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Abstract

The supplementary materials consist of three parts. Section S1 presents a set of auxiliary lemmas that
are necessary for the proofs of main theorems. Second S2 discusses the extension to nonparametric
models. Section S3 includes the proof of Proposition C.1. Throughout the supplementary materials,
we use the generic notation X;., < ... < X,,., to denote the order statistics of an untruncated sequence
of random variables {X,}}_,. This is to distinguish from the notation X, in the main paper, which
denotes the (k + 1)-largest value of {X,}7_ 0 the truncated version of {X,}7_,. In addition, we use I(-)

to denote the indicator function.
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S1 Auxiliary Lemmas

Lemma S1.1. Let € be a random variable with distribution function F,(x) = Pr(e¢ < x). Define the
function U, be the left-continuous inverse of 1/(1—F,). Suppose that U, satisfies Assumption 3.4 (i) with
Yr € (0,1). Then for any €e > 0and 0 < 6 < 1/ygr— pr/Yr— 1, there exists x, = x,(€, 5, Yr, Pr) Such

that for all x > x,,
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Proof: By Theorem 2.3.9 of de Haan and Ferreira (2006), Assumption 3.4 (i) is equivalent to
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for all y > 0 with Ay(x) = Ag(1/(1 —F.(x))), which is eventually positive or negative. In addition,
lim,_, o, Ag(x) = 0. Define ¢, = max(e,0), then the distribution of ¢, is F.(x) = 0 if x < 0 and

F,(x)=F.(x)if x > 0. So F, =1—F, satisfies that for all y >0

i BCy)/E -yt yP -1
1m =y < __
e Ag(x) Pr/Tr

with Ay, (x) = Ay(x)/v2. It implies that F, € 2RV_,, . . By Lemma 2.1 of Pan, Leng, and Hu
(2013), forany € > 0and 0 < 6 < 1/yg—pr/vr—1, there exists x, = x,(€, 5, Yr, Pr) such that for all

xX=>xpand y > 1,
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and
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it follows from (S1.1) that
1 [E(£|8>x)_ 1 ]_ 1
Ap(1/(1 —F.(x))) X 1—7z (A—yr)A—yr—pr)
< 1 J U B/ By i
12 1 Ag.(x) Pr/Tr
yPR/YR —1

IA

[e%s)
:_2 ‘y_]-/YR |: + yPR/YR max(yfs’y_fs)iH dy
RJ1

1 1 ]
€ +
[pR(l—YR) Yr(l—vr—pr—0O7r)

Pr/Vr

forall x > x,. O
Lemmas S1.2 — S1.5 provide essential results for theoretical investigations of left- and right-tails

simultaneously, which may be of independent interest.

Lemma S1.2. Let U,,...,U, be i.i.d. from a standard uniform distribution, the uniform distribution on
[0,1]. Denote U,., < U,., < --+ < U,., as the n-th order statistics of {U;}!_,. Then, asn — 09, k; — 09,

k, — 00, ky/n— 0 and k,/n — 0,

(Un—klzn - bkl,n)/akl,n
(Uk2+1:n - bl/cz,n)/allcz,n

is asymptotically two-dimensional standard normal with

b =(M—ky =2)/(n=2), @ n=1/bi (1= by, )/ (n—2),

bl/<2,n =k,/(n—2), al’%n = \/b;%n(l — b;(z,n)/(n —2).

Proof: The joint density of U,_y ., and Uy, ., is

n!

fUnfklzn;Uszrl:n(X’ y) = (1 - x)kl (x - y)n_kl_kz_Z.ykz)

for 0 < y < x < 1. By multivariate change of variables, the joint density of

T
((Un—kl:n - bkl,n)/akl,n’ (Ukz+13" o bliz,n)/a’iz,n)
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is given by

n! e 1.7k —k;—ky—2
f(u’ V) - k1!(Tl — k1 - kz - 2)!](2! akl’na’iz:”(l o bkl’") ' bk:"(bkl’" o bliz,n)n b
kq / ko 7 n—k,—ky,—2
a a Ay, Uu—a, v
X (1 BT kgn u) (1 + blfz’nv) (1 + —bl . b]fz’n ) . (S1.2)
- kl’n kz,n k15n - kz,n

By Stirling’s formula, we have that

K ln—k, i!kz T R Gl SR SAC L SO
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x(n=2)"(n—k = 2" (n—ky = 2)"*(1 = by, 202 A by = by, )R
— (2n) e (%) nM2(n— 2 (n—ky — ky — 2) (1 — k, — 2)M2(n — k, — 2)!/?
- (2n)™

as n, k;, k, = oo under the condition that k; /n — 0 and k,/n — 0.
Note that a;, ,/(1— by, ,) = 0(k;'*), a;,_./b;, =00k, "), @y, o/ (b, n— by ) = O(ky'*n") and

a o/ by — by ) = O(k;/zn_l), we can get that

ke al ks a, u—a, v\ k2
A, n koy,n ki,n ko,n
1> 2> 25
1-— kq,n kq,n kyn ka,n

2 / / 2
a n 1 a n — a n 1 a n —
kq [—Lu—— (—kl’ u) +O(k1 3/2)] +k, —blfz’ V_E (blfz’ v) +O(k23/2)

1—b., 2\1-b., o

/ / 2

akl,nu_ak ,nv 1 akpnu_ak ,nv 3/2 _ 3/2 _

+(n_k1_k2_2) #_E # +O(k1/n3+k2/n3) N
kin = Ykyn kin ™ Ykyn

so the coefficients of u and v vanish to 0. The coefficients of —u?/2 and —v?/2 are

ke | ke 2+(n—k Cky—2)| 2—»1
' 1-— bkl,n ' 2 bkl,n - b/kz,n

/ 2 / 2
| Zem ) b ek —k,—2) | et ) g
2 b/ 1 2 bkl,n _ b/kz’n




as n — 00. Finally, as the coefficient of uv is

/
akl,nakz,n

(n—k, —k,—2)—"—2"
1 2 (bkl,n _ bkz,n)z

—0
as n — oo, we finish the proof of this lemma. Note that this lemma also indicates that U,_, ., and

Uy,+1. are asymptotically independent as long as k;/n — 0 and k,/n — 0. O

Lemma S1.3. Let {3,...,{, be i.i.d. with distribution function F,(y) =1—1/y, y > 1. Denote {;,, <
{om < +++ <y as the n-th order statistics of {{;}!_,. Then, asn — 00, k; — 00, k, — 00, k;/n — 0

and k,/n — 0,

k}/z(kl n_lgn—kl:n - 1)
Ky P nl(n—k)n i1 — 1]

is asymptotically two-dimensional standard normal.

Proof: Define U; =1—1/; fori =1,...,n, then Uy,...,U, are i.i.d. from the standard uniform

distribution. Denote U,., < U,., < -+ < U,., as the n-th order statistics of {U;}" ., then U,, =

i=1°
1-1/¢;,and {;., =1/(1—=U;.,) fori =1,...,nas 1 —1/x is strictly increasing in x € [1, 00). Thus,
(Cn_klm, §k2+1:n)T has the same joint distribution as (1/(1 —Upgyn), 1/(1— Uk2+1:n))T.
By multivariate change of variables and according to the proof of Lemma S1.2, the joint density of

f— T 1
(ki/z(kl nt Cn—klzn —1), kz 1/2n[(n - kz)n_l Z;kz"‘l:” o 1]) 15

n!

% (1 + kz—l/zv/)kz (1 + k;/zn_lv,)—m-kl [1

— —n+k
(n— kz)n—n—1k71<1+1/2k12<2+1/2(n _ kl _ kz)n—kl—kz—z (1 + kl 1/Zul) nety

fW,v) =

— —k1—ko—2
Lk Pk — gty T
n_kl_kz '

By Stirling’s formula, we have that

n!

