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Abstract

This online supplement provides detailed proofs and simulation results for “A nonparametric test of signif-
icant variables in gradients.” In Appendix 2, we provide proofs of Lemma 1, parts (2) and (3) in Theorem
1, Corollary 1, and Theorem 3. We also state Lemma 2 for reference. In Appendix 3, Section C.1 offers
simulation results of our centered and un-centered bootstrap tests in the bivariate regression. We also check
the robustness of the tests’ performance by varying the scaling factor of the bandwidth. Section C.2 provides
the tests’ performance with bandwidths selected through a data-driven cross-validation criterion. Section
C.3 reports simulation results in the trivariate regression with different scaling factors of the bandwidth.
Finally, Section C.4 provides an extension of our tests to a partially linear model, for which the curse of
dimensionality issue is less severe.
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B Appendix 2

Lemma 1. Uniformly for all w € W, the support of W, which is a compact subset of R?,

gx (w) = gx (w) = M§5K<W><klg+lhit ~(D¥m) (w + A(W; = w)) (=% 4 €)(1 + 0,(1)).

Proof. The first order conditions from minimizing the multivariate weighted least square criterion lead to

the following set of equations for 0 < |j| < p,
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where th](w) = Tflld K (M) (Wi—w )J
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From the first order condition in equation (B.1), we arrange the Nj; values of #,j(w) in a column

P
vector 7, |j(w), with the k-th element being (7, 5)k(w) = tn g k) (w). For N = 3°N;, we define 7, (w) =

=0
Tn,0(w)
Tn,l(w) L.
. We arrange the distinct values of h'k‘dk(w) for 0 < |k|] < p as an N x 1 column vector
Tnp(W)
G 0(w) ap(w)
R b1 (w) ) il aq(w
G (w) = : ; where (G, 5 )k (w) = hVla, G | (k) (w). For the true values, a(w) = : , where
dn,p(w) O‘p(“’)

(aje(w) = h'j‘aglj‘(k) (w). Since we arrange w = (z,2’)" with = being the first element, gx (w) = ag, (@)(w).
Next we arrange the possible values of S, jyx(w) by a matrix Sy, |5,k (w) in a lexicographical order with

the (I, m)th element being [S, jj| 1| (W)]t,m = Sn.c 5 (1)+Gy (m) (W)- S0 Sy 51,1k (w) has dimension Njj; x Njk|.

Sn,o,o(w) Sn,o,l(w) cee Sn,o,p(w)
Sn,l,O(w) Sn,l,l(w) o Sn,l,p(w)

Define Sy, (w) =

Snpo(w) Snpa(w) S
The set of equations in (B.1) are 7,(w) = S, (w)é&,(w). Assuming that S, (w) is positive definite, the

solution is expressed as &, (w) = S, 1 (w)7,(w). Specifically, let ex 114 be an N x 1 vector of zeros, except

one at its (1 + d)th position. Then

hix (w) = €148 ()T (w).

We note that Sy, ¢, 1)+ (m) (W) = s > K (F472) (Fa2) Gl FCw(m) By assumption A3(2), for w* =

@
Il
-

AW; + (1 — Nw with A € (0, 1),

Yi=m(W;) +e = Z %(ka)(’W)(Wi —w)* + Z %(ka)(W*)(Wi —w)* +¢.
0<|k|<p [K|=p+1



i=1 0<|kI<p Ik|=p+1
= Y achMS w) + 2 YK (B) (B Y i (DRm) (w) (W — w)k + €]
0<|k<p =1 k| =p+1
= Y ah™S, ja(w),

0<|k[<p
where the last equality is from equation (B.1)). Thus,

Z A (G (w) — ax () S i (w hdz ( )(Wlh_w)J[ Z %(ka)(w*)(Wi—w)k—kei].

0<|k|<p |k|=p+1
(B.2)
Then we let r;;(¥45=2) be an N} dimensional subvector whose k-th element is [k, j(%:=2)], =
K%O(WL]—L w)
K/i,l(Wih_w)
K (%) (W)Glﬂ(k). Furthermore, Iii(Wi};w) = ) . Thus we express the equations in
Kip ()
(B.2) in a matrix format
Sn(w)(n(w) — a(w)) = ﬁzlm(w ! |Z w (DFm)(w*)(W; — w)* + €. So we have
= |k|=p+1
A 1 *
h(gx (w) = gx (w)) = 1Sy (W) = Zﬁz Do @ m) )W —w)*+el. (B3)

[k|=p+1""

We note that the elements of S are simply multivariate moments of K(-), corresponding to the el-
ement of S, (we suppress its dependence on w here). Consider a typical element of S, — f(w)S as
[Sn,ii — F(w)Sijlim = Snc,yra;m) — ESnciy+c;m) T ESnci)+6;m) — Br,ci()+6,m)f(w) = I +
L. I = #ix(wﬂw)wwm - E%Ell( (Wamw) (Wizw)GiD+G50m)  With A1(2), A2
and A4(1), we ;asily obtain sup,,cyy [11] = Op((%)’%_) (see Lemma 1 in Martins-Filho et al. (2018])).

= [K@)PGO+E ) (f(w + h¥) — f(w))d¥ = h [ K(@)PFO+C g (1) (p*)d¥ = O(h) uniformly
Vw € W, by A1(2) and A2(2). So sup,cw |[Sn,i; — f(w)Silim| = Op(h + (%)_%) = 0,(1). Further-
more, given A5 and Al(2), we obtain sup,,cyy ||Sn — Sf(w)|| = 0p(1), where || - || refers to the Euclidean
norm. Since S is positive definite in A5, the smallest eigenvalue of S is greater than zero, then we have
supyew 197" — 7SI = 0p(1)-

From equation (B.3)), we have



M3 (w) = gx () = 5015 0y, 7 Do YD G (DKM @) (W = w)* -+ a1+ 0, (1),

J(w) [k|=p+1
(B.4)
where [S™1](14q),. refers to the (14 d)th row of S~!. Recall that
Nig) 4
SN u K(@uon®, (B.5)
o<lil<pi=t b 2 Nt
With the definition of SK(-) in equation (B.5)), we obtain the claimed result.
O

In our proof, we have made repeated use of the following Lemma 2, which is the same as Theorem 1 in
Yao and Martins-Filho| (2015). Let {Q;}?_; be a sequence of independent and identically distributed (iid)
random variables and ¢, (Q1,- -, Qk) be a symmetric function with k£ < n. We call ¢,(Q1, -+ , Qx) a kernel

function that depends on n and a U-statistic u,, of degree k is defined as

un=(2> 3 6u(Quee Q). (B.6)

(n,k)

where > denotes the sum over all subsets 1 < i3 < ig < -+- < i < n of {1,2,---,n}. Now, let
(n,k)

(bcn(qh e 7qC) = E(¢H(Q17 e 7Q67Qc+17 T 7Qk)|Q1 = Q17Q2 =4q2, - aQC = QC)u O—En = Var(¢cn(Q17 R
Q.)) and 0,, = E(¢n(Q1,- - ,Qk)). In addition, recursively define h%l)(ql) = d1n(q1) — Ony - ’hgf)(qh e

Gc) = Gen(qu, - 1 qc) — Z > h(j)(q“, o+, qi;) — O for ¢ = 2,--- |k, where the sum ) is over all subsets
=1(c,5) (e,4)

1<ip<---<i;<cof {1,-~-,c}. By Hoeffding’s H-decomposition we have
n\ L&
w0t (3) X (120) T @) 9+Z< ) HO @ Q)
Jj=1 (n,5)

—1
where H,(L])(QUI,~~- ,Qu;) = ( ? > > hg)(Qvl, =+, Q). Since u, can be written as a finite sum of
(n.5)

H,Sj )7 its magnitude can be determined by studying H,gj ). The following result shows that the magnitude of

HY) is determined by n and the leading variance 0 defined above.

Lemma 2. Let {Q;}_; be an iid sequence and uy, be defined as in equation such that

k

un—0n+z< > Qvla"'vQUj)'



Then,
) o J
(a) Var (Hr(f)) =0 <n_J Zafn>

(b) for 1 <c < <k, we have

Proof of Theorem 1

To complete the proof, we only need to show that

(2) T23 = —W%Bgn + op(nhQ;L%).
(3) Trz = ryta=ay Ban + 0p(nh**7).

Proof of (2): Recall that Tas = To31s + T232n + 12335 + To34n. Continuing the proof in the paper, we only
need to show (a)-(d) below.
(a) Togin = — mir=ar Ban + 0p(n~"*h~2~2) from results (i)-(iii) given below.

