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D TGEL estimators with a consistent estimator of the trans-
formation matrix

In the presence of an initial consistent estimator d of nuisance parameters, we may use the
moment C,(d, )g,i(d, B) instead of C,,(d,B)g,i(d, B) for a TGEL estimation; in the presence of
&,(B), we may use C,(du(f), f)gui(cin(B), B) instead of Cy(cty(B), B)gui(du(B), B), where § and f
are consistent estimators of f,. Denote C, = C,(d, ) and C, = C,(c,(B), B) for simplicity. The
C, and C, are consistent estimators of lim,, .., C,, so unknown B only appears in g,;(d, ) or
gni(d,(B), B). Using C, or C, involves one more estimation step for f8 or /§, but the additional
estimation does not seem to cause much computational burden compared with the double op-

timization of GEL due to its saddle-point characterization.



For later analysis, we use the following § and f for the analysis on higher order biases:

B =argming, (4, BV gu(d, B), (D.1)
and
p=argming, (du(), )W, " g (dul ). ) (D.2)

where W, is an my, x m,, positive definite matrix. We maintain the following assumption to

investigate the asymptotic properties of § and f.

Assumption D.1. (i) By is the unique solution to lim,_, . E[g,; (a0, B)] = 0 and lim,,_,  E[g.p(a,(B), B)] =
0; (ii) there exists a nonstochastic W, such that W,, = W, + O,(n"/?) and lim,,_,, W, is positive def-

inite; (iii) for the case with &, rank(lim,_,o, Gupp) = kg, where Gypp = E(%8n70) ); for the case with

dp’
aan (/)]0) .

dy(B), rank(lim,,oo(Gppp + Gupa np)) = kg, where a5 = PTG

With C, g,i(d, B) and C‘ngni(okn(ﬁ), B), we have the following TGEL estimators

b =513 03, D A ot =
and
Breery = argmin }:pqummamﬁ» (D.4)

peB yGAnd(an(ﬁ) B)i=1

The corresponding estimates of the auxiliary parameter y are denoted by, respectively, fi;ge 5

and flge,- The following assumption contains the identification conditions for ﬁmmg and

IBTGEL4 .

Assumption D.2. f is the unique solution to lim,_,., C, E[g,(ag, B)] = 0 and lim,,_,, C, E[g,(a,,(B), B)] =
0.

The TGEL estimators ﬁTGEL3 and ﬁTGEL , have the same first order asymptotic properties as

those of ﬁTGEL and fngLz in the main text, which are summarized in the following theorem.!

Theorem D.1. Suppose that Assumptions 1-2, D.1(i)—(ii) and D.2 are satisfied.

. A d . A d . =) A-113 \—
(i) \/E(ﬁTGELf}_ﬁO) - N(O, hmn—wo( n[gQ D [3’) )and \/E(IBTGEL4_ﬁO) - N(O; llmnam(Dnﬂleanﬁ) 1)'

'We omit the proof of this theorem since it is similar to that of Theorem 1.




.. " o~ . 2 d ; L x o .
(11) Z[Zizl p(”lTGEL3 Cngni(a; ﬁTGEL}))_np(O)] - Xz(mb_kﬁ) and 2[21‘:1 p(”lTGEL4Cnngi(an([))TGEL4)1 ﬁTGEL4))_
d
np(0)] S x2(my —ky).
(iii) ﬁTGEL3 and ﬂATGEu are generally less efficient relative to ﬁGEL, where ﬁGEL is the joint GEL estima-

tor of B, which is a subvector of Vg, in (2.8). But if m, = k,, then ﬁTGEL3 and ﬁTGEL4 (will be

denoted as ﬁE_TGEL3 and ﬁE_TGEL4) are asymptotically equivalent to ﬁGEL.

(iv) If m, = ko and E(sup ¢ 4 BN ||a%“ﬁ, |l) < oo for the parameter space A of a and a neighborhood

Npg of Bo, then @y rgpy and Ay _rgp,, where

aE -TGEL3 — argmln sup ZP /\ gm a, /5}: TGEL3))
AeAﬂg(a ﬁ]i TGEL}) 1

and Ay rgpr, = argminge 4 SUP YA (@ frraney) Y im1 P(XV'8ui@, Py-rrry)) are asymptotically equiv-

alent to the joint estimate dgg, of a from (2.8).

The proper TGMM estimators to be compared with ﬁTGEL3 and /§TGEL , are, respectively, ﬁTGMM3 =

argmingep &(d, B)C;(C,Q2,Cp) ™" C,igu(d, B) and

o

Prarg = argr[glggn( () BYCH(CQ,Cr) Cuguldn(B), B),

where Q, = Q,,(d, f) and 2, = Q,,(c, (§), f)-

(B)-aol, VAlCuld, f)— Cyl and VA[C,(cin(B), f) - Co] be,
respectively, ¥4, ,c and i, Then, P,,5 = ﬁ(o‘cnw—ao)m;ﬂwng, Puc = ¢nc+zjzl C i+
Zfﬁl Fats) Vg and P, = e + Z] ! ,Sj)l[)ndj + Zfﬁl C_,(qk“ﬂ)lpnlgj. The higher order biases of

ﬁTGEL3 and [j’TGEL 4 are investigated in the following theorem.

Let the leading order terms of vn[d,(

Theorem D.2. Suppose that Assumptions 1-3, D.1 and D.2 are satisfied.

(i) The bias of[§TGEL3 is

. 3(0) 5 c
Bias(Brcans) = [BL + (B + P2 B + (B, - BG,) 1+ (B + BS; + BS O + BL )

I Q paO G G o
where B, B,y B,s By B, and B L4 are the same as corresponding ones for ﬁTGEL in Theo-

rem 2, Bndg = —ﬁHnd E \/ﬁi,bn@gn + Il’nCGnaﬁbnd + ¢nCGnﬁ§bnﬁ)’

_ 1 -
By == Hud Bl($,cQuCot CuOuth )by

and BS,© = %E(indc‘;;ﬁ% cWnp)-



(ii) The bias of Prewms 15
. A C- — - ¥ -
Bias(fremms) = [Bid + B?d + de + BZ‘;] + [Bndg + Bffd Q. de G By ]+ BZ\; a4

3 = k (ko )’ ko+j S D = T —-a
where BZ\; = _%Hndcn Z]il Z?:l E(gnigm' g +g;(qi +])g;,1i)c1/1pndcn E(gng;lb)H;;W‘gekﬂjr B;‘;\c/l &=
& = k kg ')/ (ka+j ) D = / ~/ T
_%Hndcn Zjil Z?:lE(gmg,(ﬂ- +] v g +])g;;i)CnPnanE(\/Egngbnd)anaH];Wﬁekﬁj, and other
terms are the same as corresponding ones in (i).

(iii) The bias ofﬁTGEL4 is

PN — i-G, -G, i-G,—C
Bias(frgeiy) = Blas(ﬁTGEL3) + [(Bjd - Bgd )+ Bzd P

-G, \ ’ ) A D = d—Ggy \ ’ Y S/ D =
where Bid =24 E(anﬁ GnaCnPuaCugn) Bgd == 12 Yd 2?21 E(O(nﬁ Gniacnpndcngni):

n?
1 &
1—-G,—-C < , =(j) A/ =7 ’
By = Saat Bl () G it + Gt )i
j=1
and Bias(/;TGEQ) has the same form as that of Bias(ﬁTGEL3) in (i) except that P,z and 1,4 in

Bias(ﬁTGEL3) are replaced by, respectively, 1, = and 1,,,.

(iv) The bias 0f/§TGMM4 is

. A — s i~G, i—Goy—C _d
Bias(Bromms) = Bias(Braws) + (B + By * 1+ B¢,
where Bff;G“ and Bj;G“_C are in (iii),
1 -\ G, )
W—a 3 = / =~/
Bnd ‘= _ﬁHnd Cu E(gnign]i + gn]1 gni)a”ﬁ E(i’b”ﬁ] C”I’b”")
=1 i=1
1 2 o (keti) (ko)
- = ot at )N\ A w w
~—5HuaCy By +8&ni" &ni)CuE(Wnuth,5i) — By — B
=1 i=1

and Bias(ﬁTGMM3) has the same form as that ofBias(ﬁTGMM3) in (ii) except that P, 5 and P, 4 in

Bias(ﬁTGMM3) are replaced by, respectively, j and 4.



E Higher order biases of TGMM estimators with unknown pa-
rameters in the transformation matrix

We shall compare the higher order bias of ﬁTGEL with that of ﬁTGMM = argmingepd,(d, ﬁ)Q;cli(d, B)d,(d,B),

and also compare the higher order bias of ﬁTGEu with that of

Prowwa = argmind; (@, (B), FICL,4(dn(P), B)d(dn(P). B)

where d,(¥) = C,(¥)2.(¥), Qua(y) = Co()Q,,(y)C.(y), and p and f are initial consistent esti-
mators of . Although § and f can be any consistent estimators, we shall use f and f defined

in, respectively, (D.1) and (D.2).

Denote H,wg = (G, ﬁW 'Gupp) ' G, o W, 1. In addition, let the leading order terms of vn(f-
Bo) and Vn(B-Bo) be, respectively, 1,z and 5 Then, ¢, 5 = —I-_Inwﬁ (V11guy+Grba Pna) and i, 5 =
e SRU e = -

n
[(anaan[)’ + anﬁ) W, (anaanﬁ + anﬁ)] (anaanﬁ + an[)’ \/_gnb + ana\/_ an /30 )]

Theorem E.1. Suppose that Assumptions 1-3 and D.1 are satisfied.

(i) The bias of Pream 15

Bias(Brorn) = [BLy+BY+BC,+B | +([B. P+BC #+BC O+ BC G4 B, |+BS P84 B P g -d,
- - k (k (k INAID A ’ C
where BM; :_l nd Cn Z]’ﬁl (gmgm ) +gm ) &ni)Crbua Cn B(gng,yy) nWﬁekﬁ]’B dﬁ t=
ko +k
18 G, ) «f”bcam
C-p-W ket A o @ kati)
B, W2 ndZ, *a*Q, ¢ + C,Q,C +J))E(l,bnylzbﬂ/§f)’

_d S (katj)  (ka+i) 7 \ A1 5 ~
BZ\(; “ = _#Hndcn Zj:l Z;‘/lzl E(gnlgnz +gn1 gm)cnpndc \/_gnljbna nba nWﬁekﬁjl and

other terms are the same as corresponding ones for frqg. in Theorem 2.
(ii) The bias of Proymo 1S

. s — ¢ pd-Ga  pd-Ga—C C—d- iy _O—d
Blas(ﬁTGMm):Blas(ﬁTGMM)+[BEd“+BZd +B:d ]+[Bnda g+BZ\; a+BSdQ 4],



—a pd-G i—Go—C . 5 .
where Bgd a4 Bzd “ and BZd @ 7 are the same as corresponding ones for Pigp . in Theorem 2,

C—a- S ke Ak) D)yp A A& ky, ~k) (kg)\,= = =
Bnda = _%End[tr[(zkzl Ci(i )a](/lk)) PnanQn]l---ltr[(Zkzl Ci(i )ankﬁ ) nanQn]]

’
J

ke n
il oA G ) =/
Bt ¢ == HuaC, B(Sui8ni +8ni i) np By o)
j=1 i=1
1 Ly (ati) . _(kati)

= A at at]) s\~ —a

_ﬁHnan E(gnigm' ! + 8i ]gni)CnE(¢ny¢nﬁj)_B;%_B% “
j=1 i=1

—Q-d - ke (~DA AL A A AU 5
BCO4 = LA, 75 (CQ,C) + CoQCil ) B[y — Paj))y and Bias(froye) has the

~ n

same form as that of Bias(ﬁTGMM) in (i) except that 1,4 in Bias(ﬁTGMM) is replaced by 4.

Compare to the TGEL estimator BTGEL, ﬁATGMM has the extra bias term B% from the choice of
the initial GMM estimator of . In addition, fcuy has extra bias terms de_ﬁ S Bgd_ﬁ “V and
BZ\(;_”V‘, which are due to, respectively, the correlation of g, with C,(qk“ﬂ)gn, the two-step nature of
GMM in the presence of unknown g in C,(a, ), and the possible use of & in deriving the initial
GMM estimate f. The ﬁTGEL automatically eliminates the bias term Bsd_ﬁ "¢ and it does not have
the bias term Bm_d since it estimates 8 in one step.

The bias terms de_d_g, Bm_‘i and Bgd_Q_d for ﬁTGMm are due to the derivative of d@(fB). The
Bid_d_g is related to the correlation of Cflj )ag;) g, with g,,, B%_d is the difference of Bias(ﬁTGMm)
and Bias( ) due to the two-step nature of GMM, and BSd_Q_”" is the difference of Bias(fraymo)

and Bias(ﬁTGMM) due to the estimation of C, in C,Q,,C,.

F Efficient estimation of the transformation matrix

When we construct the TGEL estimators, we assume the existence of the estimating function
C,(y) for the transformation matrix, but have not discussed explicitly how expectations in C,
are estimated. It is possible to have a relatively efficient estimate C, () and we discuss it in this
section.

Define the following implied probabilities from the two-step CU estimator (e.g., Newey and
Smith, 2004):

1 1

ﬁm’(V) = E_;[dni(y)_dn(y)],vn_l(y)dn(y)f (Fl)



for i = 1,...,n, where V,(y) = 5 LI [dui(y) = du()][dui(y) = du(y)]'.> We may use 72,;(y)’s to
efficiently estimate expectations. As an illustration, consider a function h(z) of a data vector z,

and the estimate of its expectation E[h(z)] by

ZT(TZI 7/0 an Zh Zni __Z Zni [dnz 7/0 (yO)],Vn_l(VO)dn(YO)I (F2)

where z;’s are i.i.d. observations on z. This estimate of E[h(z)] with implied probabilities is the

empirical counterpart of
n
an =~ h(zsi) = cov[(z), Cugu(yo)Ivar ' [Cgn(¥0)]Cugul70)-

n £
i=1

The a,, is not correlated with C,g,()) since it is the minimum variance estimator of E[h(z)]
among estimators with the form - 1 " h(z,;)—t'C,8,(y0) for some my x 1 vector t (Antoine et al.,
2007).> Thus, we may use the implied probabilities to efficiently estimate C,. For example,
when 1, = k,, we may let C,(y) = [ L1y 70 () S22 [ Y 1L 11, (y) “S4822]-1 Wiith such a C(y)
for froes and fropsr Culd, ﬁmn is uncorrelated with Viid, (& freee), and Co(o(Brosa) froees)
is uncorrelated with Vid, (d(Brosia): Brossa)- FOF froses and frosrys CuldisB) and Cy(cin(B),B)

need to be evaluated at an estimator of § that is asymptotically as efficient as the joint GMM
estimator. The implied probabilities in (F.1) can be negative. Antoine et al. (2007) define
nonnegative shrunk implied probabilities, which do not lose their asymptotic efficiency na-

ture. The nonnegative shrunk probabilities are 7t,,;(y) = Wﬁni(y) + 1?3()(/;/) %, where 9,(y) =

—n min{minlsiSn ﬁm‘(?’): 0}-
Our Monte Carlo results show that using CU implied probabilities or CU shrunk probabili-
ties for the transformation matrix does not lead to significant improvement in the finite sample

performance of TGEL estimators, so we have not considered them in the main text.

