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This supplementary material contains complementary Monte Carlo results, detailed proofs

of Theorems 1 and 2 and technical lemmas needed to complete the proofs.

1 More finite sample results

Tables I and II show the results for ®(L) = 1 + 1.06L — 0.6L? for the case of a single pole
at w/4. In that case the spectral peak at w/4 caused by the AR(2) induces a bias in the
estimation of the memory parameter if a large bandwidth is used. This biasing effect seems
to be stronger for the ELW than for the LW in those cases where the properties of the LW
are theoretically supported (d = 0.4,0.8), which can be observed in both tables with m = 32
and m = 63. In those cases the LW estimator performs better than the ELW. However, the
bias is quite controlled with m = 8, especially for the ELW, which shows a significantly lower
bias than the LW estimator even for d = 0.4 and d = 0.8. In any case, the ELW estimator

with a low m is the best option in terms of MSE, which can also be observed in the estimated
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kernel densities in Figure 1. The better performance of the misspecified ELW with large m is
due to compensation between the positive bias induced by the AR(2) term and the negative
one caused by the wrong specification of the local behaviour of the spectral density function

around /4. As m increases the effect of the AR(2) term dominates and the bias becomes

positive.
TABLE I. Finite sample results, ®(L) = 1+ 1.06L — 0.6L%, n = 512
d=-3
bias s.d. MSE bias s.d. MSE bias s.d. MSE
LW 2.9931 0.0364 8.9598 2.6780 0.2324 7.2259 2.4233 0.2287 5.9247
ELW 0.0194 0.1968 0.0391 0.2088 0.0785 0.0497 0.4523 0.0580 0.2080

ELW-sine -0.3012  0.1912 0.1273 -0.0480 0.0807 0.0088 0.1416 0.0552 0.0231
TLW (HC) 1.7711 0.3475 3.2574 1.0687 0.1851 1.1764 1.0452 0.1408 1.1122
TLW (V) 2.2564 0.3213 5.1946 1.3629 0.1894 1.8933 1.2810 0.1555 1.6652

d=-1.5
m =28 m = 32 m = 63
bias s.d. MSE bias s.d. MSE bias s.d. MSE
LW 0.8831 0.3106 0.8763 0.5867 0.1628 0.3707 0.6295 0.1079 0.4080
ELW 0.0228 0.2022 0.0414 0.2066 0.0780 0.0488 0.4519 0.0565 0.2074

ELW-sine -0.3007 0.1966 0.1290 -0.0492 0.0825 0.0092 0.1418 0.0545 0.0231
TLW (HC) 0.1433 0.2479 0.0820 0.2675 0.0966 0.0809 0.4607 0.0665 0.2166
TLW (V) 0.1659  0.2468 0.0885 0.2542  0.0987 0.0744 0.4489 0.0719 0.2067

d=04
m=3_8 m = 32 m = 63
bias s.d. MSE bias s.d. MSE bias s.d. MSE
Lw 0.0144 0.2102 0.0444 0.1807 0.0794 0.0390 0.3167 0.0546 0.1033
ELW 0.0074 0.2003 0.0402 0.2047 0.0789 0.0481 0.4539 0.0568 0.2093

ELW-sine -0.3046  0.1850 0.1270 -0.0538 0.0837 0.0099 0.1407 0.0550 0.0228

TLW (HC) 0.0961 0.2253 0.0600 0.2085 0.0935 0.0522 0.3352 0.0648 0.1165

TLW (V) 0.0816  0.2406 0.0646  0.1979  0.1002 0.0492 0.3269 0.0710 0.1119
Note: Results for ®(L)(1 —2cos ZL + L?)% X, = u,I(t > 1), u; ~ N(0,1). LW, ELW, ELW-sine,
TLW (HC), TLW (V) denote the original Local Whittle estimator (Arteche and Robinson, 2000),

the Exact Local Whittle, the misspecified ELW without the sine term and tapered versions of the

Local Whittle estimator with the “efficient” taper in Hurvich and Chen (2000) and the triangular
Barlett taper (p = 2 in Velasco, 1999) respectively.



TABLE II. Finite sample results, ®(L) = 1+ 1.06L — 0.6L%, n = 512

bias s.d. MSE bias s.d. MSE bias s.d. MSE

LW 0.0374 0.2056 0.0437 0.1739 0.0759 0.0360 0.2394 0.0652 0.0616
ELW 0.0081 0.2045 0.0419 0.2125 0.0772 0.0511 0.4550 0.0590 0.2105
ELW-sine -0.3098 0.1981 0.1352 -0.0474 0.0791 0.0085 0.1441 0.0556 0.0239
TLW (HC) 0.2046 0.2415 0.1002 0.2607 0.0963 0.0773 0.3518 0.0702 0.1287
TLW (V) 0.1885 0.2435 0.0948 0.2356 0.0954 0.0646 0.3270 0.0722 0.1121

d=1.5
m =8 m = 32 m = 63
bias s.d. MSE bias s.d. MSE bias s.d. MSE
LW -0.3926  0.1345 0.1722 -0.4321 0.0803 0.1932 -0.4529 0.0861 0.2126
ELW 0.0055 0.2051 0.0421 0.2074 0.0794 0.0493 0.4551 0.0581 0.2105

ELW-sine -0.3109 0.1902 0.1329 -0.0531 0.0816 0.0095 0.1422 0.0548 0.0232
TLW (HC) 0.3821 0.2186 0.1938 0.3832 0.1053 0.1580 0.4115 0.0711 0.1744
TLW (V) 0.3831 0.2255 0.1977 0.3194 0.1023 0.1125 0.3318 0.0656 0.1144

d=3
m=2_8 m = 32 m =63
bias s.d. MSE bias s.d. MSE bias s.d. MSE
LW -1.9780 0.0621 3.9162 -1.9913 0.0302 3.9660 -1.9966 0.0670 3.9908
ELW 0.0108 0.1947 0.0380 0.2038 0.0806 0.0480 0.4549 0.0586 0.2104

ELW-sine -0.3041 0.1950 0.1305 -0.0548 0.0832 0.0099 0.1404 0.0567 0.0229

TLW (HC) -0.9268 0.1189 0.8731 -0.9192 0.0671 0.8494 -0.9430 0.0799 0.8955

TLW (V)  -0.8874 0.0911 0.7958 -0.9661 0.0434 0.9351 -1.0046 0.0833 1.0162
Note: Results for ®(L)(1 —2cos T L + L)% X, = u I (t > 1), uy ~ N(0,1). LW, ELW, ELW-sine,
TLW (HC), TLW (V) denote the original Local Whittle estimator (Arteche and Robinson, 2000),
the Exact Local Whittle, the misspecified ELW without the sine term and tapered versions of the
Local Whittle estimator with the “efficient” taper in Hurvich and Chen (2000) and the triangular

Barlett taper (p = 2 in Velasco, 1999) respectively.



Figure 1. Monte Carlo probability density functions, m
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2 Proofs of the theorems

Proof of Theorem 1: Define d = (dy,...,dy)’, do = (d1o,...,dpo)" and S(d) = Ry (d) —
Ry(do) = o4y Sn(d), Sh(d) = Un(dp) — Ti(d) where

Un(dn) = 2(dn — dpo) — log[2(dp, — dpo) + 1]

éh(do) éh(d> 2(dn— dho)
T; = 1 -1 _
h(d) 08 GhO 08 Gh(dh) 2(5hmh Z m

{2(dn — dno) + 1})

+ 2(dp, — dpo) (25 Zlogm logmh—l—l)

for
dr) = )| 2(dn—dno) d
Gh( h) Gh025hmh2| J\ , an
A 1(dy— le)
Cnld 25hmhz |29h|2 dn=dno) ll_Il Lh

I#h
Define © = Hthl[Ahl,Ahg] and N5 = {d : ||d — dp|| > 0} for some small § > 0 where || - ||

denotes the supremum norm. Consider also the following sets for h = 1,2, ..., H, 0, = dp—dpo,

where the dependence on d is omitted to simplify notation:

Of = {d:—L+A<O <)
Of = {d:—g<fh<—3+A)
ey = {dzégehsg};

eh = {d:g§9h§g};

of = {d:2<m<ly

of = {d:l<m<i)

of = {d:—5 <t <3
or = {d:—gsehg—g};
oy = {d:fgsehgfg};
05 = {d:—gsehg—;}

for 1/4 > A > 0 and denote ©f; = O} UO" for i,j = 0,...,9, ©1(h) = Of X H{;’éh[All,Am]
and ©2(h) = ©\0O1(h). Consistency holds if P(HCZ— dp|| > 0) — 0 as n — oco. Since P(HCZ—



dol| > 6) < 5L, Plinf y,ne Sk(d) < 0) and P(inf g, o Si(d) < 0) < P(infy,n6, 4 Sk(d) <
0) + P(infe, 1) Sh(d) < 0) consistency holds if, for every h =1,..., H,

P(_inf Sy(d) <0) =0 d P( inf S),(d) <0) — 0
(N5F111é1(h) n(d) <0) an (elﬁh) n(d) <0)