(Tl _ kz)n—n—lk’1<1+1/2k12<2+1/2(n _ kl _ kz)n—kl—k2—2

n,—n

2ntnn"e
V2K ek 2k P e ke 2 (n — ky — ky — 2)rRake3/2e~(n—ka—ky2)

x(n— kz)n_”_l k’1<1+1/2k12<z+1/2(n —k, — kz)n—kl—kz—z

—k;—k
— (o) —2( n—Kk; =K

~

n—k,—k,—2
) R2(n— k) — Ky —ky—2) 172,

5



which converges to (27t)™! as n, k;, k, — oo under the condition that k;/n — 0 and k,/n — 0.

Using the same approach as in the proof of Lemma S1.2, we expand

1og{ (L+52) " (14 G A) " (L Py

[ =k — K, 2/2”_1V/]n )
x|1+
Tl—kl - kz

= —(n—kz)[ P %(kl_l/zu’) +o(k‘3/2)]+k2[k 2y~ %(kz_l/zv’) +O(k_3/2)]

1
—(n—ky) [ kM nty — 5 (ké/zn_lv’)2 + O(k3/2n_3)]

k2 (n— k)’ — kK *n1y 1|:k1_1/2(n—k2)u’—k ;/Zn_lv’]

+(n—ky —k,—2){ = —=
(n=ky =k, ){ n—k, —k, 2 n—k, —k,

+0/(k*? + K3k n0) }

First, the coefficients of u’ and v’ are

k"Pn—ky) 2k P(n—ky)
—(n—kDk M+ (n—k, —k,—2 S 2250
(n—kydk; "+ (n—k, )— —— S

kka*n7t 2k ka7
k2 =k ) —(n—k, —k, — 2 —12 0
2 (n 1) 2 n (n 1 2 )n—kl—kz Tl—kl—kz -

as n — 00. Second, the coefficients of —u?/2 and —v'?/2 are

k7t (n—k,)?

-1 1 2

—(n_kZ)kl +(Tl—k1 —k2—2)m i ].,
L k2k,n™2

as n — oo. Finally, as the coefficient of u’v’ is

k12> n Y (n —k,)
(n—ky —ky)?

(n—ky —k;—2)

as n — oo, we finish the proof of this lemma. O

Lemma S1.4. Let {,,...,{, be i.i.d. with distribution function F,(y)=1—1/y, y > 1. Denote {;,, <
$om < v+ + < {,.p as the n-th order statistics of {;}"_,. Suppose k, — 00 such that k,/n — 0 as n — oo.

Then (n—ky)n™ "¢y 1., — 1 with probability 1 as n — oo.



Proof: Denote p,, = F,(n/(n—k;) —e;,) = (ko/(n—ky) —ey,)/(n/(n — ky) — e,,) with ey, =

C,ky*n2/3, where C, > 1 is a constant. First note that

Pr(Ziyn < n/(n—ky) —ey,) <Pr (Z IS < n/(n—ky) —e,) > kz)

i=1

= Pr (Z I(¢; <n/(n—ky) —e3,) —npay = ky _HPZn) .

i=1

By simple algebra, there exists a sufficient large N; such that k,—np,, = rﬂ% > C,yne,, for some

C, > 0 and for n > N;. By Bernstein inequality, we have that for n > N,

Pr({ <n/( k) ) <e P{ (kz — TIPZn)2 } <e P|: sznzegn i|
a<n/(n— —ey,) <expy— <exp|— .
& 2 2 2{npy, + (ky —np,,)/3} 2(np,, + Cyne,, /3)

The last inequality is due to the fact that the function x2/[2(np,,, +x/3)] is strictly increasing in x > 0.
sznzegn

2" %o 2/3
oy i Gne 73 > Cant for some constant C; > 0 and

There exists a sufficient large N, > N; such that
n > N,. Thus,

D Pr(Cign <n/(n—ky)—e5,) < 0.

n>=N,

Similarly, we can show that ZnZNZ Pr({ Ky > 1/ (M—ky) + eZH) < oo. Finally, we apply the Borel-

Cantelli lemma to conclude that (n —k,)n™"¢; _,,.,, — 1 with probability 1 as n — oo. O

Lemma S1.5. Denote ¢,., < &5, < ++ < &,., as the n-th order statistics of the i.i.d. residuals {g;}_,. De-
. A | k A e | k .
ﬁne Yer = kl Zi;() log (En—i:n/gn—klzn) and Yer = kz Ziio 1Og(‘c"i+1:n/€k2+1:n)' Then under Assumptlon

3.4 (i) and (ii), as n — 00, k; — 00, k, — 00, k;/n — 0 and k,/n — 0,

K2y [ nie o/ Ue (n/Ky) — 1]
ki/ZY;?l(?g,R —Yr)
K2y [—esy 1/ Uoe (n/Ky) — 1]

Ky (Fer —711)

is asymptotically four-dimensional standard normal.

Proof: Let {4,...,{, be ii.d. with distribution function F,(y) =1—1/y, y = 1, and denote {;,, <
{om < -+ < L,y as the n-th order statistics of {{;}!_,. Then (U.({;),...,U.(,)) has the same joint

distribution as (¢4, ..., ¢,) and (U,({;.,),-..,U.({,.,)) has the same joint distribution as (&;.,,, ..., £,.,)-



Thus, it is sufficient to prove the result for

k7t [Ue(Gntoen) /U (k) = 1]
}/27/1;1(}’(;12 Tr)
k17 [~UeCrpan) /U (n/ky) = 1]
;/2Y21(Y¢’L 1)
where ¢ = k;* 232108 [U(Cn-in)/Ue(Crtyn)] and 75 = k3" 320108 [Up(Lrs1:)/ UeCigra) |
According to Lemma 2.1 of Pan, Leng, and Hu (2013), the second-order condition on U,(-) in

Assumption 3.4 (i) implies that for any € > 0 and 6 > 0, there exists a x, = x,(€, ) such that for all

According to Lemma 3.2.1 of de Haan and Ferreira (2006), ¢

X = x and xy > x,,

pr_l

R

U (xy)/Ue(x) —y'® _yYRyPR —1
Ag(x) Pr

+ yFr max(y‘s, y“s)] ) (81.3)

n—k,;:n — ©@ with probability 1. By

Lemma S1.4, (n — ky)n" '} ,1., — 1 with probability 1. Applying (S1.3) with x = &, ./[(n—

kZ)n_l Z.:k2+1:n:| and Y= (Tl - kZ)n_lgk2+1:m we have that

Us(gn—klzn)
Ue(Cn—klzn/[(n - kz)n_1§k2+1:n)]
= [(n - kz)n_l §k2+1:n:|yR + O(l)AR(Cn—klzn/[(n - kz)n_l §k2+1:n])

- -1 R —
* {[(n_kZ)n_lgkzﬂ:n]YR [(n=ky)n Ckzﬂ:n]p 1
Pr

+[(n=k)n " 1 PR max([(n — k)41 1%, [(n = kz)n_15k2+1;n]_5)}

with probability 1. According to Lemma S1.3, (n—ky)n "¢ 1., = 1+0 (kl/zn_l) and kyn™' 4. =
1+0,(k;""*). Thus,

Ue(Cn—klzn)
Ue(gn—klzn/[(n - kz)n_l gk2+1:n])

=1+ Op(k;/zn_l) + Op(l)AR(Cn—klzn/[(n - k2)n_1§k2+1:n])-

By the fact that Agz(-) is regularly varying, and Potter’s inequality (de Haan and Ferreira, 2006,

Proposition B.1.9), we can show that

AR(Cptyen/ (M= k)N 1D /AR(R/Ky) — 1



in probability. This results in that

Ue(gn—klzn)
Us(gn—klzn/[(n - kZ)n_l gk2+1:n])

= 1+0,(ky*n™) +0,(1)Ax(n/k;)

AR(gn—kl:n/[(n - kz)n_l Ck2+1:n])
Ag(n/ky)

= 1+0,(ky*n) +0,(1)Ax(n/k;)

= 1+0,(k;"*) +0,(k)/*n™Y),

where the last equality is due to that k}/ZAR(n/kl) — 0. Applying (S1.3) with x = n/k; and xy =
Cn—klzn/[(n - kz)n_lgkﬁ_l:n], we obtain

Us(gn—klzn/[(n - kz)n_lgkz-i—l:n])
Ua (n/kl)
k, Cnkym ]pR 1

k n—ky:n YR k (T’l—k )n_l n—kq:n YR n (n—k)n 1y s1:n
[_1 oty ] O k) [ﬁ ' kl.] S et

n (Tl - kz)n_l Z.»,k2+1:n §k2+1:n Pr

n [ﬁ gn—klzn :|YR+pR max |:& Cn—klzn ]5 [& Cn—klzn ]_6
n (Tl - kz)n_l Ck2+1:n n (n - kz)n_l §k2+1:n Ln (Tl - k2)n_1 §k2+1:n

k YR B _
= (i) 4O, 40,6

As kY (kyn ¢, —1) converges to standard normal distribution, we have that
1 1 n—ky:n

1/2 -1 Us(Cn—klzn/[(n_kz)n_lgkz-ﬂ;n])_ :|
o [ U, (n/ky) '

is asymptotically standard normal and thus U, (¢, ../[(n—k)n™ ¢y 11,1/ U, (n/k;) = 1+ Op(kl_l/z).