(i) When i # j #1 # t, we apply Lemma 2 and the second equality in (A.3) to have

n o n

Tosin = =7 3 2. Zzh““f(W)f(W’ ey S () SK (P W ey (14 0, (1))

i=1j=1l=1t=
il

= _% E Z Z anz]lt(l + Op(l)) = T231(1 + Op(l))'

i=1j=1l=1t=
LA )
n n n n n n - n n n n
=% (1) EEE T =2 () £ 550+ opl1). where
i=1j=1li=1i=1 i=1j=1i=1i=1
i jAIE i<j<i<t
Gnijit =  Unijit T Ynijel + Ynitey + Vnitit + Vnitji + Unatty + Ungite + ngist + Unjies + Vnjiit + Vnjiti + Ungtit
FVniije + Uniity + Ynijei + Unigit + Vnitj + Cnitig + Uit + Yty + Yntjti + Uniji + Vo + Vi

present a permutation of 9,5 across the indices, so that ¢, is symmetric in the indices. Again, we

write Thgy = — 2 [0, + z < >H“’(Qvl,-~ ,Qu,)) 0, =0 and HV(Qu,) = 0. V(H(Qu,,Qu,)) =
O(n=?03,). 03, = V(¢2n(Q17Q2))7 $2n(Q;, Q) = E(bnijit|Qj, Qr) = E(Vnijie+Unijit+Vnitij+Vnirif| Q55 Qr)-

Since E(nijiul Qj, Qe) = eve; [ gammepawsy prmravsy SE (T ) SK (s S F(Wa) £ (Wh)dWid Wi,

E[E?($nijit|Qj, Q¢)] = O(h=47(@=d1)). Similar arguments apply to the other terms and we obtain 03, =

O(h=4=(@=41)) " So we obtain that H (Qu,,Qu,) = Op(n_lh_Q_@) = 0p(n~'h727%), since d; > 1.
V(H (Quy, Quy, Q13))) = O(n302,). 02, = V(3 (Q1, Q2, Q3)), ¢3n(Qi, Q;, Q1) = Ebmisie Qs Qj, Q1) =

E(nijii + Unijit + Vntiji + Cnitij + Ontiji + Uneity + Vnige + Unjint + Unjiei + Onijei + ity + nii| Qi Qj, Q1)

Since E(Ynijii|Qi, Qj, Qi) = €i€j [ hz“zf(wtl)f(wﬁwtc)SK(Wj;Wt)SK(%; u)f(Wt)dVVt, we ob-

tain that E[E?(¥n1:|Qi, Qj, Q)] = O(h~*79). Similar arguments apply to the other terms and we obtain



02, = O(h=41). So H(Qu,, Quys Quy) = Op(n5h=27%) = 0,(n" h=2=%). V(H (Qu,+ Quys Qus» Quy)) =
O(n=402,), 02, < CEY2, ., = O,(h=4=24) by A2, A3(1), and A1(2), so we obtain HS” (Qu,, Quys Quas Qu,) =

nijlt

Op(n~2h=274) = op(n_lh_2_%). So in all, Th31 = op(n_lh_z_%) and Th31y = op(n_lh_2_%) when i # j #

1t
(ii) When i # j =1 #t,
n n n e W, W{’—Wf’ Wtu_W'ic _ _
T231n = _%Z Z Z h2d+2f(Wi)}(W]r;Wic)SK(W]}LW )SK( h . ) h )(1 + O;D(l)) = Op(n 1h’ 2)

i=1j=1t{=1
iAitt
_ 124
= op(n 'h™*72).

(ili) When i # j =t #1,

n n n W — Wi N WI—W] WEe—We
Togin =Tozip = — (nh2+2d—d1) ng(i,l) 21 ‘21121 rrrar SK () SK (=5 —5—)€} = — —==a7 Ban
i=1j=1l=
1#j#L
With similar but lengthy arguments, we show that
n n n n W,—W, WT—W" WCe—_We
(b) Tozon = —Z3 330 h2d+2f(W5f<w;;w;>5K( Wy g e (W W Wi Wy

i=1j=1i=1t=1
i?ﬁj,t#l;fjfhl#i S
X 30 g (DEm) (Wi 4+ AW — Wi)) (Z55=2)%(1 + 0,(1))

Kl=p+1
= op(n th7%7%).
LARRLARLL W;—W; W W] W—W¢
(C) Togzn = _% 2312:1[2:”2:1 h2d+2f(W3f(WlT';Wf)SK( 5 )SK( T s h )61'
1=1y=1ll=1t= }
i ALt I
i tipff gk r Y T . c L A\(WE —W¢e Wi =W W7-W\k 1 1
X‘k‘Z S (DFm)(W] + AW = W) W+ MW = W) (5 =) (1 + 0p(1))
:p+
= op(n_lh_Q_%).
(d) T24n
L W, —W; Wl -W, W-—W¢ p+1
= _% Z Z EZ h2d+2f(W5f(WlT;Wf)SK( Jh )SK( h ! YT R ) E hk! (ka)(Wz +>‘(WJ - WZ))
i=1j=1l=1t=1 |k|=p+1
i ALt I
W;ijvﬁé 1:76 z hPH1 K’ r r Y. TI/¢ c c Wi =W, W{-—WI\K 1
() 2 e (D m) (W + AW = W) W+ AW — W) (s =) (14 0p(1))

|k’ |=p+1
= op(n_lh_Q_%).
The claim in (2) follows from (2)(a)-(d) above.

Proof of (3): Following (2) above, and again — — 2 = O(n™?2), we let

D<mjigi = (DXm) (W + MWy — W) WE + A(We — W) (L WEWEyie and write




Ty = %Zl[ Z( x (W] WE) — gx (W] W)
1= ]:
JFi
n n n wy W We—we 41
= %Z[ Z hd+1 > SK(?v#)( > Dk Mejiti i! +€t)]
i=1 t=1 [k|=p+1
j;éz t#7, t751

c

n n n n
w; W W WC wr Wl L WE WS
= n3(n 12 . IDIDIDS Z hzd+2 SK( )SK( ; n )[€tem
i=1j=1t=1l=1m=1

t#£j#i,m#lFi

}P“ k k k hP pK!

L ] D Mmi;mi + €m Z D mt] ti T Z D mt] ti Z K1 D mml;mi]
[k|=p+1 |k|=p+1 |k|=p+1 |k’|=p+1
= Tho1n + Tooon + Th23y, + Too4n.-

(2) Tootn = Toorp = s Ban + 0p(n~'h=27%) from results (i)-(iii) given below.

hP+1 hp+1

+€;

(i) When ¢ # j £t # 1 # m,

T221n
1 n n n n o n 1 WtT_WJT’ Wc Wc Wr _er W’I’CIL_W’L?
= = SK ; SK ; €t€m
w2 2 R W f W h R, P
i#jAtAIEM "
nijtlm

X (14 0p(1)) = To21 (1 + 0p(1)).

We apply Lemma 2 to perform Hoeffding’s H-decomposition to have Thy, = 9,,&-2:1 ( ? ) Hy(Lj) (Qury s Quy)
We can show that 6, = 0, H" (Qu,) = 0, H (Qu, , Qu,) = Op(n~102,) = O, (n~1h=25+3) = o, (n"1h=27%)
since 03, = O(h~*~@=1), HP(Qu,, Qu,, Qu,) = Op(n~ ¥ 03y) = Op(n~# (h=2- (@) 4 h=2-%)) = o, (n~1h =2~ %)
since 03, = O(h™* 124 4 p=4=4) HI(Q,,, Quy, Quy, Quy) = Opl(n204,) = Op(n2(h2~54 +
B2 )) = oy (n~thT2 ) since of, = O(h~4m(H) 4 p=1= a0y HI(Q,,, Quy, Quys Qus Qus) =
Op(n"%05,) = Op(n= 3 (h=27%)) = 0,(n"'h™2"%) since 02, = O(h~*24). Thus, Tha1, = op(n *h=27%).

(iil) When i # j=1l#t=m,ori£j=m#t=Lori£j=1l#t+m i#j=m%#t#I
i1 #£ j#£t=1%m, we can show that Th1, = op(n’lh*Q’%).

(iii) When 14 7&]’ #t=m # [, we can show that with similar arguments as in T5115 and T3 that

T = srbemss s o 35,50 5 b S (P MM S (LW WU

1 it
= T8 = jzva=a; Ban-

n n non o n WI—WT we_we wr—w; WS -W¢
(b) T2227l = n“ Z Z Z Z Z h2d+2f(Wr Wc) (er7wc) SK( t ’ J ; t 7 L )SK( h L ; h )Et

i=1j=1t=1l=1m=1

t#jF#i,m#lF#L
p+i
Xy hk! kaml;mi(l + 0,(1)).
|k|=p+1
n n n n n Wr—_wr We—_we W' —WT" WS _WE
T223n = %2 Z Z Z Z h2d+2f(wr W“)f(Wl',W;‘)SK( : h . ; . h . )SK( mh ! ; mh . )Gm

1j=1t=1l=1m=1

t#j#1, m;ﬁl;ﬁt
DY hp - Dk muji(1 + op(1)).
|k|=p+1



n .n n n W/ -W! we_we wy =W/ WS-W¢
T224n: %X:IZZE Z h2d+2f(Wr Wc)f(WT‘ WC)SK( th J ; th 7)SK( mh L ; mh i )
i=

j=1t=1li=1m=1
#ﬁlmil#z -
h” hP Kk’
> DX Myjiti D D Monizmi (1 + 0p(1)).
|k|=p+1 |k’ |=p+1

We show similarly that Thai, = o,(n~*h~27%) for i = 2,3, and 4. The claim in (3) follows from (3)(a) and
(b) above. O
Proof of Corollary 1

