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This supplement contains two sections, Sections C and D. Section C provides the proofs
of Lemmas A.1-A.4 in the Mathematical Appendix; Section D includes some preliminary
lemmas, Lemmas D.1-D.13 that are useful for the proofs in Section C.

C Proofs of Lemmas A.1-A .4

Proof of Lemma A.1. By the occupation time formula and change of variables, we have

T
i [ £ (X010 — g(@)at = [ ol + h) = g, + b

= g’(:c)h/(Lf)(u)é(T, x + hu)du + Z2(2f)g"(x)h2€(T, x)
+ 0, (h2U(T, z)). (C.1)
For the first term in (C.1), we may write [(of)(w)l(T,z + hu)du as
/ (uf)(Wo2(x + hu)l[T, = + huldu
=07 %(z) /(Lf)(u)E[T7 z + huldu + (072) (2)02(f)RL[T, z] + 0,(h4(T, x)) (C.2)

by Taylor expansion. Then, we are left to analyze the first term in (C.2).
Let u > 0, and ¢(u,v) = 1{0 < (v —z)/h < u} and ®(u,v) = [*__ ¢(u,w)dw. By the
Bouleau-Yor formula (see, e.g., Theorem 78 in Chapter IV of Protter (2005)),

T
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0

T
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from which, together with 21 (f) = 0 and Fubini’s theorem for stochastic integrals (see, e.g., Theorem
64 in Chapter IV of Protter (2005)), we may readily deduce that

/ (uF) (W)OIT, 2+ huldu — / () () (AT, 2 + hui] — O[T, 2]) du
= 2(Ar + Br + Cr + D) + Oqs.(h), (C.3)

with

ar = [ (B 3”) (XA, + (X)),

Cr+ Dy = / / /Xt e ) <” - "”) dv (D(dt, dz) + \(dz)dt) .

Xeo

Using similar arguments, we may show that (C.3) also holds for u < 0.
By Lemma A.1 in PW, we have

Br = wo(N)u(a)he(T, ) (1 + 0p(1)). (C.4)

noting that +(f1) = 11 (f) for f defined on [—1, 1], and therefore, +((¢f)1) = 21(¢f) = 12(f).
Next, it follows from the occupation time formula and changing the order of integrals that

Dr= [~ [ () et (T adtu = ST 01+ 0,(0) (€5

due to Lemma A.2 in PW. The stated result then follows from (C.1)-(C.5). O

Proof of Lemma A.2. We may write
AW A W — wé = |AW] (\AiHW\ - \/w5> +Vwd <\A2~W\ - \/wé) , (C.6)

from which we have Np = Up 4+ Ry, where

i [(Fo9) (X i) Art W (Fe0) (X1)5) Vb | (1AW |~ vd)
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It is easy to show that Ry is asymptotically negligible, and therefore, we have Ny = Up(1+o0,(1)).

For each T,6,h > 0, let VT = (V"% v )10 with vIOr = (V1O

it )tzo for j = 1,2 as

processes indexed by t and VTM ZLTt/ ol Cr{f’h, where
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For the stated result in Lemma A.2, it then suffices to show that
(W5 V) =a 6T, 2) 22 (1 + 0,(1) (C.7)

as §,h — 0, and T either fixed or T'— o0.
Case 1. T is fized. In this case, we show that for any 0 < ¢ <1,

| Tt/5]
> Eions (Q”’h) =0, (C.8)
=2
\Tt/5)

Z E 16[ T&h T5h) ] —p U(tT, z)%, (C.9)

|Tt/5]

Z Ens (I65") = 0, (C.10)
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for H being W or any bounded martingale orthogonal to W, where CTM (Cleh, CQTZ‘S h) Then,
by Lemma 3.7 in Jacod (2012), the process VTih converges stably in law (as J,h — 0) to a

continuous process defined on an extension ({2, F ,IP) of the probability space (2, F,P), and which,
conditionally on F, is a bivariate centered Gaussian process, with conditional variance process given
by the right hand side of (C.9). Then, (C.7) follows with ¢ = 1.

First, (C.8) clearly holds. For (C.9), by Lemmas A.9 and A.14 in PW,
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under & = o0,(h?). Moreover, by Lemma D.2 and E(i_1)5(|AiW]—\/w5)2 = (1 — w)d, we have

[Tt/3] 9
3 Egoiys (g{ fvh) — e(m)(f2) g2 ()T, x), (C.13)
=2
: . S . T,5,h ~T,8,h
which, together with (C.12), implies that (C.9) holds, noting that E(;_1)s (Cl,i G ) =0.
For (C.10), by analogous arguments as (C.12), we have
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and
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where the second relation “<,” holds by Lenglart domination property. Therefore, (C.10) follows.
For (C.11), it suffices to show that for j = 1,2,

|Tt/8]
Z E(i—1)6 <C]7:Z’5’hAZH> —p 0. (C14)

1=2

For j = 1, (C.14) holds for H being a bounded martingale orthogonal to W since E(; _1)s(A;WA; H) =
0 for 2 < i <n. For H =W, it holds that

|T't/5) [7t/5]

o
Z; E(i-1)s (C1T,;6,hAiH> =7 ; (Xen) (X (i-1)8) = (fé(tT x)) = 0,(1).

