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APPENDIX D. ESTIMATING FACTORS USING PRINCIPAL COMPONENTS ANALYSIS

Let
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and define U similarly. The matrix form of the factor model is then

X =AF'+U,
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where the individual and time effects have already been removed. Let F = (fl, ...,fn)’

denote the nx K matrix of the estimated factors. The columns of F /+/n are the eigenvectors
of the first K eigenvalues of X’ X /(npT'). We call this the “PC estimator” ]'| We now present

'We choose to focus on the PC estimator as a concrete example because it is relatively simple
and is free of tuning parameters. One could consider other options which would also satisfy our

assumed high-level conditions. For example, the weighted PC estimator (e.g. |Choi (2012); Bai and|

(2013))), can be more efficient than the standard PC estimator but requires additional tuning

parameters for practical application.
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regularity conditions which are sufficient to verify that the PC estimator satisfies the high-
level sufficient conditions for the quality of factor estimation given in Assumption in
Section These regularity conditions are standard for high-dimensional approximate
factor models.

Assumption D.1 (Pervasiveness). There are ¢,C > 0 so that

T
1 1-, -~
¢ < Amin ( § : A’At> < Amax (T§ :pA;At> <C.
t=1

where Amin(A) and Amax(A) respectively denote the minimum and mazimum eigenvalues of

A.

Assumption D.2 (Second Order Weak Dependence). There is C > 0,

) <G,
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Assumption D.3 (Uniform cross-sectional convergence).

max;<n ’pT Zt 1 Z ( it,m EUzzt m)’ = OP(l)
masicn | Sy Sy Mnlinnlls = Op (/552

D.1. High-level assumptions on the estimated factors. More generally, the esti-
mated factors should satisfy the following conditions in the original and the bootstrap
data.

Assumption D.4 (Quality of Factor Estimation in Original Data). Suppose there is an in-
vertible dim( f;) xdim(f;) matriz H with |H||+||H || = Op(1), and non-negative sequences
AF, Aeg, Aud; Afum; Afe, Amax; S0 thatfor git S {gita ﬁit}; ’Lf)tm S {ZN\/t’}/d, A;’yy, Sdt; Syt, :\tm},
Btk S {Sdtagyta S\tk}y and v € {va, v},

I?SEE{H,E—H/]E”D = Op(Amax), ZHfz H'f;||3 = Op(A%)
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n

1 1 ~ S~
T > ”ﬁ > (fi— H' i)zl = Op(AT,),
t=1 =1
n T
1 ~
= % H 1)~ m =0p(A
gllg;(HnT;;(f fi)Zit Wi ||F = Op(Acy)
1 n T
glf%(pHnT;;(f H' f)Ust iy || r = Op(Aua),
1
A 0 )l = O

These sequences satisfy the following restrictions:

1 1
ViT|J[§AL = o(1), Aeg:0<\/ﬁ>y Aud20<\/@> 715/ log pAya = o(1

log p log p
A2 ())Azezo( , A2 = 0O(log(n)), and
TITR log(pT) Tloa(pT) (log(m))

A2, |JRT (A2|J|0+A2 g+ ’0) — o(1).

Assumption D.5 (Quality of Factor Estimation in Bootstrap Data). Suppose there is an
invertible dim(f;) x dim(f;) matriz H* with ||[H*|| + |[H*~!|| = Op«(1), and non-negative

sequences A, A7, Ay, A%, so that for Z}, € {05, €4}, Gim € {Kﬁd,fxﬁy,adt,ayt, Aim }

and }\Ltm S {gdt)(syt))‘tm})
1< Tx 7 *
LS IF - R = 0raR)
=1

n T

T Zit 0 — H*f)|r = Op-(AL,
n T R
r?sfp"nT;; i HY )0 il = Op(ALy).

These sequences satisfy the following restrictions:

1 1
VaT|J3AE = o(1), Azg:o(m), ::d:o(\/ ng) 713/ log pAL, = o(1)

logp
\ %2 d 32 7 QTQ 1
F o <T10g( T)) ; an max‘ ’0 F 0( )
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The following proposition shows that the high-level Assumptions and are satis-
fied by the PC estimator.

Proposition D.1. Assume |J|§ = o(nT?), |J|gn = o(p*T) and |J|3logn = o(p). Then

Assumptions - imply Assumptions and about F and F*.

The conditions |J|gn = o(p?T) and |.J|3logn = o(p) require lower bounds on the growth
of p. These conditions differ from those used in the literature on inference in purely
sparse high-dimensional models, e.g. |Belloni et al. (2014)), in that lower bounds on p are
not required in the purely sparse setting. These lower bounds arise because accurately
estimating the unknown factors using PCA requires a large number of observed series. In

the special case |J|p = O(1), these conditions require

T < n < p*T, log®p = O(n), and logn = o(p).

Technically, existing results in the literature on estimating factor models are not directly

applicable to prove Proposition [D.1} In Appendix [T} we show that
1~ 7 ; 1,1 1
- _H'flIZ=0 4
- ;:1 Ife = H filla = Op o+ 12 + L

when f; is estimated via PCA. This rate is fairly standard (see, e.g., Bai (2003))). On one
hand, the estimation of factors depends on the number of “units” related to the factors.
In the current model X;; = A, ﬁ + Uit, this number of “units” is pT as the factors are
common to the p observed covariates and the T time periods. On the other hand, the rate
should also depend on the number of observations available for estimating the coefficients
on the factors. This number of observations enters as Op(n~2). (Note that in the current
notation, the rate in Bai (2003) would be Op(n~1) under serial correlation. We achieve a
faster rate Op(n~2) due to the independence across i.) The term O p(#) is a nonstandard
component, which appears due to the use of demeaned Uj; in the model. Specifically, we

need to bound =5 >, E[L 3P U2 ,.]?, which leads to an extra term Op(72).

1
P

The above rate allows conditions involving Agr to be directly verified. However, it
does not imply the uniform convergence condition max;<r IIfi — H'f;]|2. Nor is this result
sufficient to verify the other stated conditions because other terms, e.g. Ay, Afym, and
Ay, involve “weighted averages” of {ﬁ — H’ fZ} whose rates of convergence can be derived

and shown to be faster than that of A% = z% + # + ﬁ For instance, if we use a simple
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Cauchy—Schwarz inequality to bound A4, we would have

n n T
. _ 1 1 .
m —E g —H h! E — H'f;]|2 m —E —EU- hisll3.
kE;E{pHTLT fl it,m k”F n £ Il fi fill2 ,I?gxpn £ ”T 2 it,m tk||2

=1 t=1

It can be shown that maxy, j<p = S0 |2 S0 Ui |3 = Op(*%82

), so this crude bound

gives us A,y = Ap k’%. Unfortunately, this bound is not sharp enough to verify that

Ayg = of IZ%) unless n = o(pT'). In the special case that T is fixed, requiring n = o(p)
is a restrictive condition. Rather than relying on these crude bounds, we achieve sharper
bounds by directly deriving the rate of convergence for each required term in Appendix
which relies on some novel technical work. Using these sharper bounds, we only require

n = o(p?*T) which provides much more freedom on the ratio n/p.

APPENDIX E. ADDITIONAL NUMERICAL RESULTS

This section contains additional simulation results and an additional empirical example
based on a cross-sectional version of the model generalized to allow for an endogenous
variable. Implementing the factor-lasso estimation algorithm in this setting requires a
small adaptation to the algorithm in Section 2.2 of the main paper. First, we outline the
modification of the basic procedure in the panel data case with a single instrument, called
Z, for clarity. We then note that, in examples with a single cross-section, we simply drop
all of the individual specific effects in the obvious way as estimation with unrestricted
individual-specific heterogeneity cannot proceed with a single cross-section.

Specifically, we add an additional equation to the model to obtain

Yir = adip + & fi + U0 + g + ve + € (E.1)
dit = 72t + Oge i + Ujpya + G + e + it (E.2)
zit = 0o fi + Uiz + ai + by + it (E.3)
Xit = Mo fi +w; + pr + Uy, (E.4)

and adapt the algorithm in the following manner.

Algorithm (IV Factor-Lasso Estimation of «.)

(1) Obtain {ﬁ, ﬁit}ign,tST by extracting factors from the model X;; = Avf; + Uy
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(2) For gyt = (F'F)"'F'Y;, 0y = (F'F)"\F'Dy, and 6,; = (F'F)~'F'Z;, run the
cluster-lasso programs ([2.6)) and ([2.7)) to obtain 7, and 44 and the cluster-lasso

program

T n

~ 1 N N T ~

T mog i 7 D (G = 8y = U+ mall P (E:5)
= 1=

with tuning parameters as in (2.6) and (2.7)).
(3) Obtain the estimator @ and corresponding estimated standard error as the

coefficient on d;; — 5(’# fi—=-U ft jﬁd and associated clustered standard error from
7 b

) ) ) N P N N

the instrumental variables regression of g —d;, fi — Uit’ Yy on dit— 0 fi— Uit,fm

using Z;;—0", fi_Ui/t f‘y\z as the instrumental variable where U, 7 is the subvector

of Uy whose elements are {ﬁit,j cjeJtand J={j<p: i 0 U{i<p:
Yaj # 0y U{j <p:7.; # 0}

E.1. Instrumental Variables Model Simulations. We generate data from the model

yi = ad; + (ce€)' fi + Uj(cof) + v + €

di = 7z + (¢5,00) fi + Ui (cyyva) + 1+ ms
zi = (€5,02) fi + Uj(er.72) + ¢ + s
Xi= (AN fi+p+ Ui

with n = 100, K = 2, and p = 100. Within this model, d; is an endogenous variable with
coefficient of interest a and z; is an instrumental variable. We generate ¢; ~ N(0,1) and
ni ~ N(0,1) with E[e;n;] = .8 1.i.d. across ¢ and independent of all other random variables.
We generate i.i.d. draws for U; as in the simulations in the main text, and v; ~ N(0,1)
independently from U;. We also generate (v, i, p,§, dq, A, ca, ., Cs5,, Ce, Cp) exactly as in
the simulations in the main text. We set # = 74 = 7. to be vectors with ;" entry given
by 0; = va; = V25 = ]% To control the strength of the instrument, we choose (cs,,¢,,)
so that the R? of the infeasible regression of z; — ¢ on (cs,8;) fi + Ul(cy.72) is 0.7 and the
factors account for 50% of the explanatory power in this regression. We set 7 so that the
fraction of variation accounted for by z; in the regression of d; on z;, f; and U; is 25%.
Finally, we set a = 1.
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We again estimate « using six different IV procedures similar to those implemented in
the main simulation results with one exception. As the number of features is equal to the
sample size in these simulations, we consider an infeasible “oracle” estimator that estimates
a from IV regression of y; — (c¢§)' fi — U] (cot) — v on di — (c5,04)' fi — U] (cy,va) — p using
zi — (¢5,02) fi = Ul(cy,72) — ¢ as instrument (Oracle). This estimator provides a type of
best-case benchmark and allows us to ascertain that instruments are strong enough that
the usual asymptotic approximation provides a reasonable approximation in the idealized
scenario where one is able to perfectly remove the effect of confounding from all variables.

Figure [1] gives simulation RMSEs for the estimator of « resulting from applying each
procedure. The RMSEs are truncated at 0.1 for readability of the ﬁgureﬂ Again, we see
that the factor lasso procedure delivers good performance regardless of the relative strength
of the factors and factor residuals in this simulation design. Each of the other procedures
exhibits behavior that depends strongly on the exact strength of the factors in the different
equations. It might be noted that the dominance of the factor-lasso estimator, in terms
of RMSE, over the “Oracle” procedure is due to the definition of the oracle that we use
which fully removes the variation in each variable due to factors and factor residuals even
in situations in which some of these variables produce no confounding. For example, one
need not remove the variation in the instruments due to the factors in cases where the
factors have zero loadings in the outcome equation, but this variation is always removed
due to the way we have defined the oracle model.

We report size of 5% level tests based on standard asymptotic approximations for each
of the six procedures considered in Figure [2| with size truncated at 0.3 for readability of the
figure. In each panel, we report the rejection frequency of the standard t-test of the null
hypothesis that o = 1 using heteroscedasticity robust standard errors. Here, we see that
the only procedure that uniformly controls size is the infeasible oracle. Among the feasible
procedures, the proposed factor lasso approach performs relatively well in keeping size
distortions small across the majority of combinations of relative strengths of the factors.
In this case, we do see that the factor-lasso procedure suffers from reasonably large size
distortions when the factors account for all of the confounding in the outcome equation
and a moderate amount of counfounding in the treatment equation. We also see that the
pure factor model controls size well in this case, but performs very poorly once all variation

in the outcome equation is not due to the factors.

