẑit − Zit∥ = OP (T

1/(2m)/(T 0.5h)).

(ii) maxi,t ∥êit − eit∥ = OP (T
1/(2m)/

√
T ).

Proof. Step 1: Adding the subtracting terms, we have

Ξ̂i − Ξ̃i =
1

T

T∑
t=1

l(2)(ûit)Xitf̂
′
t − 1

T

T∑
t=1

l
(2)
it Xitf

′
0tĤ

′ +
1

T

T∑
t=1

(
l
(2)
it Xit − E[fit(0|Xit)Xit]

)
f ′
0t · Ĥ′.

First, by Theorem 3 of Yoshihara (1978)

E

∥∥∥∥∥ 1√
T

T∑
t=1

h
(
l
(2)
it Xit − E[fit(0|Xit)Xit]

)
f ′
0t

∥∥∥∥∥
J

< M

for any 2m > J ≥ 2. It then follows from Lemma 2.2.2 of van der Vaart and Wellner (1996) that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

(
l
(2)
it Xit − E[fit(0|Xit)Xit]

)
f ′
0t

∥∥∥∥∥ = OP

(
N1/J

√
Th

)
= OP

(
T 1/(2m)

T 0.5h

)
.

Second,∥∥∥∥∥ 1T
T∑

t=1

l(2)(ûit)Xitf̂
′
t −

1

T

T∑
t=1

l
(2)
it Xitf

′
0tĤ

′

∥∥∥∥∥ ≤

∥∥∥∥∥ 1T
T∑

t=1

l(2)(ûit)Xit(f̂t − f̌0t)
′

∥∥∥∥∥+
∥∥∥∥∥ 1T

T∑
t=1

(
l(2)(ûit)− l

(2)
it

)
Xitf

′
0t

∥∥∥∥∥·∥∥∥Ĥ′
∥∥∥ .
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The first term on the right-hand side of the above inequality is OP (1/
√
Nh2) by Lemma 2. For the

second term, using Taylor expansion and Lemma 5 we can write

1

T

T∑
t=1

(
l(2)(ûit)− l

(2)
it

)
Xitf

′
0t = − 1

T

T∑
t=1

{
l
(3)
it [X ′

it(β̂ − β0)]Xitf
′
0t + l

(3)
it [f̃ ′

0t(λ̂i − λ̃0i)]Xitf
′
0t + l

(3)
it [λ̃′

0i(f̂t − f̃0t)]Xitf
′
0t

}
+ ŌP

(
T 1/m/(Th3)

)
.

By Theorem 2,

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it [X ′

it(β̂ − β0)]Xitf
′
0t

∥∥∥∥∥ = OP

(
1√
NT

· 1

h2

)
= oP

(
1√
Th

)
.

Next, by Lemma 2 and Lemma 5,

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it [f̃ ′

0t(λ̂i − λ̃0i)]Xitf
′
0t

∥∥∥∥∥ ≤ max
1≤i≤N

max
1≤k≤r

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it Xitf

′
0tf̃0t,k

∥∥∥∥∥ · max
1≤i≤N

∥λ̂i − λ̃0i∥

= OP

(
T 1/(2m)

T 0.5

)
· max
1≤i≤N

max
1≤k≤r

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it Xitf

′
0tf̃0t,k

∥∥∥∥∥ .
Similar to the proof of Lemma 4, it can be shown that

max
1≤i≤N

max
1≤k≤r

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it Xitf

′
0tf̃0t,k

∥∥∥∥∥ = OP (1).

Thus, we have

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it [f̃ ′

0t(λ̂i − λ̃0i)]Xitf
′
0t

∥∥∥∥∥ = OP

(
T 1/(2m)

T 0.5

)
= oP

(
T 1/(2m)

T 0.5h

)
.

Similarly,

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it [λ̃′

0i(f̂t − f̃0t)]Xitf
′
0t

∥∥∥∥∥ ≤ max
1≤k≤r

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it (f̂t,k − f̃0t,k)Xitf

′
0tλ̃0i,k

∥∥∥∥∥
≲ max

1≤t≤T
∥f̂0t − f̃0t∥ · max

1≤i≤N

1

T

T∑
t=1

|l(3)it | · ∥Xitf
′
0t∥.

