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I Additional proofs

Proof of Lemma 1

Use the Phillips-Solo decomposition (see Phillips and Solo, 1992) of vt to write vt := ψνt + ∆ṽt

where ṽt is a linear process in νt with absolutely summable coe�cients (and as such uniformly

Lr-bounded itself), leading to

xt = ψ
t−1∑
j=0

ρjνt−j + ṽt − ρt−1ṽ1 + (ρ− 1)
t−1∑
j=1

ρj−1ṽt−j .

Hence, Minkowski's norm inequality gives

‖xt‖r ≤ ψ

∥∥∥∥∥∥
t−1∑
j=0

ρjνt−j

∥∥∥∥∥∥
r

+ ‖ṽt‖r + ρt−1 ‖ṽ1‖r + |ρ− 1|
t−1∑
j=1

ρj−1 ‖ṽt−j‖r

such that ‖xt‖r ≤ ψ
∥∥∥∑t−1

j=0 ρ
jνt−j

∥∥∥
r

+ C. For r = 4 we have with the iid property of νt

E
(
x4t
)

=
t−1∑
i=0

t−1∑
j=0

t−1∑
k=0

t−1∑
l=0

ρiρjρkρl E (νt−iνt−jνt−kνt−l) ≤ CT 2

and T−1/2xt is thus uniformly L4-bounded as required. A similar reasoning leads to the second part

of the result.

Proof of Lemma 3

For computing the limit of E (BT ), note that

∆x̃t−1 = (ρ− 1) x̃t−2 + νt−1

= (ρ− 1)
t−2∑
j=1

ρj−1νt−j−1 + νt−1

and thus

z̃t−1 = (1− %L)−1+ ∆x̃t−1
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= (ρ− 1) (1− %L)−1+

t−2∑
j=1

ρj−1νt−j−1 + (1− %L)−1+ νt−1

= (ρ− 1) (1− %L)−1+

t−2∑
j=1

ρj−1νt−j−1 +
t−2∑
j=0

%jνt−j−1

=

t−1∑
j=1

%t−1−j (1− %)− ρt−1−j (1− ρ)

ρ− %
νj ≡

t−1∑
j=1

cj,t−1νj

by de�ning ct−1,t−1 = 1. We may then focus on E
(∑T

t=2 z̃t−1ut ·
∑T

t=2 z̃
2
t−1u

2
t

)
= S0,

S0 = E

(
T∑
t=2

z̃3t−1u
3
t

)
+ E

(
T∑
t=2

t−1∑
s=2

z̃t−1utz̃
2
s−1u

2
s

)
+ E

(
T−1∑
t=2

T∑
s=t+1

z̃t−1utz̃
2
s−1u

2
s

)

= E

(
T∑
t=2

z̃3t−1u
3
t

)
+ E

(
T−1∑
t=2

T∑
s=t+1

z̃t−1utz̃
2
s−1u

2
s

)
,

since E
(∑T

t=2 z̃t−1ut

)
= 0.

Let S0 = S0,1 + S0,2, with S0,1 = E
(∑T

t=2 z̃
3
t−1u

3
t

)
and S0,2 = E

(∑T−1
t=2

∑T
s=t+1 z̃t−1utz̃

2
s−1u

2
s

)
.

We work out S0,2 �rst. Recall that

z̃t−1 =
t−1∑
j=1

cj,t−1υj with cj,t−1 =
%t−1−j (1− %)− ρt−1−j (1− ρ)

ρ− %
.

Using the independence of shocks we obtain

E
(
z̃t−1utz̃

2
s−1
)

= E

 t−1∑
j=1

cj,t−1υj

ut

 t−1∑
j=1

cj,s−1υj +
s−1∑
j=t

cj,s−1υj

2
= 2 E

 t−1∑
j=1

cj,t−1υj

ut

 t−1∑
j=1

cj,s−1υj

s−1∑
j=t

cj,s−1υj


= 2σ2uυ

(
t

T

)
ct,s−1

t−1∑
j=1

cj,t−1cj,s−1σ
2
υ

(
j

T

)

which implies

E

(
T−1∑
t=2

T∑
s=t+1

z̃t−1utz̃
2
s−1u

2
s

)
= 2

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
σuυ

(
t

T

)
ct,s−1cj,t−1cj,s−1σ

2
υ

(
j

T

)
.

Now since cj,t−1 = %t−1−j(1−%)−ρt−1−j(1−ρ)
ρ−% = 1−%

ρ−%

(
%t−1−j − 1−ρ

1−%ρ
t−1−j

)
we have

ct,s−1cj,t−1cj,s−1 = %2s−3−2j − 1− ρ
1− %

%s−2−jρs−1−j − 1− ρ
1− %

%2s−2−t−jρt−1−j (S.1)

+

(
1− ρ
1− %

)2

%s−1−tρt+s−2−2j − 1− ρ
1− %

%t+s−2−2jρs−1−t
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+

(
1− ρ
1− %

)2

ρ2s−2−t−j%t−1−j

+

(
1− ρ
1− %

)2

ρs−2−j%s−1−j −
(

1− ρ
1− %

)3

ρ2s−2j−3

=
8∑

k=1

αk, say,

where we have dropped the term
(
1−%
ρ−%

)3
= 1 +O

(
T η−1

)
. Further, those terms that have a factor

of
(
1−ρ
1−%

)2
and the last term with

(
1−ρ
1−%

)3
are clearly dominated by the other terms and hence

vanish. In the following we will, therefore, look only at the terms that are associated with α1, α2,

α3 and α5.

We start by focusing on the �rst term stemming from ct,s−1cj,t−1cj,s−1, namely %2s−2j−3.

S
(α1)
0,2 =

T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
%2s−2j−3σ2υ

(
j

T

)
.

