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B.1. Lemmas for Theorem 1
B.1.1. Topological preliminaries

NOTATION: Let B(R™) denote the Borel o-algebra on R™. For any set S € B(R"), let B(R™)s denote
the sub-space o-algebra. Measurability of the function f : & — R is always relative to the measur-
able spaces (S, B(R")s)-(R, B(R)). The integral of f with respect to the Lebesgue measure in R™
is denoted by fs f(s)ds. Integration with respect to a different measure u is denoted fs F(s)du(s)
or f s fdu if no ambiguity arises. All vectors are column vectors. For notational convenience, (a,b)
will sometimes replace (a’,b")’. The dimension of the column vector “a” is denoted d,,.

PrRELIMINARIES 1 (L' and L°°): Since the sample space X € B(R?), the triplet (X, B(R*)x, \*)
is a well-defined o-finite measure space, where A% denotes the Lebesgue measure in R® restricted to
X. Note that B(R®)x = B(X) whenever X is endowed with the sub-space topology relative to R®.
Following Rudin (2006), p. 65, let L' (X, B(X), A*) denote the space of all real-valued measurable
functions f that satisfy ||f||1 = fx |f(z)|de < oco. Let L*°(X,B(X), %) denote the class of all
essentially bounded real-valued measurable functions (Rudin (2006) p. 66).

REMARK 1: Identify the class of all tests C as a subset of L™ (X, B(X), \*)
C={¢ e L™(X,B(X),\°) | ¢(z) € [0,1] for X\*-a.e. z € X}.

And note that the elements of any statistical model {f(z;0)}oco are elements of L' (X, B(X), \*),
by the definition of probability density function fx f(z;0)dz =1 < oo for all § € O.

PRELIMINARIES 2 (The dual space of L'): Let [L*(X,B(X),\*)]* denote the dual space of
LY (X, B(X), %), i.e., the space of all continuous (w.r.t. || f||1 ) linear functionals on L* (X, B(X), A*);
see Rudin (2005), p. 56. Let A denote an element of the dual space [L* (X, B(X), A*)]*. By Theorem
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6.16 in Rudin (2006), p. 127 and Theorem 1.18 in Rudin (2005), p. 15; the space [L* (X, B(X), A\*)]*
is isometrically isomorphic to L= (X, B(X), A*). Therefore, one can identify each functional A with a
unique element (up to equivalence) g € L™ (X, B(X), A\*), and vice versa: for f € L'(X, B(X), \*)*,
the functional A € [LY(X, B(X), \*)]* is of the form

A(S) E/ g(x)f(x)dz for some g€ L=(X,B(X),\%).

PRELIMINARIES 3 (weak” topology on L*°): Endow the space L™ (X, B(X), A\*) with the topology
induced by the weak*-topology on the space [L*(X,B(X), A\*)]*; see Rudin (2005), p. 67, 68. The
new topological space is denoted by (L*° (X B(X), A*), T*). Denote convergence in such topology
by —*. Note that, by definition, {gn }nen —* ¢ if and only if

/f x)gn(z d:c—>/f xr)de ¥ fe LY(X,B(X),\).

Let (L*(X,B(X),A%),T*) be the space of essentially bounded functions topologized with the
weak” topology. For any A C L=(X,B(X), let T4 denote the subset topology induced by T*.

B.1.2. Proof of Lemma 1

PROOF OF LEMMA 1: The outline of the proof is the following. We show that the set C(a-s) is a
sequentially closed subset of C with the relative weak™ topology. Then we use the Banach-Alaoglu
theorem and the topological separability of L' (X, B(X), A*) to establish the compactness of C(a-s).

(Sequential Closedness) Take any convergent sequence of tests ¢n —* ¢ with {¢n}nen C C(a-s).
We want to show that ¢ € C(a-s). First, we show that ¢(x) € C; i.e., ¢ € [0,1] for almost every
z € X. Suppose not. Then there exists a measurable set A € B(X) with A*(4) > 0 such that
¢(z) > 1or ¢(z) <0 for all z € A. Without loss of generality assume ¢(x) > 1. Since A° is o-finite,
there exists a countable collection {Ey}nen such that U,enErn = X and A (E,) < oo for every
n. Consider the sequence of sets {A N E,},en. Note that 0 < A (AN E,) < oo for all n € N. In
addition, there exists N € N for which 0 < A°(A N En), otherwise A*(A) = A°(UpZ1(AN EyR)) <
Z:’zl A (AN E,) = 0. Consider the indicator function 1ang,. Since 0 < A*(AN Ex) < oo, the
indicator function 1ang, € L*(X,B(X), A*). Note that

)\S(AHEN)</ laney (@)¢(z)de = lim / laney (2)¢n(z)dz < A (AN EN),

n— oo

leading to a contradiction. Therefore ¢(z) < 1 A°-almost everywhere in X. An analogous argument
yields ¢(x) > 0 A°-almost everywhere. Therefore ¢ € C. Now, we need to show that ¢ € C(a-s). By
assumption, for every § € Bd(0o) f(;6) is an element of L'(X, B(X), \*). Consequently, f(-,0) €
LY (X, B(X), \*). Since ¢n, € C(a-s) for every n € N weak™ convergence yields

0:7L1er;o/xf(:c;9)(¢n(:c)—a)d:c 7}13;0/f:c9¢n d:c /fm@ozd:c
/Xf(:csﬁ)qs(:c)d:c—/xf(x;e)adx
/X F(@:0)(6(2) — a)de

So ¢ € C(a-s). This implies C(a-s) is sequentially closed in C endowed with the weak™ topology.

(Compactness) Let

E{feLl(X,B(X),)\S) : /X|f(x)|dx§1}



Note that V is a neighborhood of the function 0 in the space L' (X, B(X), A*). Let
(B.1) K= {g € L®(X, B(X),\) : ‘ / f(x)g(x)‘dx <1V fe v}.
X

Note that C(a-s) C C C K, as for any test fx f(:c)qﬁ(:c)d:c’ < fx |f(x)|p(x)dx < fx |f(z)|dz <
1. By the Banach-Alaouglu Theorem the set K is compact in the weak™ topology; see Rudin
(2005), p. 68, Theorem 3.15. Furthermore, the space L*(X, B(X), \*) is topologically separable as
(X, B(X), \*) is a separable measure space; see exercise 10, Chapter 1 of Stein (2011). Therefore,
Theorem 3.16 in Rudin (2005) p. 70 implies that the topological space (K, Tx) is compact and
metrizable. Since every metrizable space is first-countable—consequently, Frechet-Urysohn— the
sequential closure of C(a-s) coincides with its closure. Therefore, the set C'(a — s) is a closed
subset of the compact topological space (K, 7x). We conclude that (C(a-s), T¢(4.s)) is compact and
metrizable. That is, the space of a-similar tests is weak™ compact.

Q.E.D.

B.1.3. Proof of Lemma 2

PrROOF OF LEMMA 2: This lemma has three claims. The first claim, denoted as L2a, is that
M(w) # 0. The second claim, L2b, is that ¢* € M(w) = ¢* is admissible in C(a-s). The
third claim, L2c, is that ¢* € M(w) = ¢" is admissible in C. Now we prove these claims.

Proof of L2a: Let p denote the p.d.f of w. We have shown that the class of tests C(a-s) is weak™

compact. This class is non-empty, as it contains the randomized test ¢(x) = a. To establish L2a it
will be sufficient to show that the objective function

W)= [ R0
91
is continuous in the weak™ topology.

L2a-Step 1 (Fubini’s Theorem:) Since the image of any test ¢ € C is contained in the interval [0, 1]
M-ae. and f(z;0) € L' (X, B(X),\*) for all 6, it follows that (fx d)(x)f(:c;@)dx) < 1 for every
0 € ©. Furthermore,

/@1 (/X¢(13)f(50;9)d1:>p(0)d9 <1 < oo.

Therefore, an application of Fubini’s theorem in Billingsley (1995), p. 234 yields

[ meomow= [ ([ 0-s@peom)pom= [ a-owsim
where f{ is the “integrated" likelihood given by
B2)  file)= [ [flz;0)p(x)do,
91

Note that f; is an element of L' (X, B(X), A*). We can re-write

(B3 W(e)= / (1 — o)) fi (2)de

L2a-Step 2 (Sequential Continuity of WW*:) We now show that WW* is continuous on the compact
metrizable space (C(a-G), T¢(4.s))- 1t suffices to establish sequential continuity. Take any sequence
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of tests ¢, —* ¢. Since fi is an element of L'(X,B(X), Ax), convergence in the weak* topology
yields

/ on (@) f7 (@)da — / o(x) i (2)da.
Therefore

W (¢n)

- n(2) f1 (2)dz - z) f1 (z)dz,
| /X<Z>()f() S /X<Z>()f()
W (6).

Therefore, W* is a continuous functional defined on the compact space (C(a—s),%*(a_s)), and
C(a-s) # 0, as it contains the test ¢(z) = . This implies M (w) # 0.

L2b : Let ¢* € M(w:). We show that if ¢’ € C(a-s) satisfies
(B4)  Eo[¢'(X)] > Eo[p"(X)] ¥V 6O€6

then

(B.5)  Eo[¢'(z)] =Eolo"(z)] ¥V 6€On.

Consequently, there is no test ¢’ € C(a-s) that “weakly dominates” ¢* ; i.e, R(¢',0) < R(¢*,0)
with strict inequality for some 6.

Suppose (B.4) hold, but (B.5) does not. Then, the following is true:

C1: There exists § € ©1 such that Ay 4« (0) = E5[¢'(X)] — Eg[¢™(X)] > 0
C1 and the continuity of Ay 4(-) at 6 implies the existence of an open neighborhood 7 for which
Ay 4+(0) > 0 for all @ € 5. Note that ©1 # () is an open set. It follows that the set S; defined
by S = 75 N O1 satisfies three properties: it is non-empty, it is open, and it is contained in ©;.

Since w1 () has full support on ©1, fA dw1(0) > 0 for any open set A contained in ©:. Note that
Ay s+ (0) > 0 for all € S and (B.4) implies

/@1 (/X(l_¢/(x))f(x;9)dx)dw(9) < /@1 (/x(l—¢*(x))f(:c;9)dx)dw(9)

This contradicts the fact that ¢* € M (w1). We conclude C1 cannot hold.