Write
k21 [UeCamind /U (/) 1]
. k1/2 _1{ Ue(Cn—klzn) Us(Cn—klzn/[(n_kZ)n_ICk2+1:n])_1}
B bR Us(gn—kl:n/[(n - k2)n_1§k2+1:n]) Us (n/kl)
Us n—k;:n —k - 5+1:n
_ k}”ril{[1+op(k1_”2)+op(k§/2n‘1)] S /gn(n/;l); Cias ])—1}
Us n—ky:n —k - +1:n



which indicates that k}/ zyR [UE(C ntey:n)/ Ue(M/ky) — 1] converges to the same asymptotic distribution

as ki/z}fgl [US(Cn_kl:n/[(n — kz)n_léjkzﬂm])/Us (n/ky)— 1:|, and they are all asymptotically standard
normal.

According to the proof of Theorem 3.2.5 of (de Haan and Ferreira, 2006), we know that

kl/z 1(Y§R TR) = 1/2[k_ Zlog(?nlzn)—l}+op(1),
i=0 n—k;

and ki/ 2[k1—1 Zf;;l log (C nin/C n_kl:n)—l] converges to standard normal in distribution. Thus, as have

that k}/ zy}zl(?g’R — vg) has the same asymptotic distribution as

ki—1
ki/2 |:k1_1 Z IOg(Cn—i:n/Cn—klm) - 1:| )
i=0

So it suffices to show that

Y UG i/ [ = kDN i1 D/ U (1K) — 1]
kl/z{k 12 log( n i:n/gn—kl:n)_l}
Y [~U(Lhy )/ U, (n/Ky) — 1]

2y (Fen—11)

is asymptotically four-dimensional standard normal.
By Rényi’s representation (Rényi, 1953), {gn_i:n/gn_klm}f;gl, Cntyin/ Chpr1:n @and {L;. n}k2+1 are in-

dependent. It reduces to show asymptotic normality for
k21 (Ut (= kI 10D/ U (n/Ry) = 1],
k[ 2y 108 (Cnmion/ i) — 1] and

Y [~U(Lhy 1) /U, (n/Ky) — 1]

2y P —11)

separately. The asymptotic normality of the first two terms has been shown above. For the last random
vector, its asymptotic normality can be shown similarly using Assumption 3.4 (ii) on U_,(-). Thus we

complete the proof of this lemma. O
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The following lemma is a slightly modified version of Theorem 5.1.4 of de Haan and Ferreira
(2006) and Proposition 1 of Hoga (2019). Let 2, denotes weak convergence of stochastic processes,

and D([a, b]) be the space of cadlag functions on [a, b] equipped with the Skorohod metric.

Lemma S1.6. Under Assumption 3.4 (i) and (ii), let d, — oo and d,, = o(min(k%/z, k;/z)). Then for

any t > 0and v €[0,1/2), as n — oo, k; = 00, k, = 00, k;/n — 0 and k,/n — 0,

n

x‘”k}/2 k! Z (e, > x U, (n/k;)) —x Z, xVW(x), (S1.4)
t=d,
and
x_”k;/2 kz_1 ]I(—et > xT U_E(n/kz)) —x| > X W, (x), (S1.5)
t=d,

in D([0, 1+ ¢]), where W;(-) and W,(-) are standard Brownian motions.
Define the operator E,(-) = E(:|-#,). The next lemma is similar to Proposition 2 of Hoga (2019).

Lemma S1.7. Suppose that Assumptions 2.1, 3.1, 3.2, 3.3, 3.4 and 3.5 hold. Then for all v > 0 and
v €[0,1/2),

sup x k2 |kT! I(&, > x " U,(n/ky))—1(e, > x""U,(n/ky)) || =0,(1) (S1.6)
1 1 t € t € p
x€(0,1+¢] t=d,
and
sup x Uk |k [H(—ét>x“Ug(n/kz))—]l(—st>x“Ug(n/kz))]':op(l). (S1.7)
x€(0,1+¢] t=d,

Proof: We only present the proof of (S1.6) as (S1.7) can be proven in the same manner.
For t = 1,...,n, denote £,(0) = [R, —m(F,_,,0)]/0(F._,,0), then &, = §,(). Let n > 0 and

N, () ={0 116 — 8| <y},

20(%1,0) _
a0 ’ H3,n,t -

SUDPgen, (1) |m(=’¢t—1: 0)— m(jt—l, 9)|: and Uyne = SUPgen, (n) |O'(jt—1: 0)—o(L 4, 9)| Then I s

om(S_1,0)

For t = d,,...,n, denote I1; ,,, = SUPgen, (n) =5

’ 1_I2,n,t = Sup@eNn(n)

11



,,,. I, and I, , are all .¢,_;-measurable for t =d,,...,n. Write

4 » .
£(0) = gt[1+a(ﬂt—1,9)—0'(ﬂt—1,90)] [1+U(ft—1,9)—0(ﬂt_1,9)]

o(HF_1,6,) o(£_4,0)
. [m(ﬂt_l, 60)=m(.$1,0) | m(Fy,0)—m(Fy, 9)] [1 L0, 0) -0, e)]‘l
o(#_4,0) o(#_4,0) o(#_4,0)
If 6 € N,(n),
o(f£_,,0)—0o(HL_4,6 _ 80‘ﬂ ,0 _
( t—1 ) ( t—1 0) S c 1|9_90| su ( t—1 )“ 1|9_90|H2’n’“
o(£_1,6,) 9N, (n)
O-(‘}Nt—lae)_o-(yt—he) -1 -1
< ¢ sup |o(F_;,0)—0(F_,,0)| =cI nts
O-(jt—lze) BENI?n)| -t -t | bt

‘m(yt_l,eo)—m(ft_lﬁ) < ¢'0—6, sup MH ¢ 1O — 6,1, .
O'(jt_l, 0) H€N,(n) h
j ,9 - j— :9
‘m( t—1 ) m( t—1 ) < C_l sup |m(ﬂt 1,9) m(,ﬂt 1:9)|_C_1n3nt

O'(jt—l: 0) 6eN, (1)
For any real 1, and x > 0, define A,(x,0) =1(£,(0) > x"*U,(n/k,)) , A/(x) =1(e, > x "’RU (n/k;))
and
A(x,m,m0) = H(Et (1 + non_UO/an,n,t) (1 + noH4,n,t)

+ (non_UO/znl,n,t + nons,n,t) (1 + nOH4,n,t) > X_YRUE(H/IQ))-

Let €, € (0,1/10), then using the same technique as in Lemma A2 of Hoga (2019), we can show that

there exists 1, > 0 such that for 6 € N,(n),
WtAt(xJ n, _Tlo) < WtAt(X: 9) < WtAt(xJ n, T’O)

fort=d,,...,nand x €[0,1 + ], where

—vy/2

Mo~ "Iy _ Nollz .,

=1| max| ———2, nen "%, . ,, ——=2— I, ., | <€ |,
( ( U.(nfky) 20 (nfky) 10 ) S €0

and for x € [0,1 + ¢], there exists a positive C; such that

— n vo 1,n,t UOHBnt
w E_ A .X',”,” A x) < C,w.x max —”’ n U0/2|| , [l , I .
kl t | t 1[ t( 0)] t( )l v ( Lg(”/kl) o 2t Ls(”/“(l) o e

12



In addition, by Markov’s inequality, for any € > 0,

Pr(Z(l—wt)Ze) < eE|D A-w)|<e D El—w,]
t=d, i=d,

t=d,
n —vp/2
- 7]071 0 Hlnt B
1 P v /2
€ Z Prl ———————=¢, | +Pr n_vo/211 > e

t:dn|: ( Uc(n/k;) 0) (7)0 2,n,t 0)

Nolls o ) ]

———>¢, | +Pr(nyll >e€

(Ug(n/kl) 0 (770 4n,t o)

-1 —V1,.V1_—VoV;/2 —v U1

e Z(eo g2 {[U, (n/k)TE |, |7+ E [T,
t=d,

IA

IA

"}

+e; o {[U.(n/k)]E |, |+ E |H4,n,t|})

= o(1), (S1.8)

which indicates that >, (1—w,) =o0,(1).

