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D.1 Notation

The notation < (resp. <) will be used to denote inequality (resp. equality) up to a fixed con-
stant. For a vector v, denote by ||v||, = max; |v;|. The indicator function of an event < is denoted
by both /[¢/] and 1 4.

The true data distribution, conditional on z, of the sample is denoted by P*(”) in both de-
signs and is as specified in Assumptions |l| and The true data distribution, conditional on z;,
for one observation is denoted by P! in both designs for short. The Lebesgue density of p™
(resp. P?) is denoted by p\™ (resp. p.(y;|z) in the sharp RD design and p.(y;, 2;]2) in the

fuzzy RD design). In the proof we exploit the fact that we can write the student-t distribution

as a mixture of normal distributions: in the sharp RD design p.(yi|z) = t,(y:ilg}(2),07.) =
I N (ilzis g5, 03./6)Ca (&;%,%)d¢ for j = 0,1 (and similarly in the fuzzy RD design). The

expectation taken with respect to P™ is denoted by E.. For a probability measure P, the notation
Ph will abbreviate [ hdP. Define the Kullback-Leibler divergence between two probability mea-
sures P and Q as K (P,Q) = Plog(p/q), where p and ¢ are the Lebesgue densities of P and @

respectively, and define the discrepancy measure

V(P,Q) = Pllog(p/q) — K (P,Q)|”.
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For a set & and a metric d on it let N (¢, %, d) be the e-covering number which is defined as
the minimum number of balls of radius ¢ needed to cover & see e.g. [Van der Vaart [2000].
Notation specific to the Sharp RD design. Let &, £ €°[a,7), & = €°[r, ] and

B(en;,n %) £ {(g5,07) € G x Ry;||gj — G lln; = Myen,, |1 — 05/05| > M/}

—~

for j = 0,1 and any sequences M,,, M,, — oo. For j = 0,1, let P;ﬁ)? (resp. P;jp]z) denote
the conditional distribution of the sample y™) given (2", g;, jQ) (resp of y; given (z;, g;,07)),
and p 2 (resp. pg o2 2(y;]2:)) denote the Lebesgue density of P 2 (resp. of PZ 2_). Denote
the subsamples Iy = {i;z < 7}and I} = {i;2 > 7}. For j = 0,1, the Kullback-Leibler
neighborhood of (g7, 07,) is defined as, Ve,, > 0

B’r{(L((g;) UJQ'*)’ E?’Lj) =
{9508 € G x Rys K (P PIL) <mge2 v (PP P ) < omped o D)

Finally, in the proofs we use the following sequence of measurable sets for My = 4y,ne2 <
2 (Dot Ta, DY)l ar & allk = 0] + BI[k = 1] and

n

oo [
My = (10g(nk)

- 2 h A
= ne,, where 7, = maXlSjsz
)1/(26+1)

nre€

,k=0,1:

nO_ U {gmo Ecsjmm ae[ M[))MO]mO})

mo=1

G £ U {gmi (2) € Smys B € [=My, My]™}, (D2)

mi1=1

where ¢,,,(2) = Bo(z)'a and g,,, (2) = B1(z)'B.
Notation specific to the Fuzzy RD design. For the Fuzzy RD design we in addition use the
following notation. Let &,, = &1, = €°[a, b], and

F A {(go,On(S, 2)[s € {e,n}] + gua(2)I[s = a])][z <7]+ (gLM(S, s € {c,a}]
+ gon(2)I[s = n])][z > 7], with goon(s, 2) = go(2)I[s = c] + gon(2)I[s = n],

91.14(8, 2) £ g1(2)I[s =]+ q1a(2)I[s = a], g; € €;,7 =0,1,0n, 1a}.

. _ A _ A . A
We use the notation 7m0 = ng + 110, o1 = Noo + N1 + No1- For a given sequence s = {sg, s1}



where sy, = {s;}icr,, With values in {c,n} if k = 0 and in {c, a} if k = 1 denote:

for f € ga fs é (.fsola f(na ZTLOO+1)7 ey f(n: Zﬁm)a f(a> Zﬁ1o+1)7 R f(na Zﬁm): .fsll)la
fso £ (f(sh Zl)? R f(snoo’ Znoo))/’ -f81 £ (f(sﬁoﬁ-lv zﬁoﬁ-l)? R f(Sm Zn))/’

2 2)/
?

2 2 / A
), Ols, = (O-lsﬁ01+l’ N

= (

Goso 2 (9081 (21), o5 Y0sng, (Znoo))/7 g1s, 2 (g13ﬁ01+1 <2ﬁ01+1>7 <o+ G1sp (Zn>>/' (D.3)

Moreover, define B, (e,,n""/?) £ {(f,02) € F x Ry forj = 0,1,0n,1a;[1 — 0;/0;.| >

M,//n, and Vs, || fs — f¥||ln > M,e,} for any sequences M,, M, — oo.

Let g = (90, 91, Gon, G10)> 0 = (@, B, @, B,), 07 2 (03,07,08,,0%,)s @ = (des Gns Ga)- Let
P;Zz (resp. P;,0'2) denote the conditional distribution of the sample (y™, (™) given (2™, g, a2, q)
(resp. of (y;, z;) given (z;, 9,02, q)), and p ~ 2 (1esp. py 52 (Yi, xi|z;)) denote the Lebesgue density

of P;niz (resp. of P; 02). The Kullback- Lelbler neighborhood of (g*, a*, q") is defined as, Ve > 0

Bi((g',0%,),€) 2 {(9;,0%) € G x Ry forj = 0,1,0n,1a,q € [0,1]"

K (PO, P",) <zt v (PO, PY,) < 2netf. (D4)
Finally, in the proofs we use the following sequence of measurable sets for M, = 4dynge? <
(Dt To, DY) 5l cn £ @llk = 0+ BIk = 1]+, I[k =

2

nre < ne2
1/(25+1)
On] + /80. [k = 1(1] and m’,; = (m) k= O’ 1’ On7 la:
mg
%TLO - U {gmo( ) € Csjmo; o€ [_M()aMO]mO};
mo=1

nl— U {gml GoS’mU,BE [ MlaMl]ml}a
mi1=1
n on = U {gmn mn; Qy, € [_Mna Mn]mn} 5

Gota = U {9ma(2) € Smyi By € [~Ma, My]™} . (D.5)

where g,,,(2) £ Boo(2)' e, g, (2) £ B11(2)'B, gm,. (2) = Bou(z) o, and g, (2) £ B 4(2)' B,



and

F, & {(gopn(s, 2)I[s € {c,n}] + qra(2)I[s = a])][z <7+ (gma(s, 2)I[s € {c,a}]
+ gon(2)1[s = n])f[z > 7], goon(8,2) = go(2)I[s = ] + gon(2)I[s = n],
91.1a(8,2) 2 g1(2)I[s = c] + g1a(2)I[s = a), gj € €n,,7 =0,1,0n, 1a}.

Prior specification for both the Sharp and the Fuzzy RD designs. The prior specification

for (a, B, atn, B, A, 02,0%,02,02,q), where A = (X, A1, \n, M) and ¢ 2 (¢, @, ¢a) is an inde-

pendent prior as follows:

aldo ~ (D oo, A\ D' T.D,Y),  BlAL ~ M, (D5 By, AT D' T3 DY),
aplh ~ M (D g, \'DIT, DY), Byl e ~ N, (D7 By, A DT, DY),
Ca

b
(ag’ ;0), j=01na

5 n 671 a 5(1
o? ~ J?(Vgo ;0) forj=0,1, o> NJ?(V; %) a%fg(’i L>,

q -~ Dir(nﬂw Non, nOa); (D6)

)\jN

where vy > 2.

E Proofs for Section

E.1 Proof of Theorem 2.1

For every n, denote X (™ £ (y™ 2(™) The potential outcome yj» J = 0, 11s given by

Yo = go(2) + ooeo, 2 < T, (E.1)
= g1(2) + oien, 2>, (E.2)

where for j = 0,1, ¢; ~ ¢,(0,1) are error terms independent of z and independent between them.
Letly = {i;z;<7y={i=1,...n0}and I = {i;2; > 7} = {i = ng+1,...n,}. Moreover, for

k = 0,1 denote by D,, the denominator of the posterior distribution of (g, o7):

2 [ T pupulmlodronOn (ot drdotdg,

{iel}



where p,, 2 2(yi|2zi) = t,(vilgr(zi),02). In the following we use the notation oy, £ al[k = 0] +
B1k = 1] for k = 0,1 (and similarly a for the prior mean). Therefore, for & = 0, 1, the marginal

posterior of (g, 07) is

m((gr, o) | X)) =

1
D,,

1T t il Bi(z) axtgic, 03) Min, (D) ko, A Dt T, DY ) @00 (dgy )dm (M) (07),
{iely}

where dy denotes the Dirac mass at zero and g = gi-(2) = gx(2) — Br(2) . For k = 0, 1, for

some C' > 0 and ¢,, > 0 denote by &/ the following event:

(nk)

o (A ZZ
‘dkc = / Hlelk pgk’ k<y | )d (ak7 gk: ) Aka Uk) < 6_(1+C)nkenk
D«

where d7(cu, gi, Ak, 0}) denotes the prior supported on BY"((gF,07,),€n,). By |Ghosal and
van der Vaart [2007, Lemma 10], P*(n"')[ﬂﬂ < #k‘?k for every C > 0.

To prove the result of the theorem we use the test approach which relies on the uniformly ex-
ponential consistent test ¢,,, constructed in Lemma|E.4] By this lemma, for £ = 0, 1 there exists a
test ¢,,, that satisfies:

Q("’“) < " (1— e*KMQ”’“E%k)’le*KMQ"’“E%k and

2
GrrOry Tk

- 1
ng (1=, ) < _KMznkeikJQ, Y(gk, 07) € G X {2— 63”’“5%] such that |1—oy /o] > jeo
Ok ng

and |Z,%(gk — g)|ln, > Men,j, Vi €N, (E3)

for some ¢, > 1/(2n?), where Qé:kzi 2 Tlicry ¥ (Wil g5, 0%./&) which, conditional on
{&}izy, is the true model, QSZ’“;% - H{ielk} N (yilzi; g, 07 /&) and Zy = diag(&y, - - -, Eny),
E1 2 diag(&ngi1, -5 ny)-

We now use the tests ¢,,, and ¢,,, to upper bound the posterior of B¢(e,,,n~'/2). For this we
use the fact that, since t,(yi|g;(z:), 03,) = [N (yilzi; g7, 03./6)Ca (&; %, %) d&; for j = 0,1, the

true Lebesgue density can be written as a mixture of normal distributions:

/ng,ao* gl,crl H?a <fz, )dfl



For k=0, 1:

<1

E, [7(BE (6, n2)| X)) < By [1(BE (e, n~2)| X)) b, ]

<1

+E[1(B (e n” V)X O) L] + Eu[m (B (e, )| X M) (1 = ) Ly ]

n 1
/ngii ou. ]| a <5“2 2)6@ Cnye2,

{i€lx}
H{z‘g[ P .’02(yi|zi)
E ff C(Enk nil/z) : p(i];c)k dﬂ-(ak’gli_’)\lﬁo-z)( ¢ )
+E, rEng d 1— ¢, )1,

Dy /9™ S

e —(KM?— l)nke 1
: (1 — e Kmedl®e, H a (5“ 2’ 2) dei+ C?nye2 €2
ZEI]C
O-Q(yzl ’L)

f f <(engm~12) ieny W‘W“’f’ 9ics Ak: %)

ny /| Px

where to get the third inequality we have used the first line in (E3) with M = &2 M,/ J for

J € Nand &y 2 ming(Z);,. If M is sufficiently large to ensure that K M? — 1 > KM?/2,
—(KM?~1)nyep _KM2né2 /2 . o .
£ e "+’ and by using the definition of </, we obtain

(1_€7KnkM2€%k) —

1
E.[r (B (e, n /)| X")] < / M (0P [T 9a (6555 ) dé + .

ZEIk

pgk o-k (yz| z) i 9 6(1+C)nk€”k
—— ——dm (avg 7)\k70 )(1_¢n >:| " .
//c (€ny,sn~1/2) {ze[} P« (yilzi) g g * W(B,{(L((gj,aj?*),enj))

(E.4)

Next, remark that the density function of the minimum &,;,, is

p(gmin) =Ny

2 o ey (L02/2,0/20) |
T2y i) ( (/2) ) ’



where I'(v/2,v/2&,,) is the upper incomplete gamma function. Therefore,

i€y,

v/2
S \/erminMgnkeik/(2J2 n (V(/2}2/) (Amin)V/2_16_§min(l’/2)d§min

400 v/2
< 267chM5nke%k/(2J2)n / (V/2> /

T(v/2)

< 9 (KegM3/ (27 =log(mi) /(me€?,))  (E 5

()\min>y/271 eiémin(y/m dgmin

27’L 62 .
where, for ¢ € (0,1/2), ¢, is the ¢g-quantile of a Ca (%, 5+ %) Moreover, by using the

result of Lemma : m(BEL(gt €,)) = e ™ for k = 0, 1, and by Fubini’s theorem

c n e " e cqMnp —€n 1 CH1)nye2
B enka 1/2)|X k))] ey (K ealn [ (2)=eny) + CQTLkEQ +e (+OHnien, X
v v
/ / T 7 Wilzi; e, 95, 07/6) (1=, ) dysdr (v, g, A, 07) [ [ ©a (@-;5,5) dé;
(€ny,,m~1/2) {iel} i€l
R
ngk%

(E.6)

where we have used again the fact that p,, 2 (vil2:) = [ (yil2i; ou, g, 07 /&) Ga (&5 5, %) dE;
for k =0, 1. Set for £ = 0,1 and for j € N:

1 nc2 . — .
By & 1(a0,02) € s x |5 06 < [ (00— )l < 200,
JEs < ’1 — O'k/O'k*| < 2j€g}