Since E[|l(3)it | · ∥Xitf
′
0t∥] = Ō(h−1) by Lemma S1, and it can be shown that

max
1≤i≤N

1

T

T∑
t=1

{
|l(3)it | · ∥Xitf

′
0t∥ − E[|l(3)it | · ∥Xitf

′
0t∥]
}
= OP

(
T 1/(2m)

T 0.5h2

)
,
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and it follows from Lemma 2 that

max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l
(3)
it [λ̃′

0i(f̂t − f̃0t)]Xitf
′
0t

∥∥∥∥∥ = OP (T
1/(2m)/

√
N) ·OP (h

−1) = oP

(
T 1/(2m)

T 0.5h

)
.

Combining all the above results, we have

max
1≤i≤N

∥Ξ̂i − Ξ̃i∥ = OP

(
T 1/(2m)

T 0.5h

)
.

It can be shown in a similar way that

max
1≤i≤N

∥Ω̂i − Ω̃i∥ = OP

(
T 1/(2m)

T 0.5h

)
.

Moreover, by the definition of Φ̂i and Φi,

max
1≤i≤N

∥Φ̂i − ΦiĤ
−1∥ = max

1≤i≤N

∥∥∥Ξ̂iΩ̂
−1
i − ΞiΩ

−1
i Ĥ−1

∥∥∥ = max
1≤i≤N

∥∥∥Ξ̂iΩ̂
−1
i − Ξ̃iΩ̃

−1
i

∥∥∥ ,
thus, it follows from the above results and the fact that Ω̃i is positive definite with probability approaching

1 that

max
1≤i≤N

∥Φ̂i − ΦiĤ
−1∥ = OP

(
T 1/(2m)

T 0.5h

)
.

Finally, by the definitions of Zit and Ẑit and the results above,

max
i,t

∥∥∥Ẑit − Zit

∥∥∥ ≲ max
i

∥∥∥Ξ̃i − Ξ̂i

∥∥∥+max
i

∥∥∥Ω̃−1
i − Ω̂−1

i

∥∥∥+max
t

∥∥∥f̂t − f̌0t

∥∥∥ = OP

(
T 1/(2m)

T 0.5h

)
.

Step 2: Define Xi = (Xi1, . . . , XiT )
′, and Γ̂′

i = (F̂ ′F̂ )−1F̂ ′Xi. Then we have êit = Xit − Γ̂if̂t, and

eit = Xit − Γif0t = Xit − ΓiĤ
−1f̌0t. It follows that

max
i,t

∥êit − eit∥ ≲ max
i

∥Γ̂i − ΓiĤ
−1∥+max

t
∥f̂t − f̌0t∥.

Write

Γ̂′
i =

(
1

T

T∑
t=1

f̂tf̂
′
t

)−1(
1

T

T∑
t=1

f̂tX
′
it

)
=

(
1

T

T∑
t=1

f̂tf̂
′
t

)−1(
1

T

T∑
t=1

f̂tf
′
0t

)
Γ′
i+

(
1

T

T∑
t=1

f̂tf̂
′
t

)−1(
1

T

T∑
t=1

f̂te
′
it

)
.

By Lemma 2, we have

(
1

T

T∑
t=1

f̂tf̂
′
t

)−1

= (Ĥ′)−1

(
1

T

T∑
t=1

f0tf
′
0t

)−1

Ĥ−1 +OP (N
−1/2)

and

1

T

T∑
t=1

f̂tf
′
0t = Ĥ · 1

T

T∑
t=1

f0tf
′
0t +OP (N

−1/2).
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Thus, it follows that

max
i

∥Γ̂i − ΓiĤ
−1∥ ≤ OP (N

−1/2) + max
i

∥∥∥∥∥ 1T
T∑

t=1

f̂te
′
it

∥∥∥∥∥ .
Next, by the proof of Lemma 2,

max
i

∥∥∥∥∥ 1T
T∑

t=1

f̂te
′
it

∥∥∥∥∥ ≤ max
i

∥∥∥∥∥ 1T
T∑

t=1

f0te
′
it

∥∥∥∥∥+OP (N
−1/2) = OP (N

1/(2m)/
√
T ) +OP (N

−1/2).

It then follows from the above results and Lemma 2 that maxi,t ∥êit − eit∥ = OP (T
1/(2m)/

√
T ).

