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1 Propositions and Lemmas

Proposition 1.Minimizing Equation (3) is equivalent to minimizing

L(θ) =
q∑
k=1

uk

 n∑
i=1

Kixη
∗
i,k√

nhp

+ vT
 q∑
k=1

n∑
i=1

Kix(X
c
i − x

c)η∗i,k√
nhp+2

+
q∑
k=1

Bn,k(θ)

with respect to θ, where

Bn,k(θ) =
n∑
i=1

Kix

∫ ∆i,k

0

[
1{σ (Xi)(εi − ck) + di,k ≤ z} − 1{σ (Xi)(εi − ck) + di,k ≤ 0}

]
dz. (A.1)

Proposition 2.Under Assumptions 1 to 6, we have Ln(θ) = 1
2θ

T Snθ + (W ∗n)T θ + op(1).
Proposition 3.Under Assumptions 1 to 6, we have

θ̂ +
σ (x)
f (x)

S−1
E(W ∗n |X)

d−→MVN

(
0,
σ2(x)
f (x)

S−1ΣS−1
)
. (A.2)

Lemma 1.Under Assumptions 1 to 6, we have

1
nhp

n∑
i=1

Kix/σ (Xi) =
f (x)
σ (x)

+Op
(
λ+ h2 +

1
√
nhp

)
,

1
nhp+1

n∑
i=1

Kix(X
c
i − x

c)/σ (Xi) = hµ2
Oxcf (x)
σ (x)

+Op
(
λh+ h3 +

1
√
nhp

)
,

1
nhp+2

n∑
i=1

Kix(X
c
i − x

c)(Xci − x
c)T /σ (Xi) = µ2

f (x)
σ (x)

+Op
(
λ+ h2 +

1
√
nhp

)
.
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Lemma 2.Under Assumptions 1 to 6, we have

1
nhp

n∑
i=1

K2
ix = ν0f (x) +Op

(
λ2 + h2 +

1
√
nhp

)
,

1
nhp+1

n∑
i=1

K2
ix(X

c
i − x

c) = hν2Oxcf (x) +Op
(
λ2h+ h3 +

1
√
nhp

)
,

1
nhp+2

n∑
i=1

K2
ix(X

c
i − x

c)(Xci − x
c)T = ν2f (x) +Op

(
λ2 + h2 +

1
√
nhp

)
.

Lemma 3.Under Assumptions 1 to 6, we have

V ar(Wn|X)
P−→ f (x)Σ ≡Ω.

Based on the definition of dix in Section 2, let dji =
∑r
t=1{Xdt,j , X

d
t,i}.

Lemma 4.Under Assumptions 1 to 6, for all i, j = 1, · · · ,n and k = 1, · · · ,q, we have

E
(
η∗j,k |Xi ,Xj

)
=

C1i,k(X
c
j −X

c
i ) + s.o. if dji = 0,

C2i,k +C3i,k(X
c
j −X

c
i ) + s.o. if dji = 1,

where C1i,k , C2i,k , and C3i,k are functions of Xi and are defined in the proof of this lemma.
Lemma 5.Under Assumptions 1 to 6, for all i, j = 1, · · · ,n, and k,m = 1, · · · ,q, we have

E
(
η∗j,kη

∗
j,m|Xi ,Xj

)
=

(1− τm)τk +C4i,km(Xcj −X
c
i ) + s.o. if dji = 0,

C5i,km +C6i,km(Xcj −X
c
i ) + s.o. if dji = 1,

where C4i,km, C5i,km, and C6i,km are functions of (Xi , τk , τm) and are defined in the proof of this
lemma.

The following two lemmas use the U-statistics H-decomposition with variable kernels to
calculate the expectations of S1,km and S2,k . See Appendix B in Racine and Li (2004) for an
intuitive explanation of H-decomposition.
Lemma 6.Under Assumptions 1 to 6, for all k,m = 1, · · · ,q, we have

S1,km = A∗1,kmh
4 −A∗2,kmh

2λ+A∗3,kmλ
2 +A∗4,km(nh)−1

+ Ã∗1,kmh
6 + Ã∗2,kmh

4λ+ Ã∗3,kmh
2λ2 + Ã∗4,km + s.o.,

where the coefficients A∗1,km, A∗2,km, A∗3,km, and A∗4,km are defined in the proof of this lemma.
Lemma 7.Under Assumptions 1 to 6, for all k = 1, · · · ,q, we have

S2,k = B∗1,k
h2
√
n

+B∗2,k
λ
√
n

+ s.o.,

where the coefficients B∗1,k and B∗2,k are defined in the proof of this lemma.
Lemma 8.Under Assumptions 1 to 6, the leading term in the op(1) term in Equation (A.6) has
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orderOp(h+λ+ 1√
nhp

). Omitting this term in Equation (8) does not affect the asymptotic results
in Theorem 2.

2 Proofs

Proof of Proposition 1. We write Yi −ak −b(Xci −x
c) = σ (Xi)(εi −ck)+di,k −∆i,k in order to use the

identity in Knight (1998), Kai, Li, and Zou (2010). By the identity in Knight (1998), minimiz-
ing Equation (3) is equivalent to minimizing

Ln(θ) =
n∑
i=1

Kix
q∑
k=1

[
ρτk

(
σ (Xi)(εi − ck) + di,k −∆i,k

)
− ρτk

(
σ (Xi)(εi − ck) + di,k

)]
=

n∑
i=1

Kix
q∑
k=1

[
∆i,k

[
1{σ (Xi)(εi − ck) + di,k ≤ 0} − τk

]
+
∫ ∆i,k

0

[
1{σ (Xi)(εi − ck) + di,k ≤ ν} − 1{σ (Xi)(εi − ck) + di,k ≤ 0}

]
dν

]
=

n∑
i=1

Kix q∑
k=1

 uk√
nhp

+
vT (Xci − x

c)
√
nhp+2

[1{σ (Xi)(εi − ck) + di,k ≤ 0} − τk
]

+
q∑
k=1

Bn,k(θ)

=
q∑
k=1

uk

 n∑
i=1

Kixη
∗
i,k√

nhp

+ vT
 q∑
k=1

n∑
i=1

Kix(X
c
i − x

c)η∗i,k√
nhp+2

+
q∑
k=1

Bn,k(θ).

�

Proof of Proposition 2. Write Ln(θ) as

Ln(θ) =
q∑
k=1

uk

 n∑
i=1

Kixη
∗
i,k√

nhp

+ vT
 q∑
k=1

n∑
i=1

Kix(X
c
i − x

c)η∗i,k√
nhp+2

+
q∑
k=1

Eε[Bn,k(θ)|X] +
q∑
k=1

Rn,k(θ),

where Rn,k(θ) = Bn,k(θ)−Eε[Bn,k(θ)|X]. Using Fε(ck + z)−Fε(ck) = zf (ck) + o(z), we have

q∑
k=1

Eε[Bn,k(θ)|X] =
q∑
k=1

n∑
i=1

Kix

∫ ∆i,k

0
Eε

1{εi ≤ ck +
z − di,k
σ (Xi)

} − 1{εi ≤ ck −
di,k
σ (Xi)

}
∣∣∣∣Xdz

=
q∑
k=1

n∑
i=1

(
Kix

∫ ∆i,k

0

 z
σ (Xi)

fε

(
ck −

di,k
σ (Xi)

)
+ o(z)

dz)
=

q∑
k=1

n∑
i=1

Kix ∆2
i,k

2σ (Xi)
fε

(
ck −

di,k
σ (Xi)

)+ op(1)

=
q∑
k=1

n∑
i=1

[
Kix

∆2
i,k

2σ (Xi)
fε(ck)

]
+ op(1) =

1
2
θT Snθ + op(1). (A.3)
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We now prove that Rn,k(θ) = op(1). It is sufficient to show that V arε[Bn,k(θ)|X] = op(1). In fact,

V arε[Bn,k(θ)|X] =
n∑
i=1

V arε

[(
Kix

∫ ∆i,k

0

(
1
{
εi ≤ ck −

di,k
σ (Xi)

+
z

σ (Xi)

}
− 1

{
εi ≤ ck −

di,k
σ (Xi)

})
dz

)∣∣∣∣X]
≤

n∑
i=1

Eε

[(
Kix

∫ ∆i,k

0

(
1
{
εi ≤ ck −

di,k
σ (Xi)

+
z

σ (Xi)

}
− 1

{
εi ≤ ck −

di,k
σ (Xi)

})
dz

)2∣∣∣∣X]
≤

n∑
i=1

K2
ix

∫ |∆i,k |
0

∫ |∆i,k |
0

[
F
(
ck −

di,k
σ (Xi)

+
|∆i,k |
σ (Xi)

)
−F

(
ck −

di,k
σ (Xi)

)]
dz1dz2

= o
( n∑
i=1

K2
ix∆

2
i,k

)
= op(1).