1 €2 —~
and ?k,n 2 {(gk70'13> - Cgmk X [E’é K nk:| : ||gk — gk*”n Z MnEnk7 |1 — O'k/O'k*| > Mn/\/ﬁ}

1 Nk€n * 5
< {(00.2) € o x [ 10— Dl 2 i 1= o] > Wi}

then Bf(enk,n—l/Q) C (G X RO)\(Gri X [ﬁk,e?’"“w]) U %, and G, C UjZJ By, ; for
fil/iiMn = JM and M /\/7x = Je&,. Therefore, by decomposing the integral over BS(e,,, ,n~/?)

in the sum of two integrals over the ranges (& x R )\(Gnx X [L 63"“7%}) and &y, and by

2ny?



upper bounding (1 — ¢, ) by 1 over &\ G, 1, for k = 0, 1, we get:

// /Q;’;z (1= 6n) dr(e gt o) [[ a (& 5.5 ) de
1/2) i€ly,

egnkE "k (2ng)~t 400
(6 \Gn, k)/ m(o})dop + () (/ m(o7)doy + /3%62 W(Ui)dd%)
V 0 e "k
<1

(2ng)~
// /Q;Zk; 1- ¢nk) dﬂ- agk ; Aka Uk H Ga <§Za > dgz
’LEIk

< e*nkE%kTi/(%Jrl) + e*”keik‘goo 4 6_3”1653%(500 n ZeijQMane,%k H Ca (5 z z> df
— I/OO _ 2 (2 2’ 2 2

§>J i€}

(E.7)

where we have used Lemma to upper bound 7(&;\ €, ), the concentration inequality for
} (since (0}, — E[0}.?]) is
sub-Gamma < LS l)), and the second inequality in (E3) with JM = ¢2 M, to control the

sub-Gamma random variables to upper bound the integral over [O, o

5 2 ] min

J2M2nkenk] <

term Q("k) (1 — gbnk). By using the same argument to get (E.5) we obtain E[e™
2 exp{—nxe;, (KcgM? — €,,)}. By putting this, (E-6) and together we get that for k = 0, 1:

1
c 12y () 2, (KegM2/(20)—eny)
E,[1(B{(€n,,n” /7)| X)) S em M B F +0Tk(fik

+e (1+C’+1)nkenk <e—nk5%k7]/(26+1)+€—nke%k500+e—3nke%k _}_e—nksik(chM,%—enk))

which converges to zero for every M,,, K sufficiently large and every 0 < C' < min{1, §oo — 2}

suchthat1+C'+1 < which implies 77 > min{3, dgo } (264 1). This establishes the statement

(25+1)
of the theorem.



E.2 Proof of Theorem 2.2

For every n, denote X(™ 2 (3™, 2("). For given mg, m; € N, define the functional spaces

G, and G, as

Gmo £ {gmo(z); Gmoe(2) = Bo(2)'at, 2 € {21,..., 20}, X € Rmo} C La(Py,)
G 2 gma(2): i (2) = B1(2)'B, 2 € {2ngi1, 2 1, BER™ } C La(Py),

where P, has support 2("3) for j = 0, 1. Associated to each space (and then to each measure P)),

define the linear functionals

Lz(no) : Cgmo — R
1 &
g eino,mO]B%aln—O ZBO(Zi)g(Zz’)I[Zi < 7]
i=1
Lz(nl) : gml — R

R
g e, 1By ln_l ‘ Z B (2)g(zi) [z > 7]
i=ng+1
where e; ; denotes the (7 x 1) canonical vector with all components equal to zero but the j-th one,
Bo = 55 221 Bo(2i)Bo(2i) Iz < 7] and By = (=370 ) Bi(2i)Bi(2) [z > 7). Therefore,
for every gimy, € Gimgs gmy € Gimys ¥mg] = L,n0) Gmo a0d By = L, (1) Gy - The linear functionals

L (ny) and L (n,) can be written: Yoo € Lo(P,,) and Vi, € Ly( Py, ),

LZ(HO)QOO - <9007€Z("0)>Pn0; Lz(m)SOl - <§01a€z(n1)>Pn1

where for j = 0,1, (-, -) P, (resp. | - ||n,) denotes the scalar product (resp. the induced norm) in
Ly(P,.) and

J

Cne)(5) = € B,'Bo(2)I[z < 7] € La(Py,), L (s) = e’leIEBl_lBl(z)I[z > 7] € Lo(Py,).

mo,mo

Therefore, by the Riesz theorem, ||L w2, = Lo |2, = ’mo,moBglemo,mo and || L.y |12, =
10,00 ||2, = €y 1Bg ' €m, 1. By the definition of B;(z), j = 0, 1, there exists a constant ¢; > 0

such that ||€_c) ||, < ¢; < oo for every nj.
Since |[ATE — ATE*| = (B — 0tmy) — (B — )| < 1By — Byl + [@me] — @t it



holds that (by denoting with X the event {|1 — 0;/0;.| > Mn/\/n_] forj =0,1})

w | [ATE — ATE?| 2 M pén, |1 = 0;/0,.] > M, //m; for j = 0,1| X

ES))

X(n)>

X(”)) . (E.8)

We analyse the two terms in the right hand side of (E.§)) separately by starting from the first one.
Since for two events A and B, 7(A N B|X ™) < 7(B|X ™) and by using the independence of the

posterior of (¢3) and (8}, 07) we get:
X(n))

Ml,nen
2

m (|5[1} — Byl + [@me) — gyl = Minen, |8y — Byl =

* Ml,nfn n
SW(E> 1By — Byl = 5 X ))
AT * Ml,TLGTL n Mn n
< (11 at/ot] = e 18y = Bl > 22 X ) (|1 = /| > ) X0

e

M6 M,

<7 {1 Lo ol Gy = )l > =2 1= TH) > XM ) (E9)
z 1 1 mi 2 0_1* \/n—J

which converges to zero in P*("l)—probability by the result of Theorem with M,, = M ,,/(2¢1)

and where we have used || L) ||, < ¢1 < 0o. We now analyse the second term on the right hand

10



side of (E.8). By using the independence of the posterior of (o}, 07) and (Bp, 07) we get:

X("))

Ml,nen

Ml,nen

T (|5[1] - 5?1}\ + | Qo) — arm0]| > M nén, X, |5[1] - 5?1}\ < 9

Ml,nen * t
<7 ( 5 T 0mo] = Q)| = Minen, 5By — Byl <

X(")>

* Ml,nen (o)) n
Sﬂ(la[mo}—a[mo}lz 5 1—00 > M, /\/n;| X' o))
* Ml,nen 01 —~ n
XW(|'B[1]_'B[1]|< 2 ) 1_01 ZMn/\/TLj X( 1))
<1
* Ml,nEn (o) — "
<7 <|Lz(no)(gmo - gmo)‘ > 5 O, 1— 0 > Mn/\/n_] X( 0))
* Ml,nen 0o n
<7 (HLz(no)“nH(gmo - ng)Hn > 9 21— p > Mn/\/n_] X ( 0)) . (E.10)

where we have used the independence of the posterior of (], 03) and (B}, 07) to get the sec-
ond inequality. By the result of Theorem 2.1 with M,, = M ,,/(2¢), (EI0) converges to zero in
P{")_probability. By putting together (E.8), (E.9) and (E.10) we get the statement of the theorem.

E.3 Technical Lemmas

Lemma E.1. Assume the conditions of Theorem[2.1)hold. Then, for k = 0,1 there existsa N > 0
such that ¥Yny, > N and Ve, >0

T(BX (g3, %) ) 2 exp{—muer, }- (E.11)

Proof. All along the proof k takes values in {0, 1}. By Lemma there exists a N > 0 such that
Vng > N and Ve,, > 0:

(B (g 1) €00)) 2 €2 (gr € Gt llgr — gkl < ohn€r, /2)

O—k*enk

= !B {gk € G llgr — grllee < NG } . (E.12)

Because || gk — gilloo < 119 = Gy lloo + 19 = G, 1+ 19, = GEllocs 197, = gitlloo < Comy?, and
Gy — G oo < Cgm,lg/ ?|latx, — || for some constants Cy, Cy > 0 (by boundedness of natural

11



cubic splines), we have,

Okx€n,y,

* m — k U*En
w{gkem;ugk—gkuoos }zw{ﬁeR s Comd + Com o — et < 2 }

V2
mk) w(my) (E.13)

[e.9]

= Z 7r <ak € R™; Cym;® + C’gm,lc/2||ak — o) < T

V2

mkzl

where we have used the fact that the prior on (g; — ¢,,,, ) is degenerate on zero. Therefore, by setting

1/(26+1)

_ 20, (logn)%/(20+1) o —m* = (2 i = (m?)~?
€y = o2 (T) , by replacing it and my, = m;, < Togn and since €,, =< (mj)
we obtain

* Okx€n m’ * %\ —0— C:
w{gkewgk—gkums ﬂ} > ﬂ(ﬁeR k;ua—mrs(mk)“/?gj) (E.14)

and denote C £ C, /C3. By using the result of Lemma with U = 3, which is valid under As-
sumptionand for every (m})*1/2C € (0, \/pmaxmi/(4X¢) ), Where ppay denotes the maximum

eigenvalue of Dﬁ’ngDgl/, we get:
T (ak e R™; ||lay — au*|| < (mz)—6—1/25> > O™ (mz)—(é—&-l/?)m;—m;m
[(ako/2)

~ ako/2
y / )\Zzzﬂef)\k||w||(m,*;)*‘s*l/zc/(lorlrl/e?x)e*)‘k”w”2/2)\210/271647’“0)"“/2Md}%
{/\kﬁpmame/(‘léQ)}

_ A ey —(@+D)my (Bro/2) =/ (bgo/2) /2T (Giko /2) ~ . 2
— O™ (m?) WD) 7 <)\k < P/ (4C )) (E.15)

where 7 is taken with respect to a Ga (a%, I”“T‘)) distribution with @y £ (age+m}) and Zko 2 (bpo+

2 2Hw||(m’,;)_5_1/26~' d wh h d the followineg inclusi f . #\—(0+1/2)
|wl|*)+ — o= and where we have used the following inclusion of events: {(m}) <

VP /(ANC2)} 2 {1 < \/ e /(4N C2)} since (my) =01/ < 1.
We start with the computation of 7 ()\k < Pmax,/ (452)> For this we can use the estimate

12



of the tail of sub-gamma random Variablesﬂ (see e.g. Boucheron et al.|[2013]]) to get

~ pmaxmz _E 7 pmaxmz ~ T pmaxm]t; o~
T (/\k > a7 ) < eXP{ 5 (bko ol + \/Clko (Qbko Vs ako))}

Hence,
~ v ~ max X g max p 1
T ()\k. < pmaxm}';/(402)> =1-7 ()\k > p4—5mk> >1—exp {—ﬂp—Jnk} > 3 (E.16)

for every n large enough.

(bro/2) k02 (b /2) k02T (ko /2)
T(ako/2)

Stirling’s formula gives the bound /27n"*/2e~" < n! < e~"+n?*+1/2 By using these bounds

We now analyse term

. For this, first remark that a version of the

and axo = 2nm;, we obtain: Vmj € N,

D(ako/2)  (ago —

1)[ AdkO (@ro—1)/2 Ao —(axo—1)/2 _
_ > Vor [0 _ 4 <_ _ 1> —(ako/2-1) y(aro—1)/2
T(aro/2)  (me—11 = " 7" ( 2 2 ‘ ‘

i 1 1 (mg(2n+1)—1)/2 1 —(2nm;—-1)/2
=V2me Y2 [ (4 = — my | n—
F 2 m; b mt
) 1 (m2n—1)/2 1 —(2nmE—1)/2 )
e o)) o)
m

* *
my, k

(E.17)

where we have used the fact that n + % - L >n-

My

1
=
My,

to get the penultimate inequality and

‘O‘?
[ V)

If A\, is distributed as a Ga (a%,

Gro 2 = awa/b
(Qﬁ, - ) , where E[A\x] = axo/bxo-

’“’) according to 7, then its centered version A\; — E[)g] its sub-Gamma

13



(m; — 1) < mj in the last inequality. By putting (E.15)-(E.I7) together we get:

- ~ 1
™ (e € R™: Jlaw — a | < (m) 20 = exp {m log(C)—(6+1)m log (m})+3 log(2r)

*

1 a ~ a
S — 2 log(bio/2) + 7 log(bro /2) — log(2)}

2
. §+1  (6+1)loglog(n) log(C) log(2m) 1
Z exp{ — milog(n) [2(5 +1  (26+1)log(n)  log(n) 2mjlog(n) ' log(n)
2n+1 ~ Ny, log(2)
2log(n) tog(bro/2) log(n) log(bro/2) + my, log(n)]}
> exp { —mj log(n) [255111 —1= 1414 1-1+1] b 2 exp{—mj log(n)(6 +1)/(20+ 1)}

where we have used b,y > 2 and n large to get the first inequality in the last line. Therefore, if

1/(26+41)
* n
my = (logn>

* oge * 5+1
(BEH a0k e00)) 2 €5 exp { g og(m) 35 |

d+1  log(en,) 20 +1
— - 2 o k > o 2 E.1
exp { Nk, (25 T ne. > exp | —Nk€,, 35+ 1 (E.18)

since for the values of mmj, and €,,, given in the theorem mj; logn < ne;, , and since log(ey, )/ (nkes, ) >
—0/(26 + 1). This establishes (E.TT).

