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D TGEL estimators with a consistent estimator of the trans-

formation matrix

In the presence of an initial consistent estimator α̌ of nuisance parameters, we may use the

moment Cn(α̌, β̃)gni(α̌,β) instead of Cn(α̌,β)gni(α̌,β) for a TGEL estimation; in the presence of

α̇n(β), we may use Cn(α̇n(β̆), β̆)gni(α̇n(β),β) instead of Cn(α̇n(β),β)gni(α̇n(β),β), where β̃ and β̆

are consistent estimators of β0. Denote C̃n = Cn(α̌, β̃) and C̆n = Cn(α̇n(β̆), β̆) for simplicity. The

C̃n and C̆n are consistent estimators of limn→∞ C̄n, so unknown β only appears in gni(α̌,β) or

gni(α̇n(β),β). Using C̃n or C̆n involves one more estimation step for β̃ or β̆, but the additional

estimation does not seem to cause much computational burden compared with the double op-

timization of GEL due to its saddle-point characterization.

2



For later analysis, we use the following β̃ and β̆ for the analysis on higher order biases:

β̃ = argmin
β∈B

g ′nb(α̌,β)Ŵ −1
n gnb(α̌,β), (D.1)

and

β̆ = argmin
β∈B

g ′nb(α̇n(β),β)Ŵ −1
n gnb(α̇n(β),β), (D.2)

where Ŵn is an mb ×mb positive definite matrix. We maintain the following assumption to

investigate the asymptotic properties of β̃ and β̆.

AssumptionD.1. (i) β0 is the unique solution to limn→∞E[gnb(α0,β)] = 0 and limn→∞E[gnb(αn(β),β)] =

0; (ii) there exists a nonstochastic W̄n such that Ŵn = W̄n+Op(n−1/2) and limn→∞ W̄n is positive def-

inite; (iii) for the case with α̌, rank(limn→∞ Ḡnbβ) = kβ , where Ḡnbβ = E(∂gnb(γ0)
∂β′ ); for the case with

α̇n(β), rank(limn→∞(Ḡnbβ + Ḡnbααnβ)) = kβ , where αnβ = ∂αn(β0)
∂β′ .

With C̃ngni(α̌,β) and C̆ngni(α̇n(β),β), we have the following TGEL estimators

β̂
tgel3 = argmin

β∈B
max

µ∈Λnd(α̌,β)

n∑
i=1

ρ
(
µ′C̃ngni(α̌,β)

)
, (D.3)

and

β̂
tgel4 = argmin

β∈B
sup

µ∈Λnd(α̇n(β),β)

n∑
i=1

ρ
(
µ′C̆ngni(α̇n(β),β)

)
. (D.4)

The corresponding estimates of the auxiliary parameter µ are denoted by, respectively, µ̂
tgel3

and µ̂
tgel4. The following assumption contains the identification conditions for β̂

tgel3 and

β̂
tgel4.

AssumptionD.2. β0 is the unique solution to limn→∞ C̄nE[gn(α0,β)] = 0 and limn→∞ C̄nE[gn(αn(β),β)] =

0.

The TGEL estimators β̂
tgel3 and β̂

tgel4 have the same first order asymptotic properties as

those of β̂
tgel

and β̂
tgel2 in the main text, which are summarized in the following theorem.1

Theorem D.1. Suppose that Assumptions 1–2, D.1(i)–(ii) and D.2 are satisfied.

(i)
√
n(β̂

tgel3−β0)
d−→N

(
0, limn→∞(D̄ ′nβΩ̄

−1
ndD̄nβ)−1

)
and
√
n(β̂

tgel4−β0)
d−→N

(
0, limn→∞(D̄ ′nβΩ̄

−1
ndD̄nβ)−1

)
.

1We omit the proof of this theorem since it is similar to that of Theorem 1.
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(ii) 2
[∑n

i=1ρ
(
µ̂′
tgel3C̃ngni(α̌, β̂tgel3)

)
−nρ(0)

] d−→ χ2(mb−kβ) and 2[
∑n
i=1ρ(µ̂′

tgel4C̆ngni(α̇n(β̂
tgel4), β̂

tgel4))−

nρ(0)]
d−→ χ2(mb − kβ).

(iii) β̂
tgel3 and β̂

tgel4 are generally less efficient relative to β̂
gel

, where β̂
gel

is the joint GEL estima-

tor of β, which is a subvector of γ̂
gel

in (2.8). But if ma = kα, then β̂
tgel3 and β̂

tgel4 (will be

denoted as β̂
e-tgel3 and β̂

e-tgel4) are asymptotically equivalent to β̂
gel

.

(iv) Ifma = kα and E(supα∈A,β∈Nβ ‖
∂gn(γ)
∂β′ ‖) <∞ for the parameter spaceA of α and a neighborhood

Nβ of β0, then α̂
e-tgel3 and α̂

e-tgel4, where

α̂
e-tgel3 = argmin

α∈A
sup

λ∈Λng (α,β̂
e-tgel3)

n∑
i=1

ρ
(
λ′gni(α, β̂e-tgel3)

)
and α̂

e-tgel4 = argminα∈A supλ∈Λng (α,β̂
e-tgel4)

∑n
i=1ρ(λ′gni(α, β̂e-tgel4)), are asymptotically equiv-

alent to the joint estimate α̂
gel

of α from (2.8).

The proper TGMM estimators to be compared with β̂
tgel3 and β̂

tgel4 are, respectively, β̂
tgmm3 =

argminβ∈B g ′n(α̌,β)C̃′n(C̃nΩ̃nC̃
′
n)−1C̃ngn(α̌,β) and

β̂
tgmm4 = argmin

β∈B
g ′n(α̇n(β),β)C̆′n(C̆nΩ̆nC̆

′
n)−1C̆ngn(α̇n(β),β),

where Ω̃n =Ωn(α̌, β̃) and Ω̆n =Ωn(α̇n(β̆), β̆).

Let the leading order terms of
√
n[α̇n(β̆)−α0],

√
n[Cn(α̌, β̃)− C̄n] and

√
n[Cn(α̇n(β̆), β̆)− C̄n] be,

respectively, ψnᾰ, ψnC̃ andψnC̆ . Then, ψnᾰ =
√
n(α̇n(β0)−α0)+α′nβψnβ̆ , ψnC̃ = ψnC+

∑kα
j=1 C̄

(j)
n ψnα̌j+∑kβ

j=1 C̄
(kα+j)
n ψnβ̃j , and ψnC̆ = ψnC +

∑kα
j=1 C̄

(j)
n ψnᾰj +

∑kβ
j=1 C̄

(kα+j)
n ψnβ̆j . The higher order biases of

β̂
tgel3 and β̂

tgel4 are investigated in the following theorem.

Theorem D.2. Suppose that Assumptions 1–3, D.1 and D.2 are satisfied.

(i) The bias of β̂
tgel3 is

Bias(β̂
tgel3) = [BInd + (BΩnd +

ρ3(0)
2

B̃Ωnd) + (BGnd − B̃
G
nd)] + [BC−gnd +BC−Ωnd +BC−Gnd +Bα̌nd],

where BInd , BΩnd , B̃Ωnd , BGnd , B̃Gnd and Bα̌nd are the same as corresponding ones for β̂
tgel

in Theo-

rem 2, BC−gnd = −1
nH̄nd E(

√
nψnC̃gn +ψnC̃Ḡnαψnα̌ +ψnC̃Ḡnβψnβ),

BC−Ωnd = −1
n
H̄nd E[(ψnC̃Ω̄nC̄

′
n + C̄nΩ̄nψ

′
nC̃

)ψnµ],

and BC−Gnd = 1
n E(Σ̄ndḠ′nβψ

′
nC̃
ψnµ).
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(ii) The bias of β̂
tgmm3 is

Bias(β̂
tgmm3) = [BInd +BΩnd +BGnd +BWnd] + [BC−gnd +BC−Ωnd +BC−Gnd +Bα̌nd] +BW−α̌nd ,

where BWnd = −1
nH̄ndC̄n

∑kβ
j=1

∑n
i=1E(gnig

(kα+j)′

ni +g(kα+j)
ni g ′ni)C̄

′
nP̄ndC̄nE(gng ′nb)H̄

′
nWβekβj , B

W−α̌
nd =

− 1
n2 H̄ndC̄n

∑kβ
j=1

∑n
i=1E(gnig

(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
nP̄ndC̄nE(

√
ngnψ

′
nα̌)Ḡ′nbαH̄

′
nWβekβj , and other

terms are the same as corresponding ones in (i).

(iii) The bias of β̂
tgel4 is

Bias(β̂
tgel4) = �Bias(β̂

tgel3) + [(Bα̇−Gαnd − B̃α̇−Gαnd ) +Bα̇−Gα−Cnd ],

where Bα̇−Gαnd = −Σ̄nd E(α′nβG
′
nαC̄

′
nP̄ndC̄ngn), B̃α̇−Gαnd = − 1

n2 Σ̄nd
∑n
i=1E(α′nβG

′
niαC̄

′
nP̄ndC̄ngni),

B
α̇−Gα−C
nd =

1
n
Σ̄ndα

′
nβ E

[( kα∑
j=1

Ḡ
(j)′
nα C̄

′
nψnα̇j + Ḡ′nαψ

′
nC̆

)
ψnµ

]
,

and �Bias(β̂
tgel3) has the same form as that of Bias(β̂

tgel3) in (i) except that ψnC̃ and ψnα̌ in

Bias(β̂
tgel3) are replaced by, respectively, ψnC̆ and ψnα̇.

(iv) The bias of β̂
tgmm4 is

Bias(β̂
tgmm4) = �Bias(β̂

tgmm3) + [Bα̇−Gαnd +Bα̇−Gα−Cnd ] +BW−α̇nd ,

where Bα̇−Gαnd and Bα̇−Gα−Cnd are in (iii),

BW−α̇nd = − 1
n2 H̄ndC̄n

kα∑
j=1

n∑
i=1

E(gnig
(j)′

ni + g(j)
ni g
′
ni)αnβ E(ψnβ̆jC̄

′
nψnµ)

− 1
n2 H̄ndC̄n

kβ∑
j=1

n∑
i=1

E(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
nE(ψnµψnβ̆j)−B

W
nd −B

Wα
nd ,

and �Bias(β̂
tgmm3) has the same form as that of Bias(β̂

tgmm3) in (ii) except that ψnβ̃ and ψnα̌ in

Bias(β̂
tgmm3) are replaced by, respectively, ψnβ̆ and ψnα̇.
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E Higher order biases of TGMM estimators with unknown pa-

rameters in the transformation matrix

We shall compare the higher order bias of β̂
tgel

with that of β̂
tgmm

= argminβ∈B d′n(α̌,β)Ω−1
nd(α̌, β̃)dn(α̌,β),

and also compare the higher order bias of β̂
tgel2 with that of

β̂
tgmm2 = argmin

β∈B
d′n(α̇n(β),β)Ω−1

nd(α̇n(β̆), β̆)dn(α̇n(β),β),

where dn(γ) = Cn(γ)gn(γ), Ωnd(γ) = Cn(γ)Ωn(γ)C′n(γ), and β̃ and β̆ are initial consistent esti-

mators of β. Although β̃ and β̆ can be any consistent estimators, we shall use β̃ and β̆ defined

in, respectively, (D.1) and (D.2).

Denote H̄nWβ = (Ḡ′nbβW̄
−1
n Ḡnbβ)−1Ḡ′nbβW̄

−1
n . In addition, let the leading order terms of

√
n(β̃−

β0) and
√
n(β̆−β0) be, respectively, ψnβ̃ andψnβ̆ . Then, ψnβ̃ = −H̄nWβ(

√
ngnb+Ḡnbαψnα̌) andψnβ̆ =

−[(Ḡnbααnβ + Ḡnbβ)′W̄ −1
n (Ḡnbααnβ + Ḡnbβ)]−1(Ḡnbααnβ + Ḡnbβ)′W̄ −1

n [
√
ngnb + Ḡnbα

√
n(α̇n(β0)−α0)].

Theorem E.1. Suppose that Assumptions 1–3 and D.1 are satisfied.

(i) The bias of β̂
tgmm

is

Bias(β̂
tgmm

) = [BInd+BΩnd+BGnd+BWnd]+[BC−βnd +BC−gnd +BC−Ωnd +BC−Gnd +Bα̌nd]+BC−β−gnd +BC−β−Wnd +BW−α̌nd ,

where BWnd = −1
nH̄ndC̄n

∑kβ
j=1

∑n
i=1E(gnig

(kα+j)′

ni +g(kα+j)
ni g ′ni)C̄

′
nP̄ndC̄nE(gng ′nb)H̄

′
nWβekβj , B

C−β−g
nd =

−1
nΣ̄nd[tr(C̄(kα+1)

n Ω̄nC̄
′
nP̄nd), . . . , tr(C̄

(kα+kβ)
n Ω̄nC̄

′
nP̄nd)]′,

B
C−β−W
nd = −1

n
H̄nd

kβ∑
j=1

(C̄(kα+j)
n Ω̄nC̄

′
n + C̄nΩ̄nC̄

(kα+j)′
n )E(ψnµψnβ̃j),

BW−α̌nd = − 1
n2 H̄ndC̄n

∑kβ
j=1

∑n
i=1E(gnig

(kα+j)′

ni +g(kα+j)
ni g ′ni)C̄

′
nP̄ndC̄nE(

√
ngnψ

′
nα̌)Ḡ′nbαH̄

′
nWβekβj , and

other terms are the same as corresponding ones for β̂
tgel

in Theorem 2.

(ii) The bias of β̂
tgmm2 is

Bias(β̂
tgmm2) = �Bias(β̂

tgmm
) + [BC−α̇nd +Bα̇−Gαnd +Bα̇−Gα−Cnd ] + [BC−α̇−gnd +BW−α̇nd +BC−Ω−α̇nd ],
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where BC−α̇nd , Bα̇−Gαnd and Bα̇−Gα−Cnd are the same as corresponding ones for β̂
tgel2 in Theorem 2,

B
C−α̇−g
nd = −1

nΣ̄nd

[
tr[(

∑kα
k=1 C̄

(k)
n α

(1)
nk )′P̄ndC̄nΩ̄n], . . . , tr[(

∑kα
k=1 C̄

(k)
n α

(kβ)
nk )′P̄ndC̄nΩ̄n]

]′
,

BW−α̇nd = − 1
n2 H̄ndC̄n

kα∑
j=1

n∑
i=1

E(gnig
(j)′

ni + g(j)
ni g
′
ni)αnβ E(ψnβ̆jC̄

′
nψnµ)

− 1
n2 H̄ndC̄n

kβ∑
j=1

n∑
i=1

E(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
nE(ψnµψnβ̆j)−B

W
nd −B

W−α̌
nd ,

BC−Ω−α̇nd = −1
nH̄nd

∑kα
j=1(C̄(j)

n Ω̄nC̄
′
n + C̄nΩ̄nC̄

(j)′
n )E[ψnµ(ψnα̌j − ψnα̇j)], and �Bias(β̂

tgmm
) has the

same form as that of Bias(β̂
tgmm

) in (i) except that ψnα̌ in Bias(β̂
tgmm

) is replaced by ψnα̇.

Compare to the TGEL estimator β̂
tgel

, β̂
tgmm

has the extra bias term BWnd from the choice of

the initial GMM estimator of β0. In addition, β̂
tgmm

has extra bias terms BC−β−gnd , BC−β−Wnd and

BW−α̌nd , which are due to, respectively, the correlation of gn with C̄(kα+j)
n gn, the two-step nature of

GMM in the presence of unknown β in Cn(α,β), and the possible use of α̌ in deriving the initial

GMM estimate β̃. The β̂
tgel

automatically eliminates the bias term B
C−β−g
nd and it does not have

the bias term BW−α̌nd since it estimates β in one step.

The bias terms BC−α̇−gnd , BW−α̇nd and BC−Ω−α̇nd for β̂
tgmm2 are due to the derivative of α̇(β). The

B
C−α̇−g
nd is related to the correlation of C̄(j)

n α
(k)
nj gn with gn, BW−α̇nd is the difference of Bias(β̂

tgmm2)

and Bias(β̂
tgmm

) due to the two-step nature of GMM, and BC−Ω−α̇nd is the difference of Bias(β̂
tgmm2)

and Bias(β̂
tgmm

) due to the estimation of C̄n in C̄nΩ̄nC̄
′
n.

F Efficient estimation of the transformation matrix

When we construct the TGEL estimators, we assume the existence of the estimating function

Cn(γ) for the transformation matrix, but have not discussed explicitly how expectations in C̄n

are estimated. It is possible to have a relatively efficient estimate Cn(γ) and we discuss it in this

section.

Define the following implied probabilities from the two-step CU estimator (e.g., Newey and

Smith, 2004):

π̇ni(γ) =
1
n
− 1
n

[dni(γ)− dn(γ)]′V −1
n (γ)dn(γ), (F.1)
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for i = 1, . . . ,n, where Vn(γ) = 1
n

∑n
i=1[dni(γ) − dn(γ)][dni(γ) − dn(γ)]′.2 We may use π̇ni(γ)’s to

efficiently estimate expectations. As an illustration, consider a function h(z) of a data vector z,

and the estimate of its expectation E[h(z)] by

n∑
i=1

π̇ni(γ0)h(zni) =
1
n

n∑
i=1

h(zni)−
1
n

n∑
i=1

h(zni)[dni(γ0)− dn(γ0)]′V −1
n (γ0)dn(γ0), (F.2)

where zi ’s are i.i.d. observations on z. This estimate of E[h(z)] with implied probabilities is the

empirical counterpart of

an =
1
n

n∑
i=1

h(zni)− cov[h(z), C̄ngn(γ0)]var−1[C̄ngn(γ0)]C̄ngn(γ0).

The an is not correlated with C̄ngn(γ0) since it is the minimum variance estimator of E[h(z)]

among estimators with the form 1
n

∑n
i=1h(zni)−t′C̄ngn(γ0) for somemb×1 vector t (Antoine et al.,

2007).3 Thus, we may use the implied probabilities to efficiently estimate C̄n. For example,

when ma = kα, we may let Cn(γ) = [
∑n
i=1 π̇ni(γ)∂gnbi(γ)

∂α′ ][
∑n
i=1 π̇ni(γ)∂gnai(γ)

∂α′ ]−1. With such a Cn(γ)

for β̂
tgel

and β̂
tgel2, Cn(α̌, β̂

tgel
) is uncorrelated with

√
ndn(α̌, β̂

tgel
), and Cn(α̇n(β̂

tgel2), β̂
tgel2)

is uncorrelated with
√
ndn(α̇n(β̂

tgel2), β̂
tgel2). For β̂

tgel3 and β̂
tgel4, Cn(α̌,β) and Cn(α̇n(β),β)

need to be evaluated at an estimator of β that is asymptotically as efficient as the joint GMM

estimator. The implied probabilities in (F.1) can be negative. Antoine et al. (2007) define

nonnegative shrunk implied probabilities, which do not lose their asymptotic efficiency na-

ture. The nonnegative shrunk probabilities are π̈ni(γ) = 1
1+δn(γ) π̇ni(γ) + δn(γ)

1+δn(γ)
1
n , where δn(γ) =

−nmin{min1≤i≤n π̇ni(γ),0}.

