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D.1 Notation

The notation . (resp. �) will be used to denote inequality (resp. equality) up to a fixed con-

stant. For a vector v, denote by ‖v‖∞ , maxi |vi|. The indicator function of an event A is denoted

by both I[A] and 1A.

The true data distribution, conditional on z, of the sample is denoted by P
(n)
∗ in both de-

signs and is as specified in Assumptions 1 and 5-7. The true data distribution, conditional on zi,

for one observation is denoted by P i
∗ in both designs for short. The Lebesgue density of P (n)

∗

(resp. P i
∗) is denoted by p

(n)
∗ (resp. p∗(yi|zi) in the sharp RD design and p∗(yi, xi|zi) in the

fuzzy RD design). In the proof we exploit the fact that we can write the student-t distribution

as a mixture of normal distributions: in the sharp RD design p∗(yi|zi) = tν(yi|g∗j (zi), σ2
j∗) =∫

N(yi|zi; g∗j , σ2
j∗/ξi)Ga

(
ξi;

ν
2
, ν

2

)
dξi for j = 0, 1 (and similarly in the fuzzy RD design). The

expectation taken with respect to P (n)
∗ is denoted by E∗. For a probability measure P , the notation

Ph will abbreviate
∫
hdP . Define the Kullback-Leibler divergence between two probability mea-

sures P and Q as K (P,Q) , P log (p/q), where p and q are the Lebesgue densities of P and Q

respectively, and define the discrepancy measure

V (P,Q) , P |log (p/q)−K (P,Q)|2 .
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For a set F and a metric d on it let N(ε,F, d) be the ε-covering number which is defined as

the minimum number of balls of radius ε needed to cover F see e.g. Van der Vaart [2000].

Notation specific to the Sharp RD design. Let G0 , Cδ[a, τ), G1 , Cδ[τ, b] and

Bc
∗(εnj , n

−1/2) , {(gj, σ2
j ) ∈ Gj × R+; ‖gj − g∗j‖nj ≥Mnεnj , |1− σj/σj∗| ≥ M̃n/

√
nj}

for j = 0, 1 and any sequences Mn, M̃n → ∞. For j = 0, 1, let P (nj)

gj ,σ2
j

(resp. P i
gj ,σ2

j
) denote

the conditional distribution of the sample y(nj) given (z(nj), gj, σ
2
j ) (resp. of yi given (zi, gj, σ

2
j )),

and p
(nj)

gj ,σ2
j

(resp. pgj ,σ2
j
(yi|zi)) denote the Lebesgue density of P (nj)

gj ,σ2
j

(resp. of P i
gj ,σ2

j
). Denote

the subsamples I0 , {i; zi < τ} and I1 , {i; zi ≥ τ}. For j = 0, 1, the Kullback-Leibler

neighborhood of (g∗j , σ
2
j∗) is defined as, ∀εnj > 0

BKL
n ((g∗j , σ

2
j∗), εnj) ,{

(gj, σ
2
j ) ∈ Gj × R+; K

(
P

(nj)
∗ , P

(nj)

gj ,σ2
j

)
≤ njε

2
nj
, V
(
P

(nj)
∗ , P

(nj)

gj ,σ2
j

)
≤ 2njε

2
nj

}
. (D.1)

Finally, in the proofs we use the following sequence of measurable sets for Mk = 4γknkε
2
n �

nkε
2
n � nε2n, where γk , max1≤j≤m∗k |(D

−1
αk
TαkD

−1′

αk
)jj|, αk , αI[k = 0] + βI[k = 1] and

m∗k �
(

nk
log(nk)

)1/(2δ+1)

, k = 0, 1:

Cn,0 ,
m∗0⋃
m0=1

{gm0(z) ∈ Sm0 ; α ∈ [−M0,M0]m0} ,

Cn,1 ,
m∗1⋃
m1=1

{gm1(z) ∈ Sm1 ; β ∈ [−M1,M1]m1} , (D.2)

where gm0(z) , B0(z)′α and gm1(z) , B1(z)′β.

Notation specific to the Fuzzy RD design. For the Fuzzy RD design we in addition use the

following notation. Let G0n = G1a , Cδ[a, b], and

F ,
{(
g0,0n(s, z)I[s ∈ {c, n}] + g1a(z)I[s = a]

)
I[z < τ ] +

(
g1,1a(s, z)I[s ∈ {c, a}]

+ g0n(z)I[s = n]
)
I[z ≥ τ ], with g0,0n(s, z) , g0(z)I[s = c] + g0n(z)I[s = n],

g1,1a(s, z) , g1(z)I[s = c] + g1a(z)I[s = a], gj ∈ Gj, j = 0, 1, 0n, 1a
}
.

We use the notation n̄10 , n00 + n10, n̄01 , n00 + n10 + n01. For a given sequence s , {s0, s1}
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where sk , {si}i∈Ikk with values in {c, n} if k = 0 and in {c, a} if k = 1 denote:

for f ∈ F, fs , (fs0
′, f(n, zn00+1), . . . , f(n, zn̄10), f(a, zn̄10+1), . . . , f(n, zn̄01),fs1

′)′,

fs0 , (f(s1, z1), . . . , f(sn00 , zn00))′, fs1 , (f(sn̄01+1, zn̄01+1), . . . , f(sn, zn))′,

σ2
0s0
, (σ2

0s1
, . . . , σ2

0sn00
)′, σ2

1s1
, (σ2

1sn̄01+1
, . . . , σ2

1sn)′,

g0s0 , (g0s1(z1), . . . , g0sn00
(zn00))′, g1s1 , (g1sn̄01+1(zn̄01+1), . . . , g1sn(zn))′. (D.3)

Moreover, define B∗(εn, n−1/2) , {(f, σ2
j ) ∈ F × R+ for j = 0, 1, 0n, 1a; |1 − σj/σj∗| ≥

M̃n/
√
n, and ∀s, ‖fs − f∗

s ‖n ≥Mnεn} for any sequences Mn, M̃n →∞.

Let g , (g0, g1, g0n, g1a), θ , (α,β,αn,βa), σ2 , (σ2
0, σ

2
1, σ

2
0n, σ

2
1a), q , (qc, qn, qa). Let

P
(n)

g,σ2 (resp. P i
g,σ2) denote the conditional distribution of the sample (y(n), x(n)) given (z(n), g,σ2, q)

(resp. of (yi, xi) given (zi, g,σ
2, q)), and p(n)

g,σ2 (resp. pg,σ2(yi, xi|zi)) denote the Lebesgue density

of P (n)

g,σ2 (resp. of P i
g,σ2). The Kullback-Leibler neighborhood of (g∗,σ2

∗, q
∗) is defined as, ∀ε > 0

BKL
n ((g∗,σ2

∗, q
∗), ε) ,

{
(gj, σ

2
j ) ∈ Gj × R+ for j = 0, 1, 0n, 1a, q ∈ [0, 1]3;

K
(
P (n)
∗ , P

(n)

g,σ2

)
≤ nε2, V

(
P (n)
∗ , P

(n)

g,σ2

)
≤ 2nε2

}
. (D.4)

Finally, in the proofs we use the following sequence of measurable sets for Mk = 4γnkε
2
n �

nkε
2
n � nε2n, where γ , max1≤j≤m∗k |(D

−1
αk
TαkD

−1′

αk
)jj|,αk , αI[k = 0]+βI[k = 1]+αnI[k =

0n] + βaI[k = 1a] and m∗k �
(

nk
log(nk)

)1/(2δ+1)

, k = 0, 1, 0n, 1a:

Cn,0 ,
m∗0⋃
m0=1

{gm0(z) ∈ Sm0 ; α ∈ [−M0,M0]m0} ,

Cn,1 ,
m∗1⋃
m1=1

{gm1(z) ∈ Sm1 ; β ∈ [−M1,M1]m1} ,

Cn,0n ,
m∗n⋃
mn=1

{gmn(z) ∈ Smn ; αn ∈ [−Mn,Mn]mn} ,

Cn,1a ,
m∗a⋃
ma=1

{gma(z) ∈ Sma ; βa ∈ [−Ma,Ma]
ma} . (D.5)

where gm0(z) , B00(z)′α, gm1(z) , B11(z)′β, gmn(z) , B0,n(z)′αn and gma(z) , B1,a(z)′βa,
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and

Fn ,
{(
g0,0n(s, z)I[s ∈ {c, n}] + g1a(z)I[s = a]

)
I[z < τ ] +

(
g1,1a(s, z)I[s ∈ {c, a}]

+ g0n(z)I[s = n]
)
I[z ≥ τ ], g0,0n(s, z) , g0(z)I[s = c] + g0n(z)I[s = n],

g1,1a(s, z) , g1(z)I[s = c] + g1a(z)I[s = a], gj ∈ Cn,j, j = 0, 1, 0n, 1a
}
.

Prior specification for both the Sharp and the Fuzzy RD designs. The prior specification

for (α,β,αn,βa,λ, σ
2
0, σ

2
1, σ

2
n, σ

2
a, q), where λ , (λ0, λ1, λn, λa) and q , (qc, qn, qa) is an inde-

pendent prior as follows:

α|λ0 ∼ Nm0(D−1
α α0, λ

−1
0 D

−1
α T αD

−1′

α ), β|λ1 ∼Nm1(D−1
β β0, λ

−1
1 D

−1
β T βD

−1′

β ),

αn|λn ∼ Nmn(D−1
n α0n, λ

−1
n D

−1
n T nD

−1′

n ), βa|λa ∼Nma(D
−1
a β0a, λ

−1
a D

−1
a T aD

−1′

a ),

λj ∼ Ga

(
aj0
2
,
bj0
2

)
, j = 0, 1, n, a

σ2
j ∼ IG

(
ν00

2
,
δ00

2

)
, for j = 0, 1, σ2

n ∼ IG

(
ν0n

2
,
δ0n

2

)
, σ2

a ∼ IG

(
ν0a

2
,
δ0a

2

)
,

q ∼ Dir(n0c, n0n, n0a), (D.6)

where ν00 > 2.

E Proofs for Section 2

E.1 Proof of Theorem 2.1

For every n, denote X(n) , (y(n), z(n)). The potential outcome yj , j = 0, 1 is given by

y0 = g0(z) + σ0ε0, z < τ, (E.1)

y1 = g1(z) + σ1ε1, z ≥ τ , (E.2)

where for j = 0, 1, εj ∼ tν(0, 1) are error terms independent of z and independent between them.

Let I0 , {i; zi < τ} = {i = 1, . . . n0} and I1 , {i; zi ≥ τ} = {i = n0 + 1, . . . n1}. Moreover, for

k = 0, 1 denote by Dnk the denominator of the posterior distribution of (gk, σ
2
k):

Dnk ,
∫ ∏
{i∈Ik}

pgk,σ2
k
(yi|zi)π(gk|λk)π(λk)π(σ2

k)dλkdσ
2
kdgk,
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where pgk,σ2
k
(yi|zi) , tν(yi|gk(zi), σ2

k). In the following we use the notation αk , αI[k = 0] +

βI[k = 1] for k = 0, 1 (and similarlyαk0 for the prior mean). Therefore, for k = 0, 1, the marginal

posterior of (gk, σ
2
k) is

π((gk, σ
2
k)|X(nk)) =

1

Dnk

∫ ∏
{i∈Ik}

tν(yi|Bk(zi)
′αk+g

⊥
k , σ

2
k)Nmk(D

−1
αk
αk0, λ

−1
k D

−1
αk
TαkD

−1′

αk
)⊗δ0(dg⊥k )dπ(λk)π(σ2

k),

where δ0 denotes the Dirac mass at zero and g⊥k , g⊥k (z) , gk(z) −Bk(z)′αk. For k = 0, 1, for

some C > 0 and εnk > 0 denote by Ac
k the following event:

Ac
k ,


∫ ∏

i∈Ik pgk,σ2
k
(yi|zi)

p
(nk)
∗

dπ(αk, g
⊥
k , λk, σ

2
k) ≤ e−(1+C)nkε

2
nk


where dπ(αk, g

⊥
k , λk, σ

2
k) denotes the prior supported on BKL

n ((g∗j , σ
2
j∗), εnj). By Ghosal and

van der Vaart [2007, Lemma 10], P (nk)
∗ [Ac

k] ≤ 1
C2nkε2nk

for every C > 0.

To prove the result of the theorem we use the test approach which relies on the uniformly ex-

ponential consistent test φnk constructed in Lemma E.4. By this lemma, for k = 0, 1 there exists a

test φnk that satisfies:

Q
(nk)

g∗k,σ
2
k∗
φnk ≤ enkε

2
nk (1− e−KM

2nkε
2
nk )−1e−KM

2nkε
2
nk and

Q
(nk)

gk,σ
2
k
(1−φnk) ≤ e−KM

2nkε
2
nk
j2 , ∀(gk, σ2

k) ∈ Cn,k×
[

1

2nk
, e3nkε

2
nk

]
such that |1−σk/σk∗| > jεσ

and ‖Ξ1/2
k (gk − g∗k)‖nk > Mεnkj, ∀j ∈ N, (E.3)

for some εσ > 1/(2n2
k), where Q(nk)

g∗k,σ
2
k∗
,
∏
{i∈Ik}N(yi|zi; g∗k, σ2

k∗/ξi) which, conditional on

{ξi}ni=1, is the true model, Q(nk)

gk,σ
2
k
,
∏
{i∈Ik}N(yi|zi; gk, σ2

k/ξi) and Ξ0 , diag(ξ1, . . . , ξn0),

Ξ1 , diag(ξn0+1, . . . , ξn1).

We now use the tests φn0 and φn1 to upper bound the posterior of Bc
∗(εnk , n

−1/2). For this we

use the fact that, since tν(yi|g∗j (zi), σ2
j∗) =

∫
N(yi|zi; g∗j , σ2

j∗/ξi)Ga
(
ξi;

ν
2
, ν

2

)
dξi for j = 0, 1, the

true Lebesgue density can be written as a mixture of normal distributions:

p(n)
∗ =

∫
Q

(n0)

g∗0 ,σ
2
0∗
Q

(n1)

g∗1 ,σ
2
1∗

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi.

5



For k = 0, 1:

E∗[π(Bc
∗(εnk , n

−1/2)|X(nk))] ≤ E∗[

≤1︷ ︸︸ ︷
π(Bc

∗(εnk , n
−1/2)|X(nk))φnk ]

+ E∗[

≤1︷ ︸︸ ︷
π(Bc

∗(εnk , n
−1/2)|X(nk))1Ac

k
] + E∗[π(Bc

∗(εnk , n
−1/2)|X(nk))(1− φnk)1Ak ]

≤
∫
Q

(nk)

g∗k,σ
2
k∗
φnk

∏
{i∈Ik}

Ga
(
ξi;
ν

2
,
ν

2

)
dξi +

1

C2nkε2nk

+ E∗


∫ ∫

Bc∗(εnk ,n
−1/2)

∏
{i∈Ik}

p
gk,σ

2
k

(yi|zi)

p
(nk)
∗

dπ(αk, g
⊥
k , λk, σ

2
k)

Dnk/p
(nk)
∗

(1− φnk)1Ak


≤

∫
e−(KM2−1)nkε

2
nk

(1− e−KnkM2ε2nk )

∏
i∈Ik

Ga
(
ξi;
ν

2
,
ν

2

)
dξi +

1

C2nkε2nk

+ E∗


∫ ∫

Bc∗(εnk ,n
−1/2)

∏
{i∈Ik}

p
gk,σ

2
k

(yi|zi)

p∗(yi|zi) dπ(αk, g
⊥
k , λk, σ

2
k)

Dnk/p
(nk)
∗

(1− φnk)1Ak


where to get the third inequality we have used the first line in (E.3) with M = ξ

1/2
minMn/J for

J ∈ N and ξmin , mini(Ξk)i,i. If M is sufficiently large to ensure that KM2 − 1 > KM2/2,
e
−(KM2−1)nkε

2
nk

(1−e−KnkM
2ε2nk )

≤ e−KM
2nε2nk

/2 and by using the definition of Ak we obtain

E∗[π(Bc
∗(εnk , n

−1/2)|X(nk))] ≤

∫
e−KξminM

2
nnkε

2
nk
/(2J2)

∏
i∈Ik

Ga
(
ξi;
ν

2
,
ν

2

)
dξi +

1

C2nkε2nk

+ E∗
[∫ ∫

Bc∗(εnk ,n
−1/2)

∏
{i∈Ik}

pgk,σ2
k
(yi|zi)

p∗(yi|zi)
dπ(α, g⊥k , λk, σ

2
k)(1− φnk)

] e(1+C)nkε
2
nk

π(BKL
n ((g∗j , σ

2
j∗), εnj))

.

