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C Proofs of Technical Lemmas

This online supplementary material provides proofs of the technical lemmas in the Appendix.

C.1 Proof of Lemma B.1

Proof. First, (a) and (c) follow directly from AV (2021, Theorems 4(a) and 4(c)), since the assumptions
and specification of the regressors in this paper readily follow their framework.!
For (b), let us first define €, = €§1) + 65/2), where

e =(1-L)ha+BQL)(1 - L)hay  +(1—-L)he™™ ) & =1 - 1)y, (C.1)
for which the component /6\1(51) is equivalent to the case without cointegration considered by AV (2021,
Theorem 4(b)) due to Assumptions D1-D3 and C. By applying the decomposition (C.1), we have
FS(6,m) — Fs(t,m) = BL(6,m) = SV (0,m) + B (0,m), (C.2)
where ﬁég’l)(ﬁ,m) and ﬁg(gﬂ) (¢,m) are the TDACs between ¢;—1 and a(tl), respectively, €§2). Now, by
applying AV (2021, Theorem 4(b)) and AVOA (2020, Lemma A.12(b)), we have

A O (0,m) < OF ((m/n)% 107¢)  and wa(Aj, i) = Op(A%), (C.3)
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for i = 2,...,k + 1. Moreover, we can write 0; = dy — dy = Op(1/4/mgq) and
&) = (-0t Dyn = (-, (C4)

using Assumption F, such that by AVOA (2020, Lemmas A.8 and A.9(a)), it follows that,

w () = 0 0) (1+ 0y (1n(n)//ima) + Oy (In(n)? fmg) ), with (€5)
wg)()\j) = A?lef(”/Q)idlwn()\j) +0, ()\?1 ln(n)/jfl/Q) + O, (nidrl), (C.6)

e

and, furthermore, by AVOA (2020, Lemma A.12(b)) that w(z)()\j) = Op()\;.h) when In(n)/j/? — 0.
Hence, since 0 < d; < di +d;, i = 2,...,k+ 1, we may further write

m m . d
5(c,2) 27 + /1y 2rmitds i j\™ 1 n mN\1+d, 1
FZ 7 (¢,m) < n ;:e: Op (/\j )< Cpltd, ije Op m jlte <0, <g> lte |7 (C.7)

for some arbitrarily small € > 0, using | 372, Op(i77)| < Oy (¢7P) for some p > 1 by Varneskov (2017,
Lemma C.4). The stated result follows by combining bounds for fl(f’l)(é, m) and F? (£,m).

c?
ce ce

For (d), by applying the same decomposition as for (b), we have

Gola,me) — Gaella, ma) = Goslba, ma) = GV (bg, me) + G (b, ma),  (C.8)

€

where, again, the DFT bounds in (C.3) apply to w(2)()\j) and wg(A;,7). Moreover, by AV (2021,

Theorem 4(c)), we have
GV (ta,me) < OF ((ma/n)= [05). (C.9)

Next, using, again, 0 < d; < d; +d;, it = 2,...,k + 1, we may similarly write

N 1 ne d
G < N OF (N
ce (G’mG)_mG_£G+1j€ Op(] )

d, mqg N

Jj=la

using mg/(mg — b + 1) < K and Varneskov (2017, Lemma C.4). The stated result follows by
combining asymptotic bounds for é’ﬁil)(ﬁg, m¢) and G? (bg,ma).

ce ce
For (e), recall ﬁt(dl) =¢ — B(¢,m)'u;—1 and let us define

~

it =gt —Bem) ., 7Y = (Botom) - B(t,m) a5, 77 =B(m)g ., (C11)



(1) () _ i) | o2

such that we can use e; =¢; ' + €§2) to decompose 7, = Y 12 and write
_(dy, T . di, N ~ di)  ~ ~
7715 ) = e — Be(6,m)u;_y = 77A(t P ém Tt(i)l (2) 7715 v Tt(l) Tt(z)l' (C.12)