Our Monte Carlo results show that using CU implied probabilities or CU shrunk probabili-

ties for the transformation matrix does not lead to significant improvement in the finite sample

performance of TGEL estimators, so we have not considered them in the main text.

2The GEL estimator γ̂
gel

= argminγ∈Γ supλ∈Λng (γ)
∑n
i=1ρ(λ′gni(γ)) is equivalent to the minimum discrepancy

estimator argminγ∈Γ ,π1,...,πn

∑n
i=1 h(πi), subject to

∑n
i=1πigni(γ) = 0 and

∑n
i=1πi = 1 for some convex function h(π)

of a scalar π. For EL, h(π) = − ln(π); for ET, h(π) = π ln(π); for CU, h(π) = π2. The implied probabilities πi ’s are

ρ1(λ̂′
gel
gni(γ̂gel))/[

∑n
j=1ρ1(λ̂′

gel
gnj (γ̂gel))]. Thus we can show the CU implied probabilities have closed forms.

3It is not so if gni(γ)’s are not i.i.d.
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G More tests

G.1 Tests in the TGMM framework

For comparison purposes, we consider several tests in the TGMM framework. The TGMM

distance difference test statistic is

R
tgmm

= n[d′n(α̌, β̂rtgmm)Ω−1
nd(α̌, β̂rtgmm)dn(α̌, β̂rtgmm)− d′n(α̌, β̂

tgmm
)Ω−1

nd(α̌, β̂
tgmm

)dn(α̌, β̂
tgmm

)],

(G.1)

where β̂rtgmm is the restricted GMM estimator that solves minβ∈B d′n(α̌,β)Ω−1
nd(α̌, β̃)dn(α̌,β) sub-

ject to r(β) = 0. The Wald test statisticW
tgmm

with the TGMM estimate β̂
tgmm

has the same form

as that ofW
tgel

in the main text, with β̂
tgel

inW
tgel

replaced by β̂
tgmm

.

The gradient test statistic in the TGMM framework has the form

G
tgmm

= nd′n(α̌, β̂rtgmm)Ω−1
nd(α̌, β̂rtgmm)Dnβ(α̌, β̂rtgmm)Σnd(α̌, β̂rtgmm)

·D ′nβ(α̌, β̂rtgmm)Ω−1
nd(α̌, β̂rtgmm)dn(α̌, β̂rtgmm),

(G.2)

which requires the use of β̂rtgmm.

Let Ψn(γ) and Ψni(γ) be as given in Section 3 of the main text. Since 1
n

∑n
i=1Ψni(γ̌r)Ψ

′
ni(γ̌r)

is a consistent estimator of the limiting variance of
√
nΨn(γ0), in the form of an outer-product-

of-gradients (OPG) test, as in Davidson and MacKinnon (2004), the C(α)-type gradient test

statistic is

OPG
t

=
( n∑
i=1

Ψni(α̌, β̌r)
)′( n∑

i=1

Ψni(α̌, β̌r)Ψ
′
ni(α̌, β̌r)

)−1( n∑
i=1

Ψni(α̌, β̌r)
)
. (G.3)

Another advantage of the C(α)-type gradient test is its robustness to unknown heteroskedastic-

ity, because Ωn(γ0) = 1
n

∑n
i=1 gni(γ0)g ′ni(γ0) may capture unknown heteroskedasticity in gni(γ0)

(Lee and Yu, 2012).

Theorem G.1. Suppose that Assumptions 1–2 and 4 hold. R
tgmm

,W
tgmm

, G
tgmm

and OPG
t

are all

asymptotically equivalent with the asymptotic distribution χ2(kr , limn→∞ c
′R′(RΣ̄ndR′)−1Rc).
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G.2 Tests in the ordinary GEL and GMM frameworks

Let ρn(γ,λ) =
∑n
i=1ρ(λ′gni(γ)), γ̂rgel be the restricted GEL estimator that solves

min
γ∈Γ

sup
λ∈Λng (γ)

ρn(γ,λ) s.t. r(β) = 0,

and λ̂rgel = argmaxλ∈Λng (γ̂rgel)ρn(γ̂rgel,λ). Then the GEL ratio test is

R
gel

= 2[ρn(γ̂rgel, λ̂rgel)−ρn(γ̂
gel
, λ̂

gel
)], (G.4)

and the corresponding GMM distance difference test statistic is

R
gmm

= n[g ′n(γ̂rgmm)Ω−1
n (γ̂rgmm)gn(γ̂rgmm)− g ′n(γ̂

gmm
)Ω−1

n (γ̂
gmm

)gn(γ̂
gmm

)]. (G.5)

The Wald tests with the GEL and GMM estimates are, respectively,

W
gel

= n · r ′(β̂
gel

)[Rγ (β̂
gel

)Σn(α̌, β̂
gel

)R′γ (β̂
gel

)]−1r(β̂
gel

), (G.6)

and

W
gmm

= n · r ′(β̂
gmm

)[Rγ (β̂
gmm

)Σn(α̌, β̂
gmm

)R′γ (β̂
gmm

)]−1r(β̂
gmm

), (G.7)

where Rγ = ∂r(β)
∂γ ′ and Σn(γ) = [G′n(γ)Ω−1

n (γ)Gn(γ)]−1. The score-type test with the restricted

GEL estimator has the test statistic

S
gel

=
1
n

∂ρn(γ̂rgel, λ̂rgel)
∂γ ′

Σn(γ̂rgel)
∂ρn(γ̂rgel, λ̂rgel)

∂γ
. (G.8)

Let γ̂rgmm be the restricted OGMM estimator of γ that solves minγ∈Γ g ′n(γ)Ω−1
n (γ̃

gmm
)gn(γ)

subject to r(β) = 0, where γ̃
gmm

is an initial consistent estimator of γ0. Then the gradient test

statistic in the GMM framework is

G
gmm

= ng ′n(γ̂rgmm)Ω−1
n (γ̂rgmm)Gn(γ̂rgmm)Σn(γ̂rgmm)G′n(γ̂rgmm)Ω−1

n (γ̂rgmm)gn(γ̂rgmm), (G.9)

where Gn(γ) = ∂gn(γ)
∂γ ′ . For any

√
n-consistent restricted estimate γ̌r of γ such that r(β) = 0,

Υ̂n(γ) = Rγ (γ̌r)Σn(γ̌r)G
′
n(γ̌r)Ω

−1
n (γ̌r)gn(γ)

is a C(α)-type statistic, which satisfies
√
nΥ̂n(γ̌r) =

√
nΥ̂n(γ0) + op(1). Let Υni(γ) be the vector

obtained by replacing gn(γ) in the above Υ̂n(γ) by gni(γ). Then the OPG test is

OPG =
( n∑
i=1

Υni(γ̌r)
)′( n∑

i=1

Υni(γ̌r)Υ
′
ni(γ̌r)

)−1( n∑
i=1

Υni(γ̌r)
)
. (G.10)
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In the GEL framework, we may also implement the gradient test. Let

λ̌r = arg max
λ∈ΛnΥ (γ̌r )

n∑
i=1

ρ
(
λ′Υni(γ̌r)

)
,

where ΛnΥ (γ̌r) = {λ : λ′Υni(γ̌r) ∈ V , i = 1, . . . ,n}. Then we have the following GEL gradient test

statistic

G
gel

= 2
[ n∑
i=1

ρ
(
λ̌′rΥni(γ̌r)

)
−nρ(0)

]
. (G.11)

Theorem G.2. Suppose that
√
n(γ̌r − γ0) = Op(1) and Assumptions 1, 4 and D.1 hold. Then

R
gel

, R
gmm

, W
gel

, W
gmm

, S
gel

, G
gmm

, OPG, G
gel

are all asymptotically equivalent and they have

the asymptotic distribution χ2(kr , limn→∞ c
′R′(RγΣ̄nR′γ )−1Rc), where Σ̄n = (Ḡ′nΩ̄

−1
n Ḡn)−1 and Rγ =

∂r(β0)
∂γ ′ = [0,R].

From the above theorem, under the null (as c = 0), all the test statistics considered follow

the asymptotic central chi-squared distribution with kr degrees of freedom. If c , 0, then the

above tests have the same local power asymptotically. We omit the proof of Theorem G.2, since

it is similar to that of Theorem 3 in the main text. The only difference is on the use of different

moment functions. The set of moment functions in Theorem G.2 consists of the original ones.

H Lemmas

Lemma H.1. (i) Under Assumptions 1(ii)–(v), 2(iii)–(iv) and D.1(i)–(ii), β̃ = β0 + op(1) and

β̆ = β0 + op(1).

(ii) Under Assumptions 1(ii)–(v), (viii)–(ix), (xi), 2(iii)–(iv), 3(i)–(ii), and D.1,
√
n(β̃ − β0) =

ψnβ̃+Op(n−1/2), whereψnβ̃ = −H̄nWβ(
√
ngnb+Ḡnbαψnα̌) with H̄nWβ = (Ḡ′nbβW̄

−1
n Ḡnbβ)−1Ḡ′nbβW̄

−1
n ,

and
√
n(β̆ − β0) = ψnβ̆ + Op(n−1/2), where ψnβ̆ = −[(Ḡnbα

∂αn(β0)
∂β′ + Ḡnbβ)′W̄ −1

n (Ḡnbα
∂αn(β0)
∂β′ +

Ḡnbβ)]−1(Ḡnbα
∂αn(β0)
∂β′ + Ḡnbβ)′W̄ −1

n [
√
ngnb + Ḡnbα

√
n(α̇n(β0)−α0)].

(iii) Let β̂ = β0 + n−1/2ψnβ + Op(n−1), where ψnβ = Op(1). Under Assumptions 2(iv) and 3(i),
√
n(α̇n(β̂)−α0) =

√
n(α̇n(β0)−α0) + ∂αn(β0)

∂β′ ψnβ +Op(n−1/2).

Proof. (i) Let ḡn(α,β) = E[gn(α,β)]. By the triangle inequality,

sup
β∈B
‖gn(α̌,β)− ḡn(α0,β)‖ ≤ sup

β∈B
‖gn(α̌,β)− ḡn(α̌,β)‖+ sup

β∈B
‖ḡn(α̌,β)− ḡn(α0,β)‖
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≤ sup
γ∈Γ
‖gn(γ)− ḡn(γ)‖+ sup

β∈B
‖ḡn(α̌,β)− ḡn(α0,β)‖.

The first term in the last line is op(1) under Assumption 1(iv), and the second term is op(1) since

α̌ = α0 + op(1) and ḡn(γ) is continuous on Γ uniformly in n. Thus, supβ∈B ‖gn(α̌,β)− ḡn(α0,β)‖ =

op(1). Under Assumption 1(v), supβ∈B ‖ḡn(α0,β)‖ = Op(1). In particular, supβ∈B ‖gnb(α̌,β) −

ḡnb(α0,β)‖ = op(1) and supβ∈B ‖ḡnb(α0,β)‖ = Op(1), where ḡnb(γ) = E[gnb(γ)]. Therefore, under

the identification condition in Assumption D.1, β̃ = β0 + op(1) by Theorem 3.4 in White (1994).

For β̆, by the triangle inequality,

sup
β∈B
‖gn(α̇n(β),β)− ḡn(αn(β),β)‖

≤ sup
β∈B
‖gn(α̇n(β),β)− ḡn(α̇n(β),β)‖+ sup

β∈B
‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖

≤ sup
γ∈Γ
‖gn(γ)− ḡn(γ)‖+ sup

β∈B
‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖ · I

(
sup
β∈B
‖α̇n(β)−αn(β)‖ ≥ c

)
+ sup
β∈B
‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖ · I

(
sup
β∈B
‖α̇n(β)−αn(β)‖ < c

)
.

(H.1)

As Γ is compact and ḡn(γ) is equicontinuous, ḡn(γ) is uniformly equicontinuous on Γ . Then for

any c1 > 0, there exists some c2 > 0, such that ‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖ ≤ c1
2 for any n and any

β satisfying ‖α̇n(β)−αn(β)‖ ≤ c2. Thus,

P
(
sup
β∈B
‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖ ≥ c1

)
= P

(
sup
β∈B

[
‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖ · I(‖α̇n(β)−αn(β)‖ > c2)

+ ‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖ · I(‖α̇n(β)−αn(β)‖ ≤ c2)
]
≥ c1

)
≤ P

(
sup
β∈B

[‖ḡn(α̇n(β),β)− ḡn(αn(β),β)‖ · I(‖α̇n(β)−αn(β)‖ ≥ c2)] ≥ c1

2

)
≤ P

(
sup
β∈B
‖α̇n(β)−αn(β)‖ ≥ c2

)
.

As supβ∈B ‖α̇n(β) − αn(β)‖ = op(1), supβ∈B ‖ḡn(α̇n(β),β) − ḡn(αn(β),β)‖ = op(1). Then, by (H.1),

supβ∈B ‖gn(α̇n(β),β) − ḡn(αn(β),β)‖ = op(1). In particular, supβ∈B ‖gnb(α̇n(β),β) − ḡnb(αn(β),β)‖ =

op(1). Furthermore, supβ∈B ‖ḡn(αn(β),β)‖ ≤ supγ∈Γ ‖ḡn(γ)‖ =Op(1). Since limn→∞ ḡnb(αn(β),β) is

uniquely zero at β = β0 and Ŵn = W̄n + op(1), where limn→∞ W̄n is nonsingular, the consistency

of β̆ follows.
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(ii) Applying the MVT to the first order condition for β̃ yields

0 = G′nbβ(α̌, β̃)Ŵ −1
n gnb(α̌, β̃) = G′nbβ(α̌, β̃)Ŵ −1

n [gnb +Gnbβ(γ̈)(β̃ − β0) +Gnbα(γ̈)(α̌ −α0)],

where Gnbβ(γ) = ∂gnb(γ)
∂β′ , Gnbα(γ) = ∂gnb(γ)

∂α′ , and γ̈ lies between γ0 and (α̌′, β̃′)′. This relation

implies that

√
n(β̃ − β0) = −[G′nbβ(α̌, β̃)Ŵ −1

n Gnbβ(γ̈)]−1G′nbβ(α̌, β̃)Ŵ −1
n [
√
ngnb +Gnbα(γ̈)

√
n(α̌ −α0)].

By Assumption 1(xi),
√
ngnb =Op(1). Under Assumption 1(ix), Gnbβ(α̌, β̃) = Ḡnbβ +op(1) =Op(1)

and Gnbα(γ̈) = Ḡnbα + op(1) =Op(1), where Ḡnbβ has full column rank for large enough n under

Assumption D.1(iii). Then, by
√
n(α̌ −α0) =Op(1) and Ŵn = W̄n +Op(n−1/2),

√
n(β̃ −β0) =Op(1).

Thus, a first order Taylor expansion of the first order condition for β̃ yields

0 = G′nbβ(α̌, β̃)Ŵ −1
n gnb(α̌, β̃) = G′nbβ(α̌, β̃)Ŵ −1

n [gnb +Gnbβ(γ0)(β̃ − β0) +Gnbα(γ0)(α̌ −α0) +Op(n−1)],

whereGnbβ(α̌, β̃) = Gnbβ(γ0)+Op(n−1/2) = Ḡnbβ+Op(n−1/2) andGnbα(γ0) = Ḡnbα+Op(n−1/2) under

Assumption 3(iii). With
√
n(α̌ −α0) = ψnα̌ +Op(n−1/2), we have

√
n(β̃ − β0) = ψnβ̃ +Op(n−1/2).

For β̆, applying the MVT to its first order condition

[
∂α̇′n(β̆)
∂β

∂g ′nb(α̇n(β̆), β̆)
∂α

+
∂g ′nb(α̇n(β̆), β̆)

∂β
]Ŵ −1

n gnb(α̇n(β̆), β̆) = 0

yields

0 =
[∂α̇′n(β̆)
∂β

∂g ′nb(α̇n(β̆), β̆)
∂α

+
∂g ′nb(α̇n(β̆), β̆)

∂β

]
Ŵ −1
n

·
[
gnb(α̇n(β0),β0) +

∂gnb(α̇n(β̈), β̈)
∂α′

∂α̇n(β̈)
∂β′

(β̆ − β0) +
∂gnb(α̇n(β̈), β̈)

∂β′
(β̆ − β0)

]
,

where gnb(α̇n(β0),β0) = gnb(α0,β0) + ∂gnb(α̈,β0)
∂α′ (α̇n(β0) − α0), β̈ lies between β0 and β̆, and α̈ lies

between α0 and α̇n(β0). Thus,

√
n(β̆ − β0) = −

[(∂α̇′n(β̆)
∂β

∂g ′nb(α̇n(β̆), β̆)
∂α

+
∂g ′nb(α̇n(β̆), β̆)

∂β

)
Ŵ −1
n

(∂gnb(α̇n(β̈), β̈)
∂α′

∂α̇n(β̈)
∂β′

+
∂gnb(α̇n(β̈), β̈)

∂β′
)]−1

·
(∂α̇′n(β̆)

∂β

∂g ′nb(α̇n(β̆), β̆)
∂α

+
∂g ′nb(α̇n(β̆), β̆)

∂β

)
Ŵ −1
n [
√
ngnb(α0,β0) +

∂gnb(α̈,β0)
∂α′

√
n(α̇n(β0)−α0)].

Since α̇n(β̈) = αn(β̈) + op(1) = α0 + op(1), ∂gnb(α̇n(β̈),β̈)
∂α′ = Ḡnbα + op(1) and ∂gnb(α̇n(β̈),β̈)

∂β′ = Ḡnbβ + op(1).

In addition, ∂α̇n(β̈)
∂β′ = ∂αn(β̈)

∂β′ + op(1) = ∂αn(β0)
∂β′ + op(1). Then,

√
n(β̆ − β0) = ψnβ̆ + op(1) =Op(1). With
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this result, a first order Taylor expansion of the first order condition for β̆ yields

0 =
[∂α̇′n(β̆)
∂β

∂g ′nb(α̇n(β̆), β̆)
∂α

+
∂g ′nb(α̇n(β̆), β̆)

∂β

]
Ŵ −1
n

×
[
gnb(α̇n(β0),β0) +

∂gnb(α̇n(β0),β0)
∂α′

∂α̇n(β0)
∂β′

(β̆ − β0) +
∂gnb(α̇n(β0),β0)

∂β′
(β̆ − β0) +Op(n−1)

]
,

where ∂gnb(α̇n(β̈),β̈)
∂α′ = ∂gnb(α0,β0)

∂α′ +
∑kβ
j=1[

∑kα
k=1

∂2gnb(α̇n(β̄),β̄)
∂α′∂αk

∂α̌nk(β̄)
∂βj

+ ∂2gnb(α̇n(β̄),β̄)
∂α′∂βj

](β̆j − β0j) = Ḡnbα +

Op(n−1/2) for some β̄ between β̆ and β0, and ∂gnb(α̇n(β̈),β̈)
∂β′ = Ḡnbβ +Op(n−1/2) similarly. Hence,

√
n(β̆ − β0) = ψnβ̆ +Op(n−1/2).