2Theoretically, the MSE of the IV estimator does not exist in this context. We report root mean
truncated squared error with a truncation point of 1.
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We again conclude by looking at the performance of the k-step bootstrap in Figure
We see that there is a modest, but clearly visible, improvement from using the k-step
bootstrap relative to the asymptotic approximation. The score based bootstrap, on the
other hand, lines up reasonably well with the asymptotic approximation.

E.2. Estimating the Effects of Institutions on Output. We revisit the example con-
sidered in |Acemoglu et al.| (2001). |Acemoglu et al.| (2001)) are interested in the parameter

« in a structural model of the form
log(GDP per capita;) = a(Protection from Expropriation;) + ;3 + ¢;

based on aggregate country level data where “Protection from Expropriation” is a measure
of the strength of individual property rights that is used as a proxy for the strength of
institutions and z; is a set of variables that are meant to control for geography. |Acemoglu
et al.| (2001) adopt an IV strategy where they instrument for institution quality using early
European settler mortality to estimate « as institutions are clearly potentially endogenous.
They point out that their instrument would be invalid if there were other factors that are
highly persistent and related to the development of institutions within a country and to the
country’s GDP. A leading candidate for such a factor that they discuss is geography. To
address this possibility, |Acemoglu et al.| (2001) control for the distance from the equator
in their baseline specifications and consider different sets of geographic controls such as
continent dummies within their robustness checks (e.g. |Acemoglu et al.| (2001) Table 4).

There are, of course, many other ways to measure geography besides distance to the
equator or continent where a country is found. Rather than er ante choosing a small num-
ber of variables to proxy for geography, we put a large number of variables that potentially
capture geography in x; and then use the data to reduce dimension. Specifically, we con-
sider dummies for Africa, Asia, North America, and South America as well as longitude,
renewable water, land boundary, land area, amount of coastline, territorial seas, amount
of arable land, average temperature, average high temperature, average low temperature,
average precipitation, elevation of highest point, elevation of lowest point, fraction of area
that is low-lying, latitude, and spherical distance from Londonﬁ

3We apply the PCA to extract common factors, recognizing that it may not be the ideal method
in the presence of dummy variables. Several approaches have been developed in the literature to
extend the PCA to factor models with categorical data. We refer to [Keller and Wansbeek| (1983]),
Ng| (2015]), and references therein.
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We adapt the analysis of |Acemoglu et al.| (2001) to the present setting by considering
estimation of a partial factor instrumental variables model

log(GDP per capita;) = a(Protection from Expropriation;) + f/¢ + U6 + ¢;
Protection from Expropriation; = wEarly Settler Mortality; + f/0q + U/va + ni
Early Settler Mortality; = /6, + Ulv, + v;
Xi=Afi+ U,

using our 20 geography measures as x; and the 64 countries from the original |Acemoglu
et al. (2001) data. The factor-lasso approach seems quite sensible in this setting. Each of
the observed geography measures could reasonably be taken as a noisy proxy for a country’s
geography. This relationship is likely to be complicated and uneven with the chief features
leading to association between the geography proxies plausibly being only weakly related to
the notions of geography that are important predictors of mortality and institutions. The
factor-lasso approach, by allowing a small number of elements of U; to enter the equation
of interest in addition to any common geography factors, readily accommodates this latter
possibility in a parsimonious, data-dependent way.

We report estimation results for the first stage coefficient on the instrument in Table
We report results from the factor-lasso approach in the row “Factor-Lasso”. For com-
parison, we also report results from a few natural alternative models. The row labeled
“Latitude” uses the single variable distance from the equator to control for geography
as in the baseline results from Acemoglu et al.| (2001). We report results based on us-
ing all 20 available geographic controls without dimension reduction in the row labeled
“All Controls.” We apply the double selection approach of |Belloni et al| (2014)) which
would be appropriate if the relationship between geographic controls and the variables of
interest were well-approximated by a sparse linear model in “Double Selection.” Finally,
“Factor” reduces dimension through positing a conventional factor model. All factors are
estimated using PCA with number of factors selected by applying the procedure from [Ahn
and Horenstein| (2013]).

The first-stage results using only the latitude control suggest there is a fairly strong
relationship between the instrument and endogenous variable if latitude is a sufficient con-
trol for geography. The first stage F-statistic using just latitude is 10.9 which many would
take to indicate that the instrument is sufficiently strong to identify the effect of interestﬁ
4A benchmark that is commonly used in the applied literature to assess whether there is sufficient

variation in the instrument to identify the effect of interest is to compare the first stage F-statistic
to 10, with smaller values indicating weak identification.
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The results change in a potentially substantive way after allowing for the possibility that
geography is not adequately captured by latitude. For each of the remaining approaches
considered, the first-stage F-statistic drops substantially below 10, with all methods be-
sides applying the pure factor model returning first-stage coefficients that are statistically
insignificant at the 5% level.

One might dismiss the lack of significance after including all controls without dimension
reduction as it seems likely that a model with 20 covariates in addition to the variables
of interest and only 64 observations is overfit. The next strongest result is from the pure
factor model which makes use of a single extracted component and produces a first-stage
F-statistic of 7.5. As evidenced in the simulation example, inference results based on a
pure factor model may be misleading when elements of U; also have explanatory power. It
is then interesting that the double-selection approach and the factor-lasso approach deliver
almost identical results indicating a weak association between the endogenous variable and
instrument after controlling parsimoniously for geography. The double-selection procedure
selects four variablesﬂ, and the factor-lasso approach uses one factor and two additional
variablesﬁ One might take this to mean that the four variables selected in the double-
selection procedure approximately capture the same information as the single factor and
two variables used in the factor-lasso results. In either case, the results suggest that, at
best, identification of the structural effect of institutions as measured by “Protection from
Expropriation” using settler mortality as instrument is weak after geography is controlled
for in a parsimonious, data-dependent way. Given this apparent weak identification, we do
not report second stage estimates of the structural effectﬂ

APPENDIX F. THE LASSO ESTIMATOR IN THE PRESENCE OF LATENT FACTORS

F.1. The convergence of the lasso estimator on the original data.

Proposition F.1. Under Assumptions and Assumption for x € {d,y}, the

lasso estimator 7, satisfies: (i)
1
" Z Ut (2 — :Yx)H% = OP(”?L|J|0)7
t=1

5These variables are the Africa dummy, average temperature, average high temperature, and amount
of arable land.

6The two selected variables in addition to the factor are the Africa and Asia dummies.

"We note that it would be straightforward to adapt the weak-identification robust procedure of
Chernozhukov and Hansen| (2008) to the present setting. We do not pursue this extension for
brevity.
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|72 = Fzllt = Op(knlJ|o + [ Rel|1)-
(ii) |Tlo = Op(|J]0).

Proof of Proposition (i)
In the following, we show the argument for ,. The argument for 74 is similar.

Let

T
1 N ~
o) = 2o 3 ¥ = By = Ol

Recall that the solution of the lasso program is 4, = argmincgre {(7)+ HnHl/I\lyfyHl. We shall
use J to denote the active set. Let ¥¥ denote a |J|g x ||y diagonal matrix whose entries
are the elements of ¥¥ in the set J. Recall that 7, can be decomposed as

Yy = 72 + Ry
N ~—

exactly sparse ~ remainder

Recall that Yt F 5yt + Ut’yy +é;. Let
My = Foy — Foy + (U= Uy, Dy =99 — Ay
Then 1(3,) + kol $95, |1 < U8) + o[ F49)]1 implies

T

1 . L N ~ ~

3 (108513 + 2R, 0 + & + MDTA, ) + kal 893y 1 < el T95011 (F.1)
t=1

Recall that
) 1/2
TY = di =N w2 cm <
f (t) o

where W;,, = ﬁ Zthl(Uit,m — Uj..m)(eit — &) are independent across i. Hence, by the

Bernstein inequality for independent data, for y = M logp

and large enough M > 0,
1 n
<T£Q§|nz — EW3,| >y> Spmn%XP <|nz;Wz2mEWz2m >
=

y)
<pexp|— ny <exp | lo —n—yz = o(1)
= PP\ T fnaxg, Var(W2,y ) = P8P 750 ) O

Hence max, |2 >, (W2, — EW2)| = op(1). Also, recall that v is defined in , which
satisfies || 0¥ — U¥||o = op(1). By the assumption that 1 3. EW?2 is bounded away from
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zero, we have, ||(VY)7!||o = Op(1). In addition, by Lemma

T
4 1 ~ 1 _ log p
— Yy Uje <<I>1<1—>+
T; ”oo—,ﬁnT op) T nT

with probability approaching one, and

— Z (2R, T + M)TA, ) = or (w/lj’fp> 12 1.

Hence, for any ¢y > 1,

T
> (R,U; + & + M)A

t=1
log p 1 2 -1 qn
< py= TYA —® 1— =) |[PYA
<op (\/ 2. ) N N ) o

co+1 ( >
< i 1—— PYA
~ nT | Yl

co+1
= UYA
a0

2
nT

with probability approaching one where the second inequality follows from the fact that

there is C' > 0 such that ®~! (1 — %) = ,/logp+ logqin > +/logp and we have used the

definition

2c0 .4 Qn> 1
Kp = o 1——|, o = O(lo
"= < % g(q, ) (logp)

in the last equality. We thus also have, with probability approaching one,
9 T
|rTT Z(R;Ut, + & + M{)UA, |
t=1

co+1
260

co+1 =~ Co—l
< UYA 1
< Ol (14927 )

3co+ 1 ~
= 20 8 1

|| then implies - S°, 10 A |3 — 330;51 Fonl| OV AL |1 4 Fon || 0¥, 11 < HnH\T/y'ngl. Thus

Co—l—l

< o Rl VAL 1|8 = 0¥ oo | 2¥ o

Fall WY A |1 +

Tcog+1
400

TZHUtA I3+ ol (@78 selh < (A (P
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Now, note that the sparse eigenvalue assumption implies that, for some ¢ > 0,
d(m) := inf R(6) > ¢.

- SERP:||8gell1<ml|d, ]l
And for some generic C' > 0, [|A, |3 < C||A, 4112 < C||A4|I3]J]o- Hence Z?:l 1T AL 13 >
¢[|A4||3. In addition, by Lemma

1 ~ ~ ~ ~
[Tl max |- > (UitmUitk — UitmUin )| = op(1).
it

Hence,
1 & 1 E 1
77 2 e 2 2 ~ -~ ~ ~
nT tz_; 1U:AL]]5 > T ; [U:AL 15 = 1A5 5 nlg}l?%{p |ﬁ %:(Uit,mUit,k — Uit mUitr)|

1 PO .
> o[1A 13 = CllA 113171 nax s > (UinUitk — UitmUie )|

it
> ¢l 3/2,

with probability approaching one. Also, max, \(I\lym| = Op(2). So 1D implies for some
C >0,
184113 < Crnll(As) 1l < V1T lornll(Ay)sllz < V1T lokn | As |2

Hence [|A,[l2 < Op(y/|T]okn), and |A,[]1 < C||A,ll2v/]T]0 < Op(kn|J]o). Still by (F.2),
1 o~
T Y NUAL 5 = Op(rp] o)
t=1

Moreover, v, — 4y = Ay + R, and by Lemma MaXy, k<p ]% D it Ultmﬁztﬂ = 0Op(1),
50 5 Youy |URy (13 < | Ry 13 max k<p |75 >i Uit Uit = Op(1)[| Ry |13, We have

*Z 1Ty = 3115 = Op (IR} + 21 T10),

17y = Al = Op(8nlTlo + 112y l1)-
1 T Iy =z 2
where — " [|U(vy — Ay)ll5 follows from 1)

Proof of Proposition [F.1] (ii)

We prove the convergence for |,|o only; the result for |j4|o follows similarly. Write
J = supp(¥y). Let U,, 7 be the [J|o x 1 subvector of U;; whose elements correspond to the
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th

indices in J. Also, let U , 7 be the n x ]f |o matrix whose i*" row is U Z,’t 5 In addition, write

- ! =7 / T
Uy = (U} 3,005, nT x| Jlo.

