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Abstract

This paper estimates semiparametric threshold regression models with an endogenous
threshold variable. Assuming diminishing threshold effects, we derive the consistency
and limiting distribution of our proposed estimator constructed from the series
approximation method for weakly dependent data. In addition, we propose a test
for the endogeneity of the threshold variable, which is valid regardless of whether the
threshold effects exist. We assess the performance of our methods using Monte Carlo

simulations.
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1 Supplementary Proofs

Lemma B.1 Under Assumptions 1,2, and 3(i), we have

max_||n"! Z XeX L (@ < 70) 80 — g1 (7) do|| = 0, (1), (B.1)
€[] t=1

max_|In~" me% (ve) I (g <) — g2 (V)| =0, (1), (B.2)
€[] t=1

where g1 (v) = E [x;, X1 (¢ < 70)] and g2 () = E [x} .m0 (v¢) I (¢ < 70)] -

Proof: Applying Lemma 1 in Hansen (1996), we obtain

n Y wixi (g0 < 7o) 80 — E [wixi] (g < )] 8o = 0, (1)

t=1

max
ve[rA]

n=t Y wimo (v) 1 (g < 70) — E [wimo (v) I (@ < 0)]|| = 0, (1)

t=1

max
ve[r]

uniformly over v € b, 7] for w, = xI (¢ <) and x;I (¢ > 7). As x;, is of dimension
2(d, + L,) with an increasing L, as the sample size increases, we will extend Lemma 1 in
Hansen (1996, p.428) for the finite dimension case to the infinite dimension case. Below, we

only show (B.1) as (B.2) can be proved in the same way.

Denote an L, X d, matrix A, (y) = n Y0 ®p. (0) %1 (¢ <) I (¢ < 0) and its

jth column vector equals

A;,j () = n! Z ®r, () 2540 (¢ < min(79,7)) = An1 (7) + Anz (7)

t=1

where .
A () =n""> @y, (v) 2] (¢ < min (10,7))
t=1

and
n

Anz (y) =n"" Z (@, (0r) = @, (vo)] 2] (g < min(70,7)) -

t=1



For a given v € [”_y, ﬂ, we have

1Az (D <07t (1@, (00) 24 (Rg — 70) 2
t=1

<07t Y NPr, I 1y — g |z |
t=1
=0, (|1 ®L,ll, /vn) (B.3)

where v; lies between 0, and v;.

Applying Lemma 1 in Hansen (1996, p.428), we obtain that each element of
A, () uniformly converges to its population mean over v € h, ﬂ. Denoting q'iil’t =

¢ (v) 2541 (g < min (70,7)), for a given v € [7,7], we have

B A (7) = B (A ()" = ZE {n > [ 2 (b)) }
SR CHIRED 9 9 o (LI CAIIERT R |

=1 t=1 s#t

Ln Ln 7 9 07 1/2
< n_l Z FE <¢l2,t> + n_2 Z Z th‘fs\ |:E <’¢§l,t —F <¢-§l,t> ) E ‘éhs —F (qlgl@) :|
=1 I=1 t=1 s£t
= O (Ly,/n),

by Assumptions 1(i) and 2(i)(v). Then, by Markov’s inequality, we obtain A, (y) —
ElAu ()] = Oy (VIa/n).
Now, we partition the finite interval b, 7] into V¢ non-overlapping intervals with equal
length ¢ = (7 — ) /N¢; ie., [1,7] = Ugizl[%ﬁkﬂ) U [Ynes w41 - Then, we have
max_[|Ani (v) — £ [An (]l

e [jﬁ

< max [[(An (7) = E[Am (V)]) = (An (7) = E[Am (V)]

ICERTINe
N§+1

+ > N Am () = E[Aw (W]

= 0y (VIu/n€) + 0y (NeV/Lnfn) = 0, (1)



if we set ¢ to be a small finite constant and L, /n = o(1).

Therefore, we obtain

max [Ap (7) — E[An (7)]] = 0, (1)

S [177

provided that ||®, ||, /v/n and L,/n — 0 as n— oo.