(iii) By a first order Taylor expansion, α̇n(β̂) = α̇n(β0) + ∂α̇n(β0)
∂β′ (β̂ − β0) +Op(n−1) = α̇n(β0) +

n−1/2 ∂αn(β0)
∂β′ ψnβ +Op(n−1). Thus,

√
n(α̇n(β̂)−α0) =

√
n(α̇n(β0)−α0) + ∂αn(β0)

∂β′ ψnβ +Op(n−1/2). �

LemmaH.2. For hni(β) = C̃ngni(α̌,β), dni(α̌,β), C̆ngni(α̇n(β),β), dni(α̇n(β),β), gni(α̌,β) or gni(α̇n(β),β),

and any ζ with 1/η < ζ < 1/2, where η > 2 in Assumption 1(v), let µ be a column vector conformable

with hni(β), Λnh = {µ : ‖µ‖ ≤ n−ζ} and Λnh(β) = {µ : µ′hni(β) ∈ V , i = 1, . . . ,n}. Suppose that Assump-

tions 1(v) and 2(i)–(iii) hold. In addition, Assumptions 1(ii)–(iv), 2(iv) and D.1(i)–(ii) hold for

hni(β) = C̃ngni(α̌,β) or C̆ngni(α̇n(β),β). Then, supβ∈B,µ∈Λnh,1≤i≤n |µ
′hni(β)| = op(1) andΛnh ⊂Λnh(β)

for all β ∈ B with probability approaching one (w.p.a.1).

Proof. We first prove the result for hni(β) = C̃ngni(α̌,β). By the Cauchy-Schwarz inequality,

sup
β∈B,µ∈Λnh,1≤i≤n

‖µ′C̃ngni(α̌,β)‖ ≤ sup
µ∈Λnh

‖µ‖ · ‖C̃n‖ sup
γ∈Γ ,1≤i≤n

‖gni(γ)‖, (H.2)

where supγ∈Γ ,1≤i≤n ‖gni(γ)‖ satisfies

E
(

sup
γ∈Γ ,1≤i≤n

‖gni(γ)‖
)
≤

[
E
(

sup
γ∈Γ ,1≤i≤n

‖gni(γ)‖
)η]1/η

≤
[ n∑
i=1

E
(
sup
γ∈Γ
‖gni(γ)‖η

)]1/η
=O(n1/η) (H.3)

by Jensen’s inequality for a concave function. Thus, supγ∈Γ ,1≤i≤n ‖gni(γ)‖ =Op(n1/η). By Lemma H.1(i),

β̃ = β0 + op(1). Then under Assumption 2(i)–(ii), C̃n = C̄n + op(1) =Op(1). Hence,

sup
β∈B,µ∈Λnh,1≤i≤n

‖µ′C̃ngni(α̌,β)‖ =Op(n1/η−ζ) = op(1).

It follows that, w.p.a.1, µ′hni(β) ∈ V for all β ∈ B and ‖µ‖ ≤ n−ζ .

For hni(β) = dni(α̌,β), an inequality similar to (H.2) shows that the result holds if supβ∈B ‖Cn(α̌,β)‖ =

Op(1). Since supα∈Nα ,β∈B ‖Cn(α,β)− C̄n(α,β)‖ = op(1) and supα∈Nα ,β∈B ‖C̄n(α,β)‖ =O(1), we have

supβ∈B ‖Cn(α̌,β)‖ =Op(1).
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For hni(β) = C̆ngni(α̇n(β),β), note that C̆n = C̄n + op(1) = Op(1) as C̃n = C̄n + op(1) = Op(1).

Then,

sup
β∈B,µ∈Λnh,1≤i≤n

‖µ′C̆ngni(α̇n(β),β)‖ ≤ sup
µ∈Λnh

‖µ‖ · ‖C̆n‖ · sup
β∈B,1≤i≤n

‖gni(α̇n(β),β)‖

≤ sup
µ∈Λnh

‖µ‖ · ‖C̆n‖ · sup
γ∈Γ ,1≤i≤n

‖gni(γ)‖ =Op(n1/η−ζ) = op(1).

For hni(β) = Cn(α̇n(β),β)gni(α̇n(β),β),

sup
β∈B,µ∈Λnh,1≤i≤n

‖µ′Cn(α̇n(β),β)gni(α̇n(β),β)‖ ≤ sup
µ∈Λnh

‖µ‖ · sup
γ∈Γ
‖Cn(γ)‖ sup

γ∈Γ ,1≤i≤n
‖gni(γ)‖.

Then the result holds since supγ∈Γ ‖Cn(γ)‖ =Op(1).

The proofs for the results with hni(β) = gni(α̌,β) and hni(β) = gni(α̇n(β),β) are similar to those

for hni(β) = C̃ngni(α̌,β) and hni(β) = C̆ngni(α̇n(β),β). �

With Lemma H.2, the following Lemmas H.3–H.4 hold by arguments similar to those for

Lemmas A.2–A.3 in Newey and Smith (2004).

LemmaH.3. Let hni(β) = C̃ngni(α̌,β), dni(α̌,β), C̆ngni(α̇n(β),β), dni(α̇n(β),β), gni(α̌,β) or gni(α̇n(β),β),

µ be a column vector conformable with hni(β), and Λnh(β) = {µ : µ′hni(β) ∈ V , i = 1, . . . ,n}. Suppose

that β̄ ∈ B, β̄ = β0 +op(1), 1
n

∑n
i=1hni(β̄) =Op(n−1/2), and Assumptions 1(v)–(vii) and 2(i)–(iv) hold.

In addition, Assumptions 1(ii)–(iv) and D.1(i)–(ii) hold for hni(β) = C̃ngni(α̌,β) or C̆ngni(α̇n(β),β).

Then, µ̄ = argmaxµ∈Λnh(β̄)
∑n
i=1ρ(µ′hni(β̄)) exists w.p.a.1, µ̄ =Op(n−1/2), and supµ∈Λnh(β̄)

∑n
i=1ρ(µ′hni(β̄)) ≤

ρ(0) +Op(n−1).

Lemma H.4. If Assumptions 1(v)–(vii) and 2(i)–(iv) hold, then ‖dn(α̌, β̂
tgel

)‖ = Op(n−1/2) and

‖dn(α̇n(β̂
tgel2), β̂

tgel2)‖ =Op(n−1/2). If Assumptions 1(ii)–(iv) and D.1(i)–(ii) also hold, ‖C̃ngn(α̌, β̂
tgel3)‖ =

Op(n−1/2) and ‖C̆ngn(α̇n(β̂
tgel4), β̂

tgel4)‖ =Op(n−1/2).

Lemma H.5. (i) Under Assumptions 1(ii)–(vi), 2(iii)–(iv) and D.1(i)–(ii), Ω̃n = Ω̄n + op(1) and

Ω̆n = Ω̄n + op(1).

(ii) Under Assumptions 1(ii)–(vi), (viii)–(ix), (xi), 2(iii)–(iv), 3(i), (iii) and D.1,
√
n(Ω̃n−Ω̄n) =

ψnΩ̃ +Op(n−1/2), where ψnΩ̃ =
√
n(1
n

∑n
i=1 gnig

′
ni − Ω̄n) + 1

n

∑kα
j=1

∑n
i=1E(gnig

(j)′

ni + g(j)
ni g
′
ni)ψnα̌j +

1
n

∑kβ
j=1

∑n
i=1E(gnig

(kα+j)′

ni + g(kα+j)
ni g ′ni)ψnβ̃j , with ψnα̌j and ψnβ̃j denoting, respectively, the jth

elements of ψnα̌ defined in Assumption 3(i) and ψnβ̃ defined in Lemma H.1(ii).
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(iii) Under Assumptions 1(ii)–(v), (viii)–(ix), (xi), 2(iii)–(iv), 3(i)–(ii) and D.1, C̃n = C̄n+n−1/2ψnC̃+

Op(n−1), where ψnC̃ = ψnC +
∑kα
j=1 C̄

(j)
n ψnα̌j +

∑kβ
j=1 C̄

(kα+j)
n ψnβ̃j .

(iv) Under Assumptions 1(ii)–(vi), (viii)–(ix), (xi), 2(iii)–(iv), 3(i)–(iii) and D.1,
√
n(C̃nΩ̃nC̃

′
n −

Ω̄nd) = ψnΩ̃d
+Op(n−1/2), where ψnΩ̃d

= ψ̇nΩ̃d
+ ψ̈nΩ̃d

,

ψ̇nΩ̃d
=
√
nC̄n

(1
n

n∑
i=1

gnig
′
ni − Ω̄n

)
C̄′n −

1
n
C̄n

kβ∑
j=1

n∑
i=1

E(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
ne
′
kβj
H̄nWβ

√
ngnb,

and

ψ̈nΩ̃d
= C̄nΩ̄nψ

′
nC̃

+ψnC̃Ω̄nC̄
′
n +

1
n

kα∑
j=1

n∑
i=1

ψnα̌jC̄nE(gnig
(j)′

ni + g(j)
ni g
′
ni)C̄

′
n

− 1
n

kβ∑
j=1

n∑
i=1

C̄nE(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
ne
′
kβj
H̄nWβḠnbαψnα̌,

with ψnC̃ given in (iii). In ψnΩ̃d
, ψ̈nΩ̃d

involves terms due to the estimation of α and C̄n, but

ψ̇nΩ̃d
does not.

Proof. (i) By Assumption 2(iv) and Lemma H.1(i), γ̄ = (α̌′, β̃′)′ is a consistent estimator of γ0.

Then ‖Ωn(γ̄)−Ω̄n‖ ≤ ‖Ωn(γ̄)−Ω̄n(γ̄)‖+‖Ω̄n(γ̄)−Ω̄n‖ = op(1) under Assumption 1(vi). Thus the

result follows.

(ii) A first order Taylor expansion yields

Ωn(γ̄) = Ω̄n +
(1
n

n∑
i=1

gnig
′
ni − Ω̄n

)
+

kα+kβ∑
j=1

1
n

n∑
i=1

(gnig
(j)′

ni + g(j)
ni g
′
ni)(γ̄j −γj0) +Op(‖γ̄ −γ0‖2). (H.4)

Substituting the expressions for (α̌ −α0) in Assumption 3(i) and (β̃ − β0) in Lemma H.1(ii) into

(H.4) and keeping only leading order terms, we obtain
√
n[Ωn(γ̄)− Ω̄n] = ψnΩ̃ +Op(n−1/2).

(iii) By the MVT, Cn(α̌, β̃) = Cn(α0,β0) +
∑kα
j=1

∂Cn(α̈,β̈)
∂αj

(α̌j −αj0) +
∑kβ
j=1

∂Cn(α̈,β̈)
∂βj

(β̃j −βj0), where

α̈ lies between α̌ and α0, and β̈ lies between β̃ and β0. Then under Assumption 3(ii), Cn(α̌, β̃) =

C̄n +n−1/2ψnC +n−1/2∑kα
j=1 C̄

(j)
n ψnα̌j +n−1/2∑kβ

j=1 C̄
(kα+j)
n ψnβ̃j +Op(n−1).

(iv) With (ii) and (iii),

Ωnd(γ̄) = [C̄n +n−1/2ψnC̃ +Op(n−1)][Ω̄n +n−1/2ψnΩ̃ +Op(n−1)][C̄′n +n−1/2ψ′
nC̃

+Op(n−1)]

= C̄nΩ̄nC̄
′
n +n−1/2(C̄nΩ̄nψ

′
nC̃

+ψnC̃Ω̄nC̄
′
n + C̄nψnΩ̃C̄

′
n) +Op(n−1).

Hence the result holds by using the expression of ψnΩ̃ in (ii). �
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I Proofs of some theorems

I.1 Proof of Theorem D.2

(i) Let vni(α,θ) = µ′C̃ngni(α,β), where θ = (β′,µ′)′, hni(α,θ) = ∂vni(α,θ)
∂θ =

(
G′niβ(α,β)C̃′nµ

C̃ngni(α,β)

)
,

mni(α,θ) = ρ1(vni(α,θ))hni(α,θ),

and m̂n(α,θ) = 1
n

∑n
i=1mni(α,θ). Then the first order condition for θ̂

tgel3 is

m̂n(α̌, θ̂
tgel3) = 0. (I.1)

We shall derive a Nagar-type expansion by applying a Taylor’s expansion to this condition. For

that purpose, we compute the following derivatives:

∂hni(α,θ)
∂α′

=

[G(1)′

niβ(α,β)C̃′nµ, . . . ,G
(kα)′

niβ (α,β)C̃′nµ]

C̃nGniα(α,β)

 ,
∂hni(α,θ)
∂θ′

=

[G(kα+1)′

niβ (α,β)C̃′nµ, . . . ,G
(kα+kβ)′

niβ (α,β)C̃′nµ] G′niβ(α,β)C̃′n

C̃nGniβ(α,β) 0

 ,
∂2hni(α,θ)
∂αj∂α′

=

[G(1j)′

niβ (α,β)C̃′nµ, . . . ,G
(kαj)′

niβ (α,β)C̃′nµ]

C̃nG
(j)
niα(α,β)

 ,
∂2hni(α,θ)
∂θj∂α′

=

[G(1,kα+j)′

niβ (α,β)C̃′nµ, . . . ,G
(kα ,kα+j)′

niβ (α,β)C̃′nµ]

C̃nG
(kα+j)
niα (α,β)

 for 1 ≤ j ≤ kβ ,

∂2hni(α,θ)
∂θj∂α′

=

[G(1)′

niβ(α,β)C̃′nemb,j−kβ , . . . ,G
(kα)′

niβ (α,β)C̃′nemb,j−kβ ]

0

 for kβ + 1 ≤ j ≤ kθ,

∂2hni(α,θ)
∂αj∂θ′

=

[G(kα+1,j)′

niβ (α,β)C̃′nµ, . . . ,G
(kα+kβ ,j)′

niβ (α,β)C̃′nµ] G
(j)′

niβ(α,β)C̃′n

C̃nG
(j)
niβ(α,β) 0

 ,
∂2hni(α,θ)
∂θj∂θ′

=

[G(kα+1,kα+j)′

niβ (α,β)C̃′nµ, . . . ,G
(kα+kβ ,kα+j)′

niβ (α,β)C̃′nµ] G
(kα+j)′

niβ (α,β)C̃′n

C̃nG
(kα+j)
niβ (α,β) 0

 for 1 ≤ j ≤ kβ ,

∂2hni(α,θ)
∂θj∂θ′

=

[G(kα+1)′

niβ (α,β)C̃′nemb,j−kβ , . . . ,G
(kα+kβ)′

niβ (α,β)C̃′nemb,j−kβ ] 0

0 0

 for kβ + 1 ≤ j ≤ kθ,
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∂3hni(α,θ)
∂αk∂αj∂α′

=

[G(1jk)′

niβ (α,β)C̃′nµ, . . . ,G
(kαjk)′

niβ (α,β)C̃′nµ]

C̃nG
(jk)
niα(α,β)

 ,
∂3hni(α,θ)
∂αk∂αj∂θ′

=

[G(kα+1,jk)′

niβ (α,β)C̃′nµ, . . . ,G
(kα+kβ ,jk)′

niβ (α,β)C̃′nµ] G
(jk)′

niβ (α,β)C̃′n

C̃nG
(jk)
niβ (α,β) 0

 ,
∂3hni(α,θ)
∂αk∂θj∂θ′

=

[G(kα+1,kα+j,k)′

niβ (α,β)C̃′nµ, . . . ,G
(kα+kβ ,kα+j,k)′

niβ (α,β)C̃′nµ] G
(kα+j,k)′

niβ (α,β)C̃′n

C̃nG
(kα+j,k)
niβ (α,β) 0

 for 1 ≤ j ≤ kβ ,

∂3hni(α,θ)
∂αk∂θj∂θ′

=

[G(kα+1,k)′

niβ (α,β)C̃′nemb,j−kβ , . . . ,G
(kα+kβ ,k)′

niβ (α,β)C̃′nemb,j−kβ ] 0

0 0

 for kβ + 1 ≤ j ≤ kθ,

∂3hni(α,θ)
∂θk∂θj∂θ′

=

[G(kα+1,kα+j,kα+k)′

niβ (α,β)C̃′nµ, . . . ,G
(kα+kβ ,kα+j,kα+k)′

niβ (α,β)C̃′nµ] G
(kα+j,kα+k)′

niβ (α,β)C̃′n

C̃nG
(kα+j,kα+k)
niβ (α,β) 0


for 1 ≤ j ≤ kβ and 1 ≤ k ≤ kβ ,

∂3hni(α,θ)
∂θk∂θj∂θ′

=

[G(kα+1,kα+j)′

niβ (α,β)C̃′nemb,k−kβ , . . . ,G
(kα+kβ ,kα+j)′

niβ (α,β)C̃′nemb,k−kβ ] 0

0 0

 for 1 ≤ j ≤ kβ and

kβ + 1 ≤ k ≤ kθ,

∂3hni(α,θ)
∂θk∂θj∂θ′

= 0 for kβ + 1 ≤ j ≤ kθ and kβ + 1 ≤ k ≤ kθ,

where kθ = kβ +mb. Hence, by the chain rule of differentiation, and then evaluated at the true

parameters (with µ0 = 0),

∂mni(α0,θ0)
∂α′

= −

 0

C̃nGniα

 , ∂mni(α0,θ0)
∂θ′

= −

 0 G′niβC̃
′
n

C̃nGniβ C̃ngnig
′
niC̃
′
n

 , ∂2mni(α0,θ0)
∂αj∂α′

= −

 0

C̃nG
(j)
niα

 ,
∂2mni(α0,θ0)
∂θj∂α′

= −
(

0

C̃nG
(kα+j)
niα

)
for 1 ≤ j ≤ kβ ,

∂2mni(α0,θ0)
∂θj∂α′

= −
( [G(1)′

niβC̃
′
nemb,j−kβ , . . . ,G

(kα)′

niβ C̃
′
nemb,j−kβ ]

e′mb,j−kβ C̃ngniC̃nGniα + C̃ngnie′mb,j−kβ C̃nGniα

)
for kβ + 1 ≤ j ≤ kθ,

∂2mni(α0,θ0)
∂αj∂θ′

= −

 0 G
(j)′

niβC̃
′
n

C̃nG
(j)
niβ C̃ng

(j)
ni g
′
niC̃
′
n + C̃ngnig

(j)′

ni C̃
′
n

 ,
∂2mni(α0,θ0)
∂θj∂θ′

= −

 0 G
(kα+j)′

niβ C̃′n

C̃nG
(kα+j)
niβ C̃ng

(kα+j)
ni g ′niC̃

′
n + C̃ngnig

(kα+j)′

ni C̃′n

 for 1 ≤ j ≤ kβ ,
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∂2mni(α0,θ0)
∂θj∂θ′

= −

 [G(kα+1)′
niβ C̃′nemb,j−kβ ,...,G

(kα+kβ )′

niβ C̃′nemb,j−kβ ] e′mb,j−kβ
C̃ngniG

′
niβC̃

′
n+G′niβC̃

′
nemb,j−kβ g

′
niC̃
′
n

e′mb,j−kβ
C̃ngniC̃nGniβ+C̃ngnie′mb,j−kβ

C̃nGniβ −ρ3(0)e′mb,j−kβ
C̃ngniC̃ngnig

′
niC̃
′
n


for kβ + 1 ≤ j ≤ kθ.