Define ﬁit 7o U 7 and U 7 similarly. Then by | )
. 1~ 1~
Z 50,5l = 105050 = 11051
2 = 2 .~ -
< 2017 + a0 - 0P
= Hi Z 6T ~t JH + H Z(Utj_ Ut,j\),<Ut,j\_ Unj)”
1

T n
<l Z L0, + S S B — Dam)?

t=11i=1 ype7
~ ~ ~ log(pT
< 2masl1710) + Op(1 7o} + 171 B, (F3)

where the last inequality follows from ([F.15).

Let U¥(.J) be a |J]o x 1 subvector of the diagonal entries of ¥¥, with elements in J. Then,
using the Karush-Kuhn-Tucker (KKT) condition and recalling that Y, =F Syt + ﬁt’yy + é,
and that M; := F’Syt ~-F gyt + (f]t — ﬁt)’yy, we have that, with probability approaching one,

PO 2 e~ A
K[ WY ()2 = Hf:TT ZU;j(Y;f — Foy — Ury) ll2
= Z AMi+ &+ Uiy — )2

g—nz £ T 10 = B )

T 1
+ 19V (T) 2| 9% Z M + &) loo

~ ~ ~ log(pT 1/2
< (26masl 7o) + O (\JOA% #1710 EE) T 0p(IR 1 + 21710

3co+1

(7
+ T

R,
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where the last inequality follows from (F.3)), Lemma and Proposition We then
have

~ ~ ~ log(pT 1/2
fenuéﬂsop<2¢max<|J\o>+rJ|oA + 1710 Bl )) IRy} + K2 T[0)2.  (F.4)

Case 1: Gmax(|J]0) < \jloA% + ]j](]%. In this case, {j implies

log(pT log(pT
< 0p (83 + EP0) 12+ 0p (83 + 2EPT) 2

However, this result contradicts the assumptions that (A% + M)U lo = o(1) and that
(A% + %)HR‘@H2 = o(k2). Thus, we have that this case cannot happen.

Case 2 Gmax(|J]0) > \f]oA% + ’j’o%. In this case, || implies
[Tl < Op(|[RylIF /57 + | [0)max(|T]0) = O (| lo¢max(|/]0))

where the equality is due to ||R,[|? = O(x2|J|o). By Assumption there is an [, — oo
such that ¢max(ln|JS|o) < c2. Now, let g, = l,|J|o. We now show g, > |j|0. Suppose
otherwise, and let [ = [J|o/gn. Then I > 1. Now by Lemma 3 of Belloni and Chernozhukov
(2013), dmax([lgn]) < [l]Pmax(gn) for I > 1. Hence, we have, with probability arbitrarily
close to one, that there is C > 0 such that

n n

1710 < Chmax(T10)1 710 < Crm(gn)l Tlo ’g'“ < Ceslly 'g’

implying I,,|J|o = gn < Cco|J|o. However, this result contradicts l,, — oco. Hence, g, >
|j|0. Then, we have quax(|j|g) < Pmax(gn) because ¢max(.) is non-decreasing. Thus,

710 < Comax(1710)[ 710 < Cmax(gn)|Tl0 < CealJo.

Lemma F.1. Let M; = Fd, — ﬁgm + (f]t — Ut)'yx, with x =y or v = d. Then

(i) | vyt ST Ulet]loo < \/%@*1( - )+ OP(N/IZﬂ) with probability approaching
one, provided logp + log g, * = 0(n1/3).

(ii) |57 i1 (Ue = Ue)'élloo = op(1/ 552).

(iti) | S i=1 MiUilloo = op (1) "%58),

(iv) |J|o maxy, k<p | 77 ZQ(UiﬁmUit,k — Uit;mUis )| = op(1).

(v) maxim |7 3¢ Yoity Uit hUiem| = Op(1).

(vi) | 32y ReU[Ut oo = 0p(1/258).
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Proof. (i) We have -1 S Ufe, = LS5 S (U — Ui ) (e — &) — = SO, Uy + Ue.
Define W, = % Z;F:l(Uitvm — Ui.m)(eit — €.). Then by Assumption
(B|Wim[*)!/?

ATreml ) - 0.
ig%l,?nxgp (EWi%l)lﬂ <C, EW;,=0

Now note that W%, = /13>, W2 . It follows from Lemma 5 of Belloni et al. (2012),
1
=> Wi 1 n
P maxM < —¢! (1 - (2Ip> < q.(1+C/13)

RN

for some I, — oo, provided that logp + logq,! = o(n'/3/I12). Hence as long as logp +
L5 W

log g, ' = o(n'/3), such I, — oo always exist, and thus max,,<, M%iymm' < ﬁ@‘l( - %)

with probability approaching one. Hence, with probability approaching one,

T n

1 _ 1
-1
)™ 2 323 Wi = Do = )l = () mer
- q
S (1 - ) |
VnT 2p
In addition, we show |7 ST Usét]loo = op (, /10gp> If T does not grow, then

\/logp) o log p
n P nT

1 _ _
| =) Useilloo < max||Ulloo max e < Op(
T t t
¢

where the last equality follows since 7' > 1 is a fixed constant.

On the other hand, if T — oo, then for any k& < p, let Xy, = U.uké.tVar(U.tvké.t)_l/Q,
which satisfies the strong mixing condition across ¢ (Assumption . To apply the Bern-
stein inequality for strong mixing data, let ¥ = min{r, 1}, r; = (0.5+7 1)L ¢ = 0.5(y+1),
then y7 > 2, r1 < 1, ¢r; > 1 and 2¢ > 1. Because 7 < r, the strong mixing condition in
Assumption [3.1] also holds with 7 in place of . The Bernstein inequality for weakly depen-
dent data of |Merlevede et al.| (2011) requires (a) the exponential tails (fulfilled by the sub-
Gaussian condition in Assumption , and (b) the strong mixing condition (also assumed
in Assumption . The introduction of 7 is to ensure that the so-defined r; < 1, another
requirement of applying the Bernstein inequality for strong mixing sequences. Then by
Theorem 1 of Merlevede et al.| (2011)) (proved using a “coupling argument” of |Dedecker

and Prieur| (2004) - see also Wang et al.| (2016|) for a similar argument), for y = M (I%)C,
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and sufficiently large M > 0, we have

1
(Igg;{ Z«Ytk >y> SprgggP (‘TZ;?%

>Z~/> <A1+ Ay + Ag

where
Ay = pTexp(—C = exp(log(pT) — — M T/? log® p) =o(1), (cr1 >1)
A Ty 7”1 (1—r1) ) ) T
= = 1 —
2 pexp Clogrl Ty O( )7 ( c> 11y OO)
Az = pexp(— CTy xp(logp — CM?1og* p) = o(1).
Hence maxy<p |+ >, Xi| = Op ( 1‘1%: ) In addition, maxy, Var(U; gé+) = O(n~2). Hence

1 _ 1 = (logp)¢ 1 log p
HT Et t€.tlloo < T]?g;dT Et tk‘\/m’?X ar(U. re.) J2 < N op =

where the last equality is due to log2 ' p = log” p = o(n). Also, ||Ué||ec = op ( lo%pi)

Thus,
T
1 _ =_ logp1) log p
||T;U.te.t|]oo+\UeHoo—Op< T n>_0p< —

(ii) Throughout the paper, we denote (}\\tl, ...,ti) as the columns of the K x p matrix
JAX’ Also, denote (A1, ..., Ap) as the columns of the K x p matrix A}. Note that for each

m < p, )\tm estimates the demeaned loading Ay, up to a matrix transformation.

For m < p, ﬁit,m — ﬁz‘um = (Xém 5\’ m(H)™ )f + 5\2 (H")~ (fz H’fl) Also, note
Xtm—Hflxtm: (F'FY\F'(FH — F)H Ay + (F'F)"' 2" fiUst.1n. Hence,

1
HTL (Ut Ut) et”oo = || nT Zzezt it — Ust ||oo
i=1 t=1
1
+Op(1) ma | 3030 el = H'F) N5

< max ||(F'F)"'F/(FH — F)H § § Mméitfl| 7
m
i=1 t=1
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=~ = lo
b (P LSS5 ﬁmenfnﬁw( g;’)

zltljl

I S5 - 7
< op(1) max || — ZZ)\tmeitfi,HF

1 KL logp
W' Z jUtmeztf HF+0P< TLT>7

where we used Assumption ﬂzq that

lo
maX” Zezt - H fz ||F =op ( nng> .

zltl

We now respectively bound the first two terms in (F.5). For the first term, we have

mg?”ﬁzz)\tmezt]ﬂ HF —max”izz)\tmeztf HF <h+. +l47

i=1 t=1 i=1 t=1

for Iy — l4 defined in the following.

Let W;,,, = %Ethl Aim€it f1. For simplicity, we assume dim(f;) = dim(S\im) =1 so Wi,
is a scalar. The multivariate case follows from an argument that investigating it element-
by-element. By the strong mixing condition, max,, Var(W,,) < C’% for some C' > 0.
logp

nT

Using the Bernstein inequality for independent data, we can obtain, for y = M and

large enough M > 0,

P — < P(|—
(rﬁi‘?'nzmmby) pmax erm\>y>

ny nTy?
< — < 1 - =o0(1).
= Pexp < 4maxim, Var(Wim)> =P < BTG ) o(l)

Therefore,

lo
li = max \|7 ZZAtme”f Ilp = max H, ZWlmHF — Op ( ng)

zltl

1 1 _
l2—maXH*ZZ)\tm61f |F = Op( )Hﬁzei-f{HF
=1

=1 t=1

1 1/2
=Op (ﬁg}g(m ;gEfikfileiteis) / )
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1/2
1 1
<O Eleyeis|fi 0] — Ef; 1/2 = =0 ( )
< p<rg%xs%p;r (e w) p(m)n;gn 7 = 0n (o

in the last equality we used max;;supy, >, |E(eieis|fi)] = Op(1), because given {f;}, the
process {e; = an; + € }+<7 is weakly dependent satisfying the strong mixing condition in

Assumption

T
1 ~ _
l3 = mn%x HT Z Atmétf/HF
t=1
1 ~ logp
= OP(].) mT%X Hﬁ Zt: ZI: )‘tmeitHQ = OP ( nT )

T
1 ~ - _ 1
b =g . Y e = Op(0fE] = 0 (=2 ).
t=1

Here I3 follows from the same argument as [1, using the Bernstein inequality for independent

data. Hence, op(1) maxy, |- > 0, ST Niméicf! ||l F = op <\/ h;Lng) For the second term,

we have

maXH ZZZf] ]tmeztfz||F<a1+ .+ ay,

i=1 t=1 j=1
where, up to a [|[H|| = Op(1) term,

n n

T
1 1
v = max |03 (s = H [ o 23 Usemifi = HF)

j=1 t=1 =1
1/2

1/2
< fzufz )O3 (zuzen gy \2)

= OP (AfumAfe) :( @) op ( 1Og(p)>

nT

n T n
1 -~ = log(p
ay = max|| > 7Y > iUjméafi|r <@ op ( f?) !

i=1 t=1 j=1

ag—maXH 2TZZZJCJ ]tmelt —H'fi)|r

i=1 t=1 j=1




H'f)[3 := Op(A},) and maxyu |3 3251 (f; -
from Lemma [H.12} (c) follows using the assumption A% fe=0 (107) ; and (d) uses the
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. 1/2
1 .
< %XHEijth’mM ( ZH*Zezt H/fl)HQ)
Jj=1 i=

e log(pT) logp
0 0r (252 o i)

T n

a4—max|| 2TZZZ — H' ) Ujtméinf!||

i=1 t=1 j=1

n

1/2
<1171%XHEZ(f ny 3tm”2< ZHZ@tﬂHz)

7j=1

o0 () ()

21

where (a) follows from AfcAgy, < A% = 0( 1n( )) due to Zt IR 1elt(fZ -

T'log(pT)

assumption Ay, = 0 (w / k’%”) .