Similarly, we can show that max

€[] A (v) — E[A} (7)]| = 0, (1), where A (v) =

nt @y, (0) x4 (g > v) I (¢ < o). This completes the proof of this lemma.

—n-1 —

ol
0p (1), where Xy, g0y = N XX, By = E (x7,x77), and 1All,, = Ao (A’A) is the

spectral norm of a square matriz A.

Lemma B.2 Under Assumptions 1,2, and 3(i), we have max__r. - HE_l ,
rye[lﬂ/] n,XX",y

Proof: Applymg the triangular mequahty gives HEn ! v -1 W” o < A (y) +
A5 (), where A,y () = ||Enxx, nx*x*, || and A, (y) = HEn XXy Exlx*, Hsp.

As ||+, 1s submultlphcatlve, we have

AnQ (’y) — ||27:,1(*X*/,’Y (ETL,X*X*/,’Y — EX*X*/ ’Y) EX lx*/

M

-1
Hznx x* ’y”sp HEn,X*X*’,V D “f” ”Zx X*"stp

where applying Weyl’s theorem in Seber (2008) gives

”Z = Ami (En,X*X*’,v) = A (EX*X*'KY) +0 (HZH,X*X*’,'y - ZX*X*’77||> : (B.4)

n,x*x* 'yH sp min min

Closely following the proof of Lemma B.1, we can show that

max ||Zn,X*X*’,'y - EX*X*'/YH = Op (1)
7e[y.7]

under Assumptions 1, 2, and 3(i). It then follows max

]Ang (v) = o0,(1) under

ve[y7
Assumption 2(ii).



Similarly, we have

max Anl (7)

v€[rA]

< max [|3 50 [, 1 Bn s = Bnseser o |20 e
ve[y7 P P

=0, ( max HETL,XX’,’Y - EH,X*X*’,7H> =0, (H@LnH? Ln/n) )
v€ [

as

2

~1 + o ket
n E : (xinxdy = x5x)

t=1

Hzn,xx’,'y - 2n,x*x*’,'y”2 =

*

where x; ., = [X;W,X:,J, X;., = [x;‘;,x*ﬂ, and

Y t,y

n 2

—1 — —/ —%x__—x/
n § : (Xtﬁxtﬁ — Xy Xy )

t=1

= S T (0 <) T (0 <) [, (i) — B, ()] B, (02) — P, (0]

t=1 s=1

- % S Ia <) (g <)t {[®r, (6) @, () — @, (1) Br, (v0)]]

t=1 s=1

X [CI)L,L (@t) (I)Ln (ﬁs)/ - (I)Ln (US) ¢Ln <U5)/] }
=0, (||, Ln/n)

A, ()=

by Assumption 2 and ®, (0;) — ®r, (v;) = Q(le (0) (0 — vy) = <I>(Ll3 (0y) zy (7, — 7t,). Using
the same notation as in the proof of Lemma B.1, we obtain

Nc-i-l
max A, (7) < max [A, () = A, (V) + D An(n)
ve[v] Iy —yl<¢ o’

=0, (||¢Ln||f Ln/”C) + 0, (NC “(I)LnH?Ln/n) = 0p (1)

if we set ¢ to be a small finite number. This completes the proof of this lemma.

Lemma B.3 Under Assumptions 1, 2, and 3(i), we have max, ., n~te'P.e = O, (L,/n).



Proof: We have

P XX\ X, Xe
max - 1% < max Apmax <(7—7) > T < ML,/n

velra] M ve[rA] n n?

]/\max <(n*1X;X7)_1> = O, (1) from the proof of Lemma B.2, and under

ve[r A
Assumption 2(i) and we can show that MAX, [, ] e'X, X\ e/n* = O,(Ln/n) by closely

as Imax

e
following the proof of Lemma B.2. This completes the proof of this lemma.