�

Proof of Proposition 3. From Lemma 2, we have

Sn
P−→
f (x)
σ (x)

S =
f (x)
σ (x)

 S11 S12
S21 S22

. (A.4)

Together with Propositions 1 and 2, we have

Ln(θ) =
1
2
f (x)
σ (x)

θ′Sθ + (W ∗n)′θ + op(1). (A.5)

Since the convex function Ln(θ)−(W ∗n)′θ converges in probability to the convex function 1
2
f (x)
σ (x)θ

′Sθ,

it follows from the convexity lemma (Pollard (1991)) that, for any compact set Θ, the quadratic
approximation to Ln(θ) holds uniformly for θ in any compact set, which leads to

θ̂ = −σ (x)
f (x)

S−1W ∗n + op(1). (A.6)

By the Cramér-Wold theorem, it is easy to see that the central limit theorem for Wn|X holds:

Wn|X −E[Wn|X]√
V ar(Wn|X)

d−→MVN (0, Iq+p).

Note that

Cov(ηi,k ,ηi,k′ ) = Cov(1{εi ≤ ck} − τk ,1{εi ≤ ck′ } − τk′ ) = Cov(1{εi ≤ ck},1{εi ≤ ck′ })
= E[1{εi ≤ ck} × 1{εi ≤ ck′ }]− τk · τk′ = τk ∧ τk′ − τk · τk′ = τkk′ ,

Cov(ηi,k ,ηj,k′ ) = Cov(1{εi ≤ ck} − τk ,1{εj ≤ ck′ } − τk′ ) = Cov(1{εi ≤ ck},1{εj ≤ ck′ })
= E[1{εi ≤ ck} × 1{εj ≤ ck′ }]− τk · τk′ = τk · τk′ − τk · τk′ = 0, if i , j.

Further, for k = 1, · · · ,q,
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E[w1k |X] =
1
√
nhp

n∑
i=1

E[Kixηi,k |X] =
1
√
nh

n∑
i=1

KixE[ηi,k |X] = 0,

E[w21|X] =
1

√
nhp+2

q∑
k=1

n∑
i=1

E[Kix(X
c
i − x

c)ηi,k |X] =
1

√
nhp+2

q∑
k=1

n∑
i=1

Kix(X
c
i − x

c)E[ηi,k |X] = 0,

V ar(Wn|X)
P−→ f (x)Σ.

Therefore, Wn|X
d−→MVN

(
0, f (x)Σ

)
. Moreover, we have

V ar(w∗1k −w1k |X) =
1
nhp

n∑
i=1

K2
ixV ar(η

∗
i,k − ηi,k |X) ≤ 1

nh

n∑
i=1

K2
ix

[
F
(
ck +

|di,k |
σ (Xi)

)
−F(ck)

]
= op(1),

V ar(w∗21 −w21|X) =
1

nhp+2

n∑
i=1

K2
ix(X

c
i − x

c)(Xci − x
c)TV ar[

q∑
k=1

(η∗i,k − ηi,k)|X]

≤ 1
nhp+2

n∑
i=1

K2
ix(X

c
i − x

c)(Xci − x
c)T max

k

[
F
(
ck +

|di,k |
σ (Xi)

)
−F(ck)

]
= op(1).

Thus V ar(W ∗n −Wn|X) = op(1). By the Slutsky’s theorem, conditioning on X, we have W ∗n |X −

E(W ∗n |X)
d−→MVN

(
0, f (x)Σ

)
. Therefore,

θ̂ +
σ (x)
f (x)

S−1
E(W ∗n |X)

d−→MVN

(
0,
σ2(x)
f (x)

S−1ΣS−1
)
.

�

Proof of Theorem 1. eq×1 denotes the q × 1 vector of ones. S−1 is a diagonal matrix

S−1 =



f (c1) 0 · · · 0 0
0 f (c2) · · · 0 0
...

...
. . .

...
...

0 0 · · · f (cq) 0
0 0 · · · 0 µ2Ip

∑q
k=1 f (ck)



−1

.

By the definition of θ and uk , we have ak = uk√
nhp

+ g(x) + σ (x)ck .

E(ĝ(x)|X) = g(x) +
1
q

q∑
k=1

σ (x)ck +
1

q
√
nhp

q∑
k=1

E(ûk |X)

= g(x) +
1
q

q∑
k=1

σ (x)ck −
σ (x)

q
√
nhpf (x)

eq×1(S−1)11E(W ∗1n|X),
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where W ∗1n are the first q elements of W ∗n and (S−1)11 is the upper-left q×q block matrix of S−1.
Therefore,

Bias(ĝ(x)|X) =
1
q

q∑
k=1

σ (x)ck −
σ (x)

q
√
nhpf (x)

eq×1(S−1)11E(W ∗1n|X)

=
1
q

q∑
k=1

σ (x)ck −
1

qnhp
σ (x)
f (x)

n∑
i=1

Kix

q∑
k=1

1
f (ck)

[
F
(
ck −

di,k
σ (Xi)

)
−F(ck)

]
.

Since the error is symmetric,
∑q
k=1 ck = 0. Furthermore, it is easy to check that

1
q

q∑
k=1

1
f (ck)

[
F
(
ck −

di,k
σ (Xi)

)
−F(ck)

]
=

1
q

q∑
k=1

1
f (ck)

f (ck)×
[
−
di,k
σ (Xi)

+ op
( di,k
σ (Xi)

)]
=

1
q

q∑
k=1

[
− ck(σ (Xi)− σ (x,z)) + ri

σ (Xi)

]
(1 + op(1)) = − ri

σ (Xi)
(1 + op(1)).

Therefore,

Bias(ĝ(x)|X) = − 1
qnhp

σ (x)
f (x)

n∑
i=1

Kix

q∑
k=1

1
f (ck)

[
F
(
ck −

di,k
σ (Xi)

)
−F(ck)

]
= − 1

nhp
σ (x)
f (x)

n∑
i=1

Kix ×
[
− ri
σ (Xi)

(1 + op(1))
]

= − 1
nhp

σ (x)
f (x)

n∑
i=1

Kix ×
[
−
g(Xi)− g(x)− β(x)(Xci − x

c)
σ (Xi)

]
=

[
h2 tr[β

′(x)]µ2

2
+λ

∑
x̃d ,dx̃,x=1

σ (x)f (xc, x̃d)[g(xc, x̃d)− g(x)]
f (x)σ (xc, x̃d)

]
(1 + op(1)),

when using

E

[ 1
hp
Kixri/σ (Xi)

]
≈ 1
hp

E[Kixri/σ (Xi)|dix = 0] · P (dix = 0) +
1
hp

E[Kixri/σ (Xi)|dix = 1] · P (dix = 1)

=
1
hp

E[Wixri/σ (Xi)|dix = 0] · P (dix = 0) +
λ
hp

E[Wixri/σ (Xi)|dix = 1] · P (dix = 1)

=
∫
f (Xci ,x

d)W
(Xci − xc

h

)
[g(Xci ,x

d)− g(x)− β(x)(Xci − x
c)]/σ (Xci ,x

d)dXci /h
p

+λ
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W
(Xci − xc

h

)
[g(Xci , x̃

d)− g(x)− β(x)(Xci − x
c)]/σ (Xci , x̃

d)dXci /h
p

= h2 f (x)tr[β′(x)]µ2

2σ (x)
+O(h4) +λ

∑
x̃d ,dx̃,x=1

f (xc, x̃d)[g(xc, x̃d)− g(x)]
σ (xc, x̃d)

+O(λ2)
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= h2 f (x)tr[β′(x)]µ2

2σ (x)
+λ

∑
x̃d ,dx̃,x=1

f (xc, x̃d)[g(xc, x̃d)− g(x)]
σ (xc, x̃d)

+ o(h2 +λ).

Furthermore, the conditional variance of ĝ(x) is

V ar[ĝ(x)|X] =
1
nhp

σ2(x)
f (x)

1
q2 e
′
q×1(S−1ΣS−1)11eq×1 + op(

1
nhp

)

=
1
nhp

σ2(x)
f (x)

1
q2

q∑
k=1

q∑
k′=1

ν0τkk′

f (ck)f (ck′ )
+ op(

1
nh

)

=
1
nhp

σ2(x)
f (x)

ν0R1(q) + op(
1
nhp

).

�

Proof of Theorem 2. From Lemmas 6 and 7 and the fact that B∗1,k and B∗2,k are both zero mean
Op(1) random variables, we conclude that orders in S1,km dominate those in S2,k and the lead-
ing term in cross-validation becomes Equation (16). Define

A1 = q−2
q∑
k=1

q∑
m=1

A∗1,km, A2 = q−2
q∑
k=1

q∑
m=1

A∗2,km, A3 = q−2
q∑
k=1

q∑
m=1

A∗3,km,

A4 = q−2
q∑
k=1

q∑
m=1

A∗4,km, B1 = 2q−1
q∑
k=1

B∗1,k , B2 = 2q−1
q∑
k=1

B∗2,k .

Hence, Equation (11) can be written as

CV (h,λ) = A1h
4 −A2h

2λ+A3λ
2 +A4(nhp)−1 +B1

h2
√
n

+B2
λ
√
n

+ s.o.,

and the leading terms of CV (h,λ) are collected in CV0 in Equation (16).