>The GEL estimator P, = argmin,,cr sup/\eA”g(y)Z?:l p(A' g,4i(y)) is equivalent to the minimum discrepancy
estimator argmin, ey, ..z, 21— B(77;), subject to Y1 7;g,;i(y) = 0 and }.I_, 7r; = 1 for some convex function h(r)
of a scalar 7. For EL, h(r) = —In(n); for ET, h(rt) = mtIn(m); for CU, h(rr) = ©%. The implied probabilities 7t;’s are

pl(igELgm()?GEL))/[Z?:l pl(i’GELgn]-(fGEL))]. Thus we can show the CU implied probabilities have closed forms.
31t is not so if g,;()’s are not i.i.d.



G DMore tests

G.1 Tests in the TGMM framework

For comparison purposes, we consider several tests in the TGMM framework. The TGMM

distance difference test statistic is

Rercnemt = 156, Brercnne) b (s Berenen) (s Brrcnens) = A Bronne) (6 Bronent) (s Bronss) )
(G.1)
where ﬁrTGMM is the restricted GMM estimator that solves minges dé(d,ﬁ)@;;(d,[g)dn(d,ﬁ) sub-
ject to r(B) = 0. The Wald test statistic W;gyy with the TGMM estimate ﬁTGMM has the same form
as that of W, ., in the main text, with /gmm in Wi, replaced by [§TGMM.

The gradient test statistic in the TGMM framework has the form

gTGMM = ndr,l(dl ﬁrTGMM)Q;}i(d’ ﬁrTGMM)Dﬂﬁ (d; ﬁAI'TGMM)ZI’Zd(d’ ﬁrTGMM)

: D;;ﬁ (d’ ,érTGMM)Q;Ll{(d: /ngGMM)dn(dr ﬁrTGMM)J

which requires the use of /ngGMM'

Let W,(y) and W,;(y) be as given in Section 3 of the main text. Since % im1 Y (V) (V)
is a consistent estimator of the limiting variance of ynW,(y,), in the form of an outer-product-
of-gradients (OPG) test, as in Davidson and MacKinnon (2004), the C(«a)-type gradient test

statistic is
n ) n -1 n
OPG, = () Wit ) () Wil fr0Wytcis ) () Wit ) (G
i=1 =1 =1
Another advantage of the C(a)-type gradient test is its robustness to unknown heteroskedastic-

ity, because Q,(yy) = %Z?zl 8ni(70)8,;(y0) may capture unknown heteroskedasticity in g,;(y)
(Lee and Yu, 2012).

Theorem G.1. Suppose that Assumptions 1-2 and 4 hold. R icvms Wievns Gramm ad OPG, are all

asymptotically equivalent with the asymptotic distribution x?(k,,1im,_., ¢’R’(RE,4R’) "' Rc).



G.2 Tests in the ordinary GEL and GMM frameworks

Let p,(v,A) =Y p(A81i(¥)), Preew be the restricted GEL estimator that solves

min sup pu(y,A) st r(f)=0,
Vel dehug(y)

and A, = ArgMAaX \e,, . (Fro) Pn(Prces A)- Then the GEL ratio test is
7?’GEL = 2[p1’l(7?I'GEL1 AAI'GEL) - pi’l(ﬁGEL’ AAGEL)]’ (G'4)

and the corresponding GMM distance difference test statistic is

7?’GMM = n[g;l(’)?I‘GMM)QZI(’))I'GMM)gH(’))I'GMM) _g}’i(’))GMM)le(‘))GMM)gH(’);GMM)]' (G'S)

The Wald tests with the GEL and GMM estimates are, respectively,

Was =11 (Boeu) Ry (Baes) Z(ds e )R (Bae) ™ r(Boxe), (G.6)
and
Wannne = 117" (Boran) [Ry (Basant) Zan( s P R} (o)™ (i) (G7)
where R, = aar(yﬁ,) and ¥, (y) = [G,()Q,' (¥)G.(y)]"!. The score-type test with the restricted
GEL estimator has the test statistic
5. = L19PulVien imEL)Zn(%GEL) 9P Prorws Arcer) G.8)

dy
Let Premm be the restricted OGMM estimator of y that solves min,,cr 2 (1) Farm) 2 ()

n ay’

subject to r(f) = 0, where Y.y is an initial consistent estimator of ;. Then the gradient test

statistic in the GMM framework is

gGMM = ng;l(’)?I'GMM)QZI (7)I'GMM)GTZ(7)I'GMM)zn(’)}rGMM)G;’l(?rGMM)Qzl (?I'GMM)gTZ(’};I’GMM)’ (G'9)

where G, (y) = '%L;,y). For any v/n-consistent restricted estimate , of ¥ such that r(8) =0,

A

Tn(y) = Ry(?r)zn(fr)cé(fr)gﬁl (7;r)gn(7)

is a C(a)-type statistic, which satisfies VY, (7,) = VY, (yo) + op(1). Let Y,;(y) be the vector

obtained by replacing g,(y) in the above Y,()) by g,:(¥). Then the OPG test is

0rg= (3 Tt (Y 6utr ) (3 Tutr0) (G-10)
i=1 i=1 i=1

10



In the GEL framework, we may also implement the gradient test. Let

1 = )\T
 =erg, max, ZP l

where A,y (7,) = {A: AY,(p,) € V,i = 1,...,n}. Then we have the following GEL gradient test

statistic
e = 2| ) p(16,0(7)) = np(0)] (G.11)
i=1

Theorem G.2. Suppose that \n(y, — yy) = Op(1) and Assumptions 1, 4 and D.1 hold. Then
Reerr Revwwr Weerr Wenwer Scerr Gonr OPG, Gopy are all asymptotically equivalent and they have
the asymptotic distribution x2(k,,1im,_,. C’R’(RyinR;)‘ch), where ¥, = (G,Q;'G,)™! and R, =
28 = [0, R]

From the above theorem, under the null (as ¢ = 0), all the test statistics considered follow
the asymptotic central chi-squared distribution with k, degrees of freedom. If ¢ # 0, then the
above tests have the same local power asymptotically. We omit the proof of Theorem G.2, since
it is similar to that of Theorem 3 in the main text. The only difference is on the use of different

moment functions. The set of moment functions in Theorem G.2 consists of the original ones.

H Lemmas

Lemma H.1. (i) Under Assumptions 1(ii)—(v), 2(iii)—(iv) and D.1(i)-(ii), f = o + 0,(1) and
B = Bo+0p(1).

(ii) Under Assumptions 1(ii)—-(v), (viii)—(ix), (xi), 2(iii)—(iv), 3(i)~(ii), and D.1, \/n(B - o) =
,5+0,(n712), where 1,5 = —Hyw s (V1gup+ Gpabna) with Hywp = (G), pp Wi ' Gubp) ™ Gy Wi
and Nn(p ~ po) =¢@+O<-“%zmﬂe%¢=—namﬂ?ﬁ°+anwfwamﬂgyw+
Guvp) ™ (Guba a“gg?“ + Gupp) Wi [Vngup + Gupa Vin(du(Bo) — @)1

(iii) Let B = Bo +n~Y21p,5 + Op(n7"), where 5 = O,(1). Under Assumptions 2(iv) and 3(i),
Vn(d,(B) - ag) = Vn(dy,(Bo) — o) + 80(5/350 Pup + Op(n7172).

Proof. (i) Let g,(a, ) = E[g,(a, B)]. By the triangle inequality,

sup ”gn(d’ ﬁ) _g_n(ao’ ﬁ)” < sup ”gn(dJ :8) - g_n(df ﬁ)” +sup ”g_n(dJ ,B) - g_n(aO’ /3))”
peB peB peB

11



< suplign(y) = &u(¥)ll +supligu(d, B) - &u(xo, B)I-
yel peB

The first term in the last line is 0,(1) under Assumption 1(iv), and the second term is 0, (1) since
d = ag+0p(1) and g,(y) is continuous on I uniformly in n. Thus, sup.zllg.(d, B) = gu(ao, Pl =
0p(1). Under Assumption 1(v), supﬁegllgn(ao,ﬂ Il = Op(1). In particular, supﬁegllgnb(d,ﬁ) -
gnv(@o, P)Il = 0,(1) and sup ;e Igun(ao, Bl = Op(1), where guy(y) = E[gup(7)]. Therefore, under
p

the identification condition in Assumption D.1, f = o+ 0,(1) by Theorem 3.4 in White (1994).

For f, by the triangle inequality,

sup ”gn(dn(/j)’ /3) _g_n(an(ﬁ)'ﬁ)”

peB

< sup ”gn(dn(ﬁ)r ﬁ) _g_n(dn(ﬁ)' /3)” +sup ”g_n(dn(ﬁ)' /5) _g_n(an(ﬁ)r /3))”

peB peB

< sup ”gn(V) _g_n(y)” + sup ”g_n(an(ﬁ)l ﬁ) _g_n(an(ﬁ)' /3)” : I(Sup ”an(ﬁ) - an(ﬁ)” > C)
yel peB peB

(H.1)

+sup ”gn(dn(/j); /3) _g_n(an(ﬁ)r ﬁ)” ' I(SUP ”an(ﬁ) - an(ﬁ)” < C)~

peB peB
As T is compact and §,(y) is equicontinuous, §,(y) is uniformly equicontinuous on I'. Then for
any c; > 0, there exists some ¢, > 0, such that [|3,(d,,(B), B) — §u(au(B), )l < F for any n and any

B satisfying ||, (B) — a,(B)Il < c;. Thus,

P(supllga(n(B). B) - Zu(an B A= 1

peB

= P(sup[l1g.(cta (B).B) — &uleta (B - 1l ()~ an( B > )

peB
+ 1) B) - Za(@n (B A 1ldn(B) - (Bl < c2)] > 1

< P{supllg,(dn($). )~ Zolatn (B B Lk ()~ n (B > 2)) > 5
peB >

<P(supllay() - ()l > 2

peB
As supgegllan(B) — an(B)ll = 0p(1), supgegllgn(dn(B) B) = &ulan(B) B)ll = 0p(1). Then, by (H.1),
supﬁegllgn(dn(/)))f ﬁ) _g_n(an(ﬁ)l ﬁ)” = Op(l)' In particular, Suplgegllgnb(dn(ﬁ)’ ﬁ) _g_nb(an(ﬁ)fﬁ)” =
Op(l)- Furthermore, SUPgep 181 (an(B), Il < SUpP,er 8. ()l = Op(l)- Since lim,; o $up(au(B), B) is

uniquely zero at f = ff and W,=W,+ 0,(1), where lim,,_,, W,, is nonsingular, the consistency

of f follows.
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(ii) Applying the MVT to the first order condition for 3 yields

0= Gryy(ds BYW, ' g, B) = Gy g (& BYW, (gt + G (7)(B = Bo) + Guba(7)(d = tg)),

where Gp(y) = agg%(,y), Gupa(y) = agg”(,y , and 7 lies between y, and (&’,p’)’. This relation

implies that

\/_(ﬁ ﬁO [anﬁ [g)wn_lanﬁ(y)]_lG;qbﬁ(d ﬁ n [\/—gnb + ana(y)\/_(d - aO)]'

By Assumption 1(xi), Vng,, = Op(1). Under Assumption 1(ix), anﬁ(d,[g’) = anﬁ +0,(1) = 0,(1)
and Gypa(7) = Gupa +0,(1) = O,(1), where G,y has full column rank for large enough n under
Assumption D.1(iii). Then, by v/n(d —ag) = O,(1) and W, =W, + Op(n_l/z), V(B —Bo) = O,(1).

Thus, a first order Taylor expansion of the first order condition for f yields

OZG;bﬁ( /3;) n gnb( /;): nbﬁ(aﬁ n [gnb"'an[)’(YO)(ﬁ /30)+an0((7/0)(05 0(0)+O( )]

where anﬁ(d’/);) = anﬁ(70)+op(”_1/2) = G_nbﬁ+op(n_1/2) and ana(VO) = ana+op(n_l/2) under
Assumption 3(iii). With Vi(d — ag) = g + O,(n™"/?), we have Vn(f - po) = Yuj + Op(n~1/2).

For f3, applying the MVT to its first order condition

2d/,(f) 9., (dn(B), B) 9.y (cn(h), B) 5 gy
2 Ge o W gl =0

yields
0- [ agnb (/3) P) agnb(aﬁ(ﬁ) ﬁ)]wn_l
Sen(aen(B) ) 9 (F) - Sen(nlB)B) -
- [gnbmn(/so), po) + P D 5 o) L) - o)
where g,,(ct,(Bo); Po) = &ub(@o, fo) + %(%(/30) — @), P lies between By and B, and d lies

between «a( and d,(fy). Thus,

[ B) 98, (dn(B), B) . 9g;b(dn(ﬁ):ﬁ)) ; 1(3gnb(dn(/3)’ﬁ) ddn(P) agnb<dn(/;)'/;))]_l

- Pa F R A S PRV 9B
a a . N ) -1 a ) .n 5 ) 5 . a ; ..’
( C;n/;ﬁ) gnb(ga(ﬁ) /j) n gnb(cgﬂ(ﬁ) ﬁ))wnl[\/zgnb(QOIlgO)'*_ 8 ba(;:, ﬁO)\/E(dn(ﬁo)_a())].
Since dy(f) = au(f)+0,(1) = ag+o0,(1), 2 GBB) _ G\ 4o (1) and ‘9“9—/3@”” = G +0,(1).
In addition, 9‘3;}?’ = a/;,ﬁ) +o,(1)= 9"‘5;/?0) +0,(1). Then, Via(f — Bo) = 1,5 +0,(1) = O,(1). With

13



this result, a first order Taylor expansion of the first order condition for § yields

o

agnb (ﬁ) 5) ag;;b(okn(/g ), B) 1
[ + 9B ]W
, 98nb(dn(Bo), Po) 9du(Bo) , 5 I8 (dn(Bo)s Bo)
x [gnbmn(/so),ﬁon 2 aﬁ, (F=Po)+ aﬁ, (B~ po)+Op(n 7],
Op(n~'/?) for some B between p and ﬁo, and %W = Gupp + Op( 1/2) similarly. Hence,

V(B = Bo) = 5+ Op(n™172).
(iii) By a first order Taylor expansion, d, () = d,(Bo) + aagﬁ, (B - PBo) + Op(n~ Y = d,(Bo) +
n V22800l s 4 O, (n7Y). Thus, Vi(dy(f) - @) = Vin(dn(Bo) - o) + “2 g + O, (n712). m

Lemma H.2. For hm(ﬁ) = Cngni(o‘z' /3) m(a ﬁ) ngm(an(ﬁ) [)]), dni(dn(ﬁ)’ [))), gni(dl /3) or gm'(dn(/)))l ﬁ)l

and any C with 1/ < C <1/2, where y > 2 in Assumption 1(v), let u be a column vector conformable
with hyi(B), An = {p: |pll < n7¢) and A (B) = {p: whyi(B) €V,i=1,...,n). Suppose that Assump-
tions 1(v) and 2(i)—(iii) hold. In addition, Assumptions 1(ii)—(iv), 2(iv) and D.1(i)—(ii) hold for
hni(B) = Cugnild, B) or Cygui(dn(B), B). Then, supgep en, . 1<isn W Pni(B) = 0,(1) and Ay, C Ay(B)
for all B € B with probability approaching one (w.p.a.1).