(E.4)

Next, remark that the density function of the minimum ξmin is

p(ξmin) = nk
(ν/2)ν/2

Γ(ν/2)
(λmin)ν/2−1e−ξmin(ν/2)

(
Γ(ν/2, ν/2ξmin)

Γ(ν/2)

)nk−1

,
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where Γ(ν/2, ν/2ξmin) is the upper incomplete gamma function. Therefore,∫
e−KξminM

2
nnkε

2
nk
/(2J2)

∏
i∈Ik

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤

∫
e−KξminM

2
nnkε

2
nk
/(2J2)nk

(ν/2)ν/2

Γ(ν/2)
(λmin)ν/2−1e−ξmin(ν/2)dξmin

≤ 2e−KcqM
2
nnkε

2
nk
/(2J2)nk

∫ +∞

cq

(ν/2)ν/2

Γ(ν/2)
(λmin)ν/2−1e−ξmin(ν/2)dξmin

≤ 2e−nkε
2
nk

(KcqM2
n/(2J

2)−log(nk)/(nkε
2
nk

)), (E.5)

where, for q ∈ (0, 1/2), cq is the q-quantile of a Ga
(
ν
2
, ν

2
+

KM2
nnkε

2
nk

2J2

)
. Moreover, by using the

result of Lemma E.1: π(BKL
n (g∗k, εnk)) & e−nkε

2
nk for k = 0, 1, and by Fubini’s theorem

E∗[π(Bc
∗(εnk , n

−1/2)|X(nk))] . e−nkε
2
nk

(KcqMn/(2J)−εnk ) +
1

C2nkε2nk
+ e(1+C+1)nkε

2
nk×∫ ∫

Bc∗(εnk ,n
−1/2)

∫ ∏
{i∈Ik}

N(yi|zi;α, g⊥0 , σ2
k/ξi)︸ ︷︷ ︸

=Q
(nk)

gk,σ
2
k

(1−φnk)dyidπ(α, g⊥k , λk, σ
2
k)
∏
i∈Ik

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

(E.6)

where we have used again the fact that pgk,σ2
k
(yi|zi) =

∫
N(yi|zi;αk, g⊥k , σ2

k/ξi)Ga
(
ξi;

ν
2
, ν

2

)
dξi

for k = 0, 1. Set for k = 0, 1 and for j ∈ N:

Bk,j , {(gk, σ2
k) ∈ Cn,k ×

[
1

2nk
, e3nkε

2
nk

]
;Mεnkj < ‖Ξ

1/2
k (gk − gk∗)‖n ≤ 2jMεnk ,

jεσ < |1− σk/σk∗| < 2jεσ}

and Gk,n , {(gk, σ2
k) ∈ Cn,k ×

[
1

2nk
, e3nkε

2
nk

]
; ‖gk − gk∗‖n ≥Mnεnk , |1− σk/σk∗| > M̃n/

√
n}

⊆
{

(gk, σ
2
k) ∈ Cn,k ×

[
1

2nk
, e3nkε

2
nk

]
; ‖Ξ1/2

k (gj − g∗j )‖n ≥ ξ
1/2
minMnεnk , |1− σk/σk∗| > M̃n/

√
n

}
,

then Bc
∗(εnk , n

−1/2) ⊆ (Gk × R+)\(Cn,k ×
[

1
2nk
, e3nkε

2
nk

]
) ∪ Gk,n and Gk,n ⊆

⋃
j≥J Bk,j for

ξ
1/2
minMn = JM and M̃/

√
nk = Jεσ. Therefore, by decomposing the integral over Bc

∗(εnk , n
−1/2)

in the sum of two integrals over the ranges (Gk × R+)\(Cn,k ×
[

1
2nk
, e3nkε

2
nk

]
) and Gk,n and by

7



upper bounding (1− φnk) by 1 over Gk\Cn,k, for k = 0, 1, we get:∫ ∫
Bc∗(εnk ,n

−1/2)

∫
Q

(nk)

gk,σ
2
k
(1− φnk) dπ(α, g⊥k , λk, σ

2
k)
∏
i∈Ik

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤ π(Gk\Cn,k)

∫ e
3nkε

2
nk

(2nk)−1

π(σ2
k)dσ

2
k + π(Gk)︸ ︷︷ ︸

≤1

(∫ (2nk)−1

0

π(σ2
k)dσ

2
k +

∫ +∞

e
3nkε

2
nk

π(σ2
k)dσ

2
k

)

+

∫ ∫
Gk,n

∫
Q

(nk)

gk,σ
2
k
(1− φnk) dπ(α, g⊥k , λk, σ

2
k)
∏
i∈Ik

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤ e−nkε
2
nk
η/(2δ+1) + e−nkε

2
nk
δ00 +

e−3nkε
2
nk δ00

ν00 − 2
+

∫ ∑
j≥J

e−Kj
2M2nkε

2
nk

∏
i∈Ik

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

(E.7)

where we have used Lemma E.2 to upper bound π(Gk\Cn,k), the concentration inequality for

sub-Gamma random variables to upper bound the integral over
[
0, 1

2nk

]
(since (σ−2

k − E[σ−2k ]) is

sub-Gamma
(

2ν00

δ2
00
, 2
δ00

)
), and the second inequality in (E.3) with JM = ξ

1/2
minMn to control the

term Q
(nk)

gk,σ
2
k
(1 − φnk). By using the same argument to get (E.5) we obtain E[e−KJ

2M2nkε
2
nk ] ≤

2 exp{−nkε2nk(KcqM
2
n − εnk)}. By putting this, (E.6) and (E.7) together we get that for k = 0, 1:

E∗[π(Bc
∗(εnk , n

−1/2)|X(nk))] . e−nkε
2
nk

(KcqM2
n/(2J

2)−εnk ) +
1

C2nkε2nk

+ e(1+C+1)nkε
2
nk

(
e−nkε

2
nk
η/(2δ+1) + e−nkε

2
nk
δ00 + e−3nkε

2
nk + e−nkε

2
nk

(KcqM2
n−εnk )

)
which converges to zero for every Mn, K sufficiently large and every 0 < C < min{1, δ00 − 2}
such that 1+C+1 < η

(2δ+1)
which implies η > min{3, δ00}(2δ+1). This establishes the statement

of the theorem.
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E.2 Proof of Theorem 2.2

For every n, denote X(n) , (y(n), z(n)). For given m0,m1 ∈ N, define the functional spaces

Gm0 and Gm1 as

Gm0 ,
{
gm0(z); gm0(z) = B0(z)′α, z ∈ {z1, . . . , zn0},α ∈ Rm0

}
⊂ L2(Pn0)

Gm1 ,
{
gm1(z); gm1(z) = B1(z)′β, z ∈ {zn0+1, . . . , zn1},β ∈ Rm1

}
⊂ L2(Pn1),

where Pnj has support z(nj) for j = 0, 1. Associated to each space (and then to each measure Pnj ),

define the linear functionals

Lz(n0) : Gm0 → R

g 7→ e′m0,m0
B−1

0

1

n0

n0∑
i=1

B0(zi)g(zi)I[zi < τ ]

Lz(n1) : Gm1 → R

g 7→ e′m1,1
B−1

1

1

n1

n1∑
i=n0+1

B1(zi)g(zi)I[zi ≥ τ ]

where ei,j denotes the (i× 1) canonical vector with all components equal to zero but the j-th one,

B0 , 1
n0

∑n0

i=1B0(zi)B0(zi)
′I[zi < τ ] and B1 , 1

n1

∑n1

i=n0+1B1(zi)B1(zi)
′I[zi ≥ τ ]. Therefore,

for every gm0 ∈ Gm0 , gm1 ∈ Gm1 , α[m0] = Lz(n0)gm0 and β[1] = Lz(n1)gm1 . The linear functionals

Lz(n0) and Lz(n1) can be written: ∀ϕ0 ∈ L2(Pn0) and ∀ϕ1 ∈ L2(Pn1),

Lz(n0)ϕ0 = 〈ϕ0, `z(n0)〉Pn0
, Lz(n1)ϕ1 = 〈ϕ1, `z(n1)〉Pn1

where for j = 0, 1, 〈·, ·〉Pnj (resp. ‖ · ‖nj ) denotes the scalar product (resp. the induced norm) in

L2(Pnj) and

`z(n0)(s) , e′m0,m0
B−1

0 B0(z)I[z < τ ] ∈ L2(Pn0), `z(n1)(s) , e′m1,1
B−1

1 B1(z)I[z ≥ τ ] ∈ L2(Pn1).

Therefore, by the Riesz theorem, ‖Lz(n0)‖2
n0

= ‖`z(n0)‖2
n0

= e′m0,m0
B−1

0 em0,m0 and ‖Lz(n1)‖2
n1

=

‖`z(n1)‖2
n1

= e′m1,1
B−1

0 em1,1. By the definition of Bj(z), j = 0, 1, there exists a constant cj > 0

such that ‖`
z(nj)‖nj ≤ cj <∞ for every nj .

Since |ATE − ATE∗| ,
∣∣∣(β[1] −α[m0])− (β∗[1] −α∗[m0])

∣∣∣ ≤ |β[1] − β∗[1]|+ |α[m0] −α∗[m0]| it

9



holds that (by denoting with Σ the event {|1− σj/σj∗| ≥ M̃n/
√
nj for j = 0, 1})

π

 |ATE − ATE∗| ≥M1,nεn, |1− σj/σj∗| ≥ M̃n/
√
nj for j = 0, 1︸ ︷︷ ︸

,Σ

∣∣∣∣∣∣∣X(n)


≤ π

(
|β[1] − β∗[1]|+ |α[m0] −α∗[m0]| ≥M1,nεn, Σ, |β[1] − β∗[1]| ≥

M1,nεn
2

∣∣∣∣X(n)

)
+ π

(
|β[1] − β∗[1]|+ |α[m0] −α∗[m0]| ≥M1,nεn, Σ, |β[1] − β∗[1]| <

M1,nεn
2

∣∣∣∣X(n)

)
. (E.8)

We analyse the two terms in the right hand side of (E.8) separately by starting from the first one.

Since for two events A and B, π(A∩B|X(n)) ≤ π(B|X(n)) and by using the independence of the

posterior of (σ2
0) and (β[1], σ

2
1) we get:

π

(
|β[1] − β∗[1]|+ |α[m0] −α∗[m0]| ≥M1,nεn, Σ, |β[1] − β∗[1]| ≥

M1,nεn
2

∣∣∣∣X(n)

)
≤ π

(
Σ, |β[1] − β∗[1]| ≥

M1,nεn
2

∣∣∣∣X(n)

)
≤ π

(
|1− σ2

1/σ
2
1∗| ≥ M̃nεn, |β[1] − β∗[1]| ≥

M1,nεn
2

∣∣∣∣X(n1)

)
π( |1− σ0/σ0∗| ≥

M̃n√
nj

∣∣∣∣∣X(n0))︸ ︷︷ ︸
≤1

≤ π

(
‖Lz(n1)‖n1‖(gm1 − g∗m1

)‖n ≥
M1,nεn1

2
,

∣∣∣∣1− σ1

σ1∗

∣∣∣∣ ≥ M̃n√
nj

∣∣∣∣∣X(n1)

)
(E.9)

which converges to zero in P (n1)
∗ -probability by the result of Theorem 2.1 with Mn = M1,n/(2c1)

and where we have used ‖Lz(n1)‖n1 ≤ c1 <∞. We now analyse the second term on the right hand
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side of (E.8). By using the independence of the posterior of (α[m0], σ
2
0) and (β[1], σ

2
1) we get:

π

(
|β[1] − β∗[1]|+ |α[m0] −α∗[m0]| ≥M1,nεn, Σ, |β[1] − β∗[1]| <

M1,nεn
2

∣∣∣∣X(n)

)
≤ π

(
M1,nεn

2
+ |α[m0] −α∗[m0]| ≥M1,nεn, Σ, |β[1] − β∗[1]| <

M1,nεn
2

∣∣∣∣X(n)

)
≤ π

(
|α[m0] −α∗[m0]| ≥

M1,nεn
2

,

∣∣∣∣1− σ0

σ0∗

∣∣∣∣ ≥ M̃n/
√
nj

∣∣∣∣X(n0)

)
× π

(
|β[1] − β∗[1]| <

M1,nεn
2

,

∣∣∣∣1− σ1

σ1∗

∣∣∣∣ ≥ M̃n/
√
nj

∣∣∣∣X(n1)

)
︸ ︷︷ ︸

≤1

≤ π

(
|Lz(n0)(gm0 − g∗m0

)| ≥ M1,nεn0

2
,

∣∣∣∣1− σ0

σ0∗

∣∣∣∣ ≥ M̃n/
√
nj

∣∣∣∣X(n0)

)
≤ π

(
‖Lz(n0)‖n‖(gm0 − g∗m0

)‖n ≥
M1,nεn0

2
,

∣∣∣∣1− σ0

σ0∗

∣∣∣∣ ≥ M̃n/
√
nj

∣∣∣∣X(n0)

)
, (E.10)

where we have used the independence of the posterior of (α[m0], σ
2
0) and (β[1], σ

2
1) to get the sec-

ond inequality. By the result of Theorem 2.1 with Mn = M1,n/(2c0), (E.10) converges to zero in

P
(n0)
∗ -probability. By putting together (E.8), (E.9) and (E.10) we get the statement of the theorem.

E.3 Technical Lemmas

Lemma E.1. Assume the conditions of Theorem 2.1 hold. Then, for k = 0, 1 there exists a N > 0

such that ∀nk ≥ N and ∀εnk > 0

π(BKL
n ((g∗k, σ

2
k∗), εnk)) & exp

{
−nkε2nk

}
. (E.11)

Proof. All along the proof k takes values in {0, 1}. By Lemma E.3 there exists a N > 0 such that

∀nk > N and ∀εnk > 0:

π(BKL
n ((g∗k, σ

2
k∗), εnk)) & elog εnkπ(gk ∈ Gk; ‖gk − g∗k‖2

∞ ≤ σ2
k∗ε

2
nk
/2)

= elog εnkπ

{
gk ∈ Gk; ‖gk − g∗k‖∞ ≤

σk∗εnk√
2

}
. (E.12)

Because ‖gk− g∗k‖∞ ≤ ‖gk− gmk‖∞+ ‖gmk − g∗mk‖+ ‖g∗mk − g
∗
k‖∞, ‖g∗mk − g

∗
k‖∞ ≤ C2m

−δ
k , and

‖gmk − g∗mk‖∞ ≤ C3m
1/2
k ‖αk − α∗k‖ for some constants C2, C3 > 0 (by boundedness of natural
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cubic splines), we have,

π

{
gk ∈ Gk; ‖gk − g∗k‖∞ ≤

σk∗εnk√
2

}
≥ π

{
β ∈ Rmk ;C2m

−δ
k + C3m

1/2
k ‖αk −α

∗
k‖ ≤

σk∗εnk√
2

}
=

∞∑
mk=1

π

(
αk ∈ Rmk ;C2m

−δ
k + C3m

1/2
k ‖αk −αk

∗‖) ≤ σk∗εnk√
2

∣∣∣∣mk

)
π(mk) (E.13)

where we have used the fact that the prior on (gk−gmk) is degenerate on zero. Therefore, by setting

εnk = 2C2

σk∗

(
logn
n

)δ/(2δ+1)
, by replacing it and mk = m∗k �

(
n

logn

)1/(2δ+1)

and since εnk � (m∗k)
−δ

we obtain

π

{
gk ∈ Gk; ‖gk − g∗k‖∞ ≤

σk∗εnk√
2

}
≥ π

(
β ∈ Rm∗k ; ‖β − β∗‖ ≤ (m∗k)

−δ−1/2C2

C3

)
(E.14)

and denote C̃ , C2/C3. By using the result of Lemma G.1 with U = β, which is valid under As-

sumption 4 and for every (m∗k)
−δ−1/2C̃ ∈ (0,

√
ρmaxm∗k/(4λk)), where ρmax denotes the maximum

eigenvalue of D−1
β TβD

−1′

β , we get:

π
(
αk ∈ Rmk ; ‖αk −αk∗‖ ≤ (m∗k)

−δ−1/2C̃
)
≥ C̃m∗k (m∗k)

−(δ+1/2)m∗k−m∗k/2

×

∫
{λk≤ρmaxm∗k/(4C̃

2)}

λ
m∗k/2
k e−λk‖w‖(m

∗
k)−δ−1/2C̃/(ρ

1/2
max)e−λk‖w‖

2/2λ
a10/2−1
k e−bk0λk/2

(bk0/2)ak0/2

Γ(ak0/2)
dλk

= C̃m∗k (m∗k)
−(δ+1)m∗k

(̃bk0/2)−ãk0/2(bk0/2)ak0/2Γ(ãk0/2)

Γ(ak0/2)
π̃
(
λk ≤ ρmaxm

∗
k/(4C̃

2)
)

(E.15)

where π̃ is taken with respect to aGa
(
ãk0

2
, b̃k0

2

)
distribution with ãk0 , (ak0+m∗k) and b̃k0 , (bk0+

‖w‖2)+2
‖w‖(m∗k)−δ−1/2C̃

√
ρmax

, and where we have used the following inclusion of events: {(m∗k)−(δ+1/2) ≤√
ρmaxm∗k/(4λkC̃

2)} ⊇ {1 ≤
√
ρmaxm∗k/(4λkC̃

2)} since (m∗k)
−(δ+1/2) ≤ 1.

We start with the computation of π̃
(
λk ≤ ρmaxm

∗
k/(4C̃

2)
)

. For this we can use the estimate

12



of the tail of sub-gamma random variables1 (see e.g. Boucheron et al. [2013]) to get

π̃

(
λk >

ρmaxm
∗
k

4C̃2

)
≤ exp

{
−k

2

(
b̃k0

ρmaxm
∗
k

4C̃2
+

√
ãk0

(
2b̃k0

ρmaxm∗k

4C̃2
− ãk0

))}

≤ exp

{
− b̃k0

2

ρmaxm
∗
k

4C̃2

}
.

Hence,

π̃
(
λk ≤ ρmaxm

∗
k/(4C̃

2)
)

= 1− π̃
(
λk >

ρmaxm
∗
k

4C̃2

)
≥ 1− exp

{
− b̃k0

2

ρmaxm
∗
k

4C̃2

}
≥ 1

2
(E.16)

for every n large enough.

We now analyse term (b̃k0/2)−ãk0/2(bk0/2)ak0/2Γ(ãk0/2)
Γ(ak0/2)

. For this, first remark that a version of the

Stirling’s formula gives the bound
√

2πnn+1/2e−n ≤ n! ≤ e−n+1nn+1/2. By using these bounds

and ak0 = 2ηm∗k we obtain: ∀m∗k ∈ N,

Γ(ãk0/2)

Γ(ak0/2)
=

(ãk0 − 1)!(
ak0

2
− 1
)
!
≥
√

2π

(
ãk0

2
− 1

)(ãk0−1)/2 (ak0

2
− 1
)−(ak0−1)/2

e−(ãk0/2−1)e(ak0−1)/2

=
√

2πe−(m∗k−1)/2

(
m∗k

(
η +

1

2
− 1

m∗k

))(m∗k(2η+1)−1)/2(
m∗k

(
η − 1

m∗k

))−(2ηm∗k−1)/2

≥
√

2πe−(m∗k−1)/2

(
m∗k

(
η − 1

m∗k

))(m∗k2η−1)/2(
m∗k

(
η − 1

m∗k

))−(2ηm∗k−1)/2

=
√

2πe−m
∗
k/2

(E.17)

where we have used the fact that η + 1
2
− 1

m∗k
> η − 1

m∗k
to get the penultimate inequality and

1If λk is distributed as a Ga
(

ãk0

2 , b̃k0

2

)
according to π̃, then its centered version λk − E[λk] its sub-Gamma(

2 ãk0

b̃2k0

, 2

b̃k0

)
, where E[λk] = ãk0/b̃k0.
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(m∗k − 1) < m∗k in the last inequality. By putting (E.15)-(E.17) together we get:

π
(
αk ∈ Rmk ; ‖αk −α∗

k‖ ≤ (m∗k)
−δ−1/2C̃

)
≥ exp

{
m∗k log(C̃)−(δ+1)m∗k log (m∗k)+

1

2
log(2π)

− 1

2
m∗k −

ãk0

2
log(̃bk0/2) +

ak0

2
log(bk0/2)− log(2)

}
≥ exp

{
−m∗k log(n)

[ δ + 1

2δ + 1
− (δ + 1) log log(n)

(2δ + 1) log(n)
− log(C̃)

log(n)
− log(2π)

2m∗k log(n)
+

1

log(n)

+
2η + 1

2 log(n)
log(̃bk0/2)− η

log(n)
log(bk0/2) +

log(2)

m∗k log(n)

]}
≥ exp

{
−m∗k log(n)

[ δ + 1

2δ + 1
− 1− 1 + 1 + 1− 1 + 1

]}
& exp{−m∗k log(n)(δ+ 1)/(2δ+ 1)}

where we have used bk0 > 2 and n large to get the first inequality in the last line. Therefore, if

m∗k �
(

n
logn

)1/(2δ+1)

π(BKL
n ((g∗k, σ

2
k∗), εnk)) & elog εnk exp

{
−m∗j log(n)

δ + 1

2δ + 1

}
= exp

{
−nkε2nk

(
δ + 1

2δ + 1
− log(εnk)

nε2nk

)}
≥ exp

{
−nkε2nk

2δ + 1

2δ + 1

}
(E.18)

since for the values ofm∗k and εnk given in the theoremm∗k log n � nkε
2
nk

, and since log(εnk)/(nkε
2
nk

) ≥
−δ/(2δ + 1). This establishes (E.11).

�

Lemma E.2. Assume the conditions of Theorem 2.1 hold. Then, for k = 0, 1 the sequence of

measurable sets Cn,k defined in (D.2) satisfies

π(Gk\Cn,k) . exp

{
−nkε2nk

η

2δ + 1

}
, (E.19)

where η is defined in Theorem 2.1.