Therefore, (B.4) implies (B.5). We conclude that ¢* is admissible in C(a-s).

L2c : We now show that a test ¢* € M (w) is admissible in the class of all tests. This proof is based
on the arguments provided in Chernozhukov, Hansen, and Jansson (2009). The proof is divided

into two steps.

STEP 1: First we show that if ¢’ € C satisfies

(B.6) Eo[¢'(X)] <Eo[p"(X)] ¥V 6€ O
and

(B.7)  Eo[¢'(X)] 2 Eo[¢"(X)] ¥V 0€ 61



with some strict inequality, then ¢’ is a-similar on Bd®g = ©g. Consequently, any test ¢’ that
“weakly dominates” ¢* (i.e, R(¢',0) < R(¢*,0) with strict inequality for some #) must be a-similar
on the boundary of Oy.

Let Cns C C be the class of tests that are not similar on the boundary of ©g. This is, ¢ € Cps
if and only if there exists 0,0’ € Bd©o such that Ee[d(z)] # Eg [é(z)]. Partition C according
to Cns so that C = Cps U (C\Cns). Take any test ¢’ € C,s that satisfies (B.6). Since ¢’ is an
element of Cns and ©O¢ contains its boundary (as it is closed), there exists § € Bd©¢ such that
Ay 5+ (0) = Eg[¢'(X)] — Eg[p"(X)] < 0. Because Ay 4«(0) < 0 and the function Ay 4= (:) is
continuous at 6, there exists an open neighborhood 79 € 7 such that Ay 4« (6) < 0 for all 6 € 7.
Since  is an element of Bd ©g, then 79 N ©; # 0. The latter implies there exists 6; € ©1 such that
Ay gx (01) = Eg, [¢'(X)] — Eg, [¢5 (X)] < 0. Therefore, equation (B.6) and (B.7) cannot hold. We
conclude there is no test ¢’ € Cps that satisfies (B.6) and (B.7).

Since Cns partitions C, a test ¢’ € C that satisfies (B.6) and (B.4) must be an element of C\Cps (as
¢’ ¢ Cns). Equation (B.6) implies ¢’ is o’-similar on the boundary with o/ < a. Two cases follow:
o/ < aor o = a.In the first case, the argument in the previous paragraph implies that ¢’ will vio-
late (B.4). We conclude that any test that satisfies (B.6) and (B.4) must be a-similar on Bd®¢ = Oq.

STEP 2: We have shown that ¢* € M(w) implies ¢* is admissible in C(a-s). We want to show
that there is no nonsimilar a-level test such that R(¢’,0) < R(¢*,0) with strict inequality for
some 6 € ©. By Step 1 any test ¢’ € C that satisfies (B.6) and (B.4) must be a-similar on Bd©y.
Therefore, we conclude ¢* is admissible in C as only a-similar tests can dominate ¢* and ¢* has
been shown to be admissible in C(a-s). Q.E.D.

B.2. Lemmas for Result 1
B.2.1. Proof of Lemma 8

PROOF OF LEMMA 3: The Gaussian likelihood for (S,T) given parameters (p, ¢,w) is

(18T = pl6 @) (8. T = p(6 @)

1
f(S7T7p7¢7w) :Clexp(— 5

where ¢ is a positive constant. Algebra shows that

/ F(5, T p, 6,0)dAgis ()
Sk—1
equals

wm(@ex (~/2) /5 o (15710 ) st (),

where 1
a1(Q) = c2 exp ( — E[S'S—FT'T])

and ¢z is a positive constant.
The density of p is given by:
m(p) = Sy ()1 M2y
2k/2T(k/2)

The integral of interest thus equals



01(Q) /S | / exp ([(5.1)00) @) m(p) exp(~* /2)dp ) arsi-1 @),

02(Q) /S | / exp ([(8.1)00] @) exp(—?)* ) argi- (@),

a2(Q) /S | / exp ([(5. 706 ) expl(— () (p))o" ' dp ) dAgios )

—

where the last line follows from w'w = 1 and a2(Q) = a1(Q)2/(2"/%T'(k/2)). Theorem 5.2.2, p. 86
in Stroock (1999) implies the last equation above equals

X S, T , xp(—z'z)dz,
(@) [ e ([57)6]'s) expl-a'syic

(by applying Theorem 5.2.2 to the function exp ({(S, T)d)} ,:c) exp(—z'z))
= w@ew (§6Q0), @=(5,77[5,7],

where the last line follows by definition of the moment generating function of a k-dimensional mul-
tivariate normal evaluated at (S,T")¢. The constant a3(Q) equals

(2m)*2a2(Q),
(2m)"/%2/(2"*T(k/2))a1(Q),
— (2m)*/22/(2Y/2T(k/2))es exp ( - %[s’s + T’T]).

a3(Q)

B.2.2. Proof of Lemma 4
PROOF OF LEMMA 4: Part ii) of exercise 5.2.4 in p. 87 of Stroock (1999) implies that

27
/ exp (lqﬁ/Qd)) drs1(¢) = i/ exp (3[005(0), sin(&)]Q[cos(&),sin(&)]') de.
st 4 27 J, 4
Let L =5'S — Cmin, where (min is the smallest eigenvalue of @) as defined in the statement of

Lemma 4. Note that L is the Likelihood Ratio Statistic as defined in Andrews, Moreira, and Stock
(2006) p. 722. The eigenvector associated with the largest eigenvalue of the matrix @ equals:

emaz = (L, S'T)' /\/I2 + (S'T)2.

Define 0 € [0, 27r] implicitly by the following equation:

[cos(8),sin(0)] = emax

_ COS(E) sin(é\z\
P= ( sin(d) — cos(0) )

yields the spectral decomposition of the matrix Q; that is:

Cmax 0 /I
P ( 0 Coim P =Q.
Note that for any 0:

P ( cos(0) ) _ ( c?s(g) cos(0) —&—sin(g) s%n(@) ) _ ( 005(5—0) ) '

Therefore,

sin(0) sin(é\— 0)



Therefore:

/S Jexp (36/Q0) drei(0)

1 2 1 2, - 2
% /0 exp (Z |:Cmaac Ccos (9 — 9) + szn sm (0 - o)jl )d07

0
= % L exp (i [Cmax cos? (0) + Cmin sin® (0)} ) do,

(where he have changed the integration variable)

= exp (i@nm) % ‘/332 exp (i [(Cmaw — Cmin) COSQ(O)} ) do,
(assin® () + cos?(0) = 1)
= ey () s (e o)

0
1
X S \Smazxz — Cmin 29 d97
| e (§(6as = i) cost20)
(as cos®(0) = (1 + cos(26))/2)
= ﬁ exp (ié}nzn) exp (%(Cmaac - szn))

~

x /226 exp (/{(Q) cos(@)) de,

(37277)
(where we have used the change of variable 6 = 26)
1
(H(Q) = g(gmaz - <mzn))
= exp (icmzn) exp (é(gmaz - <mzn))

% /027r exp (/@(Q) cos(u))du,

(where we have used the change of variable u = (0) — (6/2).

Using the definition of the Von-Mises distribution and equation 3.5.18 in p. 36 of Mardia and Jupp
(2000) it follows that:

/S Jexp (76/Q6)drea (9)

exp (igmin) exp (é(Cmax - Cmm))fo (K(Q))
exp (é (Cma:v + <min))IO (é(gmaz — <min))7

where Io(-) is the modified Bessel function of the first kind, defined in Abramowitz and Stegun
(1964), Section 9.6, p. 375.



B.3. Additional results related to Theorem 1
B.3.1. Corollary to Theorem 1: sequences of WAP-similar tests

COROLLARY 1: Suppose that © is compact. Let ¢ be an admissible, a-similar test. Let —* denote
convergence in the weak™ topology as defined in B.1.1. Under Assumption F0 there exists a sequence
of Borel probability measures w, on O, a weight function w*, and an a-similar test ¢* such that:

d
wn W, Puyp = P

Moreover, if the sequence {wy }nen has a common o-finite dominating measure, P, and the sequence
of corresponding Radon-Nikodym derivaties {fn}nen admits a function g such that:

[fn(0)] < g(0) and / lgldP < oo,
)

then WAP(¢*,w*) = WAP(¢,w"). This means that for any admissible, a-similar test ¢ there is a
sequence of weights (with limit w* ) such that the test ¢ is WAP-equivalent to the properly defined
limit of wn-WAP a-similar tests.

PrOOF: We will break the proof of the corollary into two steps.

STEP 1 (construction of w* and ¢*): Take any sequence of real numbers {ex}ren such that
er — 0. Since ¢ is admissible and similar, Theorem 1 implies the existence of a sequence of Borel
probability measures {wy} satisfying

(BS) WAP( {;}X;, wk) > VVAP((Zﬁ7 wk) > WAP( {;}Xg, wk) — €k.

The sequence {WAP(¢yp, wr)}een takes its values on the [0,1] interval. Hence, there exists a
subsequence {wy, }ien along which:

WAP(fyip  wr,) — WAP™,
where WAP” is some number in the [0, 1] interval. Moreover, Equation (B.8) and €, — 0 then imply
WAP (¢, wi,) — WAP”.

It is well known that if © C R? is endowed with its standard metric, then the space of Borel prob-
ability measures on O is sequentially compact—relative to the topology induced by the Prokhorov
metric, which metrizes weak convergence (see Proposition 4.4 in Chapter F of Ok (2019)). Therefore,
it is possible to extract a further subsequence {wklm }men such that:

W, A w*

In proving Theorem 1, we have showed that the space of a-similar tests is compact relative to
the weak® topology, and also metrizable. The latter implies that the space of a-similar tests is
sequentially compact. Consequently, we can extract a further subsequence {wklm }nen along which:

wklmn NeY " .
WAP - ¢,

as n tends to infinity. Consider thus the sequence of weights {wn }rnen with n-th element defined as
W = wklmn .