The main difference between this decomposition and the corresponding in AV (2021, Theorem 4) is
the presence of ’él(f) and the fact that we have dy # 0 for nédl). Hence, we need to distinguish between
cases without cointegration in scenarios (ii) and (iii), where &_; is driving the limit, and scenario (iv),
where &_1 = 0, Vt > 1. In both inference regimes, we have dy = b > 0. In the first case, we have

fractionally differenced ft(:f )

such that the resulting error process is &1, asymptotically.
Before treating the subtleties of the two inference regimes, we provide bounds on the error terms

that are common to both. To this end, we use (C.12) and make the decomposition,
é’%’c) (bg,mag) — G( 1)(fg, G) = é’%l)(ﬁc, ma) + (3’;2?’2) (bg,ma) + 2@%”(5@, ma)
—2G8 D (g, me) - 2GA2 (1g,me), (C.13)

(1)

where the first three terms are (trimmed) long-run (co)variance estimates for 7, and ﬁ'\t( )1, and the
(d1)

final two terms are their respective long-run covariances with 7, /. Let us further write,
~(dy i ~(dy i1 A(d,i,2 .
G%"‘Tl 1)(€G’ mG) = G1(/7“’;-\1 ’ )(ZvaG) + G%?l ' )(€G7mG)7 1=1,2, (014)

to indicate the decomposition of ?]fd Y into n(dl’ ) and 6,52) . Now, since (a) and (b) yield,

B.(t,m) — B(¢,m) < Of ((m/n) /0+e), (C.15)

we may use equations (A.23), (A.26) and (A.31) in AVOA (2020) to show

ma2d, 1 ma 1
G (ke ma) < OF ((n) 52(1+)> (”( ) 51G+6>’

~ m\2d, 1
e <05 (2 )

64 <0 ()" k) = ((29)" )

where, again, the bounds are restated with d, rather than d = min(d;, d,) as in AVOA (2020), since

the parameter appears when applying the fractional differencing operator to w;—1 and ¢;—1.

A()

The case without cointegration. Here, will drive the asymptotic limit and €§2) will be a lower
order error term. Moreover, the former corresponds to the case considered by AV (2021, Theorem 4),

with &1 acting as the (regression) error process. Hence, by invoking equations (A.27) and (A.30) of



AVOA (2020), it follows for the two long-run covariance terms involving n(dl ) that,

~(di,1,1) m\4 1
Gﬁ;—\l (EG,mG) S O; (() €1+€> 9

n
G me) <05 ((1)" g ) x (1077
G

This implies that in order to complete the proof, we need to establish corresponding asymptotic

(d1,172)(

bounds for the remaining terms, G g, mqg) and é’%’m) ({g, mg), i.e., the long-run covariances

involving ’ég ). To this end, let us use the discrete Fourier transform bounds in (C.3) and (C.5)-(C.6),
B, m) = Op(1), uniformly by AV (2021, Theorem 1), and 0 < d; < d; + d; to write,

(d1,2,2) <; + <Of ma d”i 1
G (. me) mG—eGHZO <0 <(n) ) (C.16)

similarly to (C.10). For the last term, make the decomposition,

G (16, ma) = (Bolt,m) = B(t,m) (G2 (la,me) + G5 (ta,me) ), (C.AT)

where égﬁ;z) (bg,ma) < O;((m(;/n)dzl/fge) by (C.10). Moreover, for i = 2,...,k + 1, since
) . n1/2_di ln( ) 1/2 .
wi(Aj, 1) = wu(Aj,7) + Op =T Op | =5 | wulXjs1) = Op(1), (C.18)
my “j

by equations (A.8), (A.60), (A.65) and Lemma A.6(a) in AVOA (2020), we may write

m ditd,, 172 mg d1 1/2
~ K <& /\ K At In(n)n
G%(zc,mc)ém—ZO (AT + Zm( >+mZO; (f E/Q)‘ )
G j=tq @ j=tq ¢ j=ta mg"J
d, nl/? n/21In(n)
<orm+of [ (Zeyr L __)iof (2 , C.19
- p( ) p (( n ) méfeflG‘H p mlG—em;/2£1G+e ( )

for some arbitrarily small € > 0, using d; > 0 and Varneskov (2017, Lemma C.4). Hence, by combining
bounds, n'/?2/m¢g — 0, Lemmas B.1(a)-(b) in the absence of cointegration in conjunction with the

continuous mapping theorem, we have é’% (lg,mg) < Oy (1) and, thus,
G (16, me) < OF ((m/n)d /01+°), (C.20)
Consequently, by collecting bounds for all components in (C.14),

GV (lg,ma) + G (lg, ma) < Of ((m/n)% [L55) + OF ((m/n)d /7<), (C.21)



which, together with bounds for the remaining terms in equation (C.13), provides the requisite result
when cointegration is absent, that is, for the inference scenarios (ii)-(iii).