For j = 2, (C.14) holds for H = W since E(;_1)s[(|A;W| = Vwd)A;W] = 0 for 2 < i < n. Moreover,
using analogous arguments as in the proof of Lemma 3.18 in Jacod (2012), we may readily show
that for H being any bounded martingale orthogonal to W, E(;_1)s (Cgf’hAiH) =0for2<i<n,
which completes the proof of (C.11).

Case 2. T — oo. By Equation (14) in Kanaya (2016), it holds that lim sups_,o Sup, ¢c[0,00), [t—s|€[0,9]
|Wy — W] =24/ log(1/§) almost surely as § — 0, as the global modulus of continuity of Brownian
motion. Then we readily have

1
max 1) < Tl (max 2071) =0
2
T8,k 1 ‘
max )C ﬁﬂf%hgﬂoo <r?zalx |AW ] + \/w5) =0 (C.15)

almost surely under § = o(h?).

Next, for each 7' > 0, let (¢]);>0 be a process given by ¢} = {(Tt,x)/kr. Noting that we write
k(T) as kp for simplicity, and x(-) is as in Assumption 2.1 (g). Using similar arguments as Lemma
D.2, we may readily deduce that for predictable quadratic variation processes <V]T’5’h> with j = 1,2,
it holds that for each ¢t > 0,

sup |7 (V") — aj(2)€F] =, 0, (C.16)
0<s<t

where a(x) = o(x?)¢*(2) and az(z) = e(m)o(f?)g*(2).



Moreover, it follows from Lemma D.2 in PW that
T =g m(z)L (C.17)

as T — oo on an extended probability space (ﬁ,]? , @) of (Q,]-' , IP), on which L and F are inde-
pendent, where “—” denotes stable convergence in law, and L = (L);>0 denotes a Mittag-Leffler
process of index p € (0,1] as in Assumption 2.1 (g). Together with (C.16), we have

(7 k7 M) R (V) ) =t (m(a) L, (arm) @)L, (azm) (2) L) (C.18)

as T' — oo on the extended probability space (ﬁ, f", Iﬁ) Moreover, note that E;_1s [A1W(\A2W| —

vV wé)] = 0, which implies that the predictable quadratic covariation between VIT’J’h and V2T’5’h is
zero. It then follows from (C.15), (C.18), Theorem 5.5 in Ueltzhofer (2013), and (3.5) in Hopfner
et al. (1990) that

T 1, ,T8h  —1,0,T.6h —1/20,T,6h —1/2¢,T,5,h
(EWT Vo) ke (Vo 20 kg 77 VY sk TV

et <m(az)L, (a1m)(z)L, (agm)(z)L, \/(a1m)(z) By o L, \/(azm)(z)Bs o L) , (C.19)

as h,d — 0 and T' — oo on an extended probability space (Q,JE, @), on which L, B and F are
mutually independent, with B = (By, Bs) as a two dimensional Brownian motion. Therefore, it
follows from (C.16) and (C.19) that (C.7) also holds in the case of 7' — oo, which completes the
proof. O

Proof of Lemma A.3. We first define
Zin = | A X|| A1 XF|, Zio = |AX|| A1 X, Zis = |o|(X(1-1)8) | Dt WA X
Ziy = |o|(Xi—1)s) | Qi WA XY, Zis = | A X || A a W |0 (Xis) — 0(Xi—1)s)],
(i+1)0
Zig = | AX|| /5 (0(Xs) — 0(Xi6))dWy,
s

Zir = |o|(X-1)s)| Aia W] ’ 1)5(U(Xt) — 0(X(i-1)5))dW|

Zis = 0*(X(i—1)s) | AiW || Aia W | <1 — 1{]AiX] <67, |Ai X| < 56}) , (C.20)
so that we may readily write
126X 118 X{IAX] < 8, A3 X] <07} = (X sl AW ][ Ai W |
< JJAX[| A1 X [0 (X o) [AW] | A W 1{]Ai X | < 67, [Ai X | < 67}
02 (X ) AW 1A W] (1= T{AX] < 67, |A 4 X] < 07})