By construction, under this sequence

d *

wa S W, PUnS F ¢ WAP(GUS, wa) — WAP®,  WAP(¢,wn) — WAP™.



with ¢* a-similar.

STEP 2 (¢ AND ¢ ARE WAP-EQUIVALENT UNDER w"): We will now show that WAP (¢, w*) =
WAP* = WAP(¢*,w"). So that the original admissible, similar test ¢ and the limiting test ¢* are
WAP equivalent under the limiting weight w™.

First, Assumption FO and the definition of weak convergence of probability measures implies

WAP(¢7wn)E/R(¢;0)dwn—>/R(¢;9)dwEWAP(¢7w*).
S e

(as R(¢, ) is bounded and, by Assumption F0, continuous). Since—by construction of w,—WAP (¢, wy) —
WAP*, then WAP(¢, w*) = WAP™.
Second, WAP* = WAP(¢",w"). To establish such a relation, it is sufficient to show

WAP (oip, wn) = WAP(¢", w™),
as, by construction, WAP(¢yup, wn) — WAP*. Note that:

WAP(¢ie, wn) — WAP(6",w") = WAP($iz, wn) — WAP(9", wn)
+ WAP((ZS*ﬂUn) - WAP(¢*71U*)

(By Assumption F0O and the definition of weak convergence)

/e (R(682:6) — R(6",0))dwn + o1)

= / (R(owip:0) — R(¢",0)) fn(0)dP + o(1)
©

(by the assumption about the existence of Radon-Nikodym
derivatives w.r.t. P and equation (32.5) in Billingsley (1995))
= o(1)

To establish the last equality, define the sequence of functions:

hn(0) = (R(dwinp; 0) — R(¢",0)) fn(0)
and note that |hn(0)] < |[(R(¢wap;0) — R(¢,0))|g(0). Since ¢yip —* ¢* it then follows that
R(¢yiwp;0) = R(¢",0)) for every § and consequently:

hn(0) -0 VOe€O.

An application of the dominated convergence theorem yields

WAP (¢prnp, wn) — WAP(¢™, w™) — 0.
Consequently,

WAP(¢", w") = WAP”.

Therefore ¢ and ¢* are WAP-equivalent under w*. That is, WAP(¢, w*) = WAP* = WAP(¢*, w™).

Q.E.D.

COMMENT: The essentially complete class theorem (ECCT) invoked in the proof of Theorem 1—
based on Theorems 2.9.2 and 2.10.3 in Ferguson (1967)—characterizes admissible tests as extended
Bayes tests. There are other versions of the ECCT that characterize admissible tests in terms of
‘limits of Bayes procedures’. For example, Theorem 4A.10 in Brown (1986) shows that the closure
(in weak™ topology) of the set of Bayes procedures for priors concentrated on finite subsets of ©
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constitutes—under some assumptions on the action space, the loss function, and the statistical
model—an essentially complete class. Note that if we’re able to verify such a theorem in our set-
up, then for every admissible, a-similar test ¢ there would be a test ¢*—on the closure of Bayes
procedures—for which R(¢*,0) = R(¢,0) for every 6. This, by definition of closure, would imply
the existence of a sequence of weights wy (concentrated on finite subsets of ©) such that:

dwap = @,
and consequently, by the definition of weak® convergence,
R(¢y'ip,0) = R(¢7,0) = R(¢,0), VO€O.

This is a stronger result than the one obtained in Corollary 1. To the best of my knowledge, the
stronger version of the complete class theorems seem to require the convexity of the action space as
well as strict convexity of the loss function (see for example Theorem 7.15 in Lehmann and Casella
(1998)).

B.3.2. WAP-similar tests with a boundedly complete, null-sufficient statistic.

PRELIMINARIES: This section generalizes a well-known observation in the IV literature: maximizing
constrained average power is straightforward whenever there is a boundedly-complete, null-sufficient
statistic. Consider the following assumptions.

AssumPTION F1 (NULL SUFFICIENCY): There is a partition of the data X = (z1,z2) such that
the conditional density of z1 given x2 in the statistical model f(z1,x2;0) satisfies:

(B.9) f(za]z2; Bo) = flarlae; 0) = f(za]z2;0") V0.0" € Bo.
The statistic z2 arising from such partition of the data will be called a null-sufficient statistic.
It is well known that a null-sufficient statistic can be used to control the null rejection probabil-

ity of a test in a two-sided problem with a nuisance parameter [Ferguson (1967), Moreira (2003),
Andrews et al. (2006), Lehmann and Romano (2005)].

Let h(x2;0) denote the marginal density of the null-sufficient statistic z2 based on the statistical
model f(z1,z2; 5,1I).

AssumPTION F2: (BOUNDED COMPLETENESS): For any bounded measurable function m : X —
R, the marginal densities of the null sufficient statistic are such that:

/m(xg)h(xz;é)dxg =0, V0e€©y = m(z2) =0,
except, perhaps, in a set that has zero measure under every element of the collection {h(-,8)}oco,.*

Theorem 4.3.1 in Lehmann and Romano (2005) provides a sufficient condition to guarantee that a
family of distributions is complete, and thus, boundedly complete. In the IV example studied in
this paper, it will be sufficient to show that the set ©g contains a rectangle of the same dimension
as the null-sufficient statistic.

Bounded completeness will be used to show that all similar tests must be “conditionally” similar.
This is a well-known result in the theory of statistical hypothesis testing. See Theorem 4.3.2 in
Lehmann and Romano (2005).

'See Lehmann and Romano (2005) p. 115 for the definition of bounded completeness.
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DESCRIPTION: Lemma 5 will show that under assumptions F1, F2 the test that rejects whenever

(B.10) @™ (z1,22) = fu, (x1,x2)/ f(z1|22; Bo) > c(2; 0¥),

is an element of

M(w1) = arg min/ R(¢,0)dw(0)
peC(a-s) Jint ©1

provided c(z2; ) is the 1 — a quantile of z(X1,x2) with X1 ~ f(z1]|z2;Bo). This is a well-known
result and we reproduce it for the sake of completeness.

RELEVANCE OF LEMMA 5: This implies that the tests in (B.10) are constrained weighted aver-
age power maximizers. This property has been discussed in Andrews, Moreira, and Stock (2004),
Chernozhukov et al. (2009). Lemma 5 combined with Lemma 2 implies that the tests in (B.10) are
admissible in the class of all tests.

LEMMA 5:  Let ¢* be defined as in (B.10) and let c(-; ) be measurable. Under Assumptions
F1-F2, ¢* € M(w1); that is, ¢$* minimizes average risk inside the class of a-similar tests.

PROOF: Throughout this proof we assume that X = X; x X2. Fubini’s theorem (L2a-Step 1) and
Theorem 4.3.2 in Lehmann and Casella (1998) implies that ¢* € M (w1) if and only if ¢* solves the
problem:

b3 /X (1= ¢(@)) i (x)dz
/ o(z1, x2) f(T1|22)dT1 = €0
X1 (x2)

except, perhaps, for 2 that belong to a set of measure zero under the marginal density of h(x2,0)
for all 6 € ©¢. Re-write the objective function as

peC

max /X o(z) 7 (x)da.

The product structure of X and the linearity of the integral allows a further expansion of the

previous equation:
max / (/ o(x1, z2) f1 (21, xg)d:cl) dxo.
¢ec X2 X1

Note first that the Neyman Pearson Lemma in Ferguson (1967) p. 204 implies that for a fixed z2
the WAP test ¢*(z1,z2) solves the problem

max / o(x1, z2) 1 (21, 22) d21
X1

peC

subject to

/ o(x1, z2) f(z1]|22)dT1 = QU0
X1

except, perhaps, for x2 that belong to a set of measure zero under every h(z2,6), 6 € BdOg. Hence,
to show that ¢*(x1,z2) € M(w1) it only remains to prove that ¢*(x1,z2) is measurable. That
is, ¢*(x1,x2) € C(a-s). Assumption FO implies that ¢*(z1,22) is continuous in x1, for every zs.



12

Furthermore, since c(+, @) is measurable, then ¢*(z1, z2) is measurable in x2, for every z;. Therefore,
@" (z1,z2) is a Carathéodory function, as defined in Aliprantis and Border (2006), p. 153. Since the
sample space X is separable (by assumption) and metrizable (for it is a subset of a euclidean space),
Lemma 4.5.1 in Aliprantis and Border (2006) p. 153 implies ¢* : X — [0, 1] is measurable. Q.E.D.

B.3.3. Continuity of the conditional critical value function

Measurability is required for the proof of Lemma 5. This subsection provides two sufficient con-
ditions that imply the continuity of ¢(-; @) (and hence, its measurability).

Let f(x;0) denote the statistical model. Consider the following auxiliary assumptions:
AssuMPTION F3: There exists a function g(0) such that:

f(x;0) <g(0) VYV,
and feg(ﬁ)dw(ﬁ) < oo.
AssuMPTION F4: f(x1]|z2;80) > 0 for every (z1,z2) and f(z1|z2; o) is continuous in (z1,z2).
Assumptions FO, F3, F4 imply that ¢(z2; ) is continuous.
PROOF: Note first that Assumption FO implies that fj(z) is sequentially continuous in z. To see

this, consider any sequence z, — x. Assumption FO i) implies that f(zn;0) — f(x;6) for almost
every 0 € O. Since the weight function w(6) is assumed to satisfy fg (z) < co for every x then:

fien = fi@| = | [ st~ [ fom)

IN

[ @)~ 1t@o)|avio)
S]

By Assumption F3, the Dominated Convergence Theorem applies and we can conclude that

/ [ F(2036) = £(:0)|du(®) - 0.
e
Consequently, fi(xn) — fu(x). Furthermore, Assumption F4 implies that the test statistic:
z(z1,22) = fuw(z1,22)/ f(21|22; Bo)
is continuous in (z1,x2).
Let z2, — 2 and let X1, ~ f(x1]|z2,n; Bo). Consider the sequence of random variables.

Z(X1»n7 Q?Z,n)-

By Scheffe’s theorem and the continuity of f(x1|z2; 5o) at x2, X1,» 4 ox o~ f(x1]z2; Bo). Therefore,

the random vector (X1,n,Z2,n) N (X, z2). The continuous mapping theorem implies that

Z(Xl,n7 x2,n) i Z(X17 CL’Q).

