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regressions

by Mehdi Hosseinkouchack and Matei Demetrescu

I Additional proofs

Proof of Lemma 1

Use the Phillips-Solo decomposition (see Phillips and Solo, 1992) of v; to write vy := Yy + Aty
where 7, is a linear process in v, with absolutely summable coefficients (and as such uniformly
L,-bounded itself), leading to

t—1 t—1
xp =1 ijyt,j + 0 — pt oy + (p—1) ij_lfzt,j.
j=0 j=1

Hence, Minkowski’s norm inequality gives

t—1 t—1
lzell, < | Pve—g| + 13l + o B0l + o =1 7 13l
j=0 j=1

T

such that ||z, < ¢ HZE;E Pth—jH + C. For r = 4 we have with the iid property of v,
T
4y _ i gkl ) ) 2
E (z}) = '’ " p' E (n—ivi—ji_gin—y) < CT

and T2, is thus uniformly Ls-bounded as required. A similar reasoning leads to the second part
of the result.

Proof of Lemma 3

For computing the limit of E (Br), note that

Az = (p—1) T2+ 11
t—2
= (p—1) Zﬂiilyt—j—l Rz
j=1
and thus
o1 o= (1—oL)' A%y
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t—2
= (b= =0L) "> P v+ (- 0L) v

j—l
= (p=1)( 1ZP] 1thl+ZQ]Vtgl
t—1 t—1—j tly
0 (1—@)—p
= = Cjt—1Vj
P p—o Vj Z] J

by defining ¢;—1¢—1 = 1. We may then focus on E (Zt o Zi—1Uy - Zt o 22 1ut) So,

T T t—-1
So = E(Zzg’ 1ut> -i-E(Z 1wl ) —I—E(Z Z AR 1u>
t=2

z
t=2 =2 t=2 s=t+1
T-1 T
§ § 2
= Zt 1Ut t lutzs ]_u )
t=2 s=t+1

since E (Zthz 2t,1ut) = 0.
T-1

Let Sy = 501 + So 2, with 501 =E (Zt 2Zt 1ut) and 502 = E( =9 EZ:t—}—l Zt,lutig_lug).
We work out Sp 2 first. Recall that

-1 t—1—j t—1—j
- Z : 0 1-0)— 1-
Zt—1 = Cjt—1Uj with Cit—1 = ( ) — p ( p) .
= p—0

Using the independence of shocks we obtain

2

t—1 t—1 s—1
E (Z w32 ) = E ci—1vi | u Cis—1Vi + Y Cis_1V;
t—1Ut<cg_q — 7,t—1U35 t 7,6—1V5j 7,6—1U35
i=1 j=1 i=t
t—1 i—1 s—1
= 2B [ D ey fue | Do ciomrvs | | Do i1y
': ': j:t
= 40y T Ct,s—1 C],t 1Cj,s— 10 T

which implies

1

T—1 T-1 T t— s t ]
(Z 3 nwE? gl ) =2) Et: > ol (f) Ouv <T> Cts—1Cj1-1Cj s 10, <%> :

t=2 s=t+1 t=2 s=t+1 j=1

. tl]l tl—jl_ _ 1 _ 1
Now since ¢j¢—1 = ( 9) (1=p) :1—<gt 1 3—%2/)’5 ! J) we have

p—o
o 11— e 1= I
Ctis—1Cj1—1Cjs—1 = 923 3—2j _iggs 2—j s—1 J_iz 25s—2—t ]pt 1—j (Sl)
2
+ l—p oSt 22 1— pgt+57272jpsflft
1—0p 1—o0
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1 2
+ (1 - P> p2s—2—t—j9t—1—j
-0

1-— P 2 . . 1— P 3 .
+ (1 > ps—2—]Qs—1—j . < ) p2s—2y—3
-0 l-o

3
where we have dropped the term (%) =14+0 (T”‘l). Further, those terms that have a factor

2 3
of G%Z) and the last term with (}%‘;) are clearly dominated by the other terms and hence

vanish. In the following we will, therefore, look only at the terms that are associated with a1, o,

ag and a.
We start by focusing on the first term stemming from ¢; s_1¢j¢—1¢js—1, namely 0?5723,
T-1 . T t-1 s )
S = Yow (L) 3 S (2) e (1)),
' T A T T
t= s=t+1 j=1