Note here that 1 < j < t < s ≤ T hence∣∣∣∣σ2u ( sT )− σ2u
(
t

T

)∣∣∣∣ < C
|s− t|
T

< C
|s− j|
T

,∣∣∣∣σ2υ ( jT
)
− σ2υ

(
t

T

)∣∣∣∣ < C
|t− j|
T

< C
|s− j|
T

,

and ∣∣∣∣σ2u ( sT )− σ2u
(
t

T

)∣∣∣∣ ∣∣∣∣σ2υ ( jT
)
− σ2υ

(
t

T

)∣∣∣∣ < C
(s− j)2

T 2
.

Now as

S
(α1)
0,2 =

T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

(
σ2u

( s
T

)
− σ2u

(
t

T

)
+ σ2u

(
t

T

))
%2s−2j−3

(
σ2υ

(
j

T

)
− σ2υ

(
t

T

)
+ σ2υ

(
t

T

))

=

T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

(
σ2u

( s
T

)
− σ2u

(
t

T

))(
σ2υ

(
j

T

)
− σ2υ

(
t

T

))
%2s−2j−3

+
T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

(
σ2u

( s
T

)
− σ2u

(
t

T

))
σ2υ

(
t

T

)
%2s−2j−3

+
T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

σ2u

(
t

T

)
%2s−2j−3

(
σ2υ

(
j

T

)
− σ2υ

(
t

T

))

+

T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

σ2u

(
t

T

)
%2s−2j−3

(
σ2υ

(
t

T

))
,

we may write∣∣∣∣∣∣S(α1)
0,2 −

T−1∑
t=2

σuυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2j−3

∣∣∣∣∣∣
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≤
T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

∣∣∣∣σ2u ( sT )− σ2u
(
t

T

)∣∣∣∣ ∣∣∣∣σ2υ ( jT
)
− σ2υ

(
t

T

)∣∣∣∣ %2s−2j−3
+
T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

∣∣∣∣σ2u ( sT )− σ2u
(
t

T

)∣∣∣∣σ2υ ( t

T

)
%2s−2j−3

+

T−1∑
t=2

σuυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

σ2u

(
t

T

) ∣∣∣∣σ2υ ( jT
)
− σ2υ

(
t

T

)∣∣∣∣ %2s−2j−3
≤ C

T 2

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− j)2 %2s−2j−3 +
C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− t) %2s−2j−3 +
C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

%2s−2j−3 (j − t) .

Now note that

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− j)2 %2s−2j = −
2%4

(
4 + 7%2 + %4

) (
1− %2T

)
(1− %2)5

+
2%4

(
2 + %2

)
+ %2+2T

(
1 + 12%2 + 5%4

)
(1− %2)4

T

+
2%2+2T

(
1 + 2%2

)
(1− %2)3

T 2 +
%2+2T

(1− %2)2
T 3

= O
(
T 4η+1

)
,

and in the same way we can show that

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− t) %2s−2j−3 = O
(
T 3η+1

)
=

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

%2s−2j−3 (j − t) .

Therefore∣∣∣∣∣∣S(α1)
0,2 −

T−1∑
t=2

σuυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2j−3

∣∣∣∣∣∣
≤ C

T 2

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− j)2 %2s−2j−3 +
C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− t) %2s−2j−3 +
C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

%2s−2j−3 (j − t)

= O
(
T 4η−1)+O

(
T 3η
)

= O
(
T 3η
)
, since 3η > 4η − 1.

The latter in turn implies

T
1/2−η/2 1

T 1/2+η/2

1

T 1+η
×

∣∣∣∣∣∣S(α1)
0,2 −

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2j−3

∣∣∣∣∣∣ = O
(
T η−1

)
.

We will now show that

T
1/2−η/2 1

T 1/2+η/2

1

T 1+η

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2j−3 =
1

4a2

� 1

0
σuυ (x)σ2u (x)σ2υ (x) dx+O

(
T η−1

)
.

First observe that
T∑

s=t+1

t−1∑
j=1

%2s−2j =
%4 − %2t+2 + %2T+2 − %2T−2t+4

(1− %2)2
.
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Hence we have

1

T 1/2+η/2

1

T 1+η

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2j

=
1

T 3/2+3η/2

%4

(1− %)2 (1 + %)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)

− 1

T 3/2+3η/2

1

(1− %2)2
T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%2t+2

+
1

T 3/2+3η/2

%2T+2

(1− %2)2
T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)

− 1

T 3/2+3η/2

1

(1− %2)2
T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%2T−2t+4

=
1

T 3/2+3η/2

(1− aT−η)4

(aT−η)2 (2 + aT−η)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
+R

(α1)
1 +R

(α1)
2 +R

(α1)
3 .

For R
(α1)
1 note that

∣∣∣R(α1)
1

∣∣∣ =
1

T 3/2+3η/2

1

(1− %2)2
T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%2t+2

≤ C

T 3/2−η/2

T−1∑
t=2

%2t = O
(
T−

3/2+3η/2
)
.

R
(α1)
2 = 1

T 3/2+3η/2

%2T+2

(1−%2)2
∑T−1

t=2 σ
2
uυ

(
t
T

)
σ2u
(
t
T

)
σ2υ
(
t
T

)
is clearly dominated by R

(α1)
1 and for R

(α1)
3

we have

∣∣∣R(α1)
3

∣∣∣ =
1

T 3/2+3η/2

1

(1− %2)2
T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%2T−2t+4

≤ C

T 3/2−η/2

T−1∑
t=2

%2T−2t = O
(
T−

3/2+3η/2
)
.