Lemma 21.2 in Van der Vaart (2000) implies c(z2,n; ) — c(x2; ) for any sequence z2,, — 2.
Hence, the critical value function is continuous and, consequently, measurable.
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B.4. Additional results related to Result 1
B.4.1. Asymptotic validity of the test in Result 1

The test in Result 1 was derived under the assumption that the rotated reduced-form OLS
estimators (Sy,, T;,)" have the exact distribution:

Qs = Nox ([bh ® 1) (b0 ® )] ~/(8 — o)/l Lk
e [(a6 ®Tx) X7 (a0 ®1x)] "2 (a @ I) X" (a @ Ii)y/nIl’ )

where ¥ is of the form ¥ ® ®. In any finite sample, however, the law of (S;,,Ty)" is a function of
(8,1I), the sample size, and the joint distribution between the instrumental variables and reduced-
form residuals, denoted F'. In fact, one can write:

(b6 ®gk)§(bo®11k)]*1/2(bg®J1k)A S~ P
[(ah ® TS (a0 @ L))~ (ap @ LS~ ) ¥ TP

where 3 is an estimator of the variance of /" n. This variance depends on F and such dependence
is denoted X(F). The estimator S need not have the Kronecker form, even when 3(F) does.

If one assumes that for n large enough the distributions P™ and Q" are ‘close’ to each other
(under the null), then one would expect the rate of Type I error computed under P™ to be close to
that obtained under Q™.

PRELIMINARIES: We introduce some additional notation in order to establish the asymptotic va-
lidity of the test in Result 1.

1. Bounded Lipschitz Distance: Let dpL(P, Q) = supycpy,, |Ep[h(X)]—Eq[h(X)]| denote the Bounded
Lipschitz distance between any pair of probability measures P and Q. For definitions and notation,

see p. 73, Section 1.12 of Van der Vaart and Wellner (1996). Note also that the Bounded Lipschitz

metric is equivalent to the ‘4’ metric between Borel probability measures defined in p. 394 of

Dudley (2002).

2. 8-Expansion of a set A: For any 6 > 0 let A° denote the d-expansion of the set A C R™. This is
A® = {y € R™ | d(z,y) < 6 for some = € A}.

3. A bound on the distance between probability measures: One can show that for any measurable set

A and any 6 > 0:
c c 1 1

(B.11)  —Q((A)\A%) — <dpr, (P.Q) < P(4) = Q(A) < =i, (P,Q) + Q(A"\A),

where A€ is the complement of A C R™. We use the right-hand side of this inequality to establish

the main result.

AssuMPTION LO: Suppose that the class of distributions F is such that:

lim  sup  dar (Pgymrs Qbomns(r)) — 0.

MO0 (11, F)eRk x F
That is, the Bounded Lipschitz distance between the measures Pg'y p and QF 1y v(p) coverges to
zero as the sample size grows large (uniformly over IT and F).

ASYMPTOTIC VALIDITY OF THE TEST IN RESULT 1: If Assumption LO holds and there are
constants 0 < A < XA < oo such that the eigenvalues of X(F) belong to an interval [, A] for any
F € F, then:

lim sup sup Pg 1,k (2war(S,T) — cwar (T, ) > 0) < o,
n—oo (II,F)ERkxF
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This means that the rate of Type I error of the test in Result 1 is uniformly controlled over
(I, F) € RF x F.
Consider the test statistic

2S,T)=8'S —T'T +81n (10 [(1/8)\/(5’5 “TT) 4 4(S’T)2] )

and let ¢(T; &) denote its conditional critical value. We would like to show that if Assumption L0
holds over the class F, then:

(B.12)  limsup  sup  Pg o (2(5T)—c(T;a) >0) < a.
n—oo (II,F)eRFxF

We establish the asymptotic validity of the test in Result 1 in six steps:

STEP 0: Define
A={(s, 1) e R* | 2(s,t) — c(t; ) > 0}.

Note immediately that Equation (B.11) implies that for any sample size n and any (II, F) € R* x F:

n n 1 n n n
Pgy,r(A) < QB (4) + gdBLl (P37 Qo ms(m)) + Qo 50 (A°\A),
1 n n "
= « + gdBLl (PBO,H,F:QBO,H,E(F)) +Q507n72(p)(A6\A).

where the last equality follows by the definition of the conditional critical value ¢(T'; @). Thus, in
order to establish (B.12), we need to show that

1

5dBL1 (Pgo.1, 7> Qpy.m5(m)) + @bo.m5(m) (A°\A)

can be made arbitrary small, uniformly over the values of (II, F'). By the weak convergence assump-
tion in Part 2 of Result 1, for any fixed ¢ there is M.(0) € N such that whenever n > M.(d) the
term 0~ dpL, (P}, . r, @B, m,5(r)) can be made smaller than e. Thus, we only need to establish the
following result.

GoaL: For every € > 0 there is . and N. such that for all n > N.

m e
sup Q,BLD,H,Z(F)(A \A) <e
(,F)ERk X F

The proof of this result requires a series of intermediate steps. We exploit the fact that the test
statistic z(s,t) satisfies a Lipschitz condition whenever (s,t) is restricted to an appropriate set.

STEP 1: (A bound on Q;O’H’Z(F)(A‘S\A)): Define the sets

(B.13)  B(by,bo) = {(s',t) € R* | s's € [by, ba] },

(B.14)  Cle; o) = {(s,t) € B [t e [, ] },

(B.15)  D(dy,d2) = {(s',t) € R** | (s't)*/t't € [d,,d2] },

where Q17l_727gl7627dl732 are positive, finite constants. We want to study the behavior of A‘S\A in-
side and outside the sets defined above. Note that for any n, I, F' and §:
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Qfo.m(m) (A\A N [B(by,51) N Cley, @) N D(d,, ds
Qom0 (A\A N [B(by,b1) N Clc;,82) N D(d;, d>
(by the additivity property of probability measures
Qo s (A\A N [B(by,b1) N C(c,, ) N D(d;, d2)])
QBo.ars(m) (A\A 1 B(by, 01)) + Qfy iz (A\A N C°(¢y, @)

QZO,H,E(F)(A(S\A N D(d,,d2))
(where we have used Boole’s inequality)

QZO,H,E(F)(A(S\A N [B(ngl) N 0(21752) N D(dhaz)])
QB ,m(r) (B (by,01)) + Qg mis(ry (D°(dy, d2))
Qgg,HE(F)(Aé\A N 00(21752))

(by the monotonicity of probability measures)
Qo157 (A\A N [B(by,51) N C(e;, @) N D(dy, da)))
P(xi & (by,02)) + P(xT ¢ (di, d2))

Qfomiz(r) (A°\A N C°(cy,)),

ng,H,E(F) (A(S\A)

)
1)

+ 4+ IA + + IA

+ + IA

where the second to last line uses the fact that under any probability measure ng,H,Z(F):2

n n
Q@Bg,m,F Bo.TLF o

Q
508, "RUT X7 and (S:LTn)2/T,'LTn ~T X

MAIN CONCLUSION OF STEP 1: We have shown that for any é > 0 and any positive finite constants
1_717b279175275_117d23

(B.16)  Qhymsim(AN\A) < Qs (A\A N[B(by,b1) N Clcy,T2) N D(d,, d2)])
+ P(xi € (by,b2)) + P(x} ¢ (dv,d2))
+ Qb (A\A NC%(¢y, ).

We now argue that for an appropriate selection of constants, the test statistic z(s,t) and its critical
value c¢(t; ) satisfy a Lipschitz condition when restricted to the set [B(b;,b1)NC/(¢y,C2)ND(d;, d2)].

STEP 2—PART A): (Lipschitz property of z(s,t)): We show that there exists a constant M;—that
only depends on the sets B, C, D—such that for any

(s0,t0)", (s1,t1) € K = [B(by,b1) N C(c,,22) N D(d;, d2)],

then:
2(s0,t0) — 2(s1,t1)| < Ma||(s0, to) — (s1,t)ll-

To verify the Lipschitz property on [B(b,,b1) NC(c, (€),%2(e)) N D(d,, d2)], it is sufficient to show
that, over this set, the derivative of z(s, t) is continuous in its arguments. This observation, together
with the fact that [B(b;,b1) N C(c,(€),e2(e)) N D(d;,d2)] is compact gives the desired result. Note
that the partial derivative of z(s,t) with respect to s is given by:

81, ((1/8)\/(5’5 P02 1 ai(s)? /t’t) L (s — )5 + 8UH(() D)8
Io ((1/8)\/(5’5 — )2 + 4t’t(s’t)2/t’t> 82\/(s's — /)2 + 4t't((s')2/1't)

(B.17)  zs(s,t) =25+

2We also use the fact that X(F) is invertible for any element F € F.
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81 ((1/8)\/(3’3 — )2 + 4t’t(s’t)2/t’t> 1 A(s's — £+ 8EH(S'D) )
I ((1 /8)\/ (55 — T8)? + 4 H(5'1)?2 /t’t) 82y/(s's — )% + 4t't((s't)2/t't)

where I,(-) is the modified Bessel function of the first kind defined in Section 9.6, p. 374 of
Abramowitz and Stegun (1964). The formulae above use the fact that the derivative of the modified
Bessel function of the first kind of order 0, I, is the modified Bessel function of order 1, I1; see
formula 9.6.27 in p. 376 of Abramowitz and Stegun (1964). The continuity of the derivatives and
the fact that:

(B.18)  zi(s,t) =2t +

V(s's — t/8)2 + 4t't(s't)2 /'t
is bounded away from zero over the set
[B(l_717l_71) n 0(91752) n D(C_lvE?)]

implies that the Lipschitz condition holds.