Under Assumption 3, each term involving hni(α,θ) and its third derivatives is bounded by

cbkni w.p.a.1 in a neighborhood of (α0,θ0) for some constant c and 1 ≤ k ≤ 4. By the Lipschitz

condition on ρj(v), for some constant c, |ρj(vni(α,θ))−ρj(0)| ≤ c|vni(α,θ)| ≤ c‖µ‖·‖C̃n‖·‖gni(α,β)‖.

Then each term involving mni(α,θ) and its third derivatives is bounded by cbkni w.p.a.1 in a

neighborhood of (α0,θ0) for some constant c and 1 ≤ k ≤ 5. Thus, by a second-order Taylor

expansion of (I.1),

0 = m̂n(α0,θ0) +
∂m̂n(α0,θ0)

∂α′
(α̌ −α0) +

∂m̂n(α0,θ0)
∂θ′

(θ̂
tgel3 −θ0)

+
1
2

kα∑
j=1

(α̌j −αj0)
∂2m̂n(α0,θ0)
∂αj∂α′

(α̌ −α0) +
1
2

kθ∑
j=1

(θ̂j,tgel3 −θj0)
∂2m̂n(α0,θ0)
∂θj∂α′

(α̌ −α0)

+
1
2

kα∑
j=1

(α̌j −αj0)
∂2m̂n(α0,θ0)
∂αj∂θ′

(θ̂
tgel3 −θ0) +

1
2

kθ∑
j=1

(θ̂j,tgel3 −θj0)
∂2m̂n(α0,θ0)
∂θj∂θ′

(θ̂
tgel3 −θ0)

+Op(n−3/2).

Let m̂n(α,θ) be the term derived by replacing C̃n in m̂n(α,θ) with C̄n. As C̃n = C̄n + n−1/2ψnC̃ +

Op(n−1) by Lemma H.5(iii), ‖∂
2m̂n(α0,θ0)
∂αj∂α′

− E ∂2m̂n(α0,θ0)
∂αj∂α′

‖ = Op(n−1/2). Similar results hold for
∂2m̂n(α0,θ0)
∂θj∂α′

, ∂
2m̂n(α0,θ0)
∂αj∂θ′

and ∂2m̂n(α0,θ0)
∂θj∂θ′

. Thus,

√
n(θ̂

tgel3 −θ0) =
√
nK̄−1

ndβm̂n(α0,θ0) + K̄−1
ndβ

∂m̂n(α0,θ0)
∂α′

√
n(α̌ −α0)

+ K̄−1
ndβ

(∂m̂n(α0,θ0)
∂θ′

+ K̄ndβ
)√
n(θ̂

tgel3 −θ0)

+
1
2
K̄−1
ndβ

kα∑
j=1

(α̌j −αj0)
(
E
∂2m̂n(α0,θ0)
∂αj∂α′

)√
n(α̌ −α0)

+
1
2
K̄−1
ndβ

kθ∑
j=1

(θ̂j,tgel3 −θj0)
(
E
∂2m̂n(α0,θ0)
∂θj∂α′

)√
n(α̌ −α0)

+
1
2
K̄−1
ndβ

kα∑
j=1

(α̌j −αj0)
(
E
∂2m̂n(α0,θ0)
∂αj∂θ′

)√
n(θ̂

tgel3 −θ0)

+
1
2
K̄−1
ndβ

kθ∑
j=1

(θ̂j,tgel3 −θj0)
(
E
∂2m̂n(α0,θ0)
∂θj∂θ′

)√
n(θ̂

tgel3 −θ0) +Op(n−1),

(I.2)
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where K̄ndβ =
(

0 Ḡ′nβC̄
′
n

C̄nḠnβ Ω̄nd

)
. Using C̄nḠnα = 0 and expressions for derivatives of mni(α,θ), we

have
√
n(θ̂

tgel3−θ0) = ψnθ +Op(n−1/2), where ψnθ = −K̄−1
ndβ

( 0√
nC̄ngn

)
= −

(H̄nd
P̄nd

)√
nC̄ngn, since K̄−1

ndβ =(
−Σ̄nd H̄nd
H̄ ′nd P̄nd

)
. Substituting this expression into (I.2) yields

√
n(θ̂

tgel3 −θ0) = ψnθ + n−1/2ϕnθ,tgel3 +

Op(n−1), where

ϕnθ,tgel3 = −K̄−1
ndβ

(
0√

nψnC̃gn

)
− K̄−1

ndβ

(
0√

nC̄n(Gnα − Ḡnα) +ψnC̃Ḡnα

)
ψnα̌

− K̄−1
ndβ

 0
√
n(G′nβ − Ḡ

′
nβ)C̄′n + Ḡ′nβψ

′
nC̃

√
nC̄n(Gnβ − Ḡnβ) +ψnC̃Ḡnβ ψnC̃Ω̄nC̄

′
n + C̄nΩ̄nψ

′
nC̃

+
√
nC̄n(Ωn − Ω̄n)C̄′n

ψnθ
− 1

2
K̄−1
ndβ

kα∑
j=1

ψnα̌j

 0

C̄nḠ
(j)
nα

ψnα̌ − 1
2
K̄−1
ndβ

kβ∑
j=1

ψnθj

(
0

C̄nḠ
(kα+j)
nα

)
ψnα̌

− 1
2n
K̄−1
ndβ

mb∑
s=1

ψnθ,kβ+s

n∑
i=1

E
(

[G(1)′

niβC̄
′
nembs, . . . ,G

(kα)′

niβ C̄
′
nembs]

e′mbsC̄ngniC̄nGniα + C̄ngnie′mbsC̄nGniα

)
ψnα̌

− 1
2n
K̄−1
ndβ

kα∑
j=1

ψnα̌j

n∑
i=1

E

 0 G
(j)′

niβC̄
′
n

C̄nG
(j)
niβ C̄ng

(j)
ni g
′
niC̄
′
n + C̄ngnig

(j)′

ni C̄
′
n

ψnθ
− 1

2n
K̄−1
ndβ

kβ∑
j=1

ψnθj

n∑
i=1

E

 0 G
(kα+j)′

niβ C̄′n

C̄nG
(kα+j)
niβ C̄ng

(kα+j)
ni g ′niC̄

′
n + C̄ngnig

(kα+j)′

ni C̄′n

ψnθ
− 1

2n
K̄−1
ndβ

mb∑
s=1

ψnθ,kβ+s

·
n∑
i=1

E

 [G(kα+1)′

niβ C̄′nembs, . . . ,G
(kα+kβ)′

niβ C̄′nembs] e′mbsC̄ngniG
′
niβC̄

′
n +G′niβC̄

′
nembsg

′
niC̄
′
n

e′mbsC̄ngniC̄nGniβ + C̄ngnie′mbsC̄nGniβ −ρ3(0)e′mbsC̄ngniC̄ngnig
′
niC̄
′
n

ψnθ.
Denote

ϕ̇nθ,tgel3 = −K̄−1
ndβ

 0
√
n(G′nβ − Ḡ

′
nβ)C̄′n

√
nC̄n(Gnβ − Ḡnβ)

√
nC̄n(Ωn − Ω̄n)C̄′n

ψnθ
− 1

2n
K̄−1
ndβ

kβ∑
j=1

ψnθj

n∑
i=1

E

 0 Ḡ
(kα+j)′

iβ C̄′n

C̄nG
(kα+j)
niβ C̄ng

(kα+j)
ni g ′niC̄

′
n + C̄ngnig

(kα+j)′

ni C̄′n

ψnθ
− 1

2n
K̄−1
ndβ

mb∑
s=1

ψnθ,kβ+s

n∑
i=1

E
(

[G(kα+1)′
niβ C̄′nembs,...,G

(kα+kβ )′

niβ C̄′nembs] e
′
mbs

C̄ngniG
′
niβC̄

′
n+G′niβC̄

′
nembsg

′
niC̄
′
n

e′mbsC̄ngniC̄nGniβ+C̄ngnie′mbsC̄nGniβ −ρ3(0)e′mbsC̄ngniC̄ngnig
′
niC̄
′
n

)
ψnθ,
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and

ϕ̈nθ,tgel3 = −K̄−1
ndβ

(
0√

nψnC̃gn

)
− K̄−1

ndβ

(
0√

nC̄n(Gnα − Ḡnα) +ψnC̃Ḡnα

)
ψnα̌

− K̄−1
ndβ

 0 Ḡ′nβψ
′
nC̃

ψnC̃Ḡnβ ψnC̃Ω̄nC̄
′
n + C̄nΩ̄nψ

′
nC̃

ψnθ
− 1

2
K̄−1
ndβ

kα∑
j=1

ψnα̌j

 0

C̄nḠ
(j)
nα

ψnα̌ − 1
2
K̄−1
ndβ

kβ∑
j=1

ψnθj

(
0

C̄nḠ
(kα+j)
nα

)
ψnα̌

− 1
2n
K̄−1
ndβ

mb∑
s=1

ψnθ,kβ+s

n∑
i=1

E
(

[G(1)′

niβC̄
′
nembs, . . . ,G

(kα)′

niβ C̄
′
nembs]

e′mbsC̄ngniC̄nGniα + C̄ngnie′mbsC̄nGniα

)
ψnα̌

− 1
2n
K̄−1
ndβ

kα∑
j=1

ψnα̌j

n∑
i=1

E

 0 G
(j)′

niβC̄
′
n

C̄nG
(j)
niβ C̄ng

(j)
ni g
′
niC̄
′
n + C̄ngnig

(j)′

ni C̄
′
n

ψnθ.

(I.3)

Then ϕnθ,tgel3 = ϕ̇nθ,tgel3 + ϕ̈nθ,tgel3, where ϕ̈nθ,tgel3 involves terms due to the estimation of

C̄n and α0, but ϕ̇nθ,tgel3 does not. The higher order bias of β̂
tgel3 is computed as the first kβ

elements of 1
n E(ϕnθ,tgel3) = 1

n E(ϕ̇nθ,tgel3)+ 1
n E(ϕ̈nθ,tgel3). Note that E(ψnθψ′nθ) =

(
Σ̄nd 0

0 P̄nd

)
. Then,

E(ϕ̇nθ,tgel3)

= K̄−1
ndβ E

[ 0
√
nG′nβC̄

′
n

√
nC̄nGnβ

√
nC̄nΩnC̄

′
n


(
H̄nd
P̄nd

)√
nC̄ngn

]

− 1
2n
K̄−1
ndβ

kβ∑
j=1

n∑
i=1

E

 0 G
(kα+j)′

niβ C̄′n

C̄nG
(kα+j)
niβ C̄ng

(kα+j)
ni g ′niC̄

′
n + C̄ngnig

(kα+j)′

ni C̄′n


Σ̄nd 0

0 P̄nd

ekθj
− 1

2n
K̄−1
ndβ

mb∑
s=1

n∑
i=1

E
(

[G(kα+1)′
niβ C̄′nembs,...,G

(kα+kβ )′

niβ C̄′nembs] e
′
mbs

C̄ngniG
′
niβC̄

′
n+G′niβC̄

′
nembsg

′
niC̄
′
n

e′mbsC̄ngniC̄nGniβ+C̄ngnie′mbsC̄nGniβ −ρ3(0)e′mbsC̄ngniC̄ngnig
′
niC̄
′
n

)(
Σ̄nd 0

0 P̄nd

)
ekθ ,kβ+s.

Thus, the first kβ elements of 1
n E(ϕ̇nθ,tgel3) are

− Σ̄nd E(G′nβC̄
′
nP̄ndC̄ngn) + H̄nd E(C̄nGnβH̄ndC̄ngn) + H̄nd E(C̄nΩnC̄

′
nP̄ndC̄ngn)

− 1
2n

kβ∑
j=1

H̄ndC̄nḠ
(kα+j)
nβ Σ̄ndekβj +

1
2n2

mb∑
s=1

n∑
i=1

Σ̄nd E(e′mbsC̄ngniG
′
niβC̄

′
n +G′niβC̄

′
nembsg

′
niC̄
′
n)P̄ndembs

+
ρ3(0)
2n2

mb∑
s=1

n∑
i=1

H̄nde
′
mbsC̄nE(gniC̄ngnig

′
ni)C̄

′
nP̄ndembs.

(I.4)
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Since
∑mb
s=1 e

′
mbsC̄ngni ·G

′
niβC̄

′
nP̄ndembs =

∑mb
s=1G

′
niβC̄

′
nP̄ndembs · e

′
mbsC̄ngni = G′niβC̄

′
nP̄ndC̄ngni ,

mb∑
s=1

G′niβC̄
′
nembs · g

′
niC̄
′
nP̄ndembs =

mb∑
s=1

G′niβC̄
′
nembs · e

′
mbsP̄ndC̄ngni = G′niβC̄

′
nP̄ndC̄ngni ,

and
∑mb
s=1 e

′
mbsC̄ngni ·C̄ngnig

′
niC̄
′
nP̄ndembs =

∑mb
s=1 C̄ngnig

′
niC̄
′
nP̄ndembs·e

′
mbsC̄ngni = C̄ngnig ′niC̄

′
nP̄ndC̄ngni ,

(I.4) becomes

− Σ̄nd E(G′nβC̄
′
nP̄ndC̄ngn) +

1
n2 Σ̄nd

n∑
i=1

E(G′niβC̄
′
nP̄ndC̄ngni) + H̄nd E(C̄nGnβH̄ndC̄ngn)

+ H̄nd E(C̄nΩnC̄
′
nP̄ndC̄ngn) +

ρ3(0)
2n2

n∑
i=1

H̄nd E(C̄ngnig
′
niC̄
′
nP̄ndC̄ngni)−

1
2n

kβ∑
j=1

H̄ndC̄nḠ
(kα+j)
nβ Σ̄ndekβj .

(I.5)

To compute E(ϕ̈nθ,tgel3), denoteψnθ = (ψ′nβ ,ψ
′
nµ)′, whereψnβ = −H̄nd

√
nC̄ngn andψnµ = −P̄nd

√
nC̄ngn.

It is straightforward to show that
∑kβ
j=1 C̄nḠ

(kα+j)
nα ψnα̌ψnθj =

∑kα
j=1 C̄nḠ

(j)
nβψnβψnα̌j ,

mb∑
s=1

[Ḡ(1)′

nβ C̄
′
nembs, . . . , Ḡ

(kα)′

nβ C̄′nembs]ψnα̌ψnθ,kβ+s =
kα∑
j=1

Ḡ
(j)′

nβ C̄
′
nψnµψnα̌j ,

and
∑mb
s=1E(e′mbsC̄ngniC̄nGniα+C̄ngnie′mbsC̄nGniα)ψnα̌ψnθ,kβ+s =

∑kα
j=1 C̄nE(g(j)

ni g
′
ni+gnig

(j)′

ni )C̄′nψnµψnα̌j .

Then the first kβ elements of 1
n E(ϕ̈nθ,tgel3) form the vector

1
n
E
{
Σ̄ndḠ

′
nβψ

′
nC̃
ψnµ + Σ̄nd

kα∑
j=1

Ḡ
(j)′

nβ C̄
′
nψnµψnα̌j − H̄nd

√
nψnC̃gn − H̄nd

√
nC̄n(Gnα − Ḡnα)ψnα̌

− H̄ndψnC̃Ḡnαψnα̌ − H̄ndψnC̃Ḡnβψnβ − H̄nd(ψnC̃Ω̄nC̄
′
n + C̄nΩ̄nψ

′
nC̃

)ψnµ −
1
2
H̄nd

kα∑
j=1

C̄nḠ
(j)
nαψnα̌ψnα̌j

− H̄nd
kα∑
j=1

C̄nḠ
(j)
nβψnβψnα̌j −

1
n
H̄nd

kα∑
j=1

n∑
i=1

C̄nE(g(j)
ni g
′
ni + gnig

(j)′

ni )C̄′nψnµψnα̌j
}
.

(I.6)

By (I.5) and (I.6), the bias of β̂
tgel3 is BInd+(BΩnd+ ρ3(0)

2 B̃Ωnd)+(BGnd−B̃
G
nd)+BC−gnd +BC−Ωnd +BC−Gnd +Bαnd .

(ii) For β̂
tgmm3, by Lemma H.5(i), Ω̃n = Ω̄n+op(1). Since C̄n has full row rank and limn→∞ Ω̄n

is nonsingular by Assumption 1(vi), limn→∞ C̄nΩ̄nC̄
′
n is nonsingular. It is shown in the proof of

Lemma H.1 that supβ∈B ‖gn(α̌,β)− ḡn(α0,β)‖ = op(1) and shown in the proof of Lemma H.2 that
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C̃n = C̄n + op(1). It follows that supβ∈B ‖C̃ngn(α̌,β) − C̄nḡn(α0,β)‖ = op(1). Then by the nonsin-

gularity of limn→∞ C̄nΩ̄nC̄
′
n, the uniform convergence supβ∈B ‖C̃ngn(α̌,β)− C̄nḡn(α0,β)‖ = op(1),

and the identification Assumption 2(v), the consistency of β̂
tgmm3 to β0 follows. Then, by the

MVT, the first order condition for β̂
tgel3 becomes

0 = G′nβ(α̌, β̂
tgmm3)C̃′n(C̃nΩ̃nC̃

′
n)−1C̃ngn(α̌, β̂

tgmm3)

= G′nβ(α̌, β̂
tgmm3)C̃′n(C̃nΩ̃nC̃

′
n)−1C̃n

[
gn(α̌,β0) +Gnβ(α̈, β̈)(β̂

tgmm3 − β0) +Gnα(α̈, β̈)(α̂
tgmm3 −α0)

]
,

where α̈ lies between α0 and α̌, and β̈ lies between β0 and β̂
tgmm3. Thus,

√
n(β̂

tgmm3 − β0) = −(D̄ ′nβΩ̄
−1
ndD̄nβ)−1D̄ ′nβΩ̄

−1
ndC̄n

√
ngn(α0,β0) + op(1) =Op(1). (I.7)

Let µ̂
tgmm3 = −(C̃nΩ̃nC̃

′
n)−1C̃ngn(α̌, β̂

tgmm3) = Op(n−1/2). Using Lemma H.5(iv), the first order

condition for β̂
tgmm3 can be written as

0 = −
(

G′nβ(α̌, β̂
tgmm3)C̃′nµ̂tgmm3

C̃ngn(α̌, β̂
tgmm3) + C̃nΩ̃nC̃

′
nµ̂tgmm3

)

= −
(

G′nβ(α̌, β̂
tgmm3)C̃′nµ̂tgmm3

C̃ngn(α̌, β̂
tgmm3) + (Ω̄nd +n−1/2ψnΩ̃d

)µ̂
tgmm3

)
+Op(n−3/2).