For the claim to be valid, we only need to show
(i) Bin— Bin = 0p(h%).
(ii) Bin — Bin = 0,(h2~%) for i = 2, and 3.
(iii) Q—Q=o0,(1).
The claim that 7, -% N(0,1) follows from Theorem 1 and (i)-(iii) above.
Proof of (i): As & = €5 + 2¢;(m(W;) — m(W;)) + (m(W;) — mn(W;))?, with the additional assumption

A1(3), we have sup,,cyy [(w) — m(w)| = Op(L,) where L, = (2)3 4 pp+1 Then,

nhd
Bun = Bin= 5 2 3 e SK ()26 (m(IW5) = (W) + (m(W;) — n(W))?)
i#£]
= a2 2wy SK ()26 (m(Wy) = (W) 4+ Op (L)1 + 0p(1).

i£j
By A4(2) and A4(3), we have O,(L2) = 0,(h?). We define

Njj)
Z Z[Sil] s K(@)wln @, (B.7)
0<j|<pi=1 L2 Mot
Then 11(W;) = m(W;) = sy ha 2o SEK Kn(F)[ Y H(DRm) (W) (We — W)X+ €](1+0p(1)), where
t=1 |k|=p+1
£
Wi, = W + AW, — W5).
Bin=Bin= —E)2 % ZW(W)SKQ(WJ TS Ko (5 e[ D0l (DRm) (W) (W — W)
i=lj=1t=1 [k|=p+1
i£],t#]

+er] % (14 0p(1)) + 0p(h#) = —2[Bin1 + Bina](1+ 0,(1)) + Op(h%)
B1n2: %ZZZthfQ( 17,)f(W SK2(WJ )SK ( W ) :%ZZZ%LW
i—1j=1i=1 i=1j=1i=
i£],t#] £, 1F#]
(a) For the case that i # j # t, let ¢nije = wm‘jt + Vnitj + Unjit + Ynjei + Yneij + Pntji, which is

symmetric in 4,j and t. Then Bino = & ( g ) Z Z Zqﬁmﬁ(l + 0,(1)). We apply Lemma 2. 6, =
i=1j=1t=
1<j<t

0, H(Qu) = 0. HP(Quy,Quy) = Op(nloz,) = Op(n~'h%), since 03, = B(E*($nije]Q;. Qr)) =



Op(h™%), as E(nielQs, Q1) = iy SKm (5 E Gy SK2 (520 W5). B (Quy, Qusy Quy) =
Op(n=203,) = Op(n=2h9). So in all, By = Op(n"*h=%) = 0,(h?).

(b) For the case i =t # j,

Biny = %;ﬁzzhufz(w)f S SK2 (P S K, (e = Op(n72h739) = oy(h%). So in all,

Bine = op(h%) based on (a) and (b) above.

L& W, W —W; N
Bin1 = %21212 h2df2(W)f(W SKQ( )SK ( T J)ej‘k|Z: 1%(ka)(Wtj)<Wt _Wj)k
J =p+
I
= op(h ) can be show similarly.

So we have the claimed result that By, — By, = op(h%).

Proof of (ii): By, — Bin = op(h%_dl) for i = 2, and 3 can be shown similarly.

1252
Proof of (iii): We only need to show that —— E Z 7 S K( Wi;W’) — [ (W)DW = 0,(1).

i= 1j= 1 Wz)f(WJ)
i#j
Si 1 1 _ 1 d “ - n 6?62 K Wi—W,N\ _
mce SupWiGW |W—W = Op( ), an Supw€W ‘m(U/)_m(U))‘ = ( ); nzhd zz:ljzl W’L)f(W_]) ( h ) =
i#]
1 & & 6126? W; —W; P 4 :
—22 Z K( L) (1 + 0p(1)) = In(1 + 0,(1)). We show that Ig = [o*(W)DW, which
i=1 ( z)f(Wj) h
;é Vnij
o\
will give the claim in (iii). Since ¥,;; is symmetric in 4,5, Ino = < 9 ) Z Zwm](l + 0,(1)). By
i=1j=
i<j
n e?e? Wj,*Wj
hemma 2. < 2 > ZZUZ%” =t X 1( )H(])(Q”““' yQu;)- On = Eparpaypoy K (T =
1<j

Jo*W)aW. HM(Qu) = Op(n~201,) = Oy(n2) as 0%, = B(E>($ni;|Qi) = O1). HP(Quy, Quy) =

Op(n1o9,) = Op(n"'h™%) as 02, = E( =O0(h~%). Soin all, Io % [o*(W)DW. O

m,])
Proof of Theorem 3

The expressions of B*n for j = 1,2 and 3, and Q* in Theorem 3 are

. n_on 2 W, W N W W wy W We—-W¢e
Bln = #23121 }fd SK ( ) BBn = n2(n ) 2:12”2 hd+d1 )SK( ! ; —2 7 ),
i=1j= i=1j
1#] 1#J#L

n n n n

~ W, -W, W-W¢ W, -w; Wf-Ww¢
B;n:nz(n 12ZZZZhd+dlsK( I ; ) )SK( I L I )
i=1j=1t=1]=
i#jFL#
n

O = 2, S0 Sh R e W Wiy (g, 4 ) S (0)dW)2aT]
nzhdizuzlf(w")f(wf) -

i#]
n .
(i) Following the arguments in Lemma 1, we define ¢, (W) = o 3 K (W) (W Wyiex, (T 131 )k




Tha(W)
.Gy (R) and 75(W) = . then we obtain from the first order condition in equation (B.1) that
(W)
Ak — * 1 *
hgx (W) = €y 14aSn(W) "t (W) = W[S Jitd, Tn (W)(1 4 0p(1))

From these, we obtain

330 = spber S SK( )6 = prptaprss S SK ()6 (14 0p(1), and
j:

J#l J#
g;{(VVlr;Wic) _ ﬁ 721 SK( Wl ,W]?;Wic)e;f
J#LIF#
e Y, SKCHE G 1+ o, (1)
. J?ﬁl,ﬁfz -
f*:%;(g (Wi))? + 2 Z[n 12 W WEOP = oty 1@”2 X (Wi)gx (W5 W)
l#z I#£i

We show below that conditional on Q,y = {Ws,Y;}7_,

(1) h2+ (Tl - nh2+dB1n /” Q* —>N O 1)
(2) T3 = WBM + op((nh*T4)~1).
(3) Ty = WB% + op((nh+4)=1).

The claim of (i) in Theorem 3 follows from (1)-(3).

=Ty +T5 +T5.

Proof of (1): T} = %Z[WH ZSK( 1) e]? = %E z z oy S (V) ST (e
i=1 i=1j=1l=
#z i j il

L)ejer -

(a) When i # j # 1, we note that the U-statistic result in Lemma 2 can not be applied here as we do not

have the iid assumption conditioning on the data Q).
1 W; —W; W, —W;

Tr = % SK SK Deter (1 1)).
L e
Z#J#l o
We let ¢niji = V¥niji + Ynji + VYniji, which is symmetric in 4, j,l. We rewrite T} as
-1
« n n n n
z=<w%mm(3)( >ZZ@W+(3)[ZZZ%ﬂ
=1y i=15=11
1<J i<j<l

= (L4 op(){TT, + 17},
where ¢oni; = [ Ynijif (W) dW; = hz(dﬂ) f 70 Wz SK(W WZ)SK(W —WL) £ (W) AW,

(I) Claim: 17, = Op(nflh*Q*%)_

-1 n n n -1 n
Ty, =+ ( g ) S 3 S [Bniji — P2nij — P2nit — Gangi] = 3 ( g ) PIDIPIL MR

i=1j=1i=1
i<j<l i<j<l
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2 Z banijl}t

i=1j=
1<J



n - n
3 1=1j=1l=
i<j<l

First, consider V1. Note that if (i,4,1) are each distinct from (¢/,5’,1), since €} is independent con-

ditioning on Q(,), then E(®y;jiPnirjn|Q(n) = E(PnijilQn)) E(®nirjir|Q(ny) = 0. Similarly, if only one
index in (i,7,1) is the same as that in (7', j',1"), E(®niji®Pnirjir|Qemy) = 0. So in Vip1, we only consider
the case that two of the indices in (i,7,1) are the same as that in (i/,5',1"). Due to the symmetry in
P51, we can just consider any two indices. Comsider i = i’ # j = j' # | # ', E(®pniji®Puiji|Qn)) =

E[(Yniji — ¢2nij)(wnl’ii2_ P2nij)|Q(ny]- Thus,
Vin = O(3 < g ) Zn: Zn: Zn: Zn: E[(Yniji — $2nig) (nrrji — P2niz)|Qm)])

i=1j=1l=1I'=1
_, R
n &eé - —
- 0o6(5) EEEErtmmsnciatsi iz,
WA
—J P;W SK (=) SK (W) f(W)dW]

7wy (Wil e (W) _ | Friy SK () SK () £ (Wi )d W)
—2
n n €€
OQQJ 335 8 e b SK (S K (et
7 ] r—
iFE AL