STEP 2—PART B): (Lipschitz property of c(¢;a)): Part a) showed that for any selection of
constants (b,c,d) the test statistic z(s,t) satisfies the Lipschitz condition when restricted to K. We
now introduce a parameter v and show that for any given v > 0, ¢ > 0 and any pair of constants
¢y, C2, one can find l_)I,E;, di, E;, and Ma—that depend on ¢, €2, v and e—such that for any to, ¢1
satisfying:

(s0,t0), (s1,t1) € K* = [B(b},b1) N C(¢,,e) N D(d},dy)], for some so,s1 € R
the critical value function satisfies a Lipschitz-type condition:
le(to; @) — c(tr; )| < Mallto — tal] +7/2,

and:
P(xi ¢ (b7,01) + POA ¢ (4], da)) < /3.
To show this, note that for any constant z € R and (IT, F) € R* x F:

Qo ms(r) (2(s,t0) < 2 [t = to) P(2(S,t0) < 2), S ~N(0,Ix)
= P (2(S,to0) — 2(S, t1) +2(8,t1) < z)
= P(2(S,t1) < z—(2(S,t0) — 2(S,t1)) and (S, to), (S,t1) € K)
+ P(2(S,t1) < z—(2(S,t0) — 2(5,t1)) and (S, t0), (S,t1) € K°).

where K = [B(b,,b1) NC(c,,%2) N D(d,, dz2)]. Since z(s, t) satisfies the Lipschitz condition in K with
constant M1 (K) it follows that:

P(o(5, 1) < =~ M (K)lto — 1)

IA

P(2(S,t1) < = — My (K)|[to — t1]| and (S,to),(S,tl)elC)

A
)

+ ]P’(zStl < 2= Mi(K)||to — t1]| and (S7to)7(S7t1)€ICc)

2(S,t1) < 2 — (2(S, o) — (S, £1)) and (S, to), (S, t1) € ;c)

+ P((S,t0), (S, t1) € K,
which implies that:

P(a(5,t2) < = = M) lto — ] ) = B((S, to), (S, t2) € K7
is less than or equal to

]P’(z(S, t1) < 2 — (2(S,t0) — (S, 1)) and (S, o), (5, 11) € /c).
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Note also that:

P(z(&tl) < 2~ (2(S,to) — 2(5,11)) and (S, to), (S, t1) € /c) < P(z(&tl) < 24+ Mi(K)[to — t1||).

Note now that for any ¢t € R*, the critical value function is continuous in a. Therefore, there exists
a positive constant, 7,(c,,€2) > 0, such that for any ¢ such that ¢'¢ € [¢,,¢2]:

le(t;a+my(ci,C2)) —clti)| <v/2,  e(tia —my(ey,C2)) — et )| < /2.
Since for any vectors to,t1 7# Ogx1:
P((S7t0)7 (S7t1) € }CC) < P(Xﬁ ¢ (1_7171_71) +]P)(X¥ ¢ (5_11732))7

one can then choose 0 < b¥ = b, (1y(c;,C2),€) < b1 = bi(ny(cy,C2),€) < o0, and 0 < df =
di(my(cy,C2) ) < dy = E2(nw(£1752)75) < oo such that

P(xi & (b1,01) + PO ¢ (d,d3)) < min{r,(c,, 22), ¢/3}

for any to,t:. This implies that:

(Blg) ]P)(Z(S7t1) S z = M2(217627776)||t0 - tl”) - 77'v(£1752) S P(Z(S7t0) S Z)

(B20)  P((St0) < 2) < P(2(S,0) < 24+ Maley o2, 7, 9llto — till) + 7 (e1.22),

where

Ms(c;,C2,7,€) = M (Q1(nw(£1752)76)751(777(91752)76)721752741(%(21752)76)732(777(21752)76))-
For simplicity we write Mz instead of Ma(cy,C2,7, €) whenever it is convenient.
Since (B.19) holds for any z, in particular it holds for z = c(¢1; @) + Ma||to — t1||. Consequently:

P (2(S,t0) < c(ti;a) + Ma|lto —tal]) > P (2(S,t1) < c(t1;0)) — (¢, C2)

= l—a—n(g,c).
This implies that

(B:21)  clto; a+1y(cy, €2)) < eftr; @) + Mal[to — ta]].
Likewise, equation (B.20) holds for any z, in particular it holds for z = ¢(t1; &) — Ma||to — t1]|. This
implies that:

P(2(5,t0) < c(tr; ) = Maflto — ta]]) < P (2(5,t1) < c(ti; ) +14(cy, 22)

(1 —a) +ny(cy;C2).
This implies that:

(B.22)  c(to;ar —ny(c1,C2)) = c(ta; o) — Mal[to — tall.

MAIN CONCLUSION OF STEP 2: Finally, (B.21)-(B.22) and the definition of ny(c;, ¢2) imply that for
any v > 0, € > 0 and any pair of constants ¢, ¢2, one can find I_J’LB;, dy, E; and Ms—that depend
on ¢, ¢2, v and e—such that for any:

(s0,t0), (s1,41) € K" = [B(b1,b1) N Cley, @) N D(dy, da)],
the critical value function satisfies the Lipschitz-type condition:

|e(to; @) — c(ta; )| < Mal[to — ta[ + /2.
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and:

P(xi ¢ (b1,01) + P(x ¢ (47, da)) < ¢/3.
STEP 3: (Exploiting the Lipschitz property to manipulate A‘S\A) The constants in Step 2 depend
on~y > 0,e > 0and ¢, ¢2. This step fixes v > 0 and shows how to choose an appropriate enlargement
of the set A as a function of . The Lipschitz condition established at the end of Step 2 allows for
a convenient upper ‘bound’ on the set:

(B.23)  A’N\A N[B(b},51) N C(ey, @) N D(d},ds))-
In particular, we show that for any v > 0, there exists d(vy) such that:
(s',t") € A’ONA N[B(b],b1) N Cley, ) N D(d], dy)]

implies that:
— < 2(s,8) — cltia) < 0.

This inclusion relation is convenient as it allows for the selection of the auxiliary parameter v to
make the probability of the set (B.23) uniformly small over (II, F').

To establish the desired result, note that = = (s, ')’ € A%\ A implies that:
2(s,t) —c(t;@) <0, (as z = (s',t') ¢ A),
and also that, for any , there exists 20(8) = (sg,5,t0,5)" € A such that
d(z,z0(0)) <.
Since the functions s's, t't, (s't)?/(t't) defining the set:
K* = [B;,5) 1 Cley, ) n D}, B),

are Lipschitz continuous when restricted to K*, there exists ¢* small enough for which the corre-
sponding xo(6™) belongs to the set I*. In this case we have that:

[I(z(s,8) = c(t; @) = (2(s0,6%, to,6%) — clto; @)l < [[2(s, 1) = 2(s0,6+, to,5+)|| + |lc(t; @) = c(to,s=; )],
< (Mi(KT) + Ma(gy, @2, 7))d(w, 20(07)) + /2,
(where we have used Step 2 part a) and b)),
< (Mi+ M2)§™ +~v/2

Since x ¢ A and z0(6") € A implies that
02> (2(s,t) — c(t; ) = (2(5,) = c(t; @) = (2(s0,6+, to,6%) — c(to; @) = —(My + M2)6™ — /2

MAIN CONCLUSION OF STEP 3: Taking () = min{d* it follows that

STy )
(s',t') € A°ONA N [B(],by) N Cley,e2) N D, ds)]

implies that:
—y < 2(s,8) — cltia) < 0.

We now exploit this relation to show that one can choose v to guarantee that

sup QB (A" \A N [B(b,51) N Cle;, ) N D(d], da)])
II,FERF X F

can be made arbitrarily small.

STEP 4: (Choosing v as a function of €) Remember that equation (B.16) in Step 1 established that
for any 6 > 0 and any constants b,,b1,¢;,C1,d;,di:
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IN

Qo110 (A\A N [B(by,b1) NC(ey,22) N D(d;, d2)])

P(xi ¢ (by,02)) + P(xT ¢ (dv,d2))
+ QZD,HE(F)(A(S\A N C%(¢;,¢2)).

ng,H,E(F) (A(S\A)

+

Step 3 showed that for any v > 0 there is a way of selecting the enlargement parameter o(y) >0
and constants bj, b; dy, d;—that depend on ¢;, ¢2 and y—such that the probability

Q.20 (A" N\A N [B(;, 51) N Cley, ) N D(dy, da)))
is less than or equal to
(B24) Qg ms(m (= < 2(s,1) — elt;a) < 0N [B(b;,b1) N Cle;, @) N D(d], ds)))
We now show that there exists v > 0 small enough such that:
Qo s0m) (—7e < 2(s,8) = e(t;0) <ON B}, 51) N Cey,22) N D(d], ds)]) < ¢/3

for any n, I, F.
To show this, define—for any ¢ such that t't € [c;,C2]—the function 7 (¢) to satisfy:
Ps(—7e(t) < g(S,t) <0 and S'S € (b5,by) and and (S't)*/(t't) € (d},dy)), S ~N(0,Ik),
where g(s,t; ) = 2(s,t) — ¢(t; ) and ¢ is treated as a fixed vector. Let

Ve = inf (1)

{tlttele, 2]
and note that . > 0 (otherwise, there will be a value t* for which the distribution of Ps(g(S,t*) =
0) > €/3). Note that for any n,II, F":

Q5o mn(m) (=7 < g(s,t;0) <0 and s's € (by,b1) and t't € (¢,,22), and (s't)°/t't € (d, d1)),

is the same as:
/ (@B (=7 < g(s,ti0) < 0 and s € (85.51) and and (s'0)%/¢t € (&}, 85) |©) ) AP, (1),

teC(c, T2)
where Pj 1 r is the marginal distribution that Qj 1 induces over (t). Note that (B.25) equals:
/ Ps(—7e < g(S,t) < 0and S'S € (b],b;) and and (S't)*/(t't) € (g;‘,a’{)))dpgo,m(t),

teC(c, ,c2)
s|t has distribution N (0,1;) for any n,II, F. And this is smaller than or equal:

/ Ps(—(t) < g(S,t) <0 and S'S € (b],b;) and and (S't)*/(t't) € (c_fl‘ﬂi)))dPgO,H,F(tL
teC(cy,c2)
= Phur(te 0(91762))2 < %, (by definition of ~e(t)).