Note here that 1 < j <t < s < T hence

and )
t t _
o (%) — o, <T> ol (%) — o’ <T>‘ < C(S TZJ)
Now as
T-1 T t-1 ’
S(g?él) — 2 Oyv (T) S:Zt—i:_l Pt <O’3 (T) — 0'3 <T> + 0—3 <T>> QZS 25—3 <0_12) (T) . O_g <T>
T-1 T t—1
- Tow <T> ; > (gu () -2 <T)> <% T> ~o2 (L)) e
T-1 " T t—1 s ; ; '
+ 3 0u (1) 2 S (2(3) ot (5)) o (5) e
t=2 T) &, =1 T T T
T-1 " T t-1 " j ;
Yo (5) 3 e (5) e (2 (5) - (7))
t=2 s=t+1 j=1
T-1 T t—1
t t t
Ee () 580 (2()
t=2 T) &4 T r

we may write
T—1 " ' " T -1 A
S(g?;l) - Z Ouv <T> 0’5 <T> (712; <T> Z Z Q2S_2]_3
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T—1 . T t—1 < . ; '
< Yo () Xl (5) - ()| (5) -2 (5) |
t=2 s=t+1 j=1
T-1 . T t-1 s . .
+ 0w (1) 2 Sl (5) ot (5)]o2 (5)
t=2 s=t+1 j=1
T-1 . T t-1 . j .
t=2 s=t+1 j=1
o=l T o=t _ oT=! T =l ' oT=l Tt 4
< ﬁ Z (S _ ])2 Q2S—2]—3 + ? Z (S - t) 925—2]—3 + T Z Z Z 925—2j—3 (,7 _ t) )
t=2 s=t+1 j=1 t=2 s=t+1 j=1 t=2 s=t+1 j=1
Now note that
T-1 T t—1 o 9e; 294 (4+ 7Q2 + Q4) (1 . QQT) 294 (2 4 92) 4 Q2+2T (1 4 12Q2 4 594)
DD (s—h)PeY = - — + ~ T
t=2 s=t+1 j=1 (1—0%) (1—¢%)
292+2T (1+2Q2) N QQ—I-ZT T3
(1- 0’ (102>
= O(T**),
and in the same way we can show that
T-1 T t-—1 ' T-1 T t—1
Z (S B t) Q2572]73 -0 (T3n+1 _ Z 923 2j—3 (,7 t)
t=2 s=t+1 j=1 t=2 s=t+1 j=1
Therefore
; ; T t—1 '
041) Z Oyv <> u (T) O"LQ) (T> Z Z Q2872]73
s=t+1 j=1
oT T ' oT=l T =l ‘
< 7 S ip e ZZZ HTHTEATY D D T
t=2 s=t+1 j=1 t=2 s=t+1 j=1 t=2 s=t+1 j=1
= 0 (T4’7 1) +0 (T37’) =0 (T377) , since 3n > 4n — 1.

The latter in turn implies

T t—1
1 (o ¢ ¢ i -
e R Z"w (7)) (5) o (5) X Tama| o).

s=t+1 j=1
We will now show that
1 T-1 . . . T t-1 1 1
TY2—1/2 2 2 2 (U 2s—2j—-3 _ L+ 2 2 n
T1/2+71/2 T1+n z; Tuv <T> Oy <T> Oy <T> zt—:’—l 231 0 - 4a2 /0 Ouv (.%') Oy (l’) Oy (x> dz+0 (T
s= Jj=
First ob that
1k observe T T t-1 4 2t 42 2T +2 2T —2¢+4
ZZQQS_Zj:Q_Q to —0

2
s=t+1 j=1 (1-2¢%)
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Hence we have

1 1 T—1 ¢ ¢ T t—1
2 2 2s—27
T2 T+ tz%“ (T 7 <T> v (T> 2 > ¢

~
SN

B 1 o 2 (Y 2ft) of1
= T3/2+3n/2 (1 o Q)Q (1 +o 2 ; ) T) Oy T (op! f
T—1
1 1 2 (LY 2T\ o1\ 22
e S (1) ()
T—1
L1 o’ 3 o2 Y2t 2 (L
T3/2+3n/2 (1 o 02)2 o uwv \ p w\ v\
T—-1
1 1 o2 t o2 t o2 t 2720+
T3/2+377/2 (1 _ 92)2 pors uv T u T v T

o (1 —ar—m" =, [t ot o (1) | pla1) | plan)
TR (qr-m)2 (2 + T??)Qt 20““ 7)%\1)%% T L I R R

