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THE MIXED HAZARD MODEL USING MARTINGALE-BASED
MOMENTS
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APPENDIX B. THE PROOFS OF THEOREM 2.2 AND PROPOSITION 2.3

The proof of Theorem 2.2 requires two analytic results, which we provide in the fol-
lowing two lemmas.

Lemma B.1. Let (¢,d) € R*\ {(0,0)}, VW €V, and let f,g: [0,00) — [0,00) denote

two right-continuous functions. Assume that there exist some t > 0 and € > 0 such that

fi < fs forall s € (t,t+¢) (B.1)
and define the two right-continuous functions

fo=fo+ clacipre), 520 (B.2)

Js = gs +  Licpite), s> 0. (B.3)

Then we have the equivalence

~ c c_ , , ~ N
(v f. )= Loy 59.55)  fandonlyif  (Lyof Lyof)=(Lwog. Lwog).
W7 e
Proof. The “only if” direction is trivial; hence let us assume that (Ly o f, Ly o f) =
(Lw o g, Lw o g). Since this implies that

EV(fs) - EV (]i) - EW(QS) - ['W (gs)

we then have ¢ # 0 and ¢ # 0. By swapping f with f (and g with g) we may assume
that ¢ > 0. The monotonicity of Ly and Ly then also yields that ¢/ > 0. Next, define
the functions

0: (Ly(0),]] >R, s— Ly (E(/l(s) + c) :
¥ (Lw(00), 1] = Ry s+ Ly (L} (s) + )
and observe

P (Lv(f) =Ly (fs) = Lw (3:) = ¢ (Lw(g)) =& (Lv(f)), s€[ti+e).

Now, (B.1) guarantees that the range of the function [t,t 4 ¢) 5 s — Ly (fs) contains an
open non-empty interval. This then yields that ¢ = 1 since the two functions ¢ and
are analytic; see Chapter I1.5 in Widder (1946).
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Next, note that L£y/(0) = Ly (0) and proceed by induction as follows. Assume that we
have argued Ly ((n — 1)¢) = Ly ((n — 1)) for some n € N. Then we get

Ly (nc) = o(Ly((n—1)c)) = p(Lw((n — 1)) = L (nd), n € N.

Now, consider the random variable W’ = (¢'/c)W > 0 with Laplace transform Ly (z) =
Lw(zd /c) for all x > 0. We thus have

Ly(nc) = Ly (ne), n e N.

Since, moreover, > ,en 1/(cn) = oo, the Miintz theorem yields Ly = Ly = L /ew; see
Feller (1968), in particular, Theorem 2 and the representation of (1.7) in that paper. We
then also get that

_ _ _ _ c c
f = L3N (Ev () = L7 (Lwl9) = £ (Lren()) = £7 (£v (S)) = So.
and similarly, that f = (¢/c')g. Hence, the statement follows. d
The proof of Lemma B.1 is inspired by Brinch (2007).

Lemma B.2. Recall the setup and notation of Lemma B.1. Then there exists n € N
such that, for all right-continuous functions f,q: [0,00) — [0,00) satisfying

— 1
sup <|C+f8_fs|+|cl+g_§s|)<7 (B4)

SE[t,t+e) n
and

_ 1 1.

(Lv, f, f) # (EHW, —q, g) for each constant k > 0,
k7K

we have

(Lyof,Lyof)# (Lwog,Lwo7),

Proof. We may assume in the proof that Ly o f = Ly o g; otherwise nothing is to be
argued. We recall the right-continuous functions f and § from (B.2) and (B.3). Let us
first assume that Ly o f = Ly 0§ on [t,t +¢). Then we also have Ly o f = Ly o g.
Lemma B.1 now yields that Ly = L(/¢yw. This then yields the statement.