MAIN CONCLUSION OF STEP 4: This means that for any € > 0 there exists v > 0 small enough
such that:

ng,H,E(F)(_’yé S Z(S,t) - C(t; O() S on [B(Z_)Tvl_;;) N 0(21762) N D(d;va;)]) < E/3
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for any n,II, F.
STEP 5 (CHOOSING ¢, AND ¢,): Step 1 through Step 4 have shown that for any € > 0 there is

a constant dc = 0(7e) and constants 1_1’1‘75;, dj, dy—that depend on ¢, ¢2 and € such that for any
n, I, F:

Qo sy (A \A) < QB s (A\A N[B(b],b1) N C(cy,e2) N D(d}, d)])
+ P(xi € (b],52)) + P(xT ¢ (di,d3))
+ QZD,H,E(F)(Aéé \A NC%¢,)).
2¢ n ¢ _
< 3 + Q,BO,H,E(F)(Aé\A NC(¢;, C2)).
This means that:
n 2¢ n € c —
sup  QF, mx(r)(A°\A) < S+ s QB3 (A% \A N C°(cy,82)).
(I,F)eRkx F (II,F)eRk x F

Thus, we only need to show that ¢, and ¢2 can be chosen to make the second term on the right of
the inequality above smaller than ¢/3. Let A* be defined as:

A = max (ah @ [)S(F) (a0 ® I)
FeF

By assumption, there are constants 0 < A < A < oo such that A < \* < X. Fix ¢* € R* and
partition R* as follows:
{IT e R* | - n||])PA" < FFU{l € RF | nf|T|PA" > €7} = T (¢7) UTTS (¢F).
Note that
sup QZQ,HE(F)(A(SG \A N 06(21752))
(II,F)eRk x F

is smaller than or equal to the sum of:

(B.25) sup QBo,m,2(m) (A*\A N C°(c;,T2)),
(I1, F)ETTP (c*) X F

and

(B.26) sup Qon(r) (A°\A N C(c,,e2)).

(IL,F) €TIT (c* ) X F

STEP 5—PART A): First, we bound the term (B.25). Let x2(c) denote a non-central chi-square
with k£ degrees of freedom and centrality parameter c. Note that:

n e c — n c —
sup QBD,H,E(F)(A \A nc (21702)) < sup Q,BO,H,E(F)(C (91:62))7
(ILF) €M} (c*) X F (IL,F)eN} (c*)x F
= sup Qb zm ('t ¢ (¢y,T2)),

(IL,F) €TIT (c*) X F

= s P(GEITIPA) ¢ (e2) )
(ILF)ETIY (c*) X F

(where A\(F) = (ap @ I)2(F) (a0 @ I1)).
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* =k

Therefore, one can choose constants c¢j,¢ that depend on c¢* and e (but do not depend on the
sample size) such that for any ¢, < ¢} and ¢ > €5:

sup Qo n(r)(A°\A NC°(c,, %)) <
(I, F)ETIR (c*) X F

(= Ne)

STEP 5—PART B): Now, we bound the term (B.26). To do this, choose € to satisfy

Since this selection of € implies that

n Se — c — €
sup QBo,mz(r) (A°\A N dfs>enC (¢1,22)) < 12
(IL,F) €TIY (c*) X F

it is sufficient to show that there is G2 large enough such that:

sup ng,H,Z(F)(A(Se\A Nss<en C(¢,¢2)) < —=.
(I, F) €T (c*) x F 12

The key to establish this result is to show that for ¢'t large enough and s’s in a compact set, the
test statistic z(s,t) defined in Result 1 is close to the statistic (s't)?/(t't).

STEP 5—PART C): Let o(t't) denote the function:

1/2

o(t't) = (((s's/t't) — )% 4 4(s')? /(t’t)2> 1

Note that:

81n [fo((t’t/g)u + o(t't)))} 7

| e(t’t/8)(1+o(t’t)) o 1
= s (1+ (T romm))]
V2 ((t't/8)(1 + o(t't))) (t't/8)(1 + o(t't))
(where we have used the asymptotic approximation
for Ip(z) in p. 435 of Olver (1997) and the definition

of ~ in p. 4 of the same book)

e(t't/8)(1+o(tt))
= 8ln }
L/2m((t'/8)(1 + o(t't)))

+ 8ln :(1-&-O(m))}7

= t't(1+o(t't)) —4In(2m) — 41In(t't/8) — 41In(1 + o(t't))
1

+ 8 (HO(W)H

Therefore, zwar(s,t) in Result 1:

(s's — t't) + 81n [ I (é [(s’s )+ 4(5’15)2)} 1/2) } + 41n(2pi) + 41n((1/8)t't)

can be written in terms of the conditional likelihood ratio statistic (CLR) as follows:



22

2war(s,t) = (s's—t't) +tt(1+ o(t t)) — 41In(1 + o(t't))

1
SIH[(I“LO((t't/s 1+o(t )
)

+
)
+ 81n[(1+0((t/t/8 1+ o(t't) ) }

(where we have used the fact that t't(1 4 o(t't))
equals [(s's — t't)? + (s't)]/?).

= 2CLR(s,t) —4In(1 + o(t t))

It is well-known for large values of ¢'t and for values of s's in a compact set the CLR can be

approximated by the LM statistic (= s't/t't) uniformly over the values of s. Choose ¢* > 0 to

satisfy: .
P(—n* < N(0,1) <n") = u

Therefore, using the same argument as in part b) of step 2 one can show for ¢* > 0 there is ¢3—that

depends on ¢*—such that uniformly over s's <&

|ZWAP(S7t) - CWAP(t§ 05) - 2LM(37t) + 2X§,1—a| < C*7

where X%,lfa is the 1-a quantile of a chi-squared random variable with one degree of freedom and
cwar(t; @) is the conditonal critical value of zwar(s,t).
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STEP 5—PART D): Note that

z=(s,t) € (A°\A N s's<entt>ch),
implies that:

z(s,t) — c(t; ) <0,

and also that there is xo(de) = (s0,t0) € A such that z(so,t0) — c(t;) > 0 and d(z, x0(de)) < de.
Since the test based on the test statistic z(s,t) with conditional critical value ¢(¢; «) is equivalent
to the test based on zwar(s,t) and cwar(t; @), it follows that:

Zwar(8,t) — cwar(t; @) < 0, and zwae(S0,t0) — cwar(t; ) > 0.
Consequently:
LM(s,#) = xi1-a < ¢7/2,
and
LM(s0,t0) — X7,1-a > —C"/2.
Note that the LM statistic can be written as a function of (S,w;) where w; = t/||t||. Since the
partial derivatives of (s'w;)? are bounded whenever s's < g, the LM statistic satisfies the Lipschitz

condition when s’s belongs to the desired domain. Let M (€) denote the Lipschitz constant of the
LM statistic. Since:

—d(z, z0(8.)) M () < LM(s, t) — LM(s0, to) < M(e)d(z, zo(5c)),

then:
M) < —d(zw0(5))M (),
< LM(s,) = xT.1-a + Xi.1-a = LM(s0, t0),
< LM(s,t) = xi1-a + (/2
(where we have used the fact that LM(so, to) — X?,ka > —("/2),
< ¢,

(where we have used the fact that LM(s,t) — x3 1o < ¢*/2).

One can further shrink d. to satisfy d.M(€) < —¢*. This means that:
sup Q;O,H,E(F)(Aée\A Nss<entt>e) < sup QBo,11,5(m) (=1 < LM(s,t) <n")
(IL,F)ETIE (c*) X F (I1,F) €TIT (c*) X F
= P(-n"<N(0,1) <n")

€
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Since
n e — c —%
sup Qo iz (A \A N s's <en C%c,, ),
(T, F)eNp (c*)x F
is smaller than or equal to
sup Qs (A\A N Ss<ent<e),
(I, F) eIy (c*) x F
plus s
sup Qb s (A \A N s's<ent't>c)),
(IL,F) MR (c*)x F
it follows that:
" € € €
sup Qs (A°\A N s's <2 N Cey, ) < ntu =1

(IL,F)EMY (c*) X F 4 24 12
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This implies that:

X _ €
sup QB mm(r) (A’ \A NC%(cy,82)) < PRI
(IL F)ETIE (c*) X F

* =k

MAIN CONCLUSION OF STEP 5: The conclusion of Step 5 is that there are constants c7, ¢3 such that:

= €.

n 26 n € c E— 26
sup Q) (A°\A) < 5+ sup Qborz(r) (A*\A N C%(c}, ) < 3+
(II,F)ERF x F (II,F)eRk x F

wlm

STEP 1 TOo STEP 5: We have shown that for every ¢ > 0 one can choose constants 1_7;‘75;7 ¢, G,
dj, E; such that for any sample size and (I, F') € R* x F:

Qo nm)(A’\A) < QB s (A\A N[B(b],b7) N C(c}, ) N D(d;, ds)))
P(xi ¢ (b],02)) + P(xi ¢ (dy,ds))

+  Qhomm (A\A NC°(c},T3))

< €

+

Since for any § > 0:

n n 1 n n n
Pgy,r(A) < QB (4) + gdBLl (Pgy, 1,7, Qpg,11,5(r)) + QBO,H,E(F)(A‘s\A),
1 . . .
= (e} + gdBL1 (PBO,H,Fy QBO,H,E(F)) + QBOJ_LE(F) (A(S\A),

and, by assumption, there is M. € N such that for any n > M.:
dBLl(Pgo,H,Fv QZD,H,z(F)) < ede,
we conclude that for n > M.:

sup Pgonr(A) < a+ 2e
(II,F)ERk x F

This establishes the asymptotic validity of the test in Result 1.

B.4.2. Local Asymptotic Power of the test in Result 1

Now we derive the local asymptotic power of the test in Result 1 under the following assumption:

AssuMPTION L1: The class of distributions F is such that:

lim dpr, (P£0+ﬁ7H7F7ng+ﬁ> — 0.

n— oo

This is, the Bounded Lipschitz distance between the measures Pg'r  and ngHVE(F) coverges to
zero as the sample size grows large for any local alternative of the form Bo + ¢//n.