From Equation (16), we have

CV0 = A1h
4 −A2h

2λ+A3λ
2 +A4(nhp)−1

= A3

(
λ− A2

2A3
h2

)2

+
(
A1 −

A2
2

4A3

)
h4 +

A4

nhp
.

CV0 is minimized when λ0 = A2
2A3

h2
0 and hp+4

0 = A4

4n(A1−A2
2/(4A3))

. Hence,

h0 = c1n
−1/(p+4), λ0 = c2n

−2/(p+4), (A.7)

where

c1 =
[

A4

A1 −A2
2/(4A3)

]1/(p+4)

, c2 =
[

A2A4

2A3(A1 −A2
2/(4A3))

]1/(p+4)

.
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To prove the rate of convergence of ĥ and λ̂, we rewrite

CV (h,λ) = A3

(
λ− A2h

2 −B2n
−1/2

2A3

)2

−A3

(
A2h

2 −B2n
−1/2

2A3

)2

+A1h
4 +A4(nhp)−1 +B1h

2/
√
n,

= A3

(
λ− A2h

2 −B2n
−1/2

2A3

)2

+
(
A1 −

A2
2

2

)
h4 + (A2B2 +B1)n−1/2h2 +

A4

nhp
−
B2

2
2
n−1. (A.8)

Minimizing CV (h,λ) w.r.t. (h,λ) in Equation (A.8) gives

λ̂ =
A2ĥ

2 −B2n
−1/2

2A3
, (A.9)

4(A1 −A2
2/2)ĥ3 + 2(A2B2 +B1)n−1/2ĥ−

pA4

nĥp+1
= 0. (A.10)

Let ĥ = h0 + h1, where h1 is o(h0) since
(
ĥ− h0

)
/h0 = o(1) and CV (h,λ) = CV0(h,λ) + o(CV0).

Substitute ĥ = h0 + h1, (h0 + h1)p+4 = h
p+4
0 + (p + 4)hp+3

0 h1 + s.o., and Equation (A.7) into Equa-
tion (A.10) to have

4
(
A1 −A2

2/(4A3)
)
(p+ 4)hp+3

0 h1 + 2(A2B2/(2A3) +B1)n−1/2h
p+2
0 + s.o. = 0,

which gives

h1 =
(A2B2/(2A3) +B1)n−1/2h3

0

2(A1 −A2
2/(4A3))(p+ 4)h4

0

. (A.11)

Replacing h1 with ĥ− h0 in Equation (A.11) gives

ĥ− h0

h0
=

(A2B2/(2A3) +B1)

2(A1 −A2
2/(4A3))(p+ 4)c2

1

n−p/(2(p+4)) =Op(n−p/(2(p+4))). (A.12)

For λ̂, substitute ĥ = h0 + h1 and λ0 = A2
2A3

h2
0 into Equation (A.9) to obtain

λ̂ = A2(h0 + h1)2/(2A3)−n−1/2B2/(2A3)

= λ0 + 2h0h1A2/(2A3) + h2
1A2/(2A3)− h−1/2B2/(2A3) (A.13)

= λ0 +Op(n−1/2), (A.14)

where the last line in Equation (A.14) follows h0h1 =O(n−1/2), which can be verified by multi-
plying both sides of Equation (A.11) by h0. �

Proof of Corollary 1. There are two ways to establish the asymptotic normality results, by stochas-
tic equicontinuity (Hall, Racine, and Li, 2004, Ichimura, 2000) or by Taylor expansion (Li and
Racine, 2004, Racine and Li, 2004). Because we consider nonparametric regression, we fol-
low the Taylor expansion proof strategy of Li and Racine (2004), Racine and Li (2004), which
mainly deals with nonparametric regression, to show our result. Define ḡ(x) in the same man-
ner as ĝĥ,λ̂(x) but with h0 and λ0 replacing ĥ and λ̂. It is shown in the proof of Theorem 2 that



9 XIAO HUANG AND ZHONGJIAN LIN

h0 = O
(
n−1/(p+4)

)
and λ0 = O

(
n−2/(p+4)

)
, respectively. Assumption 3 holds with h0 and λ0 and

therefore, by Theorem 1, we have

√
nh

p
0

ḡ(x)−g(x)−h2
0

tr
[
β′(x)

]
µ2

2
−λ0

∑
x̃d ,dx̃,x=1

σ (x)f (xc, x̃d)[g(xc, x̃d)− g(x)]
f (x)σ (xc, x̃d)

 d−→N

0,
σ2(x)
f (x)

ν0R1(q)

.
(A.15)

From Theorem 2, we have ĥ2 = h2
0

[
1 +Op

(
n−p/(p+4)

)]
= h2

0 +op
(
n−2/(p+4)

)
, λ̂ = λ0(1 +Op(n−1/2)) =

λ0 + op
(
n−2/(p+4)

)
, and 1

ĥp
= 1
h
p
0

+ 1
h
p
0
Op

(
ĥ−h0
h0

)
= 1
h
p
0
(1 + op(1)). From Equation (9), we see

ĝĥ,λ̂(x)− g(x) = − σ (x)

nĥpqf (x)

q∑
k=1

n∑
i=1

η∗i,k
f (ck)

W
(Xci − xc

ĥ

)
Lλ̂(Xdi ,x

d),

= − σ (x)

nh
p
0qf (x)

q∑
k=1

n∑
i=1

η∗i,k
f (ck)

W
(Xci − xc

ĥ

)
Lλ̂(Xdi ,x

d) + s.o.,

= − σ (x)

nh
p
0qf (x)

q∑
k=1

n∑
i=1

η∗i,k
f (ck)

·Lλ0
(Xdi ,x

d) ·W
(Xci − xc

ĥ

)
+ s.o.

(A.16)

By Taylor expansion, we have W
(
Xci −xc

ĥ

)
= W

(
Xci −xc
h0

)
+ W̃

(
Xci −xc
h0

)(
ĥ−h0
h0

)
+ s.o., where W̃

(
Xci −xc
h0

)
≡

h0 ·
∂W̃

(
Xci −x

c

h0

)
∂h and s.o. stands for “smaller order term.” Therefore, we have

ĝĥ,λ̂(x)− g(x) = ḡ(x)− g(x)− σ (x)

nh
p
0qf (x)

q∑
k=1

n∑
i=1

η∗i,k
f (ck)

·Lλ0
(Xdi ,x

d) · W̃
(Xci − xc

h0

)( ĥ− h0

h0

)
+ s.o.

(A.17)

It is easy to see that W̃ (v) contains terms of ∂W (v)/∂vk · vk , k = 1, · · · ,p. Because W (·) is a sym-
metric function by Assumption 4, we know that ∂W (v)/∂vk are odd functions and ∂W (v)/∂vk ·
vk , k = 1, · · · ,p are symmetric functions. Thus W̃ (v) is a symmetric function and can be taken

as a second-order kernel function. Define K̃h0,ix ≡ Lλ0
(Xdi ,x

d) · W̃
(
Xci −xc
h0

)
. We can take K̃h0,ix as

a kernel function, similar to Kix. With similar argument in the proof of Theorem 1, we can

show that σ (x)
nh

p
0qf (x)

∑q
k=1

∑n
i=1

η∗i,k
f (ck)
· K̃h0,ix =Op

(
h2

0 +λ0 + 1√
nh

p
0

)
. Thus, ĝĥ,λ̂(x)− ḡ(x) =Op

(
h2

0 +λ0 +

1√
nh

p
0

)
·
(
ĥ−h0
h0

)
= op

(
n−2/(p+4)

)
.

Since √
nh

p
0 · op

(
n−2/(p+4)

)
= op

(
n1/2−p/2(p+4)−2/(p+4)

)
= op(1),

replacing ḡ(x), h0 and λ0 by ĝĥ,λ̂(x), ĥ and λ̂ in Equation (A.15) only introduces an op(1) term
and thus we prove the corollary. �
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Proof of Lemma 1. We derive the expectation and variance for each of the three terms. For the
first term, we have

E

[ 1
nhp

n∑
i=1

Kix/σ (Xi)
]

=
1
hp

E(Kix/σ (Xi))

=
1
hp

[
E(Kix/σ (Xi)|dix = 0) · P (dix = 0) +E(Kix/σ (Xi)|dix = 1) · P (dix = 1)(1 +O(λ))

]
=

1
hp

[
E(Wix/σ (Xi)|dix = 0) · P (dix = 0) +λE(Wix/σ (Xi)|dix = 1) · P (dix = 1) · (1 +O(λ))

]
=

∫
f (Xci ,x

d)

σ (Xci ,x
d)
W

(Xci − xc
h

)
dXci /h

p +λ
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)

σ (Xci , x̃
d)
W

(Xci − xc
h

)
dXci /h

p · (1 +O(λ))

=
∫
f (xc + hz,xd)
σ (xc + hz,xd)

W (z)dz+λ
∑

x̃d ,dx̃,x=1

∫
f (xc + hz, x̃d)
σ (xc + hz, x̃d)

W (z)dz · (1 +O(λ)) =
f (x)
σ (x)

+O(h2 +λ)

and

V ar
[ 1
nhp

n∑
i=1

Kix/σ (Xi)
]

=
1

nh2pV ar(Kix/σ (Xi)) =
1

nh2p

[
E(K2

ix/σ
2(Xi)) +O(h2p)

]
≈ 1
nh2p

[
E(K2

ix/σ
2(Xi)|dix = 0) · P (dix = 0) +E(K2

ix/σ
2(Xi)|dix = 1) · P (dix = 1) +O(h2p)

]
=

1
nh2p

[
E(W 2

ix/σ
2(Xi)|dix = 0) · P (dix = 0) +λ2

E(W 2
ix/σ

2(Xi)|dix = 1) · P (dix = 1) +O(h2p)
]

=
1
nhp

[∫
f (Xci ,x

d)W 2
(Xci − xc

h

)
dXci /h

p +O(λ2 + h2p)
]

=
1
nhp

ν0
f (x)
σ2(x)

+ o
( 1
nhp

)
.