The case with cointegration. By (a) and (b), whose rates are independent of cointegration, there

is no difference between the treatment of the terms in (C.13) and (C.14) except for G(dl’ ’ )(Eg, ma)
and G%’Q’l)(ﬁ ,mq), that is, the covariance terms involving 771:( ), Hence, let us deﬁne
gl =e -t =g — g, g™ =Y - Bl m)', (C.22)
such that the triangle inequality delivers:
|é£i1’1’1)<fg,m(;) — é%il’l’l)(gg,mg)‘ < O; <égﬁ_1’171)<ﬂg,mg)) R (C.23)
|G (@20 (0, me) — é%(?’zl)(fc,me)! < OF (égl’m)(ge,me)) : (C.24)

This implies that the result with cointegration follows from the result without cointegration as well as

establishing (and verifying) the bounds on the long-run covariance terms between g\t_l and the errors

7A_t(i)1 and ﬁ(f)l- To this end, we may use AVOA (2020, Lemma A.12(b)) to write

nl/2—d1 ln( )n1/2
wl0g) = (Belt,m) = Ble,m)) (wa(y) +we04), w2 (0) = Bl m)we(h),  (C.26)

where the components in w( )()\') and wg)()\j) are described by (C.3), (C.15) and (C.18). Hence, it
suffices to study Gag (lc,mq) and (A}'Eg(ég, mq). First, for the latter,

m m ditd, 172 d, 1/2
—~ K G d K < )\ ln( )
Ggltome) < 25 37 opy + 2 §% op (A1) | KSR o (AT
C j=to M =t ¢ j=ta )
d, 1 ma\de  n'/? n'/?1n(n)
<ot [ (Y™ + [ (G +
<o ((29)" )+ (% ) ) ror () e
by the same arguments used for (A;'(gg) (e, ma) in (C.19). Similarly, we have
K mag N K mg N )\dl / . 1/2
Gella.me) < —— 3 0F () + — 3 OF [ —— Zo 1/2
 j=to  j=ts J ¢ j=ta mg "
K & di+d
b Y 0 (G (N )y + 1n<n>2/md)>
mg =g J
1/2 1/2 ln( )
<ofM+0f | |+of [ 21
= Yp ( ) D (mé—eeéﬁ-e p 1G€m(11/2€1+5



+0; <m:€é <(W7Lf)d + 1;% + hﬁf)) , (C.28)

which is O; (1) by Assumption T-G. Hence, by combining results, we have

n

G2 (g, ma) < O (( ) ) GLeme) <Of ()" 72 ). (C29)

which, together with the remaining bounds for the case without cointegration, provides the requisite

result for the case with cointegration, i.e., scenario (iv), thereby concluding the proof. O

C.2 Proof of Lemma B.2

Proof. First, for (a), we may use dy = b, (C.5) and (C.6) to write
w () = At e, () + 0, (A In(m)myg ) + Oy (A In(n)j™72) + 0, (™" 77). (C.30)

Moreover, let us define the related long-run covariance measure,

G2 (tg,me) = mglzw Z N (1, () (V) ) (C.31)

and subsequently make the error decomposition,

mg

~(2) _ A2 KIn(n) 2dy (:—1/2 -1/2 K Tondy
Gz (la,ma) — G (L, me) < — D OF NG+ my ) + ZO (A1)

e m nd1+1
¢ j=te ¢ yilel
ma\2h [ mG | mG | {2 ot
Sln(n)(n) 1/2+ i zejop
J=ta
€

((ﬂ;)wl j—<1+e>>
ey v o () )

i=ta

In(n) rma\2d [ m¢ m mag\%  mg
+ G G + G G
<O <£1+e ( - ) (mgﬂ +mi/2>> + 0} <( p ) nz}jﬁ)’ (C.32)

for some arbitrarily small € > 0, using Varneskov (2017, Lemma C.4) and that the remaining cross-
product error terms arising from the product of the decomposition in (C.30) are of strictly lower
asymptotic order by the tuning parameters being {g < n”¢, mg < n"¢ and mg < n?, with 0 < vg <
ko < 0 <1 in Assumptions F and T-G. Together with 0 < dy < 1, this implies