8
< JJAX]| A1 X[ =0 (X o) AW | A a W | + Zis < Zij, (C.21)
j=1



from which it follows that | Ry (K, 02)| < Z?Zl Rj, where

n—1

Rj = o ;Kg@h(X(i—n&)Zw

for 5 =1,2,...,8. However, it follows from Lemmas D.6, D.7, D.12, D.8, D.10, D.11 and D.13 that
R; = Op(51/2£(T, x)) for 7 =1,2,...,8, from which the stated result follows. O

Proof of Lemma A.J4. Firstly, by applying Lemma A.16 in PW with f = K and g = 02, we have

Br(K) =0, (5T2me(:r, ) 4 Sh~V/2TP(T, :1:)1/2) = 0,(h2((T, z)) (C.22)
under § = o(h3 A T~%%). Secondly, note that Cr(K) = —Mp(K,0?) — Ry(K,0?) with My (K, o?)
and Ry (K, 0?) defined as in Section 3.1 and that, as shown in the proof of Theorem 3.1, M7(K, 0?) =
Oy (\/60(T,z)/h) and Ry (K,0?) = O, (51/2€(T,:v)), from which it follows that

Cr(K) =0, ( MCZ’””) +0, (51/2£(T,:):)) . (C.23)

For Ar(K), we write Ap(K) = Fr + G, where

0

= Z Ko n(X(i-1)s / (Xt — Xi—1)s)u(Xe)dt

(i—1)6
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(Xt, — X(i—l)&) <0‘(Xt)th —|—/ ZT(th)F(dt, dZ)) .
R
Using similar arguments as Br(K) in (C.22), we have

Fr =0, (5T2pq£(:r, z) + 6h V2 TPay(T, x)1/2> = 0,(h2((T, z)) (C.24)

under § = o(h* A T~%17), noting that we may write (X; — X(;_1)5)p(Xs) = tpu(Xy)

- LM(X(i—l)é) -
[z +h ((X(i_l)(; —z)/h)] (u(Xy) — (X (i—1)s)). Moreover, for G, we have
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(G)r < T(0® +77) 72 ZK Xi- 1)5)/ 5(Xt X(i—1)s)dt
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hQZ h be i—1)6 J(i—1)d )

<T?(0? 4+ 72) (25 ZKih X(i-1)s )) = O, (6T*""h~1¢(T, z)) ,

which implies that

Gr =0, (51/2Tp‘1h_1/2€(T,x)1/2) =0y (hl/Qz(T, x)1/2> . (C.25)



under § = o(h3 A T~%9). Then, the stated result follows from (C.22)-(C.25). O

D Lemmas D.1-D.13 and their proofs

This section contains some preliminary lemmas, Lemmas D.1-D.13 and their proofs. Lemmas D.1
and D.2 are useful for the proof of Lemma A.2; and Lemmas D.3-D.13 are used in the proof of
Lemma A.3.

Lemma D.1. Let (i) f and g be twice continuously differentiable, (ii) Assumptions 2.1, 2.8 and
2.5 (b) hold, (iii) n satisfies Assumption 2.5 (a) for n =712, and (iv) § = o(h®> NTP9). Then

D3 () (Xa) () (X) = W) UT, 21+ 0y(1),

Proof. We write

DS (o) (X2y) (Fr19) (Xi-g) = Ar + Br. (1)
=2
where
Ar = % Z (feng)? (X(i-2)5)
=2
Br = ZZ (fan9) (X(i—2)8) [(f2,n9) (X(i—1)s) — (fn9) (X—2)5)] »

||
N

1
which will be considered in the sequel. For Ap, using similar arguments as (C.12), we have
Ar = o(f)g? (@) (T, 2)(1 + 0,(1)) (D.2)
under 6 = o(h?). For By, by Itd’s formula, we may write By = Pr + Qr + R, where
(i-1)6

Pr= ZZ(fx,hg)(X(i—Q)é) / [(fon9)' 1+ (Fang)"o? /2] (Xi)dt

(i—2)8

(i-1)6
hz P Xoa) [ [(Fang)o] (0aw,

(i— )6
hz Feng) (X / N " [ ) (K4 2700) ~ () K] A ),

For Pr, we have

’PT| <oT ((thg)th (thg) > < sSup ’g’ ) ( Zfzh 2)6)

lz—y|<h
= O, (6h™2U(T, z)) = 0, (U(T, z)),



noting that T' ((fzn9) 1+ (fz,p9)"0%/2) = O(h™?), since f has support [—1,1] and p,0%, 9,4, 9"
are locally bounded. For Rp, we may easily deduce from Lenglart domination property that