(iii) For, M; = Foy — Foy + (U; — ﬁt)’yw, we have
1 & lea~ 1
/A P A. PR— .
||77,7T ;MtUtHoo - ||E ZUth Z:Mztnoo
< ”*ZUzt*Z xt_H 5zt) fz”oo

n

T
N T U
+HﬁZUith e (HDY (= H' fi)]loo
=1 t=1

1~ - 1 . _
#lhy G = O 3B = H Rl

1 n T
722 it — zt Uit — 'Lt)')/xHoo

H f)Ujiml2 == Op(Ajum); (b) follows

(F.10)
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1» s |L0/PL ST (5ot — H-190)loo = 0 due to Lemma [HL.10} q» is op (\/1;;%;?>
due to the assumption A,y = o <\/%>. Terms 1’ F.10) are all op < 1‘;’5&”) due to

Lemma [H.13| Hence |-5 Z;le Mt/ﬁtHoo =op (1 /k:l% )

(iv) We have

1 S .
nax \ﬁ Z(Uit,mUit,k — Uit mUir k)]
K

< max 7ZU2tm itk — Ztk)| (Fll)

1 . . . .
+ max \—T Z(Uit,m = Uit,m) Uitk — Uir ) |- (F.12)
it

m,k<p N
We also have the equality
Uiton — Uitom = JI(F'F) " F'(FH — FYH Ay + f1(F'F) " F' Uy + Xy H = (fi = H' fi).
Hence, we may bound (F.11)) by
1 - N -
|J o max !ﬁ zﬁ: Uit,m (Uit — Ui i) |

<o max |7 ZUztkfz)\tm|Op(Ap) + o max |7 ZUMfz F'F)" F'Uy )

+ 7o max%ZUmtm N - H'f)

lo
<0p <Aud+ \/ ngp> [Jlo(AF) + |J\omaxf§j |~ F'Orn3 + Op (1710 ua)

—on(1)+0p (EP 4 a3, ) 1710 = op(1)

where we used Lemma [H.11| (i) that max,,<) (ﬁ > HUt’mﬁH%) =Op (bg;ipT) + A2um),

Lemma [H.11| (vi) that max,, r<p \% D it ﬁztk.]/(zj\tm’ = Op (Aud + bgp), and the as-

sumptions that <\/1§§fp> |[JloAr + (% +A2um> |Jlo = o(1) and that [J|pAuq <
|J|oAr = o(1). The last inequality is due to the following argument:
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Proof of A,q < Ap: By definition, A4, Ar are sequences such that

n

ﬁlggp"ﬁzz H/fz it,m tk”F_OP( ZHfl H/fl||2_OP(AF)
=1 t=1

where iztk € {Sdt, Syt, S\tk} is bounded. Using the Cauchy-Schwarz inequality, we have

max || ZZ — H'[)Uitmhig|lp < OP(AF)(maX*ZZ a2 (F13)

m,k<p
i=1 t=1 i=1 t=1
In the proof of Lemma [4.1] below, we show that

H}rg}x ‘% Z Z Uit,mUit,v - Z Z itym T _z m)(Uit,v - Ui',?})’ - OP(l)
i t
and
Hrlrgx nT Z Z w,m T 72 ;m (Uit,v - [72",'0) —E

In addition, max,,, |F [nT > 21 Uitm — Usem) Uit — Ui.,v)] | = O(1) due to Assumption
3.1 Hence

Z Z wtom _7, m (Uit,v - Ui-,v)

It also implies maxp,<p —7 > iy Zt 1 Zt m = Op(1). Hence 1’ implies

1 - -

max | — S UimUinw < op(1)+max £
% t

(F.14)

n T
1
max HﬁZZ(f H,fz) ztmhtkHF < Op(Ap).

= i=1 t=1
Then by the definition of A4, we can take A4 to be at least Ap in order to upper bound
MaXy, k<p ||$ S Zthl( fi—H' fl) it thkH F, this means A is the least favorable choice
for A,q. Hence Ayg < Ap.

As for (F.12)), we have

LS~ @ S N | los(pT
|Jlo max | > Witin = Uitn) (Ui = Uir)| < |710Op < A? 8(p )>
sl 5 n (F.15)
= Op(l).

The desired result follows.

= 0p(1).
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In fact, we have just shown

1 log(pT
ax 7ZUztm itk — Uitk SOP( ngAF+Aud+ Ogg} )+A2um>

mk<p nT nT

mk<p nT nT

lo log(pT
max 7ZUztm itk — it,k)| < OP ( gpAF +Aud+ ggj ) +A2um> .

(v) By part (iv), it suffices to prove maxy,, |5 >y S 1 Uyt kUit.m| = Op(1).

Hence maxp, , |1 2, S0 Ui 1 Uitm| < 0p(1)4maxs |E [ 55, Uit — Uion) Uitk — Ui )] |,
which is Op(1).

(vi) Under the assumption that ||R.|1 = o (\/ 12%3’) , by part (v), maxg , |% Sy ﬁit,kﬁit,m| =
OP(1)7 S0

p

HizR/ UtUtHOO - maX|7 ZZZRx kUzt kUztm‘

t k=1i=1

lo
< IR, Hlmax\—zzamum o ( ng)

F.2. Proof of Lemma [4.1]

Proof. We start by observing
1 - - _ _
sl g 3 3 OionDis = 7 32 3 Ui = i) Uit = U
<H$3}X’722 itym T ztm“‘Uz m)Uit,v|

+ H%LH{)X ‘7 Z Z it,m _z m)(Uit,v - Uit,’l} + Ui',v)|
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1 772 772
< max - ; Ulm + max U,

lo 1 7 1 ] J
—0p ( g(p)> + max - Z EU,%,m + max |T Z U-%,m - EU.%,m|
7 t

nT
log(p) | 1 logp
=0 — 4 — .
P ( nT + n + n2T
Ui-,m)(Uit,v - Ui-,v) = % Zt Uit,mUitm

= max % zZ: % Zt: ZS: Cov(Uit mUit,w, Uis,mUis.v)
1

-o(5)

H71na{)X % Z Var(Ui.,mUi.,v) H%%X g Z T Z COV it, mUzs U Uzk mUzl v)

tskl
1
o)

Thus, maX,,, = >, VarUi my) < O(F) + O(%) + \/O(%)O(%) = O(#). Hence,

max Z Z itym T _7, m (Uitﬂ) - Uiﬂ)) - F

_ 1 logp
- - i,mv E i,mvu| =

%X|n EZ U, Ui mo| = Op ( )
an Zz Zt iit,m(:it,v n’l Z Zt([/

- logp  log(p) 1 logp) _ logp
%%XMWU,_OP( nT+ nT +n+ n2T =Or nT |~

Also, let U ymy = 7 Zt( itm — Ui.7mUi.7v. Note that

H%%}X E ZZ: Var(f zt: Uit,mUit,v)

and that

Write A,y = m)(Uitw—Ui. ). We have proven

Therefore, for any 6 € RP/{0},

/ 1 7 T\
v Z[Un — BE(Usy — Up)(Ugy — U;.)16
(F.17)

log



26 CHRISTIAN HANSEN AND YUAN LIAO

where the Op (\/ 12%33 > term is independent of §.

We are now ready to verify Assumptions [3.4] and [4.2]

Verification of Assumption Uniformly on the set {6 : ||d]|o < l7|J|o}, we have
[6]11 < [|8]]2v/I7|J|o- Hence as long as [%|J|2logp = o(n) (for instance, Ir = log p),

logp \ [|6]]3 log p
> _ L L l — | >c/2
R 0P<V ”T>H5n2—c o\ ) =
R(6) < C+O0p \/@ W<C+0P Ir|Jlo B <20
- nT | ||ollz ~ nl )=

where C' denotes the maximum eigenvalue of F [(UZ — Ui ) (Ui — Ui.)’].

Verification of Assumption The result follows immediately from (F.17]).

ApPPENDIX G. PROOF OF THEOREM [4.1]

Define TK x 1 matrices = = (a, ,g})’ and Ay = @17 "'vgélT),'

Note that Y* = D*@+ (I ® F)Z+ U*6 4 &, and that 7* = Mg, (IT ® Mz,)D*. Hence
J*

! / ~

= @) Mp. (Ir © Mp.)Y
= A+ @ 7) T My, (Ir® Mp,)[(Ir © F)E+ U6 + &),
J*

A~

Hence
1 1 :
VT (—7*7)(@* — @) = e+ A G.1
Gl M@ —8) = e + 34 (G-1)
where
AL = T M. (I © Mp)E, A3= "My, (I © Mg F)
= - 77 * € ) = T r—= * Fx =
T Var T PV U
1 / 1 ! i)
A = ——=0"(Ir ® P3,)e", A, =-—=0"M5. (Ir ® Mz,)U*0
3 \/?777 (It ) éi \/ﬁn U (Ir F)
A* = —7~*/PA* g*; A - 7~*/PA* I ®PA* g* :O
g T U 8= Jup Fo;. U@ Fp)
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’

We shall prove that A* = op«(1) fori =1,...,6 and %ﬁ*’ﬁ" — %f]
to (A.5), it can be shown that

7 = op=(1). Similarly

1 1 ~ ~ ~
(0" — %) = ——=M~. (It @ Ma,(FH* — F*)H* 1)A
v =) = M U ( M)A

1 ~
+ ——M-, (IT @ M:,U*S,
\/’I’LiT Uj*( T ) Yd
. (G.2)
R
nT Uf*n
1
— ——M=~. (It ® Ps,)n".
vnT Uf*( r )77

Recall that a,, is defined in Assumption which quantifies the minimization error of
the k-step lasso. Write

* * J
Pr = ﬂnyj|§/2+AF|J\o+\/|n|O+\/@ (G.3)

Proposition G.1. (i) \/%Hﬁ* —7*|l2 = Op ().
(ii) Af = op-(1),1=1,...,6.

Proof. The proof for (i) is similar to that of Proposition based on and Lemma
below. The proof for (ii) follows the same arguments employed in Sections
using on Lemmas and below. The only difference is that A} = op«(1) requires
anVnT = o(1). We omit the details for brevity. B

G.1. Proof of Theorem It follows from equation (G.1)) and Proposition that

VAT (o) )@ =) = &+ o (1)
Note that \/%ﬁ e = % > wiwlywiD, where w; = % > ¢ Mit€ie- Let
~1/2
by, = Var*(\/lﬁ zi:wiwlywlp) ,
SO
b VAT (1)@ = 8) = e+ o ().
Now note that Step 1 below shows b, = Op(1). Step 2 shows \/b;fTﬁ*%* —4 N(0,1)

and hence b,vVnT(a* —a) = Op«(1). Step 3 shows |o*72] - %ﬁ/*ﬁﬂ = op«(1). Therefore,
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bnV nT%(ﬁ/*ﬁ* - 0727)(&* — a) = op«(1) which yields
b / .
b VnTo?(8* — Q) = ——i* & =>4 N(0,1).
VATRE = a) = 2 0.1
In addition, we also show in Step 1 below that vnT(o7)(a* — @) = Op=(b,') = Op«(1).
Hence,

(b — 07/ )VnT(02)(@* — @) = op+(1).

ne n
Thus, we have both
VnTo Mol (@ —a) =% N(0,1)
\/nTJn_El/za,%(@ —a) =4 N(0,1).

where the second line follows from Theorem [3.11

Now let ¢ be such that P*(vnT|a* —a| < ¢f) =1— 7, and let

a = P(VnT|a —al| < ¢7) = P(o, oy VnT[a — a| < 0, *07q7)
ay = P*(\/ﬁ,a* N a‘ < q;k—) _ P*(Jggl/zag\/niﬂ&* _ (/)é\‘ < 07;61/20'7%(]:)

The results summarized in ((G.4) then implies a; — ag =1 — 7.
Step 1: Show b, = Op(1) and b, ! = Op(1).
Let Z; = >, (Mit€it — Mit€ir). Then by Lemma % > ZZ-2 = op(1). Hence,
_ o 1 D
b,% = Var (ﬁ ;wiw{wi )
_1 2 (Y D)2 — L 9
= sz’ (w; w;")* = Zwi
n < n <
1

= g ZZ:(\/lT ;ﬁit@tﬁ = nLT Z(ZZ + ; ﬁitgit)Q

i

= % : Zi2 + % Z(; ﬁitgit)z + % ; Z; ;fh‘tét

i
1 L 1 .
<op(l)+ T ZL:(ZIP Mit€it)” + OP(l)\/nT Z}(Zt: Mit€it )%
By 1) and 1} % Z?Zl(ZtT:l Mit€it)? —T ope- Hence, b2 =P ope > c. It follows

that b, = Op(1), by = op’?, and b;' = Op(1) since o, < C.