-/ f?(w, SK (%5 SK (W W’)f(Wz)sz]
5K<WJ i () | Frriy SK () SK () £ (Wi )dWer (1 + 0,(1)))

SFeum
n
= oG () 5 S v+ 0,1) = OV
i=1j=11=1l'=1
iAGAAY
where the third equality is from the fact that ¢, = y; —m(W;) = €; + (m(W;) —m(W;)) = €;+0,(1) uniformly

VIW; € W. The claim that supy, ¢y, [(W) — m(W)| = o,(1) follows by applying Lemma 3 of Martins-Filho
et al.| (2018)) or Masry| (1996). Note that assumption A3(1) implies that Ele|* < C for some s > 2. This
observation, together with assumptions A1(1)-(3), A2, A3(1), (2) and A4(1), enable us to apply Lemma 3
of Martins-Filho et al|(2018) to obtain the uniform convergence result. We apply Lemma 2 on V311 below.
Define
(rbnvijll/ = wnvijll’ + wnvijl’l + wnviljl/ + wnm’ll’j + wnvil’jl + wnvil/lj
+wnvjill’ + wnvjil’l + "/}nvjlil/ + 'l/}nvjll/i + 1pnvjl/il + wnvjl’li

Fnotijir + Vnotitrj + Ynotjts + Ynotjitr + Ynotiri; + nottrji
Fnotrijl + Vnotrity + Ynotrjit + Vot jic + Ynovriig + Yoot
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—2 -1 n n n o n
Vlbll:é( n > ( n > ( n ) Zzzz¢nvijll’: ( 72)[9 + Z ( )H(J)(QUU.,. ,ij)].
3 4 4 i=15=1i=11'=1

<g<i<l’

Since [[7atpry SK () SK (W) — | f2(W)SK(WJ;Wl)SK(W)f(WZ)dm]f(Wl)dWl =0, 6, =0,

and HiY (Qu,) = 0. HYP(Qu,, Quy) = Op(n " 02,) = Op(n ™ h 4= ¥), since 03, = BB ($nuijur |Q1, Qu)] =
O(h=5734). H{)(Qu,, Quy, Qu,) = Op(n~203,) = Op(n~ 204724, since 03, = E[E*(¢nuijir|Qi, Qj, Q)] =
O(h=8=44). HS" (Qu,, Quyr Quys Quy) = Op(n~204,) = Op(n=2h=4=3%), since 02, = E[¢nyiji/] = O(h=557).
So Vipir = Op(n2[n th=4=% 4n= 3420 L n=2p~4=34])) = O, (n3h~*2%), and Vi, = Op(n "3R4~ 29).

Next, we note that by c-r inequality, and since E(¢§nij|Q(n)) is of smaller order,

-2 n n n
B ) T N E®2,1Qm)
3 i=1j=1[=1
_,i<i<t
g ) >0 2 E( iijllQ(n)) + E(¢%nij|Q(n)) + B(63,4|Qm)) + E(d)gnjllQ(n))]

i=1j=11=1

A\
Q

) 1<j<l
n n n n
= o( ) EEEEEuIQw o)
i=1j=1l=1
) 1<j<l
n n n n
(5) £ 2 EIB02100m) + E02,0lQum) + EWlQu) + o)
i=1j=1l=
i<j<l
= 0,(n~3h—1724),
where the last equality follows from the observation that
-2
n n n n
(3) EEEeeiew
i=1j=11=1
i<j<l

n n n 2222

n EZ€ W —W; w,
- < 3 ) X:IX:HX:lJM(W )h’4(d+1) SKQ( Jh, )SKQ(M)
=17
i<j<l

- (’;) 32 35 3 e SK2 (L) S K2 (M) 1+ 0,(1)

i<g<l

= 0,(n—3h—1-2d),

So V(T3,|Qum) = 5 ( g ) lequ( 2,31lQm) + Vipt = Op(n=*h=4724) 4+ O, (n=3h=4~2). Thus,
i=1j
i<j<l

Ty = Op(n~3h=274) = 0,(n" h=27%), as claimed.

(1) Claim: nh2+3T% /v % N(0,1).

12



-1
nh2+te Ty, = nh2+§§( g > ( ) > quzmj

1=1j=
) 1<J
non d n B €€
= _lelnh2+5(2) ety | ety S (W) SR (W W) £ (W) d W,
i=1j=
z<J
= Zz¢n17]~
i=1j=

1<j
Note that 1,155 is symmetric in 4, j, E(1n1ij|Q(n), €;) = 0, so conditioning on Q(y), nh”%Tfa is a degenerate

second order U-statistic. Defining (S})? = ((Z Ziﬁnm) |Qn)) = V(T7,|Qn)), we apply Proposition 3.2
1=1j5=1
1<J

of [de Jong| (1987)) to obtain

(S2)~'nh?+ETY, 4 N(0,1),

if Gr,Gy1, Grv are each of order 0,((S5)*), where G; = Z ZE( n1w| n))s

i=1j=
1<J
Gir= ZIZMZ[ (7 nlij 213t Qeny) + E(¢%1ji¢%ljt‘@(n)) + E(w%ltiqu?zltﬂQ(n))] =G+ Gz + Gis,
i=1j
1<j<t

Giv= > 212 [E(Yn1ij¥n1it¥n1ijPn1ie| Q) + E(Wn1iniatnitinia|Qn)) + E(¥n1it¥n1ian1jt¥n11lQn))]
i=1j=1t=1i=1
i<j<t<l
= Grv1+Grva+Grvs.
Consider (S;;)?. Since E(ej€fefer, |Qny) = €7€; when i =t < j = m, and zero in the other cases, we have

2 n IS
s = wnte () zzh4<d+1)ff2(W)SK<W S SR (W W) (11, Wi

1=1j=
1<J
= X Xt SK ) SEEEE) W)W (L + 0,(1)
n n n 662
= ro2( 5 ) B8 T ey S SK (I Fv )i
i<
n
— (o2 2) 35 b
T Jj=
1<j

-2
where the second equality follows since n? ( ;L ) = ﬁ, and & = ¢ + 0,(1) uniformly. The third

n

-1
9 ) = O(n=3). We then apply Lemma 2 to obtain that

follows since ﬁ — (

( g ) 221%5” _9 + Z < )HT(Lj)(Q'UN"' 7Q’Uj) = %-ﬁ-op(n_lh—%)’

1=1j=
1<j

since 0, = Etbpsi; — [o*(W)dW; [[[ SK(¥; + W)SK(V)dU]2d¥; = 2, H(Q,,) = Op(n~'), and

HP(Qu,, Qu,) = Op(n~h=%). Thus, (S7)2 = Q + o0,(1).

13



E((¢)*Qn g _ o —dy .
zl S psed 18 UG IO 1 g R (WarWa) R (War W) (1) AW = O(n=2h) = 0,((S})),
1=1j=
1<j

since (S;)% —O(l).
G = ZZZh8+2d h 8— SdE(( ) (g)Z(GI) ff2(Wl)SK(W WZ)SK(W Wl)f(Wl)dWl]Z

i=1j=1t=
z<]<t

<[ 7y SK( PG S K (R ) f (Wi ) AW )2
= O(n~ )
Similarly, Grre = O(n™1), Grr3 = O(n™1), thus we conclude that Grr = O(n=1) = o((S;)*).
G1v1
S S S e (e 62 602 (€01 i S ey SK () S () (0]

i=1j=1t=1]=
z<j<t<l

>< hd f e WL)SK(Wt Wz)SK(W Wl)f(Wl)dWl hd f f2(W, SK(W WZI)SK(Wz Wl/)f(m’)dm’]
T o S (VI SR (W (7)) (1 4 0,(1)
= O(hd)
Similarly, Grye = O(h?), and Grys = O(h?), and thus we have Gy = O(h?) = o((S})*). Since we obtain

that (S*)2 B Q, we conclude that nh2+3 T3, 5 A(0,Q).
We show that O* — Q = 0,(1), which implies the claim that nh?+3T7, /v/Q* % N(0,1). Since O* — Q =

O —Q+Q—-Q=0"—Q+0,(1) as Corollary 1. We only need to show Q* — Q = 0,(1). To this end, it is

. _ 1 n n 6326;2 Wi_Wj W W .
sufficient to show IQ* = 574 Z;j; WO, )K( 7 ) = n2hd ZX:UZI f(W )f(W )K( ) + op( ) Given
i#] i#]
* W, W
( 2‘Q(n)) 17 (IQ* Q(n)) n2hd Z Z f(W )f(W )K( ) We ShOW V( Q*|Q ) p(]-)v 50 tha’t
#J

by Chebyshev’s inequality, we have the claim. With the wild bootstrap, we have F (62‘4|Q(n)) = 2¢%, thus
V(I Q) = E([Im - E( Io. Q(n) |Q‘g/n

_ ZZZ Z K k(s ) E((6*2 *2_6262)(6*2 ¥2 _ 2. )‘Q ).
= TV T (W) 01 (W) K Em T Em) ()

i=1j=1l=1m=1
i#j  lFEm
When (4,7) # (I,m), above ib zero. Due to symmetry7 we only need to consider the case i =1 # j = m. So

K2 2652 _ 222
( Q*‘Q(n)) n2hd n2 Z Z hdf(W )f W )f(Wl)f( m)E((E Ej ) ‘Q(n))

#J

_ Ln = K2 (2 et 27 dy—1Y _

= Q;Z::hdf(w v favn v 6 6 = Op((n2h9)70) = 0p(1).
i#]

Thus, we have the claim that Q* — Q = 0,(1).