(i—1)8
‘RT’S5T((f:p,hg)/)T(T)< sup |g/(y )( meh /('_2)5 /R\zyA(dt,dz)>

lz—y|<h
<, 6T (o)) T(7) ( s |gr<y>> ( S fx,h<X@-2)5>)
Tyl i=2

=0, <5h*1qu/2€(T, x)) = 0,(U(T) z))

under § = o(h? A T~P9).
Finally, we have

52 M (i—1)6 /
Qlr = 5 3 sl Koa) [ [(ra'o)* (X
< 62T([(f hg)/a]Q) < sup g ) ( Zf —2)§ > =0 (52h73f(T x))
=7 x, | <h a;h ) p ) ’

from which it follows that Qr = O, (6h~%/24(T, )}/?) = 0,(¢(T,z)). Therefore, Br = 0,(¢(T, z)),
from which, together with (D.1) and (D.2), the stated result follows. O

Lemma D.2. Let the conditions in Lemma D.1 hold. Then

flLZ_: [ fac hg )|Az 1W| + (fg; hg)(X(Z 1)6 )m 2
=2

= (1+3w)e(f?)g (@)(T, x) (1 + 0p(1)). (D.3)

Proof. We may readily write the left hand side of (D.3) as Ay + Bp + Cp + Dp, where

S n—1 5 n—1
Ar=7 [(f”c’hg)2 (X(i-2)5) +w (fl’vhg)z(X(i—l)‘S)} +2% D (Fend)(X(i—25) (fr09) (X (i—1)5)
=2 =2
2 n—1
BT:E 2 (fa, ng)? i—2)5 / o /(Z AW sdW;
5 n—1
Cr= 2\2&7 Z (feng)” (X(i-2)5) (|Az TW— \ﬁ>
i=2
2@ n—1

Dr=

" (fon9) (X(i—28) [(fa.n9) (X(i—1)5) — (fe.n9) (X(i—2)5)] <|A W= \ﬁ)

1=2

Note that E|A; 1 W] = vwd and (A; W) =6+2 [0 [, dW.dW.



Using similar arguments as (C.12), together with Lemma D.1, we may readily deduce that

Ar = (1+3w)u(f2)g*(@)U(T, 2)(1 + 0p(1)).

In the sequel, we show that
BT7 CT, DT = 0p(£<T, .’IJ)),

which then completes the proof. For By, it holds that

4 n—1 . (i—1)6 t 2
= =N (o)t (X / / AW, | dt
T hQZ;( n9)" (X(i-2)5) (i—2)5 (i—2)6

46 (62
<p B (h Z (fr,h9)4 (X(i2)5)> = Op(‘shilg(Ta ),
=2

which implies that By = O, ((6h~ (T, ))1/2) = 0p(¢(T,x)) under 6 = o(h). Similarly, we have
Cr = O, ((Sh= (T, 2))Y/?) = 0,(¢(T,z)). Next, we use Cauchy-Schwarz inequality and deduce
that |Dp| < e/PrQr, where

n—1
Pr= 33" (fung) (X o) (18013 - Viad)

S =
.
Il
¥

3
—_

(fen9) (Xiio2) [(frn9) (Xi-108) — (fong) (Xio28)]” -

2

Qr =

=i

7

However, similarly Cr, we may easily show that Pr = 0,(¢(T,z)). Moreover, we may write

[(Fon9) (X(i—138) — (fong) Xi—25)]” = [(fo09)* Xi-1)5) — (Fo9)* (X(i—2)5)]
= 2(fun9) (X(i-2)8) [(fen9) (X(i-1)8) — (feng) (X(i—2)s)] »

and show, as for By in the proof of Lemma D.1, that Q7 = 0,(¢(T, z)), which implies that Dy =
op({(T,x)). The proof is therefore complete. O

Lemma D.3. Let (i) g be twice continuously differentiable on D, (ii) Assumptions 2.1, 2.3 and
2.5 (b) hold, (iii) n satisfies Assumption 2.5 (a) for n = p,0%,7%, ¢, and (iv) § = o(h? A T~49).
Then

1 n (i+1)(5
S fealXns) [ gt =1 (D)g(@T2)(1+ 0,(1).
i=1 v

)
Proof. We write
1 n (i+1)5
hZfz,h(X(i—1)6)/6 9(Xy)dt = Ar + Br + Cr,
i=1 ¢



where

6 n
T= Z (fen9) (X(i=1)s)
=1

— % Z fx’h(X(ifl)(S) [g(XZS) - g(X(lfl)J)]
=1

(i+1)6

Cr = %Z Jon(X(i-1)) / [9(X,) — g(Xis)] dt.
=1

0
By similar arguments as (C.12), we have

Ar = o f)g(@)(T,)(1 + 0p(1) (D.4)

under § = o(h?). For Br, we may write
|Br| <T(g foh <|A X+ A Xd\) = Pr+Qr,

for which we have

1<i<n
i=1

Pr < T(g) max |A; X ( meh( (i— 1)5)> =0, (51/2T3PQ/2€(T’ z) log(T/é)),

under § = o(h?), due to the modulus of continuity of diffusion, and

0
Qr <T(g'r)+ foh (i— 1)5)/(i_16/]1§\z|/\(dt7dz)
» (|t \)T(g'7) < Z Ffon(X ) -0, <5T3pq/2£(T,x)),

by Lenglart domination property. Therefore, it follows that
Br =0, (51/2T3pq/2z(T, z) 1og(T/5)) = 0,({(T, z)). (D.5)

under § = o(T~%47). We may also similarly deduce that Cr = 0,(¢(T, x)), which completes the
proof, together with (D.4) and (D.5). O