For Rgal) note that

T—1
) 1 1 2 ([t 2t 2( b\ 242
‘Rl T3/2+3n/2 (1 o 92)2 o qu (T Ju T U’u T Q
=
2t —3/243n/2
< gt =0(T ).
t=2
Rgal) = m(lzjgg S o2, (L) o2 (4) o2 (L) is clearly dominated by R(al) and for R:(,)al)
we have
()| _ 1 t 2 ( 1\ or—2i44
‘RS - T3/2+3n/2 2 E Ouv <) Oy <T> Ov (T Y

T-1
C - p—
= T3/2=/2 Z T =0 (T 3/2+377/2> _
t=2

Further, note that 7/27"/2 Rﬁ”‘l) + Rgal) + Rgxl)

= O (T~"7), hence

1 T-1
1/2 n/2
T1/2+17/2 T1+n Z Tuv (
=2
T-1 <

1
_ 1/2 n/2
- 1/2+n/2 T1l+n Z Tuv

1 1 t
o 1/2—n/2 0
T T1/2+3n/2 (1 _ Q2)2 Ouv <

7 7)o 7
= OL ORI ORI

t > ot — QA2 | g2TH2 _ 2T—2+4
(1-0%)°
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1
4a?

Putting all these arguments together we have

1/2 n/2

1
/ Oup () 03 () 03 (x) dx.
0

1 (a1)
T1/2+n/2 T1+n 0,2

1

2
4a 0

Oup () JZ (x)o

2 () da.

(5.2)

We now turn to the second term stemming from c¢; s_1¢it—1¢is—1 and given as oo below (S.1
’ ]7 .7’ )

leading to the analysis of

s -0y S

T

t=2 s=t+1 j=1

2
u

t o a1
( )UUU<T>QS 2]ps 1]0_12}(

Following the same lines of arguments as for S’é?;l) and noting that

and as

we have that

1/2 n/2

is of order T/2="20 (Tf’ 2

Next observe that

Therefore

1

T1/2+n/2 T1+77 ' QTP X

T t-1 . _ _— t t
5 Setorn(l) -5 (e)e G
s=t+1 j=1 —
377 2) O (T477 1) 0 (T”_l)_
T t—1 B - -
Z ZQS*2 dps—1-3 p—ptot=t 4 oT=1pT — gl —tpT—t+1
s=t+1j=1 (1 - po)
-1 T t-1
1 1 9 t 9 (1 ot i e
T T D T <T> : (T) o? <T> DI
t= s=t+1 j=1
T-1
3/2+3 P) Z OCwl=loul=10,| =
T /2+ "7/2 (1 _ IOQ) port T T T

—J)

_ t) QS—Q—jps—l—j

2 s—2—jps—1—j

e

=0 (17

O (T°7)

O (T°7)

’)
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1 1 2 [t ot oft\ ¢4
CTRIR (1= pg)? g <T) i (T> o <T> e
1 T-1,7 71 t t t
+— ¢ LN () ()
T3/2+37/2 (1 —po)’ = T T T
T-1
1 1 0,2 Y2 (LY 2 (L) ot rt+1
T3/2+37/2 (1 (1 pg)2 w \ p | Yu v 1%

_ 1 P o2
- 3/2+43 2 u
TY2+872 (1 — pg)? =

t « @ «
§<>+R(1 2+ RS + RY,

for which again one can elementarily show that R(IQQ), RéaQ) and Rg”) are o (T"/272) and since
=0 (T277) , we have

1/2—77/2 — + ) " 1 1 , ,
T8 (1 2; T)%\7T) " @2 /0 ouw (z) 0y (2) 03, (@) da.