Proof. We first prove the result for h,;(8) = C,,g,i(d, B). By the Cauchy-Schwarz inequality,
sup 14 Cogni(& Bl < sup [lull-ICull sup  ligui(P)Il (H.2)
BeB,ueAp,1<i<n HEA 1y, yel,1<i<n
where SUP.er, 1 <i<n |lg,.i(¥)l| satisfies

B sup el <[B( sup tgutn)| [ZE(supngm )| = omm s

yel,1<i<n yel,1<i<n yel
by Jensen’s inequality for a concave function. Thus, sup,cr | <;<, g (¥l = Op(nl/’?). By Lemma H.1(i),

B=po+ 0,(1). Then under Assumption 2(i)-(ii), C,=C,+ 0,(1) = O,(1). Hence,

pl

sup ”,”/Cngni(d’ ﬁ)” = Op(nl/q_c) = Op(l)'
peB,ueAy,1<i<n

It follows that, w.p.a.1, p'h,;(f) €V for all g € B and ||ul| < n~C.

For h,,;(B) = dy;(d, B), an inequality similar to (H.2) shows that the result holds if sup gz [|C,i(d, B)I|
Op(1). Since sup,ep, gepllCala, B)—C “u(a, B)ll = 0,(1) and supaeNa’ﬁebaHC_n(a,ﬁ)H:O(l), we have
sup e l1Ca(d, Bl = O, (1).

14



For h,;(B) = Cu&ni(dn(p), B), note that C, = C, +0,(1) = Op(1) as C, = C, +0,(1) = O
Then,

sup 11 Cogni(dn(B), B < sup Nlpll-IC,II- sup  lIgui(dn(B), B)II
BeB,peA i, 1<i<n HEA peB,1<i<n

< sup llull-IC,ll- sup  llgui(p)ll = Op(n'17¢) = 0, (1).

HEA yel,1<i<n

For hm(ﬁ) = Cn(an(ﬁ)'ﬁ)gnl(an(ﬁ)'ﬁ)l

sup W’ Cu(diy(B), B)gni(din(B), P < sup |lpll-suplICu(P)Il  sup  Igui(P)II-
peB,ueAyy,1<i<n HeA yel yel,1<i<n

Then the result holds since SUp,cr IC. (¥l = Op(1).
The proofs for the results with h,,;() = g,:(&, f) and h,,;(B) = g,i(d,(B), ) are similar to those

for hni(ﬁ) = Cngni(d' /5) and hm(ﬁ) = éngni(dn(/j)’ ﬁ) u

With Lemma H.2, the following Lemmas H.3-H.4 hold by arguments similar to those for
Lemmas A.2-A.3 in Newey and Smith (2004).

Lemma H.3. Let hyi(B) = Cy8yi(d B), dui(&s B), Cugui(dn(B), B)y dui(cn(B), B), 8ui(d, B) o7 Gui(cu(B), B),

u be a column vector conformable with h,;(B), and A,,(B) = {p: W'h,;(B) € V,i =1,...,n}. Suppose

that p € B, B = Bo+0,(1), 5 X1, hyi(B) = Op(n™?), and Assumptions 1(v)—(vii) and 2(i)—(iv) hold.

In addition, Assumptions 1(ii)—(iv) and D.1(i)—(ii) hold for h,;(B) = C,gui(d, B) or (fngni(o‘zn(ﬁ),[)’).

Then, ji = argmax,en,, (§) Liz1 P(# hni(B)) exists w.p.a.1, ji= Op(n~"2), and sup e p 5 L1y p(Whi(B)) <
p(0)+ Op(n1).

Lemma H.4. If Assumptions 1(v)—(vii) and 2(i)—(iv) hold, then ||dn(d,ﬁTGEL)|| = Op(n‘l/z) and
1 (i Broera)s Braea)l = Op(n™12). If Assumptions 1(ii)~(iv) and D.1(i)~(ii) also hold, |C, gu(d, Breers)ll =
Op(n_1/2) and ||éngn(dn(ﬁTGEL4)’ ﬁTGEL4)|| = Op(n_l/z)-

Lemma H.5. (i) Under Assumptions 1(ii)—(vi), 2(iii)-(iv) and D.1(i)—(ii), Q, = Q,, + 0,(1) and

v -

Q, =9, +0,(1).

pl

(ii) Under Assumptions 1(ii)—(vi), (viii)-(ix), (xi), 2(iii)—(iv), 3(i), (iii) and D.1, Yn(Q,-Q,,) =
— ) - ka “\/ . )

Puer + Op(n72), where ,q = V(L Ty guig) = Q)+ 5 X5 Y1 B(Guigl) + 801 80 naj +

%Z?ﬁl " E(gm-g’(ﬁ“ﬂ)/ +g,(j§“+j)g,'1i)1,bn/;]-, with 1,4 and ,5; denoting, respectively, the jth

elements of 1,y defined in Assumption 3(i) and ¢, 5 defined in Lemma H.1(ii).
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(iii) Under Assumptions 1(ii)—-(v), (viii)—(ix), (xi), 2(iii)-(iv), 3(i)—(ii)and D.1, C, = C,+n~V?¢, s+
_ ke A(j kg s(ko+j
Oy ("), where e = e+ 1% C i + 170 G g

(iv) Under Assumptions 1(ii)-(vi), (viii)—(ix), (xi), 2(iii)—(iv), 3(i)-(iii) and D.1, \/n(C,Q,,C; -

Q) = oq, + Op(n7/2), where 6 = 0, + .00,

k
. = (1 - ’ = =/ I~ Lo (ka+j) (ka+j) 7 \Ar 7 13
11an,1 :\/EC”(E Zgnigm‘_Qn)Cn_ECn ZZE(gnigm' ! + 8&ui ]gni)cnekﬁanW,B\/Zgan
i=1

=1 i=1

and

kq
i eI - 1 G, )
¢nQd = CninPnC + InanQ C ; Z ﬂa]C (gmgm + gnz gm)c

k k ) ~/) ) 7 =
__ZZC gmgnz atj) +gn1 el gni)cnekﬂanWﬁanaﬂbnd:
j=1 i=

with P, given in (iii). In ,q , an()d involves terms due to the estimation of & and C,, but

¢nQd does not.

Proof. (i) By Assumption 2(iv) and Lemma H.1(i), y = (d’,f’)’ is a consistent estimator of .
Then [|Q,(7) - Qull < 1Q,(7) - Qu(P+1Q,(7) - Q| = 0p(1) under Assumption 1(vi). Thus the
result follows.

(ii) A first order Taylor expansion yields
k +k/3 n

IO I _ _
Qn(y):Qan(Z;gnigm ) Z nggm +gnzgm)(7/j_7j0)+op(||7/_7/0”2)- (H.4)

Substituting the expressions for (¢ — () in Assumption 3(i) and (ﬁ — Bo) in Lemma H.1(i7) into

(H.4) and keeping only leading order terms, we obtain vn[Q,(7)-Q,]= ¢, + O (n‘l/z).
.. v 5 d d
(iii) By the MVT, C,(d, ) = Cula, fo) + Z 2y P48 ;- ajo) + X7, 2488 (B — py0), where

d@ lies between d and ag, and f lies between f§ and . Then under Assumptlon 3(ii), Cy(a, f) =

¢nﬁ] ( _1)-

C+ 17124, +n—1/zz] 1C ll)na]+n_l/2Z] 1Ck at])
(iv) With (i7) and (ii1),
Qua(7) = [Co+ 17 e+ O™ [Q+ 17245 + Op (n™HICL ™2+ Op(n71)]
= CuQ,Cp+ 17 2(Ch Q! s+ 1,6Q,Ch+ CuthaCr) + Op (7).
Hence the result holds by using the expression of ¢, in (ii). ]
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I Proofs of some theorems

I.1 Proof of Theorem D.2

(i) Let v,;(ax, O)

and i1, (a,0) =

avni(ale) — ( G;llﬁ(a’ﬁ)c}’ﬁ,"[ )

= l‘/cngni(a'ﬂ)' where 0 = hyi(a,0) = =55 Cu&ni(a,B)

(B,
myi(a,0) = pl(vni(are))hni(afe)f

i my;(a,0). Then the first order condition for E)TGEL3 is

1, (d, éTGEL3) =0. (I.1)

We shall derive a Nagar-type expansion by applying a Taylor’s expansion to this condition. For

that purpose, we compute the following derivatives:

8]’1,,”'(&,6) _

da’

8hni(6¥,9)

20’

82hn,-(a,9)

8aj8a’

azhm‘(a,e)

89]-80(’

%h,i(a,0)

96]-9a’

82hni(a,6)

80(]06’

*hyi(a,0)

36,00’

82hm-(a,9)

70,00’

[Ghig(a, p)Cops.., Gos) (2, B)C P‘]
CnGnia(a'ﬁ)
(G (@, B Gy (@, )] Gyl BIC
CnGniﬁ(afﬁ) 0 ,
[Gmlg( /3) m/g ( /3) "l
¢ GLL( a,p) ’
[le o) kokatj)

~) (a: a ~)
a,B)Co,..., G, a,B)Chu
nip ( ) nip ( ) ]]f I'1<j<k/3,

C G(k +])( /)))

nia

1) =)
[Gili;g(a,ﬁ)Cnemb,j_kﬁ,...,
0

(ko) oY
Gniﬂ (a,ﬂ)cnembrjkﬁ]] for kﬁ +1<j<ko

(ko+1,j , (katkp.j) =, )’ =)
Gy (@, B)Chp., Gy " (@, B)CH] Gulgla, IC;
CnGLiﬁ(“rﬁ) 0
(ko+1kqy+j) =, (katkp.ko+j) , ko+i) =,
(Gri (@ BIChph - Gy T @ G Gl (@, BIC .
(ko t)) for1<j< kﬁ,
CuGpis e, ) 0
(k +1) =, ' (katkg)’ ~, '
(G (&, BYC ey oy Gy " (@ B)Cremy oty 0] for ko 1< <k,
0 0
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83}1”1'(6(,9)

aakc?a]-8a’

83hm-(a,9)

dayda;j00’

Phyi(a,0)

000,06’

831’1”1'(0(, 9)

8ak89]'86' Bl

Phyi(a,0)

36,00:00"

a3hni(a19)

00,060,006’

83]1”1'(&,9)
76,00,00'

forlSjSkﬂandlékSkﬁ,

[G

(kg+1,ky+j)
nip

(a, B)Crremy k- k-

Gniﬁ

=0forkg+1<j<kgandkg+1<k<ky,

(katkpka+j)

(a, ﬁ)é,'qemb,kfkﬁ]

(1jkY R
Gy (@, B)Cops.., Grd™ (@, B)Crp]
¢ GLJ( a,p)
(kq+1,jk) =, (ka+kg,jk)’ =, (jkY /
[Gmlg (a’ﬁ)cﬂl/l’ anﬁ (a’ﬁ)cﬂ:u] anﬁ (a /)))C
(ky+1ky+j,k) , (ko+kg ko+jk) -, ky+i k) -,
(G " )<a,/3>c Foos Gy BICiH] Gy (@ B)C;
ko+7.k
CuGoi (@, p) 0
(ko+1,k)’ x, (ko+kg k) -,
[G”zﬁ+ )(a;ﬁ)cnemb,j—k/S""’Gniﬁ P (a,ﬁ)cnemb,j—klg]
0 0
(ko +1kg+jko+k) ~, (ko+kg ko+jko+k) , Kotk +k)
(G e 5 )., G (a,)Cop] Gy Ve
= (kgtjkgtk
CGy M, p) 0

(a,

forlSjSkﬁ,

0
forkﬁ+1S]'Sk9,

AIC,

for1 <j<kgand

0

where kg = kg + m;,. Hence, by the chain rule of differentiation, and then evaluated at the true

parameters (with pg = 0),

dmyi(ag,0o) _

da’

9?my;(ag, 0g)

89]-86!’

9%m;(ag,0p)

86j8a’

9%m,;(ag,0p)

8aj86’

9%my;(ao,0p)

00,00’

0

Cn Gnia
0

- Cv G(ka+j)
n .

noa

emh] kﬁ

0

()
CuGylly

0

~ koy+j
GGl

dmyi(ag,0o) _

20’

fOI'lS]Skﬁ,

C”gni

(o

(1)’ ~/

0

Gl

nip

CI

4

CnGni[)’ Cngnigm‘cr,l

G( )C/emb] kﬁ]

nip

G()C’

(7)

néni

(katj)

nip

(Ka+j
anﬁ

gn1C1’1 +

/ ) )’ ~) ’
gm‘cn + Cngnig;(q]i Ch

v

(k
Cngmgm +])

18

Cngnzc ana+cngnz My, j— kﬁC Gnia

(ol

aa]-aa'

fOI'k/g+1Sj§k9,

for 1 <j<kg,

P myi(ag,60)

0
é Ul

nia
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2 (kq+1)’ (ka+kp)” -, ) )
9% my;(ag, 0g) [Gmg+ Cemy kg Guis | Chemyikg] € ks Cn8niGrip +GmﬁC ey ks &aiCo

39]89/ mh']’kﬁ ngniCnGniﬁ‘Féngnie;nb']‘,kﬁCnGni/)’ P3( )mb']’kﬁ ngm ngmgmc/

forkﬁ+1SjSk9.