Proof of Theorem 3

Proof. Step 1: We first show that ∆̂ = ∆+ oP (1).

Note that by the definition of ∆ and Lemma S1,

∥∆̂−∆∥ ≤

∥∥∥∥∥∆̂− 1

NT

N∑
i=1

T∑
t=1

l
(2)
it ZitZit

∥∥∥∥∥+
∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

{
l
(2)
it ZitZit − E[l(2)it ZitZit]

}∥∥∥∥∥+ o(1).

Similar to Step 2 in the proof of Lemma 4, it can be shown that

1

NT

N∑
i=1

T∑
t=1

{
l
(2)
it ZitZit − E[l(2)it ZitZit]

}
= oP (1).

Thus, it remains to show that ∥∥∥∥∥∆̂− 1

NT

N∑
i=1

T∑
t=1

l
(2)
it ZitZit

∥∥∥∥∥ = oP (1).

By the definition of ∆̂, we have∥∥∥∥∥∆̂− 1

NT

N∑
i=1

T∑
t=1

l
(2)
it ZitZit

∥∥∥∥∥ ≲ max
i,t

∥∥∥l(2)(ûit)− l
(2)
it

∥∥∥+max
i,t

∥∥∥Ẑit − Zit

∥∥∥ /h.
First, by Lemma 2 and Lemma 5,

max
i,t

∥∥∥l(2)(ûit)− l
(2)
it

∥∥∥ ≲
(
∥β̂ − β0 ∥ · ∥Xit∥+max

i

∥∥∥λ̂i − λ0i

∥∥∥+max
t

∥∥∥f̂t − f0t

∥∥∥) /h2

= OP (T
1/(2m)/

√
Th4) = oP (1).

Second, by Lemma 12

max
i,t

∥∥∥Ẑit − Zit

∥∥∥ /h = OP

(
T 1/(2m)

T 0.5h2

)
= oP (1).

Therefore, the desired result follows.
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Step 2: Next, we show that b̂ = b+ oP (1).

By definitions, it suffices to show that

max
1≤i≤N

∥∥∥ω̂(1)
T,i − ω

(1)
T,i

∥∥∥ = oP (1), max
1≤i≤N

∥∥∥ω̂(2)
T,i − ω

(2)
T,i

∥∥∥ = oP (1),

and

max
1≤i≤N

∥∥∥ω̂(3)
T,i,k − ω

(3)
T,i,k

∥∥∥ = oP (1), max
1≤i≤N

∥∥∥ω̂(4)
T,i,k − ω

(4)
T,i,k

∥∥∥ = oP (1)

for k ≤ r.

First, similar to the proof of the previous step, we have

max
1≤i≤N

∥∥∥ω̂(1)
T,i − ω

(1)
T,i

∥∥∥ = max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l(2)(ûit)Ẑit · f̂ ′
tΩ̂

−1
i f̂t −

1

T

T∑
t=1

E
[
fit(0|Xit)Zit

]
f ′
0tΩ

−1
i f0t

∥∥∥∥∥
≤ max

1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

l(2)(ûit)Ẑit · f̂ ′
tΩ̂

−1
i f̂t −

1

T

T∑
t=1

l
(2)
it Zit · f ′

0tΩ
−1
i f0t

∥∥∥∥∥+ max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

(
l
(2)
it Zit − E

[
fit(0|Xit)Zit

])
f ′
0tΩ

−1
i f0t

∥∥∥∥∥
≲ max

i,t

∥∥∥l(2)(ûit)− l
(2)
it

∥∥∥+max
i,t

∥∥∥Ẑit − Zit

∥∥∥ /h+max
i,t

∥∥∥f̂ ′
tΩ̂

−1
i f̂t − f ′

0tΩ
−1
i f0t

∥∥∥ /h+ oP (1)

= max
i,t

∥∥∥f̂ ′
tΩ̂

−1
i f̂t − f ′

0tΩ
−1
i f0t

∥∥∥ /h+ oP (1).