Since = =0 (T”_l), we obtain

p
(1—po)*

L)

72258 = 0 (T (S.3)

We now turn to the third term stemming from c¢;s—1¢j;—1¢js—1 and given as az below (S.1),

a3z = %stfktfjpt*l*j, i.e. we analyze

5= 5% 3 ot (p)ew (1) ek (7).

t 2 s=t+1 j=1

Here note that

C T-1 T t-—1 A A
f Z (S o t) Q25—2—t—jpt—1—] - 0 (T377)
t=2 s=t+1 j=1
C T-1 T t-—1 ' '
T Z (] o t) 925—2—t—]pt—1—] - 0 (T?m)
t=2 s=t+1 j=1
and as
C T-1 T t-—1
— Z (S - ,7)2 QQS—Q—t—jpt—l—j -0 (T577—2)
"= s=t+1 j=1
we have

1/2 n/2 1 >
T1/2+n/2 T1+n

-— 2 t g 2 (5\ 2s—2-t—j t—1—j 2 J
Z"uv T ZZ%(T)@ P Gol\pq )~

s=t+1 j=1
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T—1 ¢ ¢ " T t-1 ‘ ‘
St (1)t (7)o (1) 30 oo

TR0 (T73173) 0 (T%7) = O (T77).

Next observe that

ZT: tzi 22t g1 (1 - QzT_Qt) (gp _ Qtpt).

s=t+1 j=1 (1—0*p(1—o0p)

Therefore

T t—1
;>220282tjtlj

t+1 j=1

T-1
TY2+7/2 T14n Z; Ouv <T> Ou <T> Ty <
T-1
= 1 e o ¢ O' i o2
T (1 @) 01— 0p) 2™ r)%

V)
Il

t t
T T
1 1 — ., [t t\ o[t
- o = a =loo| =
T30 (1= g2) p(1— 0p) & "™ \T) “"\T ) " \T e
T-—1
1 1 2 t 3 l 2T —2t t t
+T3/2+3n/2 (1— 92)0(1 —op) & Ouv <T> Oy, < ) Oy <T> 0
T-1
1 0 t t t
()7t (7)o (7)

T (1 0?) (1—0p) = ™

T
_ 1 0 o (t\ aft) of1 (a3) | plas) | plas)
- T3/2+3"/2(1—@2)(1—Qp)ZU““ (T>a“ <T>UU 7))t R

t=2

for which again one can elementarily show that R(%) R§a3) and Ré%) are o (T"/>72) and since

m :O(T2’7) , we have

TY2="/2 T-1 " " 1 1
T3/2+30/2 (1 _ Z O'izw < > Ou (T) 0'7_2; <T> — 6L2/0 Ouv (x) 0'3 (m) Ug (I) dx.

t=2

Now as %Z =0 (T”_l) we obtain

Tl/z—n/QS(()tl;) -0 (Tn—l) . (84)

1-p

Finally we turn to the as given under (S.1): 1=2o!Ts=2-2j ps—1-¢

LS}

S =123 3 et () e (1) e (1),

T—

H

t—1

T
Z (] _ t) Qt+37272]p5717t7
t+

_¢
T ,
15=1

T
t+s—2-25 s—1—t _ 3
> (s—t)o p o (1°)
t=2 s=t+1 j=1 t=2 s=
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T—1 =T -1 N2 ths-2-92j s 1 _
and as % fm2 Dosttl 22‘21 (s — )" o't 27 2 ps~ 17t = O (T°"~2) we have

1 1
1/2—n/2 4
r TY/2+n/2 Tl4n X
-1 . T -1 . | )
Yo (7) X Tet(p) e ()
=2 s=t+1 j=1
= t ¢ ¢ T -1 ‘
_ Z Ufw <T> 0'5 <T> ag <T> Z Z Qt+s—2—2jps_1_t

3
2

= TR0 (178 ) o (1) = 0 (177,

Next observe that

_ =t T—t

XT: ti gt 1o _ (0207 (1L =TT

(1—02) (1 —op)

s=t+1 j=1
Therefore

T
t4+s—2—25 s—1—t
> Yo p

t=2

1 0 9
u

T-1
TY2+7/2 T1+1 Z Tuv <T> Tu <T> v <T

T2 (1 -2 (1—0p) & " \T T
T—1
1 1 o2 (EYo2 (L2 (L -1
T3/2+3n/2 (1 _ 92) (1 _ Qp) — uw \ 7 ul\ v\
T—1
1 1 2 (Y 2ft\ 2ft\ Tyi-1 Tt
+T3/2+3n/2 (1— 92) (1—o0p) r O <T> Ou (T) 0y (T) o p
T-1
1 0 2 (tY 2ft\ oft\ 17t Tt
T%2+37/2 (1 — 02) (1 — op) r Ouv <T> Oy (T) Oy T e p
T-1
_ 1 0 o (t\ aft) oft (as) | plas) | plas)
T T3/2+37/2 (1 — Q2) (1 _ QP) — Ouv <T> Oy <T> Oy T + R1 + RQ + RB )

for which again one can elementarily show that RE%), Rg%) and Rgas) are o (1) and since 7(1—92)9(1—@) =
0] (T2’7) , we have