Thus
1
nhp

n∑
i=1

Kix/σ (Xi) =
f (x)
σ (x)

+Op
(
λ+ h2 +

1
√
nhp

)
.

For the second term, we have

E

[ 1
nhp+1

n∑
i=1

Kix
σ (Xi)

(Xci − x
c)
]

=
1
hp+1E

[ Kix
σ (Xi)

(Xci − x
c)
]

≈ 1
hp+1

[
E

[ Kix
σ (Xi)

(Xci − x
c)|dix = 0

]
· P (dix = 0) +E

[ Kix
σ (Xi)

(Xci − x
c)|dix = 1

]
· P (dix = 1)

]
=

1
hp+1

[
E

[ Wix

σ (Xi)
(Xci − x

c)|dix = 0
]
· P (dix = 0) +λE

[ Wix

σ (Xi)
(Xci − x

c)|dix = 1
]
· P (dix = 1)

]
=

1
h

[∫ f (Xci ,x
d)

σ (Xci ,x
d)
W

(Xci − xc
h

)
(Xci − x

c)dXci /h
p +O(λh2)

]
=

1
h

∫
f (xc + hz,xd)
σ (xc + hz,xd)

W (z)hzdz+O(λh)

= hµ2
Oxcf (x)
σ (x)

+O(λh+ h3)

and
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V ar
[ 1
nhp+1

n∑
i=1

Kix
σ (Xi)

(Xci − x
c)
]

=
1

nh2p+2V ar[
Kix
σ (Xi)

(Xci − x
c)]

=
1

nh2p+2

[
E

[( Kix
σ (Xi)

)2
(Xci − x

c)(Xci − x
c)T ] +O(h2p+4)

]
≈ 1
nh2p+2

[
E

[( Wix

σ (Xi)

)2
(Xci − x

c)(Xci − x
c)T |dix = 0

]
· P (dix = 0)

+λ2
E

[( Wix

σ (Xi)

)2
(Xci − x

c)(Xci − x
c)T |dix = 1) · P (dix = 1

]
+O(h2p+4)

]
=

1
nhp+2

[∫
f (Xci ,x

d)W 2
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T dXci /h

p +O(λ2h2 + h2p+4)
]

=
1
nhp

Ipν2
f (x)
σ2(x)

+ o
( 1
nhp

)
.

Thus
1

nhp+1

n∑
i=1

Kix(X
c
i − x

c)/σ (Xi) = hµ2
Oxcf (x)
σ (x)

+Op
(
λh+ h3 +

1
√
nhp

)
.

For the third term, we have

E

[ 1
nhp+2

n∑
i=1

Kix
σ (Xi)

(Xci − x
c)(Xci − x

c)T
]

=
1
hp+2E[

Kix
σ (Xi)

(Xci − x
c)(Xci − x

c)T ]

=
1
hp+2

[
E[

Kix
σ (Xi)

(Xci − x
c)(Xci − x

c)T |dix = 0] · P (dix = 0)

+E[
Kix
σ (Xi)

(Xci − x
c)(Xci − x

c)T |dix = 1] · P (dix = 1)(1 +O(λ))
]

=
1
hp+2

[
E[

Wix

σ (Xi)
(Xci − x

c)(Xci − x
c)T |dix = 0] · P (dix = 0)

+λE[
Wix

σ (Xi)
(Xci − x

c)(Xci − x
c)T |dix = 1] · P (dix = 1)(1 +O(λ))

]
=

1
h2

∫
f (Xci ,x

d)

σ (Xci ,x
d)
W

(Xci − xc
h

)
(Xci − x

c)(Xci − x
c)T dXci /h

p

+
1
h2λ

∑
x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)

σ (Xci , x̃
d)
W

(Xi − x
h

)
(Xci − x

c)(Xci − x
c)T dXci /h

p

= Ipµ2
f (x)
σ (x)

+O(λ+ h2)

and

V ar
[ 1
nhp+2

n∑
i=1

Kix
σ (Xi)

(Xci − x
c)(Xci − x

c)T
]

=
1

nh2p+4V ar[
Kix
σ (Xi)

(Xci − x
c)(Xci − x

c)T ]
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=
1

nh2p+4

[
E[

( Kix
σ (Xi)

)2
(Xci − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T ] +O(h2p+4)

]
=

1
nh2p+4

[
E(

( Wix

σ (Xi)

)2
(Xci − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T |dix = 0) · P (dix = 0)

+λ2
E(

( Wix

σ (Xi)

)2
(Xci − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T |dix = 1) · P (dix = 1)

]
+O

(1
n

)
=

1
nhp+4

[∫ f (Xci ,x
d)

σ2(Xci ,x
d)
W 2

(Xci − xc
h

)
(Xci − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T dXci /h

p

+λ2
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W 2
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T dXci /h

p
]

+O
(1
n

)
=

1
nhp

∫
vvTK4(v)dvf (x)

f (x)
σ2(x)

+ o
( 1
nhp

)
.

Finally, we have

1
nhp+2

n∑
i=1

Kix(X
c
i − x

c)(Xci − x
c)T = Ipµ2

f (x)
σ (x)

+Op
(
λ+ h2 +

1
√
nhp

)
.

�

Proof of Lemma 2. To prove the first result, we have

E

[ 1
nhp

n∑
i=1

K2
ix

]
=

1
hp

E

(
K2
ix

)
≈ 1
hp

[
E

(
K2
ix|dix = 0

)
· P (dix = 0) +E

(
K2
ix|dix = 1

)
· P (dix = 1)

]
=

∫
f (Xci ,x

d)W 2
(Xci − xc

h

)
dXci /h

p +λ2
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W 2
(Xci − xc

h

)
dXci /h

p

= ν0f (x) +O(λ2 + h2)

and

V ar
[ 1
nhp

n∑
i=1

K2
ix

]
=

1
nh2pV ar

(
K2
ix

)
=

1
nh2p [E(K4

ix) +O(h2p)]

≈ 1
nh2p

[
E(K4

ix|dix = 0) · P (dix = 0) +E(K4
ix|dix = 1) · P (dix = 1) +O(h2p)

]
=

1
nhp

[∫
f (Xci ,x

d)W 4
(Xci − xc

h

)
dXci /h

p +λ4
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W 4
(Xci − xc

h

)
dXci /h

p
]

+O
(1
n

)
=

1
nhp

∫
K4(v)dvf (x) + o

( 1
nhp

)
.

Therefore,
1
nhp

n∑
i=1

K2
ix = ν0f (x) +Op

(
λ2 + h2 +

1
√
nhp

)
.
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Next,

E

[ 1
nhp+1

n∑
i=1

K2
ix(X

c
i − x

c)
]

=
1
hp+1E[K2

ix(X
c
i − x

c)]

≈ 1
hp+1

[
E[W 2

ix(X
c
i − x

c)|dix = 0] · P (dix = 0) +λ2
E[W 2

ix(X
c
i − x

c)|dix = 1] · P (dix = 1)
]

=
1
h

∫
f (Xci ,x

d)W 2
(Xci − xc

h

)
(Xci − x

c)dXci /h
p

+
1
h
λ2

∑
x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W 2
(Xci − xc

h

)
(Xci − x

c)dXci /h
p = hν2Oxcf (x) +O(λ2h+ h3)

and

V ar
[ 1
nhp+1

n∑
i=1

K2
ix(X

c
i − x

c)
]

=
1

nh2p+2V ar[K
2
ix(X

c
i − x

c)]

=
1

nh2p+2 [E[K4
ix(X

c
i − x

c)(Xci − x
c)T ] +O(h2p+4)]

≈ 1
nh2p+2

[
E(W 4

ix(X
c
i − x

c)(Xci − x
c)T |dix = 0) · P (dix = 0)

+λ4
E(W 4

ix(X
c
i − x

c)(Xci − x
c)T |dix = 1) · P (dix = 1) +O(h2p+4)

]
=

1
nhp+2

[∫
f (Xci ,x

d)W 4
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T dXci /h

p

+λ4
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W 4
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T dXci /h

p
]

+O
(h2

n

)
=

1
nhp

∫
vvTK4(v)dvf (x) + o

( 1
nhp

)
.