Lemma B.4 Under Assumptions 1, 2 and 3(i), we have Hé — 0” = O, (9,)+0, (n~min(0)),

Proof: Denote d; (v,7) = I (¢ <7) — I (¢ < o). By definition, we have 0 (v) — 8 =
(X'VXv)f1 X! (y — X,80), where

Y — X, 0=h (v;) — 5 (0) + 172 [0 (vr) — g (0)] 1 (¢ < 7) + &
- [Tf(f%xt +n"%n (W)] dy (% 70) (B-5)

By equation (A.9), Lemmas B.2 and B.3, we show that

[xx) ' x A,

< | x, )2

H (XX, /n) " X;An/nH — 0, (9,)

holds uniformly over v € [z, ﬂ, where we denote an n x 1 vector A,, whose t** element
equal to hg (vy) — b3 (0r) +n=2[no (ve) — 15 (00)] L (¢ < 7y) 4. In addition, following the
proof of Lemma B.1 and by Lemma A.l in Hansen (2000), we have Hé(y) —OH =
O, (9,,) + O, (n~™(0) |y — ~q]) uniformly over v € [7,7]. As 4 — 0 = 0, (1) by Lemma 1,

we then complete the proof of this lemma.

Lemma B.5 (i) R, (v) = /TiWi (—v) if v € [v,0] and R,, (v) = \/TaW> (v) if v € [0,7],
where Wy (v) and Wy (v) are independent standard Brownian motion process over [0,00), and
77 =E{e} [ (c < 0) §oxe + 1 (s = 0) 0 (v)]” g = Y0} f4 () for j=1,2; (ii) Gy (v) = v,
where = E {[I (s < 0) 8yx; + I (s > 0)m0 (ve)]* | = Y0} fa (30)-

Proof: We first verify (i). Denoting €, (v) = v/nekl,X;di (70 + v/an, %), we have
R, (v) =n"Y23"0 €. (v), where E (e, (v)) = 0 and

<

B (o) = {0 0B [ (5 e = 20] fo o) [0 (D] = el 7+ 0(1), o€ |
8 w2 o] E (e, (1)? lae = 0] fy (o) [1+ 0 ()] = ol 75 +0(1), v

@)

6

L=



as {(a, F;,t)} is a martingale difference sequence under Assumption 1(iii) as explained in
Section 2. Under Assumption 1(iii), {(eq (v),F;,;)} is a stationary ergodic martingale
difference array. Applying Theorem 5.16 in White (2001), we have R,, (v) 4 N (0, |u| 72)
if v € [v,0]. Therefore, R, (v1),..., R, (vg)] A [By (v1),...,B1(vg)] for any finite
positive integer k, where Bj(v) is normally distributed with zero mean and variance
lv| 2. Similarly, if v € [0,7], we have R, (v) KA N (0, |v] ) and [R, (v1),..., R, (vr)]
KN [Bs (v1) ..., By (vg)] for any finite positive integer k, where By (v) is normally distributed
with zero mean and variance |v| 73 and is independent of By (v). Closely following the proof
of Lemma A.3 in Hansen (2000), we can show that R, (v) is tight over v € [v,D]. This
completes the proof of ().

Now, we verify (ii). For any given v € [v, D], we have
v
ZE{ K xi)” (%Jr—ﬁo)]
Qp
= [o] n2m 20 B | (s7,5)° e = 0] fo (20) [1 + 0 (1)]
and denoting 7., = (k,,x})” d? (Yo + v/an, %), we have
E{G, (v) = E[G, (v)]}

=nk (TInt - Enmt)2 + Z Z E [(nnt - Ennt) (nns - EnnS)]

t=1 s#t
== Anl + AnQv
where
n *
Ay £ 0E (1) = == o] £ (k1) la: = 0] £y () [1 +0(1)
-0 (n—2min(§,g)) — O(].)
and

Apg = Z Z E [(nnt - Ennt) (nns - Enns)]

t=1 s#t

<D D P ot B (e — En) = O (a,,") = 0(1)

t=1 s#t



by Assumption 1(i) . Hence, we obtain G, (v) = E[G, (v)] + 0, (1) = |v|p + 0, (1). As
G, (v) is monotonically increasing in v € [v,7] and the limiting function is continuous in
v, closely following the interval split method used in the proof of Lemma B.1, we can show

that G,, (v) = |v| g+ 0, (1) holds uniformly over v € [v,D]. This completes the proof of this
lemma.