A2 ((A;'(g? (leme) — G (€G7m0)> <o, (1). (C.33)



Hence, we continue by examining é(;g) (e, m¢). By definition, we have

a=1 \2NR (w, (AT, (\)) A(2)
~ ~ j n\Aj ) Wn(Aj LG (1,4g — 1)

=1

Let | € {{qg — 1,mg} be either of the two generic sequences of integers, then we adopt exactly the
same arguments used to establish Christensen & Varneskov (2017, Equation (B.7)) (see also Robinson
& Marinucci (2003, p. 361) and the steps for Lobato (1997, Theorem 1)) to show

)\Z—le éé?(l, 1) — G/ (1+ 2d1)‘ < o;(l), (C.35)

noting that ég)(l,l) corresponds to A, 'F (1,m) in their notation, and b = d; to —d;. Hence, by

e

combining equations (C.34) and (C.35), we can establish the following bound,

21 (é(2)(£ ) — é(2)(1 )) <ot Mg 2 gi = o1 (1) (C.36)
mag ee G,mag ee e —= p )\mG ma - Op . .
The requisite result, thus, follows by combining results (C.34), (C.35) and (C.36).
Next, for (b), we will study the properties of @%1’1)(&;, m¢) under the scenarios (ii)-(iii) as well

as the cointegration setting (iv). To this end, let us write

(d1,1 ~(d1,1,1 di,1,2) | ~(d1,1,3) | ~(d1,1,4
At = gttt ) g pldetd) il (C.37)

where, by addition and subtraction, the components are defined as,

gty = (1 - Dyt T, Gt = Blem) (wet — Ge1), Y = (B - B(6m) wp,
At — ) gl = (1- L)Ela + B <Q(L)(1 - L)Elmt—l - ut—l) :

This resembles the decomposition in the proof of AVOA (2020, Lemma A.9(b)) (cf., their equation
(A.77)) and we rely on similar arguments. Next, we will establish results for the discrete Fourier

transforms of each term in the decomposition. First, by AVOA (2020, Lemma A.9(a)), we have

we(X;) (1+ Op(In(n)//mq)) under models (i) and (iii),

wi™ Y () = (C.38)
0 under model (iv).
Second, by combining B((, m) = Op(1) and (C.18), we have
1/2—d, 1 ( ) 1/2
di,1,2 n n(n)n
w% 1 )()\j) =0, ( = ) + O, (1/2 : . (C.39)
my ]



Third, by applying Theorem 1 and (C.18), we readily have,

(d1,1,3)(/\]) _ Op(1/y/m) under models (ii) and (iii), (C.40)
Wi

O, (A% //m) under model (iv).

Fourth, by applying equation (A.63) and Lemmas A.6(a)-(c) of AVOA (2020) (as on their page 32),

it follows that,
1/2—d;y
di,1,4 n

Hence, using b = d; < d,,, we may combine results to show,

(da,1) 1/2 d1 ln( )n1/2
wy (Aj) = we(N;) + Op(In(n)/y/ma) + Op(1/v/m) + O, + 0, v (C.42)

mg J

under models (ii)-(iii), and, similarly, that

wi V() = 0, (X //m) + O, ( 1?;) +0, <ln( 1)/21/2> (C.43)

my"J

under model (iv). We are now ready to study the asymptotic properties of the long-run covariance

(di,1

estimate é’ﬁﬁl )(Eg, me) in the two inference regimes, with and without cointegration.