O

Lemma E.2. Assume the conditions of Theorem hold. Then, for k = 0,1 the sequence of
measurable sets G, . defined in (D.2) satisfies

T(G\Gni) S exp {_nkeik } : (E.19)

n
20 +1
where 1 is defined in Theorem [2.1)

Proof. For k = 0,1, take as €, the set defined in (D.2)) and recall the notation o, £ al k=
0] + B[k = 1]. The complement &\ €, is
my,
G\Gne = G\ U {0 € Smes lewelloe > M,

mg=1

where g,,, () = B},(2)'a. By using the fact that the prior has nonzero mass only on the subspace

14



of natural cubic splines on the set of m; = mj, knots for £ = 0, 1, the prior of this event is
T(G\Gnp) < 7 (g € S llowlloo > My ). (E.20)

From Lemma[G.2)applied with U = o, m = mj, and M = M}, which is valid under Assumption
(ii), we know that 7(||au|le > M| Ax) < exp {log(mZ) — Ak(M’“/Q_”D%“’“ila’“ong")} for My > 1
and v £ max;<j<m: |(Day, T, Da,~")j;|. Hence, by taking Mj sufficiently large to guarantee

that M}, /2 — || Da,,” "otrol|%, + 27bro > 0, we have

okl > M) < elog(m@(/ o P2 105 e 12/ ()\k'% %) e
(o) — 7 2 ) 2

0

b M;/2 — || Do, o) b
= exp {log(mZ)—?log (?4_ R/2— | 27;@ kOHoo) +%log (@)}

By replacing the values ayxy = 2nm;, M, = 47711:672% = nkeik and the value for €,, we obtain:

T(llolloe > My) <

bro Doy, tiol |2 bro
* * 2 [e4 o0 *
exp {log(mk) — nmj; log (nkenk (27%672% +1-— 2:/nke2 + nm; log 5

= exp {—mz log(ny) (257:_ 1 + 0(1)) } = exp {—nkeikz(snﬁ} . (E.21)

Lemma E.3. Let us consider model (E.1)-(E.2). For j = 0,1, suppose that ¢j; ~ t,(0,1), Vi € I,

where 0 and 1 denote the location and scale parameters respectively of a Student distribution, and

*,02,),€) be as

defined in (D.1) and © be an independent prior on g; and 032-. Then, for 7 = 0,1 there exists a
N > 0 such that Vn; > N and ‘v’enj >0

suppose that €y; and ey; are independent between them and across i. Let BX((

W(BfL((g;,a?*),enj)) > (|aj2* — 032-] < enja?*/\/Qu, sz- > ai)

X (|I9j - g% < of.*eij/2) . (E22)

Moreover, let the prior on 012- be specified as in (D.0). Then, there existsa N > 0 such that¥'n > N
and Ve, > 0

m(BEL(g5 0%, €0,)) 2 € (Ilg; = g} 2 < ohed /2). (E.23)

15



Proof. All along the proof j take values in {0,1}. From the distribution of ¢j; it follows that

Yilzi; 95,07 ~ t,(yilg;(2), 0;) where o is the scale parameter and g;(2;) is the location parameter,

for every i € I;. Simple algebra shows that K (P("J) Pg@i )2) =Y., K (Pj, Pgi_ 02> and that
395 175

S

2

(n)) plng) ) _ ap; i i (n))
V(P P ) _/ Z(logdpl : —K(P*,PW?)) P!
’LEIJ' 95,975

oo (n5) dP: dP!
/Z (logdpz ) K(P*,ngﬂ?)> dP; —1—22001)* <log ap" 2,log P 2)

i€l a; > 9595 95:05
=> V(PLP! )

i€l

where C'ov, denotes the covariance with respect to P*(nj ) . Therefore,

B’rIfL((g;ka 0]2'*)? Enj) =

(gj,U?)E?jXRJr;ZK(Pj,P; ) <mjen Y V(P P . 2) < 2n el

iEIj 1€I

for some constant 0 < C5 < 2. In the following of the proof we leave implicit the fact that
(97,07) € &; x Ry in all the events that we define. Denote o/, = {% Diel, K(P, P;]-,g]2.> <e ).
We first upper bound K (P, szjvajg) in order to find an event included in ;. Denote & = (v +1)/2,
95; = 9;(2;) and g;; = g;(z;). Then, for j = 0, 1:

i i tV(yilg%i’o-z‘*) *
K(P*7ng7o']2.) = /ln |:+]2 tu(yz|g],170-32*>dyz

tu(yi’gj,ia Uj)

(%*9"‘,2‘)2 @
0j <1 i #) £ g2
= In| — = tu(yz|9”> Uj*)dyl

O jix <1 + (yi;é}é,i)Q)_a

—v 2 2\

B o;" (vo: + (Y — gj.) . 2

- /ln (0'” vos, + (i — 95,)* toluilgss, ey
J* J* 1 752

Since for j = 0,1, 0j./0; > 0 and (vo? + (yi — g;4)°)/(vo7. + (yi — g;:)?) > 0, we use the
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inequality In(z) < = — 1, Vz > 0, and obtain:

7 i v 0]2* - 0_]2' %
K(P*,Pg]_’a?) < 5 Ttu(yi‘gjﬂ;agj*)dyi
J

vo? + (yi — g5:)° — voy, — (yi — g5,)° .
2 * )2 tl/(yi’gj,ia Uj*)d?/i
voj, + (yi — gj,z‘)

v(o?, — o?) ~/ (VUJZ + (i — g50)° —voi, — (yi — 9;,)2) vosty (il g5 032*)dy-
* |2 I

J* J
P ) 2
20]- Vo, Vo, + (v — gj,i)
(E.24)
02’* * * pa
Remark that P L v(Wil g i 03) = tura(yilgss, 62,) 745 with 67, 2 o%,v/(v + 2). In fact,
2 v+l £ )2 —(v+1)/2—1
i b (ilgs. 0%) = ) [ LWt 2))
vos, + (Y — 954)* S N € RV 7 vos, (v +2)
(e I (22) /7(v+2)5..
- ( 2 ) ( : 241 ) ! tVJrQ(yl‘gJ*z?é-]z*)
L(5) vavey.  T(¥55) |

V+2(yl‘gj 79 2 )7 (E'25)

v—+1

where we have used I'(z + 1) = 2T'(z). By plugging this result in (E.24) we obtain:

P i v(of, —0o3) v vo} + (i — g54)* —voj. — (i — g54)° .
K(P ng7 ) #‘l—?/ ( ! 002 ! L ) tu+2<yi|gj,ia U?*)dyz
J J*
_w(of, - 03?1 2(yi — ;)95 — 95.0) + (95 — 944)° S
=—5 35 t5 5 tosa (Wil g0 07 ) dyi
205,0 2 Tjx 7
1 (v(o], —a})? 2
20_]2* ( 0_]2 + (g],z g]» ) ( )
since (y; — g;;) has mean equal to zero. It follows that
2 2\2
n; [(v(oi, —o; .
> K(P P .) = L ( 9, : ) +|ygj—gj\|,%). (E.27)
2073, o;
i€l
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Therefore,

o2, € (02, — 02  olel
* 2 J* N J* 7 J* N,
/J ) {Ilgj = gilly, < 5 25N p < 5 152 o,

In addition, denote o3 = {|o?, — 0?| < €,,0%/V2v, 02 > oL} and oy = {|g} — gjl|2 <
o3, €, 2 /2} so that &y O of3 N 4 which we will use later on. Moreover, define the event of5 =
{llg; - 312 < o222},

NCXt, we show that {Z'GI (Pl PZ Jg) < 27”6%]_} 2 ﬂgﬂﬂ4ﬂﬂ5. On d3ﬂﬂ4m.52{5, (gj,h 0']2)

is close to (gj 0> j*) forevery ¢ € I; = 1 ,n. Therefore, on &5 N o, N A5, Pgi_ 2 1s close to
. 17

P! and we can use the Taylor expansion of ln(u) around u = 1: In(u) = (u — 1) + o(u — 1) with
vo?+(yi— i 2 . *

_ % In particular, on o3 Ny N els, u—1 < €0, (1/y/V+en, [V —2(yi— g51)/ (V0 .))

which converges to zero as €,, — 0. We use this result to deal with V' (P}, Pg", ,2) Which we first

3575

develop as:
V Pz Pz ’ yz‘gjw J*):| _K(Pj,P;.Uz)
yzlgju ]) 779
B ’hl o; (I/O'j + (yz _ gj,i)Q >(V+1)/2 (O_j*)(u-i-l)
i \V05, + (yi — g5,)° Tj
/ ("”) (e ’)
vos, + (yz 95:)?

2
to (il g} 05 dyi

2
to (Wil gl 020 dyi| o (yilgss, 03 ) dys

2

(v+1)? vos + (yi — g54)° vos + (yi — i) x 2
= 2 In 2 * \2 tV<yl'|gj,i7 O-j*)dyi
4 1/0 . T (yZ gﬂ) voj, + (?Jz - gj,i)

Xty (Yil g 55 05 ) dys.

Then, by applying the Taylor expansion of In(u) as indicated above we get:

* \2 * *
V(Pz Pz _ V + 1 ’ U - 0 (gju gj,i) + 2(*y2 2_ gj,i)(gj,i - gjﬂ')
Vaj* + (yi — gj,i)
V<U2 B U ) g]Z gj’b (y g]z)(g;':i _gj,i) VO_JZ* " % 2 d 2
- Vo2 Vol + ( T )2 l/(yi’gj,ia Uj*) Yi
J* gk Yi — 95,
Xty (yilg} 40 07, ) dys
vo2 .
By us1ng the fact that 24_(# <y1|g_7 %) j*) = tV+2<yi|g;,i7 0-]2*>,/_+1 with U — JQ‘*V/<V —+ 2)
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the inner integral is equal to [v(0 — 07,) + (g — 9;.)°]/ (5. (v + 1)). Moreover, by using the fact
that

2 y . —(v41)/2-2
( L t (yilgjs 05.) = r () (1 L Wi gt +4)) v
vos, + (yi — g;) 32 O ' (%) Vavo;. vos, (v +4)
r (%) TVo r (”+§+1) AT g (V—|—3)(V +1) bo+aWilga Tj)
with 75, = vo?, /(v + 4) we obtain:
Pi P'L _ (V+ 1)2
V(P By ) =
* * * * 2
( [V(O-jQ - U L)+ (9]@ gj,i)2 +2(y; — gj,i)(gj,i - gj,i)]2 VUJQ‘* t(uilg? o2 )dy;
204 val, + (yi — g%.)2 v\YilGjis O )AYi
J* K3 7,
* 2 *
LMo =) (g =g’ of — 3) + (g5 — 954)°)
j*(y+ 1) j*(y+ 1)
[V<Ug2‘ - ‘7]2'*) + (951 — 9;,02 +2(y; — g;kz)(g;z - gg*z)] VUJQ'* . 9
2 2 ¥ Qtu<yi|gj,iao-j*>dyi)
V0 voj, + (i — gj,i)

By computing the integral this gives:

;o _(w+1)? v(o; =02 )’ (v+2) (95— 9i)'vv+2)  4(g; — g5i)°05
VLB = (s ) o s 3+ D) i 73D
2(07 — o2 ) (g5 — 950)°  [vlof — o] )+ (95 — gj,i)2]2>
voj, j*<V +1)?
_ (lof — i)’ viv+2) (96 — g5)* v+2 1
( {( }* 7 [I/(V+3)(V+1) (u+1)2}

_|_

v3)w+1)  (v+1)? T s

Lo (g5 — g}‘,i)z 2 N 0]2- — 0]2-* B 1/(0]2 — 0]2*) ) (v+1)2
o3, (v+3)(v+1) vos, (v+1)%03, 4
- v(o} —0},)? N (950 — 953)* N (950 — 9;.)° N (956 — 95:)*(0] — o) (1 + 2v)

= 1 4 2 1
207, 205, v o T 2v

Therefore, by using the Holder inequality which implies n—lj St (gi—95)* < llgi—g; 1% llg—
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||2 and because we are on &3 N &4, we get

v(o? — 02,)? —Illg — gt l2
ZV Pz P’L <nj< <Uj U]*) ||gJ g]”oo“g] ngnJ

4 4
icl; 2075, 205,V

N lg; — 9512, N lg; — g;ll2, (0 — o7 )(1+2y))

2 1
05y T 2v

€, e L 5 (1+20)
<mi |l 24 g — g2 + 22
— n] ( 2 + 4VU?*||gJ g]”oo + n] Ay \/—

Moreover, on fx:

1 e, 1 (14 2v)
% 7 < 2 - j ‘ < 2 ‘
EI V (P, , P Jg_ < ne,, (2 + " + + €n, v | R ne,,

This shows that there exists an N > 0 such that Vn > N and Ve,, > 0, {7
2neij} D 93N gy N 5. Then, by remarking that

(B (g7, 03, €n,) 2 / dr(g;,07)
«32730-9740{21'613- V(PLP;J_ 02)§2”€%j}
g

_ 2 2
/ d?T(gj,Uj)+/ d’]r(gjao—j)
Mgmmm{zyelj V(Pj,P;’j 02_)§2n]-egj YNls A3Ndsn{> 1, V(Pj,Pgi_ 02)§2n5%j}ﬁd§
)

277

2/ dr(g;,07). (E.28)
d30d4n{2?€]j V(Pi,Pl )<2TL6 }Q.SZ{5

V(PLE ) <

lEI *) gj,o 3

we get that for j = 0, 1:

T(By*((g5,02.),€n,)) = 7 (s O oAy O 5)
> <|012'* — 0J2-| < enjajz-*/\/ 2v, 0]2- > 0]2*> ™ <||gj — g;-‘||<2>o < ofeij) ,

where in the last line we have used the independence of the prior for sz and g; and the inequality
lg; — g;5lI%, < llg; — g;lI% for j € {0, 1} which implies &/5 C of,. This establishes result (E.22)
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in the lemma. To show result (E.23)):

(0]2'*+ zﬁ (600/2)V00/2 9
T (‘0]2* — o’ Enj ]*/\/; 02, > (7]2*) — (0-]2')*1/00/27167(500/(2%-)dO_JQ_
en o2 F(Voo/Q)
(02, ——2L2"Wa?