Further, note that T 1/2−η/2
∣∣∣R(α1)

1 +R
(α1)
2 +R

(α1)
3

∣∣∣ = O
(
T−1+η

)
, hence

T
1/2−η/2 1

T 1/2+η/2

1

T 1+η

T−1∑
t=2

σuυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2j−3

= T
1/2−η/2 1

T 1/2+η/2

1

T 1+η

T−1∑
t=2

σuυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%4 − %2t+2 + %2T+2 − %2T−2t+4

(1− %2)2

= T
1/2−η/2 1

T 1/2+3η/2

%

(1− %2)2
1

T

T−1∑
t=2

σuυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
+O

(
T η−1

)
=

1

a2
(1− aT−η)
(2− aT−η)2

1

T

T−1∑
t=2

σuυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
+O

(
T η−1

)
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→ 1

4a2

� 1

0
σuυ (x)σ2u (x)σ2υ (x) dx.

Putting all these arguments together we have

T
1/2−η/2 1

T 1/2+η/2

1

T 1+η
S
(α1)
0,2 →

1

4a2

� 1

0
σuυ (x)σ2u (x)σ2υ (x) dx. (S.2)

We now turn to the second term stemming from ct,s−1cj,t−1cj,s−1 and given as α2 below (S.1),

leading to the analysis of

S
(α2)
0,2 = −1− ρ

1− %

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
σuυ

(
t

T

)
%s−2−jρs−1−jσ2υ

(
j

T

)
.

Following the same lines of arguments as for S
(α1)
0,2 and noting that

C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− t) %s−2−jρs−1−j = O
(
T 3η
)

C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(j − t) %s−2−jρs−1−j = O
(
T 3η
)

and as

C

T 2

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− j)2 %s−2−jρs−1−j = O
(
T 5η−2)

we have that

T
1/2−η/2 1

T 1/2+η/2

1

T 1+η
· 1

%2ρ
×∣∣∣∣∣∣

T−1∑
t=2

σ2uυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
(%ρ)s−jσ2υ

(
j

T

)
−
T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

(%ρ)s−j

∣∣∣∣∣∣
is of order T 1/2−η/2O

(
T−

3
2
η− 3

2

)
O
(
T 4η−1) = O

(
T η−1

)
.

Next observe that

T∑
s=t+1

t−1∑
j=1

%s−2−jρs−1−j =
ρ− ρt%t−1 + %T−1ρT − %T−tρT−t+1

(1− ρ%)2
.

Therefore

1

T 1/2+η/2

1

T 1+η

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%s−2−jρs−1−j

=
1

T 3/2+3η/2

ρ

(1− ρ%)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
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− 1

T 3/2+3η/2

1

(1− ρ%)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
ρt%t−1

+
1

T 3/2+3η/2

%T−1ρT

(1− ρ%)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)

− 1

T 3/2+3η/2

1

(1− ρ%)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%T−tρT−t+1

=
1

T 3/2+3η/2

ρ

(1− ρ%)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
+R

(α2)
1 +R

(α2)
2 +R

(α2)
3 ,

for which again one can elementarily show that R
(α2)
1 , R

(α2)
2 and R

(α2)
3 are o

(
T η/2−1/2

)
and since

ρ

(1−ρ%)2 = O
(
T 2η
)
, we have

T 1/2−η/2

T 3/2+3η/2

ρ

(1− ρ%)2

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
→ 1

a2

� 1

0
σuυ (x)σ2u (x)σ2υ (x) dx.

Since 1−ρ
1−% = O

(
T η−1

)
, we obtain

T
1/2−η/2S

(α2)
0,2 = O

(
T η−1

)
. (S.3)

We now turn to the third term stemming from ct,s−1cj,t−1cj,s−1 and given as α3 below (S.1),

α3 = 1−ρ
1−%%

2s−2−t−jρt−1−j , i.e. we analyze

S
(α3)
0,2 = −1− ρ

1− %

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
σuυ

(
t

T

)
%2s−2−t−jρt−1−jσ2υ

(
j

T

)
.

Here note that

C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− t) %2s−2−t−jρt−1−j = O
(
T 3η
)

C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(j − t) %2s−2−t−jρt−1−j = O
(
T 3η
)

and as

C

T 2

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− j)2 %2s−2−t−jρt−1−j = O
(
T 5η−2)

we have

T
1/2−η/2 1

T 1/2+η/2

1

T 1+η
×∣∣∣∣∣∣

T−1∑
t=2

σ2uυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
%2s−2−t−jρt−1−jσ2υ

(
j

T

)
−
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T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2−t−jρt−1−j

∣∣∣∣∣∣
= T

1/2−η/2O
(
T−

3
2
η− 3

2

)
O
(
T 3η
)

= O
(
T η−1

)
.

Next observe that

T∑
s=t+1

t−1∑
j=1

%2s−2−t−jρt−1−j =

(
1− %2T−2t

) (
%ρ− %tρt

)
(1− %2) ρ (1− %ρ)

.

Therefore

1

T 1/2+η/2

1

T 1+η

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%2s−2−t−jρt−1−j

=
1

T 3/2+3η/2

%

(1− %2) ρ (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)

− 1

T 3/2+3η/2

1

(1− %2) ρ (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
ρt%t

+
1

T 3/2+3η/2

1

(1− %2) ρ (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%2T−2tρt%t

− 1

T 3/2+3η/2

%

(1− %2) (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%2T−2t

=
1

T 3/2+3η/2

%

(1− %2) (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
+R

(α3)
1 +R

(α3)
2 +R

(α3)
3 ,

for which again one can elementarily show that R
(α3)
1 , R

(α3)
2 and R

(α3)
3 are o

(
T η/2−1/2

)
and since

%
(1−%2)ρ(1−%ρ) = O

(
T 2η
)
, we have

T 1/2−η/2

T 3/2+3η/2

%

(1− %2) (1− ρ2)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
→ 1

a2

� 1

0
σuυ (x)σ2u (x)σ2υ (x) dx.

Now as 1−ρ
1−% = O

(
T η−1

)
we obtain

T
1/2−η/2S

(α3)
0,2 = O

(
T η−1

)
. (S.4)

Finally we turn to the α5 given under (S.1): 1−ρ
1−%%

t+s−2−2jρs−1−t

S
(α5)
0,2 = −1− ρ

1− %

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
σuυ

(
t

T

)
%t+s−2−2jρs−1−tσ2υ

(
j

T

)
.