The case without cointegration. The discrete Fourier transform in (C.42) allows us to write,

G7(7Lf717 )(fc,mc) Ggg(fc,mg ;‘ /\/7) 4 O+( \F)

K n'/? 1 n L ln(n)2 ln(n))\?l
+mGjZe:GO+( J (Ad ”2>>+WG;GO+ (ﬂ (Aﬁd w0 ))
s e (2 )

My

n m 1 n(n 2 n m
o) ( (e, ;;/3 (z)")) e

similarly to (C.28), for some arbitrarily small ¢ > 0, using, again, Varneskov (2017, Lemma C.4)
and that the remaining cross-product terms of the errors are of strictly lower order by the tuning
parameters satisfying fo =< n’¢, mqg < n"¢ and my =< n?, with 0 < vg < kg < 0 < 1 in Assumptions
F and T-G. Next, as for equation (C.34), we have, by definition,

fgégg(l,ﬁg -1)
mag —fa +1

Gl (to.me) - Gee(1,ma)| = < 07 (ta/m). (C.45)




Finally, since Christensen & Varneskov (2017, Lemma 6) provides |CA¥§§(1, ma) — Gee| < of (1), we can
combine this with (C.44), (C.45) and the triangle inequality to show ]é%l’l)(ﬁg, ma) — Gee| < of (1).

The case with cointegration. The discrete Fourier transform in (C.43) allows us to write,

G (tg,me) < OF (A2 /m)

KXb K (a2 [ 4 In(n) N 2, In(n)?  In(n)Af
+mcﬁ20p — (¥ +m2/2 m—GZO A ot e

j=ta j=ta
2d; 1 nl/2 m\4 [ rmg\d  In(n)
<of (2 > +0f | ———=(— — ) +
- 7P ((n) m p méfffg“\/r»n (n) < n ) m;/Q
n n mg\2h In(n)?  In(n) mg\ %
+0; (mG% (( m ) e +7m§/2 ( - ) : (C.46)

using the same arguments as for (C.44). Now, by invoking the regularity conditions in Assumption
T-G, we have /\;fcdl GAY%IJ)(E(;, ma) < 0;{(1), providing the requisite result.
For (c), since we have by the Cauchy-Schwarz inequality,

G (16, me ‘ < VG (16, m) G2 (g, me), (C.A7)
the convergence results follow by invoking (a) and (b), concluding the proof. O

C.3 Proof of Lemma B.3

Proof. (a) follows by the Taylor expansion in equation (A.63) of AVOA (2020) in conjunction with
their Lemmas A.6(a)-(c), since 7, > 0. (b)-(d) follow by Lemmas A.8 and A.9(a) in AVOA (2020). O

C.4 Proof of Lemma B.4

Proof. First, for (a), we have by Lemma B.3 that,
we(A;) = Op((5/n)¥) + Oy ((5/n)*n"/25~1) 4+ O, (In(n)my /*n/?j~1), (C.48)
since ¢ > 0 and ¢ < v,. Hence, by (C.3), we can write l?’acé(ﬁ, m) = Fye(,m) + ﬁgé(ﬁ, m), where,
nl/2

9 m 9 m 1/2 9 1
Bt = 35207 (3) 23007 (01 )« 2o (M)

7=t
I m\ 1+d,+v 1 I m\d:+t¥  mS n me
O <<n> e ) 05 () g ) O g ) O

which provides the requisite result, since the second and third asymptotic bound are dominated by
the first bound when y/n/m — 0, m/mg — 0, d, <1 and ¢ < 1.

IN



For (b). The proof proceeds similarly to that of B.1(e). First, let us write ﬁidl) = ét—lg(ﬁ, m,Je) Ue—1,

where B((,m,7,) is defined in equation (C.62) and corresponds to Bc(ﬁ , M, 7z ), but free from endogeneity-

related bias. Moreover, using the notation from equation (B.4), define,

al=al+e? +e?, @ =a" ™V =gV -Blm ) a, 0™ ="+, (C50)
such that, with “(1)1 (Be(,m,7,) — B(,m, 7))@ uf_, and Tt( ) = = B({,m,72)€_1, we have,
i =& = Bo(tom, A g =Y e — 7Y - =g - A -2 (C.51)

Next, using these, we make the decomposition,

G (tg,ma) — GV (g, me) = GV (ta, ma) + &7 (bg, ma) + 2GL7 (bg.me)
—2G\0 (g, me) — 2GY2? (UG, me), (C.52)

(1)

where the first three terms are long-run (co)variance estimates for 7," and %t(z)l, and the final two