Lemma B.6 Under Assumptions 1-3(i) and 81 # B2 and under Hy, we have

(Z) Hxn,w,l - an2H =0, (Cn) ;

(M) Xnw,2 — Zwtxt QG < '70) = Op (Cn)?
(’LZZ) }\mw - n_l thw:] (Qt < ’70) = Op (bn)
t=1
for wy, = ®p (0;) and x;, and w; = @ (v;) and x4, where we denote ¢, =

E|wixi|l g1 = v0] n ™' and b, = /E (0w}l = 70) /nn 1%,

Proof: We wverify (i) first. It is readily seen that | Xnwi1— Xnwel <
nE Nt L (o — 19— Yl <@ <+ |7 —7l)- Asd = 1+0, (n~11*), for any small
€ > 0, there exist some constant M, and an integer N, such that for any n > N, we have
Pr{|% — v| > M=%} < e. We then partition the finite interval [yy — Mn =172 v +
Mmn~'%] into N, non-overlapping intervals with equal length ¢ = 2Mn~'T2 /N, ie.,

[70 - Men_1+2g7 Yo + Men_1+2<] = UgéIl[’yka f)/k-ﬁ-l) U [7N67 7N5+1]- Thena we have

max Xn,w,l -
Y€ho—Men =112 yo+ Men~112¢] |

Ne+1

2|
=0, (n*”WE [wrxiTTTa =) )

Z wtxgdt (%a ’70)

t=1

Zwtxtdt 7 %

where we use B.3 and Markov’s inequality to obtain the second inequality. It follows that



for any n > N, and any finite M, > 0 such that

Pr{||Xnw1 — Xnwel > Mecy}
= Pr{{|Xnw1 — Xnwall > Mccy} N {5 — 70| < Mcn™' >} }
+ Pr {{||Xn,w,1 — Xnwal > M, } N {W — 70| > Men—1+2§}}

< Pr max
[A—70|<Men—1+2¢

< 2e.

n Y wixidi(4,7)

t=1

This gives IXnwi — Xnw2ll = 0, (cn). Similarly, we
1Xnw2 =1 D0 wix T (g < 70)ll = Oy (cn)-

Now, we verify (iii). Using the proof method above, we have
n! Z ewi! (¢ < o)

Ne+1
max

+
Iv —l<e Z
=0, (n_HQC\/E (efwi'wi|a = 10) /n) )

max
FE[yo—Men=1F25 g+ Men=1+29]

n

Z 5twtdt(7k7 70)

t=1

Z&?twtdt 7 ’Yo

and

Anw =Y ewi T (g < )

t=1

|
!

+ Pr {{
nt Y ewidi(%,70)

<Pr max
[F—v0|<Men—1+2¢ 1

+Pr{|5—70| > Man "} =€+ €= 2e.

> Mbn}
M.

Anw =1 el T (g < )

bn} N {5 =l < Ms”_HQC}}
> Mebn} M {H/ - ’YD| > Men_1+2g}}

> Mebn}

Anw =1 el T (g < )

t=1

> Mecn} + Pr {\‘y — Yo| > Men’lwg}

obtain



This gives

n
An,w - nil Z gtw:[ (Qt < 70)

t=1

=0, (by).