TI/Q—"/Q Y - 2 t 2 t 2 t 1 ! 2 2
T T p— 5 uv uw ) d .
T (1— %) (1 p2) 2 Touw (T) o <T> o, <T> - — /0 ow () oy (2) 03 () da

Now as %Z =0 (T”_l) we obtain

72258 = o (T (S.5)
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Putting (S.2)-(S.5) together we obtain
1 1
T (Sh2) = g [ Ow ()% (2) 02 (2) d
0

We may now turn to Sp 1. Assuming Lipschitz continuity for the third moments we have

T =1 t—1 t—1
So1 = Z Cjt—1Ck—1¢1¢—1 B (vjupu) E (U?)
=2 j=1 k=1 I=1
T t-1
= > > G EW)E().

Il
)

t 1

J

Now again as for the analysis of Sp2 we have to look at all the terms stemming from the expansion

of C}q",tq- We start by considering the effect of the first term, namely o3/~

t—1

which implies that

|
M=
QQC»J
VR
M| =
N——
M
S
@

IN

On the other hand Z;;l 3137 = gl 93 , hence

T t-1

1
TY2="/2 o v T1+n tz; Zl Q3t EVA ) ( ) E (u?)
J

T

1 t t oy 2
T—2T]7 0-2 () O.g) () th—?)] +0 (T'ry—l)
T Z T T ng

t=2

T
C!Y 2’!] E 3 3 t!Y 1

1-op
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0° 1< t t 1 1 & t t
_ -2 3 3 —2 3 3 3t -1
= 1793T K E UU<T>O'U< >—1Q3T K g 0u< >UU< >Q +0 (171

t=2

MY 0n (£) o3 () = O(T™"). Further

T

t=2

Therefore T"/>~"/? x 1/2+n/2 i S, Zj 103 E < ) E (u}) = o(1). The other terms stem-

ming from expanding cﬁ_l can be shown, in a similar way, to vanish.

Proof of Proposition 2

We prove first that, the null 5 = 0, the following holds:

T
T (- t— 1 ~ Dt Uy
Do (thl — 1 Z ) <“t T—t+1

free = ) +0, (T772),

Vo (5 - A 5)

where %1 = (1 — oL),' A%y with 3 = Y '_f plvr_1 ;.

Using arguments like those given in the proof of Lemma 2, we conclude that

T 1 —i-1 Iy T 1 —t-1 s U
Do (Zt—l i1 Zj:l Zj) Ut — 75311 > t=2 (Zt—l i1 Zj:l Zj) Ut — 7531
_ +0, (T7).

Vo (e - A ) VS (e - A )

Using 241 = ¥Z;—1 4+ r4—1 from Lemma 2, we have that

1 1 9
T14n Z AT T2 T
t=2 j=1
2
1 T 1 t—1 )
= it tz; VZ1+T—1 — 1 z; (WzZj+ry) | ug
¢2 T 1 T 1 t—1 2
_ _ 2 _ . 2
T Tl+n Z Zt-1 Z “j ui + T1+n Z Tt—1 t—1 T’y Uy
t=2 t=2 j=1
T t—1 t—1
2 - 1 - 1 9
+T1+n Z At-17 -1 sz Ti—1 7= —1 ZTj Ut
t=2 7j=1 7j=1
¥ .,
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Examine Aqp first,

1 & 1 & 1 i r
_ 2 2 ) 2 t—1
AIT - T1+77 ;rt—lut + T1+77 ; t— 1 erj ut T1+77 Z t— 1 erut
f— = ]: =

Thanks to the independence of r_1 and u; and since r; is uniformly Ly—bounded, we have