Note that by Lemma 2 and Lemma 12,

max
i,t

∥∥∥f̂ ′
tΩ̂

−1
i f̂t − f ′

0tΩ
−1
i f0t

∥∥∥ /h = max
i,t

∥∥∥f̂ ′
tΩ̂

−1
i f̂t − f ′

0tĤ
′(Ĥ′)−1Ω−1

i (Ĥ)−1Ĥf0t

∥∥∥ /h
= max

i,t

∥∥∥f̂ ′
tΩ̂

−1
i f̂t − f̌ ′

0tΩ̃
−1
i f̌0t

∥∥∥ /h ≲ max
t

∥f̂t−f̌0t∥/h+max
i

∥Ω̂−1
i −Ω̃−1

i ∥/h = OP

(
T 1/(2m)

T 0.5h2

)
= oP (1).

Thus, it follows that

max
1≤i≤N

∥∥∥ω̂(1)
T,i − ω

(1)
T,i

∥∥∥ = oP (1).

Second, by Lemma 12

max
1≤i≤N

∥∥∥ω̂(3)
T,i − ω

(3)
T,i

∥∥∥ = τ(1− τ) · max
1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

f̂ ′
tΩ̂

−1
i Ĉi,kΩ̂

−1
i f̂t −

1

T

T∑
t=1

f ′
0tΩ

−1
i Ci,kΩ

−1
i f0t

∥∥∥∥∥
≲ max

1≤i≤N

∥∥∥∥∥ 1T
T∑

t=1

f̂ ′
tΩ̂

−1
i Ĉi,kΩ̂

−1
i f̂t −

1

T

T∑
t=1

f̌ ′
0tΩ̃

−1
i · ĤCi,kĤ

′ · Ω̃−1
i f̌0t

∥∥∥∥∥
≤ max

t
∥f̂t−f̌0t∥/h2+max

i
∥Ω̂−1

i −Ω̃−1
i ∥/h2+max

i

∥∥∥Ĉi,k − ĤCi,kĤ
′
∥∥∥ = max

i

∥∥∥Ĉi,k − ĤCi,kĤ
′
∥∥∥+oP (1).
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By the definitions of Ĉi,k and Ci,k, it follows from Lemma 12 that

max
i

∥∥∥Ĉi,k − ĤCi,kĤ
′
∥∥∥ = max

i

∥∥∥∥∥ 1T
T∑

t=1

l(3)(ûit)Ẑit,kf̂tf̂
′
t −

1

T

T∑
t=1

−E[f(1)it (0|Xit)Zit,k]Ĥf0tf
′
0tĤ

′

∥∥∥∥∥
≤ max

i

∥∥∥∥∥ 1T
T∑

t=1

(
l(3)(ûit)Ẑit,kf̂tf̂

′
t − l

(3)
it Zit,kf̌0tf̌

′
0t

)∥∥∥∥∥+max
i

∥∥∥∥∥ 1T
T∑

t=1

(
l
(3)
it Zit,k + E[f(1)it (0|Xit)Zit,k]

)
f0tf

′
0t

∥∥∥∥∥·∥Ĥ∥2

≲ max
t

∥f̂t−f̌0t∥/h2+max
i,t

∥ûit−uit∥/h3+max
i,t

∥Ẑit−Zit∥/h2+oP (1) = OP

(
T 1/(2m)

√
Th6

)
+oP (1) = oP (1).

Thus, we have

max
1≤i≤N

∥∥∥ω̂(3)
T,i − ω

(3)
T,i

∥∥∥ = oP (1).

Third, by the proof Lemma 7 and Assumption 2(iv), it can be shown that

ω
(2)
T,i =

1

T

T−L∑
t=1

t+L∑
s=t+1

E
[
l
(2)
it Zitl

(1)
it

]
·f ′

0tΩ
−1
i f0s+

1

T

T∑
t=L+1

t−1∑
s=t−L

E
[
l
(2)
it Zitl

(1)
is

]
·f ′

0tΩ
−1
i f0s+ŌP (Th

q)+O(αL).

Since 0 < α < 1 and L → ∞ as T → ∞, by the definition of ω̂
(2)
T,i, it follows that

max
1≤i≤N

∥∥∥ω̂(2)
T,i − ω

(2)
T,i

∥∥∥ ≤ max
1≤i≤N

∥∥∥∥∥ 1T
T−L∑
t=1

t+L∑
s=t+1

{
l(2)(ûit)Ẑitl

(1)(ûis) · f̂ ′
tΩ̂

−1
i f̂s − E

[
l
(2)
it Zitl

(1)
is

]
· f ′

0tΩ
−1
i f0s

}∥∥∥∥∥
+ max

1≤i≤N

∥∥∥∥∥ 1T
T∑

t=L+1

t−1∑
s=t−L

{
l(2)(ûit)Ẑitl

(1)(ûis) · f̂ ′
tΩ̂

−1
i f̂s − E

[
l
(2)
it Zitl

(1)
is

]
· f ′

0tΩ
−1
i f0s

}∥∥∥∥∥+ oP (1).