This complete the proof of this lemma.
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2 Supplementary Monte Carlo Simulations

Our alternative DGP adds an endogenous regressor to model (4.1)

yi = 1+ Paz1i + B3xe + (01 + 0ax1; + I3x9:) [{qi < v} + wi, (B.6)
where
T1i = Zai + Vai,
with
Zei = (Wxe; + (1 — w)sy) /A/w? + (1 —w)?, (B.7)
and
U; = (Cxuva:i + Cquvqi + (1 Cqu Sui /\/C2 + 02 — Cpu — Cqu)27 (BS)

where Tg;, vy, ¢ and ¢, are independent i.i.d. N(0,1) random variables. The degree

of endogeneity of the threshold variable is controlled by the correlation coefficient

between u; and v, given by cqy/ \/cfm—l—cgu—i— (1 — cpy — cqu)?.  Similarly, the degree

of endogeneity of x1; is determined by the correlation between w; and wv,; given by

cm/\/ + 2, + (1 = caou — Cqu)?. We vary d3 and fix ¢, = 0.45, w = 0.5, 81 = fp = 3 = 1,
and 0, = 02 = 0. We set ¢, at 0.45, which corresponds to correlation of 0.7 between ¢; and

Uj.

11



Table B.1: Threshold Parameter and Threshold Effect: L, =2
This table presents Monte Carlo quantiles of the estimates of the true threshold parameter v = 2 and variant true threshold effects, using a
2nd order Hermite basis function and sample sizes n. Columns (2)-(7) present the results for the DGP with only an exogenous regressor in
(4.1)-(4.4) and the remaining columns present the results for the DGP that also includes an endogenous regressor in (B.6)-(B.8).

Exogenous Regressor
Threshold Parameter Threshold Effect

Endogenous Regressor
Threshold Parameter Threshold Effect

¢l

Quantile 5th 50th  95th 5th 50th  95th 5th 50th  95th 5th 50th  95th
n 0o =1 03=1
100 1.825 1.978 2.086 0.881 0.995 1.084 0.679 1954 3.109 0.358 0.949 1.363
250 1.920 1.992 2.057 0.924 0.999 1.057 1.120 1.982 2.648 0.711 0.976 1.180
500 1.954 1.996 2.033 0.946 0.997 1.039 1.644 1.994 2.284 0.819 0.984 1.128
1000 1.968 1.998 2.017 0.964 0.998 1.033 1.764 1.995 2.106 0.885 0.989 1.086
b =2 d3 =2
100 1.884 1.977 2.024 1.900 2.000 2.094 1.373 1.977 2.480 1.473 1.959 2.333
250 1.950 1.991 2.015 1.935 2.003 2.063 1.824 1.992 2.151 1.772  1.998 2.183
500 1.975 1.995 2.003 1.954 2.000 2.046 1.902 1.996 2.062 1.865 1.991 2.126
1000 1.989 1.998 2.003 1.968 2.000 2.035 1.957 1.998 2.030 1.903 1.995 2.087
0 =3 03 =3
100 1.886 1.977 2.001 2.902 3.001 3.092 1.709 1.980 2.212 2.626 2977 3.311
250 1.954 1.991 2.003 2.937 3.004 3.064 1.888 1.992 2.082 2.799 3.004 3.175
500 1.977 1.996 2.001 2.954 3.001 3.046 1.946 1.996 2.032 2.867 2993 3.123
1000 1.990 1.998 2.001 2.968 3.000 3.035 1.978 1.998 2.018 2.905 2996 3.088
09 =4 03 =4
100 1.885 1.977 2.000 3.903 4.001 4.092 1.793 1.980 2.136 3.662 3.985 4.308
250 1.954 1.991 2.001 3.937 4.004 4.064 1.923 1.992 2.047 3.818 4.004 4.180
500 1.978 1.996 2.001 3.954 4.001 4.046 1.966 1.996 2.025 3.874 3.995 4.129
1000 1.990 1.998 2.001 3.968 4.000 4.035 1.983 1.998 2.012 3.909 3.996 4.088



Table B.2: Threshold Parameter and Threshold Effect: L, =3
This table presents Monte Carlo quantiles of the estimates of the true threshold parameter v = 2 and variant true threshold effects, using a
3rd order Hermite basis function and sample sizes n. Columns (2)-(7) present the results for the DGP with only an exogenous regressor in
(4.1)-(4.4) and the remaining columns present the results for the DGP that also includes an endogenous regressor in (B.6)-(B.8).