Since infyrng, ) Un(dn) 2 62/2 (see formula (2.2) in Arteche, 2000 ), the first probability
holds if supg, (1) |Th(d)] 2,0, which is satisfied if

20, + 1 ‘ 7 |
su —_— — 1| =o(1 1
@1(5) 20pm, Z mp, @ @
su ! Zlo |7] —logmyp, + 1| = o(1) (2)
@1(112) 20pmp, - sV & 1Mh

Ch(d) — Gn(dn)
sup = 0,(1 3
01(h) Gr(dn) (1) ®)

By Lemmas 1 and 2 in Robinson (1995), (1) and (2) are satisfied under Assumption A .4.
Consider now Y;(0) = A" (L,d)X; = AH(L,0)uI(t > 1) where § = d — do = (01, ...,05)’,

and denote Ighj = Inn(p,q)0(Wn + Aj) (note the dependence of Ijhj on d). To prove (3),

126,

) 20, +1 ‘L il =200 (20, [—20n TTH . A720007d o
Ch(d) — Gu(dy) B 26pmp, Z] mp, [| J| |2gn| Hf;}lb L,h yhj h0
= 26
Gl s O Y 7|

_ An(d)
By(dn)

Noting that By (dp) + |Br(dn) — Ghol > Gpo then

inf By (dp) > Gho — sup |Bp(dn) — Gro| > Gro/2
©1(h) O1(h)

using (1) for large enough my. It only remains to be shown that supg, () |4n(d)| = 0,(1). To
that end we split ©1(h) in a finite number of subsets based on the partition @?, 1=0,..,9,

and prove that the desired bound holds in each of them. Consider the following cases:
Case 1.1: ©11(h) = Of x [];, O

Ap(d) involves positive and negative frequencies in those cases wyp # 0,7. Denote by
Ap1(d) as Ap(d) but with the sums running from j = 1 to j = my, (the analysis is similar for

j = —1,..,—my). Now, by summation by parts supg,, () [A4n1(d)| is bounded by

20,

r+1
m

r

20y, T H
: DR ES | N I
h =



1 —20 —2¢ 26,0, rd
+— sup "R2gnlT L LAy Iyng — Gho ¢ |- (5)
Mh @14 (h) ; H v
l;éh
Now, since
r |20 r 1% o 20n . r 1% | 20n 2|6
mp mp, N mp r T |mp r

then (4) is bounded by

mp—1 r 2A 1 T
0 26,0
Z <mh> —5 Sup Z 2 "12gn|” 26h1—[14 ”thg Gho ¢|- (6)

r—1 T ©11(h) j=1
l;éh

By Lemma 4

en(wn+X;) _

Wam(rax, (wn +Aj) = Wyhj Dn(ei(wh+)‘j)a O)Wunj — Ur}LLj(Q) (7)

2m™n

where U5 (0) = t7<e w4 Aj) = SIS dil6) explik — p)(wn + AjYun—p. Then

29h|29 | =20n Hl 25191 I%  — G is equal to

yhj
%wﬂﬂwmﬂwwwwmmww (8)
l;ﬁh
G
+ ”%m%HAWwwwwﬂPfT“” ¥
uhj
l;éh
G
+ [ s — | BE@n D21, J} i M | Gho(2mIen; — 1) (10)
uhj
By Lemma 3 and Assumptions Al and A3,
mp—1 r
i <T>2A1 sup Z 2911’29 | QQhHA 2516'1 (ei(thr/\j)’g)‘Q . GhO Iuhj
r=1 Mh ©11(h) j=1 fuhj
l;éh
mp—1 - 1 T 1y
o () 5 b
(S () S e
r=1 7=1
1
- 0, (e [+ ), a
Using now formula (2.10) in Arteche (2000)
] 1 1/2
B Tunj — !B(ez(wh“j))lzfehj’ =0 < 051/2 j) 1
J

7



and then

ma 1 T 24 1 GhO
S (L) s [y - B RL || 0
r=1 Mh r ©11(h) fuh]
O mhl( r >2A 1 i [10g1/2j]
- P . ) :1/2
=1 \'h [ Y
logl/zn
— Op< m%A = 0p(1)

Now X7t (r/my,) 2202 > i=1(2mLep; — 1)| = 0p(1) as shown in pages 286-287 in Arteche
(2000). Finally, regarding the terms involving (8), using ||a|?> — |b]?| < |a + b||a — b|, Cauchy-

Schwarz inequality, Lemmas 3, 4 and 5

E sup A 29h|29h| 20}, HA 26101]-th 20h|2gh‘ 20}, HA 2519[|D ( Z’wh-i-)\) 0)‘21uh]

©11(h)
l;éh l;ﬁh
2\ 1/2
A .
< E sup ||2ga|” On HA 516, 2)\_9hD C (wh+>\j)>9)Wuhj —Jiem(wh+)‘j)U,’;j
©11(h) I—1 2mn
I%h
2\ 1/2
_9 log?n
x | B sup |2gh‘ 73 A—ézé‘z in(wp+Aj )Uh- -0 () (13)
ou(h \/7 H nj 172
1Zh
and thus,

mp—1 2A r
T 1 : .
> <> =5 sup |y QA |2 | IA 01 = 1D (), 0) 2 L
—1 \n @11(h) j=1

l;éh

., mil N7 i log?n]\ o log? n )
N ’ r=1 "Mh r? j=1 j1/2 7 m%A
because A < 1/4. Thus (6), and consequently also (4), are oy(1). Proceeding similarly (5)

is shown to be op(1) and the details are omitted. Then supg,, () [An1(d)| = 0p(1) and thus

SUpPg,, (n) |An(d)] = op(1).
Case 1.2: O13(h) = O} x 05 x [[ x5 Ok, s # h.
k#h

In this case Lemma 5 cannot be used directly as in Case 1.1. The desired bound can

however be obtained by considering Z; = A;'Y;(0) = A%~! [zs Azkutf(t > 1) for Ay =



(1-2coswsL+L2)%,s=1,..,H. Then A, = (1—2coswL+L?) if ws € (0,7), Ay = (1—-L)
if wg=0and Ag = (14 L) if ws = 7. Denote 14 a vector of dimension H with zeros except

a one in the s-th element and Iy = I(ds = 1) the indicator function of 65 = 1. Using Lemma

4

) in(wp+X;) _
Woanj = Dy (@42 0 — 1) W — 00 - 1)
2mn
and
Wyn; = (1 —2cos wget(WntAi) 4 e2i(“’h+’\j))58thj
in(wp+A\; i(n—1)(wp+A\;
_ M ([Sei2(wh+>\ ) _ 25 cos wge' i(whp+A; )) Z — el Dln J)ISZn_1
2mn 2mn
such that
N1 205 70 TT ALY Wy = FI(0)Wans — U (0) — Z15(0), (15)
I#£h
where

ng(G) = |X\j|7%|2gp,| 70" H A;,fle’(l — 2cos wee' W) 4 2wt D (1 wnt) g 1),

I#£h
_ 50 . . ein(wh"')‘ )
Up(0) = 117012057 TT A2 (1 — 2 cos wye’#n A9 +621(wh+/\j))WUh 0 —1,),
I#£h

ein(wp+X;)

Z0(8) = |0 2gn )70 [T A"

I£h
T e*“wh“ﬂfszn_l} .

[(Ise”(wh“f) — 20 cos wsei(wth)) Zn

Then

I£h
=Lu%ww%HAm%J\ )| L (16)

I#£h

2
+ nj(e)‘ uhj Gho- (17)
Note that by Lemma 3,
2 —1/2

15O =1+ 0(x]) +0(5177) (18)

in O12(h) uniformly in j = +1, .., +m;, and

20, + 1
sup Zhh{

O12(h) | Onmn

m logm
(9)’ uh] Gh()} = Op (77 + —h + mgAh>

n h



using summation by parts, Lemma 3, the result in (18) and proceeding as in the bounds for

formulae (9) and (10).