En,'UZ

2 (032*+ {ﬁg*) S 2 v00/2
> (02, 4 Sa7d% )= (woo/241) —b00/ (207.) (oo/2)"77 1 o
- T* \/; 9 F(V00/2)

05
2 V 2
— (o2 +Enjaj*)—(u00/2+1)6—500/(2%2.*)(500/2) 00/2 o2 4 T\ 2| o s,
BN Do)\ 7 ) =%
€n; 97 2 _
since (03, — =) V 0, = 0j,

E.4 Testing

Lemma E.4 (Testing). For each k = 0,1, let gy = (g},02,) and E,,, (resp. E,, ) denote the
expectation taken with respect to the distribution N, (g, 0%,) (resp. Ny, (g, 0%)). For each k =
0, 1, there exists a test ¢, such that for some K, M > 0 and V¢ € N:

2
ef(M K- l)nkenk

—M?K/fne?
E,.on, < PR sup E,(1—¢,)<e nkes, (E.29)
1—e k e =(gr,02)Edn ks s

where oy, k1 = {gr € Brp; |\~1/2(9k = G)llny, > (Mey, } x {07 € [231 et } 1= ok/ok >

leq} for some e, > 1/(2n2), 2o = diag(&y, ..., &n), =1 2 diag(Engrts - - -5 Eny) and {&;}i are the
latent variables in the mixture representation of the student-t distribution.

Proof. All along the proof k can take values in {0, 1}. To construct the test ¢,,,, we first consider
the set @; = {(gx,0}) € Cnx X [ﬁ,e"”ik] je < ||Ei/2(gk — g)lln. < 2je,je, < |1 —
0k/0ks| < 2je,} foragiven j € N, k € {0,1}, ¢ > 0 and ¢, > 0. Consider a maximal set
of points ¢;1,...,q;n, € @;, with ¢;; = (g}, 0},) that satisfy H:k (gt — ) ||n, > €/3 and
0k — 0kl > €507,/2, forevery I,I' = 1,..., N;. Then, consider N; balls B;; around each of

these ¢;; constructed as

Bjy = {q € Q;; ||H1/ ( — gkl < /3, |0k1 — ol < Eagk*/2} (E.30)
and denote by 7 the radius of these balls. These balls cover @; as otherwise the set g; 1, - . ., g; n;

would not be maximal. Moreover, N; = N(n,@;, H"l/2 lln, +1|-1]). For every ball B;, let
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us construct a test ¢,; as: ¢;; = :H_{dqu’l/dp*21}, where P, , = My, (g,lc,a,%’l), gk, € Bj; and
P,. = M, (g5, 0%,). Denote q. = (g;,02,), and E, is the expectation taken with respect to the
distribution FP,. Since g, € B;; C @;, this test satisfies:

Eq. 051 = /H{WZI}C{P%* </ dPledPQk*

—ng/2
Okl Ok« g n = *
< ( i ) 22 exp{—mi |2 (gh — g2, /(402 + 03))
o Ok,
) (E31)
E‘]k(l - ¢j,l> < \/Ele ¢Jl \/Eka dqu/d le)
< e T 52/(160k*)6nk3 52/(18‘71@*)7 Vg, € Bj,l (E.32)

where to get (E.31)) we have used the inequality |1—o/0.| > je, which implies that (Uk -+ "L> >

Okl
1+jes + (1 —jey)~" > 2and that 0, + 07, = ,%*( by 1) < 02,(1—je, +1) < 202,. To get
(E.32) we have used the Cauchy-Schwartz inequality, the result in Lemma [E.5and the fact that for
q € Bjui:

262 /(1602
le( ¢Jl) /1{\/W>1}dp%z < / \/ dqu,zdpq* < e e 007k

This implies that sup,, ¢, Eq, (1 — ;) < e ="/(14476.) and by choosing & = 12041/ Mie,, it
follows that

) —M1]nke ) —MljnkG
qrE€B; 1

-----

Let ¢, £ max;en,e{1,..,N;} ¢j1- Then, if N; < exp(nge? ) Vi eN

EQk*QSnk < Z ZEQ*¢jl < Z Z _Mljnkenk < ZN e_MU”kEnk

7j=1 1=1 7j=1 Il=1
(N — 2
e 1 o~ (Mi—Dnger,
S e "k 1 =
1— e_Mln’“E”k 1— e—Mlnkf
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and, since @; C |J,_, BJ 1, we have for every ¢ € N

77777

sup sup Qk<1_¢nk) < sup Ef]k<1_¢”k>
{91€%n 3lIZ} > (gr—97)lInj, >Le} {o2€[1/(2n4), SR | =0 s | Sleg } k€U0 @

—Mljnke%k _ €—M1€nke%k

<sup sup sup E,(1—¢;;) <sup sup e
ji>e ].SZSNJ' quB]',l j>e 1§l§Nj

Finally, remark that fe = (120}, \/ﬁlenk =: {Me,, and we can write M, = M?K with K =
1/(14402,).

To conclude the proof we have to show that N; < exp(nge? .)- Since for every j € N, @; C
Gk ¥ [L B eny },then

2ny?

—1/2 — NnLE —1/2
Ny = N, @ 128 Nl + 1D < N, G x [200) 5 ™ 120 - e + 1 - 1)

1
<N (5/3, s |12V ||nk) x N (gga,i*/z, {ag €Ry 5 — < o2 < Pk },| : |) . (E.33)
T

We start by considering the first factor. Remark that (by denoting o, £ aI[k = 0] + BI[k = 1])

and by using the value of ¢

.
my

log N (/3. B 12 - 1y ) < log N (2/3, (J {Bi(z) cus au € R™, llawelloe < Mk 12/ o)
mr=1
my
<log N (40,60, | {Br() s o € R™, ewe]lo < M}, 52 ).
mkzl

By Van der Vaart [2000, Example 19.7], since 40 €, > 0,€,, . there exist a constant K, depending

on o, only such that (by denoting with || - || the Euclidean norm) the penultimate inequality below
holds:

my
log N (2/3, G |52 - ) <log 3 N(euen,/v/mi {en € R™, alloe < M}, - )

mi=1

< logmiN (gyen,//mi. {eu € R flolloo < My - 1)

M, " MM ™
<log | m; Ky (M\/m};) <log | m; Ky (M\/m’,;>

lenk lenk
where we have used the fact that g,¢,, > g,€,,/+/m; for every m; > 1 to get the first inequality
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and the fact that the diameter of the hypercube [— My, My|™* is \/m;2M, to get the penultimate
. . ) ) 1/(26+1) | 5/(26+1)
inequality. By replacing the optimal values m; =< ( L ) S <M> and

log ny ng
M, < ngep, = n,lc/(%ﬂ)(log ni)?/(29+1) we obtain

J+1
sup log N <5/3 Gk, |2 ”1/2 an> < mj log(ng) (25+ —|—3> < nkeik

5>3Qk5nk -+ 1

since mj, log(n) = ne, . We now analyse the second factor in (E33). Since £,0%, /2 > 03/(2n})

we obtain
log N (2502, /2, {0F € Ry; (2m4) ! < 0? < ™} 1)
<log N (0F/(2nd), {0} € Ry (2m) ! < 02 < ™}, | |) < dmyel,

where the last inequality follows from the definition of €, and log(nx)/ni < €, . O

Lemma E.5. For k € {0,1} and given j,1 € N let P, , = N, (g}, 0%,) and consider the balls
B, defined in (E.30). For every qi € Bj, it holds

VEq (AP, /APy, ) < exp{j%*ni/ (1807,)}.

Proof. First, remark that simple algebra shows that

ng /2 —ng /2
e (4P _ g, () _ ", 9 expl 3 (€ (9 — 90))”
et dPle dPle O-l% O-I%l el 20!%! - gi '
) 7 00 )

(E.34)

We start by bounding the first two factors:

n —ng/2 ng/2 ng/2
(O—iz,l) k/2 _J_]% k _ O'kl k O’kl 1 k
‘71% ‘71%,1 2%1 ‘71% 2-— Uk/akl
Thet (

1—e,) 1 /2
[(1 +e,)1—¢,/2(1 ~|—5U)}

21 —e,)]™/% 21 — g,)]"/?
_ {—( o) < [—( 50)} <1, (E35)
24 ¢,

2

where we have used the facts that, since ¢, € Bj: 0}/op; < 1+ e,07,/(207,), and since both

G, Qrg € Q;: 0,y /0r = (0%,/0r.)/(0r/07,) < (1 —e5)/(1 + &,). By using again the fact that
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qx € Bj;and qi; € @, the following inequalities hold: o, < (1+¢/2)0?, = (14, —¢,/2)07, <

(1—e507,/(207%,)0%, < (2— ;T’%)a,zl = 20%,— o2 and then (202, — 02)™! < 0.2, so that we get
k,l ’ ’ ’

exp { > Glgk — 9207, — W} < exp {e®n/(903,) } < exp {j%e*ni/(907,) }

i€1go

forevery j € N. This together with (E33)) allows to conclude that E,, , ( < ;,3 = > < exp{je®ny/(902,)}.
0

F Proofs for Section 4

We introduce new notation which we use in this section for convenience together with the
already introduced notation. For every n, denote X (™ £ (y(™ (™ »(™) Let go. £ g0, g1c = g1,

02, & o and 02, £ o2. For the sample size of the cells Iy and Iy; we use both the notations

A

A A A . A
Non, = N1 and Ny, = ngy; moreover Iy, = 19 and 11, = Iy;. We also use the notation By = By,

A A A
B, = B, By, = BO,na B,, = Bl,a-

F.1 Posterior consistency conditional on the type

Theorem F.1. Assume that for some —oco < a < b < oo there exists a & > 0 and a constant
Cy > 0 such that: g5 € G = €°la,7), g € & = G°[r,b] and g}, g, € €’la,b], and
195 =9, lso < Cymy° for j = 0,1,0n, laand k = 0,1,n, a. Moreover, 0 < 03 <0}, <T; <00,
for j =0,1,0n, 1a and two constants g, 7;. Let m be the prior on (g,0?%,q,{\;,j = 0,1,n,a})
specified in Sectionwith mj = mj; X (@)1/(25“), Voo > 2, 00 > 2+ 66/(26 + 1), and

= 2nm; for j = 0,1,n,a, and n > min{3, 0o }(26 + 1)/4 + 36/(2(20 + 1)). Moreover,
suppose that Assumptlonsand“hold and let n;; < n forl,j = 0, 1. Then, for all M, — oo,

*

P(”)w<(f, 0}) € F xRy forj=0,1,0n,1a; |1 — 0;/0;,| > M, /v/n,

and is, || fs — f¥\n > Myen y<n)7x(n>7z(n)> 0

bﬂ)§/(25+1).

where ¢,, =< ( =

Proof. For every n, denote X™ £ (3™ 3™ »(M) We use the notation g = (go, g1, Gon, J1a)s
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0 é (av/Ba analga)’ 02 é (0-(2)7 0-%7 0(2)na U%a)’ A é ()‘Oa )‘la )‘nv )‘a)’ q é (qca Adn, QQ)v and

Hpg o2 yumzlzz é H Z 91121,905”033 y Si = k)P?”( OlZl < Tvea S; = k)qk

{i€loo} k€{c,n,a}

X H Z v(Yil2is Goss» O, $i = k) Pr(z; = 0|z < 7,0, 5, = k),

{i€li0} k€{c,n,a}

X H Z o(Yil2is Grss, 01,0 80 = k) Pr(z; = 0|z < 7,0, 5, = k),

{iel1} k€{c,n,a}

X H Z o(Yilzi, G150 015 80 = k) Pr(z; = 0|z < 7,0, 8, = k)i

{i€lo1} ke{c,n,a}

to denote the likelihood. The marginal posterior for (g, o%) writes

(g, *[D™) o Hpga2 (Y3, zil2)7(90)m(91)7 (gon) 7 (910) 7 (05) (07 )7 (05, ) (0, ) (dg)
H Z yl"zngswUOsZ qs; H 2% yz|ZzagOn7 nQn H Z yz|Zzaglsza0'131)(18Z
{i€loo} si€{c,n} {i€l10} {i€l11} s;€{c,a}

< T tWilzi; 910, 92) 0 % 7(90)7(90)7 (gon) 7 (g10) 7 (00)(07)7 (03, )7 (07, ) (G Ga» )

{i€lo1}

Z X ... X Z Z X ... X Z H tu(yi|2i,905i70(2)si)%i

s1€{e,n} Sngg€{e,n} sngy+1€{c,n} snq1 €{en} {i€loo}
X H ty (il 2is G1s,5 01, ) s, H ty (yil2i, Gon, 72 ) dn H tu (Yil2i; 910, 92)a
{ieh1} {ielio} {i€lo1}

7(90)7(91)7 (gon) 7 (g1a) 7 (05 ) 7 (0} )7 (05, )7 (07, )T (Ge, Gas @) (F.1)

Remark that given our specification of the prior, we have 7(go) = [ W, (D5 c, \g ' D' T D)@
So(dga)dm(No) where §y denotes the Dirac mass at zero and gi- = g3 (2) £ go(2) — Boo(z) c (and

similarly for 7(¢1), 7(gon), 7(¢14) and g, g, and g,,).
Moreover, for k € {0, 1} and a given sequence {s; };-*%:

H t yzlzlagkszvaks = H ,/V ’yl’Z“gksZ;O'ksl/gz H Ca <£Z} 2 2) dgz
(icli) {i€lyr} {ZGIkk}
A (nv)
_ngkskk 7aisk
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and similarly for cells /1o and 101 H{zelm}t (vilzis Gon, 02 f Q(nl()) H{ieho} 2 ( 0y 2) dg;

go,,“a'%
and [Tg;c;0 0 (Wil i, 910, 0 f Qg?:jﬂ [Tiicr, % ( 1%, %) d&;. The true Lebesgue density
can be written in a 51m11ar way. For instance, the true Lebesgue density of (y;,x; = 0)|[{z; <

* 2 . .
T}, 905, T 05, CaN be written:

plroo) — Z Qg X ... X Z q;oo H tu (Yil 205 Gs,» T0s,)

s1€{e,n} Sngo €{cn} {i€loo}
Sooaxoox >0 ay, IT Hwlagsobe/e) TT a5 5) de
s1€{c,n} snooe{c,n} {i€Ipo} {i€lpo}
_Q(”OO)
9030 050*
A
where sg = (S1,. .., Sng)-

For some C' > 0 and ¢,, > 0 denote by &/ the following event:

.Sy é / Hi:l pgpfn()yi’ $Z|ZZ) d%(gy 0-27 gla A7 q) 2 6_(1+C)n6%

s
where g* £ (93, 91, 9o, 91)» AT (O, g, Mk, 02) denotes the prior supported on BXL((g*, 02, q*), €,,).
By (Ghosal and van der Vaart [2007, Lemma 10], P (] < 021

denotes the complement of <.

s for every C' > 0 where &/

To prove the result of the theorem we use the test approach which relies on the uniformly ex-
ponential consistent test ¢,, constructed in Lemma By this lemma, for every given sequence
sk = {Si}ier, with values in {¢,n} if £ = 0 and in {c,a} if & = 1, there exists a test ¢,, that

satisfies:

Q.(fn) , Gbn < ene (1 _ e—KMzne%)—le—KMzne% and
n ; 1
QY 21— ) < e M V(f,,02); (f,07) € Fo X {2—,&”6%] for 1 = 0,1, 1a,0n;
5,04 n

I2(fs = £l > e, ]1 = or/ore] > Lo, (ED)

for ¢ = 12max(0o«, O1x, Cons, T1ax) MV K, for some constants K, M > 0, some &, > 1/(2n?).