Exogenous Regressor
Threshold Parameter Threshold Effect

Endogenous Regressor
Threshold Parameter Threshold Effect

€l

Quantile 5th 50th  95th 5th 50th  95th 5th 50th  95th 5th 50th  95th
n 0o =1 03=1
100 1.877 1.977 2.042 0.935 0.999 1.057 0.645 1.968 3.190 0.341 0.926 1.371
250 1.950 1.991 2.022 0.957 0.999 1.040 0.984 1.994 2.927 0.665 0.969 1.183
500 1.976 1.996 2.008 0.969 1.000 1.028 1.654 1.995 2.333 0.805 0.982 1.120
1000 1.989 1.998 2.005 0.978 1.000 1.022 1.829 1.996 2.140 0.887 0.991 1.087
b =2 d3 =2
100 1.885 1.976 2.001 1.935 2.000 2.057 1.350 1.984 2.556 1.439 1.965 2.326
250 1.954 1.991 2.002 1.960 2.000 2.040 1.817 1.991 2.161 1.773 1.995 2.180
500 1.978 1.996 2.001 1.969 2.000 2.028 1.911 1.996 2.068 1.870 1.992 2.118
1000 1.989 1.998 2.001 1.978 2.000 2.022 1.958 1.998 2.031 1.902 1.996 2.087
0 =3 03 =3
100 1.887 1.977 2.000 2.936 3.000 3.057 1.709 1.981 2.225 2.602 2979 3.313
250 1.955 1.991 2.000 2.959 3.000 3.040 1.890 1.992 2.090 2.793 3.000 3.177
500 1.978 1.996 2.000 2.970 3.000 3.028 1946 1.996 2.031 2.871 2995 3.118
1000 1.990 1.998 2.001 2.979 3.000 3.022 1.978 1.998 2.018 2.906 2.996 3.086
09 =4 03 =4
100 1.888 1.976 1.999 3.936 4.000 4.057 1.793 1.979 2.142 3.654 3.987 4.312
250 1.955 1.991 2.000 3.959 4.000 4.040 1.920 1.992 2.049 3.816 4.000 4.179
500 1.978 1.996 2.000 3.970 4.000 4.028 1.963 1.996 2.025 3.873 3.996 4.122
1000 1.990 1.998 2.001 3.979 4.000 4.022 1.983 1.998 2.012 3.907 3.997 4.086



Table B.3: Threshold Parameter and Threshold Effect: L, =4
This table presents Monte Carlo quantiles of the estimates of the true threshold parameter v = 2 and variant true threshold effects, using a
4th order Hermite basis function and sample sizes n. Columns (2)-(7) present the results for the DGP with only an exogenous regressor in
(4.1)-(4.4) and the remaining columns present the results for the DGP that also includes an endogenous regressor in (B.6)-(B.8).

Exogenous Regressor
Threshold Parameter Threshold Effect

Endogenous Regressor
Threshold Parameter Threshold Effect

4!

Quantile 5th 50th  95th 5th 50th  95th 5th 50th  95th 5th 50th  95th
n 0o =1 03=1
100 1.881 1.978 2.039 0.943 1.001 1.049 0.678 1.984 3.198 0.336 0.926 1.364
250 1.952 1.991 2.013 0.965 1.000 1.032 0.974 1994 2.907 0.655 0.964 1.178
500 1.976  1.996 2.007 0.979 1.000 1.022 1.636  1.996 2.370 0.812 0.980 1.114
1000 1.989 1.998 2.003 0.985 1.000 1.017 1.837 1.997 2.165 0.888 0.991 1.083
b =2 03 =2
100 1.888 1.978 2.000 1.944 2.001 2.051 1.312 1.986 2.566 1.414 1.954 2.327
250 1.954 1.991 2.000 1.968 2.001 2.033 1.824 1.992 2.159 1.784 1.995 2.180
500 1.978 1.996 2.001 1.979 2.000 2.022 1.908 1.996 2.068 1.867 1.992 2.113
1000 1.990 1.998 2.001 1.985 2.000 2.017 1.959 1.998 2.033 1.901 1.996 2.084
02 =3 03 =3
100 1.888 1.978 2.000 2.945 3.001 3.050 1.720 1.981 2.234 2.619 2973 3.315
250 1.954 1.991 2.000 2.968 3.001 3.033 1.884 1.992 2.089 2.799 2.999 3.179
500 1.978 1.996 2.001 2.979 3.000 3.022 1.948 1.996 2.032 2.872 2994 3.117
1000 1.990 1.998 2.001 2.985 3.000 3.017 1.978 1.998 2.018 2.902 2997 3.085
0o =4 03 =4
100 1.892 1.977 2.000 3.945 4.001 4.050 1.800 1.981 2.141 3.666 3.984 4.314
250 1.954 1.991 2.000 3.968 4.001 4.033 1918 1.992 2.050 3.809 4.001 4.181
500 1.978 1.996 2.000 3.979 4.000 4.022 1.962 1.996 2.025 3.874 3.994 4.121
1000 1.990 1.998 2.001 3.985 4.000 4.017 1.983 1.998 2.012 3.906 3.998 4.086