Similarly to Lemma 3 of Hoga (2019), we can show that for any ¢« > 0 and v € [0, 1/2),

n

sup Ky x| > 1A, m,m0) — A (1)]

x€(0,1+¢] t—d
n

=0,(1),

which can conclude the result of this lemma based on Assumption 3.1 that 6e N,(n) with probability

approaching 1 asn — oo. O

Define F®(x) = k'Y _, I(é, > xé,)) and FP(x) = k' D07, 1(—6, > —x€, 4, 4) as the
right- and left-tail empirical process. We have the following asymptotic properties concerning ﬁIER)(x)

(L
and F,(1 )(x).

Lemma S1.8. Suppose that Assumptions 2.1, 3.1, 3.2, 3.3, 3.4 and 3.5 hold. Then for any v € [0,1/2)

under a Skorohod construction, as n — 09,

Sup XU/YR
x=1

K2 LEO ) = 27 ] = [ () —x ey (1] - 0
and

Sup XU/YL
x=1

K2 [EB G0 =2 ] = [ Wy i) = x My (1)]| 0

almost surely. Here W;(x) and W,(x) are standard Brownian motions same as those in Lemma S1.6.

13



Proof: First, Lemmas S1.6 and S1.7 implies

n

x‘“k}/2 kl_lz]l(éi>x_YRUg(n/k1))—x 2>x_“W1(x) (81.9)

i=d,
in D([0,1+¢]) as n — co. By Skorohod’s representation theorem, on a suitable probability space,

n

sup x ¢ ki/z kl_lz]l(éi>x_YRU€(n/k1))—x —W;(x) 0. (S1.10)

x€[0,1+1] imd
n

This indicates that

n

sup k}/z kl—lz]l(éi>x—YRU€(n/kl))_x —W,(x) 0

x€[0,1+1] i—d
n

as n — oo. Equivalently,

n A —1/vx
_ &; a.s.
sup k12 kllzﬂ((m) <x)—x — Wi(x)| — 0.

x€[0,1+¢] i—d
n

By Vervaat’s Lemma (de Haan and Ferreira, 2006, Lemma A.0.2), it follows that

A =1/vr
1/2 E(lxk ) as.
sup |k (—) —x |+ W (x)|— 0. (S1.11D)
x€[0,1+1] ! |: Ug(n/kl) :| !
Take x =1 in (S1.11), we obtain that
172 gy as
k —_ —1|+wW,(1)|]—0, S1.12
1 (Ug(n/kl)) 1( ) ( )

which implies that £y /U, (n/k;) = 1+ 0(1) almost surely. Replacing x™"® with x, = x€y,/U.(n/k;)
in (S1.10), we have that

n

sup xV/Tx |k} kl_lz]l(éi > x8,)) — X, R | — Wy (x VTR) 0. (51.13)

x>1 i=d,

14



As x M/t = x71/17[1 + 0(1)] uniformly in x > 1,
sup |c/70 /x| = [8g, /U(/K)| "™ = 14 0(1)
almost surely. In addition, by (51.12),
Xv/mk}/z (erl/YR — x 1) = —x A=, (1) + (1)
uniformly in x > 1 almost surely. Furthermore,
ilill)xv/m |W (x l/m) W, (x~ 1/YR)| 0.

Substituting (S1.14), (S1.15) and (S1.16) into (S1.13) yields that

Sup X,U/YR
x=1

The proof of the result for ﬁTEL)(x) is similar and thus is omitted here. O

k}/z [ﬁrgR)(x) _x—l/m] _ [Wl(x—l/YR) — x_l/YRW1(1):| =50

(S1.14)

(S1.15)

(S1.16)

(S1.17)

Lemma S1.9. (i) (i.i.d. residuals) Under Assumption 3.4 (i) and (ii), let g, be the (k + 1)-largest
value of {¢,}7_, for k=0,1,---,n—d,, where d, — 00 satisfies d, = o(min(kl_l/zn, kz_l/zn)). Define

. 1k . 1ok
Ter =k; ' Zi;o 108(5(i)/€(k1)) and . =k, ' Ziio log (g(n—i—dn)/g(n—kz—dn))' Then as n — 00, k; — 09,

k, — o0, k;/n — 0 and k,/n — 0,

K2y e /U, (n/k) — 1]
Py (Fer—Tr)
k277 [~(ntyaa )/ Uoe (n/kp) — 1]

Ky (Fer —711)

is asymptotically four-dimensional standard normal.

(ii) (standardized residuals) Under Assumptions 2.1, 3.1, 3.2, 3.3, 3.4 and 3.5,

ka*re! [0/ U (n/ky) = 1]
Ky (Fr— 1)
k;/ZYL [ —€(nky—d,)/ U—e (n/kz)—l]

Ky (P —11)
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is asymptotically four-dimensional standard normal as n — ©Q.

Proof: (i) Applying (S1.3) with x =(n—d,, + 1)/k; and y = n/(n—d, + 1), we can show that
U,(n/k)/U((n—d, +1)/k;) = 1+ o(k{V?) + 0(d,n ). (51.18)
Using a similar argument on U_,(+), we get that
U_,(n/k,)/U_(n—d, + 1)/k,) = 1+ 0(k;*) + 0(d,nY). (S1.19)

Then the result of (i) follows from Lemma S1.5, (S1.18) and (S1.19).

(ii) According to the proof of Lemma S1.8,

2yt [0 /Ur(n/k) — 1] = k)*y7 ! e,/ Ur (n/k) — 1] + 0, (1).

Similarly, we can conclude that

kYT [~Enakyodn/ U—e(/K3) — 1] = Koy T [—€(natyed, )/ U—e (n/k3) — 1] + 0, (2).

Note 7; = k7 1Zl oJlog(8w/éu,)) = fl F® ()% with F®(x) = ki i, 1(4, > xq4,), and 7, =
(n—i—dp) _ L ds A(L _ 1.1 n N N
2 Zizo log(m) = fl F( )(S)? with FIS )(X) = k2 Zt:dn ]I(—8t > —X8(n_k2_dn)).

According to Lemma S1.6 and S1.8,

K e —1r) = k2 r Rt Fer —1R) + 0,(1),

and

K =1 = kv e —v1) +0,(2).