Here, we have used the notation o2 £ (03, , 03, ,06,,01,), Qf o2 2o Qi o lme), gl

903070030* 913170131* Jon onx* 91a:%1ax

n) & ~(noo) (ni1) (n10) (nal)
and () o? QQOsoﬂSSO 9101020 oni08, Cora2, . Remark that, conditional on {&;}?_; and on
a sequence s, Qgc"*) o2 is the true model. Moreover, we have used the notation = £ diag(&;,1 €
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Ioo, & € Lo, & € Io1, & € Th1).
Recall the definition of B, (¢,, n~'/?). We now use the test ¢,, to upper bound the posterior of

B.(en,n"1?). So,

E.[m(B.(e,n %) X"™)] = E.[r(B.(ey,n /)| X))
<1

BT (B.(en, 1) [ X)) Lye] + Eu[1(Ba (60, 0 Y2) | X®)(1 = 6,) 1] (E3)

where E, [71(B, (¢,,n " "/?)| X1 4.] <

_1
— C?ne2”

We analyse the first and third terms separately. Let

us start from the first term:

<1

E.[7(B.(€n,n )| X™) $,] < E.[¢n] < DYoo xx D> 4
s1€{c,n} Snooe{c»”}
« % n - v v
% Z sy X oo X Z qsan(:)7o_§*¢n H Ca <5i; 5 5) d¢;
Sng+1€{c,n} snqp €E{cn} {i=1}
</Z@mx2@m2¢wmx2an
s1€{e,n} Sngp €1CnY} Sngy+1€{c,n} snyq €{c,n}
——

<1

(1 — e Knp M2 H?a (527 ) dg;

—(KM?-1)nge2 n
e vV v
S / (1_6—KnkM26%) Hga (527575) dé-l

=1

by using the first line in (F2) with M = 51/2M /J for J € Nand & = mingcic, &. If M is

min

sufficiently large to ensure that K M? —1 > KM?/2, M < e KMnei /2 Next, remark

—KnM?2e2 2) —

that the density function of the minimum &,;,, is

p(ﬁmin) = nw()\mm)lf/2—le—§mm(u/2) (F<V/27 V/zémin) ) et

[(v/2) P(v/2)

where ['(v/2,v/2&,n) is the upper incomplete gamma function. Therefore, since %ﬁ‘“) <

28



~KéuinMine /21 T & ( LY Z) dé;
/6 ];Il: a 57,7 2a 9 SZ

v/2
< B—KsmmMznea/@ﬂ)nM (Amin) "2 e Smmt/2) e
= [(v/2)

400 2)1//2
< 26KCqMZnei/(2J2)n/ & — (Ain)"/ 2 e R g
¢ T@/2)

< Qe—nfi(KCrMﬁ/(QJQ)—log(n)/(nei))’ (F.4)

where, for 7 € (0,1/2), ¢, is the T-quantile of a La (g, 5+ Kﬂﬁg’”%) Therefore,

<1
o\

E. [ (B, (¢n, n_1/2)|X(”)) dn] < 9 nen(Ker M7 /(2J%)~log(n)/(ne},)) (F.5)
Next, we analyse the third term in (F.3)). By using the definition of &/ we obtain

E*[W(B*<€n7 1/2) X(n 1 - ¢n ﬂgf ~

p o2 (Ui, 14| i)
// < ( . |Z) = (0702’9L7A7q)(1 - ¢n)]]-$2¢:|
(enm=1/2) {1 1} DP«\Yi, Li|Z;

x [m (B (9" 02, q"), €n))) 1 (140

iy Li| %4
1+C+4 n6nE pga- (y | )d (O,UQ,QL,A,q)(]-_QSn)I]-M]v
(en,n~1/2) {l 1} p*(yl’ $Z|ZZ)

where we have used the result of Lemmato get the second inequality: 7(BX5((g*, 02,q*),€,)) 2

~Y
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e~4nen, By Fubini’s theorem and by using the mixture representation of the model we get:
: 71/2 ’X(n )( ¢n)1 ] < e(1+C+4) %

(€nsm
/ Z Aoy X - .. Z s Z Qsngy i1 X - - X Z G5y,

516{6 n} SnOOE{C,TL} Sng +1€{en} snyy €4em}
n " vV vV
/ Q‘(fs)pg(l - Cbn)dﬂ_(e, 0'2, gJ_7 A, q) H Ca (517 5, 5) dfl (F6)
B (6 n 1/2) =1

For k = 0,1 set

1
Bsj = {(f, o7) € Fp X [%,66’7’6%] forl =0,1,0n,la; je, < |1 — 0y/o| < 2je,,

and for given s, jMe, < ||ZY2(fs — fs")|n < 2jMen}

z 2 {( 0?) € F, x [_ eﬁnfi} for j = 0,1,0n,1a; |1 — 0;/05.| > M,/v/n,
and Vs, || fs = £ 0 = Mo }
< {<f, 0?) € Fu x | o=, €| for j =0,1,0n, 1a; |1 — 0;/0;.] > M, /\/n,

and for given s, || fs — fr|l» > Mnen}

C {(f 02) € Fp x| ==, for j = 0,1,0n, 1a; |1 — 0;/05.] > M,/ /n,

and for given s, HJ/2(fs — f)lln > 51111/31M en}

4 — N
for gmin = min1<i<n fz Then B*<€n7 _1/2) (‘/r X R4 )\ <=G]n % [%’ 66n6%i| ) - gn and gn g
U >y Bs,j for §Iln/li — JM and M /\/n = Je,. Therefore, by decomposing the integral over

4 —~
B.(€n,n"/?) in the sum of two integrals over the ranges (F x RL)\(F, x [%, eﬁ’“ﬂ ) and &,

4
and by upper bounding (1 — ¢,,) by 1 over (% x R%)\ (971 X [2 , ebne } ), we can upper bound
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the last factor in as:

v - v v
/ / Q) (1~ onin(6,0% g N ][50 (65 5. ) ds
Bu(en,n™1/%) i=1

6ney,
/ dr(o}) dr (0.9, )
F\Fn, k{0, 1 ,0n,1a} J(2n)=1

J/

-~

<1

(34 . 1) (271)_1 —+o00
+— / w(o3)dod +/ . m(od)do? | dm(8,g™)

// L2(1= 6,)dn(0, 0%, g* AH%(@, >d§z~
Gn
(2n)~t 400
< ke{oll_gn " (G \Cni) + (j:) </0 m(o2)dod + /eene% W(aé)daé)
// QY (1= ,)dr(8,0%, g* A, q) H?a(&, )d@-

—6ne2
<e —ne24n/(26+1) + E <6n62500 4 (& 5;)0) Ze Kj2M2ne? H?CL (527 v _) d&
Voo —

j>J

(F.7)

where we have used Lemma to upper bound 7(€;\ 6, ), the concentration inequality for

sub-Gamma random variables to upper bound the integral over [0, o } (since (0,° — E[0,.?])

is sub-Gamma (2%, %)), and the second inequality in (E.2) with JM = 51111/31]\4” to control
00 = 900

the term Qgc”)az(l — ¢»). By using the same argument to get (F4) we obtain E[e~ "/ M*n<i] <

2 exp{—ne2(Kc,M? — €,)}. Hence,

E. [W(B*(En, n—1/2>’X(n))(1 . ¢n)1d] 5 e(1+C+4)nei <e—nei4n/(2t5+1) + e—neiégo

+e 6nkenk _|_2€7n6n(ch fcn))
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By putting (F.3) and (E.5)) together we get :

1
C?ne?

+ €(5+C)ne% (6—1%%477/(26—0—1) + e—neﬁégo + e—ﬁne% + e—ne%(chM%—en))

E.[7(B,(e,,n V3| XM)] < e nen(Ker M3 /(2J2)=en) |

which converges to zero for every M,,, K sufficiently large and every 0 < C' < min{2,dgo — 5}
such that 5+ C' < (2?—21) which implies 7 > min{7, dpo} (26 + 1) /4. This establishes the statement
of the theorem.

]

F.2 Proof of Theorem 4.2

For given mg, m,, € N and for every s € {¢,n}, let a, £ al[s = c| + e, I[s = n], a € R™,
a, € R™ and Vz: B (2) £ Boo(2)I[s = c] + Boon(2)I[s = n], with Bgy(z) € R™ and

Byo.n(z) € R™. For given mg, my, m,, m1 € N, define the following functional spaces

Gnomn £ {gmo,mn(s, zia, o) = Bos(2) as i {c,n} X 290 > R, @« e R™ v, € ]Rm”},

A

G = {gmn(2§ a,) = Bign(2) e, 210 7 R, o, € Rmn}’
?’I’na é {gma(z716a) = BOLU«(Z)/IBCL : zOl % R’ /BTL e Rmu}’

7 £ {gml,ma(s, 26,8, = B1s(2)'B, : {c,a} x z11 > R, BeR™ B, € Rm“},

where for every s € {c,a}, B, = BI[s = c| + B,1[s = a], B € R™, B, € R™, and B1,(z) £
Bii(2)I[s = ] + Bi14(2)1[s = a], with B;(z) € R"™,Vz, and By 4(z) € R™e, Vz. Moreover,

A
for m = (mg, my,, my, my) define

Fon 2 {(5,2) = (Gmomn (5, )15 € {e kg, ()T [s = 0] 1[z < 71+ (gony a5, )15 € {,0)]

+Gmn (Z)][S = n])][z > 7']7 gmo,mn(sv Z) € Gnomn> Ima (Z) € Ginus Gmyma (5’ z) € Gt ma> Ymn € ?mn}

and for every sequence s, F,,, C Lo( P, s) Where P, ¢ has support (s1,21), - .-, (Sngos Zngo )

(M Zngot1)s -+ -5 (T Zigg )s (@y Zggt1)s - - -5 (A5 Ziigy )s (Siigyt1s Ziigy+1)s - - - 5 (Sny 2n). Associated to ev-
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ery sequence s we also define two linear functionals:

Los : Fr =7 R
Ll
f(s,2) = elmo,moBOOIE > Boo(z) f(si, ) [si = [z < 7]
=1

;o Hisi=ceu < T}B—IZ:’L:l Boo(2i) Gmg,m,, (81, 2i) [ [si = c|I[z; < 7]
1110,mo n 00 t{i;si =c,z; < T}

=e
Lis: Fm — R

f(s,2) — 6%1,131_11% ;Bll(zi)f(su zi)[si = ]Iz > 7]

;o Hisi=c oz > T}B* > ey B11(2) gy ma (80, 2i) 1 [si = |1 [z > 7]
md n H Hiysi =c,zi > 7}

where e; ; denotes the (i x 1) canonical vector with all components equal to zero but the j-th
one, Boy £ L 57" | Boo(zi)Boo(z:) I[s; = c|I[z; < 7| = PnsBoo(2:)Boo(2:)' I[si = c|I[z < 7]
and By; £ 25" | Byi(2)Bii(2)' I[zi = c|I[z > 7]. Therefore, for every f € %, and every
sequence S, Qpy, = Losf and ﬁ[l} = Ly, f. The linear functionals Ly, and L;s can be written:
Vo € Ly(P,6),

Losp = (@, los)Prss  L1sp = (¢, l1s) P,

where for every sequence s, (-,-)p, , (resp. || - ||ns) denotes the scalar product (resp. the induced

norm) in Ly (P, ) and

los(s,2) & €l moBoo Boo(2)I[s = 1]z < 7],
ls(s,z) £ e, B Bu(2)f(s, 2)I[s = [z > 7].