Here note that

C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(s− t) %t+s−2−2jρs−1−t = O
(
T 3η
)

=
C

T

T−1∑
t=2

T∑
s=t+1

t−1∑
j=1

(j − t) %t+s−2−2jρs−1−t,
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and as C
T 2

∑T−1
t=2

∑T
s=t+1

∑t−1
j=1 (s− j)2 %t+s−2−2jρs−1−t = O

(
T 5η−2) we have

T
1/2−η/2 1

T 1/2+η/2

1

T 1+η
×∣∣∣∣∣∣

T−1∑
t=2

σ2uυ

(
t

T

) T∑
s=t+1

t−1∑
j=1

σ2u

( s
T

)
%t+s−2−2jρs−1−tσ2υ

(
j

T

)

−
T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%t+s−2−2jρs−1−t

∣∣∣∣∣∣
= T

1/2−η/2O
(
T−

3
2
η− 3

2

)
O
(
T 3η
)

= O
(
T η−1

)
.

Next observe that

T∑
s=t+1

t−1∑
j=1

%t+s−2−2jρs−1−t =

(
%− %2t−1

) (
1− %T−tρT−t

)
(1− %2) (1− %ρ)

.

Therefore

1

T 1/2+η/2

1

T 1+η

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

) T∑
s=t+1

t−1∑
j=1

%t+s−2−2jρs−1−t

=
1

T 3/2+3η/2

%

(1− %2) (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)

− 1

T 3/2+3η/2

1

(1− %2) (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
ρ2t−1

+
1

T 3/2+3η/2

1

(1− %2) (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%T+t−1ρT−t

− 1

T 3/2+3η/2

%

(1− %2) (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
%T−tρT−t

=
1

T 3/2+3η/2

%

(1− %2) (1− %ρ)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
+R

(α5)
1 +R

(α5)
2 +R

(α5)
3 ,

for which again one can elementarily show thatR
(α5)
1 , R

(α5)
2 andR

(α5)
3 are o (1) and since %

(1−%2)(1−%ρ) =

O
(
T 2η
)
, we have

T 1/2−η/2

T 3/2+3η/2

%

(1− %2) (1− ρ2)

T−1∑
t=2

σ2uυ

(
t

T

)
σ2u

(
t

T

)
σ2υ

(
t

T

)
→ 1

a2

� 1

0
σuυ (x)σ2u (x)σ2υ (x) dx.

Now as 1−ρ
1−% = O

(
T η−1

)
we obtain

T
1/2−η/2S

(α5)
0,2 = O

(
T η−1

)
. (S.5)
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Putting (S.2)-(S.5) together we obtain

T
1/2−η/2E (S0,2)→

1

4a2

� 1

0
σuυ (x)σ2u (x)σ2υ (x) dx.

We may now turn to S0,1. Assuming Lipschitz continuity for the third moments we have

S0,1 =

T∑
t=2

t−1∑
j=1

t−1∑
k=1

t−1∑
l=1

cj,t−1ck,t−1cl,t−1 E (vjvkvl) E
(
u3t
)

=
T∑
t=2

t−1∑
j=1

c3j,t−1 E
(
v3j
)

E
(
u3t
)
.

Now again as for the analysis of S0,2 we have to look at all the terms stemming from the expansion

of c3j,t−1. We start by considering the e�ect of the �rst term, namely %3t−3j .

T∑
t=2

t−1∑
j=1

%3t−3j E
(
v3j
)

E
(
u3t
)

=

T∑
t=2

σ3u

(
t

T

) t−1∑
j=1

%3t−3jσ3v

(
j

T

)

=
T∑
t=2

σ3u

(
t

T

) t−1∑
j=1

%3t−3j
(
σ3v

(
j

T

)
− σ3v

(
t

T

)
+ σ3v

(
t

T

))

=
T∑
t=2

σ3u

(
t

T

) t−1∑
j=1

%3t−3j
(
σ3v

(
j

T

)
− σ3v

(
t

T

))
+

T∑
t=2

σ3u

(
t

T

) t−1∑
j=1

%3t−3jσ3v

(
t

T

)

which implies that ∣∣∣∣∣∣
T∑
t=2

t−1∑
j=1

%3t−3j E
(
v3j
)

E
(
u3t
)
−

T∑
t=2

σ3u

(
t

T

)
σ3v

(
t

T

) t−1∑
j=1

%3t−3j

∣∣∣∣∣∣
≤

T∑
t=2

σ3u

(
t

T

) t−1∑
j=1

%3t−3j
∣∣∣∣σ3v ( jT

)
− σ3v

(
t

T

)∣∣∣∣
≤ C

T

T∑
t=2

t−1∑
j=1

%3t−3j (t− j) = O
(
T 3η
)

On the other hand
∑t−1

j=1 %
3t−3j = %3−%3t

1−%3 , hence

T
1/2−η/2 × 1

T 1/2+η/2

1

T 1+η

T∑
t=2

t−1∑
j=1

%3t−3j E
(
v3j
)

E
(
u3t
)

= T−2η
1

T

T∑
t=2

σ3u

(
t

T

)
σ3v

(
t

T

) t−1∑
j=1

%3t−3j +O
(
T η−1

)
= T−2η

1

T

T∑
t=2

σ3u

(
t

T

)
σ3v

(
t

T

)
%3 − %3t

1− %3
+O

(
T η−1

)
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=
%3

1− %3
T−2η

1

T

T∑
t=2

σ3u

(
t

T

)
σ3v

(
t

T

)
− 1

1− %3
T−2η

1

T

T∑
t=2

σ3u

(
t

T

)
σ3v

(
t

T

)
%3t +O

(
T η−1

)
First note that %3

1−%3T
−2η 1

T

∑T
t=2 σ

3
u

(
t
T

)
σ3v
(
t
T

)
= O (T−η). Further

∣∣∣∣∣
T∑
t=2

σ3u

(
t

T

)
σ3v

(
t

T

)
%3t

∣∣∣∣∣ ≤ C
∣∣∣∣∣
T∑
t=2

%3t

∣∣∣∣∣ = O (T η) .