Lemma D.4. Let (i) o be twice continuously diﬁerentz’able on D, (ii) Assumptions 2.1, 2.3 and 2.5
(b) hold, (iii) n satisfies Assumption 2.5 (a) for n = u,o?, 72 02’ ;0¥ and (iv) § = o(h? N T~2P9),
Then

Zfa:h (i-18)| A X| = O, (87T, 2)).
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Proof. Note that

n—1

6

7 E fen(X(i—1)5)|Ai X[ < Ar + Br + Cr, (D.6)
=1

where Ar, By and Cr are defined as the left hand side in (D.6) with |A;X| replaced by |A; X¥],
|A; X§| and |A; X%, respectively. For Az, we have

n—1

)

Ar < 5T() <h 3 fz,h<X<i_1>5>> — 0,(TPU(T, 2)) = 0,(6"2((T, 2)) (D7)
i=1

under § = o(h? A T~2P9). For Br, we use Ito’s formula to have By < Pr + Q7 + Rt + S, where

n—1
1)
Pr = 7 E (fenlol)(Xi—1)s)| AW |
i=1

5 n—1 70 t
QT = E Z f:v,h(X(i—l)é) / / (IUO'/ + 020'”/2)(X5)d8dt
— (i-1)8 J(i-1)s

n—1 6 t
1)
Rr="3" fon(Xe / / oo (X )dWdt
N ;1 (X(i—1)5) s S (Xs)

n—1

5 is t
51 = h ; FealXa-0) /(i—1)5 /(i—1)6 /]R (7(Xs- o 27(%e-)) = o (X)) Mds, d)eH

which will be considered subsequently.
It follows from Lenglart domination property that

n—1
) )
Pr <p \/> sup o) | | 7 D ferXi—n)s) | = Op(8"2U(T, 2)).
2 ‘w_y‘gh h i=1
Also, we have
5 n—1
Qr < 8°T(uo’ + 020" /2) (h ; fm(X(il)(;)) =0, (52T3pq/2£(T,:1;)) ,
and

Ry <§ sup sup

t+s XN 5 n—1 .
t€[0,7] s€[0,0] /t (00) (X ) AWV (h ; fan( (il)&))
<p 53/2T(UU’)\/W€(T, z) =0, <53/2qu£(T,w)\/W> 7

due to the modulus of continuity of diffusion. Moreover, we may change the order of integrals to

11



have

n—1
0
Sr= 4 Z Jop(Xi-1s) | | s

< 8°T( ( Zfzh (i=1)5 / s / |z|A(dt, dz) ) = (52qug(r_p’x))7

as for Q7 in the proof of Lemma D.3. Consequently, we have

(00— 1) [ (Xe 4+ 27(X) = o (X0 )] At d)

Br = 0,(8Y24(T, z)) (D.8)

under § = o(T~2P9).
Finally, we may deduce that Cr = O,(0TPY24(T, z)) = 0,(6"/24(T, z)) similarly St above, from
which, together with (D.6), (D.7) and (D.8), the stated result follows. O

Lemma D.5. Let (i) g be twice continuously differentiable on D (ii) Assumptions 2.1, 2. 3 2.5
(b) and 2.7 hold, (iii) n satisfies Assumption 2.5 (a) for n = p,o?, 72 o2 0¥ 1 12 g,¢' 9", and
(iv) § = o(h® NT~%P4). Then

1
7 D fen(X )l AiX | [9(Xis) — 9(X(i—1)5)| = Op(U(T, z)).
i=1
Proof. We write

7 > fen(Xns)|AiX| [9(Xis) — 9(Xi—1))| < Az + Br + Cr, (D.9)
=1

where

hme (i-1)) [ A X | (g’ + 09" /2)(Xy)dt

Jo

n-1 i6

P o e (Xap X1 [ o g
[

/ (Xp + 27(Xp-)) — g(X,-)) A(dt, d2)| .