Step 2: Apply the CLT to \/I’%ﬁ*/?".
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Let gy = bymwiwy wP and s2 = 3", Var*(gn,;) = n. Note that E*g,; = 0.

We now verify the Lindeberg condition for the triangular array {gy;}. For any € > 0,

£ (LS ko> om) <2 2] 1
(2 (2

Hence, by the dominated convergence theorem,

- * * 1
Sn2 ZE gn 11{|gn l| > 5371} E (TL Zgg,ilﬂgn,” > 8\/ﬁ}> -
i i

We then have, by the Lindeberg central limit theorem,

1 bn, Y D b ar
— ng = = wiw; w; = —=—1]" € =% N(0,1). G.5
Snzi:g, \/ﬁz N (0,1) (G.5)

Step 3: Show \0727 — %ﬁ'*ﬁk] =op+(1).

First,

*/\* 1 o ~ D
77T77 _727’11& = ﬁZ(ni—ni)(wi )2|

it
1 o od - ~
< nT zt: Mt — Thit||Tie + 7hit rnfmx(wf’)2
7/7
< | > (@i —i)* | Op-(logn)
—\ nT i it P

it
= Op+(¢nlogn) = op«(1).
Then, using E*(w”)? =1 and

* 1 ~ * *
E| =D i(wf)? = B (wf)*) P = Var™ | —

K3
it
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we have ]T%T Zi’t ﬁft(wiD)z — T%T itﬁizt\ = op+(1), from which
1 */\*
nT _7znlt|_op*

follows. Moreover, equation 1) in the proof of Theoremshows |#ﬁ’ ﬁ—% > Buitl =
op(1) for vy = (ni — 7;.)>. Hence |% Zm By — %ﬁ/*ﬁ*\ = op+(1). Finally, note that
O'% = % Zi,t Eu. 1

APPENDIX H. TECHNICAL LEMMAS FOR THE MAIN THEOREMS

H.1. Technical Lemmas for Theorem [3.1]

Lemma H.1. For vy € {vy,74,0},

(i) | Mg T3 = Op (IR + 31710 + 71343 + 122).

(i1) | (I @ PR)UY I3 = Op (122 + 173A%)

(iii) | e (I © Pp)ill3 = O (83, + 1) and | iz (Ir © Pp)él3 = Op (83, + 1)
(i) Il A7 P illg = Op (171058 ) and || Py éll = Op (1710252 ).

Proof. (i) First, consider the following constrained problem:
i = argmin |[U(y —m)|[3, m; =0,5¢J. (H.1)

The solution satisfies U = PﬁAﬁ ~. Hence, from Proposition
J
T i3 <
ar 21 10 (g = 3) 13 = Op(IIRyIF + 57| T]o), and

== WMHJAWJb%%
— =00 - >mwf*<~w
T
:iZwa 3|2 = Op(IRy |2 + K21T]o).
nT

Next, = o H F’Ut'yH2 Op (‘J‘O + |J|2A2) by Lemma [H.11} Also, using the equality

Ustan — Uit = [UF'F)"\F'(FH — FYH "\ + [1(F'F) " F'Up

+ S‘QmHlil(ﬁ - H/fi)7
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we have
2
LM (T - T < (T - )2
/T Us M, = ar 2
2
= Z Z Z itym T Uit,m)’)/m
' H.2
AT (H.2)
< |JZOp(A%) Z EF’Uw + |J|20p(A%)
2

=1

J
_0p (Lum + 'n'0> |

where we used, by Lemma[H.11} + °, H%ﬁ’ﬁ{y”% =O0p (% + ]J|(2)A%> . Combining these

. = 117 J
results yields H\/%MﬁjU’y)L =Op (HRyH% + k2| J|o + |J[2A% + %)

(ii) By Lemma

2

(It ® Pz)U~

1 1 -2
o Sl

1 2
< — F'U, H
- n2T Z H £ 2

= Op ('J‘O + |J|OA2>

2

(iii) By Lemma [H.11} %

2
EFITNHH =Op <% + A26>. Thus,

S IPel < g [Pl = 0r (854 7).

IT®P

o

(iv) The same argument as employed in the proof of Lemma yields

Z Z U'Lt mnlt < lngp>

logp
= 0 .
P nT

m ax

and

max
m

11122 itm ztm)ﬁit
%

t
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Hence, using |J|o = Op(|J]o) from Proposition , we have

1
HnT Z J77t
<maX ZZUztmnlt \/
—0p (/7101282
= uvp 0 nT
o |05~ 57, < [ 075 - T ]| ATl = o (/1710558 ) - Bence,
1 ~, log p
— U = . H.
nT I, OP( |J‘°nT) (H.3)
Next, by Lemma
1 -, 1 PPN -
—=U% AUA——UJJA Op(1/]o) max nT%j(Uit,mUu,k—Uit,mUu,k) = op(1).
Therefore, || =072 = | 5:0405]| < |35 05071 = Op(émax(17]0)) + op(1) = Op(1) and
1 ~, -~ 1 ~, ~ ~
win (:0507) 2 Amin (5:0507) = 02(1) 2 bmin(1710) — 0p(1). (11
~ ~ \—1
which is bounded away from zero. Thus, (%U}Uj) H =Op(1).
1 77777 \—1_1 731 = lo;
pinatl, | Az ], < | A 0aG 0509 0%, = 0r (170552 ) -

Lemma H.2. (i) ||@ LS U s Fyaml | = op(1)

(i) 12 30 T304l = O (AF1J|0+ Up)s and 1 S 6 fll = Or (80 + oAy,

(iit) H\/TTT 12; 1fJT Zt 1 Ujt,m€tVamll2 = op(1).

(iv) | 2L Zi LA Uhvaeflll2 = op(1) and VaT| 30, S50 U méevam| = op(1).
() I 20U, AFH = F)H 50|12 = Op (Audwm/%p) VITlo.
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Proof. (i) We have

VT & 41 =
=N F 2 Ul F
i L S U Pan

F
T p
——= Z( — FHY ZUtmet (F — FH)gm, (H.5)
= F
+Op(1 \F Z F/ Z Ut mEtF'Ydm (H.6)
F
VT &
+ i > (F—FHY ZUtmethydm Op(1) (H.7)
m=1 F
VT < -1 -
+0p(1 7 > F’T > Urme(F — FH)ygm, (H.8)
m=1 t F
Term (H.5)) is bounded by
. ) 1/2 1/2
vVTn (T > 1= (F = FH)’Utw\B) ( Z II* - FH)Ib) =Op (IJloA%an)
t
= op(1)

using the assumption that |J|oArAfv/Tn < |J|0AZVTn = o(1). Term (H.6)

VT z”: .1 .
S 2 Umei Fyam|| = op(1).
n\/ﬁmzl T t F
For term ,
VT &~ ~ =1 . VT, ~, = 1<~ 1 .
= (F=FH) 2> Upm€iFyam| < ~=IIF' =FH|p (=Y =Y UimciFyim
n\/ﬁmzl T t F \/ﬁ nm:lT t F

» 1/2 1/2
< Op(VTAp) ( Z\ > \}EdeUt,mH%> (TZH €tF||2)
m=1
= Op(|J0ArVT) = 0p(1).

For " by Assumptionthat 1 Zt 1 H 1 Z ( H,fl)62t||2 — OP(A?G)7

T <. -1 P
Y NTFEFNTU e (F - FH
S P Y P~ P

F
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p
Zuf F—FH)|3)Y2( ZH—Z Uy Yam|3) /2 VT

< OP(\FAfe‘J‘O) < OP(\FAF!J!(J = op(1).

Combining these bounds yields the result.

(ii) Because %Z ( > U t’Yd) = Op(|J15),

L3S wivid <25 (FSv) Ly

= Op (A% |J|0)

N 2
fi—H'f; )

follows by applying the Cauchy-Schwarz inequality. We also have

1 1 1 ~ -

ZZ — H'fj)ejull3 < Z(fZéjt)zﬁZHfj — H'fj|3 = Op(Ar)
J t J

due to 72 (>, e]'t) = Op(1). Hence,

%ZEUJ’-.’M < ZZ — H' [;)Ujyalla + Op(1 H*ZZL TV
j=1

9 Jlt j=1 t 9

Op (Ar|J]o) +Op(1 ZZf] gnd + Op(1 ZZ eV

J 1t j 1t
T
- op (AF|J|0+\/‘ ﬁ)

2

The second bound follows similarly.
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(iii) Note that

H\/ﬁ ZZ ZU]tmEt’Ydm

m=1 j=1 9
VT S~ -~ i ) nT )
< o (fj_Hlfj>TZU3/'t'Ydft ZH,f]TZ t’Ydﬁ-t
j=1 t=1 5 )
n T
, =V 1 ,
| H P 2 7 2 Ui
j=1 t=1 9
nT e ~ ~ 1 T nT
<= (fj_Hlfj)TZUt’Yth +Op(1 ngTZ V€
j=1 t=1 9 5

We also have that

2
%Z (; Z UJ,'t’YdE't> - nS 2 Z Z ]tﬁydejt s’Ydejs]
j ¢

7=1s,t<T

n3T2 Z Z Z Z E [UjnaUjva] E [eiséit]

Joos iFE

J p
=0 <‘ 20> r]naXE|€ys€yt‘ HtlaX Z |E[U it.m gsk’ﬁjsﬁjt]\

Sy 0S5

—|—O<| 1‘9>max|E €is€it |maXZZ\E it;mUjs k)|

15t

[lo | [/]o
_O<n2+nT ’

where we used the assumption that Inants k> | E UjtmUsjs, k]ejsejtﬂ = O(1) almost
surely and max; ¢ m > o Y m |E [Uje,mUjs k]| = O(1). The first term of (H.9)) is thus bounded
by

1/2

2
VnTAp ;ZJ: (;, Zt: Ugl-t%zét) =Op (\/WAF) (:L + \/71TT> =op(1).
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For notational simplicity, suppose dim(fj) = 1 in the following. Note that otherwise we
can do the analysis element-by-element as dim( f;) is fixed. We can bound the second term

of (H.9) by
VT S~ 1 & B
= D _fig D Ujiaes
j=1 t=1

n

ZiE ZZZf jtvagjeU. s%lﬁjs

j=1t=1 s=1
1 n T T
n3T ZZZE f2 ]tr)/d std] [fisﬁit]
j=1t=1 z;é] s=1
1710\
n3T ZZE|f Eﬂseﬁ‘zw Ujs e Ujtmles, )]
j=1t=1 s=1

n T
(\J]0>ZZZ|E leiseitl | E [ f maxZZ|E itmUjs k| f5)]
1 iy

j= m s=1

1t=
T

n?2 n
Note that we frequently used the fact that {f;,U;,€;} are independent across ¢ and that
E(¢&|fi, U;) = 0 in the above.

It follows from a similar argument to that used to bound the second term of (H.9)) that

the third term of (H.9) is op(1). Hence (H.9)) is op(1).

(iv) Note that

' nt Z Z U 'Ydeztf
2
VnT , VnT
Z Z Ut'Ydfzt —H fz Z Z U Vdfztfl
2

<op(Vara) [ 2 S @ N VT O s 7
< P( n fe) T;( %)) + ;thl Y€t f;

Following similar calculations in part (iii), it can be shown that % >°,(U}v4)? = Op

2

2

LJlo
n

Note that maxy Y, |EUitmUir x| = O(1), which enables us to remove the impact of one of
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the >, ., terms. Hence, the first term is Op (, /T\J]OA%) = op(1). In addition,
n T
J
H Z Z Yueadl| =Op ( | n’“) — op(1).
i=1" t=1 2

The second conclusion that

P T
1 _
VnT)| § T § U.t,m€.4Yam| = op(1)
m=1 t=1

follows from a similar calculation to that used to bound the first term given immediately
above.

ﬁ

(v) Note that 1' holds when Syt is replaced with d4. Also, recall that Ap =

0 (\/ logp>, so we have
nT

n T

ZZ it T zt 5dt 71<H/fz fz)

zltl

Also, by the assumption maxp, |- >, S, Uit m(fZ H'f;YH 04| = Op(Ayq), we have

ZZUM —H'J;)' H™ ' Op(\/1 7o)

logp
< .
Op(AF) (Aud + T )

< max

1 ~ ~
— ZUt’j(FH—F)H LS
t

2

1
< Op (Aud+AF OE; > V1o

Note that Lemma[H.3] continues to hold when € is replaced with 7 and when ~, is replaced
with 6. W

Lemma H.3. (i) &My (Ir ® Ma(FH — FYH YA, = op(1).
(i) =€ (It ® P2)Unq = op(1),
(iii) \/%6’(]71 ® Pz)ii = op(1),

(iv) \/%E’MA U~va = op(1).
(v) F~'MA (It ® Mz)Uryq = op(1).