Under Assumption 3, each term involving h,;(a,0) and its third derivatives is bounded by
cbﬁi w.p.a.l in a neighborhood of (a, ) for some constant ¢ and 1 < k < 4. By the Lipschitz
condition on p;(v), for some constant ¢, |p;(v,i(a,0))—p;(0)| < clv,;(a,0)| < llll-NCall-Ngni (e, BII-
Then each term involving m,;(a,0) and its third derivatives is bounded by cbf”. w.p.a.l in a
neighborhood of (a,0) for some constant ¢ and 1 < k < 5. Thus, by a second-order Taylor

expansion of (I.1),

i, (@9, 600) , 4
oa’ (a—a0)+ 00’ (QTGEL3_60)

k k
V™ 4 gy O onl@0.00) 15" P1itn(a,60)
+§;(0‘j_0‘j0) da.oa’ (a_a0)+E;(9j,TGEL3 _QjO) aejaa, (@ —ap)

k k
1 2 . aszl (0(0,90) A 1 2 . azm (aO!GO) .
+ > - (01]' - 05]'0) a;jael (QTGELg —0p) + 5 ;(Qj,TGEL3 - QjO)W(QTGE% -6y)
+ Op(n_3/2).

Let 1f1,(a, 0) be the term derived by replacing C,, in 1, (a,0) with C,. As C,, = C, + n™V2¢, = +

Op(n_l) by Lemma H.5(iii), ||827§2§§&’,9°) -E 82121;;5&,’90)” = Op(n‘l/z). Similar results hold for
%1, (g,00) 9%, (ag,0,) %1, (ao,00)
96]-92/ = aaja?a' + and —aeja?a/ +. Thus,
A drir, (g, 09) .
‘/E(QTGEL3 \/_Kndﬁmn(QOJGO) + Kndllgna—a(io\/g(a - Cko)
o, (g, 09)
+Kndﬁ( 89(1 ° +K7’1d/3)\/_(6TGEL3 _60)
k
1o N4 %1, (g, 6p) .
EKndlg] 1(05 a;o)(Ew)\/ﬁ(a—ao)
1 9°1i1,,(ag, 0p) . (L.2)
E ”dﬁZ J,TGEL3 — jO (E 8(3]-80/ )\/E(Of—ao)
1 "“ 9711, (g, 0)
>—1 v n 0-Y0 A
+ EK”d.B ;(0{] - ajO)(E W)\/E(GTGEL3 - 60)
ko 2.4
d“1h, (ap, 6)

+
N =
=i
S
Q=
=
>

jcers — 0jo)(E W)\/ﬁ(émm —60)+Op(n7"),
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_ 0o G.C - -
where K55 = (C Gos 5ﬂnd'l) Using C,G,,, = 0 and expressions for derivatives of m,;(a,0), we
have \/%(éTGEL3 —0) = Puo + Op(n_l/z)f where Yo = _Ky;}ﬁ(\/ﬁcqngn) = ( nd)\/_cngn) since Km}ﬂ =
%, H, L . . . A
( HQ: Pn: ) Substituting this expression into (I.2) yields V1(6.qer; — 60) = ¥uo + 17200 1aers +

Op(n_l ), where

o

_ 0 -
:—K‘l( )—K_l( - > E ) v
$n6,rcEL3 ndp \/ﬁ%cgn ndp \/ﬁCn(Gna—Gna)'i'ﬂanGna Yna

_g! 0 Vi(Glp = Gip)Ci+ Gl -

ndp _ 3 B} -, _, |¥ne
VIC(Grp = o) + 0ucCp 90 Clt CaQy! o+ VG, (Q, —Q,)C
k
1 L) ’ 0
3 o O o S

1) =, ke ’ =~/
] Z‘b Z ( [Gii%Cnemhs,...,quiﬁ) Cemys] )eb
nd 0,kp+ , A = - ;A na
“ g . i=1 mbscngniCnGnia + CngniembanGm’a

(G) A
1 - ka L 0 G/ C
%Knc}ﬁ Z"’ndiZE G A () ,mﬁ Gy A |Pre
j=1 i=1 C Gmﬁ Cngm' gnicn+cngnigni Cn

ks ’ (kect])’ 5/

1 .4 0 G, %" C

EKndﬁ Z"D”QfZE (katj) A (ko njﬂ ka+j) o
p= = |C Gmﬁ Cngm ng +Cngmgm (of

nd/;’ Z ¢n6 k/;+s

k +1) = (ka+k )’ = —
XE nz/)’ C;lei’l’le""’Gniﬂ ’ C;ZeMbS] mbscngm G;”/SC/ + G;Iﬁc’embsgfﬂc;l l/) 0
- no-
i=1 mbscngnzc Gn1ﬁ+cngnz mbsc anﬁ —Ps( )embscngnicngnig;;icfg
Denote
. -1 0 \/E(G;qﬁ - G;zﬂ)c;q
(PnB,TGEL3 - _Kndﬁ _ _ _ _ -, 1Pn9
\/EC Gnﬁ - Gnﬁ) ‘/%Cn(Qn - Qn)cn
_(ka+j), ~)
G; C
ip n
ndﬁ ZW)J Z gkt & kati) s s (ko) =, | P10
;/”’3 Cngni gnicl’l + Cngnzgm C
Z"’ ZE (G Chmr Gy ™ Chtmy] et ot G CreGog Crmy 81 Ch "
ndﬁ "o kﬁ+5 mbs ng711C71G711ﬁ+Cngnl mbsc Gmﬁ —Ps( )mbs n&ni ngmgmcl nor
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and

_ 0 . 0
SRS PSR S
Pudrcers ndp \/Elzbnégn ndp \/Ecn(Gna —Gua) + YucGha P
_ 0 G -
- _;IS - - _T:ﬁ ?C -, Yo
l)anGﬂﬁ lnanQnCn+ ninzan
ka kg
1., 0 1., 0
- EKﬂdﬁ ;’Inbnd] C’HGLJO)( L EKﬂdﬁ ;¢n9j(énén%+j))¢nd (1.3)
1y '/ ka ! ~)
d n0,kg+s = ;A na
2n AP =1 ! o1 embscngmc Guia + Cu&ni€mysCnGhia
(7) &
G/’ C)
ndﬁ Z’ubna] Z _ (]) , ’nlﬁ (])/ =, 110116'
nlﬁ C”gni gnicn + C”g”igni Ch

Then 016805 = Pn6,reis + Pro,raery, Where @ug 1e 5 involves terms due to the estimation of

C, and ay, but @9 reery does not. The higher order bias of /§TGEL3 is computed as the first kg

, , Zn
elements of %E((PHQ,TGEL3) = %E<(pn9,TGEL3)+ % E((PHQ,TGEL3)' Note that E(¢n9 7101,16) = ( Od p(n)d ) Then,

E((pne,TGEL3 )

= Ko E[ \/_COGnﬁ \/{CG;)Cc’t (P )\/_C"g"l

(ka+j) =, 3
1 &1 E 0 Guig ~ Cau Yua O .
2n ndp . . C G(ka+j) C (ka+7) CI C (katj) C/ 0 p Koj
j=11i=1 n~nip ngm gnz + ngnzgm nd
ko+1 (kg +kg) , , , = B
- ZZE O™ Chmpr o™ Chtmo) €y OO gc)(Z 2 Vet koo
n Ig s=1 iz ;nbscngnzc Gnlﬁ+cngniembsc Gmﬁ P3( ) mys ngm ngm‘g;liclg 0 Pnd op

Thus, the first kg elements of %E(gbng,muz,) are

_indE(G /)’C Pdcngn)"'[:lnd E(C_nGnﬁHndcngn)+Hnd E(C_ Q, C, pndcngn)

kg
1 o (k4 ’ ’
_%: HnanGi(/l[)’ +]) dekﬁ] ZZanE mbs ”g”lanﬁC +anﬁc eMbsgnlC ) dembs
j=1 s=1 i=
my, n
5(0) -, - i i
+p2n2 HndembanE(gniCngnigm)C Hdembs
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Since Z:n:bl e;n;,scngm Gmﬁc p nd€mys = Z,mb G,,ﬂﬂc p nd€mys * embscngm = Gm/jc P dcngni;
my

ZGmlgC embs ng P dembs ZG;iﬁCI’aembs'e;nbsPndcngm - Gmﬁc P dcngnif
s=1

and Z;ﬂ:hl e;nbsCngni'cngnig;;iéépndembs = Zsr,nzbl Cngnig;;iCi/qpndembs'e:ﬂbséngni = Cngnig;,ici/qpndcngniz
(I.4) becomes

C ) A D = I & - ) S P = S =
2 B(GrpCrPuaCugn) + —35na ) B(GripCrPuaCugin) + Hua B(C, G g
i=1
k
N { (UR o (R P
+ Hnd E(CnQnCnPnangn) + W ZHnd E(Cngnignicnpndcngni) - E ZHnd nGnﬁ Endekﬁj'
i=1 j=1
(L.5)

To compute E(@,0,16er5), denote ;9 = (z,b;lﬁ, ¥,), where 5 = —H,4 VnC,g, and ¢, = —P,4\nC,g,.
It is straightforward to show that }_ 7, “ ¢, Glkatl) UnaPnoj = 2?21 Cntjgt,bnﬁgbndj,

my koz

=(1 ! ~/ ~ ka ! ~/ =(j) ~)
Z[Giﬁ) Cnembs:---: Giﬁ) Cnembs]wndﬂbn&kﬁﬂ = ZGL]/))’ Cn'ubnylubndj;
s=1 j=1

’ ~ ~ ~ ) ~ ka j ) )’ ~)
and ZZZJl E(embscngniCnGnia+CngniembsCnGnia)¢nd¢n6,kﬁ+s = Lj=1 CnE(g,g]i)gni"‘gnig;(q]i) )Cn¢ny¢ndj-

Then the first kg elements of %E((anyTGEw) form the vector

k
1 NN, 3 = =) A s : = =
; E{an Gnﬁlpné¢ny + X4 ZGSﬁ) Cnlpnylzbndj —Hyg \/ﬁlnbnégn - Hnd\/ECn(Gna - Gna)’nbnd

=1

- _nd¢nCGna¢nd _Hnd¢néénﬁ¢nﬂ _Hnd(¢nCQnC C Q lyb C)¢ny_

ky
Z ﬁ¢nﬁ¢na] - E nd ZZC E gm gm +gmgm ) nlzbny’ubna]}

= j=1 i=
(1.6)

By (I.5) and (1.6), the bias of free 5 is BL,+ (B + 242 B2 ) +(BS, ~BC )+ B, $+BC,C 4+ BC G4 B2 .
(i1) For ﬁTGMM3, by Lemma H.5(i), Q,, = Qn+op(1). Since C, has full row rank and lim,,_,, Q,,
is nonsingular by Assumption 1(vi), lim,_,., C,Q,,C;, is nonsingular. It is shown in the proof of

Lemma H.1 that sup,.llga(d, B) — gu(ao, P)ll = 0,(1) and shown in the proof of Lemma H.2 that
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C,=C,+ 0p(1). Tt follows that supﬁeBHCngn(oc B) = Cp&ulag, Bl = 0 »(1). Then by the nonsin-
gularity of lim,,_,., C,Q,,C/, the uniform convergence SUPgep 1Cugn(ct, B) — Cugnlao, Bl = 0,(1),
and the identification Assumption 2(v), the consistency of ﬁTGMM3 to By follows. Then, by the

MVT, the first order condition for /§TGEL3 becomes

0= G;aﬁ(d’ /gTGMM3)C;1(CnQnC;/1)_1 Cngn(d, BTGMM:;)

= G5, ronas) Cr(CuQ Co) ™ Col 8t Bo) + Grp(é, B) Brownus — Bo) + Gra @ B) (@rcanas — o)),

where ¢ lies between «; and d, and f lies between f, and /§TGMM3. Thus,
\/E(IBATGMM:; _ﬁO) (D ﬁQ lD [)’) 1D /)’Qndc \/_gn aO’ﬁO) +o ( ) Op(l) (17)

Let flyguns = —(Cy Q,C)1C,gu(d, ﬁTGMM3) Op(n‘l/z). Using Lemma H.5(iv), the first order

condition for figuus can be written as

0= _( G’ (0( ﬁTGMM3)CVZIMTGMM3 )
Cngn(a; ﬂTGMM3) + C Q Cn”lTGMM3

, (L.8)
_ _( ) v AG (0( ﬁTGMM3)Cnl’lTGMM3 A )+ Op(l’l_3/2).
Cngn(a: ﬁTGMM3) + (Qnd +n 1/271bn0d)VTGMM3
Denote GTGMM3 ( [)’TGMM3, fizomms) - By @ second order Taylor expansion,
0 0 . 0 G,sCrh )
0:_((: )_(C G )((X—ao)— 5 _ " (QTGMM3_90)
n8n nna CnGn/S Qa0+ n—1/2¢nod
k kg
1 0 1 A 0
- = Y —a a—agy)— = 0 -0l ~ h(d—a
) ]Zf( j )(C Gw(w)z)( 0) 5 ;( j,rGMM3 ]0) Cntqufﬂ))( 0)
ko 1) =, (ka)” &
1 [G Ce ik oot G Ce ,'—k] .
5 Z j,TGMM3 T O)( np eI 0 " eI (a —(10)
ka (j)’ ~) ke
1 . 0 G .C | . 1 A . A
- E (aj - ajO) ~ () e (QTGMM3 - 60) - E Z(Gj,TGMM3 - QjO)Kndﬁ,j(QTGMM3 - 60)
= C,G 0 i=
j=1 n~np j=1
+ Op( —3/2),
A 0 GLkaJr]) n . A (kg+1) = (ka‘*'k[i ,
where K45 ; = (C G(l;f‘ﬂ) P . )for 1<j<kg and K45, = ([Gnﬁ nCmy,j- k/g'"(-)'Gnﬁ Cremy j—kg ] g)
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for kg+1<j <kg. Then,

\/E(éTGMM:} - 60)