Proof. For k = 0, 1, take as Cn,k the set defined in (D.2) and recall the notation αk , αI[k =

0] + βI[k = 1]. The complement Gk\Cn,k is

Gk\Cn,k = Gk\Sm∗k ∪
m∗k⋃
mk=1

{
gmk ∈ Smk , ‖αk‖∞ > Mk,

}
,

where gmk(z) , Bk(z)′αk. By using the fact that the prior has nonzero mass only on the subspace
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of natural cubic splines on the set of mk = m∗k knots for k = 0, 1, the prior of this event is

π(Gk\Cn,k) ≤ π
(
gmk ∈ Smk ; ‖αk‖∞ > Mk

)
. (E.20)

From Lemma G.2 applied with U = αk, m = m∗k and M = Mk, which is valid under Assumption

4 (ii), we know that π(‖αk‖∞ > Mk|λk) ≤ exp
{

log(m∗k)−
λk(Mk/2−‖Dαk

−1αk0‖2∞)

2γ

}
for Mk ≥ 1

and γ , max1≤j≤m∗k |(Dαk
−1TαkDαk

−1′)jj|. Hence, by takingMk sufficiently large to guarantee

that Mk/2− ‖Dαk
−1αk0‖2

∞ + 2γbk0 > 0, we have

π(‖αk‖∞ > Mk) ≤ elog(m∗k)
(∫ ∞

0

e−{λk(Mk/2−‖D−1
αk
αk0‖2∞)/(2γ)}Ga

(
λk;

ak0

2
,
bk0

2

)
dλk

= exp

{
log(m∗k)−

ak0

2
log

(
bk0

2
+
Mk/2− ‖Dαk

−1αk0‖2
∞

2γ

)
+
ak0

2
log

(
bk0

2

)}
.

By replacing the values ak0 = 2ηm∗k, Mk = 4γnkε
2
nk
� nkε

2
nk

and the value for εnk we obtain:

π(‖αk‖∞ > Mk) ≤

exp

{
log(m∗k)− ηm∗k log

(
nkε

2
nk

(
bk0

2nkε2nk
+ 1− ‖Dαk

−1αk0‖2
∞

2γnkε2nk

))
+ ηm∗k log

(
bk0

2

)}
= exp

{
−m∗k log(nk)

(
η

2δ + 1
+ o(1)

)}
� exp

{
−nkε2nk

η

2δ + 1

}
. (E.21)

�

Lemma E.3. Let us consider model (E.1)-(E.2). For j = 0, 1, suppose that εji ∼ tν(0, 1), ∀i ∈ Ij ,
where 0 and 1 denote the location and scale parameters respectively of a Student distribution, and

suppose that ε0i and ε1i are independent between them and across i. Let BKL
n ((f ∗j , σ

2
j∗), ε) be as

defined in (D.1) and π be an independent prior on gj and σ2
j . Then, for j = 0, 1 there exists a

N > 0 such that ∀nj ≥ N and ∀εnj > 0

π(BKL
n ((g∗j , σ

2
j∗), εnj)) ≥ π

(
|σ2
j∗ − σ2

j | ≤ εnjσ
2
j∗/
√

2ν, σ2
j ≥ σ2

j∗

)
× π

(
‖gj − g∗j‖2

∞ ≤ σ2
j∗ε

2
nj
/2
)
. (E.22)

Moreover, let the prior on σ2
j be specified as in (D.6). Then, there exists aN > 0 such that ∀n ≥ N

and ∀εnj > 0

π(BKL
n ((g∗j , σ

2
j∗), εnj)) & elog εnjπ

(
‖gj − g∗j‖2

∞ ≤ σ2
j∗ε

2
nj
/2
)
. (E.23)
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Proof. All along the proof j take values in {0, 1}. From the distribution of εji it follows that

yi|zi; gj, σ2
j ∼ tν(yi|gj(zi), σj) where σj is the scale parameter and gj(zi) is the location parameter,

for every i ∈ Ij . Simple algebra shows that K
(
P

(nj)
∗ , P

(nj)

gj ,σ2
j

)
=
∑

i∈Ij K
(
P i
∗, P

i
gj ,σ2

j

)
and that

V
(
P

(nj)
∗ , P

(nj)

gj ,σ2
j

)
=

∫ ∣∣∣∣∣∣
∑
i∈Ij

(
log

dP i
∗

dP i
gj ,σ2

j

−K
(
P i
∗, P

i
gj ,σ2

j

))∣∣∣∣∣∣
2

dP
(nj)
∗

=

∫ ∑
i∈Ij

(
log

dP i
∗

dP i
gj ,σ2

j

−K
(
P i
∗, P

i
gj ,σ2

j

))2

dP
(nj)
∗ + 2

∑
i>l

Cov∗

(
log

dP i
∗

dP i
gj ,σ2

j

, log
dP l
∗

dP l
gj ,σ2

j

)
=
∑
i∈Ij

V (P i
∗, P

i
gj ,σ2

j
)

where Cov∗ denotes the covariance with respect to P (nj)
∗ . Therefore,

BKL
n ((g∗j , σ

2
j∗), εnj) =(gj, σ

2
j ) ∈ Gj × R+;

∑
i∈Ij

K(P i
∗, P

i
gj ,σ2

j
) ≤ njε

2
nj
,
∑
i∈Ij

V (P i
∗, P

i
gj ,σ2

j
) ≤ 2njε

2
nj


for some constant 0 < C2 ≤ 2. In the following of the proof we leave implicit the fact that

(gj, σ
2
j ) ∈ Gj ×R+ in all the events that we define. Denote A1 , { 1

nj

∑n
i∈Ij K(P i

∗, P
i
gj ,σ2

j
) ≤ ε2nj}.

We first upper boundK(P i
∗, P

i
gj ,σ2

j
) in order to find an event included in A1. Denote α̃ = (ν+1)/2,

g∗j,i = g∗j (zi) and gj,i = gj(zi). Then, for j = 0, 1:

K(P i
∗, P

i
gj ,σ2

j
) =

∫
ln

[
tν(yi|g∗j,i, σ2

j∗)

tν(yi|gj,i, σ2
j )

]
tν(yi|g∗j,i, σ2

j∗)dyi

=

∫
ln

 σj
σj∗

(
1 +

(yi−g∗j,i)2

νσ2
j∗

)−α̃
(

1 +
(yi−gj,i)2

νσ2
j

)−α̃
 tν(yi|g∗j,i, σ2

j∗)dyi

=

∫
ln

(
σ−νj
σ−νj∗

(
νσ2

j + (yi − gj,i)2

νσ2
j∗ + (yi − g∗j,i)2

)α̃)
tν(yi|g∗j,i, σ2

j∗)dyi.

Since for j = 0, 1, σj∗/σj > 0 and (νσ2
j + (yi − gj,i)

2)/(νσ2
j∗ + (yi − g∗j,i)

2) > 0, we use the

16



inequality ln(x) ≤ x− 1, ∀x > 0, and obtain:

K(P i
∗, P

i
gj ,σ2

j
) ≤ ν

2

∫
σ2
j∗ − σ2

j

σ2
j

tν(yi|g∗j,i, σj∗)dyi

+ α̃

∫ (
νσ2

j + (yi − gj,i)2 − νσ2
j∗ − (yi − g∗j,i)2

νσ2
j∗ + (yi − g∗j,i)2

)
tν(yi|g∗j,i, σ2

j∗)dyi

=
ν(σ2

j∗ − σ2
j )

2σ2
j

+ α̃

∫ (
νσ2

j + (yi − gj,i)2 − νσ2
j∗ − (yi − g∗j,i)2

νσ2
j∗

)
νσ2

j∗tν(yi|g∗j,i, σ2
j∗)

νσ2
j∗ + (yi − g∗j,i)2

dyi.

(E.24)

Remark that
νσ2
j∗

νσ2
j∗+(yi−g∗j,i)2 tν(yi|g∗j,i, σ2

j∗) = tν+2(yi|g∗j,i, σ̌2
j∗)

ν
ν+1

with σ̌2
j∗ , σ2

j∗ν/(ν + 2). In fact,

νσ2
j∗

νσ2
j∗ + (yi − g∗j,i)2

tν(yi|g∗j,i, σ2
j∗) =

Γ
(
ν+1

2

)
Γ
(
ν
2

)√
πνσ∗

(
1 +

(yi − g∗j,i)2(ν + 2)

νσ2
j∗(ν + 2)

)−(ν+1)/2−1

=
Γ
(
ν+1

2

)
Γ
(
ν
2

)√
πνσj∗

Γ
(
ν+2

2

)√
π(ν + 2)σ̌j∗

Γ
(
ν+2+1

2

) tν+2(yi|g∗j,i, σ̌2
j∗)

=
ν

ν + 1
tν+2(yi|g∗j,i, σ̌2

j∗), (E.25)

where we have used Γ(z + 1) = zΓ(z). By plugging this result in (E.24) we obtain:

K(P i
∗, P

i
gj ,σ2

j
) ≤

ν(σ2
j∗ − σ2

j )

2σ2
j

+
ν

2

∫ (
νσ2

j + (yi − gj,i)2 − νσ2
j∗ − (yi − g∗j,i)2

νσ2
j∗

)
tν+2(yi|g∗j,i, σ̌2

j∗)dyi

=
ν(σ2

j∗ − σ2
j )

2

2σ2
j∗σ

2
j

+
1

2

∫ (
2(yi − g∗j,i)(g∗j,i − gj,i) + (g∗j,i − gj,i)2

σ2
j∗

)
tν+2(yi|g∗j,i, σ̌2

j∗)dyi

=
1

2σ2
j∗

(
ν(σ2

j∗ − σ2
j )

2

σ2
j

+ (g∗j,i − gj,i)2

)
(E.26)

since (yi − g∗j,i) has mean equal to zero. It follows that

∑
i∈Ij

K(P i
∗, P

i
gj ,σ2

j
) =

nj
2σ2

j∗

(
ν(σ2

j∗ − σ2
j )

2

σ2
j

+ ‖g∗j − gj‖2
n

)
. (E.27)
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Therefore,

A1 ⊇

{
‖g∗j − gj‖2

nj
≤
σ2
j∗ε

2
nj

2

}
∩

{
(σ2

j∗ − σ2
j )

2

σ2
j

≤
σ2
j∗ε

2
nj

2ν

}
, A2.

In addition, denote A3 , {|σ2
j∗ − σ2

j | ≤ εnjσ
2
j∗/
√

2ν, σ2
j ≥ σ2

j∗} and A4 , {‖g∗j − gj‖2
n ≤

σ2
j∗ε

2
nj
/2} so that A2 ⊇ A3 ∩ A4 which we will use later on. Moreover, define the event A5 ,

{‖gj − g∗j‖2
∞ ≤ σ2

j∗ε
2
nj
/2}.

Next, we show that {
∑

i∈Ij V (P i
∗, P

i
gj ,σ2

j
) ≤ 2njε

2
nj
} ⊇ A3∩A4∩A5. On A3∩A4∩A5, (gj,i, σ

2
j )

is close to (g∗j,i, σ
2
j∗) for every i ∈ Ij = 1, . . . , n. Therefore, on A3 ∩A4 ∩A5, P i

gj ,σ2
j

is close to

P i
∗ and we can use the Taylor expansion of ln(u) around u = 1: ln(u) = (u− 1) + o(u− 1) with

u =
νσ2
j+(yi−gj,i)2

νσ2
j∗+(yi−g∗j,i)2 . In particular, on A3∩A4∩A5, u−1 ≤ εnj(1/

√
ν+εnj/ν−2(yi−g∗j,i)/(νσj∗))

which converges to zero as εnj → 0. We use this result to deal with V (P i
∗, P

i
gj ,σ2

j
) which we first

develop as:

V (P i
∗, P

i
gj ,σ2

j
) =

∫ ∣∣∣∣ln [tν(yi|g∗j,i, σ2
j∗)

tν(yi|gj,i, σ2
j )

]
−K(P i

∗, P
i
gj ,σ2

j
)

∣∣∣∣2 tν(yi|g∗j,i, σ2
j∗)dyi

=

∫ ∣∣∣ ln[ σj
σj∗

(
νσ2

j + (yi − gj,i)2

νσ2
j∗ + (yi − g∗j,i)2

)(ν+1)/2(
σj∗
σj

)(ν+1)
]

−
∫

ln

[(
σj∗
σj

)ν ( νσ2
j + (yi − gj,i)2

νσ2
j∗ + (yi − g∗j,i)2

)(ν+1)/2
]
tν(yi|g∗j,i, σ2

j∗)dyi

∣∣∣2tν(yi|g∗j,i, σ2
j∗)dyi

=
(ν + 1)2

4

∫ ∣∣∣∣∣ln
(
νσ2

j + (yi − gj,i)2

νσ2
j∗ + (yi − g∗j,i)2

)
−
∫

ln

(
νσ2

j + (yi − gj,i)2

νσ2
j∗ + (yi − g∗j,i)2

)
tν(yi|g∗j,i, σ2

j∗)dyi

∣∣∣∣∣
2

× tν(yi|g∗j,i, σ2
j∗)dyi.

Then, by applying the Taylor expansion of ln(u) as indicated above we get:

V (P i
∗, P

i
gj ,σ2

j
) =

(ν + 1)2

4

∫ ∣∣∣ν(σ2
j − σ2

j∗) + (gj,i − g∗j,i)2 + 2(yi − g∗j,i)(g∗j,i − gj,i)
νσ2

j∗ + (yi − g∗j,i)2

−
∫

ν(σ2
j − σ2

j∗) + (gj,i − g∗j,i)2 + 2(yi − g∗j,i)(g∗j,i − gj,i)
νσ2

j∗

νσ2
j∗

νσ2
j∗ + (yi − g∗j,i)2

tν(yi|g∗j,i, σ2
j∗)dyi

∣∣∣2
× tν(yi|g∗j,i, σ2

j∗)dyi

By using the fact that
νσ2
j∗

νσ2
j∗+(yi−g∗j,i)2 tν(yi|g∗j,i, σ2

j∗) = tν+2(yi|g∗j,i, σ̌2
j∗)

ν
ν+1

with σ̌2
j∗ , σ2

j∗ν/(ν + 2)

18



the inner integral is equal to [ν(σ2
j −σ2

j∗) + (gj,i− g∗j,i)2]/(σ2
j∗(ν+ 1)). Moreover, by using the fact

that

(
νσ2

j∗

νσ2
j∗ + (yi − g∗j,i)2

)2

tν(yi|g∗j,i, σ2
j∗) =

Γ
(
ν+1

2

)
Γ
(
ν
2

)√
πνσj∗

(
1 +

(yi − g∗j,i)2(ν + 4)

νσ2
j∗(ν + 4)

)−(ν+1)/2−2

=
Γ
(
ν+1

2

)
Γ
(
ν
2

)√
πνσ

Γ
(
ν+4

2

)√
π(ν + 4)σj∗

Γ
(
ν+4+1

2

) tν+4(yi|g∗j,i, σ2
j∗) =

(ν + 2)ν

(ν + 3)(ν + 1)
tν+4(yi|g∗j,i, σ2

j∗),

with σ2
j∗ = νσ2

j∗/(ν + 4) we obtain:

V (P i
∗, P

i
gj ,σ2

j
) =

(ν + 1)2

4
×

(∫ [ν(σ2
j − σ2

j∗) + (gj,i − g∗j,i)2 + 2(yi − g∗j,i)(g∗j,i − g∗j,i)]2

ν2σ4
j∗

(
νσ2

j∗

νσ2
j∗ + (yi − g∗j,i)2

)2

tν(yi|g∗j,i, σ2
j∗)dyi

+

[
ν(σ2

j − σ2
j∗) + (gj,i − g∗j,i)2

]2
σ4
j∗(ν + 1)2

− 2
[ν(σ2

j − σ2
j∗) + (gj,i − g∗j,i)2]

σ2
j∗(ν + 1)

×∫
[ν(σ2

j − σ2
j∗) + (gj,i − g∗j,i)2 + 2(yi − g∗j,i)(g∗j,i − g∗j,i)]

νσ2
j∗

νσ2
j∗

νσ2
j∗ + (yi − g∗j,i)2

tν(yi|g∗j,i, σ2
j∗)dyi

)
By computing the integral this gives:

V (P i
∗, P

i
gj ,σ2

j
) =

(ν + 1)2

4

(ν(σ2
j − σ2

j∗)
2(ν + 2)

σ4
j∗(ν + 3)(ν + 1)

+
(g∗j,i − gj,i)4ν(ν + 2)

ν2σ4
j∗(ν + 3)(ν + 1)

+
4(g∗j,i − gj,i)2σ2

j∗

σ4
j∗(ν + 3)(ν + 1)

+
2(σ2

j − σ2
j∗)(g

∗
j,i − gj,i)2

νσ4
j∗

−
[ν(σ2

j − σ2
j∗) + (g∗j,i − gj,i)2]2

σ4
j∗(ν + 1)2

)
=
((σ2

j − σ2
j∗)

2

σ4
j∗

[
ν(ν + 2)

(ν + 3)(ν + 1)
− ν2

(ν + 1)2

]
+

(gj,i − g∗j,i)4

σ4
j∗

[
ν + 2

ν(ν + 3)(ν + 1)
− 1

(ν + 1)2

]
+ 2

(gj,i − g∗j,i)2

σ2
j∗

(
2

(ν + 3)(ν + 1)
+
σ2
j − σ2

j∗

νσ2
j∗
−
ν(σ2

j − σ2
j∗)

(ν + 1)2σ2
j∗

))(ν + 1)2

4

≤
ν(σ2

j − σ2
j∗)

2

2σ4
j∗

+
(gj,i − g∗j,i)4

2σ4
j∗ν

+
(gj,i − g∗j,i)2

σ2
j∗

+
(gj,i − g∗j,i)2(σ2

j − σ2
j∗)

σ4
j∗

(1 + 2ν)

2ν
.

Therefore, by using the Holder inequality which implies 1
nj

∑nj
i=1(gj,i−g∗j,i)4 ≤ ‖gj−g∗j‖2

∞‖gj−
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g∗j‖2
nj

and because we are on A3 ∩A4, we get

∑
i∈Ij

V (P i
∗, P

i
gj ,σ2

j
) ≤ nj

(ν(σ2
j − σ2

j∗)
2

2σ4
j∗

+
‖gj − g∗j‖2

∞‖gj − g∗j‖2
nj

2σ4
j∗ν

+
‖gj − g∗j‖2

nj

σ2
j∗

+
‖gj − g∗j‖2

nj
(σ2

j − σ2
j∗)

σ4
j∗

(1 + 2ν)

2ν

)
≤ nj

(
ε2nj
2

+
ε2nj

4νσ2
j∗
‖gj − g∗j‖2

∞ +
ε2nj
2

+ ε3nj
(1 + 2ν)

4ν
√

2ν

)
.

Moreover, on A5:

∑
i∈Ij

V (P i
∗, P

i
gj ,σ2

j
) ≤ nε2nj

(
1

2
+
ε2nj
8ν

+
1

2
+ εnj

(1 + 2ν)

4ν
√

2ν

)
. nε2nj .