Then the result of part (ii) follows from part (i) and we complete the proof of this lemma. O

Lemma S1.10. Suppose t; < 1, satisfies T, — 0 as n — 00 and 7, = AT, for some constant A > 1.
Assume k; — 00, k, = 00, k;/n — 0 and k,/n — 0 as n — o0. There exist two constants ¢, ¢, € [0, 1)
such that lim,_, ., nt;/k; = ¢; and lim,_,, nt;/k, = c,. In addition, lim, _, ., kl_l/2 log(nt;/k;) =0 and

lim,_, oo kz_l/2 log(nt;/k,) = 0.
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(i) (iid. residuals) Under the conditions of Lemma S1.9 (i), define éx(7) = &) (n7/ kl)_?f’R and

€.(T) = €(ni,—d,) (nt/ky) "**. Then uniformly in © € [}, 7,],

G . TR P A f o

U, (1/7) 1= U, (n/k,) 1]+log T (Ter—71r) +0,(k; " log(nt/ky)), (51.20)
and

S [t (k) oy

U_ (1/7) 1= U_, (n/ky) 1) +log{ —= | (Ter —71) + 0p(k; " log(nt/ky)). (S1.21)

(ii) (standardized residuals) Suppose that Assumptions 2.1, 3.1, 3.2, 3.3, 3.4 and 3.5 hold, we have

uniformly in T € [t}, T, ],

Q-7 [ fwy ﬁ) . 1)
—Qg(l — 1= [—Ug k) 1] +log(m (Yr—71r) +0,(k; " log(nt/k,)), (S1.22)
and X
Q.(7r) . _ —E(nkyd,) _ &) . 12
Q.(7) 1= [U_g (n/k,) 1] “Og(m (71 —71) +0p(k, "“log(nt/ky,)). (S1.23)

Proof: (i) We only show the proof for &;(7), the proof of (S1.21) is similar and thus is omitted here.

By simple algebra,

p(7)/U:(1/7) =1
[eg) — U (n/k) ] (ne /) Tex - [(n/kg) o8 = (n7 /Ky ) ™ ] U, (n/Ky)

- U, (1/7) " U.(1/7)
LU (n/k,)(nt/ky) ™" —U,(1/7)
U, (1/7)

=: I+II+III.

Under Assumption 3.4 (i), Lemma 2.1 of Pan, Leng, and Hu (2013) indicates that for any €,6 > 0,

there exists x, = x,(€,6) > 0 such that for all x > x, and xy > x,,

Ue(xy)/Ug(x) — y'* _nyy"R —1
Ag(x) Pr B

+ yPrmax(y®, y‘5)},

which immediately implies that for all x > x, and xy > x,,

PrR—1] PrR—1]
il )

Pr

< + yFr max(y‘s,y“S)].

'y_YRUe(Xy)/UE(X) —1
Pr

Ag(x)
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Take x = n/k,;, y = k,/(n7) and choose pp + 6 < 0, we have that for all n/k; > x, and 1/7 > x,,

(nt/k))™ U, (1/7)/Uc(n/k;) —1 ‘

- Ag(n/ky)
S G (G )

kPR
oJE
Pr

Pr
where the right-hand side is uniformly bounded for 7 € [7;, T7,,]. Furthermore, by the condition that

lim,_, ki/ZAR (n/k;) = 0, we have for sufficient large n, (nt/k,)"* U, (1/7)/U.(n/k;) =1+ o(kl_l/z)

IA

uniformly in T € [7}, 7, ], which indicates that

U k TR _
I = #//Tl)) (E) —1=o(k; 1/2) uniformly in 7 € (7}, T, ]

According to Lemma S1.5, ¥, — vz = Op(kl_l/z). For any 7 € [1,, T, ], by the mean value theorem

and the fact that %xa = x?log x, there exists a v = v(7) € [0, 1] such that

nT —?s,R nT —YR k YR k ?e,R—YR k YR . k v(’)/}é‘,R_YR) k
() () =G |Ge) ™ =) damm(Ge) sl
k, k, nt nt nt nt nt

(5 ) (Ae_ )
YeRTVR satisfies (kl) YeRTVR

nt

where ( )

Te[r,7,]aslim, kl_l/ log(nt,;/k,;) = 0. Note that

— 1‘ - ‘exp[V(?g,R—YR)log(:—;)] - 1‘ = 0,(1) uniformly in

ki, .
log (—1) (Fer—7R)|>
nt

V(Yg,R_YR)

—1 +|111|]

k,
|II—log( )(m TR)| < [IIII+1I‘
we arrive at

k,
= log( ) (Fer—7r)+ op(kl_l/2 log(nt/ky)) uniformlyin v e[7,,7,].

Finally, as g¢,/U, (n/k;) —1= Op(kl_l/z), then uniformly in v € [7, 7, ],

._.
I
Il

[ewy = Ue (0/ky)] (ne /ky) 7o [ E(k)) —1] Ue(n/kl)(ﬂ)_m
U (1/7) U, (n/ky) 1 U.(1/7)

s —TrR - R1
o5 E) -6 ()

= (1+1I+1D[eq,)/U, (n/k)—1] = [eq, /U, (n/ky) — 1] +0,(k; /%),




from which we conclude (51.20).

(i) It is noted that U,(1/7) =Q.(1—17) and U_,(1/7) = —Q.(7). According to Lemma S1.9 (ii)
and carrying out the same approach as in the proof of part (i), with &), €n—ky—d,)> Ter> Ters r(T)
and é;(7) replaced by €y ), &—x,—d,)> Tr> T1> Q.(1—7) and Q,(7), we can finish the proof of this part.
O

Let £°°([1, A]) be the collection of all bounded functions on [1, A].

Lemma S1.11. (i.i.d. residuals) Assume the conditions of Lemma S1.10 (i) hold.
(D) If c; = ¢, = 0, assume there exists a positive constant c, such that lim,_, ., k,/k, = c,. Denote for

uell,Al

ki/z ér(ut))
S1,() = log(k, /(nut,)) log [ U (1/(ur,)) ] ’
B ;/2 —£,(uty)
$10000) = ot e 8 0 e

1/2

_ ky plut) 7 U.(1/(ut,;))
Sinnlt) = 5ot G ) {IOg[—éL(um] g | U_€(1/<url))]} :

then Sy ,(u) = Zy, Sipa(w) = Zp and Syp ,(u) = Zy — Ccl)/ZZD in £°([1, A]), where Z; ~ (0, leg)
and Z, ~ A(0,y?) are independent.

(ii) If c; > 0 and c, > 0, denote

éx(ut))
sw,n(u)=k}/zlog[ R ]

U.(1/(u7)

Sop (W) = k;/z log [%] and

Sarn(t) = ky'? {103[%] _1°g[%]} '

9 9 9 _ .
Then S,y (1) = Gy y(W), Sap o (1) = Gy p() and Sy (1) = Gy y(W) — ¢, V?cy* Gy p(w) in £°°([1,A]),

where G, ;(u) and G, ,(u) are two independent centered Gaussian processes with covariance functions

Cov(Gy y(uy), Gy y(uy)) = Y}ZQ [1+log(ciu;)log(ciu,)],

COV(Gl,D(ul): Gl,D(uz)) = Y% [1+ log(cyuy)log(cauy)].
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Proof: (i) When ¢; = ¢, =0, Lemma S1.10 (i) indicates that uniformly inu € [1, A],

_ ki/z £r(ut)) 1 1/2p4
51000 = o o) LT GGy )0 =K s ) 0,0
1on log(ky/(nut))) LU_, (1/(u7))) P 2 el TR

By simple algebra, uniformly inu € [1,A],

ky

Sunltt) = Sy 1) — (k—z)

2 log(k,/(nut,)))
log(k, /(nur,))

SlD,n(u)'

According to Lemma S1.9 (i), (ki/ zygl(?e,R—yR), k;/ Zyzl(}“f& =Y L)) is asymptotically bivariate standard

normal. The results follow immediately as k,/k, — c, and log(k,/(nut;))/log(k,/(nut;)) — 1.

(ii) When ¢; > 0 and ¢, > 0, according to Lemma S1.10 (i), we have uniformly inu € [1,A],

Sowa) = klog[&x(ut))/U,(1/(ut)))—1+1]
= Kk [&(ut)/U.(1/(ut)))—1]1+0,(1)

£ k
U LU, (n/ky) o og(W) |k, *(Fer—7r) +0,(1)

For all uq,...,u,, € [1, A] with any fixed m € N, Lemma S1.9 (i) and continuous mapping theorem
yields (S2U,n(u1)1 e JSZU,n(um)) converges in distribution to (G, y(u;), ..., G, y(u,,)), which follows a

m-dimensional normal distribution with covariance function

Cov(G, y(uy), Gy y(uy)) = leq [1+log(ciuy)log(cquy)].