Therefore, 1
nhp+1

∑n
i=1K

2
ix(X

c
i − x

c) = hν2Oxcf (x) +Op
(
λ2h+h3 + 1√

nhp

)
. Finally, for the last result,

we have

E

[ 1
nhp+2

n∑
i=1

K2
ix(X

c
i − x

c)(Xci − x
c)T

]
=

1
hp+2E[K2

ix(X
c
i − x

c)(Xci − x
c)T ]

≈ 1
hp+2

[
E[W 2

ix(X
c
i − x

c)(Xci − x
c)T |dix = 0] · P (dix = 0)

+λ2
E[W 2

ix(X
c
i − x

c)(Xci − x
c)T |dix = 1] · P (dix = 1)

]
=

1
h2

∫
f (Xci ,x

d)W 2
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T dXci /h

p

+
1
h2λ

2
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W 2
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T dXci /h

p = Ipν2f (x) +O(λ2 + h2)
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and

V ar
[ 1
nhp+2

n∑
i=1

K2
ix(X

c
i − x

c)(Xci − x
c)T

]
=

1
nh2p+4V ar[K

2
ix(X

c
i − x

c)(Xci − x
c)T ]

=
1

nh2p+4 [E[K4
ix(X

c
i − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T ] +O(h2p+4)]

≈ 1
nh2p+4

[
E(W 4

ix(X
c
i − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T |dix = 0) · P (dix = 0)

+λ4
E(W 4

ix(X
c
i − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T |dix = 1) · P (dix = 1)

]
+O

(1
n

)
=

1
nhp+4

[∫
f (Xci ,x

d)W 4
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T dXci /h

p

+λ4
∑

x̃d ,dx̃,x=1

∫
f (Xci , x̃

d)W 4
(Xci − xc

h

)
(Xci − x

c)(Xci − x
c)T ⊗ (Xci − x

c)(Xci − x
c)T dXci /h

p
]

+O
(1
n

)
=

1
nhp

∫
vvT ⊗ vvTW 4(v)dvf (x) + o

( 1
nhp

)
.

Thus 1
nhp+2

∑n
i=1K

2
ix(X

c
i − x

c)(Xci − x
c)T = Ipν2f (x) +Op

(
λ2 + h2 + 1√

nhp

)
. �

Proof of Lemma 3.

V ar(w1k |X) = E[w2
1k |X]− 0 =

1
nh

n∑
i=1

K2
ixE[η2

i,k |X]

=
1
nhp

n∑
i=1

K2
ixτkk

p
−→ τkkν0f (x), k = 1, · · · ,q,

V ar(w21|X) = E[w21w
T
21|X]− 0 =

1
nhp+2

n∑
i=1

E

(
K2
ix(X

c
i − x

c)(Xci − x
c)T (

q∑
k=1

ηi,k)
2
∣∣∣∣X)

=
1

nhp+2

n∑
i=1

K2
ix(X

c
i − x

c)(Xci − x
c)T

q∑
k,k′=1

τkk′
p
−→ Ipν2f (x)

q∑
k,k′=1

τkk′ ,

Cov(w1k ,w1k′ |X) = E[w1k ·w1k′ |X]− 0 =
1
nhp

n∑
i=1

K2
ixE[ηi,kηi,k′ |X]

=
1
nhp

n∑
i=1

K2
ixτkk′

p
−→ τkk′ν0f (x), k , k′ ,

Cov(w1k ,w21|X) = E[w1k ·w21|X] =
1

nhp+1

n∑
i=1

K2
ix(X

c
i − x

c)
q∑

k′=1

E[ηi,kηi,k′ |X]

=
1

nhp+1

n∑
i=1

K2
ix(X

c
i − x

c)
q∑

k′=1

τkk′
p
−→ 0.
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�

Proof of Lemma 4. Given the definition of η∗j,k , we have

E

[
η∗j,k |Xi ,Xj

]
= E

[
I

(
εj ≤ ck −

dj,k
σ (Xj )

)
− τk

]

=
∫ ck−

dj,k
σ (Xj )

−∞
f (v)dv − τk

= F
(
ck −

dj,k
σ (Xj )

)
−F(ck)

= −
dj,k
σ (Xj )

f (ck) + o(
dj,k
σ (Xj )

).

Next, we analyze the term −dj,k/σ (Xj ).

When dji = 0, for dj,k , we have

dj,k = ck
[
σ (Xcj ,X

d
i )− σ (Xi)

]
+ g(Xcj ,X

d
i )− g(Xi)− β(Xi)

T (Xcj −X
c
i )

= ck
[
σ ′(Xi)

T (Xcj −X
c
i ) +D1

]
+D2,

where D1 is defined as

D1 =O
(1

2
(Xcj −X

c
i )
T σ ′′(Xi)(X

c
j −X

c
i )
)
.

Note that we will substitute E

(
η∗j,k |Xi ,Xj

)
into E

(
h−pWjiLjiη

∗
j,k |Xi

)
in Equation (A.23), and the

order of D1 becomes h2v2 in integration, which is equivalent to an O(h2) term if we define
v = (Xcj −X

c
i )/h. Similarly, we have D2 = O

(
1
2 (Xcj −X

c
i )
T β′(Xi)(X

c
j −X

c
i )
)
O

(
(Xcj −X

c
i )

2
)
, and it

will become a smaller order term when combined with the kernel function W . Hereafter, we
denote all such terms as s.o. for notational simplicity.

For 1/σ (Xj ), we have

1
σ (Xj )

=
1

σ (Xcj ,X
d
i )

=
1

σ (Xi)
− 1
σ2(Xi)

σ ′(Xi)(X
c
j −X

c
i ) + s.o.

In this case, it will be sufficient to keep the first term 1
σ (Xi )

only and we have

−
dj,k
σ (Xj )

f (ck) = C1i,k(X
c
j −X

c
i ) + s.o.,

where
C1i,k = −f (ck)ckσ

′(Xi)
T /σ (Xi).
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When dij = 1, we have

dj,k = ck
[
σ (Xci ,X

d
j ) + σ ′(Xci ,X

d
j )T (Xcj −X

c
i )− σ (Xi) + s.o.

]
+ g(Xci ,X

d
j ) + β(Xci ,X

d
j )T (Xcj −X

c
i )− g(Xi)− β(Xi)

T (Xcj −X
c
i )

= ck
[
σ (Xci ,X

d
j )− σ (Xi)

]
+ g(Xci ,X

d
j )− g(Xi) + cks.o.

+
[
ckσ
′(Xci ,X

d
j )T + β(Xci ,X

d
j )T − β(Xi)

T
]
(Xcj −X

c
i ).

Next,

1
σ (Xj )

=
1

σ (Xci ,X
d
j )
−
σ ′(Xci ,X

d
j )T

σ2(Xci ,X
d
j )

(Xcj −X
c
i ) + s.o.

=
1

σ (Xi)
+
σ (Xi)− σ (Xci ,X

d
j )

σ (Xci ,X
d
j )σ (Xi)

−
σ ′(Xci ,X

d
j )T

σ2(Xci ,X
d
j )

(Xcj −X
c
i ) + s.o. (A.18)

It can be shown that the second term in Equation (A.18) is of order λ and the third term
in Equation (A.18) is of order h in E

(
h−pWjiLjiη

∗
j,k |Xi

)
, both of which can be omitted so that

1/σ (Xj ) = 1/σ (Xi) + s.o. and

−
dj,k
σ (Xj )

f (ck) = C2i,k +C3i,k(X
c
j −X

c
i ) + s.o., (A.19)

where

C2i,k = −f (ck)
[
ck

(
σ (Xci ,X

d
j )− σ (Xi)

)
+ g(Xci ,X

d
j )− g(Xi)

]
/σ (Xi),

C3i,k = −f (ck)
[
ckσ
′(Xci ,X

d
j )T + β(Xci ,X

d
j )T − β(Xi)

T
]
/σ (Xi).

�

Proof of Lemma 5. In taking expectations of η∗j,kη
∗
j,m, we assume ck −

dj,k
σ (Xj )

≤ cm −
dj,m
σ (Xj )

. The

results for the case of ck −
dj,k
σ (Xj )

≥ cm −
dj,m
σ (Xj )

will be the same.