This shows that there exists an N > 0 such that ∀n ≥ N and ∀εnj > 0, {
∑n

i∈Ij V (P i
∗, P

i
gj ,σ2

j
) ≤

2nε2nj} ⊇ A3 ∩A4 ∩A5. Then, by remarking that

π(BKL
n ((g∗j , σ

2
j∗), εnj)) ≥

∫
A3∩A4∩{

∑
i∈Ij

V (P i∗,P
i
gj ,σ

2
j

)≤2nε2nj }

dπ(gj, σ
2
j )

=

∫
A3∩A4∩{

∑n
i∈Ij

V (P i∗,P
i
gj ,σ

2
j

)≤2njε
2
nj
}∩A5

dπ(gj, σ
2
j )+

∫
A3∩A4∩{

∑n
i=1 V (P i∗,P

i
gj ,σ

2
j

)≤2nε2nj }∩A
c
5

dπ(gj, σ
2
j )

≥

∫
A3∩A4∩{

∑n
i∈Ij

V (P i∗,P
i
gj

)≤2nε2nj }∩A5

dπ(gj, σ
2
j ). (E.28)

we get that for j = 0, 1:

π(BKL
n ((g∗j , σ

2
j∗), εnj)) ≥ π (A3 ∩A4 ∩A5)

≥ π
(
|σ2
j∗ − σ2

j | ≤ εnjσ
2
j∗/
√

2ν, σ2
j ≥ σ2

j∗

)
π
(
‖gj − g∗j‖2

∞ ≤ σ2
∗ε

2
nj

)
,

where in the last line we have used the independence of the prior for σ2
j and gj and the inequality

‖gj − g∗j‖2
nj
≤ ‖gj − g∗j‖2

∞ for j ∈ {0, 1} which implies A5 ⊆ A4. This establishes result (E.22)
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in the lemma. To show result (E.23):

π
(
|σ2
j∗ − σ2

j | ≤ εnjσ
2
j∗/
√
ν, σ2

j ≥ σ2
j∗
)

=

∫
(σ2
j∗+

εnj σ
2
j∗√
ν

)

(σ2
j∗−

εnj σ
2
j∗√
ν

)∨σ2
j∗

(δ00/2)ν00/2

Γ(ν00/2)
(σ2

j )
−ν00/2−1e−δ00/(2σ2

j )dσ2
j

≥ (σ2
j∗ +

εnjσ
2
j∗√
ν

)−(ν00/2+1)e−δ00/(2σ2
j∗)

∫
(σ2
j∗+

εnj σ
2
j∗√
ν

)

σ2
j∗

(δ00/2)ν00/2

Γ(ν00/2)
dσ2

j

= (σ2
j∗ +

εnjσ
2
j∗√
ν

)−(ν00/2+1)e−δ00/(2σ2
j∗)

(δ00/2)ν00/2

Γ(ν00/2)

[(
σ2
j∗ +

εnjσ
2
j∗√
ν

)
− σ2

j∗

]
� elog εnj

since (σ2
j∗ −

εnjσ
2
j∗√
ν

) ∨ σ2
j∗ = σ2

j∗.

E.4 Testing

Lemma E.4 (Testing). For each k = 0, 1, let qk∗ , (g∗k, σ
2
k∗) and Eqk∗ (resp. Eqk) denote the

expectation taken with respect to the distribution Nnk(g
∗
k, σ

2
k∗) (resp. Nnk(gk, σ

2
k)). For each k =

0, 1, there exists a test φnk such that for some K,M > 0 and ∀` ∈ N:

Eqk∗φnk ≤
e−(M2K−1)nkε

2
nk

1− e−M2Knkε2nk
, sup

qk=(gk,σ
2
k)∈An,k,`

Eqk(1− φnk) ≤ e−M
2K`nkε

2
nk (E.29)

where An,k,` , {gk ∈ Cn,k; ‖Ξ1/2
k (gk − g∗k)‖nk > `Mεnk} × {σ2

k ∈
[

1
2nk
, enkε

2
nk

]
; |1− σk/σk∗| >

`εσ} for some εσ > 1/(2n2
k), Ξ0 , diag(ξ1, . . . , ξn0), Ξ1 , diag(ξn0+1, . . . , ξn1) and {ξi}i are the

latent variables in the mixture representation of the student-t distribution.

Proof. All along the proof k can take values in {0, 1}. To construct the test φnk , we first consider

the set Qj := {(gk, σ2
k) ∈ Cn,k ×

[
1

2nk
, enkε

2
nk

]
; jε < ‖Ξ1/2

k (gk − g∗k)‖nk < 2jε, jεσ < |1 −
σk/σk∗| < 2jεσ} for a given j ∈ N, k ∈ {0, 1}, ε > 0 and εσ > 0. Consider a maximal set

of points qj,1, . . . , qj,Nj ∈ Qj , with qj,l = (glk, σ
2
k,l) that satisfy ‖Ξ1/2

k (glk − gl
′

k )‖nk ≥ ε/3 and

|σ2
k,l − σ2

k,l′| > εσσ
2
k∗/2, for every l, l′ = 1, . . . , Nj . Then, consider Nj balls Bj,l around each of

these qj,l constructed as

Bj,l :=
{
q ∈ Qj; ‖Ξ1/2

k (glk − gk)‖nk ≤ ε/3, |σ2
k,l − σ2

k| ≤ εσσ
2
k∗/2

}
(E.30)

and denote by η the radius of these balls. These balls cover Qj as otherwise the set qj,1, . . . , qj,Nj
would not be maximal. Moreover, Nj = N(η,Qj, ‖Ξ1/2

k · ‖nk + | · |). For every ball Bj,l let
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us construct a test φj,l as: φj,l = 1{dPqk,l/dP∗≥1}, where Pqk,l = Nnk(g
l
k, σ

2
k,l), qk,l ∈ Bj,l and

Pqk∗ = Nnk(g
∗
k, σ

2
k∗). Denote qk∗ , (g∗k, σ

2
k∗), and Eq is the expectation taken with respect to the

distribution Pq. Since qk,l ∈ Bj,l ⊂ Qj , this test satisfies:

Eqk∗φj,l =

∫
1{
√
dPqk,l/dPk∗≥1}dPqk∗ ≤

∫ √
dPqk,ldPqk∗

≤
(
σk,l
σk∗

+
σk∗
σk,l

)−nk/2
2nk/2 exp{−nk‖Ξ1/2

k (glk − g∗k)‖2
nk
/(4(σ2

k,l + σ2
k∗))}

< e−nkj
2ε2/(8σ2

k∗), (E.31)

Eqk(1− φj,l) ≤
√

Eqk,l(1− φj,l)
√

Eqk,l(dPqk/dPqk,l)
2

< e−nkj
2ε2/(16σ2

k∗)enkj
2ε2/(18σ2

k∗), ∀qk ∈ Bj,l (E.32)

where to get (E.31) we have used the inequality |1−σk/σ∗| > jεσ which implies that
(
σk,l
σ0∗

+ σ0∗
σk,l

)
>

1 + jεσ + (1− jεσ)−1 > 2 and that σ2
k,l + σ2

k∗ = σ2
k∗(

σ2
k,l

σ2
k∗

+ 1) < σ2
k∗(1− jεσ + 1) ≤ 2σ2

k∗. To get

(E.32) we have used the Cauchy-Schwartz inequality, the result in Lemma E.5 and the fact that for

qk ∈ Bj,l:

Eqk,l(1− φj,l) =

∫
1{
√
dPq∗/dPqk,l>1}dPqk,l <

∫ √
dPqk,ldPq∗ < e−nkj

2ε2/(16σ2
k∗).

This implies that supqk∈Bj,l Eqk(1− φj,l) < e−nkjε
2/(144σ2

0∗), and by choosing ε = 12σk∗

√
M̃1εnk it

follows that

Eqk∗φj,l ≤ e−M̃1jnkε
2
nk and sup

qk∈Bj,l
Eqk(1− φj,l) ≤ e−M̃1jnkε

2
nk .

Let φnk , maxj∈N,l∈{1,...,Nj} φj,l. Then, if Nj . exp(nkε
2
nk

), ∀j ∈ N

Eqk∗φnk ≤
∞∑
j=1

Nj∑
l=1

Eq∗φj,l ≤
∞∑
j=1

Nj∑
l=1

e−M̃1jnkε
2
nk ≤

∞∑
j=1

Nje
−M̃1jnkε

2
nk

≤ enkε
2
nk

(
1

1− e−M̃1nkε2nk

− 1

)
=
e−(M̃1−1)nkε

2
nk

1− e−M̃1nkε2nk
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and, since Qj ⊆
⋃
k=1,...,Nj

Bj,k, we have for every ` ∈ N

sup
{gk∈Cn,k;‖Ξ1/2

k (gk−g∗k)‖nk>`ε}
sup

{σ2
k∈[1/(2nk),e

3nkε
2
nk ];|1−σk/σ∗|>`εσ}

Eqk(1−φnk) ≤ sup
qk∈

⋃
j>` Qj

Eqk(1−φnk)

≤ sup
j>`

sup
1≤l≤Nj

sup
qk∈Bj,l

Eqk(1− φj,l) ≤ sup
j>`

sup
1≤l≤Nj

e−M̃1jnkε
2
nk = e−M̃1`nkε

2
nk .

Finally, remark that `ε = `12σk∗

√
M̃1εnk =: `Mεnk and we can write M̃1 = M2K with K =

1/(144σ2
k∗).

To conclude the proof we have to show that Nj . exp(nkε
2
nk

). Since for every j ∈ N, Qj ⊆
Cn,k ×

[
1

2nk
, e3nkε

2
nk

]
, then

Nj = N(η,Qj, ‖Ξ1/2
k · ‖nk + | · |) ≤ N(η,Cn,k × [(2nk)

−1, e3nkε
2
nk ], ‖Ξ1/2

k · ‖nk + | · |)

≤ N
(
ε/3,Cn,k, ‖Ξ1/2

k · ‖nk
)
×N

(
εσσ

2
k∗/2,

{
σ2
k ∈ R+;

1

2nk
≤ σ2

k < e3nkε
2
nk

}
, | · |

)
. (E.33)

We start by considering the first factor. Remark that (by denoting αk , αI[k = 0] + βI[k = 1])

and by using the value of ε

logN
(
ε/3,Cn,k, ‖Ξ1/2

k · ‖nk
)
≤ logN

(
ε/3,

m∗k⋃
mk=1

{Bk(z)′αk;αk ∈ Rmk , ‖αk‖∞ ≤Mk}, ‖Ξ1/2
k ·‖nk

)

≤ logN
(

4σkεnk ,

m∗k⋃
mk=1

{Bk(z)′αk; αk ∈ Rmk , ‖αk‖∞ ≤Mk}, ‖Ξ1/2
k · ‖nk

)
.

By Van der Vaart [2000, Example 19.7], since 4σkεnk > σkεnk , there exist a constantKk depending

on αk only such that (by denoting with ‖ · ‖ the Euclidean norm) the penultimate inequality below

holds:

logN
(
ε/3,Cn,k, ‖Ξ1/2

k · ‖nk
)
≤ log

m∗k∑
mk=1

N
(
σkεnk/

√
m∗k, {αk ∈ Rmk , ‖αk‖∞ ≤Mk}, ‖ · ‖

)
≤ logm∗kN

(
σkεnk/

√
m∗k, {αk ∈ Rm∗k , ‖αk‖∞ ≤Mk}, ‖ · ‖

)
≤ log

m∗kKk

(√
m∗k2Mk

σkεnk

√
m∗k

)m∗k
 ≤ log

m∗kKk

(√
m∗k2Mk

σkεnk

√
m∗k

)m∗k


where we have used the fact that σkεnk ≥ σkεnk/
√
m∗k for every m∗k ≥ 1 to get the first inequality
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and the fact that the diameter of the hypercube [−Mk,Mk]
m∗k is

√
m∗k2Mk to get the penultimate

inequality. By replacing the optimal values m∗k �
(

nk
lognk

)1/(2δ+1)

, εnk �
(

lognk
nk

)δ/(2δ+1)

and

Mk � nkε
2
nk

= n
1/(2δ+1)
k (log nk)

2δ/(2δ+1) we obtain

sup
ε>3σkεnk

logN
(
ε/3,Cn,k, ‖Ξ1/2

k · ‖nk
)
. m∗k log(nk)

(
δ + 1

2δ + 1
+ 3

)
. nkε

2
nk

since m∗k log(n) � nε2nk . We now analyse the second factor in (E.33). Since εσσ2
k∗/2 > σ2

k/(2n
2
k)

we obtain

logN
(
εσσ

2
k∗/2,

{
σ2
k ∈ R+; (2nk)

−1 ≤ σ2 < e3nkε
2
nk

}
, | · |

)
≤ logN

(
σ2
k/(2n

2
k), {σ2

k ∈ R+; (2nk)
−1 ≤ σ2 < e3nkε

2
nk}, | · |

)
≤ 4nkε

2
nk

where the last inequality follows from the definition of εnk and log(nk)/nk ≤ ε2nk .

Lemma E.5. For k ∈ {0, 1} and given j, l ∈ N let Pqk,l = Nnk(g
l
k, σ

2
k,l) and consider the balls

Bj,l defined in (E.30). For every qk ∈ Bj,l it holds√
Eqlk

(dPqk/dPqk,l)
2 ≤ exp{j2ε2nk/(18σ2

k∗)}.

Proof. First, remark that simple algebra shows that

Eqk,l

(
dPqk
dPqk,l

)2

= Eqk

(
dPqk
dPqk,l

)
=

(
σ2
k,l

σ2
k

)nk/2(
2− σ2

k

σ2
k,l

)−nk/2
exp

{∑
i∈I00

[ξi(g
l
k − gk)]2

2σ2
k,l − σ2

k

}
.

(E.34)

We start by bounding the first two factors:

(
σ2
k,l

σ2
k

)nk/2(
2− σ2

k

σ2
k,l

)−nk/2
=

[
σ2
k,l

σ2
k

σ2
k,l

2σ2
k,l − σ2

k

]nk/2
=

[
σ2
k,l

σ2
k

1

2− σ2
k/σ

2
k,l

]nk/2

≤

[
σ2
k,l

σ2
k

1

1− εσσ2
k∗/(2σ

2
k,l)

]nk/2
≤
[

(1− εσ)

(1 + εσ)

1

1− εσ/2(1 + εσ)

]nk/2
=

[
2(1− εσ)

2 + εσ

]nk/2
≤
[

2(1− εσ)

2

]nk/2
≤ 1, (E.35)

where we have used the facts that, since qk ∈ Bj,l: σ2
k/σ

2
k,l ≤ 1 + εσσ

2
k∗/(2σ

2
k,l), and since both

qk, qk,l ∈ Qj: σ2
k,l/σ

2
k = (σ2

k,l/σ
2
k∗)/(σ

2
k/σ

2
k∗) ≤ (1 − εσ)/(1 + εσ). By using again the fact that
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qk ∈ Bj,l and qk,l ∈ Qj the following inequalities hold: σ2
k∗ < (1+ε/2)σ2

k∗ = (1+εσ−εσ/2)σ2
k∗ ≤

(1− εσσ2
k∗/(2σ

2
k,l))σ

2
k,l ≤ (2− σ2

k

σ2
k,l

)σ2
k,l = 2σ2

k,l−σ2
k and then (2σ2

k,l−σ2
k)
−1 < σ−2

k∗ , so that we get

exp

{∑
i∈I00

ξi(g
l
k − gk)2(2σ2

k,l − σ2
k)
−1

}
≤ exp

{
ε2nk/(9σ

2
k∗)
}
≤ exp

{
j2ε2nk/(9σ

2
k∗)
}

for every j ∈ N. This together with (E.35) allows to conclude that Eqk,l

(
dPqk
dPqk,l

)2

≤ exp{j2ε2nk/(9σ
2
k∗)}.

F Proofs for Section 4

We introduce new notation which we use in this section for convenience together with the

already introduced notation. For every n, denote X(n) , (y(n), x(n), z(n)). Let g0c , g0, g1c , g1,

σ2
0c , σ2

0 and σ2
1c , σ2

1 . For the sample size of the cells I10 and I01 we use both the notations

n0n , n10 and n1a , n01; moreover I0n , I10 and I1a , I01. We also use the notationB0 , B00,

B1 , B11,B0n , B0,n,B1a , B1,a.

F.1 Posterior consistency conditional on the type

Theorem F.1. Assume that for some −∞ < a < b < ∞ there exists a δ > 0 and a constant

C2 > 0 such that: g∗0 ∈ G0 , Cδ[a, τ), g∗1 ∈ G1 , Cδ[τ, b] and g∗0n, g
∗
1a ∈ Cδ[a, b], and

‖g∗j−g∗mk‖∞ ≤ C2m
−δ
k for j = 0, 1, 0n, 1a and k = 0, 1, n, a. Moreover, 0 < σ2

j < σ2
j∗ < σ2

j <∞,

for j = 0, 1, 0n, 1a and two constants σ2
j , σ

2
j . Let π be the prior on (g,σ2, q, {λj, j = 0, 1, n, a})′

specified in Section 4.7 with mj = m∗j �
(

n
logn

)1/(2δ+1)

, ν00 > 2, δ00 > 2 + 6δ/(2δ + 1), and

aj0 = 2ηm∗j for j = 0, 1, n, a, and η > min{3, δ00}(2δ + 1)/4 + 3δ/(2(2δ + 1)). Moreover,

suppose that Assumptions 1-3 and 5-9 hold and let nlj � n for l, j = 0, 1. Then, for all Mn →∞,

P (n)
∗ π

(
(f, σ2

j ) ∈ F × R+ for j = 0, 1, 0n, 1a; |1− σj/σj∗| ≥ M̃n/
√
n,

and ∀s, ‖fs − f∗
s ‖n ≥Mnεn

∣∣∣y(n), x(n), z(n)
)
→ 0

where εn �
(

logn
n

)δ/(2δ+1)
.