(vi) ='(Ir @ H ' (FH — F)M)r UU'Yd—OP(l)
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Proof. (i) Note that
2

1 N ~ d e —
= tr? (Z Saré Pa(FH — F)H 1)

F > &Pa(FH — F)H 54

2

Op(1)
F

2

1 1oy - o~
— —F/(FH - F
— —E )

p(A%) Zadt (F— FH)

F
2

= Op(l).
F

+Op AQ

Z Ot F°

In addition,

1 ~ . ~
> U A(FH - F)H %4

nT 7

lo
=0Op <Aud+AF ni?) \/‘J’ ,
2

~

by Lemma [H.2f and H\/% Dot (,Aft’jPﬁ(FH - ﬁ)H‘lédtHQ = 0 due to U/F = 0. Tt follows
that

Hpﬁj (Ir ® Ma(FH — ﬁ)H—l)AdH2

- Z U' -M~(FH — F)H '64

t,J F
2
1 .,
< UAM FH - F)H'$
1 ~ -
< |y 20 - Pyt +
t

1 . . P
T Z U; +Ps(FH — FYH "5y
t

2

1
— Op (Aud+AF OgT ) VI TonT.

(H.10)

By Assumption [D.4} ||\/% S, 0aréy(FH — F)||r = op(1). By Lemma [H.1

lo
o, =0 (17052 ).

HF
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Hence, using the assumption (Aud + Ap 10%”) V1ogp|J|2 = o(1),

\/:ﬁ My (Ir ® M (FH — FYH YA,
— _\/iﬁﬁx (It ® Mz(FH — F)H™)A J%gl(IT(X)(FH—ﬁ)H_l)Ad
\/:ﬁg/(IT ® Pa(FH — FYH YA,
HW”P HP (Ir ® Ma(FH — F)H —1)AdH2
FZ (FH — FYH 54| + 1th:e;(FH—ﬁ)HlSdt

1 1
= op(1) + Op ( 7)o ng> (AuﬁAm/ Ong> VITlonT = op(1).

(ii) Note that

Hence,
1 ~/(I ® P ) J 71 N/P J
€ U 87 €, PsU
vnT g F I nT = ¢ 1
v/ T P 1 ~ ~
< F/ ~IF
= \nn E ‘ T % Lt,met Ydm ([—]11)

where each q; is defined below and can be bounded employing Lemma Specifically,

VT & 41 ~
— F'— Upmer F
n\/ﬁmZZI T; t,m€L Vdm

=op(1).
F

ay =
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j=1 9 =1 2
=Op (F) Ap|Jo + 1o (AF+1> = op(1)
nT VnT
T S o - a
ag—OP( ) TZZ‘}CTZ jt,mEtVdm —OP(l)
m=1 j=1 t=1 F
o= 0p() | 2L S F070 1@
Jj=1 2
Jlo 1
=Op (\/717) (AF’J|O + nT) W =op(1)
= ‘ﬁZE ’U,’Yd’
B 1 o
— Op(VaT) <A i m) T op1)
ag = Op(1)VnT | |)U/’7d‘ =Op (\/ﬁ) = op(1)
n T
a7 = Op(l) ‘\/Z;TZ;ZUAItVdEitﬁ < OP(I)'
i=1 " t=1 2
ag = OP < OP(l)

where we used VnTAZ|J|o = 0(1).

(iii) The third conclusion of the lemma follows from an argument similar to that used
to establish (ii). We have

€ (It ® Pp)i) <

Z e

8
g > b =op(1)
=1

1
vnT
which follows from the bounds

b1 = \/717% ZZE% Z"?itejtf]/‘ =0Op <A%v\/ﬁ+ AF\/T> = Op(l)
i g t P
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1=~ I<~_ 5 1 \2
b2:\/nT njz::lfjnj.h n;fi.fiHQ:Op (VTLT) <AF+) zop(l)

VT
by = Op(1) \/7 . fj;inﬁet = op(1)
j=t =1 F
by = Op(1) \/szi:l@ﬁj. 2 & = 0p (V) (AF + n1T> \/:TT — op(1)
bs = 0p(1)| V2T Zl .|| 17l = 0p (Vi) (AF T ;T) = on(1)
=l

n T
nT 1
by = Op(1) ‘ > szeztfz <op(1)
[ER 9
1 L
bg = Op(l)vnT T tzln.tﬁ.t < Op(l)

where we used that vnTA% = o(1).

(iv) By (H.1), U = Pﬁj?’yd. We first bound ||y4 — m|[1. By Proposition
J

T

| PN - 1 ~ -

TG = )3 < = 3180 = DI = Op(IRy 12 + K217 lo).
t=1

We also have ~q — 7 is at most |J|o + |J|o-sparse. Hence, by Assumption and using a
proof similar to that used to show (H.4]), we have that

1~ 2 ~ ~
=06 =], = Guin1 710 + 1710) = 0p(W)l1va = 70l
> C(|7]o + 1710) " na — mlf
with probability approaching one. Hence,
g = [} = Op(I1BRy 13 + 2l T10) (1710 + 1-710) = Op(IBylIF1Tlo + 7] T[5)-
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In addition, H\/%glﬁ“oo = Op (Vlogp) by an argument similar to that in the proof of
Lemma Hence,

1 , ~
= (I — P~ U
nTﬁ( Uf) d

glMﬁjU’Yd

1
vnT

1 =~ N
= eU —-m
—¢00a - )
<=0 -l
€ —m
T . Yd 1
= Op (IR, 11115"* + il Tlo) 1ogp = 0p (1)

using || Ry||3|J|ologp = o(1) and k,|J|ov/Iogp = o(1).

IN

Next,
L onm (U —U) ! ¢(U—) L op (U —0)
€ Mz - € — — € P —
VT s T T MV ”d

Op(AF)
F

(H.12)

| 1o,
+ 7zzzgitfi*F/Utm7dm OP(l)
\/Tﬁ ; t m F
+ mzzzfzt’}’dm)\tm i Hfz) Op(1)
]. ~I 7> 31 7 =5
i \/ﬁeUﬂh”nTUf(U U], V)

The first term in the last inequality in (H.12) is Op(|J|0)(Ar) = op(1). By (H.11)), the
second term in the last inequality in (H.12)) is op(1). The third term in the last inequality
in (H.12)) is op(1) by assumption. For the last term in the last inequality in (H.12)), we

have || \/—UAEHQ = Op(y/|J|ologp) by a proof similar to that of (H.3|). Then, Lemma
(v) yields

10300 = o]

ZZZUnk it,m Ztm)’Ydm
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ZZZUnk ztm_/\ztm)

<op (171%) (\/ D At A+ P A%) .

The last term of (H.12) is thus bounded by
1 1 T
<\J!g\/logp> Op <\/@AF+AM+ Og(é) ) +A2um> =op(1).

Therefore, both & Mg (U U)yq and Fe "Mp U'yd are op(1).

<Op <|J\g/2) max

F
(v) Since Fe ' Py (IT ® PA)U'Yd = 0, it follows from part (ii) and Lemma [H.3(ii) and
(iii) that
b & Mg (It ® Mg U o G- - & (It ® Pz)Urq = op(1)
= € =5 — € =~ - .

2
M U’yH = Op (\\Ry\|%+n3\J|o+ U|§A%+%). Thus,

n

under TnA%( 21700 + | Ryl + AZL[J2 + ‘J\o) = o(1),

(vi) By Lemma [H.1]

= (Ir® H N FH — F)Mp)——=Mg Uryl?

F e

2
I

nT O,
— 0p (TnA}) ( 2710 + 1By |2 + AL + 12 ’0) — op(1).

<o |5 - ]

The following technical lemma is used to prove the consistency of the asymptotic variance
estimator. W

Lemma H.4. (i) Both ZZ i [Zt 1 (it — Tit) €t ? =op(1) and T Sy [Zt 1 (€t — €)M tr =
Op(l).
(i) == >0, [Z;{:l(ﬁita’t - ﬁitgit)]Q =op(1).

Proof. (i) We first bound max;<, 7 Zt 1 €5 We do this by bounding max;<, Zt L€ — Eé,

and max;<y, (T Do eit) .
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When T is fixed,
1 2 2
T Z €ir — Loy

2
and max;<, (% D €it) < max; ¢, = Op(logn) = OP(lo%n)-

logn

vT

< max le%, — Ee4| = Op(logn) = Op < ) . (T does not grow)
7

When T — oo, recall that by assumption, log” p = o(n) for some v > 2 and that
strong mixing (Assumption holds for the process { (1, &) };2°°
bounded by exp(—CT"), r > 1. Note that we also assume yr > 2. Let 7 = min{r, 1},

= (05 +7 1)L ¢ =05(y+1), then y7 > 2, r; < 1, er; > 1 and 2¢ > 1. Because

7 < r, the strong mixing condition in Assumption also holds with 7 in place of r.

with mixing coefficient

The Bernstein inequality for weakly dependent data of [Merlevede et al| (2011)) requires
(a) exponential tails (fulfilled by the sub-Gaussian condition in Assumption [3.1]), and (b)
a strong mixing condition (also assumed in Assumption . The introduction of 7 is to
ensure that the so-defined r; < 1, another requirement of applying the Bernstein inequality
for strong mixing sequences. Then, by Theorem 1 of |[Merlevede et al.| (2011]) (proved using
a “coupling argument” of |Dedecker and Prieur| (2004) - see also Wang et al. (2016) for a

similar argument), for y = M %, and sufficiently large M > 0, we have
1
P <z<n 726~ B >y) <A+ A+ 43
t=1

where

A1 = nTexp(—-C = exp(log(nT) — CM™ T/ 10g n) = 0(1), (crp > 1)

Ty rl (1-r1)
Ay = mnexp Clog™ (Ty) =o0(1), (rm<1,2¢>1,Ty— o0)

As = nexp(— CTy = exp(logn — CM?log*n) = o(1).

log n)¢ logn 0.5+0.57 . . 1 T
Hence max;<), ‘T Zt 1€ — Ee4| =O0p (M) =Op (% . Similarly, max;<,, |7 > ;1 €it] =

(10g n)O 5+40.5v .. \/T \/T
Op (T) Then combining the two cases T' - oo and T' — oo, we have

T
= ) € < max Eej, + !
max — € max € max | —
T s A

2 2
€ — EE*
<n it it

(log n)0.5+0.57>
—O0p (1420 ),
" ( VT

11
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2
1 logt ' n
22 _ — . = _—
el = <T Z) or (55)

t

and

EQ = Op(l).

Hence, max;<, % Zle & =0p (1 4 (o nz;;MM + loglr;"/n)' Thus, by the Cauchy-Schwarz
inequality and with ,, defined in (A.6)),

1 n T 2 1 n T T
Ly >a —m)eu] < LSSy
i=1 Li=1 i=1 t=1 s=1
r . . 1+
T . 1o 5 (logn)%5+057 og!t7n
< 5— 2 > _
< ol = il max > & =0p(Ty3) (1 FE e R

t=1
= Op (VAT + 2 10g" ™" n 4+ v2(Tlog ™ n)!/?) = op(1).

where the last equality may be directly verified under our assumptions.