Now, using (15), (16) is equal to:

@) + |20 —2re Bl 0)w,000))
— 2Re{FlO)Wy,Z0;(0)} + 2Re { ZE5(0)T1;0) }

where * denotes complex conjugation. To get the desired bound for (16) we use summation

_gj(e)r =

by parts as in (4) and (5), focusing again on positive A;. By Lemma 5, £ supg , 1)

O(|7/7* log?n) and thus

Tl Sl ~h 2 log® my, log®n
sup Y ﬁZ‘Unj(G)‘ =0p Tl = op(1).
j=1

©12(h) r=1

Now, by covariance stationarity of Z,, E|Z,|* and E|Z,_1|* are O(1) and thus

mp—1 2A 1 r . 9 mp—1 ” 2A 1 r )\_1

7 J

awp 3 (L)LY el - o X (L) AXY
j=1

©12(h) =1

j=1 r=1

_ 0 log? my,

= O )

which is 0,(1) under assumption A.4. Next,
mp—1 r
h

o Y (- ) s Ul 0)
DS 72 2 [T OO

INA
MS
>
N
I
>
N———
[\
>
T\D‘H
.
N

1/2 1/2
sup IFSJ*(H)IQEIW) (Sup EIU&-(@)I?)

r=1 j=1 \©12(n) ©12(h)
. ?i:l(T>2A17‘logn __C)<kgnnhhx§n> — o(1)
r=1 \h r? j=1 % mi;
by Lemma 5 and (18). Similarly
il ,
E@s;lgl) 1 <mh> T2Z Wi Zhs (9)’

IN
3
>
7
—
N
S<
>
N~
[V
>
T\:‘ —
S
Y
w
e}
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=)
2z
—
=
t
a
>
<
~_—
—
=
)
e
w
o
ko)
&
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o
~
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~
no

—1 j=1 O12 O12(h)
mp—1 2A T . 1/2
r 11 J log myp,
= 0 — S = O =o(1
> () wwx(n) ) -o(hE) -
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Finally

1/2 1/2
J -(9)!2> (E sup !Zﬁj(@lz)
O12(h) O12(h)

= 0 mil o mlli i\ logn ) _ ;) (logmalogn = o(1)
= mn T2\/ﬁj:1 n \/j - m%A = .

IN
3
i
7 N
S\ﬂ
>
S~
(3]
>
‘iw‘,_.
S
/-~
=
)]
=
fo)
Sl

r=1

It can be similarly proved that

6,0
— sup 378 22 2 T AL,
o 52, Z 1;[ s

which completes the proof that supg,, ) [An(d)| = 0p(1). The rest of values in ©1(h) can be
considered similarly using successive applications of A,;l and Ay, k # h, and the product of

them, to complete the proof that supg, () |An(d)| = 0p(1).

It remains to be shown that P(infe, ) Sh(d) < 0) — 0 as n — oo. Consider Sp,(d) =
log(Dy(d)) — log(Dp(do)) for

- i 259 g7
Dh y J —2010; )\ 20y |J
%hmh Z 29017 | H Ao 1
l;ﬁh

where ¢ = exp (ZQ log |j|/25hmh) ~ myp/e. Now, as in Shimotsu and Phillips (2005), page
1904, log(Dy(do)) — log Gpo = op(1). Therefore P(infg, ) Sp(d) < 0) — 0 if for some § > 0
P(infe,y) log Dy(d)—log Gy < log(1+6)) = P(infe, sy Dp(d)—Gro < 6Gho) — 0 asn — cc.
For wy, € (0,7) write Dy (d) = (Dp1(d) + Dpa(d))/2 where

20,
A _ yh] AT 20001y —20n J
Dp(d) = 2(5hmh Z 12gp,|20n H Lh )\ <Q> 7

l;éh

-\ 20,
Diold) — yh —j —25191)\—26}1 J
n2(d) 25hmh Z !29h|29h H Lh p )

l;éh

Dy(d) = Dpy(d) if wy, = 0 and Dy(d) = Dpa(d) if wy, = 7. Let us focus on Dy (d), the
analysis with Dya(d) is similar. Now, with 3 denoting the sum over j = |kmy,] , ..., my, for

any fixed x € (0,1), ﬁhl(d) — Gl is greater or equal to

(R N I N 1 &5\
z AN @ G 0 I |
20p,mp, Z <Q> !2gh|29h H Lh no | Crno 20p,myp, Z <Q>

l;éh

11



Since |6,] > 1/2 — A, Lemma 5.5 in Shimotsu and Phillips (2005) applies and thus
inf@2(h)(25hmh)_1 S §20nq=20n — 1 > 406G for k sufficiently small and large enough my,.
Then the desired result holds if

1 / <j>26h —26 25 0, \—20
P 1nf = 290 VA l)\ M — Gro | <-=36Gpo | — 0.
05 (h) 26hmh Z q yhj| | Z];J}:L 0 0

(19)
Let us split again the proof of (19) in different sets.

Case 2.1: Og(h) = O} x [Tizn OF,. In this case

/

1 3\ 20 26 0, \ —26
g = 2 h A ’)\ h— @G
20,my, (q) yh]| gh‘ gl h0

1 / j 29h —20 —28,0; \ —20 ( +/\,) 2
= 20 mn Z (q) ’2911‘ thl,h l l)\j h ( g — ]D ( HWhtA; ,9’ Iuhj)

/ -\ 260
1 ]> " Y 2610120 N) o2
+ Z 2007 L L AL AT Dy Wnt ) 012 L — G
25hmh§j(q 12011~ thl |Dn(e *Lunj = Gno

Lemma 5 is still applicable and all the bounds used in Case 1.1 are still valid to show that

SUPey, () | A1 (0)| = 0p(1) and supg,, (n) [A2n(0)] = 0p(1).
Case 2.2: Og(h) = OF x ©5 x [Tizn oF, .

This case is treated in a similar way to Case 1.2 by applying A; ! to get that

/

1 7\ %n _
sup Z( > I8 20| 29hHA 2510[}\ 20— Gro || = 0p(1).

©22(h) | 200N q I+h

The bounds in the rest of sets in ©8 x [A1, Ag]~1 are similarly obtained by successive

and combined applications of A;l and Ag, k # h.

The analysis with the rest of values for 8, requires also the application of different com-

binations of A,:l and Ayp. Consider, as an example, the following case:

Case 3.3: O33(h) = O x 63 x [Lrzn oF, .

k#s
Consider Z; = A,:lAle}(G) = AflhflAgS*l [Trxn Azkutf(t > 1). Denote 1y, = 1, + 1.
k#s
By Lemma 2
) Iy ein(wh+)\j) ~h
WZhj = Dn(e’L(UJh+ ])’ 0 — ]th)Wuhj — WUR](G — ]]-hs)

12



and

ein(wh—i—)\j) ~
Wynj = AsnjADrnjWan; — 5 Znhj
where
Agpe = (1 —2cos G eQi(w”AC))‘S“
3 4
Znni = Z Z ppe’EP)@ntX) 7
p=0 k=p+1
for p the coeflicients satisfying ApA; = ZﬁzopkLk, that is pg = 1, p1 = —2d5cosw; —
20y, coswy, pa = Ip + 15+ 40,05 cosws cos wy, p3 = —2051p, cos ws — 20,15 cos wy, and py = I 1.
Then
6 0 = >
1200~ [T A" A" Wang = Ei3 (0) = Un5(0) = Z,5(6)
I#h

where

Fls@) = 12gn) % T A" A Aghy Dy D (€029 0 — 1)

1£h
Uhs(g) _ |2gh|—9h HA_JZOZ)\TQ}LA h-Akh m(thr)\ )Uh (9 ﬂh )
nj o L,h J shj J \/ﬁ s
Z50) = oo [ A
nj( - gn o \/% nhj-
Using Lemmas 2 and 3:
[ER () = 1+ O0(\) + 0 (20)

- _ 2
in O33(h). Also E|Zyu;|*> = O(1) and by Lemma 5 E supg,, 1) gj(@)‘ = O(|j| ' log?n). Tt

is then straightforward (see Case 1.1) to show that

/

1 j 29h s ) -
o 20pmy, Z (q) (|Fnj (O)"Lun; — Gho> = 0,(1).

O33(h)

13



Now

20,
J —20), 26,0,y —201, 7d hs (V2T . .
25hmh (Q> 12981 HA A g = 105 (0)"Luny
I£h
9L
25hmh q
J hs
Z 22
* 2(5hmh < > (22)
1 J 20n hs* hs
— 2Re { 28,my, Z <q> Fnj (0) uhjU (0) (23)
1 / ] 2 hsx hs
o 2R6{25hmhz <q) Fnj (0) uhjZ (9) (24)
1 / -7 20n rrhs* 7hs
+ 236{2 p— > <q> Uk (0)Z)3(0) ¢ - (25)
_ 2
Since E supg,, n) USJS(G) = O(|j]" " log®n), then Esupg,, ) [(21)| = o(1) using Lemma

5.4 in Shimotsu and Phillips (2005). Also E'supg,,[(23)] = o(1) because of (20) and
E|Zun;)? = O(1).