Table B.4: Threshold Parameter and Threshold Effect: L, =5
This table presents Monte Carlo quantiles of the estimates of the true threshold parameter v = 2 and variant true threshold effects, using a
5th order Hermite basis function and sample sizes n. Columns (2)-(7) present the results for the DGP with only an exogenous regressor in
(4.1)-(4.4) and the remaining columns present the results for the DGP that also includes an endogenous regressor in (B.6)-(B.8).

Exogenous Regressor
Threshold Parameter Threshold Effect

Endogenous Regressor
Threshold Parameter Threshold Effect

q1I

Quantile 5th 50th  95th 5th 50th  95th 5th 50th  95th 5th 50th  95th
n 0o =1 03=1
100 1.880 1.979 2.037 0.944 1.000 1.046 0.659 2.012 3.283 0.325 0.922 1.385
250 1.952 1.991 2.010 0.972 1.000 1.029 0.943 1.997 3.028 0.617 0.965 1.183
500 1.976  1.996 2.004 0.981 1.000 1.019 1.625 1.996 2.370 0.816 0.982 1.118
1000 1.989 1.998 2.002 0.987 1.000 1.014 1.843 1998 2.145 0.890 0.993 1.082
b =2 03 =2
100 1.888 1.978 2.008 1.945 2.001 2.046 1.274 1.985 2.667 1.373  1.950 2.327
250 1.954 1.991 2.000 1.972  2.000 2.029 1.814 1.992 2.191 1.763 1.995 2.178
500 1.978 1.996 2.001 1.981 1.999 2.019 1.9056 1.996 2.071 1.867 1.991 2.116
1000 1.990 1.998 2.001 1.987 2.000 2.014 1.958 1.998 2.033 1.903 1.995 2.083
02 =3 03 =3
100 1.890 1.978 2.000 2.945 3.001 3.046 1.681 1.980 2.278 2.568 2970 3.317
250 1.954 1.991 2.000 2.972 3.000 3.029 1.889 1.992 2.088 2.798 2.997 3.179
500 1.978 1.996 2.001 2.981 2.999 3.019 1.948 1.997 2.034 2.870 2.993 3.119
1000 1.990 1.998 2.001 2.987 3.000 3.014 1.978 1.998 2.018 2.904 2996 3.083
0o =4 03 =4
100 1.894 1.977 2.000 3.945 4.001 4.046 1.794 1.979 2.157 3.631 3.980 4.316
250 1.954 1.991 2.000 3.972 4.000 4.029 1915 1.991 2.054 3.813 3.999 4.175
500 1.978 1.995 2.000 3.981 3.999 4.019 1.963 1.996 2.026 3.873 3.995 4.123
1000 1.990 1.998 2.000 3.987 4.000 4.014 1.983 1.998 2.012 3.907 3.997 4.085
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Table B.5: Threshold Parameter and Threshold Effect: L,, =6
This table presents Monte Carlo quantiles of the estimates of the true threshold parameter v = 2 and variant true threshold effects, using a
6th order Hermite basis function and sample sizes n. Columns (2)-(7) present the results for the DGP with only an exogenous regressor in
(4.1)-(4.4) and the remaining columns present the results for the DGP that also includes an endogenous regressor in (B.6)-(B.8).