_ 0 _ 0
— _K—l ” _ K—l _ ¥
"dﬁ(ﬁcngn) "dﬁ(cncm)%(“ @)

o1 0 G/lgC' _ .
- Knd/;’ ~ 12 - Kndﬂ \/E(GTGMM3 —6))
C Gn/j’ Qua+n V,0 a,
1 ko 0 0
—_— -1 Y. — . . Y _ v
2Kndﬂ ]_;(“1 aJO)(CnG;JO)C)\/E(a ao) = 2 nd/;’ Z jreMM3 T (C G(k +]))\/_( - ap)
kg (1), ~) ( a) )
1. A (G, Clem ikereyG ¥ Cley, i
165y § o
j:kﬁ+1
k (7) =
1o v, . 0 G C
N EKndﬂ Z(a] - ajO) ~ () " \/E(QTGMM:; - 60)
i=1 CnGnﬁ 0
1, e,
- EK;dlg (9] TGMM3 0 ) nd[)’,j\/ﬁ(GTGMMf} 0 )+ O ( _1)‘
=1
(1.9)
Since Vit(Oranm; —00) = O, (1), Vi(d—ag) = Op(1), C,G,~C,,G, = 0,(1) and C,,Gy = 0, V11(Orapns —

0o) = Yuo + Op(l): where Yo = _K,;éﬁ(\/ﬁcgngn) = _(gTZ)Wéngn- Substituting W(éTGMMg - 0p) =

Pup + Op(l) into (L.9) yields \/E(éTGMMg —00) =Py + n_l/z(PnQ,TGMM3 + Op(n_l): where

__ 0 0
) =-K ] ( ) ( - ) i
nf,rGMM3 ndp ﬁ¢n@gm ndﬁ \/_C na)""aanGna Vua
7 0 \/_(Gﬁ Gﬁ)C +Gﬁ1,bnC
ndp B} 3 Yno
‘/%Cn(Gn[j’ - Gnﬁ) + lpnCGnﬁ lpn()d
_-Rk! _ (i --K!} .
2 ndp ;}Dna](cncil]&)‘:bna 2 ndp ;’wn@](cncn%ﬂ))ybna
ke =(1) ~/ (ko) =,
1., (G, Clem iker-, G, 2 Cre kel
andﬁ Z %9]( P 0 "’ B )’ubna
]:klg-i-l
ka _(j)’ ~/ k
1., 0 GC, 1. . ¥ _
- EKnd/j Z’ubndj = ~(j) " Yo — EKm}ﬁ Z#’n@andﬁ,jlan;
L 0o Gkt . . ~ka1) = (ka+kp)' -
Wlth Kndﬁ,j C : (kat) np for 1 S] < kﬁ’ and Knd,B,j = ([Gnﬁ nemb’j_k!3 ,,,,, Gnﬁ C;lemb'j_kﬁ] 0)
n 0 0 0
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for kg +1 < j < kg. Using the expression of ¢, 5, in Lemma H.5(iv), ©u0,16mm3 = @n0,170mm3 +

gonB,TGMMy where

B} k
. - 0 Vit(Gs = G ) Le1 N 0 ¢
©no,remm3 = —Km;}ﬁ - - P e Pno — EKW}IS Zz’bnejK”dﬁ’j Puos
\/ﬁcn(Gnﬁ = Gup) 1’b”Qd =1
and
_ 0 . 0
. — _K—l _ I<_1 _ _ - Y
Proams ”dﬁ(vﬁzpncgn) "dﬁ(v%cnwm = Gua) + Prc Gna)‘b”“
__ 0 Guy-
— Km} "B ¥ nC ¢n6

B - ..
UucGug Pug,
| k, 0 ] kg 0
>-1 , , ! , _ )
EKndﬁ Zz’bnd](énéfj;)l’bm 2Knd/3 Z‘:l’nf?](c-nén%ﬂ))ﬁbna (1.10)
]:1 ]:1

ko ~(1)" =, =(ka) =/
1-_ [G Clem ikire-rG Crem, ik ]
__RK1! W 9.( np —nmy,j=Kg np b]=kg
> Rnap 2 noj

1/)110?
jzklg+1 0
k _(j)’ ~)
1o, © 0 G,;C,
i=1 CnG”ﬁ 0

©n6,romm3 CONtains terms due to the estimation of ay and C,, but ©1n0,7ammz does not. Then,

' 0 ViG,Ch| (Fug\
E((PnQ,TGMM3) KndﬁEl \/_C c 11[) (p:d )\/ﬁcngnl
n np Qq
— ka Y =, —
G C|(Ewa 0 |
"dﬁZCG"“ 0 o |
n
k at1) = (katkp)" =, S
Z nemb’j_kﬂ"“’Gnﬁ p Cnemb,j—klg] 0 an 0 . .
ndﬁ - ko,j*
j=kp+1 0 0 0 Puy

)ind Hnd

Using Kndﬂ ( by ) and the expression of ‘[’n@d in Lemma H.5(iv), the first kg elements of

. E((Pne,mMM3) form the vector

_ind E(Gnﬁc Pdcngn)+HndE(CnGnﬁHndéngn)+HnanE(QnC1’1pndC_ngn)
L (k, (ko) o Alkat)
+j ati) s NAr B ~ = Alkgt)) e
j=1i= ]=

(L11)
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To compute the first k; elements of %E((pn@,TGMW), we compare the expressions for ¢, raws

and @9 rgr5- By (1.3) and (1.10),

. . S_1 0 0
(pne,TGMM3 - (PnQ,TGEL3 = _Knd[;’ ¢n9
B,
0
nd[j’ ZZE _ , = ¢nd ¢n9,kﬁ+s
s=1 i= mbscngmc Ghia + CngniembanGnia
ko n
_ 4 0 0
+§ZKJﬁ§:§:E N R O Lk L
j=1i=1 0 Cngm' gm'cn + Cngnigm' Ch
=K! 0 Y
ndp ko+ , - - np
1an (gnzgm +g;(qi )gm)C ek 8j nWﬁanalpnd
where
T G )
B, = ;Cn E(gnign]i + gn]i g;;i)’ubndjcé
=1 i=1
PRRCRS (kati)  kati)
= at at]) r\NA7 71T =
- Ecn E(gnigm‘ ! +gm‘ J gni)cnekﬁanWﬁana’abnd
=1 i=1
and ¢, = — b.a\VnC,g,. This term arises from the use of d in deriving . The first kg elements
of %E((pne,TGMM3 - (pHQ,TGELg,) are
k k ) ~) D = ’ =~/ T/
ﬂ?z— MCEZZ}Hm&f7+&”“&JQ&AQHW®WMWMJMWQM (L.12)

j=1 i=1

Therefore, by (1.6), (I.11) and (I.12), the bias of [5TGMM3 is Blnd + Bild + Bgd + BZ\; + Bnd + BSd_Q +
BS ¢ +BY, + BV

(1ii) We shall use some part of the proof of (i), so we use the following similar notations:
i(@,0) = 1 €l ), i, 0) = T2 [;’;") i@, 0) = p1 (vi(@, 0))hyi(@, 0), and 1 (t, 6) =
LY 1) mui(a,0). Inaddition, let dyg(B) = 2542 and Ay = d}p(Brasy) G (G Prosry) Prosws) Cofrcany-

The first order condition for 6,y 418

. a A
mn(“n(ﬁTGEu) 6TGEL4 Zpl ni an ﬁTGEL4) TGEL4))( (;1) 0. (1-13)
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By Theorem 1, \/E(QATGEL4 —6p) = Op(1). Thus, by a second order Taylor expansion of p;(-),

A

1 v A A A _
Z Zpl (vni(an(ﬁTGEL4)’ 6TGEL4))Ani =A+ Op(n 3/2);

where A = %2?21 p1(0)A,,i+ % Y pz(O)vni(dH(ﬁATGEu), éTGEL4)Ani- Comparing the first order con-

ditions (I.13) for éTGEL4 and (L.1) for 8,,,, we have

A

\ X A B
\/E(GTGELA‘__QO) :B‘i‘\/EKm}/g(O)"'Op(n 1); (I.14)
0 G’ C'

) and B is the r.h.s. of (1.2) but with C,,, O,y . and d replaced by,
C Gnﬁ Qnd 3

where K44 = (
respectively, C,, QTGEL4 and dn(ﬁmgu)- Then as in the above proof of (i), \/ﬁ(éTGEL4 -0y =

(:ﬁ"ﬁ) + Oy(n ~172) where Yug = —H,aVnC,g, and ¢, = —P,u\VnC,g,. By first order Taylor
np

eXPansmnS; gn(dn(ﬁTGELz].)l ﬁTGEL4) =&t Gna(“OI ﬁO)(le(ﬁTGEL4) - 0(0) + Gn[a’(a01 ﬁO)(ﬁATGEL4 - /30)
Op(n_l) =8&nTt n_l/zéna#)nd + n_l/zénﬁ¢nﬁ + Op(n_l )/ where 1zbn0'c = \/E(dn(/jO) —a ) 8/3’ 4)11[3’ by
Lemma H-l(iii)) %Z?:l gﬂi(dn(ﬁTGEL4)’ ,BATGEL4)g,;i(dn(ﬁATGEL4)1 ﬁTGEL4) = Qn + Op(n_l/z)l and

Gna(dn(ﬁmﬁu): IBATGEL4) = Gna + n_l/zll)nGa + Op(n_l )’
where

k,
= (k
¢nG = Gha — na ZG 1#11011 ZG ot llbnﬁj (1-15)
j=1

with ¢,4; and ¥,5; being, respectively, the jth elements of 1,4 and ¥,5. It follows that A=

A+ 0,(n™%?), where A = —la;lﬁ(gb;lG Cr+ Gra ! Ny — LY ¢,'WC E(81i5Grie) Cothuy =
Op(n~!). Since \/_Kndﬁ( ) ( f;“dé) the contribution of VnK ] ( ) in (I.14) for the higher

order bias of ﬁTGEL 4 18

_indE(A)_lzndE[ nﬁ(lpnG C +Gna7nb )an,u] 1 nd ZE ¢””C E(gm n[gGma)C ¢n;4]

We may show that -%,,4 Y11 B[, Cu E(8i @5 G i) Critbuu] = 52 Zna Lizi B(a),5G 1 CrPaa Cugni)-
Then by the above proof of (i), the higher order bias of BTGEM is equal to the sum of -, E(A)
and the higher order bias of ﬁTGEB (with C,, and & replaced by, respectively, C, and o'cn(ﬁTGEL4)).
As P, is uncorrelated with ¥, the result follows by (i).

(iv) For /§TGMM4, by Lemma H.1, /§ = Bo +0p(1). By Lemma H.5, C,Q,C, = Q.+ 0,(1).
Together with Supgep ||Cngn(dn(/3),ﬂ)—Cng‘n(an(/}),/5)|| = 0,(1) and the identification condition in
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Assumption 2(v), the consistency of ﬁTGMM 4 follows. Then, by the MVT, the first order condition

for fremmy becomes

:A;(ﬁTGMM4)(é Q C ) Cngn( (ﬁTGMMA[.) ﬁTGMM4)

9

= A7 (Brorns)(CQuC) ™" [ Cugulcin(Bo), Bo) + An(B) Breanmas — Bo) |

Van.n 4 a.n vann “an
where A, (8) = C, GBI 0l ¢, SlSDB €, g, (d(Bo)s Bo) = Cugnl@or Bo)+Co 258 (o)

ay), p lies between fy and ﬁTGMM4, and d& lies between «a and d,(fy). Thus,

-1

\/E(/;TGMMA]. - ﬁO) = _[A;(BTGMM4)(CHQHC;I)_IAH(/;)]
R . d
A o €, G [VAC g et o) + G, 808P s ) - )]

: ; 2 2 =% d n(dy 3 ’ 3 slVa d n(dn 3 ,
Since d,(B) = a,(B) +0p(1) = ag +0,(1), Cn% = CuGua +0,(1) = 04(1) and & (313(,’3)/5) =
Gnﬁ +0,(1). In addition, 805';3,(,[”) = 80:94/3(!3) +0,(1) = (Ma”—f_(;l'g()) +0,(1). Then,

\/Z(/;TGMMA]. - ﬁO) = —(G;ﬂCéQ;SIannﬁ)_lG;ﬂCéQZ;CH\/Egn + Op(l) = Op(l)-

Let ﬁTGMM4 = _(é Q C ) 1Cngn(an(ﬁTGMM4) ﬁTGMM4) Op(n_l/z). Then the first order condition
for ﬁTGMM4 is
G:l/g( (ﬁTGMM4) ﬁTGMM4)Cn,uTGMM4

Cngn(dn(ﬂTGMM4 ): ﬂTGMM4) + CnQn(aﬂ(ﬁTGMM4)’ ﬁ)cn,”TGMM4 ( )
I.16

[1]»

n
’

%

Cn[Qn(dn(/;)f /;) - Qn(dl’l(ﬁTGMM4)’ E)]C;qﬁmmvm

where &, = d;ﬁ(ﬁTGMm)G; (an(ﬁTGMM4) ﬁTGMM4)CnyTGMM4 Op(n‘l). Comparing the first order

conditions (I.16) for éTGMM4 and (1.8) for GTGMM3, we have

Vig,

\/E(éTGMMA]._@O) F Kn;ﬁ v o A
\/E [ ( (/3) ﬁ)_Qn(dTl(ﬁTGMMA].) ﬁ)]cnl’lTGMle.

+0,(n™"), (1.17)

where F is the r.h.s. of (1.9) but with C,, /§TGMM3 and & replaced by, respectively, C,,, ﬁTGMM4
and dn(ﬁTGMM4). By arguments similar to those for (iii), 2,=E,+ Op(n_3/2), where E,, =
nﬁ(gDnG C, +G,’m17b W= Op(n” 1). By the above proof of (ii), the higher order bias of By

is equal to the sum of the higher order bias of /§TGMM3 (with C, and & replaced by, respectively,
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én and dn(ﬁTGMM2)) and

1 C ’ / ) / 1 ~ j / ~/
EzndE[an/g(anG C +G a‘qb )an,u] ) nan (gmgm gilji)gni)E[(andj_¢ndj)cn¢ny]

=

L - = ke ke
__2H Ch gnlgm o +gm ]gnz)E[ llbl/lﬁ] ¢nﬁ])c '1[)11;4]'

||'[\/]m

i=1

Hence, the result follows by the above proof of (ii).

I.2 Proof of Theorem E.1

(i) For Braams We first prove its consistency. By Lemma H.1(i), f = fo + 0p(1). Then under As-
sumption 2(ii), C,(d, B) = Cy(ag, f) + 0,(1) = Cy(ag, Po) + 05(1) = C,; + 0,(1). By Lemma H.5(i),
Q, =Q,+0,(1). Since C, has full row rank and lim,,_,, Q,, is nonsingular by Assumption 1(v),
lim,_,., C,Q,,C,, is nonsingular. Then by the uniform convergence supﬁelgHCn(d,ﬂ)gn(d,[)’) -
Cpu(ag, B)gu(ao, Bl = 0,(1) shown in the proof of Theorem 1, the uniform equicontinuity of
C,(ag, B)g.(ag, B), the nonsingularity of lim,,_,., C,Q,,C,, and the identification Assumption 2(v),

the consistency of [§TGMM to By follows.