Proof. For every n, denote X(n) , (y(n), x(n), z(n)). We use the notation g , (g0, g1, g0n, g1a),
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θ , (α,β,αn,βa), σ2 , (σ2
0, σ

2
1, σ

2
0n, σ

2
1a), λ , (λ0, λ1, λn, λa), q , (qc, qn, qa), and

n∏
i=1

pg,σ2(yi, xi|zi) ,
∏
{i∈I00}

∑
k∈{c,n,a}

tν(yi|zi, g0si , σ
2
0si
, si = k)Pr(xi = 0|zi < τ, θ, si = k)qk

×
∏
{i∈I10}

∑
k∈{c,n,a}

tν(yi|zi, g0si , σ
2
0si
, si = k)Pr(xi = 0|zi < τ, θ, si = k)qk

×
∏
{i∈I11}

∑
k∈{c,n,a}

tν(yi|zi, g1si , σ
2
1si
, si = k)Pr(xi = 0|zi < τ, θ, si = k)qk

×
∏
{i∈I01}

∑
k∈{c,n,a}

tν(yi|zi, g1si , σ
2
1si
, si = k)Pr(xi = 0|zi < τ, θ, si = k)qk

to denote the likelihood. The marginal posterior for (g,σ2) writes

π(g,σ2|D(n)) ∝

∫
n∏
i=1

pg,σ2(yi, xi|zi)π(g0)π(g1)π(g0n)π(g1a)π(σ2
0)π(σ2

1)π(σ2
0n)π(σ2

1a)π(dq)

=

∫ ∏
{i∈I00}

∑
si∈{c,n}

tν(yi|zi, g0si , σ
2
0si

)qsi
∏
{i∈I10}

tν(yi|zi, g0n, σ
2
n)qn

∏
{i∈I11}

∑
si∈{c,a}

tν(yi|zi, g1si , σ
2
1si

)qsi

×
∏
{i∈I01}

tν(yi|zi, g1a, σ
2
a)qa × π(g0)π(g1)π(g0n)π(g1a)π(σ2

0)π(σ2
1)π(σ2

0n)π(σ2
1a)dπ(qc, qa, qn)

=

∫ ∑
s1∈{c,n}

× . . .×
∑

sn00∈{c,n}

∑
sn01+1∈{c,n}

× . . .×
∑

sn11∈{c,n}

∏
{i∈I00}

tν(yi|zi, g0si , σ
2
0si

)qsi

×
∏
{i∈I11}

tν(yi|zi, g1si , σ
2
1si

)qsi
∏
{i∈I10}

tν(yi|zi, g0n, σ
2
n)qn

∏
{i∈I01}

tν(yi|zi, g1a, σ
2
a)qa

× π(g0)π(g1)π(g0n)π(g1a)π(σ2
0)π(σ2

1)π(σ2
0n)π(σ2

1a)dπ(qc, qa, qn). (F.1)

Remark that given our specification of the prior, we have π(g0) =
∫
Nm0(D−1

α α0, λ
−1
0 D

−1
α T αD

−1′

α )⊗
δ0(dg⊥0 )dπ(λ0) where δ0 denotes the Dirac mass at zero and g⊥0 , g⊥0 (z) , g0(z)−B00(z)′α (and

similarly for π(g1), π(g0n), π(g1a) and g⊥1 , g⊥0n and g⊥1a).

Moreover, for k ∈ {0, 1} and a given sequence {si}nkki=1:

∏
{i∈Ikk}

tν(yi|zi, gksi , σ2
ksi

) =

∫ ∏
{i∈Ikk}

N(yi|zi, gksi , σ2
ksi
/ξi)︸ ︷︷ ︸

,Q
(nkk)

gksk
,σ2
ksk

∏
{i∈Ikk}

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

26



and similarly for cells I10 and I01:
∏
{i∈I10} tν(yi|zi, g0n, σ

2
n) =
∫
Q

(n10)

g0n,σ2
n

∏
{i∈I10}Ga

(
ξi;

ν
2
, ν

2

)
dξi

and
∏
{i∈I01} tν(yi|zi, g1a, σ

2
a) =

∫
Q

(n01)

g1a,σ2
a

∏
{i∈I01}Ga

(
ξi;

ν
2
, ν

2

)
dξi. The true Lebesgue density

can be written in a similar way. For instance, the true Lebesgue density of (yi, xi = 0)|{zi <
τ}, g∗0s0 ,σ

2
0s0∗ can be written:

p(n00)
∗ =

∑
s1∈{c,n}

q∗s1 × . . .×
∑

sn00∈{c,n}

q∗sn00

∏
{i∈I00}

tν(yi|zi, g∗0si , σ
2
0si∗)

=

∫ ∑
s1∈{c,n}

q∗s1 × . . .×
∑

sn00∈{c,n}

q∗sn00

∏
{i∈I00}

N(yi|zi, g∗0si , σ
2
0si∗/ξi)︸ ︷︷ ︸

,Q
(n00)

g∗0s0
,σ2

0s0∗

∏
{i∈I00}

Ga
(
ξi;
ν

2
,
ν

2

)
dξi,

where s0 , (s1, . . . , sn00).

For some C > 0 and εn > 0 denote by A the following event:

A ,


∫ ∏n

i=1 pg,σ2(yi, xi|zi)
p

(n)
∗

dπ(θ,σ2, g⊥,λ, q) ≥ e−(1+C)nε2n

 ,

where g⊥ , (g⊥0 , g
⊥
1 , g

⊥
0n, g

⊥
1a), dπ(θk, g

⊥
k , λk, σ

2
k) denotes the prior supported onBKL

n ((g∗,σ2
∗, q

∗), εn).

By Ghosal and van der Vaart [2007, Lemma 10], P (n)
∗ [Ac] ≤ 1

C2nε2n
for every C > 0 where Ac

denotes the complement of A.

To prove the result of the theorem we use the test approach which relies on the uniformly ex-

ponential consistent test φn constructed in Lemma F.4. By this lemma, for every given sequence

sk = {si}i∈Ikk with values in {c, n} if k = 0 and in {c, a} if k = 1, there exists a test φn that

satisfies:

Q
(n)

f∗s ,σ
2
s∗
φn ≤ enε

2
n(1− e−KM2nε2n)−1e−KM

2nε2n and

Q
(n)

fs,σ
2
s
(1− φnk) ≤ e−KM

2nε2nj
2

, ∀(fs,σ2
s); (f, σ2

l ) ∈ Fn ×
[

1

2n
, e6nε2n

]
for l = 0, 1, 1a, 0n;

‖Ξ1/2(fs − f∗
s )‖n > `ε, |1− σl/σl∗| > `εσ (F.2)

for ε = 12 max(σ0∗, σ1∗, σ0n∗, σ1a∗)M
√
Kεn for some constants K,M > 0, some εσ > 1/(2n2).

Here, we have used the notationσ2
s , (σ2

0s0
,σ2

1s1
, σ2

0n, σ
2
1a),Q(n)

f∗s ,σ
2
s∗
, Q

(n00)

g∗0s0 ,σ
2
0s0∗

Q
(n11)

g∗1s1 ,σ
2
1s1∗

Q
(n10)

g∗0n,σ
2
0n∗
Q

(n01)

g∗1a,σ
2
1a∗

and Q(n)

fs,σ
2
s
, Q

(n00)

g0s0 ,σ
2
0s0

Q
(n11)

g1s1 ,σ
2
1s1

Q
(n10)

g0n,σ2
0n
Q

(n01)

g1a,σ2
1a

. Remark that, conditional on {ξi}ni=1 and on

a sequence s, Q(n)

f∗s ,σ
2
s∗

is the true model. Moreover, we have used the notation Ξ , diag(ξi, i ∈
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I00, ξi ∈ I10, ξi ∈ I01, ξi ∈ I11).

Recall the definition of B∗(εn, n−1/2). We now use the test φn to upper bound the posterior of

B∗(εn, n
−1/2). So,

E∗[π(B∗(εn, n
−1/2)|X(n))] = E∗[π(B∗(εn, n

−1/2)|X(n))φn]

+ E∗[

≤1︷ ︸︸ ︷
π(B∗(εn, n

−1/2)|X(n))1Ac ] + E∗[π(B∗(εn, n
−1/2)|X(n))(1− φn)1A] (F.3)

where E∗[π(B∗(εn, n
−1/2)|X(n))1Ac ] ≤ 1

C2nε2n
. We analyse the first and third terms separately. Let

us start from the first term:

E∗[

≤1︷ ︸︸ ︷
π(B∗(εn, n

−1/2)|X(n))φn] ≤ E∗[φn] ≤

∫ ∑
s1∈{c,n}

q∗s1 × . . .×
∑

sn00∈{c,n}

q∗sn00

×
∑

sn01+1∈{c,n}

q∗sn01+1
× . . .×

∑
sn11∈{c,n}

q∗sn11
Q

(n)

f∗s ,σ
2
s∗
φn

n∏
{i=1}

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤

∫ ∑
s1∈{c,n}

q∗s1︸ ︷︷ ︸
≤1

× . . .×
∑

sn00∈{c,n}

q∗sn00

∑
sn01+1∈{c,n}

q∗sn01+1
× . . .×

∑
sn11∈{c,n}

q∗sn11

× e−(KM2−1)nkε
2
n

(1− e−KnkM2ε2n)

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤

∫
e−(KM2−1)nkε

2
n

(1− e−KnkM2ε2n)

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

by using the first line in (F.2) with M = ξ
1/2
minMn/J for J ∈ N and ξmin , min1≤i≤n ξi. If M is

sufficiently large to ensure that KM2 − 1 > KM2/2, e−(KM2−1)nε2n

(1−e−KnM2ε2n )
≤ e−KM

2nε2n/2. Next, remark

that the density function of the minimum ξmin is

p(ξmin) = n
(ν/2)ν/2

Γ(ν/2)
(λmin)ν/2−1e−ξmin(ν/2)

(
Γ(ν/2, ν/2ξmin)

Γ(ν/2)

)n−1

,

where Γ(ν/2, ν/2ξmin) is the upper incomplete gamma function. Therefore, since Γ(ν/2,ν/2ξmin)
Γ(ν/2)

≤
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1, ∫
e−KξminM

2
nnε

2
n/(2J

2)

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤

∫
e−KξminM

2
nnε

2
n/(2J

2)n
(ν/2)ν/2

Γ(ν/2)
(λmin)ν/2−1e−ξmin(ν/2)dξmin

≤ 2e−KcqM
2
nnε

2
n/(2J

2)n

∫ +∞

cq

(ν/2)ν/2

Γ(ν/2)
(λmin)ν/2−1e−ξmin(ν/2)dξmin

≤ 2e−nε
2
n(KcτM2

n/(2J
2)−log(n)/(nε2n)), (F.4)

where, for τ ∈ (0, 1/2), cτ is the τ -quantile of a Ga
(
ν
2
, ν

2
+ KM2

nnkε
2
n

2J2

)
. Therefore,

E∗[

≤1︷ ︸︸ ︷
π(B∗(εn, n

−1/2)|X(n))φn] ≤ 2e−nε
2
n(KcτM2

n/(2J
2)−log(n)/(nε2n)). (F.5)

Next, we analyse the third term in (F.3). By using the definition of A we obtain

E∗[π(B∗(εn, n
−1/2)|X(n))(1− φn)1A] ≤

E∗
[∫ ∫

B∗(εn,n−1/2)

n∏
{i=1}

pg,σ2(yi, xi|zi)
p∗(yi, xi|zi)

dπ(θ,σ2, g⊥,λ, q)(1− φn)1A

]
×
[
π(BKL

n ((g∗,σ2
∗, q

∗), εn))
]−1

e(1+C)nε2n

≤ e(1+C+4)nε2nE∗
[∫ ∫

B∗(εn,n−1/2)

n∏
{i=1}

pg,σ2(yi, xi|zi)
p∗(yi, xi|zi)

dπ(θ,σ2, g⊥,λ, q)(1− φn)1A

]
,

where we have used the result of Lemma F.1 to get the second inequality: π(BKL
n ((g∗,σ2

∗, q
∗), εn)) &
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e−4nε2n . By Fubini’s theorem and by using the mixture representation of the model we get:

E∗[π(B∗(εn, n
−1/2)|X(n))(1− φn)1A] . e(1+C+4)nε2n×∫ ∫ ∑
s1∈{c,n}

qs1︸ ︷︷ ︸
≤1

× . . .×
∑

sn00∈{c,n}

qsn00

∑
sn01+1∈{c,n}

qsn01+1 × . . .×
∑

sn11∈{c,n}

qsn11

∫
B∗(εn,n−1/2)

Q
(n)

fs,σ
2
s
(1− φn)dπ(θ,σ2, g⊥,λ, q)

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi. (F.6)

For k = 0, 1 set

Bs,j ,
{

(f, σ2
l ) ∈ Fn ×

[
1

2n
, e6nε2n

]
for l = 0, 1, 0n, 1a; jεσ < |1− σl/σl∗| < 2jεσ,

and for given s, jMεn < ‖Ξ1/2(fs − fs∗)‖n < 2jMεn

}
and

G̃n ,
{

(f, σ2
j ) ∈ Fn ×

[
1

2n
, e6nε2n

]
for j = 0, 1, 0n, 1a; |1− σj/σj∗| ≥ M̃n/

√
n,

and ∀s, ‖fs − f∗
s ‖n ≥Mnεn

}
⊆
{

(f, σ2
j ) ∈ Fn ×

[
1

2n
, e6nε2n

]
for j = 0, 1, 0n, 1a; |1− σj/σj∗| ≥ M̃n/

√
n,

and for given s, ‖fs − f∗
s ‖n ≥Mnεn

}
⊆
{

(f, σ2
j ) ∈ Fn ×

[
1

2n
, e6nε2n

]
for j = 0, 1, 0n, 1a; |1− σj/σj∗| ≥ M̃n/

√
n,

and for given s, ‖Ξ1/2(fs − f∗
s )‖n ≥ ξ

1/2
minMnεn

}
,

for ξmin , min1≤i≤n ξi. Then B∗(εn, n−1/2) ⊆ (F × R4
+)\

(
Fn ×

[
1

2n
, e6nε2n

]4
)
∪ G̃n and G̃n ⊆⋃

j≥J Bs,j for ξ1/2
minMn = JM and M̃/

√
n = Jεσ. Therefore, by decomposing the integral over

B∗(εn, n
−1/2) in the sum of two integrals over the ranges (F × R4

+)\(Fn ×
[

1
2n
, e6nε2n

]4

) and G̃n

and by upper bounding (1− φn) by 1 over (F×R4
+)\

(
Fn ×

[
1

2n
, e6nε2n

]4
)

, we can upper bound
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the last factor in (F.6) as:∫ ∫
B∗(εn,n−1/2)

Q
(n)

fs,σ
2
s
(1− φn)dπ(θ,σ2, g⊥,λ)

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤

∫
F\Fn

∏
k∈{0,1,0n,1a}

∫
e6nε

2
n

(2n)−1

dπ(σ2
k)︸ ︷︷ ︸

≤1

dπ(θ, g⊥,λ)

+
(34 − 1)

2

∫
F

(∫ (2n)−1

0

π(σ2
0)dσ2

0 +

∫ +∞

e6nε
2
n

π(σ2
0)dσ2

0

)
dπ(θ, g⊥)

+

∫ ∫
G̃n

Q
(n)

fs,σ
2
s
(1− φn) dπ(θ,σ2, g⊥,λ)

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤
∏

k∈{0,1,0n,1a}

π(Gk\Cn,k) +
(34 − 1)

2
π(F)︸ ︷︷ ︸
≤1

(∫ (2n)−1

0

π(σ2
0)dσ2

0 +

∫ +∞

e6nε
2
n

π(σ2
0)dσ2

0

)

+

∫ ∫
G̃n

Q
(n)

fs,σ
2
s
(1− φn) dπ(θ,σ2, g⊥,λ, q)

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

≤ e−nε
2
n4η/(2δ+1) +

34

2

(
e−nε

2
nδ00 +

e−6nε2nδ00

ν00 − 2

)
+

∫ ∑
j≥J

e−Kj
2M2nε2n

n∏
i=1

Ga
(
ξi;
ν

2
,
ν

2

)
dξi

(F.7)

where we have used Lemma F.2 to upper bound π(Gk\Cn,k), the concentration inequality for

sub-Gamma random variables to upper bound the integral over
[
0, 1

2nk

]
(since (σ−2

k − E[σ−2k ])

is sub-Gamma
(

2ν00

δ2
00
, 2
δ00

)
), and the second inequality in (F.2) with JM = ξ

1/2
minMn to control

the term Q
(n)

fs,σ
2
s
(1 − φn). By using the same argument to get (F.4) we obtain E[e−KJ

2M2nε2n ] ≤
2 exp{−nε2n(KcqM

2
n − εn)}. Hence,

E∗[π(B∗(εn, n
−1/2)|X(n))(1− φn)1A] . e(1+C+4)nε2n

(
e−nε

2
n4η/(2δ+1) + e−nε

2
nδ00

+ e−6nkε
2
nk + 2e−nε

2
n(KcqM2

n−εn)
)
.
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By putting (F.3) and (F.5) together we get :

E∗[π(B∗(εn, n
−1/2)|X(n))] . e−nε

2
n(KcτM2

n/(2J
2)−εn) +

1

C2nε2n

+ e(5+C)nε2n

(
e−nε

2
n4η/(2δ+1) + e−nε

2
nδ00 + e−6nε2n + e−nε

2
n(KcqM2

n−εn)
)

which converges to zero for every Mn, K sufficiently large and every 0 < C < min{2, δ00 − 5}
such that 5 +C < 4η

(2δ+1)
which implies η > min{7, δ00}(2δ+ 1)/4. This establishes the statement

of the theorem.

F.2 Proof of Theorem 4.2

For given m0,mn ∈ N and for every s ∈ {c, n}, let αs , αI[s = c] +αnI[s = n], α ∈ Rm0 ,

αn ∈ Rmn , and ∀z: B0s(z) , B00(z)I[s = c] + B00,n(z)I[s = n], with B00(z) ∈ Rm0 and

B00,n(z) ∈ Rmn . For given m0,mn,ma,m1 ∈ N, define the following functional spaces

Gm0,mn ,
{
gm0,mn(s, z;α,αn) = B0s(z)′αs : {c, n} × z00 → R, α ∈ Rm0 ,αn ∈ Rmn

}
,

Gmn ,
{
gmn(z;αn) = B10,n(z)′αn : z10 → R, αn ∈ Rmn

}
,

Gma ,
{
gma(z;βa) = B01,a(z)′βa : z01 → R, βn ∈ Rma

}
,

Gm1,ma ,
{
gm1,ma(s, z;β,βa) = B1s(z)′βs : {c, a} × z11 → R, β ∈ Rm1 ,βa ∈ Rma

}
,

where for every s ∈ {c, a}, βs , βI[s = c] + βaI[s = a], β ∈ Rm1 , βa ∈ Rma , and B1s(z) ,

B11(z)I[s = c] +B11,a(z)I[s = a], withB11(z) ∈ Rm1 , ∀z, andB11,a(z) ∈ Rma , ∀z. Moreover,

form , (m0,mn,ma,m1) define

Fm ,
{
f(s, z) =

(
gm0,mn(s, z)I[s ∈ {c, n}]+gma(z)I[s = a]

)
I[z < τ ]+

(
gm1,ma(s, z)I[s ∈ {c, a}]

+gmn(z)I[s = n]
)
I[z ≥ τ ], gm0,mn(s, z) ∈ Gm0,mn , gma(z) ∈ Gma , gm1,ma(s, z) ∈ Gm1,ma , gmn ∈ Gmn

}
and for every sequence s, Fm ⊂ L2(Pn,s) where Pn,s has support (s1, z1), . . . , (sn00 , zn00),

(n, zn00+1), . . . , (n, zn̄10), (a, zn̄10+1), . . . , (a, zn̄01), (sn̄01+1, zn̄01+1), . . . , (sn, zn). Associated to ev-
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ery sequence s we also define two linear functionals:

L0s : Fm → R

f(s, z) 7→ e′m0,m0
B−1

00

1

n

n∑
i=1

B00(zi)f(si, zi)I[si = c]I[zi < τ ]

= e′m0,m0

]{i; si = c, zi < τ}
n

B−1
00

∑n
i=1B00(zi)gm0,mn(si, zi)I[si = c]I[zi < τ ]

]{i; si = c, zi < τ}
L1s : Fm → R

f(s, z) 7→ e′m1,1
B−1

11

1

n

n∑
i=1

B11(zi)f(si, zi)I[si = c]I[zi ≥ τ ]

= e′m1,1

]{i; si = c, zi ≥ τ}
n

B−1
11

∑n
i=1B11(zi)gm1,ma(si, zi)I[si = c]I[zi ≥ τ ]

]{i; si = c, zi ≥ τ}

where ei,j denotes the (i × 1) canonical vector with all components equal to zero but the j-th

one, B00 , 1
n

∑n
i=1B00(zi)B00(zi)

′I[si = c]I[zi < τ ] = Pn,sB00(zi)B00(zi)
′I[si = c]I[zi < τ ]

and B11 , 1
n

∑n
i=1B11(zi)B11(zi)

′I[zi = c]I[zi ≥ τ ]. Therefore, for every f ∈ Fm and every

sequence s, α[m0] = L0sf and β[1] = L1sf . The linear functionals L0s and L1s can be written:

∀ϕ ∈ L2(Pn,s),

L0sϕ = 〈ϕ, `0s〉Pn,s , L1sϕ = 〈ϕ, `1s〉Pn,s

where for every sequence s, 〈·, ·〉Pn,s (resp. ‖ · ‖n,s) denotes the scalar product (resp. the induced

norm) in L2(Pn,s) and

`0s(s, z) , e′m0,m0
B−1

00B00(z)I[s = c]I[z < τ ],

`1s(s, z) , e′m1,1
B−1

11B11(z)f(s, z)I[s = c]I[z ≥ τ ].