Exogenous Regressor Endogenous Regressor
Threshold Parameter Threshold Effect Threshold Parameter Threshold Effect
Quantile 5th 50th  95th 5th 50th  95th 5th 50th  95th 5th 50th  95th
n 0o =1 03=1
100 1.880 1.979 2.039 0.943 1.000 1.045 0.628 1.984 3.238 0.311 0.914 1.379
250 1.953 1.991 2.011 0.970 1.001 1.028 0.960 1.997 2.977 0.616 0.959 1.185
500 1.977 1.996 2.004 0.983 1.000 1.019 1.590 1.998 2.398 0.804 0.980 1.117
1000 1.990 1.998 2.002 0.988 1.000 1.013 1.844 1.997 2.145 0.889 0.991 1.083
g =2 03 =2
100 1.887 1.978 2.007 1.943 2.000 2.045 1.260 1.986 2.632 1.338 1.945 2.323
250 1.954 1.991 2.000 1.970 2.001 2.028 1.799 1.992 2.176 1.769 1.993 2.181
500 1.978 1.996 2.001 1.983 2.000 2.019 1.912 1.996 2.074 1.870 1.991 2.118
1000 1.990 1.998 2.001 1.988 2.000 2.012 1.958 1.998 2.035 1.906 1.995 2.082
0y =3 03 =3
100 1.888 1.978 2.000 2.942  3.000 3.045 1.676 1.984 2.313 2.554 2967 3.330
250 1.954 1.991 2.000 2.970 3.001 3.028 1.887 1.992 2.092 2.792 2995 3.179
500 1.978 1.996 2.000 2.983 3.000 3.019 1.948 1.996 2.035 2.868 2993 3.118
1000 1.990 1.998 2.001 2.988 3.000 3.012 1.978 1.998 2.019 2.905 2996 3.084
09 =4 03 =4
100 1.893 1.978 2.000 3.942  4.000 4.046 1.785 1.981 2.158 3.616 3.973 4.325
250 1.954 1.991 2.000 3.970 4.001 4.028 1.915 1.992 2.053 3.810 3.999 4.179
500 1.978 1.995 2.000 3.983 4.000 4.019 1.962 1.996 2.026 3.874 3.995 4.124

1000 1.990 1.998 2.000 3.988 4.000 4.012 1.983 1.998 2.012 3.906 3.997 4.087



Table B.6: Confidence Interval Coverage of the Threshold Parameter
This table presents Monte Carlo results about the nominal 95% confidence interval coverage of the threshold
parameter for true threshold effect d3 = 1,2, 3,4 and order of Hermite basis function L,, = 2,3,4,5,6. The
results are based on the DGP that also includes an endogenous regressor (B.6)-(B.8).

03 1 2 3 4
L, =

100 0.66 0.76 0.85 0.89

250 0.76 0.89 0.93 0.94

500 0.90 0.94 0.95 0.95

1000 0.94 0.97 0.97 0.96

L,=3
100 0.58 0.73 0.83 0.88
250 0.70 0.86 0.92 0.93
500 0.85 0.91 0.93 0.94

1000 0.91 0.94 0.94 0.94

L, =
100 057 072 083  0.88
250 0.70 085 091  0.92
500 0.86 091 093 093

1000 0.92 0.95 0.94 0.95

L,=5
100 0.58 0.70 0.81 0.87
250 0.68 0.84 0.90 0.91
500 0.80 0.91 0.92 0.92

1000 0.90 0.92 0.93 0.94

L,=6
100 0.55 0.68 0.78 0.85
250 0.66 0.82 0.88 0.90
500 0.79 0.89 0.92 0.92

1000 0.88 0.93 0.92 0.93
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