E

[
η∗j,kη

∗
j,m|Xi ,Xj

]
= E

[
1
(
εj ≤ ck −

dj,k
σ (Xj )

)
1
(
εj ≤ cm −

dj,m
σ (Xj )

)
|Xi ,Xj

]
− τmE

[
1
(
εj ≤ ck −

dj,k
σ (Xj )

)
|Xi ,Xj

]
− τkE

[
1
(
εj ≤ cm −

dj,m
σ (Xj )

)
|Xi ,Xj

]
+ τkτm

= (1− τm)E
[
1
(
εj ≤ ck −

dj,k
σ (Xj )

)
|Xi ,Xj

]
− τkE

[
1
(
εj ≤ cm −

dj,m
σ (Xj )

)
|Xi ,Xj

]
+ τkτm. (A.20)

Similar to Lemma 4, we analyze E
[
η∗j,kη

∗
j,m|Xi ,Xj

]
under two cases: dji = 0 and dji = 1. Lemma 4
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implies

E
(
η∗j,m|Xi ,Xj

)
=

C1i,m(Xcj −X
c
i ) + s.o. if dji = 0,

C2i,m +C3i,m(Xcj −X
c
i ) + s.o. if dji = 1,

(A.21)

where C1i,m, C2i,m, and C3i,m are defined similarly to C1i,k , C2i,k , and C3i,k in Lemma 4.

Using both Lemma 4 and Equation (A.21), we obtain the following two results. When
dji = 0, Equation (A.20) becomes

E

[
η∗j,kη

∗
j,m|Xi ,Xj

]
= (1− τm)

(
C1i,k(X

c
j −X

c
i ) + τk

)
− τk

(
C1i,m(Xcj −X

c
i ) + τm

)
+ τkτm + s.o.

= (1− τm)τk +C4i,km(Xcj −X
c
i ) + s.o.,

where

C4i,km = (1− τm)C1i,k − τkC1i,m.

When dji = 1, Equation (A.20) becomes

E

[
η∗j,kη

∗
j,m|Xi ,Xj

]
= (1− τm)

(
C2i,k +C3i,k(X

c
j −X

c
i ) + τk

)
− τk

(
C2i,m +C3i,m(Xcj −X

c
i ) + τm

)
+ τkτm + s.o.

= C5i,km +C6i,km(Xcj −X
c
i ) + s.o.,

where

C5i,km = (1− τm)τk + (1− τm)C2i,k − τkC2i,m

C6i,km = (1− τm)C3i,k − τkC3i,m.

�

Proof of Lemma 6. Rewrite S1,km as

S1,km =
1

n3h2p

n∑
i=1

n∑
j=1

n∑
l=1

i,j,l

γ2
i WjiLjiWliLliη

∗
j,kη

∗
l,m +

1
n3h2p

n∑
i=1

n∑
j=1

γ2
i W

2
jiL

2
jiη
∗
j,kη

∗
j,m

= S1,km,a + S1,km,b.

The first term S1,km,a can be written as

S1,km,a =
1
n3

n∑
i=1

n∑
j=1

n∑
l=1

i,j,l

H1a(X
c
i ,X

c
j ,X

c
l ),

where H1a(X
c
i ,X

c
j ,X

c
l ) is a symmetrized version of γ2

i WjiLjiWliLliη
∗
j,kη

∗
l,m and is given by



LOCAL COMPOSITE QUANTILE REGRESSION 18

H1a(X
c
i ,X

c
j ,X

c
l ) =

1
3

(h−2pγ2
i WjiLjiWliLliη

∗
j,kη

∗
l,m + h−2pγ2

j WijLijWljLljη
∗
i,kη
∗
l,m

+ h−2pγ2
l WjlLjlWilLilη

∗
i,kη
∗
j,m).

We first calculate the expectation of the following term:

E

[
H1a(X

c
i ,X

c
j ,X

c
l )
]

= E

{
γ2
i E

[
h−pWjiLjiη

∗
j,k |Xi

]
·E

[
h−pWliLliη

∗
l,m|Xi

]}
. (A.22)

The calculation of E
[
h−1WjiLjiη

∗
j,k |Xi

]
will suffice.

E

[
h−pWjiLjiη

∗
j,k |Xi

]
= E

[
h−pWjiη

∗
j,k |Xi ,dji = 0

]
· P

(
dji = 0|Xi

)
+E

[
h−pWjiη

∗
j,k |Xi ,dji = 1

]
· P

(
dji = 1|Xi

)
λ× (1 +O(λ))

= C1i,k

∫
h−pWji(X

c
j −X

c
i )f (Xcj ,X

d
i )dXcj

+λC2i,k

∑
X̃d ,dx̃i=1

∫
h−pWjif (Xcj |X̃

d)dXcj × P (dx̃i = 1)× (1 +O(λ))

+λC3i,k

∑
X̃d ,dx̃i=1

∫
h−pWji(X

c
j −X

c
i )f (Xcj |X̃

d)dXcj × P (dx̃i = 1)× (1 +O(λ))

= C1i,k

∫
W (v)hv

[
f (Xi) + f ′(Xi)hv +

1
2
h2vT f ′′(Xi)v + o(h2)

]
dv

+λC2i,k

∑
X̃d ,dx̃i=1

∫
W (v)

[
f (Xci , X̃

d) + hvf ′(Xci , X̃
d) + o(h)

]
dv × (1 +O(λ))

+λhC3i,k

∑
X̃d ,dx̃i=1

∫
vW (v)

[
f (Xci , X̃

d) + hvf ′(Xci , X̃
d) + o(h)

]
dv × (1 +O(λ))

= A1i,kh
2 +O(h4)−A2i,kλ+O(λh2), (A.23)

where

A1i,k = C1i,kµ2f (Xi),

A2i,k = −C2i,k

∑
X̃d ,dx̃i=1

f (Xci , X̃
d
i ).

Similarly,
E

[
h−pWliLliη

∗
l,m|Xi

]
= A1i,mh

2 +O(h4)−A2i,mλ+O(λh2),

where

A1i,m = C1i,mµ2f (Xi),

A2i,m = −C2i,m

∑
X̃d ,dx̃i=1

f (Xci , X̃
d
i ).
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Substitute the results for both E

[
h−pWjiLjiη

∗
j,k |Xi

]
and E

[
h−pWliLliη

∗
l,m|Xi

]
into Equation (A.22)

to get

E

[
H1a(X

c
i ,X

c
j ,X

c
l )
]

= A∗1,kmh
4 −A∗2,kmh

2λ+A∗3,kmλ
2 + Ã∗1,kmh

6 + Ã∗2,kmh
4λ+ Ã∗3,kmh

2λ2 + s.o.,

where

A∗1,km = E

[
γ2
i A1i,kA1i,m

]
,

A∗2,km = E

[
γ2
i
(
A1i,kA2i,m +A1i,mA2i,k

)]
,

A∗3,km = E

[
A2i,kA2i,m

]
.

The expressions for Ã∗1,km, Ã∗2,km, and Ã∗3,km are omitted as they are associated with terms of
smaller order and are not used in the proof.

Next, consider S1,km,b.

S1,km,b =
1
n
· 1
n2

n∑
i=1

n∑
j=1
j,i

H1b(X
c
i ,X

c
j ),

where H1b is a symmetrized version of h−2pγ2
i W

2
jiL

2
jiη
∗
j,kη

∗
j,m and it takes the following form:

H1b(X
c
i ,X

c
j ) =

1
2

(
h−2pγ2

i W
2
jiL

2
jiη
∗
j,kη

∗
j,m + h−2pγ2

j W
2
ijL

2
ijη
∗
i,kη
∗
i,m

)
.

We utilize Lemma 5 to calculate the expectation of E
[
H1b(X

c
i ,X

c
j )
]
.

E

[
H1b(X

c
i ,X

c
j )
]

= E

[
γ2
i E

[
h−2pW 2

jiL
2
jiη
∗
j,kη

∗
j,m|Xi

]]
and

E

[
h−2pW 2

jiL
2
jiη
∗
j,kη

∗
j,m|Xi

]
= E

[
h−2pW 2

jiη
∗
j,kη

∗
j,m|Xi ,dji = 0

]
· P (dji = 0|Xi)

+E

[
h−2pW 2

jiη
∗
j,kη

∗
j,m|Xi ,dji = 1

]
· P (dji = 1|Xi)λ2 × (1 +O(λ2))

= (1− τm)τkh
−p

∫
h−pW 2

jif (Xcj ,X
d
j )dXcj

+ h−pC4i,km

∫
h−pW 2

ji(X
c
j −X

c
i )f (Xcj ,X

d
j )dXcj

+λ2
∑
X̃d ,dx̃i

∫
h−pW 2

ji[C5i,km +C6i,km(Xcj −X
c
i )]f (Xcj |X̃

d)dXcj × P (dx̃i = 1)× (1 +O(λ2))

= (1− τm)τkh
−p

∫
W 2(v)

[
f (Xi) + f ′(Xi)hv +O(h2)

]
dv

+C4i,km

∫
W 2(v)v

[
f (Xi) + f ′(Xi)hv +O(h2)

]
dv +O(λ2)

= (1− τm)τkh
−pf (Xi)

∫
W 2(v)dv + s.o.
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Hence,

E

[
H1b(X

c
i ,X

c
j )
]

= A∗4,kmh
−p,

where
A∗4,km = (1− τm)τkv0E

[
γ2
i f (Xi)

]
.