Note that

max
1≤i≤N

∥∥∥∥∥ 1T
T−L∑
t=1

t+L∑
s=t+1

{
l(2)(ûit)Ẑitl

(1)(ûis) · f̂ ′
tΩ̂

−1
i f̂s − E

[
l
(2)
it Zitl

(1)
it

]
· f ′

0tΩ
−1
i f0s

}∥∥∥∥∥ ≤

max
1≤i≤N

∥∥∥∥∥ 1T
T−L∑
t=1

t+L∑
s=t+1

{
l(2)(ûit)Ẑitl

(1)(ûis) · f̂ ′
tΩ̂

−1
i f̂s − l

(2)
it Zitl

(1)
it · f ′

0tΩ
−1
i f0s

}∥∥∥∥∥
+ max

1≤i≤N

∥∥∥∥∥ 1T
T−L∑
t=1

t+L∑
s=t+1

{
l
(2)
it Zitl

(1)
it − E

[
l
(2)
it Zitl

(1)
it

]}
· f ′

0tΩ
−1
i f0s

∥∥∥∥∥ .
It can be shown that the second term on the right-hand side of the above inequality isOP (LT

1/(2m)/(T 0.5h)) =
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oP (1). For the first term, similar to the proof for ω̂
(1)
T,i we have

max
1≤i≤N

∥∥∥∥∥ 1T
T−L∑
t=1

t+L∑
s=t+1

{
l(2)(ûit)Ẑitl

(1)(ûis) · f̂ ′
tΩ̂

−1
i f̂s − l

(2)
it Zitl

(1)
it · f ′

0tΩ
−1
i f0s

}∥∥∥∥∥
≲ L

(
max
i,t

∥∥∥l(2)(ûit)− l
(2)
it

∥∥∥+max
i,t

∥∥∥l(1)(ûit)− l
(1)
it

∥∥∥ /h+max
i,t

∥∥∥Ẑit − Zit

∥∥∥ /h+max
t,s

∥∥∥f̂ ′
tΩ̂

−1
i f̂s − f ′

0tΩ
−1
i f0s

∥∥∥ /h)
= OP

(
LT 1/(2m)

T 0.5h2

)
= oP (1).

Thus, we have

max
1≤i≤N

∥∥∥ω̂(2)
T,i − ω

(2)
T,i

∥∥∥ = oP (1).

Finally, we show can that

max
1≤i≤N

∥∥∥ω̂(4)
T,i − ω

(4)
T,i

∥∥∥ = OP

(
LT 1/(2m)

T 0.5h3

)
= oP (1)

in a similar way. Thus, we can conclude that b̂ = b+ oP (1).

Step 3: Finally, we show that d̂ = d+ oP (1), which follows from d̂1 = d1+ oP (1) and d̂2,k = d2,k + oP (1)

for all k ≤ r.

First, by the definitions of d1 and d̂1, we need to show that∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

l(2)(ûit)Ẑitλ̂
′
iΨ̂

′êit −
1

NT

N∑
i=1

T∑
t=1

E[fit(0|Xit)Zitλ
′
0i(H0)

−1Ψ′
0eit]

∥∥∥∥∥ = oP (1).

We have∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

l(2)(ûit)Ẑitλ̂
′
iΨ̂

′êit −
1

NT

N∑
i=1

T∑
t=1

E[fit(0|Xit)Zitλ
′
0i(H0)

−1Ψ′
0eit]

∥∥∥∥∥
≤

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

l(2)(ûit)Ẑitλ̂
′
iΨ̂

′êit −
1

NT

N∑
i=1

T∑
t=1

l
(2)
it Zitλ

′
0i(H0)

−1Ψ′
0eit

∥∥∥∥∥
+

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

l
(2)
it Zitλ

′
0i(H0)

−1Ψ′
0eit −

1

NT

N∑
i=1

T∑
t=1

E[fit(0|Xit)Zitλ
′
0i(H0)