T T
1 C _
o (|t ot ) < e 3o VE G B G — 0

For the second term of Aip, note that

1 i 02 & 1 — i
2 _ u .
T1+n Z ZT] Uy T T4y Z (t _ 1)2 E ZT]
t= =2 j=1
<
— Tn’
while, for the last term, we have
9 L. t—1 t—1 2
-1 2 /E .
WE Zt-lzr]ut S T1+772t—1 Tt]_ Zr]
t=2 j=1 j=1
= O(T™)
Moving on to Agp, write
T T . t—1
21) - 9 2 Zqu?
E(’AQT‘) < Tiem E ( Zzt_lrt_lut > + Titn E T lt Z’l“j
t=2 t=2 j=1
t—1 T t—1  t—1
29 Te_1U; 5 2 1 -
+T1+77 E Z _ il ] T14n Z (t 1)2 Z % A
= 7=1 t= 7j=1 J=1
t—1 2
29 d 52 2 2 Y d 52 4 : (Zj_l TJ)
< Tim > \/E (22.1) E (rf) Blug) + T1+n > VE () Blu) (t—1)2
t=2 t=2
2
b E((Zﬁ-i%) )
2 4
+T1+77 Z E(ri_y) E(u;) (t—1)
=2
2 2
v [E((X55) ) E((Z5n)
&) ()
t
T £~ (t—1)2 (t—1)2

where we have everywhere used the Ly boundedness and also Var (Zz: j> < CtT?" which can
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easily be established using the expansion for Z;_; given in the proof of Proposition 1. Therefore

1 T 1 t—1 2 ?]ZJQ T 1 t—1 2
2 = ~ 2 _
Titn e 12| T Ty > | E1- 1 Dz ui+0, (T "/2) - (5.6)
t=2 j=1 t=2 j=1
Furthermore
() (o S
T/ £ LTy =~ g T+ 1

1 d 1 > ¢ Uj
— z z. . _ J=
- T1/2+’7/2 Z T,ZJth]_ + -1 — t— 1 le (’IZ)ZJ + r]) (ut T —t 4 1)

T t—1 T
1 . 1 - Zj:t Uj
_T1/2+”/2¢§ Z“_t—lj;’z] (ut_T—t+1

T

t—1 T
1 1 Dt Uy
T O Tt‘l_t—1j;rj (ut_T—tJrl '

t=2

We now re-arrange the sum terms to exploit the serial independence of u;, leading after some

algebra exploiting the L, boundedness of r; to

- s it
o (gt 2 (e 2 <u Tt 1) _ o)
and therefore
T t—1 T
1 1 D it U
T1/2+"/2tz:; Z’f‘l_tljz;zj <ut_Tt+1

1 T 1 t—1 ET Wi
~ ~ =t ) —
= st | B 2l E (“t - T—]t-|-1> +0, (T7). (87)
t=2

j=1
The desired representation follows from equations (S.6) and (S.7).

Write now

T (~ 1 i1 ~,) Z]T_tug‘>
_ Zt—1 — 77 1 2 Ut — 513 ~ T 1 ~ T
N T Z;J j ( t— T—i11 _ ZtT=2 Gy >t ToT A1 Ej:t u;j
2 VDT \ DT
T ~ t—1 ~
\/ Sl (B - A S )

t

T 1 t—1 =~ T 1 w—t-1- 1 T
_thz -1t ijl Zj n Do T ijl i T—t+1 Zj:t L7

vDr VDr

_ Sy Bo1u L+ Cir N Co,r N Csr
\/DiT VDT \/E VDT
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First we look at the variance of C; 1 = Zthz T%mgt—l Z?:t u;:

T J

Var (Cir) = Z Uj Z T itt:— 1

J
Zt—1
)
) (z
J

IN

2

-1
Cht—
= Vi o
Aol Z ar<2 T

t=2 k=1
with ¢ from the proof of Proposition 1. Hence
J

gy 3 v (wa > 7

k=1 t=k+1

T j-1 J
= max o2(s) max o> E g E
s€[0,1] s€[0,1]

j=2 k=1 \t= k+1

Var (CI,T)

IA

j=2 k=1 tk+1

With

I
—

<

L
<R
[~
i
~| L
+| &

—_

N——
[}

Tl ek
> ( > qv_t_%1> <
j t=k+

<
|
— =

- L

~ Ckt-1
+1

Ck,t—l
—t+1

Sy

2

L o1 2
B N DBE
71=2 k=1 t=1
T j—1 T—1 gft 1 2
— k( rNxreoe L
— Z 0 (g > —+ T)
7=2 k=1 t=1
T i1 T-1 —t/T
J=2 k=1 T t=1 t/T
T j—1
= Z o * <QTO (
J=2 k=1
and, with Ei (z) = fxoo @(Zi—'z)dz’
T (y7T)* 1 1
d = Fi 1— =11 -T B T |
/I/T . x 1<( T) Og(Q )> 1<T og
= O (logT)
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leading to

which in turn implies that
T_l/g_nCLT =0 (1) .