AsYMPTOTIC EFFICIENCY OF THE TEST IN RESULT 1: Suppose that Assumption L1 holds
and suppose that there are constants 0 < A < A < oo such that the eigenvalues of 3(F) belong to
an interval (A, \] for any F € F. If (F) = ¥(F) ® ®(F) and II # Okx1, then:

hrgmf Pfé’LO‘Fﬁ,H,F(Z\VAP(S?t) - CWAP(t; Oé) 2 0) 2 P(X%(:u‘z(ﬁ(% ) H7 F)) > X%,lfa)7

where x3(1%(Bo, ¢, I, F)) is a non-central chi-square distribution with centrality parameter:

12(Bo, e, IL, F) = (I ®(F) " T1) (b W (F)bo) .
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We establish the local efficiency of the test in Result 1 in 6 steps:

STEP 0: Fix (I, F) € R* x F and suppose that [|TI|| # 0. Let & denote a positive scalar. In Part
c) of Step 5 we have shown that for any ¢ > 0 there is e(n) such that for any 't > e(n)—and
uniformly over the values of s's < e—it follows that:

l2war(s, ) — cwar(t; @) — 2LM(s, 8) + 2x7 1_a| < ¢/2,
where LM(s,t) = (s't)?/t’"*. This means that if s's < € and 't > e(¢):
LM('97 t) - Xilfa > </4 Eaad Z\’VAP(57t) - CWAP(t; a) > 0.

Therefore, for any local alternative 8(c) = fo + %:

Py, r(zwar(s,t) — cwar(t;) 2 0) > Pgioyn,p(LM(s,t) > Xi—o+Cand s's <Zand t't > e(Q))s
> Pgonr(LM(s,t) > Xia +¢/4)
+  Pioymr(s's <e)
+ Pionr(t't>el() -2,

(where we have used P(AN B) = P(A) + P(B) — P(AU B)
twice, and also the fact that P(AU B) < 1).

We now characterize the asymptotic behavior of the terms:

Pgeym,p(LM(s,t) > Xioa +C/4), Pioymr(s's <€), Pgeynrt't>e(C)).
STEP 1: Consider first the term:
Pg(c),H,F(LM(Sv t) 2 Xifa + C/4)
Note that the event:
Er={(s',t) € R* | LM(s,t) > x1 1-a + (/4},

is the same as the event:
Er={(s',t') € R®* | LM(s,t/v/n) > X1 1_a + C/4},
as LM(s, ) = (s't)2/t't = 8't/\/R)2/ (¢ /) (¢ /7).

Let ﬁg(c),n,F denote the distribution of the random vector (S’, (¢/4/n)")’. Since the transformation
(z,y) — (x,y/y/n) is Lipschitz for any n € N (with constant 1) it follows—by assumption—that as
n — oo:

dsr, (P§(e),m,m @F(e),m (7)) — 0,

where @ is the distribution of:

Q5 = Nax ([b6 @ L) (bo @ I)] ~*/2ell e Ok
LR = [(ah @ Tx)S(F) " (a0 ® )] /% (ah @ T)Z(F) " (an(c) @ T)TT \Okx Le/v/n) |’
3To see this, note that for any function A € BL; we have that:
‘E;Z;(c),n,F [h(X)] B IEag(c),n,F [h(X)]‘ - ‘EPE(C)ILF [h ° 9"(57 T)] B EQZ(C)ILF [h ° 9"(57 T)] ’

where gn(s,t) = (s, (t/+/n)")" is an element of BLi. Consequently,

0 < dpr, (Pg(eym,r Qb(e) ) < dBLy (Pgeym,rs QB(e),m,5(F))-
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with an(c) = (Bo+c¢/+/n,1)". Moreover, the convergence of the mean vector of this distribution and
its covariance matrix this implies that:

deL, (QB (o), m,5(F)s Qpo,1,5(F)) = 0

Q _ Ny [ (o @ TS @ L)AL (T O
Ao, L= (F) = [(ah @ Te)S(F) " (ao @ Tg)]/?T1" \Okxr  Okxk '

where

Thus, one can conclude that

dpr, (P§(e), 1,5 (), Qpo,11,5(7)) — 0.
For any event, and in particular for F1,

1

5481 (Pgeyrnr Qo mis(ry) — Qpoms(r (BF)°\EY).

Pieymr(B1) > Qpy s (r) (B1)

Under the probability measure Qg i, x(r) (which does not depend on n), the topological boundary
o Bd(E7) = {(s/,1) € R*™ | LM (s,t) = x¥1-a + ¢/4},

has probability zero. Therefore, there exists d¢,c (independent of n) such that:

£

6

Moreover, by choosing N (¢, () € N to be such that for n > N(e, ():

Qs ((E);“\Ef) <

- ¢
dBL, (Pi(e),m,5(F), Qao,1,5r)) < 56,467

we have that:

Pg(c),n,F(El) = ﬁg(c),H,F(El)v
> Qponxm(Er) — édBL1 (Pheymm Qoomnx(r)) — Qeo.mn,x(r (B ¢ \EY),
> Qpomzr) (Er) — % - %’
= Qpomxr)(E1) — %

Moreover, under the probability measure Qg, m,x(r)(E1):
t'S
Vit't

NN(/J‘(/B()767H7F) ) 1)7
where

1 ([(ah @ T)IE(F) " (a0 © 1)) /2((6h © L)E(F) (b @ 1) /2 )11
w(Bo, ¢, I F) =c .

(lteh & W= (F)(ao 1))
This means that Qg, 1, 5(r)(£1) is the same as:
P (2 (s* (B0, 1L F) > X + ).
This means that for any ¢ > 0,e > 0 there is N (e, ¢) € N such that for n > N(e, ¢):

Piomr(B) 2 P (80, . TLF)) > xEa o+ ) -

Wl o
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where x3(1%(c, Bo, ¢, IT, F')) is a non-central chi-square distribution with centrality parameter:

11 ([(ah @ TIE(F) ™ (a0 © 1)) /2[(6h © T)E(F) (b @ 1)) /2 )11
w(Bo, ¢, I F) =c

(Wl(ay @ 1= () @ Ty

STEP 2: Now we take care of the term Pj,) iy p(s's < €). In particular, we show how to choose €
to make the term of interest to be at least 1 — ¢/3 for n large enough. Let E denote the event:
Ey ={(s,t") | s's <&}
Note that for any ¢ > 0:
P[;L(c),H,F(E2) > Qg(c),n,z(F)(E2) - %dBLl (Pél(c),n,n QZ(C),H,E(F)) - Q;(c),H,E(F)((ES)é\EC)V

1 n n C C
gdBLl(P,e(c),n,n Qb (o), n,5(r)) — Ps((E5)°\E3),

Ps(E2) —

where S ~ Ny ([by @ I 32(F) (bo ®]Ik]71/21_[c7 Ix). Once again, since the topological boundary of Es
has zero measure under Ps there exists d. z such that:

Ps((ES)%?\ES) < S

This means that one can choose N(e,€) € N such that for n > N(e, €):
Py nr(E2) > Ps(B2) - 5

Moreover, there is € large enough such that Ps(FE2) > 1 — 5. Therefore, for n > N(e, %),

n €
Pﬁ(c),H,F(E2) >1- 3

STEP 3: Finally, consider the term Pg(c),n,F(tlt > e). We show that for any fixed € there is n large
enough such that this term is at least 1 — ¢/3. Define:

Es, ={(,t) |t't > e/\/n}.

Note that:

Pﬁn(c),l'[,F(t/t > Q) = PL;L(C),H,F(E3;7L)7

1 Dn c S c
= Qg (Fan) — gdBLl (P(ey,m,r> Qo)) — Qpo,i1,m(r) (E5,2) \ES n),

1 - .
2 Qo) (Bsn) = sdpry (Ps(o),n,m Qo n(r) — Qo2 ((B50)°)-

Under Qgy,m,x(rF), the statistic ¢ has a degenerate distribution with all of its mass at t* = [(ap ®

I:)]2 Y (F)(ao ® I;)]*/2I1 = 0. This means that for n large enough:

Qpo,n,5(r)(Esn) = 1{t" € E3,} = 1.

Take any 0" such that the ball of radius §* around ¢*, Bs«(t"), excludes the origin. Note that for
any n such that e/\/n < §*:
B1/2/p1/4 (Okx1) N Bs« (") = 0.

This means that for n large enough there is no to € R* such that: toto < e/+/m and d(to,t*) < 6.
This means that for n large enough ¢* ¢ (Egyn)‘s. Therefore for n large enough:
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., 1 -
Pionrtt>e) > 1- 5+ 4L (P3(e). . Qao,ms(r)) — 0
€
> 1- <.
- 3

STEP 4: We have shown that:

P,él(c),H,F(Z(& t) - C(t; a) 2 0) 2 P,él(c),H,F(LM(Sv t) 2 Xifa + </4)
+ Pél(c),H,F(S,S < E*)
+  Piomr(t't>e(() -2

Steps 1, 2, 3 of this proof have established the existence of N(e, (,e") such that for any n >
N(e,,e) -

. €
PBL(C),H,F(LM(‘S?t) 2 Xifa + C/4) 2 P(X%(N?(ﬂ(h c, H7 F)) > X%,lfa + C) - 57
Piomr(ss<e) > 1-g,
€
Piomrt't>e() > 1- 3
where the centrality parameter p?(8o, ¢, II, F) is given by:
2

g ([(d) & ]Ik)]E(F)*l(ao [029] Hk)]l/Q[(b(f) ® Hk)E(F)(bo ® Hk)]71/2>1—l

12 (Bo, e, TLF) = | ¢ 172
(H’[(a{) QR I)]E"HF) (a0 @ ]Ik)]ﬂ)

This implies that:
tim inf Pl s e (a5, 8) = cwn(t52) 2 0) 2 P (6B, 1L F)) > X +€),
for any ¢ > 0. Since the distribution on the right-hand side is continuous in ¢, then:
tim inf P, e r(wae(5,6) = con(t5) 2 0) 2 P(x3(2* (Boy e, TL F)) > X ).
STEP 5: If X(F) = ¥(F) ® ®(F):
[(ab ® L)]S(F) " (a0 ® I)] = (ap ¥~ ao)®

and
[(66 ® T)E(F) (bo @ Ii)] = (b Who)®.
Therefore, the expression for the centrality parameter simplifies to:
12 (Bo, e, I, F) = (I D I1) (by Who) .
FiNAL COMMENTS: The lower bound on local power above implies that the test in Result 1 is as
powerful (locally) as a GMM-Wald test for Sy based on the sample moment condition:
1

\/ﬁZl(y — Box) = 0.