Hence, let us now assume that Ly o f # Ly 0§ on [t, ¢ +¢). Thanks to the continuity
properties of the two functions £y and Ly, there exists n € N such that Ly o f # Ly oG
whenever (B.4) holds. This concludes the proof. O

Proof of Theorem 2.2. We only need to argue one direction. Hence, let us assume that
(Ly, F) # (Lew,G/k) for each constant £ > 0. In the notation of Assumption (R), fix
w e Al NAy, set f = Fw),g = Gw),t = pw),c = Cw),d = C'"(w), and ¢ = E(w).
Then Lemma B.2 yields the existence of N(w) such that

(Lvof Ly oF(w)# (Lwog, LwoGW)),  ©€Orgrecenw)  (BD)

Setting N(w) = 1 for all w ¢ A; N Ay then yields a mapping N : Q@ — N. It can be
checked that N is measurable, hence N is a random variable.

To proceed with the argument, let us consider the product space (Q2xQ, # x P xP)
and identify all random variables X : Q — R with random vectors (X!, X?) : O x Q — R?
by XY (wi,ws) = X(w;) and X?(wi,ws) = X (wy) for all (wy,ws) € Q x Q. Next, define
the set

B = Zﬂ {(WI,WQ) TWo € OFl,Gl,pl,Cl,C’l,Sl,Nl} C Q) x Q, (B6)
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where
E:{(wl,a@) T W EAlﬂAQ}E%X%.

Similar as in the proof of Lemma C.1 below, we can see that B € ¢ x .
Next, note that Assumption (R) guarantees that (P x P)[B] > 0. Moreover, on B we
have

1Ly (F') = Ly (GY] + | Ly (F?) = Lw (G?)] > 0,

thanks to (B.5). Since the distribution of (F, G) under P is the same as the one of (F!, G')
under the product measure P x P, as well as the one of (F?, G?), we now obtain

E[[Lv(F) — Lw(G)[] = ;prp[\ﬁv(Fl) — Lw(GY| + [Lv(F?) — Lw(G?)]] >0,

which proves that Ly (F) # Lw(G), and hence the statement follows. O

Remark B.3. In Assumption (R), each w € A; N Ay is matched with an event that has
positive probability. After reading the proof of Theorem 2.2, the diligent reader might
possibly wonder why it does not suffice to consider those paths that can be paired with
a single path @ (instead of an event with positive probability). To require now that the
family of those w’s has positive probability is less restrictive than requiring that the event
A; N As in Assumption (R) has positive probability. Instead of considering the product
measure in the proof of Theorem 2.2 one could conjecture that it suffices to use

Ly (F(w)) = Lw(G(w))| + [Lv(F(@)) = Lw(G(@))] > 0

for all such pairs (w,w). However, we were not able to construct a measurable selection
to pick the “right partner.” Indeed, if w € ) can be paired with some candidate @, it
can also usually be paired with uncountably many other candidates w and it is not clear
how to pick one in a measurable way. U

Proof of Proposition 2.3. Fix some continuous functions «, 8 € A and set

t t
F, :/ a(s, Zs)ds and Gy :/ B(s, Zs)ds
0 0

By assumption there exist z,y € Z and ¢; > 0 such that a(t1,z) # a(ts,y). Set now
p =ty and & =ty — t1. We directly get that P[A;] = 1 since the function o was assumed
to be strictly positive.

Next, observe that the continuity of o implies that there exists 6 € (0,¢;) such that

t1 t1
/ a(s,z)ds # / a(s,y)ds.
t1—9 t1—90

Hence, we can construct, in a measurable way, a random variable Z, taking values in
{z,y}, such that

C = ! (a(s,Z) — a(s, Z,)) ds # 0, (B.7)

t1—0
where the inequality is with probability 1. Hence, C' is R\ {0}-valued. Similarly, we
define the random variable

c/:/:_é (8(s, Z) — B(s, Z,)) ds.

We now want to argue that P[As] > 0 with this choice of random variables p, £, and
(C,C"). Indeed, we will argue that P[Ay] = 1. To this end, fix n € N and w € 2 such
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that 2 = Z(w) is in the support of the process Z, which happens with probability one.
Moreover, set

F=F@= [ a(sz)ds,  g=Gw)= [ Als.z)ds
0 0
t=pw), c=Cw), d =C"w), and ¢ = E(w). Next, let Z denote a Z-valued path with
gs - Zs]-s<t1—6 or s>t + Z(w>1t1—5§s§t17 S 2 0.