Therefore, by the Riesz theorem, for j = 0, 1, ‖Ljs‖2
n,s = ‖`js‖2

n,s and ‖`0s‖2
n,s = e′m0,m0

B−1
00 em0,m0I[s =

c]I[z < τ ], ‖`1s‖2
n,s = e′m1,1

B−1
11 em1,1I[s = c]I[z ≥ τ ]. By the definition ofBjj(z), j = 0, 1, there

exists a constant cj > 0 such that ‖`js‖n,s ≤ cj <∞ for every n and for every s.

Since |CATE − CATE∗| ,
∣∣∣(β[1] −α[m0])− (β∗[1] −α∗[m0])

∣∣∣ ≤ |β[1]−β∗[1]|+ |α[m0]−α∗[m0]|
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it holds that (by denoting with Σ the event {|1− σj/σj∗| ≥ M̃nεn for j = 0, 1, 0n, 1a})

π

 |CATE − CATE∗| ≥M1,nεn, |1− σ2
j/σ

2
j∗| ≥ M̃nεn for j = 0, 1, 0n, 1a︸ ︷︷ ︸

,Σ

∣∣∣∣∣∣∣X(n)


≤ π

(
|β[1] − β∗[1]|+ |α[m0] −α∗[m0]| ≥M1,nεn, Σ

∣∣X(n)
)

≤ π
(
∀s,∀f ∈ Fm; |L1s(f − f ∗)|+ |L0s(f − f ∗)| ≥M1,nεn, Σ|X(n)

)
≤ π

(
∀s,∀f ∈ Fm; (‖L1s‖n,s + ‖L0s‖n,s) ‖f − f ∗‖n,s ≥M1,nεn, Σ|X(n)

)
. (F.8)

Remark that ∀f ∈ Fm, for f ∗ ∈ Fm and for every given s = (s0
′, s1)′ with s0 , (s1, . . . , sn00),

s1 , (sn̄01+1, . . . , sn):

‖f − f ∗‖2
n,s ≤

1

n

∑
i∈I00

[
2(g0si(zi)− g0si(zi)

∗)2 + 4(gm0,mn(si, zi)− g0si(zi))
2 + 4(g0si(zi)

∗ − gm0,mn(si, zi)
∗)2
]

+
∑

j∈{0n,1a}

1

n

∑
i∈Ij

[
2(gj(zi)− gj(zi)∗)2 + 4(gmj(zi)− gj(zi))2 + 4(gj(zi)

∗ − gmj(zi)∗)2
]

+
1

n

∑
i∈I11

[
2(g1si(zi)− g1si(zi)

∗)2 + 4(gm1,ma(si, zi)− g1si(zi))
2 + 4(g1si(zi)

∗ − gm1,ma(si, zi)
∗)2
]

= 2‖fs − f ∗s‖2
n + 4‖f − fs‖2

n,s + 4‖f ∗s − f ∗‖2
n,s, (F.9)

where fs (resp. f ∗s) is defined in (D.3) (resp. for the true value of the parameters) and remark that

f ∗ ∈ Fm. Remark that the second term in the right hand side of (F.9) has zero prior mass and,

under the assumption of the theorem ‖f ∗s−f ∗‖n,s ≤ C2(min{m0,m1,m0n,m1a})−δ. By plugging

this in (F.8) we get:

π
(
|CATE − CATE∗| ≥M1,nεn, Σ|X(n)

)
≤ π

(
∀s,∀f ∈ F; ‖fs − f ∗s‖2

n ≥
1

2

(
M2

1,nε
2
n

(c0 + c1)2
− 4C2

2(min{m0,m1,m0n,m1a})−2δ

)
, Σ

∣∣∣∣X(n)

)
= π

(
∀s, ∀f ∈ F; ‖fs − f ∗s‖2

n ≥
ε2n
2

(
M2

1,n

(c0 + c1)2
− 4C2

2

)
, Σ

∣∣∣∣X(n)

)
(F.10)

where we have set m0 � m1 � m0n � m1a � (n/ log(n))1/(2δ+1) to get the last line. If M1,n is

large enough such that M2
1,n

2(c0+c1)2 − 2C2
2 > 0, then (F.10) converges to zero by Theorem F.1 with

Mn ≤
M2

1,n

2(c0+c1)2 − 2C2
2 .
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F.3 Technical Lemmas

Lemma F.1. Assume the conditions of Theorem F.1 hold. Then, there exists an N > 0 such that

∀n ≥ N and ∀εn > 0

π(BKL
n ((g∗,σ2

∗, q
∗), εn)) & exp

{
−4nε2n

}
. (F.11)

Proof. By Lemma F.3 there exists an N > 0 such that ∀n ≥ N and ∀εn > 0:

π(BKL
n ((g∗,σ2

∗, q
∗), εn)) & e6 log εn

∏
j∈{0,1,0n,1a}

π

(
gj ∈ Gj; ‖gj − g∗j‖2

∞ ≤
ε2nσ

2
j

6

)
. (F.12)

So, we have to analyze the four factors in the product. We start by considering π
{
g1 ∈ G1; ‖g1 − g∗1‖∞ ≤

σjεn√
6

}
and we lower bound it. Because ‖g1 − g∗1‖∞ ≤ ‖g1 − gm1‖∞ + ‖gm1 − g∗m1

‖∞ + ‖g∗m1
− g∗1‖∞,

‖g∗m1
− g∗1‖∞ ≤ C2m

−δ
1 , and ‖gm1 − g∗m1

‖∞ ≤ C3m
1/2
1 ‖β−β∗‖ (by boundedness of natural cubic

splines), we have,

π

{
g1 ∈ G1; ‖g1 − g∗1‖∞ ≤

εnσj√
6

}
≥ π

{
β ∈ Rm1 ;C2m

−δ
1 + C3m

1/2
1 ‖β − β∗‖ ≤

εnσj√
6

}
,

(F.13)

where we have used the fact that the prior on (g1−gm1) is degenerate on zero. Therefore, by setting

εn = 2
√

6C2

σj

(
logn
n

)δ/(2δ+1)
, by replacing it and m1 = m∗1 �

(
n

logn

)1/(2δ+1)

and since εn � (m∗1)−δ

we obtain

π

{
g1 ∈ G1; ‖g1 − g∗1‖∞ ≤

σjεn√
6

}
≥ π

(
β ∈ Rm∗1 ; ‖β − β∗‖ ≤ (m∗1)−δ−1/2C2

C3

)
(F.14)

and denote C̃ , C2/C3. From the proof of Lemma E.1 it follows that

π
(
β ∈ Rm1 ; ‖β − β∗‖ ≤ (m∗1)−δ−1/2C̃

)
& exp{−m∗1 log(n)(δ + 1)/(2δ + 1)}.

In a similar way we can lower bound π
{
gj ∈ Gj; ‖gj − g∗j‖∞ ≤

εnσj√
6

}
for j = 0, 0n, 1a. There-
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fore, since log(εn)/(nε2n) ≥ −ε1/δn δ/(2δ + 1)

π(BKL
n ((g∗,σ2

∗, q
∗), εn)) & e6 log εn exp

− ∑
j∈{0,1,n,a}

m∗j log(n)
δ + 1

2δ + 1


= exp

{
−nε2n

(
4(δ + 1)

2δ + 1
− 6 log εn

nε2n

)}
≥ exp

{
−nε2n

(
4(δ + 1)

2δ + 1
+

6δε
1/δ
n

2δ + 1

)}
� exp

{
−4nε2n

}
(F.15)

if m∗j �
(

n
logn

)1/(2δ+1)

for j = 0, 1, n, a so that m∗j log n � nε2n and for every N such that

ε
1/δ
n ≤ 2/3 for n > N . This establishes (F.11).

�

Lemma F.2. Assume the conditions of Theorem F.1 hold. Then, for k = 0, 1, 0n, 1a the sequence

of measurable sets Cn,k defined in (D.5) satisfies

π(Gk\Cn,k) . exp

{
−nkε2n

η

2δ + 1

}
. (F.16)

Proof. The proof is the same as the proof of Lemma E.2 and so we omit it.

�

Lemma F.3. Let us consider the model specified in Assumption 7. Let BKL
n ((g∗,σ2

∗, q
∗), εn) be as

defined in (D.4) and π be an independent prior on (g,σ2,λ, q). Then, there exists an N > 0 such

that ∀n ≥ N and ∀εn > 0

π(BKL
n ((g∗,σ2

∗, q
∗), εn)) ≥

∏
j∈{0,1,0n,1a}

π
(
|σ2
j∗ − σ2

j | ≤ εnσ
2
j∗/(2

√
6ν), σ2

j ≥ σ2
j∗

)
×

∏
j∈{0,1,0n,1a}

π

(
‖gj − g∗j‖2

∞ ≤
ε2nσ

2
j∗

6

)
π

(
ln

(
q∗`
q`

)
≤ ε2n/18, ` = c, n, a

)
. (F.17)

Moreover, let the prior on (σ2, q) be specified as in (D.6). Then, there exists an N > 0 such that

∀n ≥ N and ∀εn > 0

π(BKL
n ((g∗,σ2

∗, q
∗), εn)) & e6 log εn

∏
j∈{0,1,0n,1a}

π

(
‖gj − g∗j‖2

∞ ≤
ε2nσ

2
j∗

6

)
. (F.18)
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Proof. By using similar steps as in the proof of Lemma (E.3), it is easy to show that

BKL
n ((g∗,σ2

∗, q
∗), εn) ⊇{

(gj, σ
2
j ) ∈ Gj × R+ for j = 0, 1, 0n, 1a, q ∈ [0, 1]3;

1

n

n∑
i=1

K(P i
∗, P

i
g,σ2) ≤ ε2n,

1

n

n∑
i=1

V (P i
∗, P

i
g,σ2) ≤ C2ε

2
n

}
for some constant C2 > 0. In the following of the proof we leave implicit the fact that (gj, σ

2
j ) ∈

Gj × R+ for j = 0, 1, 0n, 1a, q ∈ [0, 1]3 in all the events that we define.

Denote A1 , { 1
n

∑n
i=1K(P i

∗, P
i
g,σ2) ≤ ε2n}. We first upper bound K(P i

∗, P
i
g,σ2) in order to

find an event included in A1. We simplify notation by defining: gji , gj(zi) and g∗ji , g∗j (zi) for

j = 0, 1, 0n, 1a. Consider the observations in I00: ∀i ∈ I00:

K(P i
∗, P

i
g0,σ2

0
) =∫

ln

[
tν(yi|g∗0i, σ2

∗)q
∗
c + tν(yi|g∗0ni, σ2

0n∗)q
∗
n

tν(yi|g0i, σ2)qc + tν(yi|g0ni, σ2
0n)qn

] (
tν(yi|g∗0i, σ2

∗)q
∗
c + tν(yi|g∗0ni, σ2

0n∗)q
∗
n

)
dyi

≤

∫
ln

[
tν(yi|g∗0i, σ2

∗)q
∗
c

tν(yi|g0i, σ2)qc

]
tν(yi|g∗0i, σ2

∗)dyi

+

∫
ln

[
tν(yi|g∗0ni, σ2

0n∗)q
∗
n

tν(yi|g0ni, σ2
0n)qn

]
tν(yi|g∗0ni, σ2

0n∗)dyi (F.19)

where to get the last inequality we have used the inequality: a log(a/b) ≤
∑

i ai log(ai/bi) for

ai, bi ≥ 0 and a =
∑

i ai, b =
∑

i bi, and the fact that qc, qn ≤ 1. Hence, to get the explicit

form for each integral, we can use (E.26) with gj,i, g∗j,i, σ
2
j and σ2

j∗ replaced by g0i, g∗0i, σ
2
0 and σ2

0∗,

respectively (and by g0n,i, g∗0n,i, σ
2
0n and σ2

0n∗, respectively) to get:

∀i ∈ I00, K(P i
∗, P

i
g0,σ2

0
) ≤ 1

2σ2
0∗

(
ν(σ2

0∗ − σ2
0)2

σ2
0

+ (g∗0i − g0i)
2

)
+ ln

(
q∗c
qc

)
+

1

2σ2
0n∗

(
ν(σ2

0n∗ − σ2
0n)2

σ2
0n

+ (g∗0ni − g0ni)
2

)
+ ln

(
q∗n
qn

)
. (F.20)
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In a similar way, the following holds ∀i ∈ I11:

K(P i
∗, P

i
g1,σ2

1
) ≤ 1

2σ2
1∗

(
ν(σ2

1∗ − σ2
1)2

σ2
1

+ (g∗1i − g1i)
2

)
+ ln

(
q∗c
qc

)
+

1

2σ2
1a∗

(
ν(σ2

1a∗ − σ2
1a)

2

σ2
1a

+ (g∗1ai − g1ai)
2

)
+ ln

(
q∗a
qa

)
, (F.21)

while for the observations in I01 and I10 result (E.26) directly applies. By putting these results

together we get:

1

n

n∑
i=1

K(P i
∗, P

i
g,σ2) ≤ 1

n

∑
i∈I00

1

2σ2
0∗

(
ν(σ2

0∗ − σ2
0)2

σ2
0

+ (g∗0i − g0i)
2

)
+

1

n

∑
i∈I00

1

2σ2
0n∗

(
ν(σ2

0n∗ − σ2
0n)2

σ2
0n

+ (g∗0ni − g0ni)
2

)
+ ln

(
q∗n
qn

)
+ ln

(
q∗c
qc

)
+

1

n

∑
i∈I10

1

2σ2
0n∗

(
ν(σ2

0n∗ − σ2
0n)2

σ2
0n

+ (g∗0ni − g0ni)
2

)
+ ln

(
q∗n
qn

)
+

1

n

∑
i∈I01

1

2σ2
1a∗

(
ν(σ2

1a∗ − σ2
1a)

2

σ2
1a

+ (g∗1ai − g1ai)
2

)
+ ln

(
q∗a
qa

)
+

1

n

∑
i∈I11

1

2σ2
1∗

(
ν(σ2

1∗ − σ2
1)2

σ2
1

+ (g∗1i − g1i)
2

)
+

1

n

∑
i∈I11

1

2σ2
1a∗

(
ν(σ2

1a∗ − σ2
1a)

2

σ2
1a

+ (g∗1ai − g1ai)
2

)
+ ln

(
q∗a
qa

)
+ ln

(
q∗c
qc

)
. (F.22)

Denote

A2 ,
{ 1

n

(∑
i∈I00

[
(g0i − g∗0i)2

σ2
0∗

+
(g0ni − g∗0ni)2

σ2
0n∗

]
+
∑
i∈I10

(g0ni − g∗0ni)2

σ2
0n∗

+
∑
i∈I01

(g1ai − g∗1ai)2

σ2
1a∗

+
∑
i∈I11

[
(g1i − g∗1i)2

σ2
1∗

+
(g1ai − g∗1ai)2

σ2
1a∗

])
≤ 2ε2n

3

}
,

and

A3 , {|σ2
j∗ − σ2

j |2 ≤ ε2nσ
4
j∗/(24ν), σ2

j ≥ σ2
j∗, for j = 0, 1, 0n, 1a}

A4 , {ln
(
q∗c
qc

)
≤ ε2n/18, ln

(
q∗n
qn

)
≤ ε2n/18, ln

(
q∗a
qa

)
≤ ε2n/18}.

Therefore, A1 ⊇ A2 ∩A3 ∩A4.
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Define the event A5 , {‖gj − g∗j‖2
∞ ≤ ε2nσ

2
j∗/6, for j = 0, 1, 0n, 1a} and remark that

π(BKL
n ((g∗,σ2

∗, q
∗), εn)) ≥

∫
A2∩A3∩A4∩{ 1

n

∑n
i=1 V (P i∗,P

i

g,σ2 )≤C2ε2n}

dπ(g,σ2, q)

=

∫
A2∩A3∩A4∩{ 1

n

∑n
i=1 V (P i∗,P

i

g,σ2 )≤C2ε2n}∩A5

dπ(g,σ2, q)+

∫
A2∩A3∩A4∩{ 1

n

∑n
i=1 V (P i∗,P

i

g,σ2 )≤C2ε2n}∩Ac
5

dπ(g,σ2, q)

≥

∫
A2∩A3∩A4∩{ 1

n

∑n
i=1 V (P i∗,P

i

g,σ2 )≤C2ε2n}∩A5

dπ(g,σ2, q).

Therefore, we have to analyze the event A2∩A3∩A4∩{ 1
n

∑n
i=1 V (P i

∗, P
i
g,σ2) ≤ C2ε

2
n}∩A5.

On A2 ∩ A3 ∩ A4 ∩ A5, (g,σ2, q) is close to (g,σ2, q). Therefore, on A2 ∩ A3 ∩ A4 ∩ A5,

P i
g,σ2 is close to P i

∗ and u , p∗(yi,xi|zi,g∗,σ2
∗,q
∗)

p
g,σ2 (yi,xi|zi,g,σ2,q)

is close to 1 for n sufficiently large and for every

(yi, xi, zi). Hence, since the function f(u) , u(log u)2 is convex for every u > e−1 we can use the

inequality: a [log(a/b)]2 ≤
∑

i ai [log(ai/bi)]
2 for ai, bi ≥ 0 and a =

∑
i ai, b =

∑
i bi, which for

n sufficiently large is valid with a = p∗(yi, xi|zi, g∗,σ2
∗, q

∗) and b = pg,σ2(yi, xi|zi, g,σ2, q). By

using this result, on A2 ∩A3 ∩A4 ∩A5 we have for n sufficiently large: ∀i ∈ I00,

V (P i
∗, P

i
g,σ2) =

∫ ∣∣∣ln(u)−K(P i
∗, P

i
g,σ2)

∣∣∣2 (tν(yi|g∗0i, σ2
0∗)q

∗
c + tν(yi|g∗ni, σ2

0n∗)q
∗
n

)
dyi

≤

∫
|ln(u)|2

(
tν(yi|g∗0i, σ2

∗)q
∗
c + tν(yi|g∗ni, σ2

0n∗)q
∗
n

)
dyi

≤

∫ ∣∣∣∣ln(tν(yi|g∗0i, σ2
0∗)q

∗
c

tν(yi|g0i, σ2
0)qc

)∣∣∣∣2 tν(yi|g∗0i, σ2
0∗)q

∗
cdyi

+

∫ ∣∣∣∣ln(tν(yi|g∗0ni, σ2
0n∗)q

∗
n

tν(yi|g0ni, σ2
0n)qn

)∣∣∣∣2 tν(yi|g∗0ni, σ2
0n∗)q

∗
ndyi. (F.23)
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We start by analyzing the first term in the right hand side of (F.23):∫ ∣∣∣∣ln(tν(yi|g∗0i, σ2
0∗)q

∗
c

tν(yi|g0i, σ2
0)qc

)∣∣∣∣2 tν(yi|g∗0i, σ2
0∗)q

∗
cdyi

=

∫ ∣∣∣∣∣ln
((

σ0∗

σ0

)ν (
νσ2

0 + (yi − g0i)
2

νσ2
0∗ + (yi − g∗0i)2

)(ν+1)/2
q∗c
qc

)∣∣∣∣∣
2

tν(yi|g∗0i, σ2
0∗)q

∗
cdyi

≤ 4
ν2

4

(
ln

(
σ2

0∗
σ2

0

))2

+2

∫ ∣∣∣∣∣ln
(
νσ2

0 + (yi − g0i)
2

νσ2
0∗ + (yi − g∗0i)2

)(ν+1)/2
∣∣∣∣∣
2

tν(yi|g∗0i, σ2
0∗)q

∗
cdyi+4 ln2

(
q∗c
qc

)
.