(I.8)

Denote θ̂
tgmm3 = (β̂′

tgmm3, µ̂
′
tgmm3)′. By a second order Taylor expansion,

0 = −
(

0
C̃ngn

)
−
(

0
C̃nGnα

)
(α̌ −α0)−

 0 G′nβC̃
′
n

C̃nGnβ Ω̄nd +n−1/2ψnΩ̃d

 (θ̂
tgmm3 −θ0)

− 1
2

kα∑
j=1

(α̌j −αj0)
(

0

C̃nG
(j)
nα

)
(α̌ −α0)− 1

2

kβ∑
j=1

(θ̂j,tgmm3 −θj0)
(

0

C̃nG
(kα+j)
nα

)
(α̌ −α0)

− 1
2

kθ∑
j=kβ+1

(θ̂j,tgmm3 −θj0)
(
[G(1)′

nβ C̃
′
nemb,j−kβ , . . . ,G

(kα)′

nβ C̃′nemb,j−kβ ]

0

)
(α̌ −α0)

− 1
2

kα∑
j=1

(α̌j −αj0)

 0 G
(j)′

nβ C̃
′
n

C̃nG
(j)
nβ 0

 (θ̂
tgmm3 −θ0)− 1

2

kθ∑
j=1

(θ̂j,tgmm3 −θj0)K̂ndβ,j(θ̂tgmm3 −θ0)

+Op(n−3/2),

where K̂ndβ,j =
(

0 G
(kα+j)′
nβ C̃′n

C̃nG
(kα+j)
nβ 0

)
for 1 ≤ j ≤ kβ , and K̂ndβ,j =

(
[G(kα+1)′
nβ C̃′nemb,j−kβ ,...,G

(kα+kβ )′

nβ C̃′nemb,j−kβ ] 0

0 0

)
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for kβ + 1 ≤ j ≤ kθ. Then,
√
n(θ̂

tgmm3 −θ0)

= −K̄−1
ndβ

(
0√

nC̃ngn

)
− K̄−1

ndβ

(
0

C̃nGnα

)√
n(α̌ −α0)

− K̄−1
ndβ


 0 G′nβC̃

′
n

C̃nGnβ Ω̄nd +n−1/2ψnΩ̃d

− K̄ndβ
√n(θ̂

tgmm3 −θ0)

− 1
2
K̄−1
ndβ

kα∑
j=1

(α̌j −αj0)
(

0

C̃nG
(j)
nα

)√
n(α̌ −α0)− 1

2
K̄−1
ndβ

kβ∑
j=1

(θ̂j,tgmm3 −θj0)
(

0

C̃nG
(kα+j)
nα

)√
n(α̌ −α0)

− 1
2
K̄−1
ndβ

kθ∑
j=kβ+1

(θ̂j,tgmm3 −θj0)
(
[G(1)′

nβ C̃
′
nemb,j−kβ , . . . ,G

(kα)′

nβ C̃′nemb,j−kβ ]

0

)√
n(α̌ −α0)

− 1
2
K̄−1
ndβ

kα∑
j=1

(α̌j −αj0)

 0 G
(j)′

nβ C̃
′
n

C̃nG
(j)
nβ 0

√n(θ̂
tgmm3 −θ0)

− 1
2
K̄−1
ndβ

kθ∑
j=1

(θ̂j,tgmm3 −θj0)K̂ndβ,j
√
n(θ̂

tgmm3 −θ0) +Op(n−1).

(I.9)

Since
√
n(θ̂

tgmm3−θ0) =Op(1),
√
n(α̌−α0) =Op(1), C̃nGn−C̄nḠn = op(1) and C̄nḠnα = 0,

√
n(θ̂

tgmm3−

θ0) = ψnθ + op(1), where ψnθ = −K̄−1
ndβ

( 0√
nC̄ngn

)
= −

(H̄nd
P̄nd

)√
nC̄ngn. Substituting

√
n(θ̂

tgmm3 − θ0) =

ψnθ + op(1) into (I.9) yields
√
n(θ̂

tgmm3 −θ0) = ψnθ +n−1/2ϕnθ,tgmm3 +Op(n−1), where

ϕnθ,tgmm3 = −K̄−1
ndβ

(
0√

nψnC̃gn

)
− K̄−1

ndβ

(
0√

nC̄n(Gnα − Ḡnα) +ψnC̃Ḡnα

)
ψnα̌

− K̄−1
ndβ

 0
√
n(G′nβ − Ḡ

′
nβ)C̄′n + Ḡ′nβψ

′
nC̃

√
nC̄n(Gnβ − Ḡnβ) +ψnC̃Ḡnβ ψnΩ̃d

ψnθ
− 1

2
K̄−1
ndβ

kα∑
j=1

ψnα̌j

(
0

C̄nḠ
(j)
nα

)
ψnα̌ −

1
2
K̄−1
ndβ

kβ∑
j=1

ψnθj

(
0

C̄nḠ
(kα+j)
nα

)
ψnα̌

− 1
2
K̄−1
ndβ

kθ∑
j=kβ+1

ψnθj

(
[Ḡ(1)′

nβ C̄
′
nemb,j−kβ , . . . , Ḡ

(kα)′

nβ C̄′nemb,j−kβ ]

0

)
ψnα̌

− 1
2
K̄−1
ndβ

kα∑
j=1

ψnα̌j

 0 Ḡ
(j)′

nβ C̄
′
n

C̄nḠ
(j)
nβ 0

ψnθ − 1
2
K̄−1
ndβ

kθ∑
j=1

ψnθjK̄ndβ,jψnθ,

with K̄ndβ,j =
(

0 Ḡ
(kα+j)′
nβ C̄′n

C̄nḠ
(kα+j)
nβ 0

)
for 1 ≤ j ≤ kβ , and K̄ndβ,j =

(
[Ḡ(kα+1)′
nβ C̄′nemb,j−kβ ,...,Ḡ

(kα+kβ )′

nβ C̄′nemb,j−kβ ] 0

0 0

)
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for kβ + 1 ≤ j ≤ kθ. Using the expression of ψnΩ̃d
in Lemma H.5(iv), ϕnθ,tgmm3 = ϕ̇nθ,tgmm3 +

ϕ̈nθ,tgmm3, where

ϕ̇nθ,tgmm3 = −K̄−1
ndβ

 0
√
n(G′nβ − Ḡ

′
nβ)C̄′n

√
nC̄n(Gnβ − Ḡnβ) ψ̇nΩ̃d

ψnθ − 1
2
K̄−1
ndβ

kθ∑
j=1

ψnθjK̄ndβ,jψnθ,

and

ϕ̈nθ,tgmm3 = −K̄−1
ndβ

(
0√

nψnC̃gn

)
− K̄−1

ndβ

(
0√

nC̄n(Gnα − Ḡnα) +ψnC̃Ḡnα

)
ψnα̌

− K̄−1
ndβ

 0 Ḡ′nβψ
′
nC̃

ψnC̃Ḡnβ ψ̈nΩ̃d

ψnθ
− 1

2
K̄−1
ndβ

kα∑
j=1

ψnα̌j

(
0

C̄nḠ
(j)
nα

)
ψnα̌ −

1
2
K̄−1
ndβ

kβ∑
j=1

ψnθj

(
0

C̄nḠ
(kα+j)
nα

)
ψnα̌

− 1
2
K̄−1
ndβ

kθ∑
j=kβ+1

ψnθj

(
[Ḡ(1)′

nβ C̄
′
nemb,j−kβ , . . . , Ḡ

(kα)′

nβ C̄′nemb,j−kβ ]

0

)
ψnα̌

− 1
2
K̄−1
ndβ

kα∑
j=1

ψnα̌j

 0 Ḡ
(j)′

nβ C̄
′
n

C̄nḠ
(j)
nβ 0

ψnθ.

(I.10)

ϕ̈nθ,tgmm3 contains terms due to the estimation of α0 and C̄n, but ϕ̇nθ,tgmm3 does not. Then,

E(ϕ̇nθ,tgmm3) = K̄−1
ndβ E

[ 0
√
nG′nβC̄

′
n

√
nC̄nGnβ ψ̇nΩ̃d


(
H̄nd
P̄nd

)√
nC̄ngn

]

− 1
2
K̄−1
ndβ

kβ∑
j=1

 0 Ḡ
(kα+j)′

nβ C̄′n

C̄nḠ
(kα+j)
nβ 0


Σ̄nd 0

0 P̄nd

ekθ ,j
− 1

2
K̄−1
ndβ

kθ∑
j=kβ+1

[Ḡ(kα+1)′

nβ C̄′nemb,j−kβ , . . . , Ḡ
(kα+kβ)′

nβ C̄′nemb,j−kβ ] 0

0 0


Σ̄nd 0

0 P̄nd

ekθ ,j .
Using K̄−1

ndβ =
(
−Σ̄nd H̄nd
H̄ ′nd P̄nd

)
and the expression of ψ̇nΩ̃d

in Lemma H.5(iv), the first kβ elements of

1
n E(ϕ̇nθ,tgmm3) form the vector

− Σ̄nd E(G′nβC̄
′
nP̄ndC̄ngn) + H̄nd E(C̄nGnβH̄ndC̄ngn) + H̄ndC̄nE(ΩnC̄

′
nP̄ndC̄ngn)

− 1
n2 H̄ndC̄n

kβ∑
j=1

n∑
i=1

E(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
nP̄ndC̄nΩ̄nbH̄

′
nWβekβj −

1
2n
H̄nd

kβ∑
j=1

C̄nḠ
(kα+j)
nβ Σ̄ndekβj .

(I.11)
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To compute the first kβ elements of 1
n E(ϕ̈nθ,tgmm3), we compare the expressions for ϕ̈nθ,tgmm3

and ϕ̈nθ,tgel3. By (I.3) and (I.10),

ϕ̈nθ,tgmm3 − ϕ̈nθ,tgel3 = −K̄−1
ndβ

0 0

0 Bn

ψnθ
+

1
2n
K̄−1
ndβ

mb∑
s=1

n∑
i=1

E

 0

e′mbsC̄ngniC̄nGniα + C̄ngnie′mbsC̄nGniα

ψnα̌ψnθ,kβ+s

+
1

2n
K̄−1
ndβ

kα∑
j=1

n∑
i=1

E

0 0

0 C̄ng
(j)
ni g
′
niC̄
′
n + C̄ngnig

(j)′

ni C̄
′
n

ψnθψnα̌j
= K̄−1

ndβ

 0

1
nC̄n

∑kβ
j=1

∑n
i=1E(gnig

(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
ne
′
kβj
H̄nWβḠnbαψnα̌

ψnµ,
where

Bn =
1
n
C̄n

kα∑
j=1

n∑
i=1

E(gnig
(j)′

ni + g(j)
ni g
′
ni)ψnα̌jC̄

′
n

− 1
n
C̄n

kβ∑
j=1

n∑
i=1

E(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
ne
′
kβj
H̄nWβḠnbαψnα̌

and ψnµ = −P̄nd
√
nC̄ngn. This term arises from the use of α̌ in deriving β̃. The first kβ elements

of 1
n E(ϕ̈nθ,tgmm3 − ϕ̈nθ,tgel3) are

BWα
nd = − 1

n2 H̄ndC̄n

kβ∑
j=1

n∑
i=1

E(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)C̄

′
nP̄ndC̄nE(

√
ngnψ

′
nα̌)Ḡ′nbαH̄

′
nWβekβj . (I.12)

Therefore, by (I.6), (I.11) and (I.12), the bias of β̂
tgmm3 is BInd +BΩnd +BGnd +BWnd +BC−gnd +BC−Ωnd +

BC−Gnd +Bαnd +BWα
nd .

(iii) We shall use some part of the proof of (i), so we use the following similar notations:

vni(α,θ) = µ′C̆ngni(α,β), hni(α,θ) =
(
G′niβ(α,β)C̆′nµ

C̆ngni(α,β)

)
,mni(α,θ) = ρ1(vni(α,θ))hni(α,θ), and m̂n(α,θ) =

1
n

∑n
i=1mni(α,θ). In addition, let α̇nβ(β) = ∂α̇n(β)

∂β′ and ∆̂ni = α̇′nβ(β̂
tgel4)G′niα(α̇n(β̂

tgel4), β̂
tgel4)C̆′nµ̂tgel4.

The first order condition for θ̂
tgel4 is

m̂n(α̇n(β̂
tgel4), θ̂

tgel4) +
1
n

n∑
i=1

ρ1(vni(α̇n(β̂
tgel4), θ̂

tgel4))
(
∆̂ni

0

)
= 0. (I.13)
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By Theorem 1,
√
n(θ̂

tgel4 −θ0) =Op(1). Thus, by a second order Taylor expansion of ρ1(·),

1
n

n∑
i=1

ρ1(vni(α̇n(β̂
tgel4), θ̂

tgel4))∆̂ni = Â+Op(n−3/2),

where Â = 1
n

∑n
i=1ρ1(0)∆̂ni+

1
n

∑n
i=1ρ2(0)vni(α̇n(β̂

tgel4), θ̂
tgel4)∆̂ni . Comparing the first order con-

ditions (I.13) for θ̂
tgel4 and (I.1) for θ̂

tgel
, we have

√
n(θ̂

tgel4 −θ0) = B̂+
√
nK̄−1

ndβ

(
Â
0

)
+Op(n−1), (I.14)

where K̄ndβ =
(

0 Ḡ′nβC̄
′
n

C̄nḠnβ Ω̄nd

)
and B̂ is the r.h.s. of (I.2) but with C̃n, θ̂

tgel3 and α̌ replaced by,

respectively, C̆n, θ̂
tgel4 and α̇n(β̂

tgel4). Then as in the above proof of (i),
√
n(θ̂

tgel4 − θ0) =(ψnβ
ψnµ

)
+ Op(n−1/2), where ψnβ = −H̄nd

√
nC̄ngn and ψnµ = −P̄nd

√
nC̄ngn. By first order Taylor

expansions, gn(α̇n(β̂
tgel4), β̂

tgel4) = gn + Gnα(α0,β0)(α̇n(β̂
tgel4) − α0) + Gnβ(α0,β0)(β̂

tgel4 − β0) +

Op(n−1) = gn+n−1/2Ḡnαψnα̇+n−1/2Ḡnβψnβ+Op(n−1), where ψnα̇ =
√
n(α̇n(β0)−α0)+ ∂αn(β0)

∂β′ ψnβ by

Lemma H.1(iii), 1
n

∑n
i=1 gni(α̇n(β̂

tgel4), β̂
tgel4)g ′ni(α̇n(β̂

tgel4), β̂
tgel4) = Ω̄n +Op(n−1/2), and

Gnα(α̇n(β̂
tgel4), β̂

tgel4) = Ḡnα +n−1/2ψnGα +Op(n−1),

where

ψnGα =
√
n(Gnα − Ḡnα) +

kα∑
j=1

Ḡ
(j)
nαψnα̇j +

kβ∑
j=1

Ḡ
(kα+j)
nα ψnβj (I.15)

with ψnα̇j and ψnβj being, respectively, the jth elements of ψnα̇ and ψnβ . It follows that Â =

A + Op(n−3/2), where A = −1
nα
′
nβ(ψ′nGα C̄

′
n + Ḡ′nαψ

′
nC̆

)ψnµ − 1
n2

∑n
i=1ψ

′
nµC̄nE(gniα′nβG

′
niα)C̄′nψnµ =

Op(n−1). Since
√
nK̄−1

ndβ

(Â
0
)

=
(
−
√
nΣ̄ndÂ√
nH̄ ′ndÂ

)
, the contribution of

√
nK̄−1

ndβ

(Â
0
)

in (I.14) for the higher

order bias of β̂
tgel4 is

−Σ̄nd E(A) =
1
n
Σ̄nd E[α′nβ(ψ′nGα C̄

′
n + Ḡ′nαψ

′
nC̆

)ψnµ] +
1
n2 Σ̄nd

n∑
i=1

E[ψ′nµC̄nE(gniα
′
nβG

′
niα)C̄′nψnµ].

We may show that 1
n2 Σ̄nd

∑n
i=1E[ψ′nµC̄nE(gniα′nβG

′
niα)C̄′nψnµ] = 1

n2 Σ̄nd
∑n
i=1E(α′nβG

′
niαC̄

′
nP̄ndC̄ngni).

Then by the above proof of (i), the higher order bias of β̂
tgel4 is equal to the sum of −Σ̄nd E(A)

and the higher order bias of β̂
tgel3 (with C̃n and α̌ replaced by, respectively, C̆n and α̇n(β̂

tgel4)).

As ψnβ is uncorrelated with ψnµ, the result follows by (i).

(iv) For β̂
tgmm4, by Lemma H.1, β̆ = β0 + op(1). By Lemma H.5, C̆nΩ̆nC̆n = Ω̄nd + op(1).

Together with supβ∈B ‖C̆ngn(α̇n(β),β)−C̄nḡn(αn(β),β)‖ = op(1) and the identification condition in
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Assumption 2(v), the consistency of β̂
tgmm4 follows. Then, by the MVT, the first order condition

for β̂
tgmm4 becomes

0 = A′n(β̂
tgmm4)(C̆nΩ̆nC̆

′
n)−1C̆ngn(α̇n(β̂

tgmm4), β̂
tgmm4)

= A′n(β̂
tgmm4)(C̆nΩ̆nC̆

′
n)−1

[
C̆ngn(α̇n(β0),β0) +An(β̈)(β̂

tgmm4 − β0)
]
,

whereAn(β) = C̆n
∂gn(α̇n(β),β)

∂α′
∂α̇n(β)
∂β′ +C̆n

∂gn(α̇n(β),β)
∂β′ , C̆ngn(α̇n(β0),β0) = C̆ngn(α0,β0)+C̆n

∂gn(α̈,β0)
∂α′ (α̇n(β0)−

α0), β̈ lies between β0 and β̂
tgmm4, and α̈ lies between α0 and α̇n(β0). Thus,

√
n(β̂

tgmm4 − β0) = −
[
A′n(β̂

tgmm4)(C̆nΩ̆nC̆
′
n)−1An(β̈)

]−1

·A′n(β̂
tgmm4)(C̆nΩ̆nC̆

′
n)−1

[√
nC̆ngn(α0,β0) + C̆n

∂gn(α̈,β0)
∂α′

√
n(α̇n(β0)−α0)

]
.

Since α̇n(β̈) = αn(β̈) + op(1) = α0 + op(1), C̆n
∂gn(α̇n(β̈),β̈)

∂α′ = C̄nḠnα + op(1) = op(1) and ∂gn(α̇n(β̈),β̈)
∂β′ =

Ḡnβ + op(1). In addition, ∂α̇n(β̈)
∂β′ = ∂αn(β̈)

∂β′ + op(1) = ∂αn(β0)
∂β′ + op(1). Then,

√
n(β̂

tgmm4 − β0) = −(Ḡ′nβC̄
′
nΩ̄
−1
ndC̄nḠnβ)−1Ḡ′nβC̄

′
nΩ̄
−1
ndC̄n

√
ngn + op(1) =Op(1).