Therefore T 1/2−η/2 × 1
T 1/2+η/2

1
T 1+η

∑T
t=2

∑t−1
j=1 %

3t−3j E
(
v3j

)
E
(
u3t
)

= o (1). The other terms stem-

ming from expanding c3j,t−1 can be shown, in a similar way, to vanish.

Proof of Proposition 2

We prove �rst that, the null β = 0, the following holds:

trecvx =

∑T
t=2

(
z̃t−1 − 1

t−1
∑t−1

j=1 z̃j

)(
ut −

∑T
j=t uj

T−t+1

)
√∑T

t=2

(
z̃t−1 − 1

t−1
∑t−1

j=1 z̃j

)2
u2t

+Op

(
T−

η/2
)
,

where z̃t−1 = (1− %L)−1+ ∆x̃t−1 with x̃t =
∑t−2

j=0 ρ
jνt−1−j .

Using arguments like those given in the proof of Lemma 2, we conclude that

∑T
t=2

(
zt−1 − 1

t−1
∑t−1

j=1 zj

)(
ut −

∑T
j=t uj

T−t+1

)
√∑T

t=2

(
zt−1 − 1

t−1
∑t−1

j=1 zj

)2
û2t

=

∑T
t=2

(
zt−1 − 1

t−1
∑t−1

j=1 zj

)(
ut −

∑T
j=t uj

T−t+1

)
√∑T

t=2

(
zt−1 − 1

t−1
∑t−1

j=1 zj

)2
u2t

+Op

(
T−

1/2
)
.

Using zt−1 = ψz̃t−1 + rt−1 from Lemma 2, we have that

1

T 1+η

T∑
t=2

zt−1 − 1

t− 1

t−1∑
j=1

zj

2

u2t =

=
1

T 1+η

T∑
t=2

ψz̃t−1 + rt−1 −
1

t− 1

t−1∑
j=1

(ψz̃j + rj)

2

u2t

=
ψ2

T 1+η

T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

2

u2t +
1

T 1+η

T∑
t=2

rt−1 − 1

t− 1

t−1∑
j=1

rj

2

u2t

+
2ψ

T 1+η

T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

rt−1 − 1

t− 1

t−1∑
j=1

rj

u2t .

=
ψ2

T 1+η

T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

2

u2t +A1T +A2T .
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Examine A1T �rst,

A1T =
1

T 1+η

T∑
t=2

r2t−1u
2
t +

1

T 1+η

T∑
t=2

 1

t− 1

t−1∑
j=1

rj

2

u2t −
2

T 1+η

T∑
t=2

rt−1
t− 1

t−1∑
j=1

rju
2
t .

Thanks to the independence of rt−1 and ut and since rt is uniformly L4−bounded, we have

E

(∣∣∣∣∣ 1

T 1+η

T∑
t=2

r2t−1u
2
t

∣∣∣∣∣
)
≤ C

T 1+η

T∑
t=2

√
E
(
r4t−1

)
E
(
u2t
)

= O
(
T−η

)
.

For the second term of A1T , note that

E

 1

T 1+η

T∑
t=2

 1

t− 1

t−1∑
j=1

rj

2

u2t

 =
σ2u
T 1+η

T∑
t=2

1

(t− 1)2
E

 t−1∑
j=1

rj

2
≤ C

T η
,

while, for the last term, we have

2

T 1+η
E

∣∣∣∣∣∣
T∑
t=2

rt−1
t− 1

t−1∑
j=1

rju
2
t

∣∣∣∣∣∣
 ≤ 2σ2u

T 1+η

T∑
t=2

1

t− 1

√
E
(
r2t−1

)√√√√√E

 t−1∑
j=1

rj

2
= O

(
T−η

)
.

Moving on to A2T , write

E(|A2T |) ≤
2ψ

T 1+η
E

(∣∣∣∣∣
T∑
t=2

z̃t−1rt−1u
2
t

∣∣∣∣∣
)

+
2ψ

T 1+η
E

∣∣∣∣∣∣
T∑
t=2

z̃t−1u
2
t

t− 1

t−1∑
j=1

rj

∣∣∣∣∣∣


+
2ψ

T 1+η
E

∣∣∣∣∣∣
T∑
t=2

rt−1u
2
t

t− 1

t−1∑
j=1

z̃j

∣∣∣∣∣∣
+

2ψ

T 1+η
E

∣∣∣∣∣∣
T∑
t=2

1

(t− 1)2

t−1∑
j=1

z̃j

t−1∑
j=1

rju
2
t

∣∣∣∣∣∣


≤ 2ψ

T 1+η

T∑
t=2

√
E
(
z̃2t−1

)
E
(
r2t−1

)
E(u2t ) +

2ψ

T 1+η

T∑
t=2

√
E
(
z̃2t−1

)
E(u4t )

√√√√√E

((∑t−1
j=1 rj

)2)
(t− 1)2

+
2ψ

T 1+η

T∑
t=2

√
E(r2t−1) E(u4t )

√√√√√E

((∑t−1
j=1 z̃j

)2)
(t− 1)2

+
2ψ

T 1+η

T∑
t=2

√√√√√E

((∑t−1
j=1 z̃j

)2)
(t− 1)2

E

((∑t−1
j=1 rj

)2)
(t− 1)2

E(u4t )

= O
(
T−

η/2
)

where we have everywhere used the L4 boundedness and also Var
(∑t−1

j=1 z̃j

)
≤ CtT 2η which can
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easily be established using the expansion for z̃t−1 given in the proof of Proposition 1. Therefore