Therefore, by the Riesz theorem, for j = 0,1, || L;s||2 ; = [[;s]12 s and [|[€os |2 o = €g.moBoo Emomol[5 =

[z < 7], ||| s = €y 1Bii €my 1l [s = ]I[z > 7). By the definition of Bj;(z), j = 0, 1, there
exists a constant ¢; > 0 such that ||/;5]|, s < ¢; < oo for every n and for every s.
Since |CATE — CATE*| £ )(ﬁm — Qo) = (Bl — e | < 1B =Byl H e — |
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it holds that (by denoting with X the event {|1 — 0;/0;.| > Mye, for j = 0,1,0n, la})

7 | |CATE — CATE*| > My yén, |1 — 02/02,| > Mye, for j = 0,1,0n, la xXm

Ay

<7 (18 — Biyl + [0ty — gy | = Minen, S| X™)
<7 (V8,Yf € Foni | Lis(f — F)| + [Los(f — f*)| > Mypen, B X™)

(\V/S \V/f € F ™ (HLlans + ||L03||n s) ||f f ||ns > Ml n€n, 2| X ) . (F8)
Remark that Vf € F,,, for f* € %, and for every given s = (s8¢’, 1)’ With 89 2 (51, ..., 51y )
81 2 (Spgia1y- -5 5n):
||f s <
- Z (90s: (%) = Gos; (2)")? + 4(Gmo,ma (515 2i) = G0s:(2:))” + 4(90s: (26)" = Gimomn (515 Zz)*)2]
lEIo()

+ > Z (95(2:) = 95(2)")* + 4lgim, (1) = 95(20))* + 4(9;(20)" = gm, (2)")?]
je{Onla} i€l
+= Z (915 (2:) = 916, (20)")” + 4Gy ma (51, 21) = 915,(20)) + 4915, (20)" = G ma (55, 20)")’]

16111

=2\fs = fulln H4lf = Fallne 41— lne (B9

where f (resp. f7) is defined in (resp. for the true value of the parameters) and remark that
f* € F,. Remark that the second term in the right hand side of (F.9) has zero prior mass and,

under the assumption of the theorem || £ — f*||ns < Ca(min{mg,m1, mgn, m1a})~°. By plugging

this in (E:8) we get:

7 (|CATE — CATE*| > M, e,, £| X™)

L[ M, 2/ —25 (n)
Vs,VfeF; ||fs— fx Hn 25 m — 4C5 (min{mg, my, mo,, M14}) D¢

2 M12
=7 <V8,Vf€ \fs — F2I2 > 2“ (m—w;) , E‘X(”)) (F.10)

where we have set mg < m; < mg, < mi, < (n/log(n))"/@+1 to get the last line. If M, ,, is

2
large enough such that (MT 2C2 > 0, then (FI0) converges to zero by Theorem with

M, < g, — 203,

(co+c1)?
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F.3 Technical Lemmas

Lemma F.1. Assume the conditions of Theorem |F 1| hold. Then, there exists an N > 0 such that
Vn > N and Ve, > 0

m(Br*((g*.02,q%),en)) 2 exp{—4ne.}. (F.11)

Proof. By Lemma[F3|there exists an N > 0 such that Vn > N and Ve, > 0:

€0
T(Br (g%, 02,q7), ) 2 5[] 7 (gj € llg —gill% < TJ) . (F12)
j7€{0,1,0n,1a}

So, we have to analyze the four factors in the product. We start by considering 7 { 91 €G3 91 — 0f]leo <

and we lower bound it. Because [|g1 — ¢}l < 91 = Gy lloc + [[9m1 — Gy lloo + 195, — 91 oo

195, — 91 lloe < Comy®, and ||gm, — g5, [0 < Csmi’?(|8 — B*|| (by boundedness of natural cubic

splines), we have,

7{91 c ?1. ||g1 _g*“ < €ng]} > ﬂ.{ﬂ c le.CQmié‘i_Cgml/QHﬁ—ﬁ*H < Gngj}
) 1lloo = \/6 = ) 1 1 < \/6 ,

(F.13)

where we have used the fact that the prior on (g; — g, ) is degenerate on zero. Therefore, by setting

€p = o

) o 1/(26+1) _
, by replacing it and m; = m] < (@) and since ¢, < (m?)™°
J

we obtain

0.€n . C!
7r €% lgr — gi]|ee < =2 >a(BeR™M: |8 -6 < (m! “/2—2) F.14
{nesiln sl <22 2 n(permigs -l n2) @1
and denote C' 2 C5/C3. From the proof of Lemma it follows that

7 (BeR™; 8- 87| < (mi)P72C) 2 exp{—mjlog(n)(6 + 1)/(26 +1)}.

In a similar way we can lower bound 7 {gj € G5 195 — 9jlloe < %} for j = 0,0n, la. There-
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fore, since log(e,)/(ne2) > —e/°5/(26 + 1)

BKL * 2 % " > Glogen . 1
ﬂ-( n ((g , 0,4 )76 )) < € exp Z m Og (5
j€{0,1,n,a}

— oxpd ne? 4(0+1) Gloge,
T\ 20+1 ne?

1/6
> exp {—nei (42(31 1) + S:;:T_L 1) } = exp {—4716%} (F.15)

1/(2641)
if m; = (%) for j = 0,1,n,a so that m] logn = ne2 and for every N such that

e’ <2 /3 for n > N. This establishes (F.IT).

O

Lemma F.2. Assume the conditions of Theorem hold. Then, for k = 0,1,0n, la the sequence
of measurable sets 6, defined in (D.5) satisfies

’ir(?]f\(gmk) S_/ exp { nke } (F16)

N
"20 +1
Proof. The proof is the same as the proof of Lemma[E.2]and so we omit it.

O

Lemma F.3. Let us consider the model specified in Assumption@ Let BEE((g*,02,q%),€,) be as
defined in (D.4) and 7 be an independent prior on (g, o?, X\, q). Then, there exists an N > 0 such
that¥Yn > N and Ve, > 0

"(BiM((g"0%a ) =[] w(loh — ol < cuol/@VEn).o} 2 02)

j€{0,1,0n,1a}

2 2
< ] 7r(||gj—g;*||2 §6”23*> (ln (q‘5>§ei/18,£=c,n,a>. (F.17)

j€{0,1,0n,1a} qe

Moreover, let the prior on (62, q) be specified as in (D.6). Then, there exists an N > 0 such that
Vn > N and Ve, > 0

€202,
(B ((g*,02,q%),€,)) 2 €®1%n H m (ng — g% < 6] ) . (F.18)

j€{0,1,0n,1a}
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Proof. By using similar steps as in the proof of Lemma (E.3)), it is easy to show that

B (g%, 02.q%), ) 2
{(gj, J) € %; x Ry forj =0,1,0n, la,q € [0, 1]%

1 % % % %
EZK(P*,P& ) <é ZVP P! ) < Coet

for some constant C; > 0. In the following of the proof we leave implicit the fact that (g;, 0]2.) €
g; x R, for j =0,1,0n,la,q € [0,1]? in all the events that we define.

Denote of; = {137  K(P/, P;U2) < €2}. We first upper bound K (P?, P;,a2) in order to
find an event included in of;. We simplify notation by defining: g;; £ g;(2;) and 9 = g; (2;) for

7 =0,1,0n, la. Consider the observations in Iyy: Vi € Iy:

K(PL, P ,)=

90,0(

t (Yilgti 02)dz + to (Yil96ni 93 >Q*] 2 9
1n ) £ . 2P t'/(yl g*i’ O q: + tl/ Yi g*ni7 o Mk Q’;’kb dyz
/ |: tl/(y’i’g()iu U2>qc + tV(yi’gOniy 08n>qn ( ‘ 0 ) ( | 0 0 ) )

o (Uil g6is 0 )q*}
< [ |2 Y9009 )9 v (Yil g0, 05 ) dy;
/ { V(yz‘QOzao'Q)qC ‘ 0 )

Lo (Y g*m,O'Qn* q;; %
—i—/ln[ (wilgo Ons) t,,(yi\gom,agn*)dyi (F.19)

ty (Yil goni, 08, Gn

where to get the last inequality we have used the inequality: alog(a/b) < ). a;log(a;/b;) for
a;,b; > 0and a = ) ,a;, b = >, b;, and the fact that ¢., ¢, < 1. Hence, to get the explicit
form for each integral, we can use (E.26) with g; ;, gj i O' and a . replaced by goi, 95,5 00 and 00*,

respectively (and by gon,i» go,.i» 06, and o3, respectively) to get:

, 1 v(o2, — 02)? . M
Vi € Ioo, K(P,, P;002)< 2 ( (% 2 o) +<90i_90i)2>+1n<q>

L (v(08ns — 050)° a,
L n S — Qoni In{=]. (F20
+ 20_(2””< ( U(Qm + (gOnz go ) +In n ( )
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In a similar way, the following holds Vi € [3;:

3 7 1 I/(o‘%* - U%)Q * qc
KPPl ) < o (72T - u?) 1 (5
1 v 02 * 02a 2 * a
( (0Fae — 01a) + (g — g1as) ) T ln (Z ) (F21)

207, ota
while for the observations in Iy; and I3, result (E.26) directly applies. By putting these results

together we get:

+

i i 1 1 V(O-g* — 0-3)2 * 2
_ZKP P o2 SE 203*< 5 +(90i_90i)

09
€10
1 1 v(ok , — 02 )? * *
+ = - ( Onx - On) 4 (gsm o gOm) ) + In <Qn) + In (Q_c>
ic€loo On* Oon 4n de
1 1 v(o2,, —02.)? . @
n 952 ( ¢ 3 4 (Gomi — goni)? ) +1n
iclio O0nx Ton qn
1 1 v(o?,, —ai,)? *
+ - 2 ( ( = 2 1a) + (gikai - glaz) ) +In (qa>
n i€lp1 lax T1a Ga
1 1 (v(of, =0} . )
_ + — gy
2 2 g (M i
1 1 v(o?,, —a?)? . @ ¢
E 202 ( - o2 : + (glai - glm) +1In +In{=]. (F22)
i€l lax la Ga qdc
Denote

952 (Goni — Goni)? (Goni = Gomi)? (G10i — Giai)?
Y ey T2

'Qf?é{l(z: [(Qm— N
n i€1go 0-8* Ugn* €110 Oon* i€1p1
g1i — glz (glai - 9?@)2 ) 2671
+ + < _}7
Z |: 01* O-%a* -3

€111

and
A5 2 {|<7]* —0; 212 < enaj* (241/), ]*, for j = 0,1,0n, la}
i = {In (—) <€2/18, In (q—") e /18, In ( ) < e /18}.
qC Qn q(l

Therefore, .5271 2 .SZ{Q N .5273 N .52{4.
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Define the event o/5 = {||g; — g} |2 < €202,/6, for j = 0,1,0n, la} and remark that

KL 2 2
W(Bn ((9*70*7q*)7€n)) Z / dﬂ-(QJG 7q)
dondsnasn{L ¥ | V(Pj,P; 02)50263}
2 2
= / dr(g,o a(I)‘F/ dr(g,0%,q)
dondsnasn{L " V(P,f,P; az)gcx,%}mzfs dondsnasn{L ¥ | V(Pj,P; az)gczei}mﬂg

2
> / dn(g,0%, q).
ﬂgﬂﬂg,ﬂﬂ;lﬂ{% Z?:l V(P:;,P; Uz)SCQE%}ﬂﬂ5

Therefore, we have to analyze the event o/, N3Ny N{= " | V(P P; J2) S CheryNls.
On ofy N3 Ny N s, (g,0%,q) is close to (g, o2, q). Therefore, on o N 3 N oy N A5,

2 px(yi,xi|zi,g* 0*,q)

Pt 2 is close to Pland u =
g,0 (y’umllzlzg’ aQ)

is close to 1 for n sufficiently large and for every
g,O’

(ys, 73, 2;). Hence, since the function f(u) £ u(logu)? is convex for every u > e~! we can use the
inequality: a [log(a/b)]* < 3. a; [log(a;/b;)]” for a;,b; > 0and a = 3, a;, b = 3. by, which for
n sufficiently large is valid with a = p.(y;, zi|2i, g%, 02, q*) and b = p, ,2(vi, vi|2i, 9,02, q). By
using this result, on &5 N &3 N o, N /5 we have for n sufficiently large: Vi € Iy,

V(PP ) /‘m K(Pi, P »)

</|1n (t (Wil 951> )@ + (Uil 9i» 05,0 0) Ay
‘ yl|9017 00*)q ) ‘2 (y |g O' ) dy
yz|9017 00) o 0 ’

2
’ yl|gOnz7 UOn*)Qn)
yz |90nz7 JOn)q

2
(to (Wil gt 030 + 60 (il G 00 ) 0s) dyi

by (il G Oone )@ dyi- (F.23)
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We start by analyzing the first term in the right hand side of (F.23):
‘111 (tu(yi|ggi7 0-(2)2*)(]?;)
tu(Yilgoi> 05) e
v v+1)/2 2
_ " <ao*) (ua§+(yi—90i)2>( v 9
o0 ) \voj. + (yi — 95,)° e
2 2 2 2 2 (D)2 2
<42 (ln (UOQ*)) +2/ In ( voy + (v: = goi) )
4 oh

2
ty(Yil96i, 00, ) 4s dyi

by (Yilg6i, 00, ) aidy;

Vag* + (yi - 96})2

. . q.
tu (il g5, 00, dy;+4 I (—) -

C

(F.24)

Since we are on /3 and by using the inequality In(z) < z — 1, Va > 0 we have the upper bound:

2 2 2 2 2 2 2 _21\2 2
2 ()} =4 (m(20)) <2 %0) v (F25)
4 o 4 o o 9

2
By using again the inequality In(z) < x—1, Va > 0, and the fact that (—W% f(‘f?*_ p )2> tu(yilgs;, 02,) =
* i~90i
(v+2)v 7y Vo'g*

mty+4(yi| g5 05,) with 62, 25« we have the upper bound:

vos + (yi — goi)* ()72
2 In 5 v
vogs, + (Y — 95:)
v(og — 03.) + (90i — 95:)* + 2(yi — 96:)(96: — Joi)

o 1)
-2 vog, + (v = 95)°

v+ D +2) [(08 —05.)* | (goi —96:)" | 496 — 90i)°5.(v +4) | (05 — 05.)
2(v+3)

Y
00« V204, viog, (v +2) vod, (90 — 90i)
v+ Dw+2) 5 5 (W+DE+2) s 2w+1) ,
(v+1)(v+2)
(v +3)ag,

2

tu (il g5 00.,) a2 dys

2 2

b (Yilgei, 00, ) i dy

(g0i — 95:)* (05 — 03,).  (F.26)

By substituting (F.23) and in and using the fact that we are on &3 to further upper
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bound (E.26)), we obtain:

tu(yi|g()i7 US)QC

2
to (il 96> 00 ) 45 dyi

v Ew+1D)wv+2) w+Dr+2) L 2w+ 1) ,
< Zn oy En o .
= 9 + 48<y + 3> + 2”0’3*<V + 3) (g()l gO’L) + 0'8*<I/ + 3) (901 901)
en(v+1)(v+2) (q >
i —gn) 4l [ ). (F27
oty +3)ag, T A ) 2D

In a similar way, we obtain the upper bound for the second term in the right hand side of (F:23):

tu (YilGonis 08 dn

2

v  ev+1)wv+2) (v+1)(r+2) A 2 +1) )
=9 + 48(V i 3) + 2V0'§n*<y + 3) (gO gOnz) + O'gn*(y n 3) (QOnz go )

en(v+1)(v+2)

2V6v (v + 3)0d,.