Finally, proceeding as in Shimotsu and Phillips (2005), pages 1907-1908, P (inf@33(h)[(22)
+(24) + (25)] < —¢) — 0 as n — oo for any ¢ > 0, which implies that

/ .\ 20
. 1 AN 20 26,01\ —20;, 1d hs [0y |2
f g = 2 hIlA ”)\ bl EP () Luns | < —2G —0
@;Igl(h) 20,mp, <q) | gh ’ oo yuj ‘ nj ( )| uhj | = h0

such that (19) is satisfied in ©33(h). For the remaining subsets in ©2(h) the proof that (19)

holds is similarly based on sequential applications of A and A;l, k= 1,2,..., H, noting

Lemma 6 in a similar fashion as in Shimotsu and Phillips (2005), pages 1909-1912.

|
Proof of Theorem 2: With probability approaching 1, as n — oo,
; d? 17t d
Am - = T\ 3590 Ami 2
(@=do) = = [ R (@] At Rt (26)

for ||d — do|| < ||d — do||, where %RH(dO) is a H x 1 vector with s-th element

0 T Fs(do) u 1
adsRH(dO) ;?—1 Fy (do) 2log [2g:| — 2> dnlog Ay, o Y log Al

h=1
h#s

and ddddd/ Rp(d) is a H x H matrix with (s,7)-th element

02 L E(A)Fy(d) — FE(A)FL(d) N He(d)Hy(d) — HE (d)H? (d)
R S 1T D T EA

h=1 h=1

14



for

1 d
Fu(d) = g ) Ly
J
S ]' *
Fp(d) = 205y, Z 2Re(Wiog A.yhi Wyn;)
ST 1 ST
Fpr(d) = mzzyhj(d)
J
for yh](d) = 2Re(Wiog A, IOgAryth;hj) +2R€(WflogAsyth/lngryhj)
Hld) = 55— PO T | S
I#h
s 6,0
Hjj(d) = 25 o Zm”hm 200 20 72 T [ A" 2Re(Wiog 8.y Wihy)
I#h
sr 6,0
Hif(d) = 25m Zw@hm 2200|720 [T A" Z575(d),
I#h

where Ay = Ag(L,1) = (1 — 2coswL + L?)%. d has the stated limiting distribution if for
any H x 1 vector n = (n1,...,n1)

d
, JR—
N A ddRH (do) = Zﬁs\/ s 3 RH do) —>N(0 4n'n) (27)
and
LR (d) Pogr (28)
dd da 1 H
as n — 0Q.

Using Lemma 4 in Arteche (2000) and Lemma 5 we get, as in Shimotsu and Phillips
(2005, page 1913), that P(d ¢ M) — 0 for M = {d : log* n||d — dy|| < €) for € > 0 under the

more restrictive assumption B.1. The analysis can thus be restricted to values of d € M.

Hessian approximation

First sup,, |Hp(d) — (26pmp,) ™ > Lunj

is bounded by

§ 20 {20 200 20 T A Iy — Lung 2
Sup | 5 5hm 14 A1 2gn] 1 yhj — Luhj (29)
1 :120;,
- 1) Lunj 30
+osup o Ej <\J\ hi (30)

Since supy, ||j[*» — 1] = O(log™®n) then (30) is op(log™?n). Regarding (29), it is

15



bounded by

sup | 5 5 Z P 1720 200 720 TT A (T = 1Da( 2, 0) P L )| (31)
M I#h
+sup |5 lelwh 120 2gn |20 [T A2 D (29, 0) = 1| Lupg| - (32)
M I£h
Using (13) and sup,, Hj\%h’ = 0(1), then
B3] =0 | 5o o iP5 ) = 0 (P£2)  ogog 7w
and using also Lemma 3, F|(32)| is bounded by
TR
O | sup 55— Z[|>\j|+|J| n o ) o(log?)
j
by assumption B4. Thus
s&p Hp(d) — 25hmh quh] = op(log™2n). (33)
We prove now that
sup |H; (d) + 20 > " Re{Jn;(wn, we) }uns| = op(log™" n) (34)
Mp h 25hmh - nj hy, Ws uhj| = Op\l0g
By Lemmas 4, 9 and equation (7), Wiog A,ynjWp; 1s equal to
— Gsnj(wn, ws) [ D (€))L, (35)
. _ in(wp+A;) _
8, D ("IN ) T (wp, ws) e U (0) Wi 36
( Vnglin ) =0 0) W, (30
1 ein(wh+>\j) B
+ : Uj; () (37)
\F V2 !
1
— =V (0) Dy (MR VIV, (38)
n
Using now Lemma 3, E|I,;| = O(1) and Jyj(wp, ws) = O(logn), we have that
[ Xj|720m ]2y, | 200 [Tien 4 2519[]%6{(35)} is equal to
—8sRe{Jnj(wn, ws) Hunj + Op(IAj|logn + []7%Hogn + n~%1logn)
26 20 25191 2 =11, ,4
Using also Lemma 5, Fsup,, ’]/\ |7 2987 TTizn 4, Re{(36) }‘ = O(|7]" " log™ n).

Now, by Lemmas 5 and 9, EsupM‘M | =260 |2gy,| ~20n Hl;ﬁh 2519’Re{ 37 }‘ = O(|7]7%1og® n).

Finally, E'sup,; [|\;|~2%|2gy,| =20 [Tien 4 25’9lRe{(38)} = O(|5|"*log* n).

16



Then (34) is proved because sup,, |7|? = 14+ O(log™3n) using assumption B4.
We also need to show the approximation

4650y
2(5hmh

S}\l}) H;"(d) — Z Re{ Jnj(wh, ws) YRe{ T i (wh, wy) Hun;| = Op(log™ n) (39)

which is similarly proven using Lemmas 3, 5, 9, Jy;(wp, ws) = O(logn) and the fact that
Re{Jnj(wh, ws)Jnj(wh, wr)} + Re{Jn; (wh,wS)J (wp, wy)}
= 2Re{Jnj(wn, ws) }Re{ Ty (wp, wy) }.
Using now Lemma 1 in Arteche (2000) and Assumption B.1
E|Lj — Gro2nlaj| < ElLij — |B(e" ") 2 Lyj| + 27| funj — fuwn)| E|Lnj|
0 <1i|//’J - w) (40)

by (12). Thus, by (33) and because d € M, Hy,(d) is equal to

1 log'/? 5| B )
25h Zlehj +Op th%: (]\1/2 + | + op(log™" n)

= Gpo+ op(log_2 n) (41)

because El; = 1/2r and cov(Ienj, Ienk) = O(1) for j = k and O(n™!) for j # k such that
E|(2m) 712 Teng / (200m) — 112 = O(my ' +n71).

Similarly, by (34) Hj(d) is equal to

log®? n n mih logn

Z Re{Jnj(wn, ws)}21Grolenj + Op ( ) + 0p(log™ ' n)

25hmh /My nbn
_ 205G ho 1
=S ZR@{Jn](wh,ws)} + 0,(log™1 n). (42)
Also
oy T 4G o050, = =
H"(d) = 26;777% Z Re{Jnj(wn,ws)} Re{ Jn;(wp, wr)} + 0p(1),
J

17



which leads to

52 : H 1 _ _
mRH() = 453(»; 25hmh;Re{Jnj(wh,ws)}Re{Jnj(wh,wr)}

ZR@{JW wh, ws) } ZR@{JRJ(wh,wT)} +0,(1)

25hmh 25 h1Mp

44 0,(1) if w, = wy

- (13)
op(1) in any other case
where the second equality comes from Lemma 8 because
Re{Jnj(wp,ws)} = —logAgn +O(IN|)+ () ifs#h,
= —log|2sinws| —log|\;| + O(|\;]) + O(|j| 1) if s =h #0,7,
= —2log|\| +O(NPA) +O(i] ) ifs=h=0,7. (44)
which leads to (43) after trivial operations.
Score convergence
By Lemma 9
s \V20sm .
V20,msFi(dg) = 25, Z 2Re{Wiog A unjWan;
 205y/26sm
= Z Re{ Jyj(wh, ws) Y unj (45)
205v/285mg eM(wntA;) - .
e Z { B(1)Jnj(wp, ws, L)en Wi ¢ (46)

2/28,m e
Z Re {ry; uhj}

47
2(5hmh ( )

By Lemma 9 (47) = op(m 1/2m;1/2) = 0p(1) under assumption B.4. Now (46) is equal to

25\/T anh+)\) 7 * *( t(wr+Aj; *
T onmn Z { =—B(1)Jnj (wh, ws, L)en |Wep; — B (efwnt ]))Weh]} (48)

205v/20sm eMwntAs) - ; .