. T 1 -
Now we turn to the variance of Cop = Y, o 727w Z;zl Zj:

T t—1
.
Var (CZT) = Z Var Z mUth
t=2 j=1
2
T 1 t—1 zj:
< max 02(s) 5 E Ck,jVk
s€(0.1] = (1) j=1 k=1
T | [ 2
< max 02(s) max o2(s) — Ck,j
sel0,1] “ se[0.1] ; (t—1)° k:zl ]z;c
. . t—1 o pt_kfg —k
like above. Since Zj:k Chj = T, we obtain
2
t—1 [i— 1k gk
S (Sos) - D(L
k=1 \j=Fk k=1 P
=
22k | 2t—2k t—k
= (p +o" " —2(po) )
(p—0)? kzzl
_ L (= P (e - (00)
(p=0* \1=p* 1-¢° 1~ (po)®
Therefore
i 1 p22 i (o —QT)t/T
=2 (t - 1)2 (,0 - Q)2 =1 t/T
1-1/T (,—2T
= o1 / @d:p
1/T &z
= O (1%,
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where

1-1/T ( ,—2T -
/ ) g — 1og (p=27) Ei (zlog (p~27)) — |1/7£/T
1T x

Tpr(Tfl)

— log (p~?") Ei ((1 - ;) log (p_2T)> T

—log (p_QT) Ei (; log (p_QT)> —Tp2

= O(T).

Also we have that

11T (=21 o 1 Cor To2T-1)
/1 ———dz = log (o )E1<<1—T> log (o )> -

/T x

The other term is of the same order, implying that

TRy = 0, (T72).

Finally, we look at the variance of 37 = 3.1, = 23;11 2]'%#1 Z;F:t uj:

2

T
Var (C: < 2 E 5 ,
ar (Cyr) < max o}(s) max o}(s 2 PR 2%

which can be treated as Cy 1, leading to
TGy g = 0, (T72).
For Dy, appearing in the denominator we have

2
T t—1
1
T " 1Dy = T 1 Z G- sz (uf —o2(t/T))
t=2 j=1

2

T t—1
1
—n—1 § s E s 2
+T n Zt—l — m : Zj Uu(t/T)
t=2 j=1
= D7+ Dot

Examine

T = .
e e (e 5 ()
j=1
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2
B 1 T 1 t—1~ ) ¢ 2 T gt_l t—l~ )
J:

t=2

It is not difficult to show (using for example arguments analogous to the derivations for C 1) that,
for all 2 < ¢ < 7T and a suitable constant C', Var (Z; 11 }) < CtT?n. Therefore,

2

t—1 " C T 1 t—1 C T 1

n—1 2 (- _— 5. _—

e[S (55 ) d(3)]) < v (555 ) <753
j=1 t=2 j=1 t=2

and, thanks to Markov’s inequality,

2
7" 12 Zz] o2 (fp) =0, (T" 'logT) .

Moreover, recall that T~"/2%,_; is uniformly L,-bounded, hence, with the Cauchy-Schwarz inequal-

ity, we have that

P~ — CT’I/Z -1 CTSn/z
E Rt— 2 : < P E 5]‘ < \[
j=1 j=1 t
and
T t—1 T
CT? 1
E T n— 1 Zt 1 Z < ) < :CTn/271/2.
Z = Tl E :
—t—1 = I P Vit

Furthermore, it is not difficult to show that Dy r 2 0 thanks to the md property of the summands.
We thus have that .
1
T 'Dp B — / o2(s)o?(s)ds
0

and consequently

C C C
1,7 + 2,T n 37 _ Op <T_1/2) '
vDr  Dr «/Dr
T -
We are now left to consider the asymptotic behavior of %. To do so we follow the proof
of Proposition 1 and write
T2/ Zr_1u
Sizp fer = Zr+ Br + Rr