1

T 1+η

T∑
t=2

zt−1 − 1

t− 1

t−1∑
j=1

zj

2

u2t =
ψ2

T 1+η

T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

2

u2t +Op

(
T−

η/2
)
. (S.6)

Furthermore

1

T 1/2+η/2

T∑
t=2

zt−1 − 1

t− 1

t−1∑
j=1

zj

(ut − ∑T
j=t uj

T − t+ 1

)

=
1

T 1/2+η/2

T∑
t=2

ψz̃t−1 + rt−1 −
1

t− 1

t−1∑
j=1

(ψz̃j + rj)

(ut − ∑T
j=t uj

T − t+ 1

)

=
1

T 1/2+η/2
ψ

T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

(ut − ∑T
j=t uj

T − t+ 1

)

+
1

T 1/2+η/2

T∑
t=2

rt−1 − 1

t− 1

t−1∑
j=1

rj

(ut − ∑T
j=t uj

T − t+ 1

)
.

We now re-arrange the sum terms to exploit the serial independence of ut, leading after some

algebra exploiting the Lr boundedness of rt to

Var

 1

T 1/2+η/2

T∑
t=2

rt−1 − 1

t− 1

t−1∑
j=1

rj

(ut − ∑T
j=t uj

T − t+ 1

) = O
(
T−η

)
and therefore

1

T 1/2+η/2

T∑
t=2

zt−1 − 1

t− 1

t−1∑
j=1

zj

(ut − ∑T
j=t uj

T − t+ 1

)

=
1

T 1/2+η/2
ψ

T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

(ut − ∑T
j=t uj

T − t+ 1

)
+Op

(
T−

η/2
)
. (S.7)

The desired representation follows from equations (S.6) and (S.7).

Write now

∑T
t=2

(
z̃t−1 − 1

t−1
∑t−1

j=1 z̃j

)(
ut −

∑T
j=t uj

T−t+1

)
√∑T

t=2

(
z̃t−1 − 1

t−1
∑t−1

j=1 z̃j

)2
u2t

=

∑T
t=2 z̃t−1ut√
DT

−
∑T

t=2
1

T−t+1 z̃t−1
∑T

j=t uj√
DT

−
∑T

t=2
1
t−1ut

∑t−1
j=1 z̃j√

DT
+

∑T
t=2

1
t−1
∑t−1

j=1 z̃j
1

T−t+1

∑T
j=t uj√

DT

=

∑T
t=2 z̃t−1ut√
DT

+
C1,T√
DT

+
C2,T√
DT

+
C3,T√
DT

.
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First we look at the variance of C1,T =
∑T

t=2
1

T−t+1 z̃t−1
∑T

j=t uj :

Var (C1,T ) = Var

 T∑
j=2

uj

j∑
t=2

z̃t−1
T − t+ 1


≤ max

s∈[0,1]
σ2u(s)

T∑
j=2

Var

(
j∑
t=2

z̃t−1
T − t+ 1

)

= max
s∈[0,1]

σ2u(s)
T∑
j=2

Var

(
j∑
t=2

t−1∑
k=1

ck,t−1
T − t+ 1

νk

)

with ck,t from the proof of Proposition 1. Hence

Var (C1,T ) ≤ max
s∈[0,1]

σ2u(s)

T∑
j=2

Var

(
j−1∑
k=1

νk

j∑
t=k+1

ck,t−1
T − t+ 1

)

= max
s∈[0,1]

σ2u(s) max
s∈[0,1]

σ2ν(s)
T∑
j=2

j−1∑
k=1

(
j∑

t=k+1

ck,t−1
T − t+ 1

)2

= O

(1− %
ρ− %

)2 T∑
j=2

j−1∑
k=1

(
j∑

t=k+1

%t−1−k

T − t+ 1

)2
 .

With

T∑
j=2

j−1∑
k=1

(
j∑

t=k+1

%t−1−k

T − t+ 1

)2

≤
T∑
j=2

j−1∑
k=1

(
T∑
t=1

%t−1−k

T − t+ 1

)2

=
T∑
j=2

j−1∑
k=1

%−k

(
T∑
t=1

%t−1

T − t+ 1

)2

=

T∑
j=2

j−1∑
k=1

%−k

(
%T

T−1∑
t=1

%−t

t
+

1

T

)2

=

T∑
j=2

j−1∑
k=1

%−k

(
%T

1

T

T−1∑
t=1

(
%T
)−t/T
t/T

+
1

T

)2

=
T∑
j=2

j−1∑
k=1

%−k

(
%TO

(� 1−1/T

1/T

(
%−T

)x
x

)
+

1

T

)2

,

and, with Ei (x) =
�∞
x

exp(−z)
z dz,

� 1−1/T

1/T

(
%−T

)x
x

dx = Ei

((
1− 1

T

)
log
(
%−T

))
− Ei

(
1

T
log
(
%−T

))
= O (log T ) ,
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leading to

T∑
j=2

j−1∑
k=1

%−k

(
%TO

(� 1−1/T

1/T

(
%−T

)x
x

)
+

1

T

)2

= O
(
log2 T

) T∑
j=2

j−1∑
k=1

%2T−k

= O
(
log2 T

) T∑
j=2

%2T − %2T−j+1

%− 1

= O
(
log2 T

)((T − 1) %2T

%− 1
+

%

%− 1

%2T−1 − %T

%− 1

)
= O

(
Te−aT

1−η
log2 T

)
,

which in turn implies that

T−
1/2−ηC1,T = o (1) .