ZEVEETSN T Red ———— B(1)Jpi (wp, ws, L)en BX (" @r ANy 4 49
S §je{ B e D B I (49)
Using Lemma 1 in Arteche (2000), E|Wp,. — B*(e i(wntd;)) Ehj‘Q O(]j]~1og |5]) and as in

the proof in equation (61) below, E|J;j(wp,ws, L)en|? = O(JAj|~*log?n) such that (48) =

18



Op(m; ty/mslog® n) = 0,(1) under assumption B4. Now, for 5(wp,w,) defined in Lemma 8,
(49) is equal to

205 \/257 Z 'm('thr)\

2(5hmh

M myp  log“n log n\/ms log2 T /Mg
OP(\/mh[Og” n +\/m7]> OP( N orl)

using Lemma 8 as in the proof of the bound for formula (63) in Shimotsu and Phillips (2005).
Thus

n—1

s Aj
Z Y (Wh, W pw EH*PB ( ieont )> Ehj
p=0

i Fi(d) = —2osV20m ZRe{Jn](wh,ws)}Iuhj+0p(1)

25hmh

Let us consider first the case s # h. Then using (44)

2044/20sm mimm
V26;mo i (dy) = ZlogAs nLunj + O, < - h) +0,(1)

C20,my

205v/205m g

= WIOgAS’hZIUhj +Op(1)

If s = h, again using (44)

0 2
V20smsF(do) = 2log ‘295’\/ﬁ Z Lysj + m ZlOg | Aj Lus;
J J

m§/2 log ms
+ Op n +0p - + op(1)

1 2
J J

where it should be noted that log|2gs| = 0 for ws = 0, 7. Note now that Fj,(dp) is equal to

1 Gho
Zluhj = Ghpo + 20, mn Z( uhj — Gh027rjeh]) ‘ (27TIehj - 1)

25hmh ; 25hmh ;
logm mp\ Br
_ Gh0+op<jﬁhh+(;) >:Gh0—|—op(1) (50)

using Lemma 4 (with [ = 0) in Arteche (2000) and (40). Then,
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V20sm RH dp) =

20sm

2
—  24/26,m Z(ShlogAsh 25m Zlog\)\ﬂ
h;és

2
——=—> " log |\;|Lus;
2558 Z] J1Fusy 2
= Y - glog\)\j]—i-op(l)
V20sm r

Fs(dO)
2 1
B — vil,si +0,(1) for v; = log|j| — ——— log |j
Gsom; i Tusj + 0p(1) for v; = log || 25smszj: gl
d

— N (0,4),

using the fact that, for wg € (0,7) ds = 1 such that

1 2
Gao /203, zj:vjjw soF Zv" wi T G /e sof ZU] v | 7 NOD.

because each one of the two components between brackets converge to a N(0,1) and both are
asymptotically independent due to the asymptotic uncorrelation of periodogram ordinates
I,s; and I, (see formula (8.3) in Arteche and Robinson, 2000). By Assumption B.5 and
the asymptotic uncorrelation of different periodogram ordinates of wus, v/dsmg a%SRH(alO) and
Vorm, %RH(dO) are asymptotically independent for 7 # s and thus the result in (27) follows.

3 Technical lemmas

Some of the lemmas are based on results in Phillips (1999), Phillips and Shimotsu (2004)
and Shimotsu and Phillips (2005), but extended to the kind of processes defined in (1) in the
paper. This relation is stressed when appropriate in the heading of the lemmas to facilitate

comparison and consultation.

Lemma 1 Consider wy, € (0,7). As k — oo, uniformly in d,
cr(w, d) = M(d,w) cos[(k — d)w + 7d/2]k~ (1 + O(k™1))
where

_PQA/2-4d) a11/20-a ;. a
M(d,w) = \/EI’(—2d)6 27%sin®w
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Proof: By formula (4.7.1) in Szego (1975)

I'(1/2—d) T(k—2d) pl1/2=dm1/2d)
N(-2d) T(k—d+1/2) %

cx(w,d) = cosw)

and, by Theorem 8.21.8 in Szego (1975) the Jacobi polynomial Péil/%d’*l/%d) (cosw) sat-

isfies

(~1/2—d,~1/2—d) 11w gw _ —3/2
P, (cosw) = \/Eﬁsm 5 cos 5 cos|[(k — d)w + wd/2] + O(k™ /7).

The result then follows by applying Stirling’s approximation of the Gamma function.

Lemma 2 Let dy > —1. Then, as n — o0,
D (e t29) dy) =3 e (wp, dp)e™ ) = Ay () dy) + O]
k=0

and for wy # wp,

D,Z(ei(wg'i‘)\j)’ dy) = ch(wh’ dh)eik(wg+>\j) = Ah(ei(wg“‘)\j)’ dp,) + O(n—dh—l).
k=0

Proof: For wy, = 0 see Lemma A.2 in Phillips and Shimotsu (2004). The results for w;, = 7

are similarly obtained. For wy, € (0, 7) note that

0 o)
DZ(ei(wg-F)\j)’dh) = ch(wh’dh)eik(wguj) _ Z Ck(whjdh)eik(wg—l-)\j)
k=0 k=n+1
[o.¢]
= (1 — 2coswpeWoth) 4 2iwotA) Z cr(wp, dp)e™ W) (51)
k=n+1

By Lemma 1 the second element in (51) is

M(dp,w) > cos[(k — dp)wy, + mdy /2]t O " g2
k=n+1 k=n+1
= M(dh,wh)Q_l Z (ei[(k‘—dh)’LUh‘Fﬂ'dh/Q]+e—i[(k—dh)wh+7rdh/2])eik(’wg—i-)\j)k:—l—dh
k=n+1

+ O(n_dh_l)
= O j|™Y) + O(n~%"1) if w, = wp,

= O(n~ 1) if w, # wp,
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because, by Theorem 2.2 in Zygmund (2002),

o0 n+N
Z eik(wh-i-wg-l—)\j)k—l—dh < (n + 1)—1—(1;L max Z eik(wh+wg+/\j)
k=n+1 N k=n+1
= O(n %=1 similarly
oo
Z ethwg=wntd;) p=l=dn| _ O(n_dh_l) ,  for wy # wy, and if wy = wy,
k=n+1
o0 n+N
Z R 1| < (4 1) Z ik
k=n+1 N k=n+1

= O(n~"7HN™h) = O~ 5|71,

Lemma 3 Consider w; = wy, for somel € {1,2,..., H}. Then:

a) Uniformly in d = (dy, ...,dg)" € [-C,C) for some positive constant C < oo, as A — 0,

H H
[T u(e 20, di) = |3 2gy ettt T Apherttem (1 + O()).
=1 =1
I£h
where gy, = g(sinwy,) for g() a function in [0,1] defined as g(x) = x if x € (0,1] and g(0) = 0.5,
0 =0.5 if w; = 0,7 and 1 otherwise and A;p = |4sin(0.5[wp, + w;]) sin(0.5[wy, — wy))].

b) Uniformly ind = (di, ...,dg)" € [~14€,C1H for somee >0, and in j = +1,42, ..., £my,
if wp, # 0,m, j = 1,2,..,myp if w, =0, j = —1,-2,...,—my, if w, = 7, mp/n — 0,

h=1,2,...H, asn — oo,

H
Dy (' H2), d) = ][ 2g) | e On(on=m) TT A=) (140 (I ) +O(| ] 1) +O(n 5 ),
IZh
where dj, = min{d;}L,, and
I#£h
H
| Dy (o290 )2 = |29 P4 T T ATE (14 O(A]) + Ol =" 1) + O(n= 7).
=1
I£h

Proof: To prove a), note that using the polar form of complex numbers results in that

Al(ei(wh+/\j), dl) = (]_ — 2cos wlei(wh"")‘) + eiQ(wh+>\))5ldl is

(1 _ ei(wl+wh+/\)>5ldl(1 _ ei(wh—wl—i-)\))éldl

C(wp A w, NP fwp —w A
2Sln —_— 251n f

2
22

61d;
exp{idyd;(wp + X\ — )},




which equals A?lgl exp{ididi(wp, — 7)} + O(|A|) if wp # w;. The result in a) follows because
2sin \/2 = A+ O(\?), 2sin(2wy, + A\)/2 = 2sinwy, + O(N\) and exp{iddj(wy, + A — 7)} =
exp{id;d;(wp, — )} + O(N).

To prove b) note that D,,(e!»+%) d) = [T/L, DL (e"@nt23) d;). The result then follows

from Lemma 2.

Lemma 4 For X, defined in equation (1) in the text of the paper,
ein)\ B

Xn(\
V2t )
where Xp(X) = Y070 Ep(N)e ™ Xy, 6(A) = Yp_ 4y di(d)e™™.

a) Wu(A) = Dy (e, d)Wy(A) —

b) As a particular case, if H =1 and d; =1,

Wu(A) = (1—2coswie + e, (N) — —— (112 — 20 cos w1 ™) X,
V2mn
ei(n—l))\l
_ 71an1
2mn

where Iy = 1(d1 = 1) is the indicator function.

Proof: The result in a) comes directly from Lemma 2.1 in Phillips (1999). The result in b)
comes from a) taking into account that d;(1) = —20; coswi, d2(1) = I; and di(1) = 0 for

k> 2.

Lemma 5 (Extension of Lemma 5.3 in Shimotsu and Phillips, 2005)
Let Ul (d) = Un(d;wn + X)) = Snmg S 41 di(d) exp{i(k — p)(wp, + Aj) Yun—p. Under the
assumptions in Theorem 1 and uniformly in j = +1,...,£my, as n — o0
_ 2
Mg~ 0 (loglzn>‘
71

2mn

E sup Uf;] (d)

de[—1/2,1/2]H

Proof: By formula (4) in Giraitis and Leipus (1995),

H
de(d) = > > ][] er(ws ds).