(F.24)

Since we are on A3 and by using the inequality ln(x) ≤ x− 1, ∀x > 0 we have the upper bound:

4
ν2

4

(
ln

(
σ2

0∗
σ2

0

))2

= 4
ν2

4

(
ln

(
σ2

0

σ2
0∗

))2

≤ ν2 (σ2
0 − σ2

0∗)
2

σ4
0∗

≤ νε2n
9
. (F.25)

By using again the inequality ln(x) ≤ x−1, ∀x > 0, and the fact that
(

νσ2
0∗

νσ2
0∗+(yi−g∗0i)2

)2

tν(yi|g∗0i, σ2
0∗) =

(ν+2)ν
(ν+3)(ν+1)

tν+4(yi|g∗0i, σ̄2
0∗) with σ̄2

0∗ ,
νσ2

0∗
ν+4

we have the upper bound:

2

∫ ∣∣∣∣∣ln
(
νσ2

0 + (yi − g0i)
2

νσ2
0∗ + (yi − g∗0i)2

)(ν+1)/2
∣∣∣∣∣
2

tν(yi|g∗0i, σ2
0∗)q

∗
cdyi

≤ (ν + 1)2

2

∫ ∣∣∣∣ν(σ2
0 − σ2

0∗) + (g0i − g∗0i)2 + 2(yi − g∗0i)(g∗0i − g0i)

νσ2
0∗ + (yi − g∗0i)2

∣∣∣∣2 tν(yi|g∗0i, σ2
0∗)q

∗
cdyi

=
ν(ν + 1)(ν + 2)

2(ν + 3)

[
(σ2

0 − σ2
0∗)

2

σ4
0∗

+
(g0i − g∗0i)4

ν2σ4
0∗

+
4(g∗0i − g0i)

2σ̄2
0∗(ν + 4)

ν2σ4
0∗(ν + 2)

+ 2
(σ2

0 − σ2
0∗)

νσ4
0∗

(g0i − g∗0i)2

]
=
ν(ν + 1)(ν + 2)

2(ν + 3)σ4
0∗

(σ2
0 − σ2

0∗)
2 +

(ν + 1)(ν + 2)

2νσ4
0∗(ν + 3)

(g0i − g∗0i)4 +
2(ν + 1)

σ2
0∗(ν + 3)

(g∗0i − g0i)
2

+
(ν + 1)(ν + 2)

(ν + 3)σ4
0∗

(g0i − g∗0i)2(σ2
0 − σ2

0∗). (F.26)

By substituting (F.25) and (F.26) in (F.24) and using the fact that we are on A3 to further upper
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bound (F.26), we obtain:∫ ∣∣∣∣ln(tν(yi|g∗0i, σ2
0∗)q

∗
c

tν(yi|g0i, σ2
0)qc

)∣∣∣∣2 tν(yi|g∗0i, σ2
0∗)q

∗
cdyi

≤ νε2n
9

+
ε2n(ν + 1)(ν + 2)

48(ν + 3)
+

(ν + 1)(ν + 2)

2νσ4
0∗(ν + 3)

(g0i − g∗0i)4 +
2(ν + 1)

σ2
0∗(ν + 3)
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2

+
εn(ν + 1)(ν + 2)

2
√

6ν(ν + 3)σ2
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(g0i − g∗0i)2 + 4 ln2

(
q∗c
qc

)
. (F.27)

In a similar way, we obtain the upper bound for the second term in the right hand side of (F.23):∫ ∣∣∣∣ln(tν(yi|g∗0ni, σ2
0n∗)q

∗
n

tν(yi|g0ni, σ2
0n)qn

)∣∣∣∣2 tν(yi|g∗0ni, σ2
0n∗)q

∗
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≤ νε2n
9

+
ε2n(ν + 1)(ν + 2)

48(ν + 3)
+

(ν + 1)(ν + 2)

2νσ4
0n∗(ν + 3)
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2(ν + 1)

σ2
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2

+
εn(ν + 1)(ν + 2)

2
√

6ν(ν + 3)σ2
0n∗

(g0ni − g∗0ni)2 + 4 ln2

(
q∗n
qn

)
(F.28)

and therefore,

1

n

∑
i∈I00

V (P i
∗, P

i
g,σ2) ≤ 2νε2n

9
+
ε2n(ν + 1)(ν + 2)

24(ν + 3)
+

(ν + 1)(ν + 2)

2ν(ν + 3)

1

n

∑
i∈I00

[
(g0i − g∗0i)4

σ4
0∗

+
(g0ni − g∗0ni)4

σ4
0n∗

]
+

2(ν + 1)
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1

n

∑
i∈I00

[
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2

σ2
0∗

+
(g∗0ni − g0ni)

2

σ2
0n∗

]
+
εn(ν + 1)(ν + 2)

2
√

6ν(ν + 3)

1

n

∑
i∈I00

[
(g0i − g∗0i)2

σ2
0∗

+
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σ2
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]
+ 4

(
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(
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)
+ ln2

(
q∗n
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.

(F.29)

By using similar arguments we obtain the following upper bounds for the other cells I10, I01 and

I11:

1

n

∑
i∈I10

V (P i
∗, P

i
g,σ2) ≤ νε2n

9
+
ε2n(ν + 1)(ν + 2)

48(ν + 3)
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(ν + 1)(ν + 2)
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1

n

∑
i∈I10
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σ4
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+
2(ν + 1)
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1

n

∑
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2

σ2
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2
√
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1

n

∑
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+ 4 ln2

(
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)
,

(F.30)
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1

n

∑
i∈I01

V (P i
∗, P

i
g,σ2) ≤ νε2n

9
+
ε2n(ν + 1)(ν + 2)

48(ν + 3)
+

(ν + 1)(ν + 2)

2ν(ν + 3)

1

n

∑
i∈I01
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σ4
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+
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1

n

∑
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2
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+
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2
√
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1

n

∑
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σ2
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(
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)
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and

1

n

∑
i∈I11

V (P i
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i
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9
+
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2ν(ν + 3)

1

n
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+
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]
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1

n

∑
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2
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+
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2
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]
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2
√
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1

n

∑
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]
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(
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)
+ ln2

(
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(F.32)

By putting together these results we obtain:

1

n

n∑
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∗, P

i
g,σ2) ≤ 6νε2n

9
+
ε2n(ν + 1)(ν + 2)
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1

n
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[
(g0i − g∗0i)4
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+
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σ4
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]
+
∑
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σ4
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+
∑
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σ4
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+
∑
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+
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+
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1

n
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[
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2
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2
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]
+
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i∈I10

(g∗0ni − g0ni)
2
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+
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2
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2
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+
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2

σ2
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+
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2
√
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1

n
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+
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]
+
∑
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σ2
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+
∑
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+
∑
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+
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(F.33)
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Since we are on A2, then we can further upper bound the previous quantity as

1

n

n∑
i=1
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∗, P

i
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9
+
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i∈I00

[
(g0i − g∗0i)4

σ4
0∗

+
(g0ni − g∗0ni)4

σ4
0n∗

]
+
∑
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i∈I11

[
(g1i − g∗1i)4

σ4
1∗

+
(g1ai − g∗1ai)4

σ4
1a∗

])
+
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√

6ν(ν + 3)

2ε2n
3

+ 4

(
2 ln2

(
q∗c
qc

)
+ 2 ln2

(
q∗n
qn

)
+ 2 ln2

(
q∗a
qa

))
.

(F.34)

Moreover, since we are on A4, then we can further upper bound the previous quantity as

1

n

n∑
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i
g,σ2) ≤ 6νε2n

9
+
ε2n(ν + 1)(ν + 2)

8(ν + 3)
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1

n
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∞
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∞
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∞
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∞
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2
√
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+
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. (F.35)

Finally, because we are on A5 we obtain:

1

n

n∑
i=1
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∗, P

i
g,σ2) ≤ 6νε2n

9
+
ε2n(ν + 1)(ν + 2)

8(ν + 3)

+
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+
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2
√
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+
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= ε2n[C +O(εn) +O(ε2n)]. (F.36)

This shows that on A2 ∩ A3 ∩ A4 ∩ A5 there exists an N > 0 such that ∀n ≥ N it holds
1
n

∑n
i=1 V (P i

∗, P
i
g,σ2) ≤ C2ε

2
n for C2 = C + O(εn), then { 1

n

∑n
i=1 V (P i

∗, P
i
g,σ2) ≤ C2ε

2
n} ⊇
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A2 ∩A3 ∩A4 ∩A5 and

π(BKL
n ((g∗,σ2

∗, q
∗), εn)) ≥ π (A2 ∩A3 ∩A4 ∩A5)

≥
∏
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π
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By noticing that π(A2∩A5) ⊇ {‖gj−g∗j‖2
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ε2nσ
2
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6
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i∈I00
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∗
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∞ (and similarly for the other terms in A2), we obtain:
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j∗ − σ2

j | ≤ εnσ
2
j∗/(2

√
6ν), σ2

j ≥ σ2
j∗

)
× π

(
ln

(
q∗j
qj

)
≤ ε2n/18, j = c, n, a

) ∏
j∈{0,1,0n,1a}

π

(
‖gj − g∗j‖2

∞ ≤
ε2nσ

2
j∗

6

)
.

This establishes result (F.17) in the lemma. Finally we have to show result (F.18). For j =

0, 1, 0n, 1a,

π
(
|σ2
j∗ − σ2

j | ≤ εnσ
2
j∗/(2

√
6ν), σ2

j ≥ σ2
j∗

)
=

∫
(σ2
j∗+

εnσ
2
j∗

2
√

6ν
)

(σ2
j∗−

εnσ
2
j∗

2
√

6ν
)∨σ2

j∗

(δ00/2)ν00/2

Γ(ν00/2)
(σ2

j )
−ν00/2−1e−δ00/(2σ2

j )dσ2
j

≥ (σ2
j∗ +

εnσ
2
j∗

2
√

6ν
)−(ν00/2+1)e−δ00/(2σ2

j∗)

∫
(σ2
j∗+

εnσ
2
j∗

2
√

6ν
)

σ2
j∗

(δ00/2)ν00/2

Γ(ν00/2)
dσ2

j

= (σ2
j∗ +

εnσ
2
j∗

2
√

6ν
)−(ν00/2+1)e−δ00/(2σ2

j∗)
(δ00/2)ν00/2

Γ(ν00/2)

[(
σ2
j∗ +

εnσ
2
j∗

2
√

6ν

)
− σ2

j∗

]
� elog εn

since (σ2
j∗−

εnσ2
j∗√
ν

)∨σ2
j∗ = σ2

j∗. We now analyse the probability π
(

ln
(
q∗j
qj

)
≤ ε2n/18, j = c, n, a

)
.

The event {ln
(
q∗j
qj

)
≤ ε2n/18, j = c, n, a} and the restriction qa = 1 − qn − qc together are

equivalent to the restrictions:

q∗ce
−ε2n/18 ≤ qc, q∗ne

−ε2n/18 ≤ qn, q∗ae
−ε2n/18 ≤ 1− qc − qn,

where the last restriction q∗ae
−ε2n/18 ≤ 1 − qc − qn is equivalent to qn ≤ 1 − qc − q∗ae−ε

2
n/18. By

putting together these three restrictions and the restrictions qj < 1, j = c, n, a we get:

q∗ce
−ε2n/18 ≤ qc ≤ e−ε

2
n/18 and q∗ne

−ε2n/18 ≤ qn ≤ min{1− qc − q∗ae−ε
2
n/18, 1}.
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Denote by Ac and An these two events. The restrictions for qn in An are feasible if and only if

min{1−qc−q∗ae−ε
2
n/18, 1} > q∗ne

−ε2n/18 which in turn is equivalent to qc < 1−q∗ne−ε
2
n/18−q∗ae−ε

2
n/18.

Therefore, since {q∗ce−ε
2
n/18 ≤ qc < 1−q∗ne−ε

2
n/18−q∗ae−ε

2
n/18} = {q∗ce−ε

2
n/18 ≤ qc < 1+q∗ce

−ε2n/18−
e−ε

2
n/18} ,Bc, we have that

π

(
ln

(
q∗j
qj

)
≤ ε2n/18, j = c, n, a

)
≥ π(Ac ∩An|Bc)π(Bc)

where conditional on Bc the event Ac ∩ An has a strictly positive probability. Moreover, since

qc ∼Be(n0c, n0n + n0a),

π(Bc) =

∫
1+q∗c e

−ε2n/18−e−ε2n/18

q∗c e
−ε2n/18

qn0c
c (1− qc)n0n+n0adqc

> (q∗ce
−ε2n/18)n0c(1− (1 + q∗ce

−ε2n/18 − e−ε2n/18))n0n+n0a(1− e−ε2n/18)

= (q∗ce
−ε2n/18)n0c(e−ε

2
n/18 − q∗ce−ε

2
n/18)n0n+n0a

ε2n
18

(
1− ε2n

18(2!)
+

ε4n
(18)2(3!)

− . . .
)
& ε2n (F.37)

where we have used a Taylor expansion of the exponential function in the last line. So, we conclude

that π
(

ln
(
q∗j
qj

)
≤ ε2n/18, j = c, n, a

)
& e2 log(εn).

�

F.4 Testing

Lemma F.4 (Testing). For a given sequence s , (s0, s1) where sk , {si}i∈Ikk with values in

{c, n} if k = 0 and in {c, a} if k = 1 recall the definition of fs given in section D.1. Moreover,

Ξ , diag(ξi, i ∈ I00, ξi ∈ I10, ξi ∈ I01, ξi ∈ I11).

For a given s, ` ∈ N, ε , 12 max(σ0∗, σ1∗, σ0n∗, σ1a∗)M
√
Kεn for some constants K,M > 0

and εσ > 1/(2n2), let A`,s , {(f, σ2
k) ∈ Fn ×

[
1

2n
, e6nε2n

]
for k = 0, 1, 1a, 0n; ‖Ξ1/2(fs −

f∗
s )‖n > `ε, |1 − σk/σk∗| > `εσ}. Denote b , (fs,σ

2
0s0
,σ2

1s1
, σ2

0n, σ
2
1a) and by b∗ its true value.

For each b, let Eb denote the expectation taken with respect to the distribution Pb:

Pb =
∏
i∈I00

N(g0si , σ
2
0si
/ξi)

∏
i∈I11

N(g1si , σ
2
1si
/ξi)

∏
i∈I10

N(g0n, σ
2
0n/ξi)

∏
i∈I01

N(g1a, σ
2
1a/ξi). (F.38)
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Then, for every given sequence s , (s0, s1) where sk = {si}i∈Ikk , k = 0, 1, there exists a test φn
such that for some K,M > 0 and ∀` ∈ N:

Eb∗φn ≤
e−(M2K−1)nε2n

1− e−M2Knε2n
, sup

b∈A`,s
Eb(1− φn) ≤ e−M

2K`nε2n . (F.39)

Proof. To construct the test φn for a given sequence s we first consider the set Qj := {(f, σ2
k) ∈

Fn×
[

1
2n
, e6nε2n

]
for k = 0, 1, 1a, 0n; jε < ‖Ξ1/2(fs−f∗

s )‖n < 2jε, jεσ < |1−σk/σk∗| < 2jεσ}
for a given j ∈ N, ε > 0 and εσ > 0. Consider a maximal set of points bj,1, . . . , bj,Nj ∈ Qj , with

bj,l = (f jls ,σ
2
0s0,jl

,σ2
1s1,jl

, σ2
0n,jl, σ

2
1a,jl) such that for every l, l′ = 1, . . . , Nj satisfy ‖Ξk(f

jl
s −

f jl
′

s )‖n ≥ εσkmin ∗/(3σkmax ∗) and |σ2
k,jl − σ2

k,jl′| > εσσ
2
k∗/2 for k = 0, 1, 0n, 1a and where we

have denoted σ0 max ∗ , max{σ0∗, σ0n∗}, σ1 max ∗ , max{σ1∗, σ1a∗}, σ0 min ∗ , min{σ0∗, σ0n∗} and

σ1 min ∗ , min{σ1∗, σ1a∗} for k = 0, 1.

Then, consider Nj balls Bj,l around each of these bj,l constructed as

Bj,l :=
{
b ∈ Qj; ‖Ξ1/2

k (fs − f jls )‖n ≤ εσkmin ∗/(3σkmax ∗), |σ2
k,jl − σ2

k| ≤ εσσ
2
k∗/2,

for k = 0, 1, 0n, 1a
}

(F.40)

where s is the same sequence that characterises bj,l, and denote by η the radius of these balls.

These balls cover Qj as otherwise the set bj,1, . . . , bj,Nj would not be maximal. Moreover, Nj ≤
N(η,Qj, ‖Ξ1/2 · ‖n + | · |). For every ball Bj,l let us construct a test φj,l as: φj,l = 1{dPbl/dPb∗≥1},

where

Pbl =
∏
i∈I00

N(gl0si , σ
2
0si,l

/ξi)
∏
i∈I11

N(gl1si , σ
2
1si,l

/ξi)
∏
i∈I10

N(gl0n, σ
2
0n,l/ξi)

∏
i∈I01

N(gl1a, σ
2
1a,l/ξi),

bl ∈ Bj,l and

Pb∗ =
∏
i∈I00

N(g∗0si , σ
2
0si,∗/ξi)

∏
i∈I11

N(g∗1si , σ
2
1si,∗/ξi)

∏
i∈I10

N(g∗0n, σ
2
0n,∗/ξi)

∏
i∈I01

N(g∗1a, σ
2
1a,∗/ξi).