By the MVT, the first order condition for /§TGMM becomes

a[cn(d’ léTGMM)ng(av’ ﬁATGMM)]/

0 = aﬁ (CHQHC;)_ICTI(&’ ﬁATGMM)ng(d’ BTGMM)
a Cn v’ ATGMM n v’ ATGMM ’ S A S\ — v v a C n
- Aol Prondin( @bl ¢, 00,61) [ ot o+ LEASDEEN g gy
where 4GP _ ¢, (0, 8)G,5(a, ) + [CYF*(a, B)gala, B), ..., Cu™ " (a, B)g(a, B)), and

lies between By and frever- As 4(d f) = 0,(1), the term [C™™ (@, B)gu(a, B),--., Cu ™", B)ga(a, B)]

in the derivative a[c”(a;;ﬂ)‘,g"am does not affect the asymptotic distribution of Orcnne- Thus, as in
the proof of Theorem 1, Vit(Oygums — O0) = V(Orap — O0) + 0p [z,bnﬁ,ybw] +0p(1).

Let én = Cu(a, ﬁATGMM) and ﬁTGMM = (C Q,C, )_lcngﬂ(alﬁTGMM) = Op(”_l/z)- Then the first

order condition for Sy 1S

(CK /‘J’TGMM Cn,uTGMM )_
éngnm, Prass) + Cu Q4 Chifrcane
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k +1) kat+kg)

(d’BTGMM)gn(d'ﬁATGMM) ll/l”[GMMCn (d, B\TGMM)gn(d’BTGMM)]’ = Op(n_l)'
By Lemma H.5(ii)—(iii), Q, = Q, +n 2 4 + O ( 1), C=Cotn V2P, +0y(n")and C, =
= _ _ ky

Cp+n 1/2111);1@ + Op(n 1)/ where Y =Puc + Z] 1 ¢na] + Z
CaQ,Cry = [Cu+ 12,0 + Op(n[Q + 1725 + Oy (1 ][Cp 4+ 17129 -+ Oy (n71)] = [C,y +

where &, = [l/lTGM

CY ;. Thus, C,Q,,C -

n 2,0+ Op(n][Qy+ 17 29,6+ Op(nH][Cp+ 17129 4+ Op(n7h)] = 172 (W6~ ,6)Q,Cr +
n‘1/2(_3n(_)n(1,b;’1c~ - 1,[)1’16) + Op(n‘l). Comparing the first order conditions (I.18) for Orcrny and (1.8)
for 6,c,, We have

\/Eﬁn

\/E(éTGMM - 60) = p - K_l
m 2P = 9,)QuCh+ CuQu() <=9 )P

+0,(n7"), (L19)

where F is the r.h.s. of (1.9) but with C, and ﬁTGMM3 replaced by, respectively, C, and ﬁTGMM.
By arguments similar to those for (i), 2,=E,+0 (1 =3/2), where 2, = %[lp;yé,(qk“l)(\/ﬁgn +
Gratoui + Cugup)rer W Co ™ P (Vg + Grathus + Guptup)l = Op(n1). The first ky elements of
the second term on the r.h.s. of (I.19) form the vector %,,ViZ, — n~ 2 H (¥, — 1,6)Q,Cl +
C,Q (1/1nc 1/) )]tp,w. By the proof of Theorem 2(i7), the higher order bias of ﬁTGMM is equal to
the sum of £, E(E,) - 1 H, s B[({,¢ — ¥,)Q0 Crp+CuQ n(¥) ==’ <)) and the higher order
bias of ﬁTGMM3 (with C,, replaced by C,), where

(k +1) (ka+kg)

E(E,)= —znd[t [Ch D (-Q, Cr Bt G By ) tr[Co

(_anrlzpnd+éna E(labndybéy))]],

Hence, the result follows by Theorem D.2(i1).

(i1) For ﬁATGMM2l as [5’ = Bo+0,(1) by Lemma H.1(i), 02,1([5’) = ag+o,(1). Then Qn(dn([;),ﬁ) =Q,+
0,(1) by Lemma H.5(i). With the nonsingularity of lim,,_,, c,Q,C/, SUPgeg |1C.i(dn(B), B)gn(an(B), B)—
Cula,(B), B)Gu(an(B), Bl = 0,(1) shown in the proof of Theorem 1 and the identification condi-
tion that lim,,_,o, C,.(a,,(B), B)g.(,,(B), B) is uniquely zero at § = fBy, the consistency of [§TGMM2 fol-
lows. The first order condition of /§TGMM2, compared with that of ﬁTGMM 4 has an additional term
due to the presence of d,(f) in C,,(d¢,(B), B), which does not affect the asymptotic distribution of
Brena» bY arguments similar to those for frger,. Thus, Vit(Oreames —60) = \/ﬁ(éTGMMz—GOHOP(l) =
()50 Wiyl + 0 (1)

Denote f = Prawmas Cn = Culdn(B), B) and fi = —(C,Q,C}) 71 C,i8u(dn(B), ) = Op(n~12). Then

30



the first order condition for f is
Chji+d ()G, 3), B)Cji =,
B). BIChi+ dys(P) v ( ,({3) p) ﬂ) u , (1.20)
-C,Q0,C))j

_ (G'ﬁ(' nl
Cngn(an(ﬁ)’ﬁ)+CnQnCnM

where
kq
8, = [g@(%(ﬁ»ﬁ)[icn’”(ozn(ﬁ“),ﬁ)dfﬁﬁ(ﬁ) +Cie
k=1
ka v
O ain(B), Ha? (f) + ci"“”‘ﬁ)wzn(/é),ﬁ)] ﬁ] =0, (n™)

=E,+ Op(n_3/2), where

The first term on the r.h.s. of (I.20) has a similar form as the first order condition for f;cuuy- By
kq k
1) +1)
o
(L.21)

arguments similar to those for (ii) above, &,

\/Egn + Gnaﬂbnd + G_nﬁ anﬁ Z
=1
k +kg)
o]

ka
ﬁ
n

[1]

\/_gn + Gna and + G_nﬁl;bnﬂ (Z
=1
By the proof of Theorem D.2(iv) above for /§TGMM4, the higher order bias of ¢y, is the sum of

Premmy s higher order bias (with ¢, s replaced by ) and
+Co Q@) = =0 )Py

indE(E )__ ndE[ lnan 11an) C_ Inb
k
1. S k) (1) Ak, A N
= ;anltr[(ZCn )aflk) + C,S * )) (_Pnd E(¢nﬂ¢nd)Gna)]’
k=1
) (k) Alkatkg)\
=(Ka+ 5 A~ M ’ =~
) / Cn ! )(_PnanQ E(¢ny¢nd)Gna)]l

..,tr[(ch a,; +
[(lzan wnC) nlzbny+c @) (labnc ’1an lzbn;d]

D.
n.

Hence, the result follows
Under Assump-

I.3 Proof of Theorem G.1
To derive the asymptotic distribution of R gy, We first investigate Siicum
Bo + 0,(1) can be proved as in the proof of Theorem 1. In the

tion 4, the consistency froum
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following proof, § denotes frreune- The Lagrangian for f§ is d,;(d,/)’)Q;;(ovc, B)d,.(&,B) -1 (B)a,

where a is a k, x 1 vector of Lagrangian multipliers. The first order conditions are

A(ky+1

Ve A A katkg)
2[G,4(d, B)C; +[C, f

gl B, o
and r(f) = 0, where C, = C,,(d, ) and Cif**7) = "’C;ﬁ“ﬁ By the MVT, viid, (d, f) = Vrd,(d, o) +
CuGup(d, f)NN(B — o) and vn - r(B) = V- r(Bo) + R(F)Vn(p - Bo) = R(B)Vn(p — Bo), where  lies

between f and . Then we have

A

2[G) s, H)C;, + [CF g, )., G gn<d,ﬁ>1'1an;<d,ﬁ)ﬁdnwwso)]
B

(1.22)

We may show that Q,;(d,8) = Qg +0 p(1), énGnﬂ(d,ﬁ) = CnGnﬂ +0p(1), gn(d,ﬁ) = 0p(1) and
Vnd, (&, Bo) = Vnd,(ag, fo) + 0p(1). Thus, by (1.22) and the block matrix inverse formula,

V(B - Po) = ~[Ena - indR'(RindR’)_lRindlbéﬁﬂgé Vind,,(yo) +0,(1).
Hence, by the MVT,

ﬂd,;(OVC, ﬁrTGMM)Q;}i(d’ ﬁrTGMM)dn(dl ﬁI'TGMM)

= \/Ed;(VO)[QZ; - QZ;DnﬂindD;;ﬁQ;; + QZ;DnﬂindR/(RindR,)_lRindD;ﬁQ;é]\/Edn(VO) + Op(l)'

Similarly, nd;,(d, Brav) Qg (6 Brosan) dn(d, Brasn) = Vid;y (¥0)[Q3=Q i DupEa Dy Qi Nnd, (yo)+

0(1). Therefore, Rygum = Vid,,(ag, fo)2,yDupEnaR' (RE,4R) ' RE,4D;, ﬁQ;}l Vnd,(ag, Bo)+0,(1).
We may prove that Wigyu = Rigum +0,(1) similarly as Wi, = Rige +0,(1) in the proof of The-

orem 3.

For G ovm, by the MVT,

D;[ﬁ(d’ ﬁAI'TGMM)Q;SI(av’ ﬁArTGMM)CAn\/Eng(av' ﬁAI'TGMM)

= Drllﬁ(dz ﬁrTGMM)QZé(d’ ,érTGMM)[én\/ﬁgn(VO) + énGna(y)\/E(d - aO) + CnGn[)’(y)\/E(,érTGMM - ﬁO)]
- R/(R}indR’)—lR}indD;ﬁQ;;C_n\/ﬁgn(ao, Bo) +0p(1).
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where 7 lies between yo and (&, Blrcans)’» and C,G o (7) = CoGpg + 0p(1) = 0,(1) is used. It

follows that
gTGMM - \/_d aO/ﬁO) m}an/SanR (RzndR ) lenanng d\/—d aO;ﬁO) +0 ( ) RTGMM + Op(l)

For OPGr, as R\n(f, — o) = 0 p(1), applying the MVT yields vnW,(d, ,) = VnW,(aq, Bo) +

v

Op(l) = Rznan/jQ;d\/Edn(yo) + Op(l) As 1 Wi(a, B ) ( a,pr) = RindR,"' Op(l)) OPGr =

n

Rorcmm + Op(l)-

I.4 Proof of Theorem 2

(i) Let C = Culd, fress)s vni(@,0) = W' Coguila, ), where 6 = (B',1), hyi(a,0) = 2@ —

Gip(@B)C, ,
(SR, 0@, 0) = 1 (v (@, Oy (@,0), 1itg(@,0) = L L, (@, 0), and

A N ky+1), v 4 v A . (katkg) 5 . 5 ,
Ani = [MTGELCT(l ’ )(CY, ﬁTGEL)gni(ai ﬂTGEL)""’I/lTGELCn ’ (CY, ﬁTGEL)gni(ai ﬁTGEL)] .

Then the first order condition for 0., is

. A oA A,;
my a QTGEL Zpl Vnz a, QTGEL))( 0 )— 0. (1-23)

By Theorem 1, V(Oyae — 09) = O,(1). Thus, by a second order Taylor expansion of p(-) in

A

p
(1-23): %Z?:l P1 (vni(dr QTGEL)) ni = A + Op(n_?’/z)r where

>>

1 . 1y A A
A= E - pl(O)Ani + E ;pZ(O)vni(a’ QTGEL)A}‘IZ"
- i=

-~

Comparing the first order conditions (I.23) for e and (1.1) for 6., , we have
V(Oyep — 60) = B+ VK 4 +0,(nh) (1.24)
TGEL 0/ — ndp 0 % ’ .

where B is the r.h.s. of (1.2) but with C,, and 6., replaced by, respectively, C,, and Oyrcpr. Then
as in the proof of Theorem D.2, V1(0,qp — 60) = (:ﬁ”ﬁ) +Opy(n ~1/2) where np = —HuaVnC,g,
and ¥, = -P,4\nC,g,. By first order Taylor expansions, Ci, +j)(d, Brop) = C,(1k“+j)(a0,ﬁo) +

- kot ~ oA . A
Op(n 1/2) = C1(1 +])(0(0: ﬁo) + Op(n 1/2)1 gn(ar ﬁTGEL) =g+ Gna(“Or ﬁO)(a - aO) + Gnﬁ(a0' ﬁO)(ﬂTGEL -
Bo) + Op(”_l) =&t n_l/zéna Vg + n_l/zénﬁ¢nﬁ * OP(n_l ), and

1 v _ L - _
; Zgni(af ﬁTGEL)gni(a’ ﬁTGEL) = Qn + Op(n 1/2)-
i=1
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It follows that A = A + Op(n‘3/2), where

=(ko+1) = = Y
[4)11]4 i \/Egn +Gya 170110? + Gnﬁ#’nﬁ + annwny)l
,  =(katkp)
sy lwbny 4 \/_gn + Gna‘:bna + Gnﬁ#’nﬁ +0Q Cnllbi’l}l)]
= p(n_l).

Since VnK ; ( ) ( \D:”dﬁq) the contribution of \/—K ) in (1.24) for the higher order bias
Of ﬂTGEL 1s

(ko+k

G B(Png ) tr[Co

5 B(A) = F[tr]C "G Bt )]

By Lemma H.5(iii), C, = C,y+11™"/p, 0, (n7"/2), where i, = uc+ L1, Ci ¢M,+z] poClfatD)

Pnpj-
Then by the proof of Theorem D.2(i), the higher order bias of ,BTGEL is equal to the sum of
—¥,4E(A) and the higher order bias of [§TGEL3 (with C, replaced by C,,). Hence the result follows

by Theorem 2(i).