2
Hen =T (= =1 -
\/T 1=y s (thl — 123 1 j) ug

where Z7r and Br are the same as equations (8) and (9) which have been treated in the proof of

Proposition 1, and

2 2
3T/ Zi1u Iy 1 = 1 [t
Ry = 1 E =217 | pel ”Z zt_l—ilz,zj th—Q— 02(s)o%(s)ds
&, t=2 t= j=1 aJo
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2
T 5 w1 1 =L 2%,
- Tl—&-nz t_lzzj t_ t—1 ZJ

(55 ai<s>az<s>ds)3

2
with & between o fo s)ds and T-1~ ”Zt 9 (zt 11— 2 Z;;ﬁ Zj) u?, ie. & = Op(1).

The term By vanishes due to the component <T‘1_77 ZtT:Q (2t_1 1 Z; 1 }) u? fo ds),

appearing squared in the first summand of Rp which is therefore, in turn, dominated by BT. To

analyze the second summand, examine in turn

2
t—1

1 3 5 cT®
t—lZ;Zj Uil ) =3
j:

thanks to independence of 2Z; and u; for j <t — 1, and, like above,

225 1 t—1 C t—1 o =l
D G| S B B A | = DB A,
j=1 j=1 j=1
Some algebra indicates that
E(|z-1%]) < CT 771
such that, summing up,
T - -1 T t—1 T
1 2uiZ 1 o1 : C 1 1-¢

E t 7 el = 2N T =0 (T" 'logT

T1+nt2; =1 ;Zﬂ n;t 1129 T;t— 1—o (T" logT)

as required for Rt = o, (T /2= 2). The result follows from the proof of Proposition 1.

II A more detailed comparison of t,, and t!"

The test statistics t,, and !V have the same leading terms, but differ with respect to some higher-

order ones. Concretely, ¢V has the additional term

1 T —
2 Ver “uly

with (7 = ﬁ EtTZQ 22 02 + op(1), but, as can be seen from the proof of Proposition 3, does not
exhibit

1 1 1
V(R otmon:) (e ) (7 ot i )
2a O dS -
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and, since &, &Y = fo s)ds + op(1), it also does not exhibit

2

3 1 1

TR o] (2> )
2a 0 dS -

One may use arguments from the proof of Proposition 3 to show them be of order O,(T"~!) and
thus, for 1 close to unity, they will also matter in finite samples alongside By and Cr (as suggested
by the comparison of Figure 1 with Figure 2 for ¢ = 0). An exact derivation of the expectation of

the above terms is however beyond the scope of this paper.

IIT Further Monte Carlo results

In this section we provide further Monte Carlo results to investigate the effects of conditional
heteroskedasticity on the behavior of different testing procedures. In particular, we consider a
DGP based on

=pu+Pri1+u, t=2,...,T, (S.8)

where

Ty = PTi—1 + Ui, (S.9)

with vy = ¢v; + 1y for ¢ = 0.5 and u; = oye; with 02 = ag + a1e? | + 1021, where (g4, 1) ~
N (0,X) when the diagonal elements of ¥ are identity and the correlation coefficient is § = —0.95.
For the GARCH(1,1) specifications we choose a; = 0.1 and ~; € {0.5,0.7,0.8,0.85,0.89} with
ap =1 —ay — . Further, we set p =1 — ¢/ for various ¢ € {0, 1,5,10,30,50} and p = 1 — /7095
and use standard normal critical values. Finally, we consider T = 250 and 500 with 10* replications
for the Monte Carlo. Table S.1 shows the MC results which speak of a good size control when using

tooc or ty,. While the size figures for the two-sided versions are

the t-ratios proposed in this paper:
generally very close to the nominal value of 5% for all the three test statistics considered here, the
size figures for ¢!V show some deviations in the left and right tails. For 7' = 500, ¢V is undersized
in the left tail for ¢ = 0, 1, 5 or 10 with values ranging from 0.04% to 1.00%. The size figures for
the left tail of ¢!V increase to around 3% when ¢ = 50. On the other hand #!” is over-sized in the

right tail whether ¢ is small or large. All in all, the differences to Table 1 are not essential.
References
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