Hence Z equals the given path z outside of the interval [t; — §,¢1]. On that interval, Z is
constant and takes value z or y. We now want to prove that the event

- 1
Of7g7t»cvc/7€7n = {w E Q : Sup (|C + fs - Fs‘ + ‘Cl + gs - GS‘) < 7}
sE[t,t+e) n

:{CJEQ: sup (

s€[t,t+e)

/Os (a(u, z,) — alu, Z,(@))) du’

+

s _ - 1
[ 60z - 0 2@ ) <
has positive probability. Indeed, with this representation, Lemma B.4 below yields that
PlOfgtecen) > 0, which concludes the proof. O

Lemma B.4. Suppose Assumptions (P) and (A) hold along with (2.5); i.e., we are in the
mized hazard setup. Assume, moreover, that o € A and that z be a Z-valued function in
the support of the observation process Z. Fixn € N,z € Z,6 € (0,t1), and T > 0, and
define the Z-valued function

Zg = Zsls<t175 or s>t +§1t176§s§t17 5> 0.

Then we have

> 0.

p [ sup ([ la(u,2) - a(u, Z)]du) <

s€[0,7T

Proof. Thanks to the continuity of the function «, it suffices to show for some appropri-
ately chosen sufficiently small € > 0 that the event

{ sup |Zs—zs\<£}ﬂ{ sup |Zs—z|<5}ﬂ{ sup \Zs—zs|<€}
s€[0,t1—¢) s€(t1te,ta—e) sE(ta+e,T]

has positive probability. Any of the three conditions in Assumption (P) yields this.
Indeed, if the covariate process Z is piecewise constant with Poisson update times this
probability can be written as the product of positive probabilities of the following three
events: (1) the event that up to time ¢; — ¢ the observations stay close to z; (2) the
event that a jump occurs around time ¢; to a neighbourhood of Z, and that another jump
occurs around time ¢y to a neighbourhood of z; (3) the event that after time ¢5 4 € the
observations stay close to z.

If the covariate process is a diffusion, the result follows from the support theorem;
see, for example, Stroock and Varadhan (1972). In the case of one-dimensonsal Markov

processes, a similar argument yields the claim; see for example Bruggeman and Ruf
(2016). O
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APPENDIX C. SOME RESULTS ON MEASURABILITY

Assumption (R) implicitly uses two subtle but essential facts:

(1) The set Oy g4, en is measurable such that the probability in (2.6) is well-defined.
(2) The set A; N A, is measurable.

In this subsection, we provide the necessary arguments to justify these facts.

Lemma C.1. With the notation of Assumption (R), the set Oy g1 ¢ em 1S an event; more
precisely,

Ofgtecen € Foo
Proof. Consider the right-continuous .%,,—measurable process
H, = 1s€[t,t+€)<|c+fs_Fs‘+|Cl+gs_Gs‘>7 s > 0.
Then we have

Of’gﬂf’c’C/’E’n = m {Hq < 1/7’L} c yoo,

q€QNI0,00)

which concludes the argument. U
Lemma C.2. With the notation of Assumption (R), we have Ay N Ay € F.
Proof. 1t suffices to fix n € N and check the measurability of the following set:

Al = AN {P [Of»gatycvclvf’"]|f:F,g:GJ:p,c:C’,c’:C",525 > 0} ’

where A; € 7. We now use the same argument as in the proof of Theorem 2.2. Consider
the product space (Q x Q, # x P x P) and define, as in (B.6),

B™ = AN {(w1,ws) : wo € OFl,Gl,pl,Cl,C’l,Sl,n} e H XA,
where
A={(wi,w2): Fy < F}, foreachse (p',p'+&)} e xH.

Next, let Y describe the conditional expectation of 15m) given the sigma algebra J¢ x
{0,9Q}; to wit,

Y =E[1pm[ x {0,Q}]
=1z xP [Of7gat7070'7€an]|f:F1,g=G1,t:pl,czCl,c/ZC”,EZSI :
Then we see that
A® = {0 Y (wy,ws) > 0}

Since we assumed that the sigma algebra ¢ is complete, we get A™ € S, concluding
the proof. Il

APPENDIX D. SOME MARTINGALE PROPERTIES OF THE HAZARD MODEL
Theorem D.1. Fiz a pair (W,G) € V x F, assume that [;° FYdt < oo, and define the
process M = 1/Lw(G)1po.[. Then the following conditions are equivalent:

(1) Lw(G) = Ly-(F*).