(ii) For the higher order bias of /§TGEL2, compared with that of ﬁTGEL . we need to take into

account the additional bias term due to the derivative of C,(d,(p), ) with respect 8, in addition

da(p)

to the difference between Cn(dn(/jTGEu), ﬁTGELz) and C,. Let dng(B) = T

vi(0) = W Clcn(B), B)gni(dn(P), ),

;v 16 OBICH (BB 5 (BIG i (€ (B).ICh (). B)
Where@:(ﬁ”‘)’h”"(e):( o ifnﬁ(a’;(ﬁ)g)gm(an(ﬁ)ﬁf e M)’m”’( )= 010 (O) i 6),
11,(0) = %Z?:l mni(e)l and

(ky+1)

[Dtc (B DI (B)gaiin( B, B) + 1 O () B)ai (il B), )

. (kp) (ko+kg) . ’
Dt Co(@u(B), ekl (B)ui(6n(B), B+ '™ (cn(B), B)gui (B B) | -
Then the first order condition for O,¢,, , is
Ay éTGEL
Zm Ui(Orcera ( il ; 2)) =0. (1.25)

As for /§TGEL 4» the contribution of A,;(0) for the higher order bias of [§TGEL2 is from the leading
order term _indA of _ind[% Z?:] P1 (O)Ani(éTGEL2) 1 1 Pz( ) (éTGEL2)ATZi(éTGEL2)] = _indA"'
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Op(n_l), which is
e ke
) = 1 = 1)
_an E(A) an E[ll)ny( Cau )a,(qk) +Cn ' ) \/—gn + Gna¢na + Gnﬂlzbnﬁ + Q C 11011/,1)
k=1
) (k) ke '
, - = (ko +k
"'¢ny( o )ankﬁ +Cy ) ‘/_gn + Gna’qbna + Gnﬁlzbnﬁ + Q C ¢ny)]
k=1
1 ka k = (k, ka k kg)
S ) = 1 1 +
= EzndE[lnbn,u( C1(1 )a;(/lk Cn " ) nall)naf ¢ny(z Chn ’ ) na'abna] .
k=1 k=1

By Lemma H5(1ii), C,(d (rana) frama) = Gt =0yl %), whese g = uc+ L5 C st
Z k a*)) Pupj- Then by the proof of (i) above, the higher order bias of Bros is equal to the
sum of —3,;E(A) and the higher order bias of /§TGEL4 (with ¥, =« replaced by 1, ). Hence the

result follows.

I.5 Some additional proof for Theorem 3

We derive the influence function for the restricted TGEL estimator in this section, which is
used in the proof of Theorem 3 of the main paper. With a continuous function r(f), the
set {f € B: r(B) = 0} is compact. Since r(fy) = 0, the consistency that ﬁrTGEL = o +0,(1)
and firrge. = 0p(1) follow as in Theorem 1. In the following, we omit the subscripts of ﬁrTGEL
and ;¢ for simplicity. For given g, let u(f) be the GEL estimate of p. Then u(p) satisfies
Y11 01(# (B)dyi (&, ))dyi(&, p) = 0. With p(B), the Lagrangian for B is £ Y1, p(4'(B)d,i(d, B)) -
r’(B)a, where a is a k, x 1 vector of Lagrangian multipliers. The first order condition for f is

ko+1

~) v A ’ v oA\ A A A(ka+k H
=Y o1 (W dild, P)[Gg(d fYCrpi+ [C ’

il B, Co Vi, ) ] - R(B)a =0, (1.26)

where R() = %l1, €, = C,(di, ) and Clf*) = 2R Treating Y1, py (' dui(d, B))dyi(ch, ) =

Yo Cngm(a B)) ngm( ,B) as a function of  for only g in the second g,;(d, ), an MVT

expansion of the first order condition ) 7 , pl(ﬁ’dni(d,ﬁ))dni(d,ﬁ) =0at (B, ') = (B}, 0) yields
n

A(ch, o) + sz i, )it DAL, B+ ) pr (@, )G G, B~ o) = 0,
i=1
where f§ lies between f, and §, and i lies between 0 and ji. By the MVT,
=r(B)=r(Bo) + R(B)(B ~ Po) = R(B)(S ~ o). (I.28)
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As in the proof of Theorem 1, % Lp2(dyi(a /3)) nl(d,ﬁ)d;i(d,ﬁ) =0, + 0,(1) and

—Zpl (i (& B))CyGrip(d, B) = =Dy + 0, (1).

Then by (1.27),
Viji = Q5 Vind (@, Bo) = Qg Dug Vin( B~ Bo) + 0p(1). (1-29)

Substituting (1.29) into (1.26) yields

\/_(ﬁ ﬁO ndR \/_a nanﬁQnd\/_d a, /30 +0 ( ) (1'30)

Substituting (1.30) into (1.28) yields vna = (RindR')_lR)indlijﬁﬂ;;\/ﬁdn(d, Bo) + 0,(1), where
R = R(By). This equation and (I.30) imply that

Vi(B = Bo) = ~[Zna = £naR'(RE,4R) " RE,141D,,5Q 4 Vnd, (&, Bo) + 0,(1). (L31)
Then (I.29) implies that

Vip=[-Qh + Qi DupEa Dy Qg = Qi Dy pS g R'(RE,gR') ™ RE, g Dy s Q4 1N nd,y (b, Bo) + 0, (1),
(L.32)

J Assumptions for the estimation of the probit model using
simple moments

In this section, we verify the assumptions for the estimation of the probit model (2.1) using
simple moments.

Assumption 1(i): With g,(y) = x[y; — P(x]B1 + x,a282)] and g,(y) = x(y, — x’a), where a =
[, @3] and y = [&, B1, B2]", we have E[g;(y)] = E{x[D(x]B10 + X5a20B20) — P(x] 1 + X3025)]}
and E[g,(y)] = E(xx')(ap — @), where a = [a},a}]’. Since E(xx’) = I , where k, is the number
of variables in x, by E[g,(y)] = 0, E[g(y)] = 0 implies that @ = ay. With a = «ag, E[g,(ay, B)] =
E{x[D(x]B10 + X5a20B20) — P(x] f1 + X5a20B2)]} = 0 implies that E[zD(z'By) — zP(2’B)] = 0, where
z = [x],xya0]’. By the mean value theorem, E[z®(z'B) — z®(2’B)] = E[¢p(2’B)zZ"](Bo — B), where

(Bo

B lies between g and . Then 0 = (By— ) E[z®P(2'Bo) —2P(2'B)] = E[$(2'B) - (Bo— B)'z- 2 (Bo — B)]-
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As ¢(z’B) > 0 for any B, we must have z'(B; — f) = 0 with probability one. Since the elements
of [x],x}]" are independently and normally distributed and the elements of a;( are equal and
nonzero, we must have = f3.

Assumption 1(ii) on the compactness of the parameter space is a usual regularity condi-
tion for extremum estimation. Assumption 1(iii) is obviously satisfied. Assumption 1(iv)
is satisfied by Lemma 2.4 in Newey and McFadden (1994), since g;(y)’s are i.i.d., I' is com-
pact, Esup, . lIgy()II" < 27E|[|x||7 < co and Esup,,cr lIg.(¥)II" = Esup,rlIx[x(ag — @) + €]l|T <
Esup,, . [l (Ilxll- llao — all + llell)” < 2~V E(|lx*T sup,ep llag — all” +[|x]|"[le]|T) < co for any 1 > 1,
where the last “<” uses the C,-inequality. Assumption 1(v) is satisfied by the above proof for
Assumption 1(iv).

Assumption 1(vi): The conditions except the last one are satisfied as Assumption 1(iv). Now
we compute Q,,. Let & = [y; — P(z'Bg),€]’. Then Q,, = E[(EE") ® (xx’)] = E[B(£&|x) ® (xx)]. We
first consider E[£&|x] = ( & ﬁO)[lw(D(z Poll w ) where w = E(y; €|x). Let v = u—cov(u,e)var—!(e)e =
u—poo,€/0., which is independent of €. Then w = E[e-I((x’ay+€)1g+u > 0)|x] = E[e-I(x’agTo+
v + (1o + po0y/0c)e > 0)|x] = 0. B{[2 - I(tg0e + pooy, > 0) — 1](1)(%30;0:; )lx}. Note that E[£&|x] is
invertible if ®(z'Bg)[1 — D(z'fy)] — w?/0Z = 0. For given z, Since ®(z'f)[1 — P(z'Bo)] — w?/c? is
a nonzero and nonlinear function of z, it is nonzero with a positive probability. Then Q,, is
nonsingular.

Assumption 1(vii) normalizes p;(0) and p,(0) to be —1, which loses no generality as long
as p1(0) # 0 and p,(0) = 0 (Newey and Smith, 2004). Assumption 1(viii) is a usual assumption
for deriving the asymptotic distributions of extremum estimators. Assumption 1(ix) can be

verified as for Assumption 1(iv).

Assumption 1(x): Note that G,, = —E(x[o’xéﬂw]‘l’(z/ﬁ()) xz’d’é‘z’ﬂ") ) Consider

xx’

- |0 x[0,x3B20]019(2"Bo) + x2"0,(2"Bo)
G, =-E ,
52 xx'él
where 6, is a ky x 1 vector and 9, is a (k,, +1) x 1 vector. Since E(xx’) = I}, the second row block
of G”(g;) = 0 implies that 6; = 0. Then the first row block implies that E[xz'¢(z'Bg)]0, = 0,

I
where z = ( 1 o )x. Since ¢(z’By) > 0 and xx’ is nonnegative definite with x being normally
20

distributed, E[xx'¢(z’Bo)] # 0. Then &, = 0 as @, # 0. Hence, G,, has full column rank.
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Assumption 1(xi) is satisfied by the Lindeberg-Lévy central limit theorem.

Assumption 2(i): As m, = k, in our Monte Carlo experiments, C;,, = E(agabg‘)))(E 8g5((30))_1
E[x[0, x5 a20]p(2"Bo) [[E(xx")] .

Assumption 2(ii): We take Cy,(y) = [LIL, x;[0,x%a5]d(x7;p1 + xh.a2B2) /(X1 x;x/)™! and

Cin(y¥) = E[C1,(¥)]. Then as for Assumption 1(iv), sup,er[ICu(y) ~ Ca(P)ll = 0,(1) and C,(y)
is continuous on I' uniformly in n.

Assumption 2(iii): d = ()1, xixlf)_l Y1 xiV,; has a closed form and needs not to be bounded,
but a falls within a bounded parameter space w.p.a.1. Assumption 2(iii) can be relaxed to allow
for this case and the current Assumption 2(iii) is maintained for convenience.

Assumption 2(iv) is obviously satisfied since ¢, is an OLS estimator.

Assumption 2(v): In this model, E[g,(ag, f)] = 0, so C,E[g(ag, B)] = E[gy(ag, B)], which is
shown to be uniquely zero at g = fy when verifying Assumption 1(7).

Assumption 2(vi) is obviously satisfied.

Assumption 2(vii): Since E(%%la0bo)y _ CuGp = E(%%la0bo)y _ —E[xz'¢(z’By)], which is

Ip’ Ip’
shown to be nonzero when verifying Assumption 1(x). Thus, C,, Gnﬁ has full column rank.

K Computational details for Monte Carlo experiments

For GEL and TGEL estimators, we use a double optimization method. For given model pa-
rameters, the auxiliary parameter vector is computed using the “minFunc” function written by
Schmidt (2005), which is a function for unconstrained optimization using line-search methods
and requires fewer function evaluations to converge than the “fminunc” function in Matlab
on many problems. We use the default algorithm “Ibfgs”, which calls a quasi-Newton strategy
with limited memory BFGS updating. The starting value is a zero vector and the first order
derivative of the objective function is provided. Note that the function can fail to converge
simply because the zero vector is not in the convex hull of g,;(0)’s. In such a case, we follow the
convention of setting the function value to infinity for subsequent optimization. Although this
problem can be solved by various methods, e.g., see Tsao and Wu (2014) and references therein,
we do not consider the problem in this paper. With the value of the auxiliary parameter, model

parameters are then computed either by grid search or by an optimization algorithm. Grid
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search is used for two-step estimators of the coefficient f, on the endogenous regressor in the
probit model using simple moments, where the endogenous regressor is the only regressor for
the equation on 7, and for two-step estimators of the spatial dependent parameter § in the
SAR model. The “minFunc” function is used for other estimators. In grid search, for the probit
model, B is searched over the interval [-25,25] with a grid size 0.01; for the SAR model, 8 is
searched over the interval [-0.99,0.99] with a grid size 0.01. If an optimization algorithm is
used, any estimate of  greater than 25 is set to 25, and any estimate smaller than —25 is set to
—25. We input the first order derivatives, which are derived by the implicit function theorem for
GEL and TGEL. The starting value is the GMM estimate j = arg ming g, (&, B)gup (&, B), where
d is the OLS estimate by regressing v, on x,, the starting value for f is a zero vector and “min-
Func” is used for . For the estimation of the probit model using efficient moments, since even
two-step estimators have 2 unknown parameters, we do not use grid search for any estimator.
As the variance parameter ¢ is non-negative and the correlation coefficient p is smaller than
1 in absolute value, we use the “fmincon” function and restrict 62 to be non-smaller than 1077
and restrict p to be in the interval [-0.999,0.999]. The first order derivatives are provided and
the trust-region-reflective algorithm is used. For the SAR model, “fmincon” is used to search
for model parameters when grid search is not used, and the spatial dependence parameter f is

restricted to be in the interval [-0.99,0.99] so that it is consistent with grid search.*

L More Monte Carlo results

L.1 CU estimator for the probit model

Table S.1 compares the performance of CU, two-step CU (TCU) and other estimates of §, in
the probit model (2.1) with R?> = 0.7. When there are 5 variables in x,, all TPs are zero. CU
and TCU estimates have similar MBs, MADs, IDRs, biases, SDs and RMSEs, like other GEL and
TGEL estimates. In terms of MBs and biases, CU performs similarly as ET and EL, and TCU
performs similarly as TET and TEL. However, CU and TCU have the largest MADs, IDRs, SDs

and RMSEs. When there are 20 variables in x,, all TPs are zero except CU. CU is observed

4See footnote 19 on page 30 of the main text for an explanation of this parameter space.
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to have the largest MB, MAD IDR, bias, SD and RMSE among CU, ET, EL and GMM. TCU is
also observed to have the largest MB, MAD, IDR, bias, SD and RMSE among TGEL and TGMM
estimates. Thus, CU and TCU have worse performance than other GEL and TEL estimates in

our Monte Carlo experiments.