- (d1)

terms are their respective long-run covariances with 7, ’. Next, let us consider,

wl () = (Boll;m,30) = Bt,m, 7)) (wa(hy) + wahg) ) < OF ((m/n)tv/0%¢) | (C.53)
using equations (C.3), (C.18) and (B.8). Hence, we readily have
G (tama) < OF ((m/n)2det) /2059 (C.54)
Similarly, by Theorem 3 and (C.18), (2)()\j) < O; ()\%)\?”) such that, by Assumption T-G-d,

21/1K

Ay <0 ((m/n) (d:+9) /fgﬁ). (C.55)

j=ta
Next, since é%cél)(ﬁg, mg) = Op((mg/n)w) by Lemma B.9(c), the Cauchy-Schwarz inequality yields,

é( )(EGJnG) <0 ((m/n)2 (d, +¢)me/2/(£1+e€(é+e)/2)) ’
((mmy2ee jet+e))

<(m/n)2w+glxme/2/£g+f)/2) .

GV (ta,me) <O

nTt

G (tg,me) <O

T4+ B4+ T4

Hence, since 0 < d,, < 1 and 9 > 0, the dominant asymptotic bounds are provided by the covariance

terms @f?il’l)(ﬁg, mq) and é%d;’m (e, mg), thereby establishing the requisite result. O

10



C.5 Proof of Lemma B.5

Proof. First, for (a), we may combine (C.18) and Lemma B.3(a) to write,

~ U Y Py otd, T 27
Fé?(z,m)gnZO;(/\] ) ;Zop <A7+ > Zo+(, 1/2)>

=t
< O;_ <<:}Z,)’Yz nl/?;@giﬁ) +O;— ((7::>%+dw £12> —i—O;‘ <(7;>% T:;Z{L) . (C.56)

Since the third term is dominated by the second as m/mg — 0, /n/m — 0 and d, < 1, this gives the

requisite bound. Second, for (b), we may combine (C.18) and Lemma B.3(b) to write,

-~ ~ T — nl/2 In(n d In(n
Wem) — FEV(em) < =30 < <A}”+ gni AVt +)\¢P>>

m 2
L2130 (7;2 ( gorte | 07 g ln(e) | gln(o) ))
j=t

n j d TV

<0 (e (5" + 5 ) +

o (m ()™ () i () )

o <n12’§1+6 <7:)w> v <€12 (:>¢+dw) (C.57)

using, similarly, m/mg — 0, v/n/m — 0 and 0 < ) < 1 for the final equality. This gives the requisite
bound. Finally, (c) and (d) follow by the same arguments as (b), concluding the proof. O

C.6 Proof of Lemma B.6

Proof. First, for (a), recall that,

5(2.1) _ 2T N g (/200 RN
Fo o (tm) = = D ATR(e wu ()W, (N)))B.

Hence, using ?R(e(”/ 2)1/’1) = cos(m)/2), we seek to establish an error bound for the decomposition,

A (B2 m) — FOD (6m) = T2 S 1,08 ((;)w - le)

S as((2) L)
j=¢

11



m S\ ¥
+ OB S (R(1,4(3)) ~ Gu) B ((‘7> - 1) =&1tée (C.58)

j=L

First, for £, we have

H8W@¥i§: FANNNN <Oo(m™) (C.59)
Hh= m = m 1+ )|~ meh )

using Shimotsu & Phillips (2005, Lemma 5.4). Next, for £2, we may use Assumptions D1-D3 to invoke
Theorem 2 and Corollary 1 in Hannan (1970, pp. 248-249)2, providing,

E[?R(qu()\]))] = %(fuu()v)) + O(”_1)> [ fuu(Aj) = Guull = O(XY),
VR (Lu(N))] = R(Fuu(N)) @ Fuu(X))) +O(n7Y),  Cov [R(Luu(N), R(Zuu(Me))] = O(n71),

for j,k=1,...,m, m/n — 0 and j # k. Hence, we obtain the following bound,

i\ 1
(m) 1+

Moreover, using the (co-)periodogram second moment results, we have

wei=weser () i) () - )

j=L

BlEs) < X3 [1ul\) — G oM +0(Z).  (Co0)
=t

2
O(A;(1+ A7)

<O(m?)+0(m'AT). (C.61)

The moment results for €5 readily imply €4 < O;‘ (m_l) +O;‘ (m_l/z)\z/z) +O; ()\2), which, together
with the asymptotic bound in equation (C.59), provides the requisite result.
Finally, (b) and (c) follow directly from AVOA (2020, Lemma A.3), concluding the proof. O