The same arguments as used in the proof of Proposition yield that
| R
ﬁ”e - 6”% = OP(l/JrQL)-
In addition, the first statement of Theorem implies |a — @|? = Op (%) Thus, from
€ =¢— an, we have
1 . 1 1 2 1 9
WHG — &5 < 2@“6 -3+ 4@”(04 —a)qllz + 4ﬁ|’0‘(77 —mli3
= Op(¥7)
for v, defined in (A.6)) and % = O(¥?2). In addition, max;<y, % Zle 2 = Op (1 + 10%)

follows from the same argument. Hence,

n [T 2
SN @i < Al el3maxic, = S 7
=1 Lt=1

= Op (YnT + ¥y logn) = op(1).
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(i) By part (i),

1 n T 2 9 n T 2 9 n T 2
T Z(ﬁz‘ta‘t - ﬁitgit)] < — Z (it — it )€t - Z Z Mt (€t — git)]
nl i=1 Lt=1 nT i=1 Lt=1 T i=1 Lt=1

AT 1 <& ’
<op(l)+ — Z T Z(mt Tit) (€t — git)]
=1 t=1

4 . ~ 2
<op(1)+ ﬁ”e — €3 mgxzt:(mt — Tit)

= Op(l) +OP(T1/J,21) mZaX%Z(ﬁzt _ﬁit)2' (H13)

¢
We now show the second term on the right of (H.13)) is op(1). Using the equalities

Ut — Uit = JUF'F) VP (FH — FYH N + [1(F'F)Y " F' Uy + Ny H = (fi — H' f3)

and
g — H Yoy = (F'F)"'F'(FH — F)H Y64 + (F'F) "F'Upyq + (F'F)'F'f,
we have

Wit — it = f1(0ar — H Y0ar) + 0 H™V (fi — H'f)
+ > Wityn = Uitm)am + Uiy (A = 7a)
m
= f(F'F)"\F'(FH — FYH 54 + fI(F'F) ' F'Upq
+ FU(F'F) " iy + 8 H Y (F — H' i)
+

S i~ (H.14
SN F(F'F)\F((FH — F)H~ Atmydm+z (F'F) 1F'Ut7m7dm( )

+ Z S‘QmH,_ (f’L - H fz)Vdm + Uit(’}’d - ’Yd)

Since f; is sub-Gaussian, max; || fi||2 = Op(v/Iogn). Under
max||f; — H'filla = Op(1),
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we have that max; ||ﬁ||2 = Op(v/logn). By Lemma [H.11(iv),

1 1o, | 7o
T t "I’L tY ) OP( n +’J|O F |
and
1 1~ 1
- F/ — - A2
T;H i, or (5 +0)
Hence

= Op(T4;, logn)OP(A )

1 PPN
T1/J,21mZaXTZC'227 = T2 max—z fi(F'F)~ lF'UtVd)

1 LS~ g (7 i
Ty max Xt: Ciie = Ty max 2(%}1 N H )
= Op(TV}) max||f; - H'fi|
X o
Tuma 3 Cha = T mas Z Z FEE)TF(FH = F)H Moiam)?
— Op(TY? 10g”)|J|00P( F)

1 =~ 5 ~
T max | Cf iy = Tiby max - Z Z J(F'F) F'UpmAim)”
t

= Op(TY? logn)Op (' o |J|0A2>

47
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1
Ty, max Zt: C3 4 = T max — Z Z X, — H' [ Ram)?
= Op(T43) max |y — H'Fi31
1 1~ o
Ty, max - > CEu =T max — > (U Fa — 7a)?
t

T
t
ZUztm itk

= Op(T43) (k| J1§ + | Rall7) <1 4 10g§gm>> .

< TY2Aa — vall max

Therefore, T2 max; 7 >, (T — 7lit)* = Op(T2c,) where

cn = logn <A2 |J|2 4+ 2 17 ‘0 +|J]2A% + A2e>

= log(pn)
me?XHfi*H/fiH%U%WL (K2l J13 + I1Rall3) (1+ T :

Under our assumptions T92c, = o(1). Then (H.13) implies

1 n T 2
— (Mit€ir — ﬁitgit)] =op(1).

H.2. Technical Lemmas for Theorem [4.1 The following lemma presents a version
of the maximal inequality for a U-statistic. Whlle there are several inequalities of this
type available in the literature, e.g., Nolan and Pollard| (1987); |Horvath and Shao| (1996)),
we present and prove the following version, which is more directly related to the current
context, and is useful for proofs in the bootstrap sampling space.

Lemma H.5. Suppose the following conditions hold:
(1) {Zijm} is a sequence of random variables in the original sampling space, satisfying

max Z Z]m:Op a?)

m<p,i<n N

for some deterministic sequence a, > 0.
(1) {X}, Y }i<n is an i.4.d. sequence in the bootstrap sampling space such that {X} is
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independent of {Y;*}, EX = EY = 0, and Var*(X;) < C and Var*(¥;) < C for a
constant C > 0 where C' is non-random in both the original and bootstrap sampling space.
(11i) Both X} and Y;* are sub-exponential random variables satisfying Assumptz’on (iv).

Then for any €1,e2 > 0, there is a C¢, o, > 0 such that

1 2a,C+/C, 1 1
P P* max | — Z X*Y*me > an \/ €1,€2 ogp Og<pn) > e < £9.
n

n

1 an+/log plog(np)
Thus maxmep | 3 2 XFY7 Zijm| = Op- ( .

Proof. By condition (i), for any § > 0, there is Cs > 0 such that with probability at least
1 — & the event As := {maxm<pi<p > i ”m < a2Cs} holds.

Let V* = maxmi| Z *Zijm|. Define Wi = X*1 Z Y/ Zijm and Y* = {Y*}i<n.

m

Since { X} and {Y;*} are mdependent then on the event Ag,

maX—ZVar (Y] Zijm —max—z ijVaur (Y]) <a 2005

myzt T myzt T
2 (H.15)
1
2N Vart (WE V) = - Y} Zijm | Var*(X]) < CV*2.
mgxn; ar* (W, |Y™) = max Z Z j ar*(X7) <

In the bootstrap sampling space (BSS), {Yj*Zijm}jgn is independent across j and E*Y}"Z;j, =

0. By the Bernstein inequality, for y = (2a2CCjslog(pn)/n)'/?,

* * * ]' *
P*(V* > y)1{As} < pnmax P* [ [= Y Y} Zijm| > y | 1{4s}
m, n -
J

2
ny
3 | B 1{A
=P ( o8 (pn) max,, ; = > Var*(Yj*Zijm)) {5}

ny2 -1
S exp log(pn) - (12 005 = (pn) :

(H.16)
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In the BSS, {W} }i<, is independent across i conditional on Y*. By (H.15) and the
o . / 2a,C4/Cs log pl

Bernstein inequality, for x = y QCifgp — 2anC C‘snogp og(p n),

max|f Z > x| YOV <y}

m<p N

< pmax P* <| Z ol > :L'|Y*> HV* <y}

(H.17)

nx2

max,, L 3. Var* (W, |Y*)
na? . na? _
< exp <logp—CV*2> H{V* <y}exp <logp—cy2> =p L

< exp <logp - ) HV* <y}

Let Ey- denote the expectation operator with respect to the marginal distribution of
Y™* in the bootstrap sampling space; i.e., Fy« is the conditional distribution of Y* given
the original data. By the law of iterated expectations, Ey+« [P*(:|Y™)] = P*(-). We then
have

p* maxy Z XY} Zijm| > @

m<
=P 7,7<n

< p* max\— > X{Y] Zigm| > x| 1{As} + 1{A§}

B,j<n

p* (?nliif’nz > I) 1{As} + 1{ A5}
= Ey«P* (maxz . z]Y*) 1{As} + 1{ A5}

<(@) By.p* (max |- Z > x|Y*> H{V* <y} 1{As} + Ey-1{V* > y}1{As} + 1{ A}

<O pt4 PV > y)l{A5}+ 1{ A5}
<@ p~t 4 (pn) ! + 1{A§},

where we used P*(-|[Y*) < P*(-|[Y*)I{V* < y} + {V* > y} in (a), (H.17) in (b), and
(H.16) in (c). Because P(A§) <, taking the expectation with respect to the distribution
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of the original data on both sides yields

* * 1
EP (gnlgﬁyn ;HXY Zijm| > x) <p~t+ (pn) 7t + 6.

For any 1,62 > 0, let 6 = €1¢2/2, and call Cs in z to be C¢, .,. By the Markov Inequality,

1 240
P P*(mgﬁy ST XPY Zijm| > 2) > &1 <0 +(pn)1—|—5)§€162£1+252_
7,7<n

|
Lemma H.6. (i) 7 3, Hlﬁ*lﬁt*lﬂg = Op- (A}?U‘% + %) :

(”) >l ; Z =1 1tf*H2 =Op+ (TIL +A}2)~
(iii) HnT U (FH F* H*~ 15dt||2 = Op+ (A%, + A2 + ALb:) /] Jo|, where

b; _ \/logp (log(n) log(pT) + A?na + logggn)>'

n

Proof. For notational simplicity, we assume f; is a scalar.

() We have + 32, [ LF¥0 313 < Op- (TRAR) + b 5, 14 5, Ful D3RO (1). Hence,
we need to bound + >, |2 3, fiwY U/A%.

}Z =3 Tl TP
7% ;Z@ﬁ;ﬁ)?
<SS T (S e ontsh

n % ;;f; (Tllﬁ’ﬁt’ ) + LT Z (Zp: X;mam>2maxf?OP(A%>
< g £ S E0UE =0+ 1 33l
+rnax|fl|2 ~Op(AL]J[5) —|—maX|f1| —Z (iﬁ’ﬁt’vf

t

Hf}/ 7”1max.}0 maX Z’Uztm ztk|+ QTZZ fl

IN
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n,r§:§j — H ) (01)? + max | F S 0p(A3171)
1 2
2 Iy
+m§1X|fi| nTZt:<nFUﬂ>
ogn J logn log n|J logn|.J|2
<Op<g 2|J|0—|—“0 gA2|J|O gl’0+ g“OA%
n n n
2A2
+|J|0 F( /10gn+1>>
n T
_Op<|J|°>,
n

where we used the assumption maxy > ., |EUs 1 Uit.m| < C' to bound 2T Yoeooi(fi U )2,
yielding its rate Op (‘ |0> instead of Op (MO) Also,
t

2
J
—0p (1710 + a315)
9 n
follows from Lemma Finally,

2A2
n?TZZ — H'[;)* Uiy )2=0P(|J‘2LAF (\/@H»

is due to
1 )2 Lo 1 N2
71272 — H'fi)?Y (U}y)* < Op EAF m?XTZ(UM)
t t
1 2 1 ! \2
<Op | ~Ap | max— > Uir)

1 1
+Op (nA%> max Z E(U}y)?

i

2A2
< Op <|J|0A (w/log” +1)) .
n T

(ii) By Lemma[H.14, L5, |1 Y7 & fill3 = Op+ (1), which yields the result.
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(iii) By Assumption and (H.41])),

nT Z et (FH — F*YH* 54

1
< Op+(v/|J]o) max | —

T
1 7% * *'—1 7 7% « 7
T Z(Uztm Uzt m)(S;tH 1(f7, —-H fl)

+Op*(\/|J\o)mT%x

< Op+ (Al + AF + ALb) V[ Jol

where b, = \/1gp CEGI

n max

o)

In the following lemma, recall that 7, denotes the k-step lasso estimator, and 7y denotes
the lasso estimator using the original data.