(I) and (II) imply that nh2+2T*/\/7 Q = N(0,1), the case with ¢ # j # .

(b) When i # j =1, Ty = Tfg = —4ra %Z E 1 SK K (w)e;‘z = ﬁé’fn Combining results (a)
i=1j=
i#j

and (b) above, we obtain the claim in (1).
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Proof of (2): Ty = nmlzzmwzwm >jWH§:waW”%WhWH
1751 . #z iy t;ﬁz
GG 1)12132112;2 ey S (47 )T (P B Jejer-
i tAA
(a) When i # j # 1 #t, with 25 — 1 =O(n™?),
= %zzuillzltz%f(w VFWs W )h2<d+1>SK(Wj;Wi)SK(W;;Wl ’ a hW )6 ei (1+0p(1))
it A A

= —&X ) ZZ%mlt(lJrOp(l)) = T5,(1 + 0p(1)).

i=1j=1l=1t=
i Al
E(T3,|Qem)) = 0 as E(¢}|Qny) = 0, and V(T3,|Qn)) = 75 > ZHZIZ El ZHZUEIE(%W%Mz't'|Q(n))-
i=1j =i =15/ =1'=1t'=

SEIAA AAUAY
We can show that E(|V (T3,|Q))|) = o(n2h~*~?) with different combinations of indices in the summation,

thus we apply Chebyshev’s inequality to conclude that T35 = op(n_lh_Q_%).
(b) When i # j =1#t,

n n n W W W W Wi-W¢ *
%Z Z ;f(wi)f(wjéwic)hﬂd%—l) SK( )SK( ) h ‘ )6 Et (1 + OP( )) = T3’rl(1 + Op(l))

#J#
Again E(T3,|Qn)) = 0, and we can show that V(T3,|Q(»)) = Op(n=*h™479), and thus T35 = op(n~th=27%),

(¢) When i #£ j =t #1,

n n n W, W
T; = T;B = nh2+(d d1)n2(n 1) EZZE ”’+d1 SK( )SK

i#jF#l
The claim in (2) follows from (2)(a)-(2)(c) above.

WI-W Wi-W¢
(i )(€)? =

2 *
T ph2FE=dp) B3n'

Proof of (3): we perform similar arguments to obtain that
n

" L A T i n Wo =W WE-Wf
T = Nl e 3 KL MR St e 3 S (M Mg
= = = =
‘;751 t;éj,t;éi l#1 m#l,m#i

3 3 Wi W Wi W W W WE—WEN 4 4
= - 1)222222h2<d+1>5K( )SK( s el o8

i=1j=1t=1l=1m=1
1#]# Z#lim
n

Wi W Wi W wy W WE—WEN 1y o 4
= nh2+d a7 n2(n 12ZZZZhd+d1‘SK( )SK( L. - )t2_|_0p(n 1p-2 5)

i=1j=1i=1/=1
) iAAAL
= gmrrea B, Hop(n AR,
Thus, we obtain the claim in (3), which concludes the proof of Theorem 3 (i).

(i) Recall that z% is the (1 — a) quantile of the empirical distribution of {7’ b}b 1- Let 2% be the (1 —«)
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conditional quantile of TC* given Q ), i.e., P(T: > z¥) = . With B large enough, the approximation error
of 2% to z* is arbitrarily small in probability and negligible. By (i), & % z,, where z, is the (1 —a) quantile
of the standard normal distribution. Then by Corollary 1, lim,, P(TC >2r) =lim, 00 P(TC >24) =«
under Hy.

(ili) Under Hy4, as shown in Theorem 2, P(T. > z) — 1 for any given z. Given that 2z}

P
o 7 Ras

limy, oo P(Tp > 22) = limy oo P(T. > 24) = 1. O
C Appendix 3

In this section, we study extensively the finite sample performance of our centered bootstrap test TC* and
un-centered bootstrap test T* by evaluating their empirical size and power in the bivariate regression (d = 2)
and the trivariate regression (d = 3). With d = 2, we report testing results with three scaling factors for
the rule-of-thumb bandwidth in Section C.1, and with a cross-validation least-square (CVLS) bandwidth in
Section C.2. We report results for d = 3 with three scaling factors for the rule-of-thumb bandwidth in Section
C.3, and for a partially linear model with a CVLS bandwidth in Section C.4. Unless stated otherwise, in
each of the simulation studies we perform 1000 repetitions for each design, and perform 299 repetitions for

the bootstrap. We report the empirical relative rejection frequency for TC* and T*(in parentheses).

C.1 Bivariate Case: Rule-of-Thumb Bandwidth Selection

We first consider bivariate regressions (d = 2) with W = [X, Z;]’, and test three simple null hypotheses on
the significant variables in gx(W). The first null, denoted by Case 1, is that W" = Z; is insignificant in
gx (W). Tt is easy to infer that the regression model is additive, i.e., m(W) = m;(X) + m2(Z1); The second
null, Case 2, specifies that W" = X is insignificant in gx (W), and a varying coefficient structure satisfies this
hypothesis, i.e., m(W) = Xm1(Z1) + ma(Z1); The third null, Case 3, is that W" = [X, Z;]’ are insignificant
in gx (W), which corresponds to the structure where X enters the model linearly with a constant coefficient

and X is additively separable from Zi, i.e., a partially linear model m(W) = X3 + m1(Z;) exhibits this
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structure. We consider the following three data-generating processes (DGPs) for i =1,--- ,n:

DGP; :Y; =05+ X; +6X2 + Z1i+ Z3 + 61X Zvi + €
DGP2 : Y; =5+ 2X1 — (561'1Xi + Zi + 251X7, SiH(Zli) + €

DGPs:Y; =1+ X; + 06X} + 0477, — 61 X% + ¢

where X; and Zj; are each iid and drawn independently from a uniform distribution U(-2,2), and ¢; ~
N(0,1) is the error term. With a nonzero ¢, the three DGPs exhibit nonlinearity in X. With a nonzero
01, we introduce an interaction term between X and Zj, in which the impact of X is always linear across
the three DGPs, but the impact of Z; is linear only in DGP;. DGP; contains a high frequency function
(sin(Z71)) in the interaction, and is a modified version from Wang and Carriere| (2011) which tests additivity.
DGP; is adapted from [Yang et al| (2006), which test for a constant coefficient against a varying coefficient
model.

We investigate the size and power of our test under Cases 1-3 with different choices of (4, ;). For all
three DGPs in Case 1, we investigate the size performance by letting §; = 0, i.e., X does not interact with
Z7 in Hy. We simply set 6 = 1 to allow for nonlinearity in X. In Case 2, we examine the size by letting
0 =0, i.e., X enters the model linearly in Hy. We simply set 6; = 1 to allow for the presence of interaction
effects. In Case 3, we set (J,01) = (0,0) to investigate the size under Hy. Different values of 41, § and (4, d;)
other than those chosen above allow us to explore the power performance. Here, we simply illustrate the
empirical power performance by letting §; = 1 in Case 1, 6 = 1 in Case 2, and (4,d1) = (1,1) in Case 3 to
save space.

We utilize the Gaussian kernel function as K(v¢) = ﬁexp(—if /2), and choose a rule-of-thumb band-
width he = C’hﬁgn_ﬁ , where C}, is the scaling factor and ¢ is the sample standard deviation of the variable
&, which is either X or Z;. We consider three sample sizes n = (50,100, 200), and set C}, = (0.5,1.0,1.5) to
check for the sensitivity of the test performance to bandwidths.