(Goni — Goni)? + 41n? (q"> (F.28)

n

and therefore,

2 2 _ a* )4 _a* )4
L Z V(PP L)< 22€n+6n(2: 1)(V3+ 2) (V2+ 1)(1/;2)1 3 l(goz 4901) + (900 - Yoni) }
’LGIOO (V + ) V<]/ + ) n iEIoo 0-0* O-OTL*
2 _|_1 1 * i 2 * i 2
+ (V )_ Z |:(901 290 ) + <90nz - go ) 1
(V + 3) n icloo 00« O0nx
1 21 - * 2 i — * 2 * *
n av+1)r+2)1 Z [(Qo 2901) " (90 : Yoni) ] 44 (ln2 (q_c) 1 n? (‘Lﬂ)) ‘
2\/ 6V(V —I'_ 3) n ic€loo 0-[)* UOn* qC Qn

(F.29)

By using similar arguments we obtain the following upper bounds for the other cells /3¢, /o; and

i€lio 5 9 48(V + 3) 21/(1/ + 3) n i€lig O 0n«
2 1)1  — Goni)? 1 2) 1 i gt )2 *
+ —(V i )— Z <90n7, 5 go””) + En(l/ + )(V + )_ Z (90 5 gOnz) + 41112 (%) 7
(v+3) n = Tl 2V6v(v+3) n o 02, I
(F.30)

41



ER®)
3[\3

a+Dr+2)  w+HEr+2)1 > (G1ai — Giai)*

' T L
e 9.0 9 48(v + 3) 2v(v+3) n = O
2w +1)1 (910 — G10)” | (v +1)(v+2)1 (9101 — Giai)’ ( >
+ = + — et et/ 4 gln? () (E31)
(v+3)n Z;O:I 0% 2V6v(v+3) n Z;O:l Of a

and

2 2 PRV ¢ V4
— Z V Pl Pl o2 S 212;71 €n<y22_ 1)(V3+ 2) (V;_ 1)(V ;— 2)1 Z |:<g11 4911) + (glal . glaz) :|
26]11 (V + ) I/(U + ) n icl Ul* Ula*
20v+1)1 1) tai = 91ai)
4 ( )_Z{(gu 291) +(91m 291 )}
(V + 3) n icliy 01* Ula*
n 1 2 1 i — * 2 @ — * 2 * *
+E (v+1)(v+ )_Z {(91 2911) +(91 2glaz) ] —|—4(1n2 (q—c)+ln2 <Q_a)>
(F.32)
By putting together these results we obtain:
6ve? e 1 2 1 2) 1 = gi)* i — g )4
_ZV PZ P’L 2 S V€n+€n(y+ )(V+ )+<V+ )(V+ )_(Z (QOZ 4902) + (90 ) 490m)
9 8(v+3) 2v(r+3) n 'eI or® TG
1€1oo
gOnz g[)m glaz glaz g1 — glz (glai - 91‘@)4 >
" Z On* * Z Ula* * Z |: * Uila*
i€l i€lp1 i€l
2(1/ + 1) 1 |:(ga< - 901) (98 i gﬂni)2 (.g() gOm gl glaz)
A [ ] 5 G
(V+3) n icloo O0x O0nx iclio O0nx iclo Ula*
9t — 91)* | (Glai — G1ai)” )
+ Z [ 01* * O-%a* :|

i€l

ev+1)(v+2)1 (90i — 98:)%  (Goni — Gos)? (Joni = Jomi)® (G10i — Giai)?
! N [ s o5 Sl 5 = )

2
n g, o g
2v6v (v + 3) ZEI 0% Onx icho Onx i€ oy

R 2 * * *
+ Z |: gl’L gl’L + (glal : glaz) :| > + 4 (2 1n2 (q_c) + 2 1n2 <q_n) + 211,12 (q_a)> )
i€l O1lax dc dn qa

(E.33)
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Since we are on &5, then we can further upper bound the previous quantity as

9 8(v + 3) 2u(r+3) n

0'4 + 0'4
(053 Onx

1 ZV (P Pl < 6re2 (v+1)(v+ 2)+(l/ +1)(v+2)1 ( Z [(QOi —961)" | (goni — 98m)4]

i€1po

{gu 95) +(91a¢—491‘ai)41>

+ Z gOm On-f()nz + Z glaz 1af1az + Z

i€lho i€lp1 i€l11 Tlax
2 1)2 n 1 2) 2 . . .
LAvH 2 et D +2)2 (21n2 (q—) 4 21n? <q—") 4 21n? (q—)> .
(v+3) 3 2v6v(v+3) 3 Qe Gn Ga
(F.34)
Moreover, since we are on &/, then we can further upper bound the previous quantity as
6ve2 v+ 1)(v+2)
_ V PZ P’L < n n
Z ) S5 8(v +3)
(v+Dr+2)1 ( 2 (g0: — 95:)° * 2 (Goni = Gomi)”
2w 13 90—l ;00 o1 g0n = g ;030 T
* (g(]nl _ g*m)Q * (glai _ g*ai)2
+ [lgon = GoallZ D T 4 (g1 — ghallZ Y
. O0nx . O1ax
i€l19 i€lo1
X (91i— g Z) % (G1ai — g*ai)Q
g = gt D T gy — g 12 DD e e
A 01* ; O1ax
i€l 1€l
2v+1) 26  ev+1)(v+2)2g | 26 (E35)

v+3) 3 2ov(v+3) 3 = 27

Finally, because we are on &5 we obtain:

6ve2 v+ 1)(v+2)

—ZVPl P o) <

9 8(v +3)
G+ +2) 2w+1)2q e+ +2)2¢ 26,
18v(v + 3) (v+3) 3 2v/6v(v+3) 3 27

=e2[C+0(e,) +0(c2)]. (E36)

This shows that on &/ N o3 N o4 N &5 there exists an N > 0 such that ¥n > N it holds
%Z?ZIV(PLP; 02) < Oy for Cy = C + O(¢,), then {%Zle V(Pj,P; 02) < (Cye?} D
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ﬂgmﬂgﬂﬂ4ﬂﬂ5and

T(BX (g%, 02,0 60)) > 7 (o N s N Ay N )

> ] W(|a — 02| < eno?, (2\/6_V)0>0) <ln(q

7€{0,1,0n,1a} qj

*

) </18 j=¢,n a> m(dloNds).

2 2
By noticing that w(foNefs) 2 {llg;—g; |2, < =5=, for j = 0,1,0n, 1a} since =37, <go¢;g£0i*)2 <

o, %90 — g5||% (and similarly for the other terms in &/5), we obtain:

W(BEL((Q*,O'z,q*),En)) 2 H ™ (‘O' — 0'2’ < €0 (2\/6_V) 0' > U )

j€{0,1,0n,1a}

q; 2 2 _ €05
x (1 <€/18, 5 = | | o QL Ay
F(H(qj) <€ /18, j c,n,a) | 7r<||gj gz < 5 )

j€{0,1,0n,1a}

This establishes result (F.I7) in the lemma. Finally we have to show result (FI8). For j =
0,1,0n,la,

(Gt 5a)
— " (Bgo/2)"0/?
, ot L(100/2)
(Uj* 2\/57 )VU'*

en02

(02, 4+-1%)
9 J* ' 2y/6v U 2
9 Enaj* >_(V00/2+l)€—500/(20']2*) / Mdo’?
0.2

= (5t S T F(v00/2)

2 U 2
_ (02 n €03, )_(V00/2+1)6_600/(20J2*) (500/2) 00/2 |:( 2 EnCTj*) . O_2:| - elogEn

j * 0-‘* + *
J 24/ 6v I'(v00/2) / 24/ 6v J

J*

€no2
since (07, — TZ) Va3, = o7,. We now analyse the probability (ln ( > <e/18,j=c,n a)
The event {In (Z—J) < €/ 18, j = ¢,n,a} and the restriction ¢, = 1 — ¢, — ¢. together are
J

equivalent to the restrictions:
_ 2 _ .2 2
qze n/18 S qc;, q:;e en/18 S qn, qze en/18 S 1- qc = 4n,

where the last restriction ¢*e~ /18 < 1 — . — ¢, is equivalent to ¢, < 1 — q. — ¢*e~+/13. By

putting together these three restrictions and the restrictions ¢; < 1, j = ¢, n, a we get:

e < g < e and  gre /! < g, <min{l — g — ge /% 1},
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Denote by &, and </, these two events. The restrictions for ¢, in &, are feasible if and only if
min{1—g.—qe~%/18 1} > ¢*e~/1® which in turn is equivalent to ¢, < 1—g}e~%/18—g*e=/18,
Therefore, since {g*e~/18 < g, < 1—qfe W/ —gre=/18) = {gFe /18 < ¢, < 14-qre n/18—

6_53/18} £ 3., we have that
7r (m (q—f) < /18, j = e,n, &) > 1(dho N by | Bo)T(B,)
4j

where conditional on . the event /. N &, has a strictly positive probability. Moreover, since

gc ~ %6(71067 Nop, + nOa),

1+q2675%/1876—e%/18
— - n+
"(B.) = / G (1= g0 s,

2
qzefen/IS

> (gre” W )e(1 = (1 grem /18 — em /I roton (1 — g7 /19)

62 62 64
_ ( * —e%/lS)noc(e—e%/IS . q*e—e%/IS)non—f—noa—n (1 . n + n
C 1 2

2
9c€ 18 8(2h) T (18)2(3)) _) <& (B3D

where we have used a Taylor expansion of the exponential function in the last line. So, we conclude

J

F.4 Testing

Lemma F.4 (Testing). For a given sequence s = (sq, s1) where s, = {5;}ic I, With values in
{e,n} if k = 0and in {c,a} if k = 1 recall the definition of fs given in section Moreover,
= = diag(&,1 € Ioo, & € Lo, & € o, & € In).

For a given s, { € N, e £ 12 max(0ox, 014, Tons, Jla*)M\/?en for some constants K, M > 0
and e, > 1/(2n?), let Ay s = {(f,0%) € F, X [%,GGM%} fork = 0,1,1a,0n;||ZV%(fs —
F)ln > Le, |1 — 04 /0ks| > les}. Denote b = (fo, 08, 0%, ,03,,0%,) and by b, its true value.

For each b, let E, denote the expectation taken with respect to the distribution P,:

Py =11 7 (05 085./6) 1] # (915003, /6) TT A (90m05,/6) T (910: 070 /6). (E38)

i€lpo i€l i€lig i€lp1
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Then, for every given sequence s = (sq, 81) where sj, = {si}ier,, k = 0,1, there exists a test ¢,
such that for some K, M > 0 and V{ € N:
ef(MQKfl)ne% 2K e
E)o < ———, sup Ey(1 —¢,) <e” " F.39
b*gb =1 _efMQKne% beL}ﬂEs b( ¢ ) =€ ( )
Proof. To construct the test ¢,, for a given sequence s we first consider the set @; := {(f,03) €
Fn X [ ! eﬁmi} for k= 0,1,1a,0n; je < |[EY2(fs = £7)lln < 2je, jeo < |1—0k/0k| < 2je}

on?
fora given j € N, ¢ > 0 and ¢, > 0. Consider a maximal set of points b;1,...,b; n, € @;, with
il 2 2 . = (il
bt = (£2', 08, 1 Ties ji» Oonji» Otaj) Such that for every 1,1 = 1,..., Nj satisfy [|Z4(f2" —

fﬁ”)Hn > €0 min+/ (30kmax+) and |O-I%,jl - 0;3,]-1/| > e,0%,/2 for k = 0,1,0n, la and where we
have denoted 09 axs = MaX{ 004, Tons }» Ol max s = MaX{ 014, Tlax }» Tomins = Min{oo,, Gons } and
01 min = min{al*, Ula*} for k = O, 1.