Table S.1: Performance of CU, TCU and other estimates of f3, in the probit model with R? = 0.7

kz =5 kz =20
MB MAD IDR Bias SD RMSE TP MB MAD IDR Bias SD RMSE TP
CU -0.002 0.064 0.245 -0.005 0.097 0.098 0 0.010 0.116 0.470 0.021 0.596 0.596 0.001
ET -0.002 0.061 0.233 -0.005 0.091 0.092 0 0.004 0.072 0.284 0.001 0.115 0.115 0
EL -0.002 0.057 0.224 -0.005 0.088 0.088 0 0.002 0.058 0.231 0.002 0.092 0.092 0
GMM 0.000 0.061 0.240 -0.003 0.094 0.094 0 0.034 0.080 0.300 0.032 0.119 0.123 0
TCU -0.003 0.064 0.245 -0.005 0.097 0.097 0 0.007 0.115 0.462 0.014 0.249 0.249 0
TET -0.002 0.061 0.232 -0.005 0.091 0.092 0 0.003 0.071 0.282 0.001 0.115 0.115 0
TEL -0.002 0.057 0.224 -0.005 0.088 0.088 0 0.002 0.058 0.231 0.002 0.092 0.092 0
TGMM 0.007 0.059 0.234 0.003 0.092 0.092 0 0.046 0.075 0.286 0.046 0.114 0.122 0
TCU, 0.006 0.061 0.239 0.004 0.095 0.095 0 0.055 0.106 0.427 0.064 0.191 0.202 0
TET, 0.006 0.057 0.228 0.003 0.089 0.090 0 0.041 0.068 0.259 0.042 0.108 0.116 0
TEL, 0.006 0.056 0.220 0.003 0.086 0.086 0 0.037 0.056 0.216 0.036 0.088 0.095 0

(i) MB: median bias; MAD: median absolute deviation; IDR: interdecile range; SD: standard deviation; RMSE: root mean
squared error; TP: tail probability.
(i) TCU,, TET. and TEL, are, respectively, TCU, TET and TEL estimators with C,(d, B).

(iii) k, is the number of variables in x,, the true values of 7 is 0, and the sample size n is 100.

L.2 Estimation of the probit model using efficient moments

In this section, we consider estimation of the probit model (2.1) using efficient moments. With

the normalization 02 — w?0? = 1, where w = po, /0, the log likelihood function for model (2.1)

is (Rivers and Vuong, 1988):

n

n ]‘ s / - ’ / i
InL(y) = —Elog(Zrcoez) - 27%2 ;(yzi — X} —Xp;0,)% + ;yliln®(x1ik +(V2i — X071 —X5,00)@ +y21-*[)
1= 1=
n

+ Z(l —yl,-)ln[l —CD(xiiK + (¥2; — X};01 —X5,a0)w + yzﬂ)],
i=1

where y = (a’, ) with @ = (@}, a},02) and B = (x/,w,7)’. Compared with the estimation using
simple moments in the main text, now a includes the additional parameter 02, and f includes

(x’,7)" and the additional parameter w. Let z;(a,a;) = [X];,V2i — X|;&1 — X5,a2,95;]. Then the
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score vector over nis g,(y) = (gr’lh(y),g,;a(y))/, where

() = 2L 1 i[w—@(zgml,az)ﬂ)w 7(0(1;%)/5)2.(0( o)
" n  Jdp n [1-D(z/(a1,a7)B)]P(z (a1, a2)B) V=20
and
n Y / n [ i—P(z ’ ](P
1dInL(y) #Ziﬂxi(?’%‘xu“l‘x2i“2)‘%zi=1 [1?—1<1><z (alirlzagn@( <a1,az>ﬁ>xi“’
) =00 = '

2
2 2n04 Zl 1(3’21 xiial _xéia2)

with ¢(-) being the standard normal probability density function. We may implement estima-
tion with this efficient moment vector g,(y). An initial simple consistent estimate [d{,d}]" of
[a,a}]" can be the OLS estimate from the regression of y,; on x;; and x;, and an estimate 02
of 02 can be %Z?zl(yzl- — X101 —x5;d)%. This d = (&}, d5,62) is not a first stage estimate via the
moment g,,(y), which is a rather complex subvector of g,(y). With ¢, an initial GMM estima-
tor of f can be derived from mingcp g;b(d,/a’)gnh(d,ﬁ).s With the score vector g,(y), 7o is just
identified.® Then the GEL estimates are numerically identical to the GMM estimates, and the
TGEL estimates are numerically identical to the TGMM estimates. Thus we only report GMM
and TGMM estimates of . Note that TGMM involves two unknown parameters and GMM has
more, so we do not use grid search.

Table S.2 reports results on the estimates of 5,. All TPs are zero. TGMM tends to have larger
bias and MB than GMM, but it generally has smaller MAD, IDR and SD, especially for cases
with R? = 0.01. In terms of RMSE, TGMM has similar performance as GMM when R? = 0.7,
and it outperforms GMM when R? = 0.01.

The empirical sizes of various tests are reported in Table S.3.7 With n = 100, the size distor-
tions for cases with py = 0 are within 3 percentage points, but they can be very large for cases
with py = 0.8, especially when k, = 20. With n = 400, the size distortions are smaller, and the

empirical sizes for py = 0.8 are much closer to the nominal 5%. Table S.4 reports the empirical

>As g.p(d, B) is just identifiable for g, the estimation is equivalent to solving the equation g,,;(d, 8) = 0, which

is also the probit ML with generated regressors z;(dy, d,).
®Since the identification of 8y needs at least kg moments and the two-step approaches reduce the number of

moments by k,, o is just identified in the two-step approaches.
"For OPG, G,, and Gy, , as any restricted estimator can be used, we use the GMM estimator based on the simpler

moment vector [g),(¥), §na(y)], where g,,(y) = § Ly Xi(v2i = x{;a1 = x;a).
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Table S.2: Performance of various estimates of 5, with efficient moments for the probit model

R*=0.7 R?=0.01

MB MAD IDR Bias SD RMSE TP MB MAD IDR Bias SD RMSE TP

ky=5,p0=0 GMM  0.001 0.116 0.442 -0.001 0.173 0.173 0.000 0.288 0.190 1.152 0.150 0.447 0.472 0.000
TGMM 0.002 0.115 0.440 -0.001 0.172 0.172 0.000 0.292 0.107 0.774 0.164 0.336 0.374 0.000
k;=5,p0=08 GMM 0.075 0.124 0.336 0.056 0.137 0.148 0.000 -0.413 0.352 1.424 -0.478 0.528 0.712 0.000
TGMM 0.096 0.103 0.325 0.068 0.133 0.149 0.000 -0.540 0.303 0.971 -0.554 0.397 0.681 0.000

k;=20,pp=0 GMM  0.004 0.064 0.247 0.004 0.098 0.098 0.000 -0.011 0.420 1.498 -0.005 0.536 0.536 0.000
TGMM 0.004 0.063 0.248 0.004 0.099 0.099 0.000 -0.011 0.225 0.883 -0.005 0.339 0.339 0.000
ky=20,p9=0.8 GMM 0.033 0.056 0.213 0.033 0.084 0.090 0.000 0.789 0.381 1.549 0.853 0.559 1.020 0.000
TGMM 0.046 0.053 0.198 0.046 0.077 0.090 0.000 0.842 0.221 0.794 0.859 0.316 0.915 0.000

(i) MB: median bias; MAD: median absolute deviation; IDR: interdecile range; SD: standard deviation; RMSE: root mean squared error; TP: tail
probability.

(ii) kp is the number of variables in x,. The sample size n is 100.

powers of various tests of 1y = 0. The powers of different tests are generally close and they

increase as T increases.
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Table S.3: Empirical sizes of various tests of ;¢ = 0 for the probit model with efficient moments

ky =5, =100 ky =5, n =400 ky=20,1=100  k, =20, n=400

po=0 pp=0.8 po=0 pp=0.8 po=0 pp=0.8 po=0 pp=0.8
Rer 0.050 0.110 0.046 0.049 0.048 0.330 0.056 0.057
Rew 0.050 0.107 0.046 0.049 0.048 0.319 0.055 0.056
Remm 0.053 0.213 0.046 0.050 0.054 0.450 0.056 0.057
Weune  0.046 0.054 0.045 0.048 0.043 0.077 0.053 0.048
Ser 0.047 0.112 0.045 0.053 0.039 0.286 0.052 0.062
S 0.052 0.102 0.046 0.054 0.047 0.259 0.055 0.062
Genm 0.053 0.213 0.046 0.050 0.054 0.450 0.056 0.057
OPG 0.043 0.058 0.045 0.045 0.039 0.124 0.052 0.059
Ger 0.048 0.060 0.046 0.046 0.042 0.132 0.056 0.059
Gy 0.049 0.057 0.045 0.045 0.043 0.128 0.055 0.058

Ry 0075 0197 0052  0.052  0.060 0782  0.056  0.222
Ry 0.077  0.183  0.046  0.053  0.057 0764  0.055  0.236
Riawe 0.061  0.145  0.045  0.045  0.076  0.650  0.054  0.110
Wiewe 0.045  0.046  0.045  0.042  0.035  0.063  0.052  0.028
Srer 0.060  0.213  0.050  0.028  0.048  0.730  0.051  0.118
S 0.070  0.179  0.045  0.027  0.049 0.703  0.052  0.123
Grown  0.061  0.145  0.045  0.045  0.076  0.650  0.054  0.110
OPG, 0.042  0.073  0.045  0.044  0.037 0262  0.052  0.061
Gror 0.044 0076  0.046  0.045  0.040 0.265  0.053  0.061
Gror 0.045  0.075  0.046  0.044  0.038  0.252  0.053  0.061

(i) k, is the number of variables in x,. The nominal size is 5%.

(ii) Rgp: ET ratio test; Ry : EL ratio test; Royn: GMM distance difference test; Wey:
GMM Wald test; Sg,: score-type test in the ET framework; S, : score-type test in the
EL framework; G;\: GMM gradient test; OPG: OPG test; Gy, ET gradient test; G, :
EL gradient test.

(iii) Rygr: TET ratio test; Ryt TEL ratio test; Rogun: TGMM distance difference test;
Wienv: TGMM Wald test; S;gp: score-type test in the TET framework; Sy, : score-
type test in the TEL framework; G,q\: TGMM gradient test; OPG,: OPG test in the

two-step framework; G,;;: TET gradient test; G, : TEL gradient test.
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Table S.4: Empirical powers of various tests of ;o = 0 for the probit model with efficient moments

po=0 po=0.8

79=01 75=02 71=03 77=04 79=01 75=0.2 73,=03 717=04

k=5 Ry 0.217 0.649 0.906 0.989 0.344 0.749 0.931 0.989
Rew 0.216 0.647 0.907 0.989 0.332 0.738 0.925 0.988
Romm 0.222 0.649 0.906 0.989 0.534 0.879 0.982 0.996
Werm 0.208 0.643 0.911 0.990 0.283 0.690 0.909 0.984
St 0.224 0.682 0.924 0.993 0.385 0.781 0.943 0.986
SeL 0.238 0.694 0.930 0.994 0.366 0.766 0.936 0.988
Gemm 0.222 0.649 0.906 0.989 0.534 0.879 0.982 0.996
OPG 0.200 0.622 0.893 0.985 0.281 0.694 0.913 0.985
Ger 0.210 0.639 0.898 0.987 0.287 0.700 0.920 0.985
G 0.205 0.631 0.896 0.986 0.274 0.685 0.911 0.983
Rier 0.214 0.623 0.888 0.980 0.405 0.762 0.926 0.983
R 0.213 0.619 0.885 0.977 0.380 0.737 0.920 0.981
Ricmm 0.207 0.617 0.881 0.978 0.302 0.685 0.888 0.975
Wremm 0.207 0.643 0.911 0.989 0.256 0.642 0.881 0.975
Sier 0.165 0.424 0.591 0.746 0.470 0.798 0.942 0.981
S 0.174 0.420 0.596 0.760 0.428 0.751 0.920 0.966
Gromm 0.207 0.617 0.881 0.978 0.302 0.685 0.888 0.975
OPG, 0.206 0.635 0.904 0.987 0.251 0.650 0.888 0.976
Grer 0.218 0.651 0.911 0.990 0.259 0.661 0.894 0.977
Grew 0.215 0.647 0.910 0.989 0.253 0.656 0.892 0.976
ky=20 Ry 0.196 0.574 0.875 0.975 0.644 0.907 0.991 0.999
Rew 0.194 0.572 0.872 0.975 0.633 0.899 0.991 0.999
Romm 0.220 0.594 0.881 0.975 0.760 0.958 0.998 0.999
W 0.191 0.575 0.883 0.978 0.408 0.800 0.967 0.995
Ser 0.202 0.599 0.900 0.975 0.625 0.856 0.897 0.801
Ser 0.217 0.618 0.912 0.985 0.611 0.899 0.989 0.998
Gonm 0.220 0.594 0.881 0.975 0.760 0.958 0.998 0.999
OPG 0.179 0.553 0.868 0.974 0.517 0.867 0.981 0.998
Ger 0.191 0.570 0.875 0.976 0.526 0.871 0.982 0.998
G 0.187 0.567 0.871 0.976 0.522 0.867 0.982 0.998
Rrer 0.192 0.559 0.846 0.955 0.887 0.972 0.993 1.000
Roree 0.190 0.554 0.843 0.952 0.875 0.963 0.993 1.000
Rrovm 0.195 0.547 0.825 0.936 0.818 0.945 0.989 1.000
Wremm 0.178 0.566 0.877 0.974 0.324 0.678 0.819 0.875
Srer 0.149 0.417 0.648 0.840 0.871 0.961 0.979 0.994
Srer 0.153 0.432 0.654 0.848 0.843 0.947 0.973 0.987
Gromm 0.195 0.547 0.825 0.936 0.818 0.945 0.989 1.000
OPG., 0.180 0.546 0.856 0.961 0.363 0.676 0.868 0.943
[ 0.189 0.556 0.865 0.965 0.378 0.681 0.871 0.946
Grar 0.185 0.552 0.859 0.961 0.367 0.677 0.869 0.944

(i) k, is the number of variables in x,. The nominal size is 5%. The sample size n is 100.

(ii) Rep: ET ratio test; Ry, EL ratio test; Rey: GMM distance difference test; Wiy: GMM Wald
test; Sgpt score-type test in the ET framework; S, : score-type test in the EL framework; Gyt
GMM gradient test; OPG: OPG test; G ET gradient test; G, : EL gradient test.

(iii) Rygr: TET ratio test; Rz : TEL ratio test; Rogun: TGMM distance difference test; Wigya: TGMM
Wald test; S5t score-type test in the TET framework; S;;; : score-type test in the TEL framework;
Gromm: TGMM gradient test; OPG,: OPG test in the two-step framework; G,,: TET gradient test;
Gt TEL gradient test.
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