Tablereports the empirical relative rejection frequency for TC* (T*) with Cj, = 1.0, for significant levels

a = (0.10,0.05,0.01). For all three cases, both tests exhibit fairly reasonable size performance, generally
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Table C.1: Empirical Size and Power for 7*(T*) from Bivariate Regressions with d = 2 (C, = 1.0)

Case 1 Hy: WT=Z; (i.e., an additive model with §=1)
DGP; DGP; DGP3
01 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.114 0.106 0.099 0.083 0.092 0.096 0.085 0.094 0.103
(0.136)  (0.088)  (0.094)  (0.060)  (0.067)  (0.082)  (0.073)  (0.082)  (0.088)
1.0 0.983 1.000 1.000 0.921 1.000 1.000 1.000 1.000 1.000
(0.986) (1.000) (1.000) (0.938) (1.000) (1.000) (1.000) (1.000) (1.000)
a=0.05 0.0 0.056 0.052 0.048 0.037 0.044 0.053 0.039 0.048 0.052
(0.058)  (0.045)  (0.052)  (0.029)  (0.038)  (0.044)  (0.032)  (0.046)  (0.051)
1.0 0.974 1.000 1.000 0.861 1.000 1.000 1.000 1.000 1.000
(0.979) (1.000) (1.000) (0.888) (0.997) (1.000) (1.000) (1.000) (1.000)
a=0.01 0.0 0.017 0.012 0.010 0.005 0.007 0.008 0.006 0.009 0.011
(0.018)  (0.015)  (0.011)  (0.003)  (0.004)  (0.006)  (0.005)  (0.009)  (0.012)
1.0 0.908 1.000 1.000 0.789 0.982 1.000 0.999 1.000 1.000
(0.911)  (1.000)  (1.000)  (0.802)  (0.992)  (1.000)  (0.997)  (1.000)  (1.000)
Case 2 Ho: WT=X (i.e., a varying coefficient type model with §;=1)
DGPy DGP, DGP3
0 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.118 0.108 0.103 0.086 0.094 0.099 0.122 0.112 0.104
(0.147)  (0.115)  (0.103)  (0.075)  (0.083)  (0.108)  (0.169)  (0.114)  (0.103)
1.0 1.000 1.000 1.000 0.960 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.969)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=0.05 0.0 0.065 0.058 0.053 0.039 0.048 0.052 0.074 0.059 0.050
(0.086)  (0.063)  (0.055)  (0.030)  (0.045)  (0.049)  (0.093)  (0.067)  (0.054)
1.0 1.000 1.000 1.000 0.943 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.962)  (1.000)  (1.000)  (0.997)  (1.000)  (1.000)
a=001 00 0.025 0.019 0.009 0.008 0.012 0.013 0.015 0.011 0.008
(0.036)  (0.027)  (0.013)  (0.006)  (0.009)  (0.015)  (0.019)  (0.022)  (0.016)
1.0 0.982 1.000 1.000 0.929 1.000 1.000 0.984 1.000 1.000
(0.996)  (1.000)  (1.000)  (0.935)  (1.000)  (1.000)  (0.990)  (1.000)  (1.000)
Case 3 Hy: WT=[X,Z1] (i.e., a partially linear type model)
DGP; DGP, DGP3
0=61 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.104 0.096 0.098 0.118 0.106 0.102 0.125 0.107 0.098
(0.112)  (0.126)  (0.102)  (0.123)  (0.108)  (0.097)  (0.144)  (0.115)  (0.101)
1.0 1.000 1.000 1.000 0.985 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.994)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=0.05 0.0 0.057 0.051 0.048 0.072 0.058 0.052 0.063 0.055 0.047
(0.068)  (0.064)  (0.056)  (0.081)  (0.044)  (0.051)  (0.070)  (0.062)  (0.054)
1.0 1.000 1.000 1.000 0.974 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.980)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=001 00 0.015 0.011 0.008 0.020 0.016 0.012 0.017 0.012 0.008
(0.020)  (0.016)  (0.010)  (0.034)  (0.016)  (0.013)  (0.020)  (0.022)  (0.014)
1.0 0.991 1.000 1.000 0.959 1.000 1.000 0.984 1.000 1.000
(0.998)  (1.000)  (1.000)  (0.964)  (1.000)  (1.000)  (0.998)  (1.000)  (1.000)

Note: Empirical size and power are calculated based on 1000 simulations with 299 bootstrap repetitions. The rule-of-thumb
bandwidths have a scaling factor C} = 1.0, and « is the significance level.

oversized in smaller samples under DG P; and DG Ps, and undersized in DG P,. As the sample size increases,

the size of the tests generally improves toward its nominal level across all DGPs and three cases. For the

chosen parameters, the empirical power of the tests in Case 1-3 rises quickly to one as n increases, with
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Table C.2: Empirical Size and Power for 7*(T*) from Bivariate Regressions with d = 2 (C, = 0.5)

Case 1 Hy: W™=Z, (i.e., an additive model with §=1)
DGP, DGP; DGPs
01 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.123 0.114 0.105 0.077 0.085 0.095 0.076 0.091 0.097
(0.154)  (0.129)  (0.109)  (0.053)  (0.072)  (0.093)  (0.065)  (0.096)  (0.104)
1.0 0.971 1.000 1.000 0.878 0.984 1.000 1.000 1.000 1.000
(0.979) (1.000) (1.000) (0.885) (0.996) (1.000) (1.000) (1.000) (1.000)
a = 0.05 0.0 0.062 0.058 0.053 0.032 0.042 0.047 0.034 0.043 0.048
(0.076)  (0.069)  (0.046)  (0.023)  (0.041)  (0.048)  (0.029)  (0.040)  (0.046)
1.0 0.944 1.000 1.000 0.827 0.982 1.000 0.985 1.000 1.000
(0.951) (1.000) (1.000) (0.834) (0.988) (1.000) (0.994) (1.000) (1.000)
a=0.01 0.0 0.020 0.014 0.008 0.006 0.009 0.012 0.005 0.007 0.013
(0.021)  (0.014)  (0.008)  (0.008)  (0.012)  (0.007)  (0.007)  (0.008)  (0.014)
1.0 0.868 1.000 1.000 0.682 0.965 1.000 0.970 1.000 1.000
(0.872)  (1.000)  (1.000)  (0.709)  (0.977)  (0.997)  (0.988)  (1.000)  (1.000)
Case 2 Hy: W"=X (i.e., a varying coefficient type model with §;=1)
DGP, DGPs DGPs
§ n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.119 0.105 0.098 0.089 0.096 0.102 0.111 0.107 0.097
(0.137)  (0.122)  (0.106)  (0.081)  (0.092)  (0.095)  (0.136)  (0.105)  (0.094)
1.0 1.000 1.000 1.000 0.940 1.000 1.000 1.000 1.000 1.000
(1.000) (1.000) (1.000) (0.945) (1.000) (1.000) (1.000) (1.000) (1.000)
a=0.05 0.0 0.061 0.054 0.047 0.030 0.044 0.054 0.068 0.054 0.047
(0.069)  (0.058)  (0.050)  (0.025)  (0.039)  (0.044)  (0.075)  (0.057)  (0.053)
1.0 0.997 1.000 1.000 0.925 1.000 1.000 0.984 1.000 1.000
(1.000) (1.000) (1.000) (0.933) (1.000) (1.000) (0.992) (1.000) (1.000)
a=0.01 0.0 0.017 0.013 0.007 0.005 0.007 0.102 0.014 0.009 0.008
(0.018)  (0.022)  (0.017)  (0.003)  (0.007)  (0.009)  (0.017)  (0.006)  (0.007)
1.0 0.980 1.000 1.000 0.895 0.998 1.000 0.976 1.000 1.000
(0.987)  (1.000)  (1.000)  (0.902)  (1.000)  (1.000)  (0.987)  (1.000)  (1.000)
Case 3 Hy: W"=[X,Z] (i.e., a partially linear type model)
DGP, DGP; DGPs
6=01 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.120 0.111 0.105 0.121 0.112 0.106 0.129 0.112 0.106
(0.145)  (0.127)  (0.117)  (0.128)  (0.105)  (0.095)  (0.155)  (0.127)  (0.107)
1.0 1.000 1.000 1.000 0.964 1.000 1.000 0.991 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.975)  (1.000)  (1.000)  (0.997)  (1.000)  (1.000)
a=0.05 0.0 0.074 0.062 0.057 0.073 0.061 0.055 0.074 0.064 0.056
(0.085)  (0.071)  (0.066)  (0.074)  (0.051)  (0.060)  (0.089)  (0.057)  (0.046)
1.0 1.000 1.000 1.000 0.936 1.000 1.000 0.989 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.942)  (1.000)  (1.000)  (0.992)  (1.000)  (1.000)
a=0.01 0.0 0.022 0.015 0.012 0.022 0.015 0.007 0.020 0.015 0.013
(0.020)  (0.020)  (0.007)  (0.023)  (0.009)  (0.014)  (0.024)  (0.013)  (0.008)
1.0 0.985 1.000 1.000 0.901 1.000 1.000 0.940 1.000 1.000
(0.994)  (1.000)  (1.000)  (0.912)  (1.000)  (1.000)  (0.953)  (1.000)  (1.000)
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Table C.3: Empirical Size and Power for 7*(T*) from Bivariate Regressions with d = 2 (C, = 1.5)