(ii) M is a uniformly integrable (¢;)-martingale.
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Proof. Assume that (i) holds. Now fix s,¢ € [0, 00] with s < ¢t and A € ¥,. Then we can
write AN {7 > s} = BN {7 > s} for some B € .%,. Hence, we get

]. *VOFtO

1 )
E[MtlA] = E[MtlB] =E W%%l 1{T>u}mB} =E mlBe = P{B]
1 oo 1
—E|———1ge V| = E|——— 1, -, = E[M,15] = E[M,14].
Lye(Fo) P° Lya(Fe) Hr>sine| = EM:le] = E[M.14]

Here, we used (2.5). Thus, M is indeed a uniformly integrable (¥4;)-martingale.
Let us now assume that (ii) holds, but Ly (G) # Lyo(F°). Then (2.5) yields the
existence of t > 0 such that
P{r >t} n{Lw(G) # Lv-(F°)}] > 0.
Thus, we have
1
M # ——1j9..1-
7 Lyo(Foy o
The left-hand side is a (%;)-martingale by assumption, the right-hand side by the impli-
cation from (i) to (ii). This, however, contradicts the uniqueness of the multiplicative
decomposition of the nonnegative (%;)-supermartingale 1j.; as a product of a local
martingale and a predictable nonincreasing process:

1
1[[077[[ =M x EW(G), 1[077.[[ = WIHO’TH X EVO (FO>,
see also Yoeurp (1976) and Appendix B in Perkowski and Ruf (2015). Hence, we have
the implication from (ii) to (i). O

Example D.2. The choice of filtration is essential in the statement of Theorem D.1,
even if there is no unobserved factor. To see this, we provide now a setup that satisfies
Assumption (R). However, in this specific setup there exists G € F such that the process
M = 1/Ly+(G)1p,[ is a uniformly integrable (&;)-martingale, but Ly+(G) # Ly (F°).
Here, (&;) C (%) denotes the filtration generated by M itself.

Suppose that Q = {wy,wy} X [0,00), that ((w,r) = r for all (w,r) € Q and that

P {1} x (t.00)] = g = Pl{un} x (Loo)] . £20.

In particular, ¢ is exponentially distributed. Moreover, let V° = 1 and F = {F°, G},
where

FP(wi,r) =t A 3; Gi(wy,7) zlog( >+(t—1)+/\2, tr>0;

1+ e~ (A

FP(wa,r) = (t —2)T A T4 Gy (wo, 1) :log< ) +(t—=2)t A1, t,r > 0.

1+ (M)
Next, define 7 in the same way as in Footnote 3. Then the basic setup is satisfied. It
is also easy to check that Assumption (R) is satisfied with p = C' =2 and £ = ' = 1.
However, clearly we have Lyo(G) # Lyo(F°).
Let us observe that

2
M,

B 1+et

2 o
Mt:mxetlﬂoﬂ-[, tZl

Lo+ te0,1];
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Next, let us check that M is a uniformly integrable (&;)-martingale. To this end, for
s,t € [0, 1] with s <t we have, on the event {17 > s} € &,

2 1+e?
——Plr > tlr > s| = X
1+et I ™ >3] l+et 14es

For s,t € [1,00] with s < t it is also easy to check that E[M;|&;] = M. Hence, M is
indeed a uniformly integrable (&;)-martingale.

Let us now double-check that M is indeed not a (%;)-martingale. The event A =
{ws} x [0, 00) is ¢4 jo,-measurable, but we have

S

E[Mt|éas] =

E[M,1,] = 28_1P[{T S 1} 4] =

2 1
— PlA]= ——
1+ 1+e! (4] 1+e!
1 2

> Tren ~ 1rein A= EMyla)
Here we used the fact that 7(we,7) =7+ 2> 2 forall r > 0, on A. Thus, M is not a
(¢,)—martingale, which is consistent with the assertion of Theorem D.1. O
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