1
=5 Z Jen(X(i—1)s)|Ai X|
i—1

For Ar, it follows from Lemma D.4 that
Ap < T(ug' + 0% /2 Z fon(X0)|AX| = O, (82TMU(T, 2)) = 0,(U(T,2))  (D.10)

under § = o(h? A T—49),
For Br, we show that
Br <Pr+Qr= Op(g(T,[E», (Dll)
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where Pr and Q7 are defined in the same way as By with |A; X| replaced by |A; X{| and |A; XS +
A; X9 respectively. We have

Pr <, 8'*T(u)T(0g')\/log(T/6) ( wah Xii-1)s )
=0, (61/2T5PQ/2€(T, ) 1og(T/5)) = 0,({(T, z))
under § = o(T~9), due to the modulus of continuity of diffusion. Moreover, we may use Cauchy-
Schwarz inequality to have Qp < /UrVr, where

)

2
15,; (i— / X dW + /ZT Xi A dt,dz
h§ h 1)5 < (i-1)5 ( t t (i—1)5 ( t ) ( )

2
0
NXp)dWy | .
hmeh (i-1)5) </(1, 1)5( og')(Xe)dW,
However, it follows from Lenglart domination property that
0

n—1
Ur <p % > Fen(Xi—1)s) / (0%(X¢) + 12N 7(Xy)) dt = Op(U(T, 7))
=1

(i—1)6

due to Lemmas A.9, A.14 and A.16 in PW under § = o (h2 A T—qu). Similarly, we may deduce
that Vi = O,(¢(T, z)), and therefore, Q7 = O,(¢(T, x)). Consequently, (D.11) follows.
Finally, for Cr, we show that

Cr < My + Np = OP(E(T,$)), (D.12)

where M7 and Nt are defined in the same way as Cr with |A; X| replaced by |A; X¢| and |A; X
respectively. For M, similarly Q7 in the proof of Lemma D.3, we may deduce that

n—1 id

1
My <T(rqg (max AiXC> — e (X / /zAdt,dz
r < TGr) (s 18X (h;f,,x oo [ [ )

=0, (51/2T2pqe(T, 2) 1og(T/5)) = 0,({(T, z)),
under § = o(T~°P9), due to the modulus of continuity of diffusion. Therefore, it suffices to show

that
Nr = 0,((T, z)), (D.13)

from which, together with (D.9), (D.10), (D.11) and (D.12), the stated result follows immediately.
To establish (D.13), we write Xy = X;— + 27(X;—), and let

By = {|Xt — X(i-1sl < 5ﬁ} N {!Xt— — X(i-1sl < 5ﬁ}

and define Fr and Gp similarly as Ny with g(X;) — g(X;—) replaced by (g(X:) — g(X:—))1(Ei)

13



and (g(X¢) — g(X;—))1(ES) respectively, so that Np = Fr + Gp. It follows that

1 n—1 70
Fr < ( sup ’9’(9)\) Efo,h(X(i—l)é) ‘AiXd’ /A_ / |z|7(X¢—)A(dt, dz)

|z —y|<h+68

- (Ixyslg)waﬁ ) hzfmh (i=1) (/z 16 /|Z|T (Xi—)A(dt dz))

0
Xins /( (X))t = Op(U(T, z)),

i—1)6

due to similar arguments as Up above. Moreover, we may apply Cauchy-Schwartz inequality to
deduce that

fohx(l 1 (AX)]

1=t i ) 2
8 h;fﬂ%h(X(i—l)é) </(i—1)6/]R(g(Xt) — g(X;-))L(ER)A(dt, d2)>

We may easily show that the first term in parenthesis is of order O,(¢(T,z)) similarly as above.
Moreover, since sup,ei 7 |9(Xt) — g(Xi-)| < T(g'7)|2|, we may bound the second term in paren-
thesis by

2
g*7°) foh (i-1)6) [/( /|Z|1(E§)A(dt,d2)]

)\
<, T(¢7?) wahx(” / P (EG|Furys) dt

(i=1)é

<>( w505 (0 0)

le—y|<h 0<t<6

-0, <61_‘15‘5T3p‘1€(T, az)) = 0,(U(T, z)),

where the first inequality in probability follows from Lenglart domination property, the second
inequality holds since f has support [—1,1], the third equality follows from Lemmas A.9, A.13
and A.14 in PW for any € > 0, and the fourth equality holds if we choose ¢ < 1/2 — a8 given
§ = o(T~%%). Therefore, we have G = 0,(¢(T, z)), which implies (D.13), as was to be shown. [J