Denote b∗ , (f∗
s ,σ

2
0s0∗,σ

2
1s1∗, σ

2
0n,∗, σ

2
1a,∗), and Eb (resp. Eb∗) is the expectation taken with
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respect to the distribution Pb (resp. Pb∗). Since bl ∈ Bj,l ⊂ Qj , this test satisfies:

Eb∗φj,l =

∫
1{
√
dPbl/dPb∗≥1}dPb∗ ≤

∫ √
dPbldPb∗

≤
∏

k∈{0,1}

∏
i∈Ikk

(
σksi,l
2σksi∗

+
σksi∗

2σksi,l

)−1/2

exp

{
−
∑
i∈Ikk

ξi
(
glksi(zi)− g

∗
ksi

(zi)
)2

4(σ2
ksi,l

+ σ2
ksi∗)

}

×
∏

k∈{0n,1a}

∏
i∈Ik

(
σk,l
2σk∗

+
σk∗

2σk,l

)−1/2

exp

{
−
∑
i∈Ik

ξi
(
glk(zi)− g∗k(zi)

)2

4(σ2
k,l + σ2

k∗)

}

< exp

{
−
(

n

σ2
0 max ∗

+
n

σ2
1 max ∗

+
n

σ2
0n∗

+
n

σ2
1a∗

)
j2ε2

8

}
, (F.41)

and

∀b ∈ Bj,l, Eb(1− φj,l) ≤
√

Ebl(1− φj,l)
√

Ebl(dPb/dPbl)
2 < exp

{
− nj2ε2

144σ2
0 max ∗

}
× exp

{
− nj2ε2

144σ2
1 max ∗

}
exp

{
− nj2ε2

144σ2
0n∗

}
exp

{
− nj2ε2

144σ2
1amax ∗

}
, (F.42)

where σ2
0 max ∗ , max{σ2

0∗, σ
2
0n∗} and σ2

1 max ∗ , max{σ2
1∗σ

2
1a∗}. To get (F.41) we have used the

inequality |1−σk/σk∗| > jεσ which implies that
(
σksi,l
σksi∗

+
σksi∗
σksi,l

)
> 1+jεσ+(1−jεσ)−1 > 2 since

jεσ > jεσ/(1 + jεσ) and 1− jεσ < 1 + jεσ, and the inequality σ2
ksi,l

+ σ2
ksi∗ = σ2

ksi∗(
σ2
ksi,l

σ2
ksi∗

+ 1) <

σ2
ksi∗((1 − jεσ)2 + 1) ≤ 2σ2

ksi∗. To get (F.42) we have used the Cauchy-Schwartz inequality, the

result in Lemma F.5 and the fact that for b ∈ Bj,l:

Ebl(1− φj,l) =

∫
1{
√
dPb∗/dPbl>1}dPbl <

∫ √
dPbldPb∗ < e

−
(

n

σ2
0 max ∗

+ n

σ2
1 max ∗

+ n

σ2
0n∗

+ n

σ2
1a∗

)
j2ε2

8 .

This implies that supb∈Bj,l Eb(1− φj,l) < e
− j

2ε2

144

(
n

σ2
0 max ∗

+ n

σ2
1 max ∗

+ n

σ2
0n∗

+ n

σ2
1a∗

)
, and by choosing ε =

12 max(σ0∗, σ1∗, σ0n∗, σ1a∗)

√
M̃1εn for some constant M̃1 it follows that

Eb∗φj,l ≤ e−M̃1jnε2n and sup
b∈Bj,l

Eb(1− φj,l) ≤ e−M̃1jnε2n .
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Let φn , maxj∈N,l∈{1,...,Nj} φj,l. Then, if Nj ≤ exp(nε2n), ∀j ∈ N

Eb∗φn ≤
∞∑
j=1

Nj∑
l=1

Eb∗φj,l ≤
∞∑
j=1

Nj∑
l=1

e−M̃1jnε2n ≤
∞∑
j=1

Nje
−M̃1jnε2n

≤ enε
2
n

(
1

1− e−M̃1nε2n
− 1

)
=
e−(M̃1−1)nε2n

1− e−M̃1nε2n
.

Moreover, for a given ` ∈ N, ε > 0 and εσ > 0, let A` , {(f, σ2
k) ∈ Fn ×

[
1

2n
, e6nε2n

]
for k =

0, 1, 1a, 0n; ‖Ξ1/2(fs − f∗
s )‖n > `ε, |1 − σk/σk∗| > `εσ for k = 0, 1, 0n, 1a} and, since Qj ⊆⋃

k=1,...,Nj
Bj,k, we have for every ` ∈ N

sup
b∈A`

Eb(1− φn) ≤ sup
b∈
⋃
j>` Qj

Eb(1− φn)

≤ sup
j>`

sup
1≤l≤Nj

sup
b∈Bj,l

Eb(1− φj,l) ≤ sup
j>`

sup
1≤l≤Nj

e−M̃1jnε2n = e−M̃1`nε2n .

Finally, remark that `ε = `12 max(σ0∗, σ1∗, σ0n∗, σ1a∗)

√
M̃1εn =: `Mεn and we can write M̃1 =

M2K with K = 1/(144 max(σ2
0∗, σ

2
1∗, σ

2
0n∗, σ

2
1a∗)).

To conclude the proof we have to show that Nj . exp(nε2n). Let Ξk , diag(ξi, i ∈ Ikk)

for k ∈ {0, 1} and Ξk , diag(ξi, i ∈ Ik) for k ∈ {0n, 1a}, and remark that ‖Ξ1/2 · ‖n ≤
‖Ξ1/2

0 · ‖n00 + ‖Ξ1/2
1 · ‖n11 + ‖Ξ1/2

0n · ‖n10 + ‖Ξ1/2
1a · ‖n01 . By this and since for every j ∈ N,

Qj ⊆ Cn,0 ×Cn,1 ×Cn,0n ×Cn,1a ×
[

1
2n
, e6nε2n

]4

, then

Nj = N(η,Qj, ‖Ξ1/2
0 · ‖n00 + ‖Ξ1/2

1 · ‖n11 + ‖Ξ1/2
0n · ‖n10 + ‖Ξ1/2

1a · ‖n01 + | · |)

≤ N(η,Cn,0×Cn,1×Cn,0n×Cn,1a×
[

1

2n
, e6nε2n

]4

, ‖Ξ1/2
0 ·‖n00+‖Ξ1/2

1 ·‖n11+‖Ξ1/2
0n ·‖n10+‖Ξ1/2

1a ·‖n01+|·|)

≤
∏

k=0,1,0n,1a

[
N

(
εσkmin ∗

3σkmax ∗
,Cn,k, ‖Ξ1/2

k · ‖nk
)
×N

(
εσσ

2
k∗/2, {σ2

k ∈ R+; (2n)−1 ≤ σ2
k < e6nε2n}, | · |

)]
.

(F.43)

We start by considering the factor N
(
εσkmin ∗
3σkmax ∗

,Cn,k, ‖Ξ1/2
nk · ‖nkk

)
. Remark that (by using the
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notation αk , αI[k = 0] + βI[k = 1] +αnI[k = 0n] + βaI[k = 1a])

logN

(
εσkmin ∗

3σkmax ∗
,Cn,k, ‖Ξ1/2

k · ‖nk
)

≤ logN
( εσkmin ∗

3σkmax ∗
,

m∗k⋃
mk=1

{Bk(z)′αk;αk ∈ Rmk , ‖αk‖∞ ≤Mk}, ‖Ξ1/2
k · ‖nk

)

≤ logN
(
εnσ,

m∗k⋃
mk=1

{Bk(z)′αk; αk ∈ Rmk , ‖αk‖∞ ≤Mk}, ‖Ξ1/2
k · ‖nk

)

where we have used the value of ε and the inequality εσkmin ∗
3σkmax ∗

≥ 4εn

√
M̃1σ ≥ εnσ with σ ,

min{σ0, σ1, σ0n, σ1a}. By Van der Vaart [2000, Example 19.7] there exists a constant Kk depend-

ing on αk only such that (by denoting with ‖ · ‖ the Euclidean norm) the penultimate inequality

below holds:

logN

(
εσkmin ∗

3σkmax ∗
,Cn,k, ‖Ξ1/2

k · ‖nk
)
≤ log

m∗k∑
mk=1

N
(
εnσ/

√
m∗k, {αk ∈ Rmk , ‖αk‖∞ ≤Mk}, ‖·‖

)
≤ logm∗kN

(
εnσ/

√
m∗k, {αk ∈ Rm∗k , ‖αk‖∞ ≤Mk}, ‖ · ‖

)
≤ log

m∗kKk

(√
m∗k2Mk

εnσ

√
m∗k

)m∗k
 ≤ log

m∗kKk

(√
m∗k2Mk

εnσ

√
m∗k

)m∗k


where we have used the fact that εnσ ≥ εnσ/
√
m∗k for every m∗k ≥ 1 to get the first inequality

and the fact that the diameter of the hypercube [−Mk,Mk]
m∗k is

√
m∗k2Mk to get the penultimate

inequality. By replacing the optimal values m∗k �
(

nk
lognk

)1/(2δ+1)

, εn �
(

logn
n

)δ/(2δ+1)
, nk � n

and Mk � nε2n = n1/(2δ+1)(log n)2δ/(2δ+1) we obtain

sup
ε>3εnσσkmax ∗/σkmin ∗

logN

(
εσkmin ∗

3σkmax ∗
,Cn,k, ‖Ξ1/2

k · ‖nk
)
. m∗k log(nk)

(
δ + 1

2δ + 1
+ 3

)
. nkε

2
n

since m∗k log(n) � nε2n. We now analyse the second factor in (F.43). Since εσσ2
k∗/2 > σ2

k/(2n
2)

we obtain

logN
(
εσσ

2
k∗/2,

{
σ2
k ∈ R+; (2nk)

−1 ≤ σ2 < e6nkε
2
nk

}
, | · |

)
≤ logN

(
σ2
k/(2n

2), {σ2
k ∈ R+; (2nk)

−1 ≤ σ2 < e6nkε
2
nk}, | · |

)
≤ 4nkε

2
nk
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where the last inequality follows from the definition of εn and log(n)/n ≤ ε2n ≤ 1.

Lemma F.5. For given j, l ∈ N consider the ballsBj,l defined in (F.40) and bl ∈ Bj,l, and let Pbl =∏
i∈I00

N(gl0si , σ
2
0si,l

/ξi)
∏

i∈I11
N(gl1si , σ

2
1si,l

/ξi)
∏

i∈I10
N(gl0n, σ

2
0n,l/ξi)

∏
i∈I01

N(gl1a, σ
2
1a,l/ξi). For

every b ∈ Bj,l it holds

√
Ebl(dPb/dPbl)

2 ≤ exp

{
j2ε2

18

(
n

σ2
0 max ∗

+
n

σ2
1 max ∗

+
n

σ2
0n∗

+
n

σ2
1a∗

)}
where Pb is equal to Pbl with bl replaced by b.

Proof. First, remark that simple algebra shows that

Ebl

(
dPb
dPbl

)2

= Eb

(
dPb
dPbl

)

=
∏

k∈{0,1}

∏
i∈Ikk

(
σ2
ksi,l

σ2
ksi

)nkk/2(
2−

σ2
ksi

σ2
ksi,l

)−nkk/2
exp

{∑
i∈Ikk

[ξi(g
l
ksi

(zi)− gksi(zi))]2

2σ2
ksi,l
− σ2

ksi

}
∏

k∈{0n,1a}

∏
i∈Ik

(
σ2
k,l

σ2
k

)nk/2(
2− σ2

k

σ2
k,l

)−nk/2
exp

{∑
i∈Ikk

[ξi(g
l
k(zi)− gk(zi))]2

2σ2
k,l − σ2

k

}
. (F.44)

We bound the three factors in the product in the second line, the other terms can be bounded in the

same way by only changing the indices. We start by bounding the first two factors:

(
σ2
ksi,l

σ2
ksi

)nkk/2(
2−

σ2
ksi

σ2
ksi,l

)−nkk/2
=

[
σ2
ksi,l

σ2
ksi

σ2
ksi,l

2σ2
ksi,l
− σ2

ksi

]nkk/2
=

[
σ2
ksi,l

σ2
ksi

1

2− σ2
ksi
/σ2

ksi,l

]nkk/2

≤

[
σ2
ksi,l

σks2i

1

1− εσσ2
ksi∗/(2σ

2
ksi,l

)

]nkk/2
≤
[

(1− εσ)

(1 + εσ)

1

1− εσ/2(1 + εσ)

]nkk/2
=

[
2(1− εσ)

2 + εσ

]nkk/2
≤
[

2(1− εσ)

2

]nkk/2
≤ 1 (F.45)

where we have used the facts that, since b ∈ Bj,l: σ2
ksi
/σ2

ksi,l
≤ 1 + εσσ

2
ksi∗/(2σ

2
ksi,l

), and since

both b, bl ∈ Qj: σ2
ksi,l

/σ2
ksi

= (σ2
ksi,l

/σ2
ksi∗)/(σ

2
ksi
/σ2

ksi∗) ≤ (1 − εσ)/(1 + εσ). By using again

the fact that b ∈ Bj,l and bl ∈ Qj the following inequalities hold: σ2
ksi∗ < (1 + ε/2)σ2

ksi∗ =

(1 + εσ − εσ/2)σ2
ksi∗ ≤ (1− εσσ2

ksi∗/(2σ
2
ksi,l

))σ2
ksi,l
≤ (2−

σ2
ksi

σ2
ksi,l

)σ2
ksi,l

= 2σ2
ksi,l
− σ2

ksi
and then
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(2σ2
ksi,l
− σ2

ksi
)−1 < σ−2

ksi∗, so that we get for k = 0, 1:

exp

{∑
i∈Ikk

ξi(g
l
ksi

(zi)− gksi(zi))2

2σ2
ksi,l
− σ2

ksi

}
≤ exp

{∑
i∈Ikk

ξi(g
l
ksi

(zi)− gksi(zi))2

σ2
ksi∗

}

≤ exp

{
ε2

9σ2
kmax ∗

}

since we are onBj,l and where σ2
kmax ∗ , max{σ2

0∗, σ
2
0n∗} for k = 0, and σ2

kmax ∗ , max{σ2
1∗, σ

2
1a∗}

for k = 1. This together with (F.45),

exp

{∑
i∈I10

ξi(g
l
0n(zi)− g0n(zi))

2

2σ2
0n,l − σ2

0n

}
≤ exp

{
ε2

9σ2
0n∗

}

and a similar expression for observations in I01 allows to conclude that for every j ∈ N:

Ebl

(
dPb
dPbl

)2

≤ exp

{
j2ε2

9

(
n

σ2
0 max ∗

+
n

σ2
1 max ∗

+
n

σ2
0n∗

+
n

σ2
1a∗

)}
.

G Auxiliary results

Lemma G.1. Let U ∼ Nm(U0, A/λ), m ∈ N+, λ ∈ R+, U0 ∈ Rm, A be a covariance matrix,

and let ρmax denote the maximum eigenvalue of A. Assume that: (i) there exist finite w ∈ Rm

and U∗ ∈ Rm such that U∗ − U0 = A1/2w where A1/2 is such that A1/2(A1/2)′ = A, and (ii)

0 < ρmax <∞. Then for all ε ∈ (0,
√
ρmaxm/(4λ)) it holds:

π (β ∈ Rm; ‖U − U∗‖ ≤ ε) & e−λ‖w‖ε/ρ
1/2
max(A)e−‖w‖

2λ/2λm/2εmm−m/2.

Proof. By making the change of variable λ1/2A−1/2(U − U∗) = z and by using assumption

(i), the probability π (U ∈ Rm; ‖U − U∗‖ ≤ ε) can be bounded from below as follows: for ε̃ ,
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√
λρ
−1/2
max (A)ε,

π (U ∈ Rm; ‖U − U∗‖ ≤ ε) =

∫
{‖U−U∗‖≤ε}

(2π)−m/2
∣∣∣∣Aλ
∣∣∣∣−1/2

e−λ(U−U0)′A−1(U−U0)/2dU

≥

∫
{‖A1/2′z‖≤

√
λε}

1

(2π)1/2
e−z

′z/2e−λ
1/2‖w‖

√
z′zdz e−λ‖w‖

2/2

≥

∫
{‖z‖≤ε̃}

1

(2π)m/2
e−

z′z
2 dz e−λ

1/2‖w‖ε̃e−λ‖w‖
2/2, (G.1)

where we have used the Cauchy-Schwartz inequality to get the first inequality: w′z ≤
√
w′wz′z,

and to get the second inequality we have used the fact that {‖A1/2z‖ ≤
√
λε} ⊃ {‖z‖ ≤

√
λρ
−1/2
max (A)ε}. Remark that ε̃ is well defined under assumption (ii) because there exists a constant

c > 0 such that ρmax(A) ≥ c. Next, we have to compute
∫
{‖z‖≤ε̃}

1
(2π)m/2

e−
z′z
2 dz = P (‖z‖ ≤ ε̃)

where P is taken with respect to a Nm(0, Im). Remark that P (|z1| ≤ η) ≥ 2ηφ(η0) for any

η ∈ (0, η0), where φ(·) denotes the Lebesgue density of a N(0, 1) and z1 ∼N(0, 1).

P (‖z‖ ≤ ε̃) ≥ P

(
max

1≤j≤m
|zj| ≤ m−1/2ε̃

)
=
[
P (|z1| ≤ m−1/2ε̃)

]m
≥

[
2ε̃m−1/2φ(ε̃0)

]m
, ∀m−1/2ε̃ ∈ (0, ε̃0)

=
[
2
√
λ/ρmax(A)εm−1/2φ(1/2)

]m
, for ε̃0 =

1

2

≥

[√
λ

4ρmax(A)m
ε

]m
& λm/2εmm−m/2 (G.2)

where we have used the fact that 2φ(1/2) ≥ 1/2 to get the penultimate inequality, and assumption

(ii) to get the last inequality. By putting together (G.1) and (G.2) we establish the result of the

lemma.

�

Lemma G.2. Let U ∼ Nm(U0, A/λ), m ∈ N+, λ ∈ R+, U0 ∈ Rm, A be a covariance matrix.

Assume that 0 < ρmax < ∞ where ρmax denote the maximum eigenvalue of A. Then, for every

M ≥ 1:

π(‖U‖∞ > M) ≤ exp

{
log(m∗)− λ(M/2− ‖U0‖2

∞)

2γ

}
where γ , max1≤j≤m∗ |Ajj| and 0 < γ <∞.
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Proof. We upper bound π(‖U‖∞ > M) in the following way:

π(‖U‖∞ > M) ≤ π( max
1≤j≤m

|Uj − (U0)j| > M − ‖U0‖∞)

≤ π

(
m⋃
j=1

{|Uj − (U0)j| > M − ‖U0‖∞}

)

≤
m∑
j=1

π (|Uj − (U0)j| > M − ‖U0‖∞)

≤
m∑
j=1

exp

{
−(M − ‖U0‖∞)2

2V ar(Uj)

}

where to get the last inequality we have used the well known concentration properties for Gaussian

measures. We can upper bound V ar(Uj) as follows: V ar(Uj) = Ajj/λ ≤ max1≤j≤m |Ajj|/λ =

γ/λ where γ is as defined in the statement of the Lemma. Remark that such a constant exists under

the assumption of the lemma since max1≤j≤m |Ajj| ≤ ‖A‖∞ ≤ ρ
1/2
max(A). Therefore, by using the

inequalities (c− b)2 ≥ c2/2− b2 and M2 ≥M we obtain

π(‖U‖∞ > M) ≤ m exp

{
−λ(M − ‖U0‖∞)2

2γ

}
≤ m exp

{
−λ(M2/2− ‖U0‖2

∞)

2γ

}
≤ exp

{
log(m)− λ(M/2− ‖U0‖2

∞)

2γ

}
.

�
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