Now we turn to the variance of C2,T =
∑T

t=2
1
t−1ut

∑t−1
j=1 z̃j :

Var (C2,T ) =
T∑
t=2

Var

 t−1∑
j=1

1

t− 1
utz̃j


≤ max

s∈[0,1]
σ2u(s)

T∑
t=2

1

(t− 1)2
E

 t−1∑
j=1

j∑
k=1

ck,jνk

2
≤ max

s∈[0,1]
σ2u(s) max

s∈[0,1]
σ2ν(s)

T∑
t=2

1

(t− 1)2

t−1∑
k=1

 t−1∑
j=k

ck,j

2

like above. Since
∑t−1

j=k ck,j = ρt−k−%t−k
ρ−% , we obtain

t−1∑
k=1

 t−1∑
j=k

ck,j

2

=
t−1∑
k=1

(
ρt−k − %t−k

ρ− %

)2

=
1

(ρ− %)2

t−1∑
k=1

(
ρ2t−2k + %2t−2k − 2 (ρ%)t−k

)
=

1

(ρ− %)2

(
ρ2 − ρ2t

1− ρ2
+
%2 − %2t

1− %2
− 2

(%ρ)2 − (ρ%)2t

1− (ρ%)2

)
.

Therefore

T∑
t=2

1

(t− 1)2
ρ2−2t

(ρ− %)2
=

ρ2

(ρ− %)2
1

T 2

T−1∑
t=1

(
ρ−2T

)t/T
(t/T )2

= O

(
T 2η−1

� 1−1/T

1/T

(
ρ−2T

)x
x2

dx

)
= O

(
T 2η
)
,
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where

� 1−1/T

1/T

(
ρ−2T

)x
x2

dx = log
(
ρ−2T

)
Ei
(
x log

(
ρ−2T

))
− ρ−2Tx

x
|1−1/T1/T

= log
(
ρ−2T

)
Ei

((
1− 1

T

)
log
(
ρ−2T

))
− Tρ−2(T−1)

T − 1

− log
(
ρ−2T

)
Ei

(
1

T
log
(
ρ−2T

))
− Tρ−2

= O (T ) .

Also we have that

� 1−1/T

1/T

(
%−2T

)x
x2

dx = log
(
%−2T

)
Ei

((
1− 1

T

)
log
(
%−2T

))
− T%−2(T−1)

T − 1

− log
(
%−2T

)
Ei

(
1

T
log
(
%−2T

))
− T%−2

= O (T )

The other term is of the same order, implying that

T−η−
1/2C2,T = Op

(
T−

1/2
)
.

Finally, we look at the variance of C3,T =
∑T

t=2
1
t−1
∑t−1

j=1 z̃j
1

T−t+1

∑T
j=t uj :

Var (C3,T ) ≤ max
s∈[0,1]

σ2u(s) max
s∈[0,1]

σ2ν(s)

T∑
t=2

1

(t− 1)2
E

 t−1∑
j=1

z̃j

2 ,
which can be treated as C2,T , leading to

T−η−
1/2C3,T = Op

(
T−

1/2
)
.

For DT , appearing in the denominator we have

T−η−1DT = T−η−1
T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

2 (
u2t − σ2u(t/T )

)

+T−η−1
T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

2

σ2u(t/T )

= D1,T +D2,T

Examine

D2,T = T−η−1
T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

2

σ2u

(
t

T

)
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=
1

T 1+η

T∑
t=2

z̃2t−1σ
2
u

(
t

T

)
+

1

T 1+η

T∑
t=2

 1

t− 1

t−1∑
j=1

z̃j

2

σ2u

(
t

T

)
− 2

T 1+η

T∑
t=2

z̃t−1
t− 1

t−1∑
j=1

z̃jσ
2
u

(
t

T

)
.

It is not di�cult to show (using for example arguments analogous to the derivations for C1,T ) that,

for all 2 ≤ t ≤ T and a suitable constant C, Var
(∑t−1

j=1 z̃j

)
≤ CtT 2η. Therefore,

E

∣∣∣∣∣∣T−η−1
T∑
t=2

 1

t− 1

t−1∑
j=1

z̃j

2

σ2u

(
t

T

)∣∣∣∣∣∣
 ≤ C

T η+1

T∑
t=2

Var

 1

t− 1

t−1∑
j=1

z̃j

 ≤ C

T 1−η

T∑
t=2

1

t− 1

and, thanks to Markov's inequality,

T−η−1
T∑
t=2

 1

t− 1

t−1∑
j=1

z̃j

2

σ2u

(
t

T

)
= Op

(
T η−1 log T

)
.

Moreover, recall that T−η/2z̃t−1 is uniformly L4-bounded, hence, with the Cauchy-Schwarz inequal-

ity, we have that

E

∣∣∣∣∣∣ z̃t−1t− 1

t−1∑
j=1

z̃j

∣∣∣∣∣∣
 ≤ CT η/2

t− 1

√√√√√E

 t−1∑
j=1

z̃j

2 ≤ CT 3η/2

√
t

and

E

∣∣∣∣∣∣T−η−1
T∑
t=2

z̃t−1
t− 1

t−1∑
j=1

z̃jσ
2
u

(
t

T

)∣∣∣∣∣∣
 ≤ CT 3η/2

T η+1

T∑
t=2

1√
t

= CT
η/2−1/2.

Furthermore, it is not di�cult to show that D1,T
p→ 0 thanks to the md property of the summands.

We thus have that

T−η−1DT
p→ 1

2a

� 1

0
σ2u(s)σ2ν(s)ds

and consequently
C1,T√
DT

+
C2,T√
DT

+
C3,T√
DT

= Op

(
T−

1/2
)
.