Then, consider N; balls B;; around each of these b;; constructed as

Bj,l = {b S @j; ||E]1g/2(fs - fgl)Hn S EO-kmin>|</(30-kmax>k)7 |O-/%7jl - 0-]%| S 5002*/27

for k = 0,1,0n, 1a} (F.40)

where s is the same sequence that characterises b;;, and denote by 7 the radius of these balls.
These balls cover @; as otherwise the set b;1,...,0b; N, would not be maximal. Moreover, N; <
N(n,@;,||Z4? - ||, + | - |). For every ball B;; let us construct a test ¢;; as: ¢, = Liap, /P, >1}»

where
Py = [T # (b 08 /6) 11 # (91 0% 1/€) 1T H (90 080a/6) 11 A (9har ot /80,
1€1go €l i€l1o i€lp1
b, € B;; and
Pb* = H ‘/V(ggsﬂo-gsi,*/gi) H ‘/V(gisﬂo-%si,*/&') H ‘/V<gz)<n70-§n,*/€l> H ‘/I/(gTG,?O-%a,*/gi)‘
i€lgo i€l i€lio i€lp1

A . . .
Denote b, = (f, 08, . F%e > T0n Oias)> and Ey (resp. Ey) is the expectation taken with
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respect to the distribution P, (resp. F,). Since b; € B;; C @;, this test satisfies:

Ey 0 = / l{\/mzndpb* < /\/delde*
— * 2
H H Oks;l O-ksi* 12 exp { — Z 57, (gllcsz (Zz) - gksi (ZZ))
4(O-I%si,l + O-I%si*)

kE{O 1} i€l Thsix 2aksi’l i€1kg
-1/2 ! * 2
Ok, O kx &i (gk(Zl> - Qk(zi))
X J—
H H (QO'k* 20’/@’1) P { ; 4(O-I%l + O-l%*)
1€l ’

ke{On,la} i€l
n n n n 122
<exp{—( ot + — )JS } (E41)

00 max * 071 max * O0nx O1ax

and

n '282
Vb € Bj,l? Eb(l - ¢j,l> < \/Ebl(l — ij,l)\/Ebl(de/del)Q < exp {—+}

14400max*
2 2 - 2 _2
nj’e nj2e? nj’e
X € — e expl ———5—— F.42
P { 144 01 max = } P { ]'44 O O } P { 1440-%amax* } 7 ( )
where 02 . . = max{oZ2,, 02 }and 0? . . £ max{o?,0%,.}. To get (F4I) we have used the

O'Icsl
ok

) > 1—|—j80+(1—j60)*1 > 2 since

) <

Ors (1 — jeo)? +1) < 207, . To get we have used the Cauchy-Schwartz 1nequa11ty, the
result in Lemma[F.5|and the fact that for b € B;:

inequality |1—oy/0k«| > je, which implies that ( St

jeo > jeo /(14 jes) and 1 — je, < 1+ je,, and the inequality o3, ; + o7, = 0%, *(

Ebl(l — ¢j,l) = / {\/m>l}dpbl /1 /delde* < 67< (%max* G%max* gOn* “Tax

j‘e n n n n
*m<27+27+27+7

This 1mphes that Supbijl Eb(l — gij) < e O8maxs lmaxs onx  lax > , and by Choosing £ =

12 max(oox, O14, Tons, O1as) Mlen for some constant Ml it follows that

— M, jne2 I
Eb*(bj,l < e Myjnen and sup Eb(l — ij,l) <e Ml]ne”.
bEBj,l
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Let ¢, £ maxjen ie(1,...n;} j- Then, if N; < exp(ne?),Vj € N

J

oo Nj o N o N
Ey, ¢y < Z ZEb*(bj,l < Z Z e*MljnfgL < Z NjefMljne%

j=1 1=1 j=1 I=1 =1
—(M;—1)ne2

e (Y g\ _emm

- 1 — efMlne% 1 — efMlne%

Moreover, for a given £ € N, ¢ > 0 and &, > 0, let o, = {(f,02) € F, x [%,66"%} for k

0,1,1a,0n; [|EY2(fs — £5)|ln > le,|1 — 0k /0n| > le, fork = 0,1,0n,1a} and, since @,
Usk=1,..; Biks we have for every £ € N

N

sup Ey(1 — ) < sup  Ey(1 — ¢,)

bed, berﬂ Q;

Mljne —lenei‘

<sup sup sup Ey(1—¢;;) <sup sup e n=e¢

j>€ 1<I<N; beB,, j>£ 1<I<N;

Finally, remark that fe = (12 max (0o, 014, Oonxs ala*)\/ﬁlen =: {Me,, and we can write Ml =
M?K with K = 1/(144max(o3,, 0%,,02,.,0%..)).

To conclude the proof we have to show that N; < exp(ne2). Let =, £ diag(&,i € )
for k € {0,1} and Z;, £ diag(&,i € I;,) for k € {On,la}, and remark that ||ZY/2 . ||, <
126 llnoo + 1Z1" sy + 1B+ llnso + 1514 -
Q) € Gno X But X Grn X Gt X [, eﬁnei] then

By this and since for every 7 € N,

e

2

H12 ~12 —1/2 —1/2
Ny = N0, @5, 125 - oo + 17 Ny + 102~ o + 12127+ oy + |- 1)

1 —1/2 —1/2 —1/2 —1/2
SNW%%%[% } S Moo I s 1Eer o HIEL o 1)

< 1l [N (M,%n,k,|z,i/2~||nk)xN(egaz*/z,{aie&; (2n)1§05<€6mg}7|,|)]

30
k=0,1,0n,1a ke macx *

(F43)

We start by considering the factor N (M Gk, | SR ank> Remark that (by using the

Ok max *
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notation oy, £ al[k = 0] + BI[k = 1] + o, I [k = On] + B,I[k = 1a))

EO k min * ,_12
1ogN(— G |EY ||nk)

30kmax*
mg
EO0 L mi -
<log N (2 | {Bu(z) aus o € R™, flawe]oo < Mk 12 - o, )
Ok max * mp=1

< 10gN<€n U {Bk ak, o © R™k Hak”oo < Mk} ||H1/2 an>

mg=1

where we have used the value of ¢ and the inequality Slkminxe > e 4/ Mlg > ¢,0 with ¢ =

Ok max *
min{o,, oy, 0y, 01, - By Van der Vaart [2000, Example 19.7] there exists a constant K, depend-
ing on o, only such that (by denoting with || - || the Euclidean norm) the penultimate inequality

below holds:

€0k min * e k
o8 ¥ (52428 6, 51, ) <108 3 N (es/ v/ o € Bl < M 1)

3Jk max * mp—=1

< logmi.N (eqa/ /i, {o € < M, -1))

N/ mE2M ™ A/ mE2M, i
<log | m; Ky <#\/m2) <log | m; K} (#\/ma
€nd €nd

where we have used the fact that ¢,0 > €,0/\/m; for every mj, > 1 to get the first inequality
and the fact that the diameter of the hypercube [—Mj, My]™ is y/m;2Mj, to get the penultimate

1/(2641)
inequality. By replacing the optimal values m; =< <log’; k) L€y = (loin)é/@é—&-l)’ ne = 1
and M, < ne2 = n'/(2+1)(1og n)?9/(20+1) we obtain
€0k min * —1/2 * 6+1 ) 2
su log N | ————, Gk, | S mjplog(n +3 ) < e
E>3€n£0'kmalx)*/o'kmin* g (30kmax* g || || k) g g( k> (25+ ]' :

since mj log(n) < ne. We now analyse the second factor in (F43). Since ¢,0%,/2 > o2 /(2n?)

we obtain

log N (500,%*/2, {0,% ERy; (2nk) ' <0” < S }>| : ’)

<log N (a}/(2n), {0} € Ry; (2m) 7 <0 < ™ | |) < dmeed,
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where the last inequality follows from the definition of ¢, and log(n)/n < €2 < 1. O

Lemma E.5. For given j, 1 € N consider the balls B;,; defined in (F.40) and b, € B;,;, and let P,, =

HiEIOO ‘/V(géS»ﬂ U§SZ7Z/£'L> H’Lelll /V(glls’” U%SZ,Z/§Z> HzGIlO '/V<gl07’b7 O-gn,l/52> HZGIOl '/V<gl1(l7 O’%a7l/§l) For
every b € B;, it holds

22 n n n n

00 max * 071 max * O0nx O1ax

where P, is equal to P,, with b; replaced by b.

Proof. First, remark that simple algebra shows that

dP, \ dP,
E —_— =E, | —
g (dpbz> ’ (dpbz)

Nk /2 —npk/2
_ H H O—gsil ol 9 _ O-I%Sz‘ exp Z [&(g;csl(zl) - gksi(zi))]2
o P 1 201%51-,1 -0

. . Tls,
]{?6{0,1} 'Lelkk Ze[kk 2

o2 N\ /2 52 /2 () — an (22
1 11 <%> _ Tk expd 3 [ﬁz(gkéazz) _9;5 DL (F44)
X ki~ Ok

ke{0n,la} i€} 1€k

We bound the three factors in the product in the second line, the other terms can be bounded in the

same way by only changing the indices. We start by bounding the first two factors:

2\ Mkk/2 g\ Tkk/2 2 2 /2 2 ik /2
(Uk:s,-,l > 9 _ Oks, | Tksit Tlesil | Tksy 1
2 2 = |72 5 5 il 2 /2
Ols; Oks; 1 Oks; Qaksi,l — Oks; Oks; 2 - O-ksi/o-ksi,l

Nk /2 n
ol 1 (=< 1 kk/2
N O-ksf 1 - 800£si*/(2025¢,l) N (1 + EU) 1— €U/2(1 + 80)

[0 =)™ 20 =)™ ) sy
2+¢, - 2 - '

where we have used the facts that, since b € Bj: 03, /07, < 1+ e504,.,/(207,, ), and since
the fact that b € Bj; and b; € @; the following inequalities hold: o}, , < (1 + ¢/2)o}, , =

o2,
(1 +T &0 — 80/2>0-l%si* < (1 - Egazsi*/(Qal%si,l))O_l%si,l < (2 - #_Z’Z)O_l%si,l = 20—1%5” - O-Iisi and then
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(202, — 0,,) 7t < 03,2, so that we get for k = 0, 1:

Ei(Ghs, (20) — s, (20))° §i(Ghs, (21) = Ghs, (2))°
exp { Z kzgisﬂ - ;isz } < exp { Z k - k }

i€l i€l ksix

IN

62
ex
P 90’]% max *

: 2 A 2 2 _ 2 A 2 2
since we are on B;; and where o, ... = max{o(,,0{,,} fork = 0,and 0}, = max{o7,, 07, }
for k = 1. This together with (F.45)),

&i(ghn(2i) — gon(2i))? e?
o { Z 200nz ; =P 907

g
iclo On Onx

and a similar expression for observations in /y; allows to conclude that for every 5 € N:

dp,\ > < j2e? n_,_n . .nm o n
— ex :
"\ap,) =PV \ B s e

G Auxiliary results

Lemma G.1. Let U ~ #,,(Uy, A/N), m € Ny, A € Ry, Uy € R™, A be a covariance matrix,
and let py.x denote the maximum eigenvalue of A. Assume that: (i) there exist finite w € R™
and U* € R™ such that U* — Uy = A'Y?w where AY? is such that AY?(AY?)" = A, and (i)
0 < pPmax < 00. Then for all € € (0, \/ pmaxm/(4N)) it holds:

1/2

T(BER™ |U-U"|<e) > e Awlie/puiax(A) o= llwl2A/2 \m/2 m, ) —m /2.

Proof. By making the change of variable \'/2A~Y/2(U — U*) = z and by using assumption
(i), the probability 7 (U € R™; ||U — U*|| < ¢) can be bounded from below as follows: for & =
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VA (Ae,

—-1/2

e—A(U—UO)'Afl(U—Uo)/sz

A
T (UEeR™ [U-U"|<e)= / (2m) 2 |2
{lU-U~|I<e}

> / ﬁe—z’z/2e—>\l/2”w”\/ﬁdz o~ Mwl|?/2
™
{472 2 <Ve}

> / ﬁe*dww”‘””%””i (G.1)
m m
{llzll<e}

where we have used the Cauchy-Schwartz inequality to get the first inequality: w'z < vw'wz’'z,
and to get the second inequality we have used the fact that {|[AY2z]] < Vel D {|z|| <

\/Xpr_mllf(A)g}. Remark that € is well defined under assumption (ii) because there exists a constant
¢ > 0 such that ppa.(A) > c. Next, we have to compute f{IIZ\ISE} (%);mpe*%zdz = P(||z] <9
where P is taken with respect to a /,,(0,I,,,). Remark that P(|z;| < 1) > 2n¢(ny) for any
n € (0,19), where ¢(-) denotes the Lebesgue density of a /#/(0,1) and z; ~ 47(0,1).

PURI<8) > P (o fol <m%) = [Pa] < w5

1<j<m
> [26m7Pe(E)]",  YmV*E e (0,5)
— [V e 2o1/2] ", forg =

v

> N\ 2gmymm/2 (G.2)

A
4Apmax(A)m

where we have used the fact that 2¢(1/2) > 1/2 to get the penultimate inequality, and assumption
(ii) to get the last inequality. By putting together (G.I) and (G.2) we establish the result of the

lemma.
O

Lemma G.2. Let U ~ #,,(Uy, A/X), m € Ny, A € Ry, Uy € R™, A be a covariance matrix.
Assume that 0 < ppax < 00 Where py.x denote the maximum eigenvalue of A. Then, for every
M >1:

71Ul > M) < exp {bg(m*) A2 - HUOHOJ}

2y

where 7y £ max; < j<p,+ |Aj;] and 0 < v < o0.
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Proof. We upper bound 7([|U]||. > M) in the following way:

T(|Ullee > M) < 7 max [Uj — (Uo);| > M — [|Up]|oo)

< 7 (U {IU; — (Uy);] > M — HU0||oo}>
< ZW(|Uj — (Uo)jl > M — || Us||)

— (M — [[Up]|0)*
< Yeo{-“ws )

where to get the last inequality we have used the well known concentration properties for Gaussian
measures. We can upper bound Var(U;) as follows: Var(U;) = Aj;/A < maxi<j<m |Aj;|/A =
/A where 7 is as defined in the statement of the Lemma. Remark that such a constant exists under
the assumption of the lemma since maxi<;j<m, |4;;| < |4l < pﬁ{fX(A). Therefore, by using the

inequalities (¢ — b)? > ¢?/2 — b* and M? > M we obtain

7(|Ulle > M) < mexp {_MM — [Usloe) }

2y
AM?/2 — ||Uoll3.)
¢ {0
< exp {log(m) . )‘(M/2 Q_VHUOHOO)}
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