Let µ̂
tgmm4 = −(C̆nΩ̆nC̆

′
n)−1C̆ngn(α̇n(β̂

tgmm4), β̂
tgmm4) = Op(n−1/2). Then the first order condition

for β̂
tgmm4 is

0 = −
(

G′nβ(α̇n(β̂
tgmm4), β̂

tgmm4)C̆′nµ̂tgmm4

C̆ngn(α̇n(β̂
tgmm4), β̂

tgmm4) + C̆nΩn(α̇n(β̂
tgmm4), β̃)C̆′nµ̂tgmm4

)

−

 Ξ̂n

C̆n[Ωn(α̇n(β̆), β̆)−Ωn(α̇n(β̂
tgmm4), β̃)]C̆′nµ̂tgmm4

 ,
(I.16)

where Ξ̂n = α̇′nβ(β̂
tgmm4)G′nα(α̇n(β̂

tgmm4), β̂
tgmm4)C̆′nµ̂tgmm4 = Op(n−1). Comparing the first order

conditions (I.16) for θ̂
tgmm4 and (I.8) for θ̂

tgmm3, we have

√
n(θ̂

tgmm4 −θ0) = F̂ − K̄−1
ndβ


√
nΞ̂n

√
nC̆n[Ωn(α̇n(β̆), β̆)−Ωn(α̇n(β̂

tgmm4), β̃)]C̆′nµ̂tgmm4

+Op(n−1), (I.17)

where F̂ is the r.h.s. of (I.9) but with C̃n, β̂
tgmm3 and α̌ replaced by, respectively, C̆n, β̂

tgmm4

and α̇n(β̂
tgmm4). By arguments similar to those for (iii), Ξ̂n = Ξn + Op(n−3/2), where Ξn =

1
nα
′
nβ(ψ′nGα C̄

′
n+Ḡ′nαψ

′
nC̆

)ψnµ =Op(n−1). By the above proof of (ii), the higher order bias of β̂
tgmm4

is equal to the sum of the higher order bias of β̂
tgmm3 (with C̃n and α̌ replaced by, respectively,
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C̆n and α̇n(β̂
tgmm2)) and

1
n
Σ̄nd E[α′nβ(ψ′nGα C̄

′
n + Ḡ′nαψ

′
nC̆

)ψnµ]− 1
n2 H̄ndC̄n

kα∑
j=1

n∑
i=1

E(gnig
(j)′

ni + g(j)
ni g
′
ni)E[(ψnᾰj −ψnα̇j)C̄′nψnµ]

− 1
n2 H̄ndC̄n

kβ∑
j=1

n∑
i=1

E(gnig
(kα+j)′

ni + g(kα+j)
ni g ′ni)E[(ψnβ̆j −ψnβ̃j)C̄

′
nψnµ].

Hence, the result follows by the above proof of (ii).

I.2 Proof of Theorem E.1

(i) For β̂
tgmm

, we first prove its consistency. By Lemma H.1(i), β̃ = β0 + op(1). Then under As-

sumption 2(ii), Cn(α̌, β̃) = C̄n(α0, β̃) + op(1) = C̄n(α0,β0) + op(1) = C̄n + op(1). By Lemma H.5(i),

Ω̃n = Ω̄n+op(1). Since C̄n has full row rank and limn→∞ Ω̄n is nonsingular by Assumption 1(v),

limn→∞ C̄nΩ̄nC̄
′
n is nonsingular. Then by the uniform convergence supβ∈B ‖Cn(α̌,β)gn(α̌,β) −

C̄n(α0,β)ḡn(α0,β)‖ = op(1) shown in the proof of Theorem 1, the uniform equicontinuity of

C̄n(α0,β)ḡn(α0,β), the nonsingularity of limn→∞ C̄nΩ̄nC̄
′
n, and the identification Assumption 2(v),

the consistency of β̂
tgmm

to β0 follows.

By the MVT, the first order condition for β̂
tgmm

becomes

0 =
∂[Cn(α̌, β̂

tgmm
)gn(α̌, β̂

tgmm
)]′

∂β
(C̃nΩ̃nC̃

′
n)−1Cn(α̌, β̂

tgmm
)gn(α̌, β̂

tgmm
)

=
∂[Cn(α̌, β̂

tgmm
)gn(α̌, β̂

tgmm
)]′

∂β
(C̃nΩ̃nC̃

′
n)−1

[
Cn(α̌,β0)gn(α̌,β0) +

∂[Cn(α̌, β̈)gn(α̌, β̈)]
∂β′

(β̂
tgmm

− β0)
]
,

where ∂[Cn(α,β)gn(α,β)]
∂β′ = Cn(α,β)Gnβ(α,β) + [C(kα+1)

n (α,β)gn(α,β), . . . ,C
(kα+kβ)
n (α,β)gn(α,β)], and β̈

lies between β0 and β̂
tgmm

. As gn(α̌, β̈) = op(1), the term [C(kα+1)
n (α,β)gn(α,β), . . . ,C

(kα+kβ)
n (α,β)gn(α,β)]

in the derivative ∂[Cn(α,β)gn(α,β)]
∂β′ does not affect the asymptotic distribution of θ̂

tgmm
. Thus, as in

the proof of Theorem 1,
√
n(θ̂

tgmm
−θ0) =

√
n(θ̂

tgel
−θ0) + op(1) = [ψ′nβ ,ψ

′
nµ]′ + op(1).

Let Čn = Cn(α̌, β̂
tgmm

) and µ̂
tgmm

= −(C̃nΩ̃nC̃
′
n)−1Čngn(α̌, β̂

tgmm
) = Op(n−1/2). Then the first

order condition for β̂
tgmm

is

0 = −
(

G′nβ(α̌, β̂
tgmm

)Č′nµ̂tgmm

Čngn(α̌, β̂
tgmm

) + ČnΩ̃nČ
′
nµ̂tgmm

)
−

 Ξ̂n

(C̃nΩ̃nC̃
′
n − ČnΩ̃nČ

′
n)µ̂

tgmm

 , (I.18)
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where Ξ̂n = [µ̂′
tgmm

Č
(kα+1)
n (α̌, β̂

tgmm
)gn(α̌, β̂

tgmm
), . . . , µ̂′

tgmm
Č

(kα+kβ)
n (α̌, β̂

tgmm
)gn(α̌, β̂

tgmm
)]′ =Op(n−1).

By Lemma H.5(ii)–(iii), Ω̃n = Ω̄n + n−1/2ψnΩ̃ +Op(n−1), C̃n = C̄n + n−1/2ψnC̃ +Op(n−1) and Čn =

C̄n + n−1/2ψnČ +Op(n−1), where ψnČ = ψnC +
∑kα
j=1 C̄

(j)
n ψnα̌j +

∑kβ
j=1 C̄

(kα+j)
n ψnβj . Thus, C̃nΩ̃nC̃

′
n −

ČnΩ̃nČ
′
n = [C̄n + n−1/2ψnC̃ +Op(n−1)][Ω̄n + n−1/2ψnΩ̃ +Op(n−1)][C̄′n + n−1/2ψ′

nC̃
+Op(n−1)] − [C̄n +

n−1/2ψnČ +Op(n−1)][Ω̄n+n−1/2ψnΩ̃+Op(n−1)][C̄′n+n−1/2ψ′
nČ

+Op(n−1)] = n−1/2(ψnC̃ −ψnČ)Ω̄nC̄
′
n+

n−1/2C̄nΩ̄n(ψ′
nC̃
−ψ′

nČ
) +Op(n−1). Comparing the first order conditions (I.18) for θ̂

tgmm
and (I.8)

for θ̂
tgmm

, we have

√
n(θ̂

tgmm
−θ0) = F̂ − K̄−1

ndβ


√
nΞ̂n

n−1/2[(ψnC̃ −ψnČ)Ω̄nC̄
′
n + C̄nΩ̄n(ψ′

nC̃
−ψ′

nČ
)]ψnµ

+Op(n−1), (I.19)

where F̂ is the r.h.s. of (I.9) but with C̃n and β̂
tgmm3 replaced by, respectively, Čn and β̂

tgmm
.

By arguments similar to those for (i), Ξ̂n = Ξn + Op(n−3/2), where Ξn = 1
n [ψ′nµC̄

(kα+1)
n (

√
ngn +

Ḡnαψnα̌ + Ḡnβψnβ), . . . ,ψ′nµC̄
(kα+kβ)
n (

√
ngn+ Ḡnαψnα̌ + Ḡnβψnβ)]′ =Op(n−1). The first kβ elements of

the second term on the r.h.s. of (I.19) form the vector Σ̄nd
√
nΞ̂n − n−1/2H̄nd[(ψnC̃ −ψnČ)Ω̄nC̄

′
n +

C̄nΩ̄n(ψ′
nC̃
−ψ′

nČ
)]ψnµ. By the proof of Theorem 2(ii), the higher order bias of β̂

tgmm
is equal to

the sum of Σ̄nd E(Ξn)− 1
nH̄nd E[(ψnC̃ −ψnČ)Ω̄nC̄

′
nψnµ+C̄nΩ̄n(ψ′

nC̃
−ψ′

nČ
)ψnµ] and the higher order

bias of β̂
tgmm3 (with C̃n replaced by Čn), where

E(Ξn) =
1
n
Σ̄nd

[
tr[C̄(kα+1)

n (−Ω̄nC̄
′
nP̄nd+ḠnαE(ψnα̌ψ

′
nµ))], . . . , tr[C̄

(kα+kβ)
n (−Ω̄nC̄

′
nP̄nd+ḠnαE(ψnα̌ψ

′
nµ))]

]′
.

Hence, the result follows by Theorem D.2(ii).

(ii) For β̂
tgmm2, as β̆ = β0+op(1) by Lemma H.1(i), α̇n(β̆) = α0+op(1). ThenΩn(α̇n(β̆), β̆) = Ω̄n+

op(1) by Lemma H.5(i). With the nonsingularity of limn→∞ C̄nΩ̄nC̄
′
n, supβ∈B ‖Cn(α̇n(β),β)gn(α̇n(β),β)−

C̄n(αn(β),β)ḡn(αn(β),β)‖ = op(1) shown in the proof of Theorem 1 and the identification condi-

tion that limn→∞ C̄n(αn(β),β)ḡn(αn(β),β) is uniquely zero at β = β0, the consistency of β̂
tgmm2 fol-

lows. The first order condition of β̂
tgmm2, compared with that of β̂

tgmm4, has an additional term

due to the presence of α̇n(β) in Cn(α̇n(β),β), which does not affect the asymptotic distribution of

β̂
tgmm2, by arguments similar to those for β̂

tgel2. Thus,
√
n(θ̂

tgmm2−θ0) =
√
n(θ̂

tgmm2−θ0)+op(1) =

[ψ′nβ ,ψ
′
nµ]′ + op(1).

Denote β̂ = β̂
tgmm2, Cn = Cn(α̇n(β̂), β̂) and µ̂ = −(C̆nΩ̆nC̆

′
n)−1Cngn(α̇n(β̂), β̂) = Op(n−1/2). Then
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the first order condition for β̂ is

0 = −
(
G′nβ(α̇n(β̂), β̂)C′nµ̂+ α̇′nβ(β̂)G′nα(α̇n(β̂), β̂)C′nµ̂

Cngn(α̇n(β̂), β̂) +CnΩ̆nC
′
nµ̂

)
−

 Ξ̂n

(C̆nΩ̆nC̆
′
n −CnΩ̆nC

′
n)µ̂

 , (I.20)

where

Ξ̂n =
[
g ′n(α̇n(β̂), β̂)

[ kα∑
k=1

C
(k)
n (α̇n(β̂), β̂)α̌(1)

nk (β̂) +C(kα+1)
n (α̇n(β̂), β̂)

]′
µ̂,

. . . , g ′n(α̇n(β̂), β̂)
[ kα∑
k=1

C
(k)
n (α̇n(β̂), β̂)α̌

(kβ)
nk (β̂) +C

(kα+kβ)
n (α̇n(β̂), β̂)

]′
µ̂

]′
=Op(n−1).

The first term on the r.h.s. of (I.20) has a similar form as the first order condition for β̂
tgmm4. By

arguments similar to those for (ii) above, Ξ̂n = Ξn +Op(n−3/2), where

Ξn =
1
n

[
(
√
ngn + Ḡnαψnα̇ + Ḡnβψnβ)′

( kα∑
k=1

C̄
(k)
n α

(1)
nk + C̄(kα+1)

n

)′
ψnµ,

. . . , (
√
ngn + Ḡnαψnα̇ + Ḡnβψnβ)′

( kα∑
k=1

C̄
(k)
n α

(kβ)
nk + C̄

(kα+kβ)
n

)′
ψnµ

]′
.

(I.21)

By the proof of Theorem D.2(iv) above for β̂
tgmm4, the higher order bias of β̂

tgmm2 is the sum of

β̂
tgmm4’s higher order bias (with ψnC̃ replaced by ψnĊ) and

Σ̄nd E(Ξn)− 1
n
H̄nd E[(ψnC̃ −ψnĊ)Ω̄nC̄

′
nψnµ + C̄nΩ̄n(ψ′

nC̃
−ψ′

nĊ
)ψnµ]

=
1
n
Σ̄nd

[
tr
[( kα∑
k=1

C̄
(k)
n α

(1)
nk + C̄(kα+1)

n

)′
(−P̄ndC̄nΩ̄n +E(ψnµψ

′
nα̇)Ḡ′nα)

]
,

. . . , tr
[( kα∑
k=1

C̄
(k)
n α

(kβ)
nk + C̄

(kα+kβ)
n

)′
(−P̄ndC̄nΩ̄n +E(ψnµψ

′
nα̇)Ḡ′nα)

]]
− 1
n
H̄nd E[(ψnC̃ −ψnĊ)Ω̄nC̄

′
nψnµ + C̄nΩ̄n(ψ′

nC̃
−ψ′

nĊ
)ψnµ].

Hence, the result follows.

I.3 Proof of Theorem G.1

To derive the asymptotic distribution of R
tgmm

, we first investigate β̂rtgmm. Under Assump-

tion 4, the consistency β̂rtgmm = β0 + op(1) can be proved as in the proof of Theorem 1. In the
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following proof, β̂ denotes β̂rtgmm. The Lagrangian for β̂ is d′n(α̌,β)Ω−1
nd(α̌, β̃)dn(α̌,β) − r ′(β)a,

where a is a kr × 1 vector of Lagrangian multipliers. The first order conditions are

2[G′nβ(α̌, β̂)Ĉ′n + [Ĉ(kα+1)
n gn(α̌, β̂), . . . , Ĉ

(kα+kβ)
n gn(α̌, β̂)]′]Ω−1

nd(α̌, β̃)dn(α̌, β̂)−R′(β̂)a = 0

and r(β̂) = 0, where Ĉn = Cn(α̌, β̂) and Ĉ(kα+j)
n = ∂Cn(α̌,β̂)

∂βj
. By the MVT,

√
ndn(α̌, β̂) =

√
ndn(α̌,β0) +

ĈnGnβ(α̌, β̈)
√
n(β̂ − β0) and

√
n · r(β̂) =

√
n · r(β0) +R(β̈)

√
n(β̂ − β0) = R(β̈)

√
n(β̂ − β0), where β̈ lies

between β̂ and β0. Then we have2[G′nβ(α̌, β̂)Ĉ′n + [Ĉ(kα+1)
n gn(α̌, β̂), . . . , Ĉ

(kα+kβ)
n gn(α̌, β̂)]′]Ω−1

nd(α̌, β̃)
√
ndn(α̌,β0)

0


+

2[G′nβ(α̌, β̂)Ĉ′n + [Ĉ(kα+1)
n gn(α̌, β̂), . . . , Ĉ

(kα+kβ)
n gn(α̌, β̂)]′]Ω−1

nd(α̌, β̃)ĈnGnβ(α̌, β̈) −R′(β̂)

−R(β̈) 0



√
n(β̂ − β0)
√
na

 = 0.

(I.22)

We may show that Ωnd(α̌, β̃) = Ω̄nd + op(1), ĈnGnβ(α̌, β̈) = C̄nḠnβ + op(1), gn(α̌, β̂) = op(1) and
√
ndn(α̌,β0) =

√
ndn(α0,β0) + op(1). Thus, by (I.22) and the block matrix inverse formula,

√
n(β̂ − β0) = −[Σ̄nd − Σ̄ndR′(RΣ̄ndR′)−1RΣ̄nd]D̄ ′nβΩ̄

−1
nd

√
ndn(γ0) + op(1).

Hence, by the MVT,

nd′n(α̌, β̂rtgmm)Ω−1
nd(α̌, β̂rtgmm)dn(α̌, β̂rtgmm)

=
√
nd′n(γ0)[Ω̄−1

nd − Ω̄
−1
ndD̄nβΣ̄ndD̄

′
nβΩ̄

−1
nd + Ω̄−1

ndD̄nβΣ̄ndR
′(RΣ̄ndR

′)−1RΣ̄ndD̄
′
nβΩ̄

−1
nd]
√
ndn(γ0) + op(1).

Similarly, nd′n(α̌, β̂
tgmm

)Ω−1
nd(α̌, β̂

tgmm
)dn(α̌, β̂

tgmm
) =
√
nd′n(γ0)[Ω̄−1

nd−Ω̄
−1
ndD̄nβΣ̄ndD̄

′
nβΩ̄

−1
nd]
√
ndn(γ0)+

op(1). Therefore,R
tgmm

=
√
nd′n(α0,β0)Ω̄−1

ndD̄nβΣ̄ndR
′(RΣ̄ndR′)−1RΣ̄ndD̄

′
nβΩ̄

−1
nd

√
ndn(α0,β0)+op(1).

We may prove thatW
tgmm

=R
tgmm

+op(1) similarly asW
tgel

=R
tgel

+op(1) in the proof of The-

orem 3.

For G
tgmm

, by the MVT,

D ′nβ(α̌, β̂rtgmm)Ω−1
nd(α̌, β̂rtgmm)Ĉn

√
ngn(α̌, β̂rtgmm)

=D ′nβ(α̌, β̂rtgmm)Ω−1
nd(α̌, β̂rtgmm)[Ĉn

√
ngn(γ0) + ĈnGnα(γ̈)

√
n(α̌ −α0) + ĈnGnβ(γ̈)

√
n(β̂rtgmm − β0)]

= R′(RΣ̄ndR
′)−1RΣ̄ndD̄

′
nβΩ̄

−1
ndC̄n

√
ngn(α0,β0) + op(1).
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where γ̈ lies between γ0 and (α̌′, β̂′rtgmm)′, and ĈnḠnα(γ̈) = C̄nḠnα + op(1) = op(1) is used. It

follows that

G
tgmm

=
√
nd′n(α0,β0)Ω̄−1

ndD̄nβΣ̄ndR
′(RΣ̄ndR

′)−1RΣ̄ndD̄
′
nβΩ̄

−1
nd

√
ndn(α0,β0) + op(1) =R

tgmm
+ op(1).

For OPG
T

, as R
√
n(β̂r − β0) = op(1), applying the MVT yields

√
nΨn(α̌, β̌r) =

√
nΨn(α0,β0) +

op(1) = RΣ̄ndD̄
′
nβΩ̄

−1
nd

√
ndn(γ0) + op(1). As 1

n

∑n
i=1Ψni(α̌, β̌r)Ψ

′
ni(α̌, β̌r) = RΣ̄ndR

′ + op(1), OPG
T

=

R
tgmm

+ op(1).

I.4 Proof of Theorem 2

(i) Let Cn = Cn(α̌, β̂
tgel

), vni(α,θ) = µ′Cngni(α,β), where θ = (β′,µ′)′, hni(α,θ) = ∂vni(α,θ)
∂θ =(

G′niβ(α,β)C′nµ

Cngni(α,β)

)
, mni(α,θ) = ρ1(vni(α,θ))hni(α,θ), m̂n(α,θ) = 1

n

∑n
i=1mni(α,θ), and

∆̂ni = [µ̂′
tgel

C
(kα+1)
n (α̌, β̂

tgel
)gni(α̌, β̂tgel), . . . , µ̂

′
tgel

C
(kα+kβ)
n (α̌, β̂

tgel
)gni(α̌, β̂tgel)]

′.