In order to show S, ,(u) Z Gy y(u) in £°°([1, A]), it is sufficient to show that S;U,n(u) 2, Gy y(u) in
£2((1, A, where 53, () = ki [ = 1]+ [log (1) ~ og( | K *(Fen = v
According to Theorem 1.5.4 of van der Vaart and Wellner (1996), it is enough to show the asymp-

totic tightness of S}, (u). Regarding Theorem 1.5.7 of van der Vaart and Wellner (1996), it suffices

to show that

lim supPr( sup |S5, () — Sy, (W)l = e) -0 (51.24)

n— o0 [uy—uy|<6
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as 6 — 0 for any positive €. It is mentioned that

Sup  |Spy (1) = Soun (W)l < sup  log(uy/uy) [k*(Fer—vr)| < log(1 +8) [K1*($er— 12| -

0<u,—u; <6 0<uy,—u;<o6

Thus, we have that

A

K\ (Fer—71r)

26)

Pr( sup |S;U’n(u1) —S;U’n(uz)l > e) <Pr (log(l +6)

0<u,—u; <6
= Pr (

as n — o0 and 6 — O for any positive €. Similarly, we can show that

K2 (Fen—70)| = /10g(1+5)) > 0

Pr( sup ISQU’n(ul)—S;U’n(uz)l > e) -0
OSul—uZSE
asn — oo and 6 — O for any positive €. Finally, we obtain (S1.24) and thus Sy ,(u) Z Gy y(u) in
€°°([1,A]). The result of S, (1) Z Gy p(u) in £°°([1, A]) can be proved similarly.

Now we consider Sy ,(u). By simple algebra, Sy (1) = Syy (1) — (ky /k3)"/2S,p ,(w) uniformly in

u€[1,A]. According to Lemma S1.9 (i), it can be shown that for all u,,...,u,, € [1, A] with any fixed

m e N, (SZR,n(ul), ey SZR,n(um)) converges in distribution to (GLU(ul)—cl_l/zc;/zGLD(ul), s Gy p(uy)—
cl_l/ zci/ 2GLD(um)). The asymptotic tightness of S,z ,(u) can be proved in the same manner as for

Sou2(u). Thus, we finish the proof of this lemma. O

Lemma S1.12. (standardized residuals) Suppose the conditions of Lemma S1.10 (ii) hold.
(D) If ¢c; = ¢, = 0, assume there exists a positive constant c, such that lim,_, ., k;/k, = c,. Denote for

ue([l,A]

k> 1 [Qg(l—u’q)]

. 1
Saual) = {oeti, ) 8| Qo1 —umy)

_ k;/z Qs(ufl)
Sapn(1) = log(k,/(nut,;)) o [QE(UTZ)] and

SR LY o )
S3R’"(u)_log(k1/(nurz)) o8 —Q.(ut)) log[ —QE(UTI)] .

Then Sy (1) 2, Zy, S3pa(u) Z, Zp and Ssp ,(u) Z, Zy— cé/ZZD in £°°([1, A]), where Z;; ~ A(O0, y}zz)

and Z,, ~ A(0,y?) are independently distributed.
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(ii) If ¢, > 0 and c, > 0, denote

Qe(l—u’fz)]
Q.(1—ut) [

QE(uTl):| and

Q.(ut;)

Qg(l—u’rl)]_lo [Qs(l—url)]}
—Q,(ut)) —Q.(ut)) '

Saun(W) =k 1og[
Sapa) =k log[
Sarn(W) = k1? {log[

Then Sy,4(tt) = Gy, (W), Sapn(tt) = Gy p(u) and Sye (1) = Gy y(w) — ¢ "7c}*Gy p(u) in £°([1, A]),

where G, ;(u) and G, ,(u) are two independent centered Gaussian processes with covariance functions

Cov(Gy y(us), Gy y(u,)) = Y}23 [1+1og(cqu;)loglc uy)],

Cov(Gy p(u;), Gy p(uy)) = Y% [1+ log(cyuy)log(cauy)].

Proof: Regarding Lemma S1.9 (ii) and Lemma S1.10 (ii), the proof of this lemma is similar to that of

Lemma S1.11 and thus is omitted here. O

Lemma S1.13. Denote M, z(7) = E[¢,|e, > U.(1/7)] and M, ;(7) = E[¢,|le, < —U_.(1/7)].
(i) (i.i.d. residuals) Under the conditions assumed in Lemma S1.10 (i), define ]\A/IE’R(T) =&(7)/(1—

Ver) and ]\A/[E,L(T) =£,(1)/(1 —¥,). Then uniformly in © € [7},7,],

M
—8’R(T) 1= [ - 1] + [10g (ﬁ) * : ]()A”e,R —TR)+ Op(k1_1/2 log(nt/ky)), (81.25)

ME,R(T) B U, (n/k1) B nt 1—1vr
and
M,,(7) ) ky 1 ~1/2
: —1= 1|+ |log| =% |+ > —v ) +o, (k%1 k,)). (S1.26
M, .(7) [U—E(Tl/kz) ] [Og(nr) 1—YL](Y€’L Y1) +0p(ky log(nt/ka)). ( )

(ii) (standardized residuals) Suppose that Assumption 2.1, 3.1, 3.2, 3.3, 3.4 and 3.5 hold, we have

uniformly in T € [1,,7,],

E[ele > Q.(1—1)]
Elele > Q.(1—1)]

I CYR ﬁ) 1 ] ~ s
[Ug(n/kl) 1]*[1°g(m 1 | Gen— 1)+ o,k Ploglnt/ky), - (81.27)
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and

Elele < Q,(7)]
E

[ele <Q.(7)]
= M _ ﬁ 1 s -1/2
= [U_e i) 1] + [log(nT) + T ] (Fer—7)+ op(k2 log(nt/k,)). (S1.28)

Proof: We only show the proof for MS,R(T), the proof of (§1.26) is similar and thus is omitted.

Write

ME,R(T)_l_ p(t) U (1/7)/(A—vg) 1—7g

= — —1.
ME,R(T) Ue(l/T) Me,R(T) 1— Ys,R
According to Lemma S1.10 (i), we have uniformly in 7 € [7}, T,,],
ér(7) [ (k) :| ( kq ) A —-1/2
= ——1]+1 — — k 1 k. ). S1.2
Ug(l/T) Ug (n/kl) + 0g nT (YE,R ‘)/R) + Op( 1 Og(nT/ 1)) ( 9)

From Lemma S1.9 (i), we have that

1- ?E,R 1-— (}A’e,R —vr)/(1—17R)

=1+ Fer—1R)/(L—71R) +0,(k;®).  (S1.30)

By Lemma S1.1, we have that for any ¢ > 0 and 0 < 6 < 1/yzx — pgr/Yr — 1, there exists x, =

xo(€, 8, vr, Pr) such that for all x > x,,

1 [E(£t|8t>x)_ 1 ]_ 1
Ap(1/(1 —F.(x))) X e (1—yr)(1—vr—pr)

< 6[ ! + ! ]
Ppr(1—7r)  YrR(A—Yr—pPr—07Yr)

Thus, for sufficient large n such that U,(1/7,) = x,, we have uniformly for all T € [7, 7, ],

1 |:M€,R(T) _ 1 :|_ 1
Ap(1/(1=F(U.(1/T)) LU(1/7) 1—yr] (A—=vR)A—Yr—pr)

1 1 ]
€ + .
[PR(l_YR) YrR(1—vr—pPr—07r)

As F.(U.(1/7)) = F.(F7(1—17)) = 1— 7, then for sufficient large n, there exists a positive constant
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Cy, such that 1/(1—F,.(U,(1/7))) =1/t = Cyn/k, for all T € [1,, T, ], which implies
Ap(1/(1=F,(U,(1/7)))) = O(Ag(n/ky)) = o(k;"?) uniformly in 7 € [7;, 7,].

Thus we conclude that

U (1/7)/(1 —1g)

=1+ o(k_l/z) uniformly in 7 € [7, 7, ]. (S1.31)
MS,R(T) ! !