We are now left to consider the asymptotic behavior of
∑T
t=2 z̃t−1ut√

DT
. To do so we follow the proof

of Proposition 1 and write

T−1/2−η/2∑T
t=2 z̃t−1ut√

T−1−η
∑T

t=2

(
z̃t−1 − 1

t−1
∑t−1

j=1 z̃j

)2
u2t

= ZT +BT +RT

where ZT and BT are the same as equations (8) and (9) which have been treated in the proof of

Proposition 1, and

RT =
3

4

T−1/2−η/2∑T
t=2 z̃t−1ut√
ξ5T

T−1−η T∑
t=2

z̃t−1 − 1

t− 1

t−1∑
j=1

z̃j

2

u2t −
1

2a

� 1

0
σ2u(s)σ2ν(s)ds

2
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−
T−1/2−η/2∑T

t=2 z̃t−1ut

2

√(
1
2a

� 1
0 σ

2
u(s)σ2ν(s)ds

)3 1

T 1+η

T∑
t=2

 1

t− 1

t−1∑
j=1

z̃j

2

u2t −
2u2t z̃t−1
t− 1

t−1∑
j=1

z̃j



with ξT between 1
2a

� 1
0 σ

2
u(s)σ2ν(s)ds and T−1−η

∑T
t=2

(
z̃t−1 − 1

t−1
∑t−1

j=1 z̃j

)2
u2t , i.e. ξT = Op (1).

The termBT vanishes due to the component

(
T−1−η

∑T
t=2

(
z̃t−1 − 1

t−1
∑t−1

j=1 z̃j

)2
u2t − 1

2a

� 1
0 σ

2
u(s)σ2ν(s)ds

)
,

appearing squared in the �rst summand of RT which is therefore, in turn, dominated by BT . To

analyze the second summand, examine in turn

E

∣∣∣∣∣∣
 1

t− 1

t−1∑
j=1

z̃j

2

u2t

∣∣∣∣∣∣
 ≤ CT 2η

t− 1

thanks to independence of z̃j and ut for j ≤ t− 1, and, like above,

E

∣∣∣∣∣∣2u
2
t z̃t−1
t− 1

t−1∑
j=1

z̃j

∣∣∣∣∣∣
 ≤ C

t− 1
E

∣∣∣∣∣∣z̃t−1
t−1∑
j=1

z̃j

∣∣∣∣∣∣
 =

C

t− 1

t−1∑
j=1

E (|z̃t−1z̃j |) .

Some algebra indicates that

E (|z̃t−1z̃j |) ≤ CT η%t−j−1

such that, summing up,

E

∣∣∣∣∣∣ 1

T 1+η

T∑
t=2

2u2t z̃t−1
t− 1

t−1∑
j=1

z̃j

∣∣∣∣∣∣
 ≤ CT η

T 1+η

T∑
t=2

1

t− 1

t−1∑
j=1

%t−j−1 =
C

T

T∑
t=2

1

t− 1

1− %t

1− %
= O

(
T η−1 log T

)
as required for RT = op

(
T η/2−1/2

)
. The result follows from the proof of Proposition 1.

II A more detailed comparison of tvx and tWvx

The test statistics tvx and t
W
vx have the same leading terms, but di�er with respect to some higher-

order ones. Concretely, tWvx has the additional term

1

2

1
T 1/2+η/2

∑T
t=2 zt−1 (ut − ū)
√
ζT

(
T−η z̄2ω̂2

u|v

)
with ζT = 1

T 1+η

∑T
t=2 z

2
t−1û

2
t + op(1), but, as can be seen from the proof of Proposition 3, does not

exhibit

−1

2

1√(
1
2a

� 1
0 σ

2
u(s)σ2ν(s)ds

)3
(

1

T 1/2+η/2

T∑
t=2

z̃t−1ut

)(
−2¯̃z

T 1+η

T∑
t=2

z̃t−1u
2
t +

¯̃z2

T 1+η

T∑
t=2

u2t

)
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and, since ξT , ξ
W
T = 1

2a

� 1
0 σ

2
u(s)σ2ν(s)ds+ op(1), it also does not exhibit

3

4

1√(
1
2a

� 1
0 σ

2
u(s)σ2ν(s)ds

)5
(

1

T 1/2+η/2

T∑
t=2

z̃t−1ut

)(
−2¯̃z

T 1+η

T∑
t=2

z̃t−1u
2
t +

¯̃z2

T 1+η

T∑
t=2

u2t

)2

.

One may use arguments from the proof of Proposition 3 to show them be of order Op(T
η−1) and

thus, for η close to unity, they will also matter in �nite samples alongside BT and CT (as suggested

by the comparison of Figure 1 with Figure 2 for c = 0). An exact derivation of the expectation of

the above terms is however beyond the scope of this paper.

III Further Monte Carlo results

In this section we provide further Monte Carlo results to investigate the e�ects of conditional

heteroskedasticity on the behavior of di�erent testing procedures. In particular, we consider a

DGP based on

yt = µ+ βxt−1 + ut, t = 2, . . . , T, (S.8)

where

xt = ρxt−1 + vt, (S.9)

with vt = φvt + νt for φ = 0.5 and ut = σtεt with σ2t = α0 + α1ε
2
t−1 + γ1σ

2
t−1, where (εt, νt) ∼

iiN(0,Σ) when the diagonal elements of Σ are identity and the correlation coe�cient is δ = −0.95.

For the GARCH(1,1) speci�cations we choose α1 = 0.1 and γ1 ∈ {0.5, 0.7, 0.8, 0.85, 0.89} with

α0 = 1− α1 − γ1. Further, we set ρ = 1− c/T for various c ∈ {0, 1, 5, 10, 30, 50} and % = 1− 1/T 0.95

and use standard normal critical values. Finally, we consider T = 250 and 500 with 104 replications

for the Monte Carlo. Table S.1 shows the MC results which speak of a good size control when using

the t-ratios proposed in this paper: trecvx or t∗vx. While the size �gures for the two-sided versions are

generally very close to the nominal value of 5% for all the three test statistics considered here, the

size �gures for tWvx show some deviations in the left and right tails. For T = 500, tWvx is undersized

in the left tail for c = 0, 1, 5 or 10 with values ranging from 0.04% to 1.00%. The size �gures for

the left tail of tWvx increase to around 3% when c = 50. On the other hand tWvx is over-sized in the

right tail whether c is small or large. All in all, the di�erences to Table 1 are not essential.
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