Case 1 Hy: W™=Z, (i.e., an additive model with §=1)
DGP, DGP; DGPs
01 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.120 0.111 0.104 0.084 0.094 0.097 0.091 0.109 0.105
(0.149)  (0.115)  (0.107)  (0.079)  (0.086)  (0.104)  (0.084)  (0.093)  (0.097)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)
a = 0.05 0.0 0.069 0.060 0.055 0.036 0.042 0.048 0.048 0.060 0.056
(0.097)  (0.074)  (0.060)  (0.031)  (0.045)  (0.053)  (0.045)  (0.057)  (0.057)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)
a=0.01 0.0 0.024 0.017 0.014 0.006 0.008 0.011 0.006 0.014 0.008
(0.035)  (0.020)  (0.007)  (0.004)  (0.007)  (0.015)  (0.003)  (0.006)  (0.007)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
Case 2 Hy: W"=X (i.e., a varying coefficient type model with §;=1)
DGP, DGPs DGPs
§ n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.118 0.110 0.106 0.092 0.103 0.097 0.118 0.112 0.106
(0.121)  (0.129)  (0.109)  (0.086)  (0.092)  (0.115)  (0.149)  (0.120)  (0.108)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (1.000)
a=0.05 0.0 0.065 0.058 0.053 0.042 0.054 0.048 0.060 0.056 0.046
(0.057)  (0.061)  (0.056)  (0.039)  (0.049)  (0.056)  (0.062)  (0.055)  (0.047)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000) (0.998) (1.000) (1.000)
a=0.01 0.0 0.019 0.015 0.012 0.008 0.013 0.008 0.018 0.014 0.009
(0.013)  (0.019)  (0.009)  (0.008)  (0.008)  (0.013)  (0.023)  (0.015)  (0.014)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 0.982 1.000 1.000
(1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (0.993)  (1.000)  (1.000)
Case 3 Hy: W"=[X,Z] (i.e., a partially linear type model)
DGP, DGP; DGPs
6=01 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.112 0.107 0.103 0.118 0.108 0.096 0.117 0.105 0.096
(0.128)  (0.115)  (0.097)  (0.125)  (0.114)  (0.107)  (0.128)  (0.107)  (0.098)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=0.05 0.0 0.056 0.044 0.047 0.069 0.060 0.048 0.062 0.055 0.044
(0.061)  (0.056)  (0.052)  (0.071)  (0.064)  (0.056)  (0.060)  (0.054)  (0.042)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=0.01 0.0 0.015 0.007 0.007 0.020 0.015 0.011 0.018 0.014 0.008
(0.017)  (0.011)  (0.008)  (0.029)  (0.017)  (0.007)  (0.015)  (0.012)  (0.009)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
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Table C.4: Empirical Size and Power for T7*(7*) from Bivariate Regressions with d = 2 (CVLS)

Case 1 Hy: WT=Z; (i.e., an additive model with §=1)
DGP; DGP; DGP3
01 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.077 0.084 0.094 0.068 0.075 0.090 0.088 0.107 0.096
(0.082)  (0.078)  (0.086)  (0.046)  (0.079)  (0.095)  (0.074)  (0.083)  (0.094)
1.0 0.938 0.989 1.000 0.917 1.000 1.000 0.976 1.000 1.000
(0.943) (0.996) (1.000) (0.930) (1.000) (1.000) (0.989) (1.000) (1.000)
a=0.05 0.0 0.038 0.044 0.056 0.034 0.039 0.044 0.040 0.056 0.048
(0.043)  (0.039)  (0.045)  (0.028)  (0.039)  (0.048)  (0.033)  (0.042)  (0.054)
1.0 0.861 0.941 1.000 0.884 0.931 1.000 0.912 1.000 1.000
(0.871) (0.957) (1.000) (0.891) (0.945) (1.000) (0.927) (1.000) (1.000)
a=0.01 0.0 0.005 0.007 0.014 0.005 0.007 0.009 0.006 0.014 0.012
(0.016)  (0.011)  (0.008)  (0.004)  (0.008)  (0.016)  (0.004)  (0.009)  (0.012)
1.0 0.829 0.910 0.986 0.802 0.887 0.936 0.873 0.984 1.000
(0.848)  (0.929)  (0.998)  (0.816)  (0.895)  (0.959)  (0.885)  (0.991)  (1.000)
Case 2 Ho: WT=X (i.e., a varying coefficient type model with §;=1)
DGP; DGPs DGPs
0 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.125 0.114 0.106 0.082 0.094 0.104 0.129 0.118 0.106
(0.154)  (0.123)  (0.104)  (0.072)  (0.087)  (0.096)  (0.153)  (0.127)  (0.105)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
(1.000) (1.000) (1.000) (0.999) (1.000) (1.000) (1.000) (1.000) (1.000)
a=0.05 0.0 0.072 0.063 0.057 0.041 0.046 0.056 0.070 0.063 0.054
(0.086)  (0.074)  (0.056)  (0.031)  (0.042)  (0.055)  (0.082)  (0.062)  (0.055)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 0.988 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.997)  (1.000)  (1.000)  (0.994)  (1.000)  (1.000)
a=001 00 0.024 0.017 0.014 0.005 0.008 0.014 0.016 0.013 0.009
(0.039)  (0.022)  (0.016)  (0.005)  (0.008)  (0.012)  (0.021)  (0.017)  (0.013)
1.0 1.000 1.000 1.000 1.000 1.000 1.000 0.977 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.996)  (1.000)  (1.000)  (0.986)  (1.000)  (1.000)
Case 3 Hy: WT=[X,Z1] (i.e., a partially linear type model)
DGP; DGP, DGP3
0=61 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.108 0.104 0.095 0.117 0.109 0.104 0.126 0.115 0.107
(0.115)  (0.125)  (0.113)  (0.127)  (0.114)  (0.102)  (0.157)  (0.124)  (0.112)
1.0 1.000 1.000 1.000 0.976 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.985)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=005 00 0.068 0.055 0.048 0.064 0.058 0.053 0.067 0.060 0.056
(0.078)  (0.067)  (0.055)  (0.078)  (0.068)  (0.052)  (0.079)  (0.064)  (0.057)
1.0 1.000 1.000 1.000 0.965 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.974)  (L.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=0.01 0.0 0.019 0.014 0.009 0.024 0.018 0.012 0.024 0.017 0.014
(0.025)  (0.019)  (0.014)  (0.039)  (0.028)  (0.014)  (0.031)  (0.026)  (0.017)
1.0 0.986 1.000 1.000 0.941 1.000 1.000 0.986 1.000 1.000
(0.996)  (1.000)  (1.000)  (0.953)  (1.000)  (1.000)  (0.993)  (1.000)  (1.000)

Note: Empirical size and power are calculated based on 1000 simulations with 299 bootstrap repetitions. The cross-validation

least-square (CVLS) bandwidths are employed for regression estimation, and « is the significance level.

that in Case 1 and DG P, increasing in a slightly slower rate. We observe that TC* outperforms T* in terms

of size, whereas T* exhibits empirical power slightly higher than Tc* , particularly with small sample size

n = (50,100). When we change the bandwidth magnitude with Cj, = 0.5 in Table[C.2and C), = 1.5 in Table
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most of the observations reached above remain intact, but the performance of the tests is sensitive to
the choice of C}, in the bandwidth. The size of the tests is influenced differently by the magnitude of C},
across DGP;_3 in three cases. The power of the test increases with the constant C}, across all cases and
DGPs, and reaches one when n = 200 except for DGP, in Case 1 when C;, = 0.5. Overall, the empirical

results confirm the validity of our proposed tests.

C.2 Bivariate Case: CVLS Bandwidth Selection

Here we investigate the performance of TC* and T* by selecting the bandwidth f,s with a CVLS approach.

Specifically,

n

1 2
h(‘v s = — }/z —n —1 Wz 3
culs = GTgMAn - D (Vi =1y (W5))

i=1

where 7 _;(W;) is the leave-one-out local linear estimate (i.e., p’ = p—1 =1 for p = 2). We adopt the
same experiment design as in the bivariate case above, and present the results in Table [C:4 With small
samples, i.e., n = (50, 100), both tests are slightly undersized in Case 1 and DGP» of Case 2, and oversized
otherwise. Compared to the results with rule-of-thumb bandwidths in Table the power in Case 2
and 3 is similar or larger relative to that with Cj = 0.5, but slightly smaller than that with Cj, = (1.0, 1.5).
Nonetheless, the size (power) approaches the nominal level (unity) as n reaches 200, a similar observation
made in Tables The results suggest that our tests with h¢ys, the optimal regression bandwidth,
perform reasonably well, and do not exhibit significant changes in both size and power across all DGPs,
especially with a large sample. This is consistent with our arguments on the use of the optimal regression

bandwidth when d < 4 (see Section 5.1).

C.3 Trivariate Case

We further explore trivariate regressions (d = 3) with W = [X, 2], and Z = [Zy, Zo]'. We test the null, with
W™ = Z in Case 1, W™ = X in Case 2, and W" = [X, Z’]’ in Case 3. In addition, the trivariate regression
model allows us to test the null with W" = Z; in Case 1.1, and with W" = [X, Z,]’ in Case 2.1, for s = 1, 2.
Correspondingly, the null is satisfied by m(W) = m1(X, Z_s) + m2(Z), an overlapping additive model for

Case 1.1, and m(W) = Xmq(Z_5) + ma(Z), an overlapping varying coefficient model for Case 2.1, with Z_;
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denoting variables in Z excluding Z,;. To accommodate the nonlinearity of X and its interaction with 2

and Zs, we consider the following

DGP4 : }/z = 05 + Xi —|— (5)(12 + 61XiZ1i —|— (SQXiZQi —|— Z121 —|— 2221 + ZliZQi —|— €;
DGP5 : }/,L =5 + 2Xz - 561'1Xi + 2(51X,L sin(ZM) + (SQXl COS(—ZQZ‘) + Zi + ZSZ + €;

DGPs:Y; =1+ X; +0X? — 61 Xie?v + 65X cos(nZa;) + 0.4(Z% + Z3,) + €,

where Zs; is iid and generated from U(—2,2), and all other variables are generated as in the bivariate study.
Note that § controls for the degree of nonlinearity of X, §; for the interaction between X and Z;, and ds
for the interaction between X and Z;. Note that Z; can be either Z; or Z5 in Cases 1.1 and 2.1, and to
save space, we focus on Z; = Z; below for illustration. Under DGP;_g, we investigate the size by setting
(6,601,92) = (1,0,0) in Case 1, (4,01,d2) = (1,0,1) in Case 1.1 (W" = Z3), (4,91,02) = (0,1,1) in Case 2,
(0,61,92) = (0,0,1) in Case 2.1 (W™ = [X, Z1]'), and (4, d1,02) = (0,0,0) in Case 3. We explore the power
performance by simply setting (,d1,d2) = (1,1,1) in each case.