Then the first order condition for θ̂
tgel

is

m̂n(α̌, θ̂
tgel

) +
1
n

n∑
i=1

ρ1(vni(α̌, θ̂tgel))
(
∆̂ni

0

)
= 0. (I.23)

By Theorem 1,
√
n(θ̂

tgel
− θ0) = Op(1). Thus, by a second order Taylor expansion of ρ1(·) in

(I.23), 1
n

∑n
i=1ρ1(vni(α̌, θ̂tgel))∆̂ni = Â+Op(n−3/2), where

Â =
1
n

n∑
i=1

ρ1(0)∆̂ni +
1
n

n∑
i=1

ρ2(0)vni(α̌, θ̂tgel)∆̂ni .

Comparing the first order conditions (I.23) for θ̂
tgel

and (I.1) for θ̂
tgel

, we have

√
n(θ̂

tgel
−θ0) = B̂+

√
nK̄−1

ndβ

(
Â
0

)
+Op(n−1), (I.24)

where B̂ is the r.h.s. of (I.2) but with C̃n and θ̂
tgel

replaced by, respectively, Cn and θ̂
tgel

. Then

as in the proof of Theorem D.2,
√
n(θ̂

tgel
− θ0) =

(ψnβ
ψnµ

)
+Op(n−1/2), where ψnβ = −H̄nd

√
nC̄ngn

and ψnµ = −P̄nd
√
nC̄ngn. By first order Taylor expansions, C(kα+j)

n (α̌, β̂
tgel

) = C
(kα+j)
n (α0,β0) +

Op(n−1/2) = C̄(kα+j)
n (α0,β0) +Op(n−1/2), gn(α̌, β̂

tgel
) = gn +Gnα(α0,β0)(α̌ −α0) +Gnβ(α0,β0)(β̂

tgel
−

β0) +Op(n−1) = gn +n−1/2Ḡnαψnα̌ +n−1/2Ḡnβψnβ +Op(n−1), and

1
n

n∑
i=1

gni(α̌, β̂tgel)g
′
ni(α̌, β̂tgel) = Ω̄n +Op(n−1/2).
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It follows that Â = A+Op(n−3/2), where

A = −1
n

[ψ′nµC̄
(kα+1)
n (

√
ngn + Ḡnαψnα̌ + Ḡnβψnβ + Ω̄nC̄

′
nψnµ),

. . . ,ψ′nµC̄
(kα+kβ)
n (

√
ngn + Ḡnαψnα̌ + Ḡnβψnβ + Ω̄nC̄

′
nψnµ)]′

=Op(n−1).

Since
√
nK̄−1

ndβ

(Â
0
)

=
(
−
√
nΣ̄ndÂ√
nH̄ ′ndÂ

)
, the contribution of

√
nK̄−1

ndβ

(Â
0
)

in (I.24) for the higher order bias

of β̂
tgel

is

−Σ̄nd E(A) =
1
n
Σ̄nd

[
tr[C̄(kα+1)

n ḠnαE(ψnα̌ψ
′
nµ)], . . . , tr[C̄

(kα+kβ)
n ḠnαE(ψnα̌ψ

′
nµ)]

]′
.

By Lemma H.5(iii), Cn = C̄n+n−1/2ψnČ+Op(n−1/2), whereψnČ = ψnC+
∑kα
j=1 C̄

(j)
n ψnα̌j+

∑kβ
j=1 C̄

(kα+j)
n ψnβj .

Then by the proof of Theorem D.2(i), the higher order bias of β̂
tgel

is equal to the sum of

−Σ̄nd E(A) and the higher order bias of β̂
tgel3 (with C̃n replaced by Cn). Hence the result follows

by Theorem 2(i).

(ii) For the higher order bias of β̂
tgel2, compared with that of β̂

tgel4, we need to take into

account the additional bias term due to the derivative of Cn(α̇n(β),β) with respect β, in addition

to the difference between Cn(α̇n(β̂
tgel2), β̂

tgel2) and C̆n. Let α̇nβ(β) = ∂α̇n(β)
∂β′ ,

vni(θ) = µ′Cn(α̇n(β),β)gni(α̇n(β),β),

where θ = (β′,µ′)′, hni(θ) =
(
G′niβ(α,β)C′n(α̇n(β),β)µ+α̇′nβ(β)G′niα(α̇n(β),β)C′n(α̇n(β),β)µ

Cn(α̇n(β),β)gni(α̇n(β),β)

)
, mni(θ) = ρ1(vni(θ))hni(θ),

m̂n(θ) = 1
n

∑n
i=1mni(θ), and

∆ni(θ) =
[ kα∑
k=1

µ′C
(k)
n (α̇n(β),β)α̌(1)

nk (β)gni(α̇n(β),β) +µ′C(kα+1)
n (α̇n(β),β)gni(α̇n(β),β),

. . . ,
kα∑
k=1

µ′C
(k)
n (α̇n(β),β)α̌

(kβ)
nk (β)gni(α̇n(β),β) +µ′C

(kα+kβ)
n (α̇n(β),β)gni(α̇n(β),β)

]′
.

Then the first order condition for θ̂
tgel2 is

m̂n(θ̂
tgel2) +

1
n

n∑
i=1

ρ1(vni(θ̂tgel2))
(
∆ni(θ̂tgel2)

0

)
= 0. (I.25)

As for β̂
tgel4, the contribution of ∆ni(θ) for the higher order bias of β̂

tgel2 is from the leading

order term −Σ̄ndA of −Σ̄nd[1
n

∑n
i=1ρ1(0)∆ni(θ̂tgel2)+ 1

n

∑n
i=1ρ2(0)vni(θ̂tgel2)∆ni(θ̂tgel2)] = −Σ̄ndA+
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Op(n−1), which is

−Σ̄nd E(A) =
1
n
Σ̄nd E

[
ψ′nµ

( kα∑
k=1

C̄
(k)
n α

(1)
nk + C̄(kα+1)

n

)
(
√
ngn + Ḡnαψnα̇ + Ḡnβψnβ + Ω̄nC̄nψnµ),

. . . ,ψ′nµ

( kα∑
k=1

C̄
(k)
n α

(kβ)
nk + C̄

(kα+kβ)
n

)
(
√
ngn + Ḡnαψnα̇ + Ḡnβψnβ + Ω̄nC̄nψnµ)

]′
=

1
n
Σ̄nd E

[
ψ′nµ

( kα∑
k=1

C̄
(k)
n α

(1)
nk + C̄(kα+1)

n

)
Ḡnαψnα̇, . . . ,ψ

′
nµ

( kα∑
k=1

C̄
(k)
n α

(kβ)
nk + C̄

(kα+kβ)
n

)
Ḡnαψnα̇

]′
.

By Lemma H.5(iii), Cn(α̇n(β̂
tgel2), β̂

tgel2) = C̄n+n−1/2ψnĊ+Op(n−1/2), whereψnĊ = ψnC+
∑kα
j=1 C̄

(j)
n ψnα̇j+∑kβ

j=1 C̄
(kα+j)
n ψnβj . Then by the proof of (i) above, the higher order bias of β̂

tgel2 is equal to the

sum of −Σ̄nd E(A) and the higher order bias of β̂
tgel4 (with ψnC̆ replaced by ψnĊ). Hence the

result follows.

I.5 Some additional proof for Theorem 3

We derive the influence function for the restricted TGEL estimator in this section, which is

used in the proof of Theorem 3 of the main paper. With a continuous function r(β), the

set {β ∈ B : r(β) = 0} is compact. Since r(β0) = 0, the consistency that β̂rtgel = β0 + op(1)

and µ̂rtgel = op(1) follow as in Theorem 1. In the following, we omit the subscripts of β̂rtgel

and µ̂rtgel for simplicity. For given β, let µ(β) be the GEL estimate of µ. Then µ(β) satisfies∑n
i=1ρ1(µ′(β)dni(α̌,β))dni(α̌,β) = 0. With µ(β), the Lagrangian for β̂ is 1

n

∑n
i=1ρ(µ′(β)dni(α̌,β)) −

r ′(β)a, where a is a kr × 1 vector of Lagrangian multipliers. The first order condition for β is

1
n

n∑
i=1

ρ1(µ̂′dni(α̌, β̂))[G′niβ(α̌, β̂)Ĉ′nµ̂+ [Ĉ(kα+1)
n gni(α̌, β̂), . . . , Ĉ

(kα+kβ)
n gni(α̌, β̂)]′µ̂]−R′(β̂)a = 0, (I.26)

where R(β) = ∂r(β)
∂β′ , Ĉn = Cn(α̌, β̂) and Ĉ(kα+j)

n = ∂Cn(α̌,β̂)
∂βj

. Treating
∑n
i=1ρ1(µ′dni(α̌,β))dni(α̌,β) =∑n

i=1ρ1(µ′Ĉngni(α̌,β))Ĉngni(α̌,β) as a function of β for only β in the second gni(α̌,β), an MVT

expansion of the first order condition
∑n
i=1ρ1(µ̂′dni(α̌, β̂))dni(α̌, β̂) = 0 at (β′,µ′)′ = (β′0,0)′ yields

− dn(α̌,β0) +
1
n

n∑
i=1

ρ2(µ̄′dni(α̌, β̂))dni(α̌, β̂)d′ni(α̌, β̂)µ̂+
1
n

n∑
i=1

ρ1(µ̄′dni(α̌, β̂))ĈnGniβ(α̌, β̄)(β̂ −β0) = 0,

(I.27)

where β̄ lies between β0 and β̂, and µ̄ lies between 0 and µ̂. By the MVT,

0 = r(β̂) = r(β0) +R(β̄)(β̂ − β0) = R(β̄)(β̂ − β0). (I.28)
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As in the proof of Theorem 1, 1
n

∑n
i=1ρ2(µ̄′dni(α̌, β̂))dni(α̌, β̂)d′ni(α̌, β̂) = −Ω̄nd + op(1) and

1
n

n∑
i=1

ρ1(µ̄′dni(α̌, β̂))ĈnGniβ(α̌, β̄) = −D̄nβ + op(1).

Then by (I.27),
√
nµ̂ = −Ω̄−1

nd

√
ndn(α̌,β0)− Ω̄−1

ndD̄nβ
√
n(β̂ − β0) + op(1). (I.29)

Substituting (I.29) into (I.26) yields

√
n(β̂ − β0) = Σ̄ndR

′√na− Σ̄ndD̄ ′nβΩ̄
−1
nd

√
ndn(α̌,β0) + op(1). (I.30)

Substituting (I.30) into (I.28) yields
√
na = (RΣ̄ndR′)−1RΣ̄ndD̄

′
nβΩ̄

−1
nd

√
ndn(α̌,β0) + op(1), where

R = R(β0). This equation and (I.30) imply that

√
n(β̂ − β0) = −[Σ̄nd − Σ̄ndR′(RΣ̄ndR′)−1RΣ̄nd]D̄ ′nβΩ̄

−1
nd

√
ndn(α̌,β0) + op(1). (I.31)

Then (I.29) implies that

√
nµ̂ = [−Ω̄−1

nd + Ω̄−1
ndD̄nβΣ̄ndD̄

′
nβΩ̄

−1
nd − Ω̄

−1
ndD̄nβΣ̄ndR

′(RΣ̄ndR
′)−1RΣ̄ndD̄

′
nβΩ̄

−1
nd]
√
ndn(α̌,β0) + op(1).

(I.32)

J Assumptions for the estimation of the probit model using

simple moments

In this section, we verify the assumptions for the estimation of the probit model (2.1) using

simple moments.

Assumption 1(i): With gb(γ) = x[y1 −Φ(x′1β1 + x′2α2β2)] and ga(γ) = x(y2 − x′α), where α =

[α′1,α
′
2]′ and γ = [α′,β′1,β2]′, we have E[gb(γ)] = E{x[Φ(x′1β10 + x′2α20β20) − Φ(x′1β1 + x′2α2β2)]}

and E[ga(γ)] = E(xx′)(α0 − α), where α = [α′1,α
′
2]′. Since E(xx′) = Ikx , where kx is the number

of variables in x, by E[ga(γ)] = 0, E[g(γ)] = 0 implies that α = α0. With α = α0, E[gb(α0,β)] =

E{x[Φ(x′1β10 + x′2α20β20)−Φ(x′1β1 + x′2α20β2)]} = 0 implies that E[zΦ(z′β0)− zΦ(z′β)] = 0, where

z = [x′1,x
′
2α20]′. By the mean value theorem, E[zΦ(z′β0)− zΦ(z′β)] = E[φ(z′β̄)zz′](β0 − β), where

β̄ lies between β0 and β. Then 0 = (β0−β)′E[zΦ(z′β0)−zΦ(z′β)] = E[φ(z′β̄) · (β0−β)′z ·z′(β0−β)].
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As φ(z′β̄) > 0 for any β̄, we must have z′(β0 − β) = 0 with probability one. Since the elements

of [x′1,x
′
2]′ are independently and normally distributed and the elements of α20 are equal and

nonzero, we must have β = β0.

Assumption 1(ii) on the compactness of the parameter space is a usual regularity condi-

tion for extremum estimation. Assumption 1(iii) is obviously satisfied. Assumption 1(iv)

is satisfied by Lemma 2.4 in Newey and McFadden (1994), since gi(γ)’s are i.i.d., Γ is com-

pact, Esupγ∈Γ ‖gb(γ)‖η ≤ 2η E‖x‖η < ∞ and Esupγ∈Γ ‖ga(γ)‖η = Esupγ∈Γ ‖x[x′(α0 − α) + ε]‖η ≤

Esupγ∈Γ ‖x‖η · (‖x‖ · ‖α0 −α‖+ ‖ε‖)η ≤ 2η−1E(‖x‖2η supγ∈Γ ‖α0 −α‖η + ‖x‖η‖ε‖η) <∞ for any η ≥ 1,

where the last “≤” uses the Cr-inequality. Assumption 1(v) is satisfied by the above proof for

Assumption 1(iv).

Assumption 1(vi): The conditions except the last one are satisfied as Assumption 1(iv). Now

we compute Ω̄n. Let ξ = [y1 −Φ(z′β0),ε]′. Then Ω̄n = E[(ξξ ′)⊗ (xx′)] = E[E(ξξ ′ |x)⊗ (xx′)]. We

first consider E[ξξ ′ |x] =
(
Φ(z′β0)[1−Φ(z′β0)] w

w σ2
ε

)
, wherew = E(y1ε|x). Let v = u−cov(u,ε)var−1(ε)ε =

u−ρ0σuε/σε, which is independent of ε. Then w = E[ε · I((x′α0 +ε)τ0 +u > 0)|x] = E[ε · I(x′α0τ0 +

v + (τ0 + ρ0σu/σε)ε > 0)|x] = σεE{[2 · I(τ0σε + ρ0σu > 0) − 1]φ( x
′α0τ0+v

τ0σε+ρ0σu
)|x}. Note that E[ξξ ′ |x] is

invertible if Φ(z′β0)[1 −Φ(z′β0)] −w2/σ2
ε , 0. For given z, Since Φ(z′β0)[1 −Φ(z′β0)] −w2/σ2

ε is

a nonzero and nonlinear function of z, it is nonzero with a positive probability. Then Ω̄n is

nonsingular.

Assumption 1(vii) normalizes ρ1(0) and ρ2(0) to be −1, which loses no generality as long

as ρ1(0) , 0 and ρ2(0) , 0 (Newey and Smith, 2004). Assumption 1(viii) is a usual assumption

for deriving the asymptotic distributions of extremum estimators. Assumption 1(ix) can be

verified as for Assumption 1(iv).

Assumption 1(x): Note that Ḡn = −E
(
x[0,x′2β20]φ(z′β0) xz′φ(z′β0)

xx′ 0

)
. Consider

Ḡn

δ1

δ2

 = −E

x[0,x′2β20]δ1φ(z′β0) + xz′δ2φ(z′β0)

xx′δ1

 ,
where δ1 is a kx ×1 vector and δ2 is a (kx1

+ 1)×1 vector. Since E(xx′) = Ikx , the second row block

of Ḡn
(
δ1
δ2

)
= 0 implies that δ1 = 0. Then the first row block implies that E[xz′φ(z′β0)]δ2 = 0,

where z =
(
Ikx1

α′20

)
x. Since φ(z′β0) > 0 and xx′ is nonnegative definite with x being normally

distributed, E[xx′φ(z′β0)] , 0. Then δ2 = 0 as α20 , 0. Hence, Ḡn has full column rank.
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Assumption 1(xi) is satisfied by the Lindeberg-Lévy central limit theorem.

Assumption 2(i): As ma = kα in our Monte Carlo experiments, C̄1n = E(∂gb(γ0)
∂α′ )(E ∂ga(γ0)

∂α′ )−1 =

E[x[0,x′2α20]φ(z′β0)][E(xx′)]−1.

Assumption 2(ii): We take C1n(γ) = [
∑n
i=1xi[0,x

′
2iα2]φ(x′1iβ1 + x′2iα2β2)](

∑n
i=1xix

′
i)
−1 and

C̄1n(γ) = E[C1n(γ)]. Then as for Assumption 1(iv), supγ∈Γ ‖Cn(γ) − C̄n(γ)‖ = op(1) and C̄n(γ)

is continuous on Γ uniformly in n.

Assumption 2(iii): α̌ = (
∑n
i=1xix

′
i)
−1∑n

i=1xiy2i has a closed form and needs not to be bounded,

but α̌ falls within a bounded parameter space w.p.a.1. Assumption 2(iii) can be relaxed to allow

for this case and the current Assumption 2(iii) is maintained for convenience.

Assumption 2(iv) is obviously satisfied since α̌2 is an OLS estimator.

Assumption 2(v): In this model, E[ga(α0,β)] = 0, so C̄nE[g(α0,β)] = E[gb(α0,β)], which is

shown to be uniquely zero at β = β0 when verifying Assumption 1(i).

Assumption 2(vi) is obviously satisfied.

Assumption 2(vii): Since E(∂ga(α0,β0)
∂β′ ) = 0, C̄nḠnβ = E(∂gb(α0,β0)

∂β′ ) = −E[xz′φ(z′β0)], which is

shown to be nonzero when verifying Assumption 1(x). Thus, C̄nḠnβ has full column rank.