Similarly, we can show E

[
H1b(X

c
i ,X

c
j )|Xi

]
=O(h−p). Hence, by the H-decomposition, we have

S1,km,b = n−1
E

[
H1b(X

c
i ,X

c
j )
]

+ 2n−1
n∑
i=1

{
E

[
H1b(X

c
i ,X

c
j )|Xi

]
−E

[
H1b(X

c
i ,X

c
j )
]}

+ s.o.

= A∗4,km(nhp)−1 +n−1/2O((nhp)−1).

Combining the results for S1,km,a and S1,km,b, we have

S1,km = A∗1,kmh
4 −A∗2,kmh

2λ+A∗3,kmλ
2 +A∗4,km(nhp)−1 + Ã∗1,kmh

6 + Ã∗2,kmh
4λ+ Ã∗3,kmh

2λ2 + s.o.

�

Proof of Lemma 7. Write

S2,k = n−2
n∑
i=1

n∑
j=1
j,i

H2(Xci ,X
c
j ),

where
H2(Xci ,X

c
j ) =

1
2

(
h−pδiWjiLjiη

∗
j,kεi + h−pδjWijLijη

∗
i,kεj

)
.

Using Equation (A.23) and the independence between εi and η∗j,k , we have

E

[
δih
−pWjiLjiη

∗
j,kεi |Xi

]
= δiεiE

[
h−pWjiLjiη

∗
j,k |Xi

]
= δiεi

(
A1i,kh

2 −A2i,kλ+O(h4) +O(λh2)
)

= B11i,kh
2 +B12i,kλ+O(h4) +O(λh2),

where B11i,k = δiεiA1i,k and B12i,k = δiεiA2i,k . Using the H-decomposition similar to that for
S1,km,b in Lemma 6 and the fact that E

[
H2(Xci ,X

c
j )
]

= 0, we have

S2,k =
2
n

n∑
i=1

B11,kh
2 +

2
n

n∑
i=1

B12,kλ+ s.o. = B∗1,k
h2
√
n

+B∗2,k
λ
√
n

+ s.o.,

where

B∗1,k =
2
√
n

n∑
i=1

B11i,k and B∗2,k =
2
√
n

n∑
i=1

B12i,k ,

and both B∗1,k and B∗2,k are Op(1). �



21 XIAO HUANG AND ZHONGJIAN LIN

Proof of Lemma 8. The op(1) term in Equation (A.6) results from four different sources through-
out the derivation:

1. In the proof of Proposition 2, the use of F(ck + z) − F(ck) = zf (ck) + o(z) gives a smaller
order term o(z) that contributes to the op(1) term in Equation (A.6).

2. In the proof of Proposition 2, a Taylor series approximation is applied in the second-to-
last equality in Equation (A.3),

fε(ck −
di,k
σ (Xi)

) = f (ck)− f ′(ck)
di,k
σ (Xi)

+ op(1),

yielding an op(1) term.

3. The term Rn,k(θ) adds another op(1) term in the proof of Proposition 2.

4. Finally, the use of Equation (A.4) in Ln(θ) in the proof of Proposition 3 gives another
op(1) term.

We first analyze the leading term of each of the above four op(1) terms and show that, when
combined, the op(1) term in Equation (A.6) is Op(h+λ+ 1√

nhp
). To simplify notations, assume

p = 1 so that both Xci and v are scalars. The result remains the same for the general case when
p > 1. Consider source 1. The second equality in Equation (A.3) can be written as

q∑
k=1

Eε[Bn,k(θ)|X] =
q∑
k=1

n∑
i=1

(
Kix

∫ ∆i,k

0

 z
σ (Xi)

fε

(
ck −

di,k
σ (Xi)

)
+

1
2
f ′ε

(
ck −

di,k
σ (Xi)

) z2

σ2(Xi)
+ o(z2)

dz),
where the leading term of the op(1) term is

∑q
k=1

∑n
i=1

(
Kix

∫ ∆i,k

0
1
2f
′
ε

(
ck −

di,k
σ (Xi )

)
z2

σ2(Xi )
dz

)
. Let

fε,i = fε
(
ck −

di,k
σ (Xi )

)
z2

σ2(Xi )
dz

)
and x̃ci = Xci −xc

h . A further analysis shows

q∑
k=1

n∑
i=1

(
Kix

∫ ∆i,k

0

1
2
f ′ε,i

z2

σ2(Xi)
dz

)
=

1
6

q∑
k=1

n∑
i=1

Kixf
′
ε,i

σ2(Xi)
∆3
i,k

=
1
√
nhp

1
6

q∑
k=1

(
uk ,v

T
) 1

nhp
∑n
i=1

Kixf
′
ε,i

σ2(Xi )
(uk + vT x̃ci )

1
nhp

∑n
i=1

Kixf
′
ε,i

σ2(Xi )
(uk + vT x̃ci )x̃

cT
i

1
nhp

∑n
i=1

Kixf
′
ε,i

σ2(Xi )
(uk + vT x̃ci )x̃

c
i

1
nhp

∑n
i=1

Kixf
′
ε,i

σ2(Xi )
(uk + vT x̃ci )x̃

c
i x̃
cT
i


(
uk
v

)

=
1
√
nhp

1
6

q∑
k=1

(
uk ,v

T
)(Op(1) Op(h)
Op(h) Op(1)

)(
uk
v

)
+ op(1)

=Op

(
1
√
nhp

)
,
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where the probability orders are obtained by a method similar to Lemma 1. Hence the third-
to-last equality in Equation (A.3) can be rewritten as

q∑
k=1

Eε[Bn,k(θ)|X] ==
q∑
k=1

n∑
i=1

Kix∆
2
i,k

2σ (Xi)
fε,i +Op

(
1
√
nhp

)
. (A.24)

Consider source 2, where an additional op(1) term is generated while approximating fε in
Equation (A.24). Rewrite Equation (A.24) as

q∑
k=1

Eε[Bn,k(θ)|X] =
q∑
k=1

n∑
i=1

Kix∆
2
i,k

2σ (Xi)

[
fε(ck)− f ′ε (ck)

di,k
σ (Xi)

+ · · ·
]

+Op

(
1
√
nhp

)

=
q∑
k=1

n∑
i=1

Kix∆
2
i,k

2σ (Xi)

[
fε(ck)−

f ′ε (ck)
σ (Xi)

(ck(σ (Xi)− σ (x)) + ri) + · · ·
]

+Op

(
1
√
nhp

)

=
q∑
k=1

n∑
i=1

Kix∆
2
i,kfε(ck)

2σ (Xi)
+

q∑
k=1

n∑
i=1

Kix∆
2
i,kckf

′
ε (ck)

2σ2(Xi)
σ ′(x)(Xci − x

c) +Op

(
1
√
nhp

)
,

where
∑q
k=1

∑n
i=1

Kix∆
2
i,kckf

′
ε (ck)

2σ2(Xi )
σ ′(x)(Xci − x

c) is the leading term of the op(1) term from source 2
and we can further show that

q∑
k=1

n∑
i=1

Kix∆
2
i,kckf

′
ε (ck)

2σ2(Xi)
σ ′(x)(Xci − x

c)

=
q∑
k=1

ckf
′
ε (ck)

(
uk ,v

T
)

×

 1
nhp

∑n
i=1

Kixσ
′(x)(Xci −xc)
σ2(Xi )

1
nhp

∑n
i=1

Kixσ
′(x)(Xci −xc)
σ2(Xi )

(Xci − x
c)T

1
nhp

∑n
i=1

Kixσ
′(x)(Xci −xc)
σ2(Xi )

(Xci − x
c) 1

nhp
∑n
i=1

Kixσ
′(x)(Xci −xc)
σ2(Xi )

(Xci − x
c)(Xci − x

c)T


(
uk
v

)

=
q∑
k=1

ckf
′
ε (ck)

(
uk ,v

T
)(Op(h2) Op(h)
Op(h) Op(h2)

)(
uk
v

)
=Op(h),

where the probability orders are obtained by a method similar to that in Lemma 1.

Combined with Equation (A.24), Equation (A.3) can be rewritten as

q∑
k=1

Eε[Bn,k(θ)|X] =
1
2
θT

(
Sn +Op(h)

)
θ +Op

(
1
√
nhp

)
. (A.25)

Consider source 3. To explicitly see the probability order of Rn,k(θ), it is helpful to work
with Bn,k(θ) first. Assume ∆i,k ≥ 0 in Equation (A.1). The symmetric case ∆i,k ≤ 0 gives the
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same result.

q∑
k=1

Bn,k(θ) =
q∑
k=1

n∑
i=1

Kix

∫ ∆i,k

0
Prob

(
ck −

di,k
σ (Xi)

≤ εi ≤ ck −
di,k
σ (Xi)

+
z

σ (Xi)

)
dz

=
q∑
k=1

n∑
i=1

Kix

∫ ∆i,k

0

[
Fε

(
ck −

di,k
σ (Xi)

+
z

σ (Xi)

)
−Fε

(
ck −

di,k
σ (Xi)

)]
dz

=
1
2
θT Snθ + op(1),

where the last line follows from the proof in Equation (A.3). We conclude that
∑q
k=1Bn,k and∑q

k=1Eε[Bn,k(θ)|X] have the same probability order and the leading term of the op(1) term in

source 3 can also be characterized by Op(h) and Op
(

1√
nhp

)
in Equation (A.25).