C.7 Proof of Lemma B.7

Proof. We have U D(&m) - ﬁ(i’l)(l,m) = —I?L(i’l)(l,é — 1), i = 3,4. Hence, the results follow by

b
ué ué ue

applying AVOA (2020, Lemma A.1(d)) for both (a) and (b). O

2See also Parzen (1957, Theorem 4) and Brockwell & Davis (1991, Theorem 10.3.2) for similar results.
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C.8 Proof of Lemma B.8

Proof. First, recall that v, = (&, u,_;)’, then, by invoking Lemmas B.1(a) and B.4(a) as well as the

continuous mapping theorem, while recalling that ¢ = ~, — dy,
VI (Bolt,m, ) = Blt,m,A,)) < Op (m/m)%=h /im0, (C.62)

for some arbitrarily small € > 0, where B (L,m,7;) = ﬁgg(f, m)_lﬁgé (¢,m). Hence, we continue working

with the estimate without endogeneity, ©;. Next, using the definitions in Lemma B.6, we have

6

VAL (Foeltom) = B2V (6om) = B (0.m) ~ FEO(em)) =3 A (C63)

=1

where the asymptotic bounds on the right-hand-side error terms are,

asos ()™ ) s (G ) 40205 (G 5)
A4<O+<<n>” ") vz ()7 ) a0 (2" (5) e )

using Lemma B.5 for A; and Ajy; Lemma B.6 for A3, A4 and As; and Lemma B.7 for Ag. These are

all 0,(1) by Assumption T-d;, 0 < d; < 1 and the mutual consistency condition. Moreover, we have

N N m 1/2 1
+[n d, n(n)

Fralt,m) — Fuult,m) < 27 Zop ( ( m)>

G 4, | \d,In(n) In(n)?
- Zop ( ()\ X e

o A [ () L
<0; ((n) ) HoE ()" R). e

using (C.18), d, < 1, m/mg — 0 and \/m/n — 0. Hence

NG (F\aﬁ(f, m) — ﬁuu(57m)) < O+ <<m>1/2+7z d, £71n+6> —|—O+ ((n)Zd m172£2> |

which is 0, (1) using, again, the conditions in Assumption T-d;. Furthermore, we have /\;Lll?’uu(é, m) 5

G, by AVOA (2020, Lemmas A.1 and A.2). Hence, we can combine results to write,

| /\

VI (Bl m, ) = Mae()B) = Vim A By (,m) ™ (B (€m) + B (6m)) + 0p(1).

The final results in (a) and (b) follow by applying Lemmas B.6(b) and (c) with scale factors y/mAy’ and
VA", respectively, to the right-hand-side terms. In models (ii) and (iii), the limit for 1/7\’@(2’1)(6, m)
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dominates the corresponding for F(4 1)(6 m), which becomes a higher-order error. In contrast, in
model (iv), we have FA(3 D(E m) = 0 and the limit is driven by F(4 1)(5, m). The requisite central limit
theorems, thus, follow by the continuous mapping theorem and Slutsky’s theorem.

Besides requiring additional tuning parameter restrictions in Assumption T-d; as well as the condi-
tions 0 < d; < 1 and 2d; < w, there are no differences between this and the corresponding treatment

of the mutual consistency condition in Theorem 1, concluding this proof. O

C.9 Proof of Lemma B.9

Proof. First, (a) follows by the same arguments as Lemma B.2(a). Second, for (b), we follow the same

A(dl 1

steps as in the proof of Lemma B.2(b), implying we will study the properties of Gy’ )(Eg, mg¢) under

the model scenarios (ii)-(iii) as well as the cointegration setting (iv). To this end, let us write

(dr,1)  (di11) |, o(da,

(d1,1,3
uh =) + 1 ( by

1,2) 4 n ﬁt(dl,m) (C.65)

where, by addition and subtraction, the components are defined as,

D (1 L), 0

) in B(f m '7:5) ('U,t,1 _at71)7
ﬁt(dl,l,S) (B B(z m ")/m)) w1, ﬁt(d17174) (1 _ L)/"?za + B/ ((1 _ L);Y\z*dlut_l — ut—l) .