0<ki..<kp<k s=1
kitka+..+kg=Fk
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For example, for H = 2, di(d) =

E’,:lzo iy (W1, dy)cp—g, (w2, d2). Note now that by formulae

(4.7.23) and (8.21.14) in Szego (1975) and after some straightforward manipulation we have

enlw, d) = S5 cap(uw, d) for
cnlw,d) = ?EZI?;Al(w,d)e’kw
conlw,d) = ?EZI?;Ag(w,d)e_lkw
csi(w,d) = Ok~

where A;(w,d) are finite valued functions of w and d. Using this result and formula (14) in

Giraitis and Leipus (1995), di(d)

dar(d)

where Agi(ws,ds), © = 1,2,3,4, are finite valued functions of w, and ds and dsi(d)

O(|k|=379) for d = min{dj, ...,

U(hz

The result in the lemma is shown by proving the desired bound for every ﬁnj

= Z?:1 dik(d) for

H
Ik —dy) ”
= 7"45 37ds s
; Tr ) et(wsds)e
H
I'(k —d,) —ik
= Y T A e
s=1 F(k )
H
T(k—d) 1 N
= As Sads s
;F(k:Jrl)k—d—l 3(ws, ds)e
H
Tk—d) 1 e
= As 57ds s
; Th1) b —d, =1 st ds)e

dgr}. Then U

3>

p=0 k=p+1

for

Zzl

i (d) e E=P) @ +x)y,

(hi)

. First denote

astp = Y pepir Dk + )70 (k — ds) exp{i(k — p)(wn + ws + A;)}. Then, by summation by

parts

H

Z Asl(w57 ds)
s=1

H
Z Asl(w37 ds)
s=1

H
§ Asl ZUS,
s=1

n—1
tpws

as1 ptn—pe’?
p=0
n—2 P

Irws

(asl,p - asl,p+1) g Up—r€

p=0 r=0

irw
asln 1 § Up—r€  °
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Now

—~ I(k—dy) i(k—p) (wp,+ws+X;) ~ D(k—dy) i(k—p—1)(ws+wp+A;)
Gsl,p — Aslp+1 = Z T © RS — Z e b
k=p+1 L(k+1) k=p+2 Tk +1)
n—1
_ Z |:F(k - ds) . F(k +1- dS):| ei(k—p)(wh+ws+)\j)
Ml N(k+1) I'(k+2)
F(n — dS) i(n—p)(wptws+A;)
T T © J
= (1+do)bisp + FF((" :Ldf)) e!(n=P)(wntws )
n

for bisp = > p 111+1 1;(12+[12)) i(k=p)(wntws+X;) and then [7,(31) is equal to

H
Z(l + d Aa ws> Z blsp Z Unp— re““wé (52)
s=1 r=
n—1 p
Z sl U)S’ s Im Z ei(n_p)(wh“l‘ws"l‘)\j) Z unireirws (53)
s=1 p=0 r=0

By Stirling’s approximation I'(k — ds)/T'(k + 1) = e*2k~%=2[1 + O(k~')] and thus

n—1 n—1
lb1op| = [edst? Z fp—ds=2i(k=p) (wntws+A5) | 4 ) Z a3
k=p+1 k=pt+1
p+N
< eds+2(p+1)7d57267ip(wh+w5+)‘7)m]\§x Z eik(wntws+;) +O<(p+ 1)7d572>
k=p+1

- 0 ((p+ 1)—ds—2)

by Theorem 2.2 of Zygmund (2002) because 0 < ws + wp, + A; < 27 for n large enough.
Then each of the H summands in (52) has mean zero and variance bounded by Minkowski’s
inequality by

97 1/2

IrwWs

(1 JFd) 1(ws, ds) Z|blsp|

2
n—2

= 0 Z(p 4+ 1)~ %372 = O(log?n)

p=0

for dg > —1/2 if E|YF_ up_re'™s ? = O(p + 1). This bound holds because

> oo e~ 1%s Buyuy_g = 2 fu(ws) = 2wGs < 00 by assumption A1l and covariance station-

arity in assumption A5 such that

p
E § :un_rezrws
r=0

2

=(p+1) qz_:p (1 B !_qJ 1)> e~ Buguy—q = O(p + 1).
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Now, (53) is

H
E At (ws, ds) +1 E upetRw E ela(wstwnth;)

q=1

Ea

)1 _ 6 (wh+ws+)\ )

—ds
_ ZASI ’U}s, ( +1)) znwszu e —ikws 1(wh+w5+)\
k=1

1— ez(wh+ws+>\j)

(n —d ) eznwsez(wh+ws+)\

B DR W) I

and thus E[(53)2> = O(n=2¢72n) = O(1) for d > —1/2. This proves the bound in the lemma

for (?7(31) noting that dj, < 1/2.

To get the bound for ﬁrg?Q)v the analysis for the summands in UT(II;Q) with ws # wy, is

similar to get the same bounds as for U,(L};I). The summand for ws = wy, is equal to

(1 +ds AQs U)Sa Z bQSpZun Tezrwg (55)
p=0 =0
T(n —ds)
A J(w,, d, (n D)A - Irws
+ 2(w’d)1“( +1) Zu e (56)

nol DB Gilk—p)A) | Now |bogy| = O ((min { (p + 1)~% 1, (p+ 1) =% 2|21

for bosp = k=p+1 T(k+2)

because obviously |bag,| = O ([p + 1]717%) but also

n—1 n—1
|b25p| = eds+2 Z k—ds—2ei(k—p)>\j + O Z k_ds_3
k=p+1 k=p+1
) p+N A
< €ds+2(p + 1)—ds—2€—2p/\j max Z RNl 40 ((p i 1)_ds_2)
N k=p+1

= O+ 2N

Then

|Aj] 4 . gt A2 o A2 (p+1)73/2
lbospl = O | min{ (p+ 1)~ =1 (1) a2 V) -0 LT L —
N V7] V7] V7]

because if p 4+ 1 < |Aj|~! the first bound in the min applies and if p + 1 > |\;|~* the second

one, leading to the desired result because —1/2 < ds < 1/2. Then
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_ 2
A

E  sup
ds€[1/2,1/2]

n—2 _ p
Al :
sup(1 + dy)2 A% (ws, d) E |basp| | E E Up—pe'™™
d ’ p=0 \/ﬁ ' r=0

S

(55)

97 1/2

IA

2
-2
n 1*3/2 12
- 0[SO | ) <o ().
=0 141

Vil 71

Now, proceeding as in the proof for the bound for (53) we obtain that E[(56)|%> = O(n=2%~1|)\;|71),

: : Al 2 G
which together with the result for (55) leads to E'supge(_1 /9,1 /24 l\}LTnh Ufff (d)‘ =0 (|j] ' log®n).

The bounds for 07(53) and U7(54) are similarly obtained noting that

['(k —ds) 1 T(k—ds—1)
T(k+1) k—ds—1  T(k+1)

Finally, write UT(L};E’) = ZZ;S ass pln—p for asp, = EZZPH dsp (d)e!F=P)(wrtA) - Clearly

ashp = O([p + 1]7972) and thus using again Minkowski’s inequality

2
2 n—1
N1 = ns) A2
E sup A = O | sup E ash, pln—
dej-1/21/28 | Vo™ n pz::(] P
2
A 12 ) —d-27p, 2 11/2
= 0 SUPT Z(p—l—l) 2 Euy )|

p=0

oft)

Lemma 6 (Extension of Lemma 5.10 in Shimotsu and Phillips, 2005)

Let Qi, k=0,1,2,3, be any real numbers, k € (0,1/8) and 1/m +m/n — 0 as n — oo, and
denote Ayj = (1 — 2 coswe W) 4 2wt for § = 0.5 if w = 0,7 and § = 1 if w € (0, )
and Dy =1 — e ifw € (0,7), Dy = 1 otherwise. Then there exists a finite constant n > 0

not depending on Qy, such that for n sufficiently large

1 /
a) m Z ‘A?UjQ?) + A?UJQQ + AwiQ1 + QO}Q
™\ po g2 LAV m\2 9 o 2
= 77|:(n) DwQ3+<g> DwQQ‘l—(g) DwQ1+Q0:|
1 o )
b) = \A;;Qg +A,2Q0 + A3Q1 + A;;%QO‘
>

o [(2) o2t () pitas+ () it + () it
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Proof: For w = 0 see Lemma 5.10 in Shimotsu and Phillips (2005). Similarly for w = 7.
For w € (0,7) define
Aj = A3 Qs+ AL;Qr + AyjQ1 + Qo.
Since 1 — e = —iX + O(A\?) then
Awj = (1= @A) (1 — ) = —iA; Dy, + O(A3)
such that
Aj = D}(iA)Qs — DiA3Q2 + Du(—ir))Q1 + Qo
+ Q30(X)) + Q20(X)) + QuO(X))
and
AP = IDEAQ2 — Qol’ + [DiASQs — DuA;Quf?
+ Q30(A\)) + Q30(X) + Q1O(X)).