K Computational details for Monte Carlo experiments

For GEL and TGEL estimators, we use a double optimization method. For given model pa-

rameters, the auxiliary parameter vector is computed using the “minFunc” function written by

Schmidt (2005), which is a function for unconstrained optimization using line-search methods

and requires fewer function evaluations to converge than the “fminunc” function in Matlab

on many problems. We use the default algorithm “lbfgs”, which calls a quasi-Newton strategy

with limited memory BFGS updating. The starting value is a zero vector and the first order

derivative of the objective function is provided. Note that the function can fail to converge

simply because the zero vector is not in the convex hull of gni(θ)’s. In such a case, we follow the

convention of setting the function value to infinity for subsequent optimization. Although this

problem can be solved by various methods, e.g., see Tsao and Wu (2014) and references therein,

we do not consider the problem in this paper. With the value of the auxiliary parameter, model

parameters are then computed either by grid search or by an optimization algorithm. Grid
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search is used for two-step estimators of the coefficient β2 on the endogenous regressor in the

probit model using simple moments, where the endogenous regressor is the only regressor for

the equation on y∗1, and for two-step estimators of the spatial dependent parameter β in the

SAR model. The “minFunc” function is used for other estimators. In grid search, for the probit

model, β is searched over the interval [−25,25] with a grid size 0.01; for the SAR model, β is

searched over the interval [−0.99,0.99] with a grid size 0.01. If an optimization algorithm is

used, any estimate of β greater than 25 is set to 25, and any estimate smaller than −25 is set to

−25. We input the first order derivatives, which are derived by the implicit function theorem for

GEL and TGEL. The starting value is the GMM estimate β̃ = argminβ g ′nb(α̌,β)gnb(α̌,β), where

α̌ is the OLS estimate by regressing y2 on x2, the starting value for β̃ is a zero vector and “min-

Func” is used for β̃. For the estimation of the probit model using efficient moments, since even

two-step estimators have 2 unknown parameters, we do not use grid search for any estimator.

As the variance parameter σ2
ε is non-negative and the correlation coefficient ρ is smaller than

1 in absolute value, we use the “fmincon” function and restrict σ2
ε to be non-smaller than 10−7

and restrict ρ to be in the interval [−0.999,0.999]. The first order derivatives are provided and

the trust-region-reflective algorithm is used. For the SAR model, “fmincon” is used to search

for model parameters when grid search is not used, and the spatial dependence parameter β is

restricted to be in the interval [−0.99,0.99] so that it is consistent with grid search.4

L More Monte Carlo results

L.1 CU estimator for the probit model

Table S.1 compares the performance of CU, two-step CU (TCU) and other estimates of β2 in

the probit model (2.1) with R2 = 0.7. When there are 5 variables in x2, all TPs are zero. CU

and TCU estimates have similar MBs, MADs, IDRs, biases, SDs and RMSEs, like other GEL and

TGEL estimates. In terms of MBs and biases, CU performs similarly as ET and EL, and TCU

performs similarly as TET and TEL. However, CU and TCU have the largest MADs, IDRs, SDs

and RMSEs. When there are 20 variables in x2, all TPs are zero except CU. CU is observed

4See footnote 19 on page 30 of the main text for an explanation of this parameter space.
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to have the largest MB, MAD IDR, bias, SD and RMSE among CU, ET, EL and GMM. TCU is

also observed to have the largest MB, MAD, IDR, bias, SD and RMSE among TGEL and TGMM

estimates. Thus, CU and TCU have worse performance than other GEL and TEL estimates in

our Monte Carlo experiments.

Table S.1: Performance of CU, TCU and other estimates of β2 in the probit model with R2 = 0.7

k2 = 5 k2 = 20

MB MAD IDR Bias SD RMSE TP MB MAD IDR Bias SD RMSE TP

CU -0.002 0.064 0.245 -0.005 0.097 0.098 0 0.010 0.116 0.470 0.021 0.596 0.596 0.001
ET -0.002 0.061 0.233 -0.005 0.091 0.092 0 0.004 0.072 0.284 0.001 0.115 0.115 0
EL -0.002 0.057 0.224 -0.005 0.088 0.088 0 0.002 0.058 0.231 0.002 0.092 0.092 0
GMM 0.000 0.061 0.240 -0.003 0.094 0.094 0 0.034 0.080 0.300 0.032 0.119 0.123 0

TCU -0.003 0.064 0.245 -0.005 0.097 0.097 0 0.007 0.115 0.462 0.014 0.249 0.249 0
TET -0.002 0.061 0.232 -0.005 0.091 0.092 0 0.003 0.071 0.282 0.001 0.115 0.115 0
TEL -0.002 0.057 0.224 -0.005 0.088 0.088 0 0.002 0.058 0.231 0.002 0.092 0.092 0
TGMM 0.007 0.059 0.234 0.003 0.092 0.092 0 0.046 0.075 0.286 0.046 0.114 0.122 0
TCUc 0.006 0.061 0.239 0.004 0.095 0.095 0 0.055 0.106 0.427 0.064 0.191 0.202 0
TETc 0.006 0.057 0.228 0.003 0.089 0.090 0 0.041 0.068 0.259 0.042 0.108 0.116 0
TELc 0.006 0.056 0.220 0.003 0.086 0.086 0 0.037 0.056 0.216 0.036 0.088 0.095 0

(i) MB: median bias; MAD: median absolute deviation; IDR: interdecile range; SD: standard deviation; RMSE: root mean

squared error; TP: tail probability.

(ii) TCUc, TETc and TELc are, respectively, TCU, TET and TEL estimators with Ĉn(α̌, β̃).

(iii) k2 is the number of variables in x2, the true values of τ is 0, and the sample size n is 100.

L.2 Estimation of the probit model using efficient moments

In this section, we consider estimation of the probit model (2.1) using efficient moments. With

the normalization σ2
u −ω2σ2

ε = 1, where ω = ρσu/σε, the log likelihood function for model (2.1)

is (Rivers and Vuong, 1988):

lnL(γ) = −n
2

log(2πσ2
ε )− 1

2σ2
ε

n∑
i=1

(y2i − x′1iα1 − x′2iα2)2 +
n∑
i=1

y1i lnΦ
(
x′1iκ+ (y2i − x′1iα1 − x′2iα2)ω+ y2iτ

)
+

n∑
i=1

(1− y1i) ln
[
1−Φ

(
x′1iκ+ (y2i − x′1iα1 − x′2iα2)ω+ y2iτ

)]
,

where γ = (α′,β′)′ with α = (α′1,α
′
2,σ

2
ε )′ and β = (κ′,ω,τ)′. Compared with the estimation using

simple moments in the main text, now α includes the additional parameter σ2
ε , and β includes

(κ′, τ)′ and the additional parameter ω. Let zi(α1,α2) = [x′1i , y2i − x′1iα1 − x′2iα2, y2i]′. Then the
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score vector over n is gn(γ) = (g ′nb(γ), g ′na(γ)
)′

, where

gnb(γ) =
1
n

∂ lnL(γ)
∂β

=
1
n

n∑
i=1

[y1i −Φ(z′i(α1,α2)β)]φ(z′i(α1,α2)β)
[1−Φ(z′i(α1,α2)β)]Φ(z′i(α1,α2)β)

zi(α1,α2),

and

gna(γ) =
1
n

∂ lnL(γ)
∂α

=


1
nσ2

ε

∑n
i=1xi(y2i − x′1iα1 − x′2iα2)− 1

n

∑n
i=1

[y1i−Φ(z′i(α1,α2)β)]φ(z′i(α2)β)
[1−Φ(z′i(α1,α2)β)]Φ(z′i(α1,α2)β)xiω

− 1
2σ2

ε
+ 1

2nσ4
ε

∑n
i=1(y2i − x′1iα1 − x′2iα2)2

 ,
with φ(·) being the standard normal probability density function. We may implement estima-

tion with this efficient moment vector gn(γ). An initial simple consistent estimate [α̌′1, α̌
′
2]′ of

[α′1,α
′
2]′ can be the OLS estimate from the regression of y2i on x1i and x2i , and an estimate σ̌2

ε

of σ2
ε can be 1

n

∑n
i=1(y2i −x′1iα̌1−x′2iα̌2)2. This α̌ = (α̌′1, α̌

′
2, σ̌

2
ε )′ is not a first stage estimate via the

moment gna(γ), which is a rather complex subvector of gn(γ). With α̌, an initial GMM estima-

tor of β0 can be derived from minβ∈B g ′nb(α̌,β)gnb(α̌,β).5 With the score vector gn(γ), γ0 is just

identified.6 Then the GEL estimates are numerically identical to the GMM estimates, and the

TGEL estimates are numerically identical to the TGMM estimates. Thus we only report GMM

and TGMM estimates of β. Note that TGMM involves two unknown parameters and GMM has

more, so we do not use grid search.

Table S.2 reports results on the estimates of β2. All TPs are zero. TGMM tends to have larger

bias and MB than GMM, but it generally has smaller MAD, IDR and SD, especially for cases

with R2 = 0.01. In terms of RMSE, TGMM has similar performance as GMM when R2 = 0.7,

and it outperforms GMM when R2 = 0.01.

The empirical sizes of various tests are reported in Table S.3.7 With n = 100, the size distor-

tions for cases with ρ0 = 0 are within 3 percentage points, but they can be very large for cases

with ρ0 = 0.8, especially when k2 = 20. With n = 400, the size distortions are smaller, and the

empirical sizes for ρ0 = 0.8 are much closer to the nominal 5%. Table S.4 reports the empirical

5As gnb(α̌,β) is just identifiable for β, the estimation is equivalent to solving the equation gnb(α̌,β) = 0, which

is also the probit ML with generated regressors zi(α̌1, α̌2).
6Since the identification of β0 needs at least kβ moments and the two-step approaches reduce the number of

moments by kα , β0 is just identified in the two-step approaches.
7For OPG, G

et
and G

el
, as any restricted estimator can be used, we use the GMM estimator based on the simpler

moment vector [g ′nb(γ), g∗′na(γ)]′ , where g∗na(γ) = 1
n

∑n
i=1 xi(y2i − x′1iα1 − x′2iα2).
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Table S.2: Performance of various estimates of β2 with efficient moments for the probit model

R2 = 0.7 R2 = 0.01

MB MAD IDR Bias SD RMSE TP MB MAD IDR Bias SD RMSE TP

k2 = 5, ρ0 = 0 GMM 0.001 0.116 0.442 -0.001 0.173 0.173 0.000 0.288 0.190 1.152 0.150 0.447 0.472 0.000

TGMM 0.002 0.115 0.440 -0.001 0.172 0.172 0.000 0.292 0.107 0.774 0.164 0.336 0.374 0.000

k2 = 5, ρ0 = 0.8 GMM 0.075 0.124 0.336 0.056 0.137 0.148 0.000 -0.413 0.352 1.424 -0.478 0.528 0.712 0.000

TGMM 0.096 0.103 0.325 0.068 0.133 0.149 0.000 -0.540 0.303 0.971 -0.554 0.397 0.681 0.000

k2 = 20, ρ0 = 0 GMM 0.004 0.064 0.247 0.004 0.098 0.098 0.000 -0.011 0.420 1.498 -0.005 0.536 0.536 0.000

TGMM 0.004 0.063 0.248 0.004 0.099 0.099 0.000 -0.011 0.225 0.883 -0.005 0.339 0.339 0.000

k2 = 20, ρ0 = 0.8 GMM 0.033 0.056 0.213 0.033 0.084 0.090 0.000 0.789 0.381 1.549 0.853 0.559 1.020 0.000

TGMM 0.046 0.053 0.198 0.046 0.077 0.090 0.000 0.842 0.221 0.794 0.859 0.316 0.915 0.000

(i) MB: median bias; MAD: median absolute deviation; IDR: interdecile range; SD: standard deviation; RMSE: root mean squared error; TP: tail

probability.

(ii) k2 is the number of variables in x2. The sample size n is 100.

powers of various tests of τ0 = 0. The powers of different tests are generally close and they

increase as τ0 increases.
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Table S.3: Empirical sizes of various tests of β20 = 0 for the probit model with efficient moments

k2 = 5, n = 100 k2 = 5, n = 400 k2 = 20, n = 100 k2 = 20, n = 400

ρ0 = 0 ρ0 = 0.8 ρ0 = 0 ρ0 = 0.8 ρ0 = 0 ρ0 = 0.8 ρ0 = 0 ρ0 = 0.8

R
et

0.050 0.110 0.046 0.049 0.048 0.330 0.056 0.057
R

el
0.050 0.107 0.046 0.049 0.048 0.319 0.055 0.056

R
gmm

0.053 0.213 0.046 0.050 0.054 0.450 0.056 0.057
W

gmm
0.046 0.054 0.045 0.048 0.043 0.077 0.053 0.048

S
et

0.047 0.112 0.045 0.053 0.039 0.286 0.052 0.062
S
el

0.052 0.102 0.046 0.054 0.047 0.259 0.055 0.062
G
gmm

0.053 0.213 0.046 0.050 0.054 0.450 0.056 0.057
OPG 0.043 0.058 0.045 0.045 0.039 0.124 0.052 0.059
G
et

0.048 0.060 0.046 0.046 0.042 0.132 0.056 0.059
G
el

0.049 0.057 0.045 0.045 0.043 0.128 0.055 0.058

R
tet

0.075 0.197 0.052 0.052 0.060 0.782 0.056 0.222
R

tel
0.077 0.183 0.046 0.053 0.057 0.764 0.055 0.236

R
tgmm

0.061 0.145 0.045 0.045 0.076 0.650 0.054 0.110
W

tgmm
0.045 0.046 0.045 0.042 0.035 0.063 0.052 0.028

S
tet

0.060 0.213 0.050 0.028 0.048 0.730 0.051 0.118
S
tel

0.070 0.179 0.045 0.027 0.049 0.703 0.052 0.123
G
tgmm

0.061 0.145 0.045 0.045 0.076 0.650 0.054 0.110
OPG

t
0.042 0.073 0.045 0.044 0.037 0.262 0.052 0.061

G
tet

0.044 0.076 0.046 0.045 0.040 0.265 0.053 0.061
G
tel

0.045 0.075 0.046 0.044 0.038 0.252 0.053 0.061

(i) k2 is the number of variables in x2. The nominal size is 5%.

(ii) R
et

: ET ratio test; R
el

: EL ratio test; R
gmm

: GMM distance difference test; W
gmm

:

GMM Wald test; S
et

: score-type test in the ET framework; S
el

: score-type test in the

EL framework; G
gmm

: GMM gradient test; OPG: OPG test; G
et

: ET gradient test; G
el

:

EL gradient test.

(iii) R
tet

: TET ratio test; R
tel

: TEL ratio test; R
tgmm

: TGMM distance difference test;

W
tgmm

: TGMM Wald test; S
tet

: score-type test in the TET framework; S
tel

: score-

type test in the TEL framework; G
tgmm

: TGMM gradient test; OPG
t
: OPG test in the

two-step framework; G
tet

: TET gradient test; G
tel

: TEL gradient test.
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Table S.4: Empirical powers of various tests of β20 = 0 for the probit model with efficient moments

ρ0 = 0 ρ0 = 0.8

τ0 = 0.1 τ0 = 0.2 τ0 = 0.3 τ0 = 0.4 τ0 = 0.1 τ0 = 0.2 τ0 = 0.3 τ0 = 0.4

k2 = 5 R
et

0.217 0.649 0.906 0.989 0.344 0.749 0.931 0.989
R

el
0.216 0.647 0.907 0.989 0.332 0.738 0.925 0.988

R
gmm

0.222 0.649 0.906 0.989 0.534 0.879 0.982 0.996
W

gmm
0.208 0.643 0.911 0.990 0.283 0.690 0.909 0.984

S
et

0.224 0.682 0.924 0.993 0.385 0.781 0.943 0.986
S
el

0.238 0.694 0.930 0.994 0.366 0.766 0.936 0.988
G
gmm

0.222 0.649 0.906 0.989 0.534 0.879 0.982 0.996
OPG 0.200 0.622 0.893 0.985 0.281 0.694 0.913 0.985
G
et

0.210 0.639 0.898 0.987 0.287 0.700 0.920 0.985
G
el

0.205 0.631 0.896 0.986 0.274 0.685 0.911 0.983

R
tet

0.214 0.623 0.888 0.980 0.405 0.762 0.926 0.983
R

tel
0.213 0.619 0.885 0.977 0.380 0.737 0.920 0.981

R
tgmm

0.207 0.617 0.881 0.978 0.302 0.685 0.888 0.975
W

tgmm
0.207 0.643 0.911 0.989 0.256 0.642 0.881 0.975

S
tet

0.165 0.424 0.591 0.746 0.470 0.798 0.942 0.981
S
tel

0.174 0.420 0.596 0.760 0.428 0.751 0.920 0.966
G
tgmm

0.207 0.617 0.881 0.978 0.302 0.685 0.888 0.975
OPG

t
0.206 0.635 0.904 0.987 0.251 0.650 0.888 0.976

G
tet

0.218 0.651 0.911 0.990 0.259 0.661 0.894 0.977
G
tel

0.215 0.647 0.910 0.989 0.253 0.656 0.892 0.976

k2 = 20 R
et

0.196 0.574 0.875 0.975 0.644 0.907 0.991 0.999
R

el
0.194 0.572 0.872 0.975 0.633 0.899 0.991 0.999

R
gmm

0.220 0.594 0.881 0.975 0.760 0.958 0.998 0.999
W

gmm
0.191 0.575 0.883 0.978 0.408 0.800 0.967 0.995

S
et

0.202 0.599 0.900 0.975 0.625 0.856 0.897 0.801
S
el

0.217 0.618 0.912 0.985 0.611 0.899 0.989 0.998
G
gmm

0.220 0.594 0.881 0.975 0.760 0.958 0.998 0.999
OPG 0.179 0.553 0.868 0.974 0.517 0.867 0.981 0.998
G
et

0.191 0.570 0.875 0.976 0.526 0.871 0.982 0.998
G
el

0.187 0.567 0.871 0.976 0.522 0.867 0.982 0.998

R
tet

0.192 0.559 0.846 0.955 0.887 0.972 0.993 1.000
R

tel
0.190 0.554 0.843 0.952 0.875 0.963 0.993 1.000

R
tgmm

0.195 0.547 0.825 0.936 0.818 0.945 0.989 1.000
W

tgmm
0.178 0.566 0.877 0.974 0.324 0.678 0.819 0.875

S
tet

0.149 0.417 0.648 0.840 0.871 0.961 0.979 0.994
S
tel

0.153 0.432 0.654 0.848 0.843 0.947 0.973 0.987
G
tgmm

0.195 0.547 0.825 0.936 0.818 0.945 0.989 1.000
OPG

t
0.180 0.546 0.856 0.961 0.363 0.676 0.868 0.943

G
tet

0.189 0.556 0.865 0.965 0.378 0.681 0.871 0.946
G
tel

0.185 0.552 0.859 0.961 0.367 0.677 0.869 0.944

(i) k2 is the number of variables in x2. The nominal size is 5%. The sample size n is 100.

(ii) R
et

: ET ratio test; R
el

: EL ratio test; R
gmm

: GMM distance difference test; W
gmm

: GMM Wald

test; S
et

: score-type test in the ET framework; S
el

: score-type test in the EL framework; G
gmm

:

GMM gradient test; OPG: OPG test; G
et

: ET gradient test; G
el

: EL gradient test.

(iii) R
tet

: TET ratio test;R
tel

: TEL ratio test;R
tgmm

: TGMM distance difference test;W
tgmm

: TGMM

Wald test; S
tet

: score-type test in the TET framework; S
tel

: score-type test in the TEL framework;

G
tgmm

: TGMM gradient test; OPG
t
: OPG test in the two-step framework; G

tet
: TET gradient test;

G
tel

: TEL gradient test.
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