The proof for the case ¢ = 0 follows by the same arguments as Lemma B.2(b). Hence, we focus on the

case 1) > 0 and proceed by initially establishing results for the respective discrete Fourier transforms

of each term in the decomposition. First, by Lemma B.3(c), we have

N (m/2%he (\;) + 0, (220 + 0, (222 a0 models (if) and (i),
w%dl,l,l)()\j) — J £ ( ) ( m;/2.7 ) (066)
0, in model (iv).
Second, by combining B(, m) = Op()\%) in Theorem 3 and equation (C.18), we have,
1/2—d, In(n)n 1/2
di,1,2 n n(n
J z my j
Third, by applying Theorem 3 and equation (C.18), we have,
o) (Aw m=1/2), in model (ii),
wi™ () = { (1= ()AL B'wy (M) + Op(Nam=Y/2),  in model (i), (C.68)
(1 — c()An) B'w, (M) + Op(ANgm=/2),  in model (iv).
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Fourth, by the same arguments as given when establishing Lemma B.2(a)-(b), we have

0, (@) , in model (ii),

1
J Yz

C.69
(1= AP Bl () + O, < n'/2- ”) +0, (1“(”3};1,/2), in (iii)-(iv). (.69)
my ]

Hence, in model (ii), it follows by 0 < d, <1, ¢ > 0 and 9 < v,

nl/2 In(n) A
di,l T
! >(Aj):w (/D (\;) + O, ( ; (xhrx SDLAEE ml/g +0p | =73 (C.70)

d

Similarly, in model (iii), we have

nl/2 In(n) A

di,1 s =

wi P Og) = Afe () + 0, ( J (Xp” Mot om0
m

d
(AR~ ()AL ) Bwa (), (C.71)

and model (iv) exhibits a DFT on the same form, but having we¢(A;) = 0 as well as the error term
Op ()\%mfl/ 2) being replaced by one of order O, ()\7,% m~1/ 2), with ¢ < ~,. Hence, we will explicitly
treat model (iii) in the following since the same arguments may readily be applied to establish the

corresponding results for models (ii) and (iv). To this end, define

- 1 ma 2
Gee(la, ma) = mg—zwjze: A5 R (Tee())),
=tG
~ _ 1 < 2 2 2¢) P\ /
Buu(lc,me) = W;:G (Aj + ()22 — 2000, cos(7r¢/2)c(¢)>§)?<3 qu(A])B).

Moreover, since Assumptions D1-D3 and M together with Theorem 2 and Corollary 1 in Hannan
(1970, pp. 248-249) imply E[L¢()\;)] = O(n~ 1) and V[, ()\;)] = O(n™1), for j = 1,...,m, we have,

Gl Vb, me) = Geellosme) = Bute,ma) < OF (Afm —1/2) + 05 (X —1/2)

Uil
%mg n In(n 2 ln )\1/)
e 220 (5 (i) o o (5 (o o)
Jj=la d ch d

<o () - (s (22" (2 )
o (s (120" ) v
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similarly to (C.28), for some arbitrarily small ¢ > 0, using, again, 0 < d, < 1, 1) > 0, Varneskov (2017,
Lemma C.4) and that the remaining cross-product terms of the errors are of strictly lower order by
the tuning parameters satisfying f¢ < n”¢, mqg < n"6¢ and mg < n?, with 0 < vg < kg <0< 1in

Assumptions F-d; and T-d;. Hence, by invoking the latter, we have

A2 (@%1’1)(50, mag) — éég(fc, me) — Buu(fa, mG)) = op(1). (C.73)

Finally, by the definition ¢(¢)) = cos(m/2)/(1 + 1) and the same arguments for Lemma B.2(a),

Ay (égg(ﬁame) — Gyy/(1+ 210)) = op(1), (C.74)
2! (Buullayma) = (1/(1+26) = e(4)?) B GuuB) = 0,(1), (C.75)
This delivers the requisite convergence result for model (iii), and equivalent arguments establish the

corresponding results for models (ii) and (iv), which appear as special cases of the limit.

For (c), since we have by the Cauchy-Schwarz inequality,

Gt (EG,mG)’ < \/é%hl)(fc,me)éé? (e, me), (C.76)
the convergence results follow by invoking (a) and (b), concluding the proof. O
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