Combining (S1.29), (S1.30), and (S1.31), we have shown (S1.25).

(ii) It is noted that E[ele > Q. (1 —7)] = M,z(7) and E[¢|e < Q.(7)] = M, (7). According to
Lemma S1.9 (ii) and carrying out the same approach as in the proof of part (i), with &, ), €(n—i,—d,)> Te.r>
fe,1> M p(7) and M, ;(7) replaced by &4, &t,—a,)> Tro 71> Elele > Q.(1—1)] and E[ele < Q.(7)],

we can finish the proof of this part. O

Lemma S1.14. (i.i.d. residuals) Assume the conditions of Lemma S1.13 (i) hold.

() If ¢; = ¢, = 0, assume there exists a positive constant c, such that lim,_, . k,/k, = c,. Denote for

uell,Al
. ki/z MS,R(T)
W0l = foglie Grur ) 8 [ME,R(T) ] ’
K M, (%)
W) = gl ) 8 [ME,L(T)] n

~ k}/z —M, (1) —M, x(7)
Wign(w) = log(k,/(nut,;)) {log[ M, (1) ]—log[ M, .(7) ]}’

then Wy (1) = Zy, Wip(u) = Zp and Wy () = Zy — ¢/ Zp, in £°°([1, A]), where Z, ~ H(0,72)
and Z,, ~ A(0,y?) are independently distributed.

(i) If ¢; > 0 and ¢, > 0, denote
M&‘,R(T)]
Me,R(T) ’

M, (7
Wap (1) = k3 *log [M;ET;] and
e, L

M1, () —M, 4(7)
v = oo 0 e 55 )}

e,L

Way () = k}/? log[
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Then Wiy, o(11) = Go 5 (11), Wap (1) —> Gy (1) and Wi (1) —> Gy (u)—cy Y2c/2Gy p(w) in £°°([1, A]),

where G, ;;(u) and G, p(u) are two independent centered Gaussian processes with covariance functions

COV(GZ,U(U1)7 GZ,U(uZ)) = leg [1 + {(1 - YR)_l - 10g(¢1u1)} {(1 - YR)_1 - 108(C1u2)}] >

COV(Gz,D(Lh), GZ,D(uZ)) = Y% [1 + {(1 - YL)_l - 108(52’11)} {(1 - YL)_l - IOg(Czuz)}] .
Proof: The proof of this lemma, based on Lemmas S1.9 (i) and S1.13 (i), is similar to that of Lemma
S1.11 and thus is omitted. O

Lemma S1.15. (standardized residuals) Assume the conditions of Lemma S1.13 (ii) hold.

() If ¢; = ¢, = 0, assume there exists a positive constant c, such that lim,_, . k,/k, = c,. Denote for

uell, Al
__ k" Elele > Q.(1— )]
Woonlt) = {oetie /e ) {E[sle >Q.(1—7)] }
_ K Blele < Q.(v)]
Wapal) = {o o (e ) 8 { Elele <Q,(7)] } o
K {E[e|s>Q€(1—r)]} E[ele >Q.(1—7)] )
Waa(w) = log(k,/(nur,)) (lo —E[ele < Q,(7)] N { —E[ele < Q.(7)] } ’

then Wy ,(u) 2, Zy, Wap (1) 2, Zp, and Wy (1) 2, Zy— cé/zZD in £°([1, A]), where Z; ~ (0, y}%)
and Z,, ~ A(0,y?) are independently distributed.

(ii) If ¢, > 0 and c, > 0, denote

E 8|8>Q€(1—T)]}
E[ele >Q.(1—-1)])"

[
[
Wip o) = k}/*log { =0 ) } e

o=k (ol i e | e )

W,y () = k)7 log{

] 2 2 — . oo
Then Wiy o(u) = Gay (W), Wap (1) = G p(1) and Wig o(w) = Gy (W) —¢;2¢)2 G, p(w) in £2°([1, A]),

where G, ;;(u) and G, p(u) are two independent centered Gaussian processes with covariance functions

COV(Gz,U(UJ: Gz,U(Uz)) = Y; [1 + {(1 - YR)_l - log(clul)} {(1 - YR)_l - 108(01112)}] s

COV(GZ,D(ul)’ Gz,D(uz)) = Y% |:1 + {(1 - YL)_l - 108(C2u1)} {(1 - YL)_l - 108(02112)}] .
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Proof: The proof of this lemma, based on Lemma S1.9 (ii) and Lemmas S1.13 (ii), is similar to that

of Lemma S1.11 and thus is omitted. O

Lemma S1.16. Suppose Assumptions 2.1, 3.1, 3.2 and 3.3 hold, then
m(4,, 6)— m(4,,0,) = Op(n_“f’/z) and o(9,, 6)— o(£,0,)= Op(n_“f’/z).

Proof: Write m(.%,,0) —m(.#,,0,) = m(4,,0)—m(2,,0)+ m(2, 0)—m(2,0,), where m(5,,6) —
m(4,, 0) = Op(n_vo/ 2) according to Assumption 3.3. It remains to show that m(.¢,, 6)— m(#,,0,) =

Op(n_vo/ 2). By the mean value theorem, there exists a 0* € ©, between 6, and 8, such that

om(4,,0)
26

< sup om(4,,0)
- EL)

|m(.2,,0)—m(.5,,60,)| = ‘
IS

(6 —6,)

H 116 — 6,1,
0=0
which is Op(n‘”"o/ 2) according to Assumption 3.1, 3.2 (iii) and Markov’s inequality.

The proof of o(.%,, é) —o(4,,6,) = Op(n_UO/Z) is similar and thus is omitted. O

S2 Extension to nonparametric models

In this section, we investigate the extension of our methodologies and theoretical results to the

nonparametric model
R, =m(X,)+ o(X,)e,, (S2.1)

where X, is a d-dimensional random vector which may include lagged returns {R,_, }5:1 for some
positive integer p, m(:) and o(+) are nonparametric functions defined on the range of X,.

Let ri1(-) and & (-) be nonparametric estimators of m(-) and o(-), and ¢ = (R, —m(X,))/&(X,) for
t =1,...,n be the corresponding standardized nonparametric residuals, which are utilized to derive
estimations of CVaR and CES in the same manner as in Section 2.2 with £, replaced by é&;.

By observing the technical derivations in the proofs of main theorems, the only adjustment needed
to obtain theoretical results in Sections 3 and 4 of this paper is to prove the same results of Lemma
S§1.7 for €, which quantifies the difference between the tail empirical distributions of £ and &,. We

have the following lemma to justify this point.
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Lemma S2.1. Consider the model R, = m(X,) + o(X,)e,, where {X,}°, is a strictly stationary process,
g, is independent of X,, m(X,) and o(X,) are measurable with respect to .¢,_,, the o-algebra generated
by €,,...,€_1. In addition, inf,., 0(X) > c for some ¢ > 0, where ¥ is the support set of X,. Let m(-)
and & (-) be nonparametric estimators of m(-) and o () that satisfy the following conditions:

() m(-) and &(-) are measurable with respect to .%,_;;

(iD) SUpyey [M(x) —m(x)| = Op(n_“‘)/z) and sup,ey |6(x) —o(x)| = Op(n_“o/z)for some positive vy, < 1;
(iii) E [supxe(g |m(x) — m(x)l] =0(n"2?) and E [supxeg |6(x)— O'(X)I] = O(n™"2) for some positive v,.
Denote £; = (R, —(X,))/6(X,) for t =1,...,n. Suppose that Assumptions 3.4 and 3.5 hold. Then for
allt >0and v €[0,1/2),

sup xUky* (k7P [1(8F > x7RU(n/ky)) — 1 (e, > xYRUg(n/kl))]‘ =0,(1) (52.2)
x€(0,1+¢] t=d,
and
sup x_“k;/2 kz_1 []I (—é;‘ > x U_s(n/kz)) —]I(—st > xT Ue(n/kz))]‘ =0,(1). (52.3)
x€(0,1+¢] t=d,

Proof: We only show the proof of (S2.2) as (S2.3) can be proven in the same manner.
Denote II] = sup,.y |[M(x) —m(x)|| and IT; = sup,.y [|6(x) —o(x)||, then IT] and IT; are