We summarize the simulation results with C, = 1.0 for T* (17*) in Table The results with Cj, = 0.5
and C}, = 1.5 are reported in Table and respectively. Due to the curse of dimensionality, we expect
deterioration of size and power performance relative to the results in Section C.1. Indeed, the size across
different choices of C} deviates slightly more away from the nominal level, relative to the corresponding
bivariate DGPs, and the exception appears to be Case 3. Tables and [C.7] show that the tests
are generally over-sized, at least in small samples (n = 50, or 100). However, the size improves rapidly
towards the nominal level as the sample size increases, regardless of the choice of C}. For the small sample
(n = 50) across all cases, the tests in the trivariate DGP;_g in Tables and generally exhibit
lower empirical power for Cases 1-3 relative to those in the bivariate DGPs. Similar to bivariate cases, a
larger constant C}, leads to a higher empirical power of both tests, which approaches one as n increases. The
large sample results are still reasonable. At n = 200, for instance, the size of the two tests in most cases

across DGPs is fairly close the target nominal level, and the power is almost one.

26



Table C.8: Empirical Size and Power for 7*(7*) in PLM with d = 3 (CVLS)

Case 1 Hy: WT=Z; (i.e., an additive model with §=1)
DGP; DGP; DGP3
01 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.127 0.112 0.106 0.075 0.088 0.096 0.078 0.086 0.095
(0.085)  (0.075)  (0.088)  (0.043)  (0.077)  (0.090)  (0.074)  (0.080)  (0.092)
1.0 0.942 0.987 1.000 0.915 0.982 1.000 0.969 1.000 1.000
(0.951) (0.994) (1.000) (0.927) (0.998) (1.000) (0.987) (1.000) (1.000)
a=0.05 0.0 0.075 0.064 0.057 0.034 0.047 0.053 0.036 0.040 0.047
(0.046)  (0.039)  (0.044)  (0.026)  (0.037)  (0.046)  (0.030)  (0.039)  (0.045)
1.0 0.859 0.946 1.000 0.876 0.929 1.000 0.909 0.979 1.000
(0.872)  (0.961)  (1.000)  (0.886)  (0.942)  (1.000)  (0.920)  (0.999)  (1.000)
a=0.01 0.0 0.032 0.022 0.013 0.005 0.008 0.013 0.004 0.007 0.011
(0.015)  (0.012)  (0.007)  (0.004)  (0.007)  (0.012)  (0.003)  (0.006)  (0.009)
1.0 0.842 0.914 1.000 0.801 0.881 0.943 0.870 0.964 1.000
(0.852)  (0.938)  (1.000)  (0.814)  (0.891)  (0.952)  (0.882)  (0.988)  (1.000)
Case 2 Ho: WT=X (i.e., a varying coefficient type model with §;=1)
DGP; DGPs DGPs
0 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.112 0.104 0.097 0.085 0.095 0.104 0.125 0.113 0.102
(0.151)  (0.125)  (0.109)  (0.070)  (0.084)  (0.092)  (0.158)  (0.128)  (0.107)
1.0 1.000 1.000 1.000 0.987 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.994)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=0.05 0.0 0.066 0.053 0.048 0.034 0.045 0.054 0.072 0.054 0.048
(0.089)  (0.075)  (0.060)  (0.030)  (0.039)  (0.045)  (0.085)  (0.066)  (0.056)
1.0 1.000 1.000 1.000 0.974 1.000 1.000 0.988 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.991)  (1.000)  (1.000)  (0.992)  (1.000)  (1.000)
a=001 00 0.019 0.012 0.008 0.006 0.008 0.012 0.019 0.013 0.008
(0.042)  (0.026)  (0.017)  (0.004)  (0.007)  (0.014)  (0.025)  (0.018)  (0.014)
1.0 1.000 1.000 1.000 0.965 0.987 1.000 0.971 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.987)  (0.997)  (1.000)  (0.983)  (1.000)  (1.000)
Case 3 Hy: WT=[X,Z1] (i.e., a partially linear type model)
DGP; DGP, DGP3
0=61 n = 50 100 200 n = 50 100 200 n =50 100 200
a=0.10 0.0 0.108 0.101 0.096 0.124 0.114 0.105 0.132 0.116 0.104
(0.124)  (0.125)  (0.116)  (0.130)  (0.119)  (0.104)  (0.159)  (0.122)  (0.113)
1.0 1.000 1.000 1.000 0.976 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.981)  (1.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=005 00 0.065 0.054 0.047 0.075 0.064 0.054 0.076 0.062 0.053
(0.081)  (0.069)  (0.057)  (0.081)  (0.069)  (0.055)  (0.078)  (0.068)  (0.060)
1.0 1.000 1.000 1.000 0.966 1.000 1.000 1.000 1.000 1.000
(1.000)  (1.000)  (1.000)  (0.972)  (L.000)  (1.000)  (1.000)  (1.000)  (1.000)
a=0.01 0.0 0.021 0.012 0.008 0.024 0.016 0.008 0.023 0.016 0.011
(0.039)  (0.020)  (0.015)  (0.042)  (0.033)  (0.015)  (0.032)  (0.028)  (0.018)
1.0 0.978 1.000 1.000 0.932 1.000 1.000 0.981 1.000 1.000
(0.981)  (1.000)  (1.000)  (0.944)  (1.000)  (1.000)  (0.990)  (1.000)  (1.000)

Note: Empirical size and power are calculated based on 1000 simulations with 299 bootstrap repetitions. The cross-validation
least-square (CVLS) bandwidths are employed in estimating 8 and constructing T,* and T, and « is the significance level.

C.4 Extension to a Partially Linear Model

Our tests are constructed on the basis of a fully nonparametric regression, thus limiting its empirical applica-

bility due to the curse of dimensionality. In this section, we consider applying our tests to a semiparametric
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partially linear model, where the imposed structure allows a wider application possibility. The fully non-

parametric regression with an iid sample {Y;, X;, Z1,, Zo; }1; is
Y = m(X;, Z1i, Zoi) + €, i =1,...,m, (C.1)

where X € R, Z; € RV, Zy € R, Z = [Z1,75) and 1 + ¢2 = d — 1. Suppose we know that Z, € R%
enter the model linearly, but are uncertain of the impact of Wy = [X, Z;]’, where ideally a relatively low

dimension of W can be empirically fruitful. So we consider a partially linear model (PLM)
Yi = m(Xy, Z1i) + Z5,8 + €, (C2)

where the dependent variable Y is influenced parametrically by Z}8 and nonparametrically through the
unknown smooth function m(-). Clearly, the PLM is more practical than a fully nonparametric regression
for empirical applications, since only g; + 1 variables enter nonparametrically. Here our interests lie in
inferring certain aspects of the model structure in m(X, Z1). If 5 were known, we can easily construct a new
dependent variable Yz =Y, — Z},5 and employ our test in the regression }72 = m(X;, Z1;) + u;. In practice, g
were unknown so we replace them with the y/n-consistent estimate B by [Robinson| (1988). To evaluate the

performance of TC* and T* in , we consider the following three DGPs

DGP; :Y; = 0.7525 + X; + 0X} + Z1; + Z3, + 61X, 21, + €
DGPg :Y; = 1.57Z; + 2X; — §e' ' + Z3, + 26, X, sin(Zy;) + €

DGPy:Y; = 0.35Z2 + X; + 06X} + 0423, — 51 X;e?1 + ¢

where they are adapted from DGP;_3, by including a linear component of Zs, which is iid and generated
from U(—2,2). We perform 1000 repetitions in the simulation with 299 repetitions for the bootstrap, for
Cases 1-3 in DGP;_g. Here, we simply select bandwidths in estimating 8 and in constructing our test
through the CVLS criterion.

Table reports the results. With 5 being estimated, we expect some minor distortions in the size and
power relative to our bivariate studies in Section C.1. With small sample sizes (n = 50 or 100), 7* and T*

generally are under-sized in Case 1, and over-sized in Cases 2-3. Nonetheless, the size approaches its nominal
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level quickly as n reaches 200, similar to the observation in Section C.1. When each DGP deviates from
its null, both tests have their power rising rapidly with increasing sample sizes, being unity or very close to
unity when n = 200 across the designs. In all, our tests show promising finite sample performance in the
partially linear model with bandwidth selected with a data-driven tuning strategy. The results suggest that

our tests in semiparametric models are suitable for empirical studies.
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