−1Ψ′
0eit]

∥∥∥∥∥ .
It is easy to see that the second term on the right-hand side of the above inequality is OP (1/

√
NTh2) +
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OP (h
q) = oP (1). For the first term, by Lemma 2, Lemma 5 and Lemma 12 we have

∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

l(2)(ûit)Ẑitλ̂
′
iΨ̂

′êit −
1

NT

N∑
i=1

T∑
t=1

l
(2)
it Zitλ

′
0i(H0)

−1Ψ′
0eit

∥∥∥∥∥
≤ max

i,t
∥l(2)(ûit)− l

(2)
it ∥+max

i,t
∥Ẑit − Zit∥/h+max

i
∥λ̂i − λ̃i∥/h+ ∥Ψ̂−Ψ0∥/h+max

i,t
∥êit − eit∥/h

= OP

(
T 1/(2m)

√
Th4

)
= oP (1).

Therefore, we can conclude that d̂1 = d1 + oP (1).

Second, by the definitions of d2,k and d̂2,k, we need to show that∥∥∥∥∥ 1

NT

N∑
i=1

T∑
t=1

ê′itΨ̂B̂t,kΨ̂
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1
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′
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0

}∥∥∥∥∥ = oP (1),

and ∥∥∥∥∥ 1
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N∑
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ê′itΨ̂D̂t,kΨ̂
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1
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′
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0

}∥∥∥∥∥ = oP (1).

To save space, we only prove the first result. The proof of the second result is similar. Note that

∥∥∥∥∥ 1
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ê′itΨ̂B̂t,kΨ̂
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It is easy to see that the second term on the right-hand side of the above inequality is OP (1/

√
NT ). For

the first term, we have
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1/(2m)/
√
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By the definitions of B̂t,k and Bt,k, it follows that

max
t

∥∥∥B̂t,k − (H′
0)

−1Bt,k(H0)
−1
∥∥∥ = max

t

∥∥∥∥∥ 1

N
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N
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(
T 1/(2m)

√
Th4

)
+ oP (1) = oP (1).

Combining all the above results gives that d̂2,k = d2,k + oP (1) for all k ≤ r. This completes the proof of

Theorem 3.

A.5 Proof of Theorem 4

Proof. First, similar to the proof of Theorem 3, we have
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Second, it follows that
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Third, similar to the proof of Theorem 3, we have∥∥∥∥∥∥V̂2 −
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√
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(
LT 1/(2m)

T 0.5h2

)
+ oP (1) = oP (1).

By the proof of Theorem 2, it follows that V̂2 = V2 + oP (1).

Finally, we can show that V̂1 = V1 + oP (1) in a similar way. This completes the proof.

B Some Auxiliary Lemmas

Lemma S1. Let M be a generic bounded constant. Under Assumptions 1 to 3, it can be shown that

(i) supu∈R l(j)(u) · hj−1 ≤ M for j = 1, . . . , 4;

(ii)

E[l(1)it Xit] = O(hq), E[l(1)it ] = O(hq), E[l(2)it Xit] = E[fit(0|Xit)Xit] +O(hq), E[l(2)it ] = fit(0) +O(hq),

E[l(3)it Xit] = −E[f(1)it (0|Xit)Xit] +O(hq−1), E[l(2)it l
(1)
it Xit] = (τ − 0.5) · E[fit(0|Xit)Xit] + o(1),

E[l(2)it l
(1)
is Xit] = τE[fit(0|Xit)Zit]− E

[∫ 0

∞
fi,ts(0, v|Xit, Xis)dv · Zit

]
+ o(1),

E
[(

l
(1)
it

)2]
= τ(1− τ) + o(1), E

[
l
(1)
it l

(1)
is

]
= E[1{uit ≤ 0, uis ≤ 0}]− τ2 + o(1),

E
[(

l
(1)
it

)2
ZitZ

′
it

]
= τ(1− τ) · E[ZitZ

′
it] + o(1).

(iii) maxi,t supβ∈B,λi∈A E[l(3)(Yit − β′Xit − λif̃0t)|Xit] ≤ M almost surely.

Proof. The proof of the above results follows from standard calculations of nonparametric kernel estima-

tors, and can be found in Horowitz (1998) or Galvao and Kato (2016). Thus, it is omitted.
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