The rest of the proof follows the same steps as in the proof of Lemma 5.10 in Shimotsu and

Phillips (2005) and is thus omitted. For b) note that the term in the summation is \A;?Aj\Q.
|

Lemma 7 (Extension of Lemma 5.7 in Shimotsu and Phillips, 2005)

Define Jn(L,w) = S0_, € L% and Dy (L, d) = Y4, di(d)L¥. Then

0) Ju(Lyw) = Ju(e,w) + Ju(e P Low)(e ML — 1),

b) Jn(L,w)Dn(L,d) = Ju(e”,w) D (™, d) + Jn(e™* L, w) Dy (e, d) (e 7L — 1)
+ Jo(L,w) Dy (e L, d) (e 7L — 1),

¢) Jn(L,ws)Jn(Lyw,) Dy (L, d) = Jp (e, ws) Jp (€, w,) Dy (e, d)+[Jn (e, w,) Jp (e A L, ws)+
Jn(e” L, w,) T (L, ws)| Dy (e, d) (€A L—1) 4 (L, ws) Jn (L, w2 ) Dpx(e ™AL, d) (e L—

1),
where
n—1 ‘ nik(wtA)
Jn(e7 L w) = Z Yp(A, w)e PALP (A, w) = ¢
p=0 k=p+1
~ n—1 n
Dy(z,d) = dk(d)elk)‘zp
p=0 k=p+1
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Proof: Direct application of Lemma 2.1 in Phillips (1999).

Lemma 8 (Extension of Lemma 5.8 in Shimotsu and Phillips, 2005)
Let jnd (wr’ ws) = Jn(ei(wr—i_)\j)’ws) + Jn(ei(wT-i-/\j), _ws) and S/p,j (wr, ws) = ’?p(wr + )\]’ ws) +
Ap(wy + Aj, —ws). Then, uniformly inp=0,...,n—1 and j = £1,...,£m with m = o(n), as

n — 00,

a) jn,j(wr,ws) = —log ‘ZSin (%ﬁ%)‘ —log ‘ZSin (%ﬁ%)‘ + %[7‘(‘ —wy —Ws — Aj +
sign(w, — ws + X\j)(m — |w, — ws + Aj|)] + A4j, where A; = O(n™1) if w, # ws and
Aj=O0(liI™") if wyp = ws.

b)
O(lp+1)71) if wr # ws

Tp.i (wr; ws) = . 1 1 :
O(min{(p+ 1)~ N[ L logn))  if w, = w,

Proof: For a) note that

0 ik(wrtws+Aj) 0 ik(wr+ws+Aj)
. . e J (&4 J
P w) =Y = Y 7
k=1 k=n+1
Now 0 < w, +ws+ A; < 27 for n large enough and then by formula (2.8) in Zygmund (2002),

the first term on the right hand side of (57) is equal to —2log |2 sin(27 ! (w, +ws + Aj)| + (7 —

ik(wr+ws :
w, —ws — Aj)/2. For the second term, using summation by parts, Zzozm_l W is
equal to
n+N-—1 1 1 r 1 n+N
li - ik(wr+ws+Aj) ik(wrtws+Aj)
o ) P = O
r=n+t1 k=n+1 k=n+1
n+N-—1
— O( 1 -2 —17y _ -1
(Jm [ > r 2+ (n+N))=0®")
r=n+1
if w, # 0,7 and/or ws # 0, ,
n+N-—1
= O(li Y . NN =05
Gl (30 7™+t 811 = 0l

if w, =wg =0 or w, = wg = .
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Proceeding similarly
> ik(wr—ws+Aj) o eik(wr—ws—&-)\j)

T (e tX9) gy Ze _ Z — (58)

k=1 k=n+1

Using again formula (2.8) in Zygmund (2002), the first term on the right hand side of (58) is

i cos( ws +j)) +i§: sin(k(w, —ws + Aj))
k
k=1 k=1
r — Ws Aj .
= —log QSinW + sign(wy, ws—i-)\) (w—\wr ws + Aj|)

and the second term is O(n™1) if w, # ws and O(|j|~!) if w, = ws, using again summation

by parts and the fact that ZZJFQTH kX = O(]A\j|71). Now b) is proved by noting that

Fp(wr +Aj, ws) = O(min{(p+ 1)~ |\;| 1, logn}) if w, = ws =,0,7, O((p+1)~') in any other
case and A, (wr + Aj, —ws) = O((p + 1)) if w, # wy and = O(min{(p + 1)~ A;| 7}, logn})

if w, = ws.

Lemma 9 (Extension of Lemma 5.9 in Shimotsu and Phillips, 2005)

Let Yy = AY(L,0)ueI(t > 1) = [T1_, An(L, dp)ueI(t > 1) for Ap(L,dy) = (1 — 2coswyL +
L2)%ndn ith § = 0.5 if wy, = 0,7 and & = 1 if wy, € (0,7). Denote Wy.j = Wy(w, + A;)
the Discrete Fourier Transform of a general series g¢, t = 1,2,...,n, at frequency w, + A;,

r=1,2,....,H. Then, under the assumptions in Theorem 2, for s,z =1,2,...,H:

a) _VVlog Agyrj — 6sjn,j(wra ws)Dn(ei(wT+>\j)a Q)Wurj + nil/Zan(a)z

D) —Wiog asurj = Osilnj (W, W)Wy — e0r 25 BUL T, L)e + 7y for

Jnj(wy, ws, L) = Z Zk o1 K “l(etwsk 4 gmiwsk)ilk—p)(wrt ) [p

C) VVlog Aglog A yrj — 635zjn,j (wra ws)j (wra wz)Dn(ei(wr-’_)\j), G)Wurj + n_l/Q\I’nj (9)7

where, uniformly in j = £1,£2,...,+m,, as n — oo,

Bsup ;]2 V,y (0)f = O(logn)
BIlj12r[2 = o(1) + (1317

Bsup 0,12 (0) = O(1og’ m).
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Proof: a) Since Ay = A4(L,1) = (1 — 2coswsL + L?)% = (1 — e™™sL[)% (1 — ¢™sL)%
and noting that |e?s| = 1, and Y; = 0 for ¢ < 0, then

log AyY; = —8sJp (L, ws)Y; , where Jy,(L,ws) = Jp(L,ws) + Jp(L, —ws)

and thus log AY; = —5Sjn(L,ws)Yt = —0sJn(L,ws) Dy (L, 0)u, where 4y = ugI(t > 1). Then

Zj (L, wg) Dy (L, 0) 1™ (Wr+29).

~Wiog Agyrj = 27m

By Lemma 2.1 in Phillips (1999) J,,(L,ws)Dy(L, ) is equal to
T i (Wp, ws) Dy (€29 0)ity + i (wy, ws, L) Dy (8@ +29) 9 (Le™wrtA) — 1)@,
+ Jn(L,ws) Dy (e Wrt2) LY (L™ wr ) — 1)g,

where J,, j(wy, ws) = Jy(e Wwr i p,) and

Dn( i(wr+Aj) Z Z dk i(k—p)(wr+X; )L )

p=0 k=p+1
Then, since Y ), W) (Le=wHXi) — 1), = —em(W+X)q,,
~Wiogagrj = Osnj(wr,ws) Dy (e, 0) W,
- \/gTj (W, w, L) Dy ("W H23) g)emwrtdi) g, (59)
_ S T (L, wg) Dy (e 0rt23) L)Wt ) g (60)

T

2m™n

Using Lemma 3, the desired bound for (59) is obtained if

2

Esup‘|)\j\1/2jnj(wr,ws,L)ﬂn :O(log4n). (61)
6
Now
- 1. A
Jnj(wr;wsaL)ﬂn = Z Z %eZ(k—P)(wr-i-ws-ﬁ-)\j)eprsunip (62)
p=0 k=p+1
n—1 n 1. A
+ ) D petTt ey, (63)
p=0 k=p+1

Let us focus first on (62). Denoting a, =3 7¢_ ., k~Leitk—p)(wrtws+A5) and by summation

by parts, (62) is equal to

n—2 P n—1
(ap - ap+1) Z eiqwsuniq + an—1 Z elaws Un—q
p=0 q=0 q=0
n—2 P n—1
Z iqwsy, g+ - Z et (n=p)(wrtws+X;) Z elaWws - (64)
p=0 q=0 p 0 q=0
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where

by + Leinp)wetws )
n

ap — ap+1 =
1
b, = Z = Gik—p)(wrtwstXy)
Ml k(k+1)
apn-1 = %ez(w’“"rws"')‘j).

Now, the second part of (64) is equal to

mws Z uge —ikws Z iq(wr+ws+Aj)

q=1
1 e'mwSe (wT+wS+)\ )

= e T (Zuke tkws Zu e —ik(wr+A;) ) (65)

such that E|(65)|? = O(n™1) for w, # ws or w, = ws # 0,7 and O(n =1 A\;|72) = O(|5|71 N7

if w, =ws =0,m.