Lemma D.6. Let the conditions in Lemma D.5 hold with g replaced by p. Then

n—1

Zfa:h Xi-1s)|AX | A1 XE| = Op(8Y24(T, ).
=1

14



Proof. We may apply It6’s formula to have

n—1
1
7 > fen(Xi-16)|AX||Ai11 XF| < Ar + Br + Cr + Dr + Er,

=1

where

n—1

7= S5 (o) (Xs) A
1 :;11 (i+1)8

= h;fIMX(M)a)lAz‘XI / / i + o [2)(Xs)dsdt
1 = (i+1)6

T=y ;fx,h(X(i—1)5)|AiX| / / o) (X ) dW,dt
1= i+t

~h Z; Fan(X(i-1s)|AiX] / ) / ) /R ((Xom + 27(Xso)) — p(Xso))A(ds, d2)dt

n—1
0
=% > fon(Xi—1)s) A X [p(Xis) — (X (1)) | -
=1

We have Ap = O,(6"/%4(T,z)) by Lemma D.4, and also by changing the order of integrals
Byp,Cp,Dr = op(61/2€(T7:z)) as in the proof of Lemma D.5. Moreover, it follows from Lemma
D.5 that Ep = O,(0¢(T, x)), which completes the proof. O

Lemma D.7. Let the conditions in Lemma D.5 hold with g replaced by 7. Then

n—1
hmeh (-s) | A X[ A1 X = 0, (82T, x)).
=1

Proof. 1t follows from Lenglart domination property that

n—1

hfoh X(z 1)6 )‘A XHAZ+1X|
i=1

1 «— (i4+1)6

EZ X(i-1)8) A X]| / T(Xt_)/ |z|A(dt,dz)
=1 g R
|
h

V= (i+1)s 1/2
S fun(X s |AX] /5 (X))t | = 0,(8Y/20(T, x)),
=1 ?

<p

similarly as in the proof of Lemma D.5. O
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Lemma D.8. Let the conditions in Lemma D.5 hold with g replaced by o. Then
foh HIAX]Ai 1 W |o(Xis) — o(X(i-1)s)| = Op(6"2(T, x)).

Proof. Due to Lenglart domination property, we have

Zfa:h (i—1)5) [ A X | A1 W] |0 (Xis) — 0(X(i—1)5) ]
v\ 3 fo,h(X(ifl)é)’AiX‘ |0 (Xis) — 18)| = Op(6'24(T, ),
=1
due to Lemma D.5. J

Lemma D.9. Let (i) o and g be twice continuously differentiable on D, (ii) Assumptions 2.1,
2.8 and 2.5 (b) hold, (iii) n satisfies Assumption 2.5 (a) for n = p,o2, 7‘2 o, 0¥ g,9', and (iv)
0= o(h2 ANT™ 6pq). Then

1 2= (i+1)8
- > fen(X-1s)|AX| ) AW dWi| = O,(8Y24(T, x)).
i=1
Proof. We write
1 n-1 (i+1)8
Efo,h X(z 1)é ’A X| dW th AT+BT, (D14)
i=1

where Ap and By are defined in the same way as the left hand side in (D.14) with |A; X | replaced
by |A; X§ + A; X% and |A; X§| respectively.
Using the modulus of continuity of diffusion, we have

(i+1)d
/ / deWt>< foh \AX1+AXd\>
Z Fon (X1 <5T(u) +T(r) /( s |l dz))]

=0, (5T2pq€(T, ) 1og(T/5)) , (D.15)

Ar < | max
1<i<n

<, 6T(g)\/10g(T/5)

due to Lenglart domination property. Moreover, it follows from Cauchy-Schwarz inequality that
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BT < \/PTQT, where

wah AX2)

hfoh - (/(Hl/ deWt>2,

for which we have
n—1 i6
1 2
Py 3 feaXo) [ o (X0dt = 0,(0T,2) (0.16)
i=1 =

by similar arguments as Ur in the proof of Lemma D.5, and similarly,

2

QTfphfoh (i-1)6 )/(M)&(/t (X )dWS> dt

(i4+1)6
<p :LZ;fx,h( (i-1)5 / / J)dsdt = 0,(80(T, z)) (D.17)

by Lemma D.3. The stated result follows immediately from (D.14), (D.15) (D.16) and (D.17) under
§ = o(T—0Pa). O

Lemma D.10. Let (i) o be twice continuously diﬁerentiable on D, (ii) Assumptions 2.1, 2.3 and 2.5
(b) hold, (iii) n satisfies Assumption 2.5 (a) for n = p, o2, 7> 02’ ;02" and (iv) § = o(h® N T~0P7).
Then

n—1 ;

1 (ZJrl)(s

5 2 Fen(Xs) [ AiX | ‘ | ) —aXinaw| = 0,64 2T ).
i=1 ¢

Proof. We use Itd’s formula to have

n—1
hfoh (i—1)6 )‘AX|

(i+1)0
/ (O’(Xt) — O'(XZ(;))th < Ar + Br + CT, (D18)
where
1 n—1 (i4+1)6
T = Efo,h(X(i—l)é)‘AiX‘ / / po’ + o’ "12)(Xs)dsdWy
i=1
1 n—1 Z+1
T = E Z fm,h(X(z—l)S)‘AzX| / / O'O' dW th
n—1 (i+1
— i > fenXeplax]| [ [ / (0(Xom + 27(Xem)) — o(Xe))A(ds, d2)dWr
=1 R
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As shown in Lemma D.9, we have By = O,(5'/2¢(T,z)). By changing the order of integrals and
using the modulus of continuity of diffusion, and subsequently applying Lemma D.4, we may also

easily deduce that

(i4+1)6 z+1)5
/ / W (o’ + %0 "12)(Xy)dt

—1
1
EZ xh (i—1)0 |A X‘
=0, <5T3p‘1/2£(T, z) 10g(T/5)>.