Consider source 4. Sn is defined in Section 2. Using Lemma 1, it is easy to see the leading
terms of the op(1) term in each of the block matrices in Equation (A.4) is Op(h2 + λ + 1√

nhp
),

Op(h+ 1√
nhp

), and Op(h2 +λ+ 1√
nhp

). Hence, we conclude that the overall leading term is Op(h+

λ+ 1√
nhp

).

Given the above analysis for the leading terms from four sources, Equation (A.5) can be
written as

Ln(θ) =
1
2
f (x)
σ (x)

θT
(
S +Op(h+λ+

1
√
nhp

)
)
θ +W ∗n

T θ +Op(
1
√
nhp

), (A.26)

where the Op(h) term from source 2 is combined with the leading term from source 4. Let

D =Op(h+λ+
1
√
nhp

).

The first order condition of Equation (A.26) w.r.t. θ gives

θ̂n = −σ (x)
f (x)

(S +D)−1W ∗n. (A.27)

We note that

(S +D)−1 = S−1 − S−1D
(
Iq+p + S−1D

)−1
S−1

= S−1 − S−1D
(
Iq+p −

(
S−1D

)1
+
(
S−1D

)2
− · · ·

)
S−1

= S−1 − S−1DS−1 + op(1),

where the second equality follows from the fact that D → 0 as n → ∞ and the sum of the
absolute value of each row in S−1D will be less than 1 as n→∞. Thus the eigenvalues of S−1D
are all less than 1 in absolute value and it justifies the expansion in the second equality. This
result allows us to write Equation (A.27) as

θ̂n ≈ −
σ (x)
f (x)

S−1W ∗n +
σ (x)
f (x)

S−1DS−1W ∗n. (A.28)
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Compared with Equation (A.6), Equation (A.28) includes the leading term of the op(1) term.
Given Equation (A.28), Equation (8) can be written as

û1
...
ûq

 = −σ (x)
f (x)

(
S−1

)
11
W ∗1n +

σ (x)
f (x)

(
S−1DS−1

)
11
W ∗1n, (A.29)

where
(
S−1DS−1

)
11

is the upper-left q × q block matrix in S−1DS−1 and it is Op(h + λ + 1√
nhp

).
The remaining analysis essentially repeats that in Section 3 with an extra term on the r.h.s. of
Equation (A.29). For example, both ĝ(x) in Equation (9) and ĝ−i(Xi) in Equation (10) can be
updated as

ĝ(x) = − 1
nhpq

σ (x)
f (x)

q∑
k=1

n∑
i=1

Kixη
∗
i,k

f (ck)
+

1

q
√
nhp

σ (x)
f (x)

ιTq
(
S−1DS−1

)
11
W ∗1n + g(x), (A.30)

ĝ−i(x) = − 1
nhpq

σ (x)
f (x)

q∑
k=1

n∑
j=1
j,i

Kjiη
∗
j,k

f (ck)
+

1

q
√
nhp

σ (x)
f (x)

ιTq
(
S−1DS−1

)
11
W ∗1n,−i + g(x), (A.31)

where W1n,−i denotes the variable obtained by excluding Xi . Define

G1,−i = − 1
nhpq

σ (x)
f (x)

q∑
k=1

n∑
j=1
j,i

Kjiη
∗
j,k

f (ck)
, (A.32)

G2,−i =
1

q
√
nhp

σ (x)
f (x)

ιTq
(
S−1DS−1

)
11
W ∗1n,−i . (A.33)

Substitute Equation (A.31) into Equation (12) and we have

CV1(h,λ) = n−1
n∑
i=1

(
G1,−i +G2,−i

)2 + 2n−1
n∑
i=1

σ (Xi)
(
G1,−i +G2,−i

)
=

1
n

n∑
i=1

G2
1,−i +

2
n

n∑
i=1

G1,−iG2,−i +
1
n

n∑
i=1

G2
2,−i +

2
n

n∑
i=1

σ (Xi)εiG1,−i

+
2
n

n∑
i=1

σ (Xi)εiG2,−i (A.34)

= G1 +G2 +G3 +G4 +G5, (A.35)

where terms G1 to G5 are defined in the order of the terms in the second equality. Both G1
and G4 are already analyzed in Equation (12). We will focus on G2, G3, and G5. We will show
that the orders of G2, G3, and G5 are smaller than those of G1 and G4. Hence omitting the
op(1) term in writing Equation (8) does not affect the cross-validation result.

Consider G3. Recall S is O(1) while D is Op(h+λ+ 1√
nhp

) so that
(
S−1DS−1

)
11

is also Op(h+
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λ+ 1√
nhp

).

G3 =
1
n

n∑
i=1

G2
2,−i

=
1
q2

1
n3h2p

n∑
i=1

γ2
i ι
T
q

(
S−1DS−1

)
11

×



∑n
j=1
j,i

∑n
l=1
l,i
KjiKliη

∗
j,1η

∗
l,1 · · ·

∑n
j=1
j,i

∑n
l=1
l,i
KjiKliη

∗
j,1η

∗
l,q

...
...

...∑n
j=1
j,i

∑n
l=1
l,i
KjiKliη

∗
j,qη
∗
l,1 · · ·

∑n
j=1
j,i

∑n
l=1
l,i
KjiKliη

∗
j,qη
∗
l,q


(
S−1DS−1

)T
11
ιq. (A.36)

Proof of the probability orders for terms in Equation (A.36) follows exactly the same steps for

S1,km in Equation (15) except for the multiplication of
(
S−1DS−1

)
11

and
(
S−1DS−1

)T
11

. Con-
sequently, G3’s contribution to CV1(h,λ) is the result in Lemma 6 multiplied by a factor of
Op(h+λ+ 1√

nhp
)2.

Using a similar argument and by noting that G2,−i is equivalent to G1,−i multiplied by an
Op(h + λ + 1√

nhp
) term , we can show G2’s contribution to CV1(h,λ) is less than the result in

Lemma 6 multiplied by a factor of Op(h + λ + 1√
nhp

). Similarly, G5’s effect on CV1(h,λ) is less

than the result in Lemma 7 multiplied by a factor of Op(h+λ+ 1√
nhp

).

To summarize, in writing Equation (8), we omit the op(1) in Equation (A.6), the leading
term of which is added back in Equation (A.28) and Equation (A.29). The impact of the second
term on the r.h.s. of Equation (A.29) on the cross-validation exercise is summarized by G2,
G3, and G5 in Equation (A.34). We show that the probability orders of G1 and G4 dominate
those of G2, G3, and G5 in Equation (A.34), which justifies the omission of the op(1) term in
Equation (8). �

3 Figures for other distributions

Similar to Figures 1 and 2, we include the results for the Laplace and two mixture normal
distributions in Figures 1 to 3. Next, similar to Figures 3 and 4, we attach figures for the
Laplace and two mixture normal distributions in Figures 4 to 6.
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Figure 1: DGP 2 Laplace distribution coverage results. Shaded interval: asymptotic 95% con-
fidence interval, averaged over 1000 replications; solid line: g(x). Xd = 0 in the left panel and
Xd = 1 in the right panel.
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Figure 2: DGP 2 0.95N (0,1) + 0.05N (0,9) distribution coverage results. Shaded interval:
asymptotic 95% confidence interval, averaged over 1000 replications; solid line: g(x). Xd = 0
in the left panel and Xd = 1 in the right panel.

−0.6

−0.3

0.0

0.3

0.00 0.25 0.50 0.75 1.00
x

g(
x)

0.4

0.8

1.2

1.6

0.00 0.25 0.50 0.75 1.00
x

g(
x)

Figure 3: DGP 2 0.95N (0,1) + 0.05N (0,100) distribution coverage results. Shaded interval:
asymptotic 95% confidence interval, averaged over 1000 replications; solid line: g(x). Xd = 0
in the left panel and Xd = 1 in the right panel.
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Figure 4: DGP 2 Laplace distribution results. Dashed lines: bootstrap 95% confidence interval;
shaded interval: asymptotic 95% confidence interval; solid line: g(x). Xd = 0 in the left panel
and Xd = 1 in the right panel.
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Figure 5: DGP 2 0.95N (0,1) + 0.05N (0,9) distribution results. Dashed lines: bootstrap 95%
confidence interval; shaded interval: asymptotic 95% confidence interval; solid line: g(x).
Xd = 0 in the left panel and Xd = 1 in the right panel.
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Figure 6: DGP 2 0.95N (0,1) + 0.05N (0,100) distribution results. Dashed lines: bootstrap
95% confidence interval; shaded interval: asymptotic 95% confidence interval; solid line: g(x).
Xd = 0 in the left panel and Xd = 1 in the right panel.
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