Regarding the first part of (64), and noting that b, = O((p + 1)72) for w, # w;, or
w, = ws # 0,7 and b, = O(min{(p + 1)~ (p + 1)72|\;|71}) if w, = wy, = 0,7, then
B> by o e'%sy, _.|* by Minkowski’s inequality

9-1/2

n—2 P
= O 1bl B[ D e oun,
p=0 q=0

n—2
= 0 Z(p—i— 1)_3/2 =0(1) if w, # ws or w, = ws # 0,7
p=0

4 2
n/j

= OS>+ )72+ > 1)

p=0 p=n/j+1
= O\ if wy = ws = 0,7

The bounds for (63) are similarly obtained to get that (61) is satisfied. We move now to
obtain the bound for (60). We need to show that
- - 2
Esup ’]/\j|1/2’9TJn(L,ws)Dn( iw ) D, | = O(logtn). (66)
0
If 6 is a vector of zeros then D, (¢/“r*A) L) = 0 and the result is obvious. If some element
of 0 is different form zero the left hand side of (66) is bounded by

bl

ikwsg + efikws
k

_ o\ 1/2)?
<E Sl;p ")\j|1/2—91~Dn(62(w7-+>\j)L)un_k‘ > }
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and thus (66) is satisfied if
_ 2
E sup ’]/\j|1/2*9TDn(eZ(wT+)‘j)L)un,k‘ = O(log®n) (67)
0

uniformly in k = 1,...,n — 1. But |\;|"/2=% D,,(!“r+%) L)u,, 4 is equal to

n—1 n
PR YT ST d(0) P A,
p=0 k=p+1
—0r Tkfr
I\ |2 LR

and (67) follows from Lemma 5.

b) Using Lemma 7 and the fact that Y 7, e (®r+X)(Le=iwrtd) — 1), = —emwrtdig,

we have that

1) n )
~Wiog Avurj = s T (L, wy ) tge™0rtA5)
log Asurj o ; ( )t
_ B(1) . - . .
— 55Jn ry Ws Wur' - 63Jn T S,L Zn(wTJ'_)\]) n
J(u’ UJ) J V@gﬁ{ J(U) w )e €
s = . .
- Tnj (wr, wg, L)e™ @A) (7, — B(1)e,] (68)
2mn
and thus b) is proved if
j 1/2 2
E n Jnj(th)Sa L)[an - B(l)en} = 0(1) + O(|J|71) (69)

uniformly in j = +1,...,£m. Now |j/n|"%J,;(w, ws, L), — B(1)e,] is equal to

1/2 n-1 n ei(k—p)(wr“l‘ws‘k)\j)

'j . A (70)
" p=0 k=p+1
G Iy eithp) (wr—wstdy) »
+ = - Zp_pe s (71)
" p=0 k=p+1

for Z,—p = tin—p — B(1)ep—p. Denoting again ap = >0 e!k=p)(wrtwstd)) /| and using
summation by parts in the same way as from (62) to (64), (70) is equal to

;

1/2n—2 P .

Z by Z Zﬂ*qeiqws + 'i
p=0 q=0

1/2 1 n—1 4

- Z ei(n_P)(wr+ws+>\j) Z eiqws anq
K p=0 q=0

.11/2n—2 D

S D (72)
p=0 q=0

1/2 1 einws 6i(w7-+ws+)\j)

J

L ) I g oS Yy Varn[Wa(ws) — B(1)We(ws)] (73)
- 11/2 inws ,i(wrt+ws+Aj)
J le e j o '

+ E E 1-— ei(wr+ws+)\j) \/%[Wum B(l)WETJ] (74)
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Now E|(63)|> and E|(64)|? are both O(|j|n=2) = O(||™!) if w, # ws or w, = ws # 0,7 and

O(ljlIN]"2n2) = O(4] ") if w, = w, = 0, 7.

Now using formula (87) in Shimotsu and Phillips (2005) and Minkowski’s innequality

n—2 p 1/2 ’
j 1qWs
gm2)? = 0 [ L3N byl | B 2y
p=0 q=0
2
51 )32
= o (p+1)73/2 = o(1) if w, # ws or w, = ws # 0,7
n
p=0

Proceeding similarly we get the same bounds for (71) and thus (69) holds.

c) Note that

Wiog s og 8.4r = Z (Lu ) T (L) Do (L, )"0 )
=1

and using Lemma 7

VVlogAslogAzyrj = 5552jn,j(wrvws)j (wr’wZ)Dn(ei(wr—i_)\j)aG)WUTJ'
in(wr—i—)\-) _ 5 )
— ————050,Jp j(wr, W) JIp; (wr,ws,L)Dn(el(wTH‘j),H)ﬂn
\/7 J
O S Tu( )T L) Dy (i3 )
- Ws Wy, Wy, n ez Wy ) an
\/7
ezn(wr—f—)\])

— 8385 dn (L, ws) Ty (L, ws) Dy (e TN L)y,
Nz ( )JIn( )Dn( )

Now
n n

jn<Laws)jn(La wz = Z hkshlsz+l for hgp =
k=1 1=1

elawy 4 p—iawy

K

_ 2
Now E supy ’|/\j\1/2*9TDn(eZ(wT+)‘j)L)ﬂn_k‘ = O(log? n) uniformly in k = 0,1,...,n
then, ignoring constants E supy H)\j|1/2_9’“ \/5(77)’2 is

n n 2
Esup |33 hpahiz | M Y20 Dy (M) Lyt gy
k=11=1
571/2) 2
= {Zzhkshlz [ESUP‘P\ ‘1/2 HTD ( i(wr+A; )L)ﬂn—k—l‘ :| }
k=11=1

n n 2
0 {Zzhkshzzllogn} = O(log’ n)

k=11=1
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The bound for (75) is obtained as that for (59) using also the fact that J,;(w,,ws) =
O(logn). Similarly, using (61), we get that E sup, ’|/\j|1/2_9T \/5(76)‘2 = O(log®n).

Lemma 10 Let z;(d) = A" (L, d) cos (wt) I(t > 1) for A”(L,d) = HhH:1 Ap(L,dp), Ap(L,dy) =
(1 —2coswpL + L?)% with §; = 0.5 if wy, = 0,7 and & = 1 if wy, € (0,7). Then,

a)
1 ei(w—&-A) n o .
— i _ _i(w+M)n —iw
W, (\) S T [Dn_l(e () —e D1 (e ,d)}

1 e—i(w—2X)

V2rn 1 — e~ i@=2)

b) Ford= min{dy,...,dg}

{Dn_1(€i’\, d) — efi(u’;f)\)nDn_l(eiw’ d)}

W (wp + Aj) = O(
_ o(

Proof: Note that z;(d) = Y v_( di.(d) cos ([t — k]) = 0.5 34— di(d) (e?EF) 4 e=w(t=h),
The DFT of z(d) is then

)\;1 [)\dh +n~ logn}) if wp, = w

Ela

[)\dh +n- logn]) if wy, # 0

3\

n t—1
1 .
W.(\) = dy(d) cos (w[t — k]) e
N = g DS s il —4)
1 n—1 n—k
= dk(d)Zcos (wt) 'R
V21 =1
el S N . (@+X) e =Y nil ik " it(w—N)
- e @A) di(d)e’ e =
2v/2mn k=0 =0 2v2mn (=5 =0
i(w n—1 i(n—k)(w —zw n—1 —i(n—k)(w—
_ ey dk(d)e““\l_e( HER) il Z el (r—h =
227 = 1 — ei(@+A) 2\/27rn 1 —e—i(@=2)

et (W+A) 1
1 — et@+2) 2/ [
e—Hw=A) 1 |:

—— D, _
1 — e i@=X) 2\/27n "

(ez)\ d) i ein(w+)\) Dn_l(efm, d)}

1(62'/\7 d) - efin(zf)f)\)‘Dn_l(eiw7 d)]

Part b) is proven noting that (1 — e=")~! = O(A;l), Dy q (e 0nti) d) = O()\?h) by

Lemmas 2 and 3, and that D,,_1(e’®,d) = O(n"%logn). This last bound can be shown
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because dj,(d) = O(k~9¢~1) (see Theorem 1 in Giraitis and Leipus, 1995) and thus the bound

is straightforward for d < 0. If d > 0 then
Dy_1(e™ d) = AH (e d) + O (Z kz_d_1> = 0(n 9
k=n
because (1 — 2 coswe™ + e20)d = (1 — e!Pei®)d(1 — ¢We=)d = () for d > 0.

Lemma 11 Consider Y; in (10) in the main paper and denote dy = max{dny + I(wy =
w)HL | where I(wy, = w) = 1 if w, = @ and zero otherwise. If 1/2 < dy < 3/2 then fi

converges in mean square to n as n — oo such that Var(f) = O(n2d=3),

Proof: Note that
2 cos(wk)LE X,

and since 2 cos(wk) = €% 4 e~k and Y72 eFOFLF = (1 — eF@L) 7! then

g—p = % (1—e™L)y '+ (1-e"0)7 ' X,
= ()T (1 e (- L) 4 (1 P ) X,
_ %(1 — 9cos() L + L2) 1 [2(1 — cos())] A (L, —do)un
1 n—1
= Or(do)tn—k
k=0

where 0 (do) = O(k‘io_l) using Lemma 1. The mean is clearly zero and, if dy > 1/2 then

n—1
A — 1 2do—2 | _ 2do—3
Var(f) =0 <nkzzok‘ =0(n ).
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