#,_,-measurable. By simple algebra, we have that

IR e (R ] I

= Sf[” o(X,) o (X)) o (X)

where

X )—m(X
'm( ) —1h(X,) c_lsupllm(x)—ﬁl(x)”:C_lni,n and

o(X,)

xX€Y
(A)-(Xt) — U(Xt) -1 -1
——————| < ¢ sup|m(x)—m(x)|| =cIIE .
o (X)) xe 2n

Similar as in the proof of Lemma S1.7, for any real 1, and x > 0, define A*;(x) =1 (éf > xR Ug(n/kl)),

Ai(x)=1(g, > x "*U,(n/k,)) and

Ax(x,n0) =1 (e (1410115, ) + (oI, ) (1 +molT;,, ) > X 70U (n/ky) )
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fort =d,,...,n. Let ¢, € (0,1/10), we can show that there exists 1, > 0 such that
WA (x, —10) < WAL (x) < wAY(x, 1)
fort =d,,...,nand x €[0,1 + ], where

nolly ,
W*:]I(InaX(U( Tk’ Mo ;n)<eo),

and for x € [0,1 + ¢], there exists a positive constant C, such that

n
ky

7701_[*
E,_1[A}(x,m0)] —A’;(x)| < Cyw'x max(m, nolL;, n) -

In addition, by Markov’s inequality, for any € > 0,

Pr(l—w*>e¢e) < e 'Ell—w|<e!|Pr ﬂ +Pr( I} >e) =o0(1)
> < = U(n/k)_ Mo o) | = >

which indicates that 1 —w* = 0,(1).

Now we proceed to show that for any ¢t > 0 and v € [0,1/2),

n

> A, me) — AL ()]

t=d,

sup x " kl_l/ 2
x€(0,1+¢]

=0,(1). (S2.4)

We adapt the proof of Lemma 3 of Hoga (2019). Denote B}(x,7,) = Aj(x,n,) —Aj(x) for t =

dy,...,n. Let o, = | k;*log(n)] and sett = 0 without loss of generality. Decompose (0,1] = Zfzo(xjﬂ, x;l,

where x; = x; , = e7J/en_ 1t is noticed that for x € (X415 %51,

XY B mg) < xhk Z {B:(x;,n0) — E.1[B{(x;,m)1}

t:dn t= dn
n
—_ —1/2 k — —-1/2 ES *
+x kY ZEt_l[Bt(xj,no)HxJ:lk 2> [Ar(x) —A(x;,1)] and
t=d, t=d,
n n
X_Ukl_l/ZZB:(X,TIO) 2 Xj_vkl_l/zz {Bj(xj+1,no)_Et—1[3?(xj+1:no)]}
t=d, t=d,
n n
—v1.—1/2 —v1.—1/2
a0 D BB G mo) 1 x5 D (A ) — 43 (x)]-
t=d, t=d,
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Thus, it is sufficient to show that

max |x k' Z {B;(x;,m0) — E._1[B; (x;, no)]}‘ = 0,(1), (S2.5)

j>0 j+1
t=d,

ma [ S BB Gy o)

j>0 j+1
t=d,

=0,(1), (52.6)

n

max x4k, 2 Z [A°(x;) =A% (x}21) ]

=0
! t=d,

= 0,(1). (S2.7)

We use a similar approach as in the proof of Lemma 3 of Hoga (2019) to show (S2.5). Note that
{w*{B;(x;,m0) — E._1[B;(x;,m0)1},-#} is a martingale difference sequence, then for any € > 0,

Pr (max = e)
j=0

XK wt B (e, o) — Eos [B1 (x5, m0) 1}

t=d,

< ZPr( J_flk_l/ZZW* {B;k(xj;T’O)_Et—l[B;k(xPT’O)]} 26)
i=0 d,
]OO . n 2
< Ze_2k1 Jf;’E( Zw* {Br(x;,m0) — E._1[B;(x;,m)1} )
j=0 t=d,
< G kg Zd E(|w* {B;(x;, o) — E1[B:(xj, 1)1}
j=0 t=
< G YK ;ffzw[w*fs (x;,m0)]]
j=0
< -1 —2v C T’OH
> ngn XjX]-_H ZE max W, Ol'[2n
t=d,
0 _]/Qn H*
= Ze ~(j+1)2v/en { [U( /kq )]+E(H )}

— 0 (—W log(”)) — o(1),

nvz

where C; is a positive constant, the fifth step is due to the fact that B}(x;,n,) € {0,1} or {—1,0}
and the last step uses E [supxeg |m(x)— m(x)l] =0(n""?)and E [supxe(g |6(x)— O'(x)l] = 0(n"2) for
some positive v,.

For (S2.6) and (S2.7), they can be proved similarly as in Hoga (2019). Thus, we conclude (S2.4).

The remaining proof is similar to that of Lemma S1.7 and thus is omitted here. O
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S3 Proof of Proposition C.1

Proof: Itis clear that for all three models, m(.¢,_,, 0) and o (.%,_,, 0) are differentiable with respect
to 6.

(i) For the ARMA-GARCH model, m(.%,_;,0) = u+ ¢R,_; +ye,_; and 0*(£,_1,0) = w + w,e

2
t—1°

t1+

w,0*__, which can be written as

m(F,1,0) = 5+ (@ + )12 ¢ e, and 0%(,,,0) = £+ w; D2 ) M.

When w > 0,0< w; <1land 0 < w, <1, 0*(#,_,,0) is bounded below by T, > 0, and it is easy to
verify that Assumption 3.2 is satisfied if E(|R,|"') < oo.

Under information truncation,
m(S,_,,0) = 15 + (¢ +¢)z (e, ; and 02(F,_,0) == +w12 wy e
Thus, m(%,_;,0) and o(.%,_,, 0) are measurable with respect to .%,_,. In addition, as
m(F,1,0)~m(# 1,0) = —(+ w)i ¢/ e,_; and

0*( S, 1,0)=0(F,1,0) = —wlzaﬂ 2,
s clar it Im( )~ (5, 00| = (64|52, 6t | € B ELE, 67 o | = 0,07,
Similarly; as 02(#,_,,0) > w/(1—w,) and 03(%,_,,0) > w/(1—w,), we have |G(jn, 0)—o(~, 9)| <
|O-2(V¢:1s 0)—o*( 4, 9)| /{2w/(1 — w,)} = 0,(n""/?). Finally,

ZE|m(ﬂt 1,0)—m(4_,0)| <(¢+¢)ZZ¢J 'Ele,_;| = o(1)

t=d, j=t
and
DLE[0(50,0) =040, 0)| < D E[0°(F1,0) = 07( S, 0)] / {200/ (1~ 1)}
t=d, t=d,
< ZZw 'Ele?_ |/ {2e0/(1—w,)} = o(1).
t=d, j=t
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Thus, Assumption 3.3 is also satisfied by the ARMA-GARCH model.
(ii) For the TGARCH model, as m(.#,_,, 0) = u is a constant, so the assumptions on m(.¢,_,, 6) and

m(#,_,,0) are clearly satisfied. We can rewrite o%(.%,_;, 0) as

w
+
1—0)2

o0
j-1_2 2
(woNi—y + wq) E :wz O j€i1>
j=1

O-z(jt_l, 9) =

from which we can easily check the conditions on o (.¢,_,,0) and o(.%,_,, ) similarly as in the ARMA-
GARCH model. Thus, Assumptions 3.2 and 3.3 are satisfied by the TGARCH model.
(iii) In the GARCH-in-Mean model, the variance function o?(.#,_;, 0) is the same as in the ARMA-

GARCH model, so it is sufficient to check the conditions for m(.#,_;,0) = u+ ¢X,_, +yo? . Rewrite

oo o0
j—1 w j—1
m(g1,0) = p+¢X y+pol =+ ) P m_]-+¢(1_w2+wlzw§ e?_j_l)-
= =1

Using similar techniques as in the proof of part (i), we can show that Assumptions 3.2 and 3.3 are

satisfied.
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