Similarly, by the modulus of continuity of diffusion and Lenglart domination property,

1 n—1 (i+1) (i4+1)6
== fen(X—15)|AiX| ‘ o(Xi— + 27(Xe-)) — o(Xe—))A(dt, dz)
T=7 ; h 1)6 / / / t t— t

1)1 A X|> <5Tp‘1€(T, z) log(T/6)> .

<p1([t|]N)0Y2T (o' 7)\/10g(T/5) ( Z fon(X

The stated result therefore follows under § = o(T~79). O
Lemma D.11. Let the conditions in Lemma D.10 hold. Then
1 - 0 1/
- Z fenlol) (X—1)s) A1 W] (0(Xt) — 0(X(i—1)5))dWi| = Op(6"/“U(T, x)).
h (i-1)
O

Proof. The proof is almost identical to that of Lemma D.10, and therefore omitted
Lemma D.12. Let (i) p and 7 be twice continuously differentiable on D, (ii) Assumptions 2.1
2.3 and 2.5 (b) hold, (iii) n satisfies Assumption 2.5 (a) for n = p,0%, 72,1, 7%, and (iv) § =
o(h? NT=49). Then

n—1

hz Fenlo)) (X i-1)6) | Aia WA XT| = O, (8'/24(T, 2)),
i=1

n—1
1
5 Z(fz,h‘gf)(X(iﬂ)é)‘AiHW\|AiXd| = 0,(6Y24(T, x)).

Proof. The stated results follow readily from Lenglart domination property. We have

— C 61/2 n_l C
Z Fonlo)(Xi-1)s)| Bt W AXT] <p —— > (Fenlo)(X-1s)| A XF],

i=1

D\P—‘

from which the first part readily follows due to Lemma D.3, and Lemmas A.9 and A.14 in PW

The second part also follows immediately from

n—1 n—1 ;
1 51/2 0
= (FaloD (X i) A WIAX <5 (N 5= D (fanlol) (X1y0) /( ICOLE
i=1 i=1 L
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and Lemma D.3. O

Lemma D.13. Let Assumptions 2.1, 2.3, 2.7 and 3.1 hold. Then

1 n—1

= Y (Feno) (Xp)|AW |8 W] (1{1A0X] < 67, |Ai X| <67} — 1) = 0,(6"/2UT, ).
=1

Proof. We may write
‘1{\AiX\§55, |A,~+1X]§65}—1‘gl{\AiX\>55}+1{\Ai+1X\>55}
<2x {|AX|> 6% /23 + 1{| X (14105 — X(i—1)sl > 67 /2},  (D.19)
noting that

1{|Ai11X[> 67} <1{|X (i 11)5— Xi-1)0] > 67 —[A: X[}
<U{|AX|>0° )23+ 1{| X 14 1)5— X (i—1)s] > 67 /2

It then follows from (D.19) that

n—1
1

= > (Fen0?) (X0 AW A1 W] (11AX] < 67, A X| < 67} —1)

=1
1 n—1

< (max |AiW|2> sup o2(y) | |+ D fon(X—s) [H{IAX|<6%, | A1 X| < 67} — 1‘
tsisn ly—zl<h his

<, 510g(T/6) (Ar + Br), (D.20)

where the second relation “<,” follows from the modulus of continuity of Brownian motion, and
the local boundedness of o2, with

n—1

2
Ap =+ ;fz,h(x(i—m)l{’AiX\ > 67 /2},

n—1
1
By = h Z fen(X(i—ns) H{IX 4106 = X(i—1)s] > 0 /2}.
i=1

For Ap, we have

n—1
1
Ar <p 7> fen(X-ns)E-ns{|AiX] > 67/2)
i=1

n—1
)
<! su sup P, (|X; —y| > 6°/2 — 2 (X—
<y_$|p§h0<£6 s (1%~ vl /)) (h;f,h< : m»)

~0, (5—‘15—%(11 93)) (D.21)

for any € > 0, where the third equality follows from Lemma A.13 in PW. Similarly, we have
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Br = O, (67F=%¢(T, z)) for any £ > 0, which, together with (D.19)-(D.21), completes the proof
by choosing 0 < & < 1/2 — af. O
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