To see this, note that under Assumption L0 the asymptotic variance of the sample moment condition
is simply QW@ where @ is the probability limit of Z’'Z/n and Wy = (by ®1)X(bo @i ). Therefore,
the efficient GMM estimator for 8 (assuming Wy is known) is:

-1
Bevm = (X’Z(Z’ZWOZ’Z)’lz’X) X'Z(Z' Z2WoZ' Z2) ' Z'y

—1
= (szofl%) W5 A1
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The efficient a-level GMM-Wald test for 8 = By rejects whenever:

(Gawa ') Fawe VaG: - 43 > -
and this test has local power, under alternatives of the form Sy + ¢/+/n, given by:
P W ) > ¢ ).
If 3 is of the form ¥ ® Q, then ¢*(I'W; 'T1) coincides with the centrality parameter p?(Bo, ¢, IT, F).

B.4.3. Details of the weights for (8,1II) in the Kronecker case

This section analyzes the properties of the weights:

~ ~ , _1/2,
(B.27) (Bl—?) =n /2 (\I’EC{) ® @12/2) p(é @ w), Co ( (boWsbo) ™2y, ) 7

(ah¥5tao) Y 2ah Wt

with

(B.28) ¢ ~USY), w~UESHT,

and

(B29)  plow~ AT/ (¢ @) (Covg e 86"7) 57 (0sCh 0 2)?) (6 @ w).

The main assumption of this section is that ¥ = ¥ ® ®. Note first that when ¥ = ¥ ® ®:
Ty, = (vec(®)'vec(®))/2W, 5 = ®/(vec(®) vec(P))'/?.

Therefore, we can write the weights in (B.27) as:

(B.30) (BI?) — 2 (\I'C() ® <I>) p(6@w), Co = ( (b{)\ybo)fl/zb() ) 7

(ap ¥ ao) " 2ap W
WEIGHT FOR (: Under (B.30), the parameter 8 equals:

[1,0]¥Co¢

B o= [0,1]¥C¢’

This ratio can be simplified using the following equalities. First:

1,01 Co¢

(1,019 [bo(bhbo) /%, ¥ ao(ab¥ a0) 2o,
(by definition of Co)

[[170]\1’170(176\1/60)*1/2 7 50(%\1,—1“0)71/2} é)

(as [1,0]ao = fo)-

Second:

N —1
Fa—1 1 , (0 —1 0 1 . 1 —Bo 1 —pbo ’
agV ™ "ap = —det(\I’) ag (1 0 > \\J (_1 0) ag = det ((O 1 \\ 0 1 boWbo,

and
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where 7(30) refers to the correlation coefficient of (by; [0, 1])¥(by;[0,1])’. This means that the nu-
merator for 3 is given by:

[L0NCho = 1, 00Who(bWbo) g1+ fo/T= (o) (0, 1910,1])" 62,
= [1,0]Wbo(boWbo) /" ¢1 — Bo ([0, 1]Wbo) (byWho) /1
+ Ao (r(B0)ér + v/T= 2 (B0) (0, ga ) (0, [0, 1)),
(where we have added and subtracted Bor(80)([0, 1]¥]0, 1]’)1/2(251).
Therefore:
[1,0]Co¢ = (byWho)"*¢1 + Bo[0, 11WCiyg,

where we have used the fact that:

[0, U Cho = (r(ﬁo)¢1 +/T=72(Bo) ([0, 1]@) ([0, 1]w[0, 1]')/2.
This means that g can be written as:

[L,0]TChp  (bpWbo)'*¢n

B30 5= 51w~ 0.0v00

+ fo-

WEIGHT FOR II: The distribution of the first-stage coefficient is given by:
(B.32)  /nll = ([0,1]¥C)¢)®"? puw.

This means that:
Vil | ¢ ~ N (0, ([0,1]¥C5¢)°®) .

COMPARISON TO THE MM2 WEIGHTS: We claim that if ¥ = ¥ ® ® the weights in (3.3) and (3.4)
are equivalent to the ‘MM?2’ weights proposed in MM15. To see this, note that (B.31) implies that
the vector (3,1)" can be written as WC(¢ divided by [0, 1]¥Cj¢. Since the vector (cg,dg)’ in MM15
equals Co(3,1)’, then:

[l(cs,dg)'ll = 11Co(B,1)'|| = [|Co¥Co|/1[0, 1] ¥Co6| = 1/|[0, 1]¥Cog].
Therefore,
1/lI(cas dg)'|I* = ([0, 1]¥Ch¢)*.
This implies that
V/nll | ¢ ~ N (07 (||(057d5),||72¢') )

which is the same distribution as in MM15, up to a scaling constant. Also, MM15 assumes that the
distribution of the angle of

Co(B,1)'/I1Co (8, 1)
is uniform on [—II, II]. Under (B.31) it follows that

Co(8,1)'/1ICo(8,1)[| = ¢,

where ¢ is uniformly distributed on the unit circle S*. Part ii) of exercise 5.2.4 in Stroock (1999)
implies that ¢ can be written as [cos(#)’,sin(#)']" where 6 is uniformly distributed on a connected
interval of length 2pi.

DISTRIBUTION OF VA(8 — o) AND A: The Monte-Carlo exercises in Andrews et al. (2006) depend
on the parameters:

A = nlld ', and VA(B — So).
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Equation (B.32) implies
A= (([0,1]8Ch)@?pw) @7 (([0,1]TCop) @Y pu)
([0, W C) )2 p% /213 2
([0, 1]WCo)° p*.
Consequently, equation (B.31) implies

/ 1/2
VAB-B) = 01007 <%)

(bp®bo) /2 ppr.
Therefore:

(B.33)  VA(B-fo) = (bé)%o)l/zpabh
(B.34) A ([0, 1]wCo9)*p?

The probability density function of (v A(8 — o), A) is given in Figure 1 in the main text of the
paper.
B.4.4. Asymptotic equivalence between the test in Result 1 and the CLR as t't — oo

The CLR statistic can be written as
% ((5'5 —t't) + 8z(s, t))7

where
1/2

( ‘s —t't) —|—4(s't)2) ,
't

1\ 2 1/2
= ( 55 1) a2t l) .
8 t't Vit t't

The equation above implies x(s, ) — oo as t't — oo for any s. Moreover, the test statistic zwar(s,t)
in Result 1 equals

z(s,t) =

. 00| =

(s's — t't) + 81n ( I (x(s, t)) ) + 41n(27) + 41n((1/8)¢'t).

The asymptotic approximation for the modified Bessel function Ip(z) given in Olver (1997), p. 435
implies that

ex
Io(:c)/W%L as ¢ — oo,

Therefore, as t't — oo

ZWAP(87 t) = (S/S — t/t) + 8In (

6ac(s,t)
(2mx(s,t))1/?
(s's — t't) + 8z(s,t) — 4In(2mx(s,t)) + 41In(27) + 41In((1/8)t't + o(1)
= 2CLR —4In(x(s,t)/(t't/8)) + o(1)

2CLR + o(1).

) +4In(27) +41In((1/8)t't + o(1)



32

REFERENCES

ABRAMOWITZ, M. AND I. STEGUN (1964): Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, vol. 55, Dover publications, New York.

ALIPRANTIS, C. AND K. BORDER (2006): Infinite Dimensional Analysis: a Hitchhiker’s Guide,
Springer Verlag, 3rd ed.

ANDREWS, D., M. MOREIRA, AND J. STOCK (2004): “Optimal Invariant Similar Tests for Instru-

mental Variables Regression,” Working paper, Harvard University.

(2006): “Optimal Two-sided Invariant Similar Tests for Instrumental Variables Regression,”
FEconometrica, 74, 715-52.

BILLINGSLEY, P. (1995): Probability and Measure, John Wiley & Sons, New York, 3rd ed.

BroOwN, L. D. (1986): “Fundamentals of statistical exponential families with applications in sta-
tistical decision theory,” Lecture Notes-monograph series, 9, i—279.

CHERNOZHUKOV, V., C. HANSEN, AND M. JANSSON (2009): “Admissible Invariant Similar Tests
for Instrumental Variables Regression,” Econometric Theory, 25, 806-818.

DUDLEY, R. (2002): Real Analysis and Probability, vol. 74, Cambridge University Press.

FERGUSON, T. (1967): Mathematical Statistics: A Decision Theoretic Approach, vol. 7, Academic
Press New York.

LEHMANN, E. AND J. ROMANO (2005): Testing Statistical Hypotheses, Springer Texts in Statistics,
Springer Verlag.

LEHMANN, E. L. AND G. CASELLA (1998): Theory of point estimation, vol. 31 of Springer Texts in
Statistics, Springer, New York, 2nd ed.

MaARDIA, K. AND P. JuPP (2000): Directional Statistics, Wiley Series in Probability and Statistics,
Wiley.

MOREIRA, M. (2003): “A conditional likelihood ratio test for structural models,” Econometrica, 71,
1027-1048.

Ok, E. (2019): Probability theory with economic applications, forthcoming.

OLVER, F. W. (1997): Asymptotics and special functions, AKP Classics, Academic press, 2nd ed.

RUDIN, W. (2005): Functional Analysis., International Series in Pure and Applied Mathematics,
McGraw-Hill, New York.

(2006): Real and Complex Analysis, Tata McGraw-Hill Education, 3rd ed.
STEIN, E. (2011): Functional Analysis: Introduction to Further Topics in Analysis, Princeton Univ

Press.



33

STROOCK, D. (1999): A Concise Introduction to the Theory of Integration, Birkhauser, 2nd ed.

VAN DER VAART, A. (2000): Asymptotic Statistics, Cambridge Series in Statistical and Probabilistic
Mathematics, Cambridge University Press.

VAN DER VAART, A. AND J. WELLNER (1996): Weak Convergence and Empirical Processes.,

Springer, New York.