Lemma H.7. For 7y € {7,,74,0},

2
(i) ‘r i U*q|| = Op- (an+nZ|Jlo+|J\%A*F2+%)-
2

(ii) ) L (Ip & Pp) 07| = O (@ + \J!%A*Q) :

V/nT . J2 " d 2
~x * ~x * 1
(iii) H\/}TT(IT@P;*)” L= Op+ (A2 + 1) and H\/iﬁ(I;r@Px)e =Op- (A3 + 1).
(iv) | A Pp.. = Op-~ \J!ologp and HlPA* &l = O0p- (1J]0"52

VnT 9 < VnT Uf* 2 ( )

1 iall — o 2 2A%2 4 o
(v) MMU}*(IT®M DU A4|| = Op (an+ﬂn!Jlo+lJloAF 5 )

Proof. (i) First, consider the following constrained problem:
i = argmin | 0°(5 — m)[3, m; = 0,5 ¢ T

where J* is the support of the k-step lasso (instead of the support of the complete bootstrap
lasso estimator 7 ;. ). The solution satisfies U*m = Pﬁ}* U*5. For 4* being the k-step

) by Proposition

lasso (either 37 or 57), & S 107G = 37)[3 = Op- (3
Hence
2

= Op+(an + #7| J]o)-
2

FMU U*A

<[

2

HWU" ~ )
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Also, using 7 Zt H%F\*/Ut*/w% = Op+ (]J%A}? + %) from Lemma [H.6| and

U;fm - ztm f (F*,F\*)_lﬁ*/(ﬁH* — F\*)H*_IXtm + E*,(ﬁ*,ﬁ*)_lﬁ*lﬁl;tm
N4 = H i),
we have
! M Uu* [7* ~5 ’ 1 7% U* NI
| et @ -] < 0o
1 & ~ )
:ﬁzz[z( iﬂ;f,m_ :;E,m):)\/m]2
t=1 1 m
T T
sz Z F O op* fzz | o 20 (AR)
= t=1 m

J
— Op- (J|0AF n "“)

2

1 *2
\/—Mﬁ* U Y

(ii) Still by by Lemma

Combining these yields

= Op- (an + k2| Jo + | J|ZA% + %)
2

2
(Ir ® Pp.)U™y

1 2
-3 lp UA‘
nTZt:HF 7,

1 A Tl 2
& nQTZ HF Ue sy

Iz

2

L

(iii) By Lemma [H.6 £ ztulzz 1 €3 Jill3 = Op+(L). Hence,

~ 1
2 * ~x12 __ *2
I P18 = e ST IPp 1R < g STl = 0 (a4 1),
(iv) The same argument as used in the proof of Lemma yields

L]0 ({222 o
ZZ ztm - Ait‘/,m)ﬁ;(t =op- ( lflng> )

max

max




FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 55

Also, by Assumption |.J*| = Op+(|J|o). Hence,
~>|< ~ Tx Ing
Z 0,7t nTZZ itam it | \/ | *lo = Op= ( [Tlo— )

and [|77(U, ~ ) T2 < llar (U 0T U;j})ﬁ?Hoov!J!o = op- ( !Jlologp) We

< max
m

7U**~*
i,

then have
O 2:01»( |J|010gp) (H.18)
Next, dumin(17%1) < Amin (70707 ) < Amax (7505.07. ) < dmax(77)). Also by (H.49),
L0 0%, — 007 < Op-(110) max | == ST Tt = Oitanlis)| = op+ (1),
nT J*J nl J m,k<p |nT m

This result implies

Gumin (|T7]) = 0P+ (1) < Amin ( TU;*U* ) < Amax ( TU;*U* > < dmax(|T*]) + op=(1).
(H.19)

Hence ) \/LU;* = Amax (nTU* 0 ) — Op-(1) and (%U};U}*)*H = Op-(1). Fi-
nally,
HTLT‘ U** HUJ* nTUJ*U ) nTUJ* ) _OP* < |‘]‘0 )

(v) The result follows immediately from parts (i) and (ii) and the following inequality:

(It ® Mg, U*% (It ® P2\ U*74

|

|z S A N

2

Lemma H.8. (1) FE Mﬁ* (I ®Mﬁ(ﬁH* _ ﬁ*)]—[*—l)ﬁd =op=(1).
(’L’L} ﬁ~* ,(IT ®PA*)U* Yd = OP*(]')7
(iii) % (IT ® Pz,)n* = op+(1),

(iv) Fe MA U*‘y\d:ola*(l).
(v) =€ Mﬁ}* (IT ® Mp.)UFa = op+(1).

(vi) E'(Ir @ H* Y (FH* — F*) Mp.) =M, -, U*7q = op=(1).
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Proof. (i) First, by Lemma R & fill2 = Op- (1). Thus,
2
J(FH* — FYH* 15,

T ST
]. -~ /! P o~
=— tr? (Z duté; Pp.(FH* — F*)H*—1>

Z dar€y

2

Op+(1)
F

2

1 1/\/ ~ ~
— —F*(FH" — F*
T S )

F

szsdt (F* — FH*)

= Op+(AnT) + Op« (A )nT — ZH &' F|%

2

ZOP*(A +Op* A*2

F F

=op+(1).

By Lemma [H.06]

= Op« (ALy + AP + ARb:) /o],
2

TZ (FH — F*YH* 54
n

and
(FH* — F)YH* 54| =0
2

due to U/F* = 0. Therefore,

Pg. (@ Mp. (FH' - F*)H*—l)AdH2

_ ﬁ* U* U* Z tJ* FH* F\*)H*—lgdt

2

(FH* — F*YH* "5,

IN

\/ﬁz tJ*

2

IN

Z (FH* — F*YH* 5,
/ tJ*
2

= Op+ (ALy+ AF + ARbL) /| |onT. (H.20)
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57

By Assumption|D.5| ||\/% Do Suel (FH*—F*)||p = op=(1), and || = TT (7* €3 = Op*(]J|010gp)

by Lemma [[.7] Hence,

1 ~ ~ N
& Mo, (It @ Ms, (FH* — FYYH*HA
o Uj*( T ( ) )Aq
1 ~ ~ N

= & P, (It @ M~ (FH* — FFYH*1)A
\/Tﬁ Uj*( T ( ) ) d

1 ~ ~ RPN
& (Ir o (FH* — FYYH*HA
N (I ® ( ) )Aq

1 ~ ~ N
& (Ir @ Pa, (FH* — FYYH*HA
\/TLT (T ( ) ) d
1 ! A A~ o~
< ||l——e"'P P, (It @ M~, (FH* — F*YH*H)A
_Hﬁ e Uﬁu ( )H A,

2

(FH* — F*)H ‘54

& (FH* — F*)H ‘o4

1
— op«(1) + Op- ( 7o ng> (A%, + A2+ Ab:) /] T[onT
= OP*(l)

where we have used the assumption that (A%, + A% + A%Lb:)/logp|J|2 = o(1).

(ii) By the Cauchy-Schwarz inequality and Lemma

~x! Tk 1 ~x! kS
€ (It ® Pp.)U WZﬁE & Pp.Ui7a
t

p
1 o~ N
s\ PORD W
1 1/2 2\ /2
~ \2 ~% *
) (32 (iar))

iy
() (umf))(f )

1
vnT
vnT

F

= OP*
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(iii) It can be shown that

1 VT 4 PN 1 2
IT®@Pz,)0" < 7F* n € F*|| < Op- VnT<—|—A*> =op=(1).

ﬁnT (T )7 nvn T U . P ( Jn F p+(1)

(iv) Recall that there is i such that U*i = Pg. U*'yd We first bound |74 — m||1. By
Proposition [B:2]

1~
U Ga = )3 < Z”Ut (Fa =73 = Op+(an + ]I |o)-

Also, 74 —m is at most |j lo+ ]J *|o-sparse. Hence, by Assumption and using arguments
similar to those used in the proof of (H.19)),

PN S T
U (g — )3 = (Gmin(|T]o + 77]0) — 0p-(1)[[7a — 3 > C1JT |5 72 — @3-

Hence, [|74 — fﬁH% = Op+(an + k2|J]0)|/|o-

In addition, similar to the proof of Lemma [H.17 H%é*'ﬁ* = Op-(y/logp). Hence,
nT 00
1 A
€ M=, U U* —
vnT U v ’ vn (Ya =)

< | =2 Tl lFa —
o 1
= Op- (ai/*171* + kalJ1o ) Vogp = op+(1)

under the assumption a,|J|plogp = o(1).

In addition,
1 / ~ ~ 1 ~ 1

& M, (U — Uy = ——&" (U* — Uy — ——&' PA, (U* —U*)A
Tzt Mo ( Va = F e M= ==& Fg. ( Md
\/7 Z Z Z €it Nzt m U;;f,m)adm
7 t m
1

~! Trx 7! Trx \—177%" /77% TR\
—ﬁf Uj*(Uj*Uj*) Uj*(U —U")a
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Sﬁﬁ;%éﬁmﬁwif”%)

+ itdi F\*lﬁ*m:}/\dm OP* 1
FZZZ it t, i (1)
+ FZZZ lt’}/dm)\tm H*fz) Op*(l)
1 A ~ ~
me J* T J*( )d ) p=(1)
(H.21)

The first term on the right of the inequality in (H.21)) is Op«(|J|0)A} = op+(1). By part
(ii), the second term on the right of the inequality in (H.21)) is op+(1), and the third term
is Op«(A%,vnT) = op+(1) by Assumption For the last term on the right of the

o Op*(\/’ﬂngp). Also, by (H.46
ZZZU;;k ':fm - Azt m)Vdm

JW%( 21710 + A%l Tlo + [ TloAba + 1o

inequality in (H.21|), we have H \lﬁU}‘* €*

1 s T 7T\ o
*THUA*(U = U"Aall2 < ]J()max

< OP*(

IOg(pT)) = OP* (Cn)’

where b, = <\/10gp> \/M + AZ IOggfm). Therefore, the last term of (H.21

n n max

is bounded by Op«(1/|J|ologp)c, = op+(1). Thus, both F MA (U — U*)44 and
L €*/Mﬁ}* U*74 are op=(1).

VnT

v) Since —=¢é* P~, (I ® Pz.)U*54 = 0, it follows from parts (i) and (iv) that
V¢ U K
J*
L oy (It ® M».)U*R, ! M U*A ! &' (It ® P=,)U*7, (1)
€ o~ =, = ——¢* € . = Op=* .
,—nT Uj* T F Yd = /—nT Yd — /—nT T Yd P
2
(vi) By Lemma [H.7| H }Mﬁ;* *JI| = Op~ (an + k2|0 + | JRAE + %) Thus,
2
~ / ~ ~ 2
g (Ir@ H* Y FH* — F*) Mﬁ*)f o=, U*A4
2
< Op-(T HF FH* —M . 0"
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J

H.3. Technical lemmas for Proposition
Lemma H.9. x2|J|ov/nT = o(1).

Proof. Note that k2 = O(log(pg,')/(nT)). To prove k2|J|ov/nT = o(1), it thus suffices to

show |J|2log? p = o(nT) and |J|2 log? (q%) = o(nT'), which is guaranteed by our assump-

tions. W

Lemma H.10. For allt, the K xp matriz F'U, satisfies F'U, = 0. Also, Py (IT®P )=
and U}(IT ® Pz) = 0.

Proof. Note that the n x p matrix U, =X, — ﬁ(ﬁ’ﬁ)_lﬁ’Xt. Thus, U, = ﬁ’MﬁX} =0.
Straightforward calculations yield ﬁ’A(IT ®Pp) =3, (,Aft’ jﬁ(ﬁ’ﬁ)_lﬁ’ = 0 since UJF = 0.
It also follows that Py (Ir ® P) = 0. M ’

Lemma H.11. For v =y, or vy =g,
(i) Both

t<Tm<p N

log(pT
max ”*Zfz ztm”2— ( EL >+Afum>

and

1/2
1 B log(pT)
max (ngT > ||U£,mF|§> =0p ( — T Asum |
- t
() w5y |y S0, F Ol = Op (V52 + A1)

(iii) Both

T
1 - 1
max [ > Fedi, e = Or (Aeg + ng>

m< nT
=P =1

T
1 1y~ = logp
max || ; ~F'Upm0yl|r = Op (Aud /%

F 2Pt =op ([ +5).

and

(iv) We have
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1 1, 1
T Z HEF/??tH% = OP (n + A2e> )
¢
and . . ]
I 0
S POl = 0 (0 4 732
t
(v) maxp<p || 77 Et 1 F'U, wYAi|lF=0p <AF\J!0 + o1/ logp) )
(0i) M i< | Y Uina FoAem| = Op <Aud " )
Proof. For notational simplicity, we assume f; to be a scalar without loss of generality.
(i) First, % ?:1 flﬁltm = %Z?:l JiUitm — fU~t,m — %Zz fiUi‘7m + fﬁm Then
N log(pT)
Jnax |- Z; fiUitmll2 = Op ( — ]
1=
Thus, maxi<rm<p |2 > iy FiUit.mll2 = Op < ngﬁ) + AfUm>. Also,
log (pT')
- 51015 = ma > I > Gion il = ( a2 Y.
(ii) We first bound max, ”% Zle F/UtVS\QmHF-
1 « -
max Z F'UAN,,| = = max || Z Z iU,
t=1 1 F
< 1010p) (H.22)
+ max || — Z Z FiUlAN,, (H.23)
F
+Op(1 max Z U, (H.24)
2
+0p(1 Z iU~ (H.25)

For term (H.22)), note
J
E’U/")/|2 < 7”"}/“1maXZZ ’EUztm is k’ - (Ll’.i?) .

s=1 k=1
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Hence, |U'y| = Op <\/ |nJTO)

For term 1} let Wi, = ,} Yo fi {t’YS\tm Note that the W;,,’s are independent across
i and E(Wip,) = 0. By assumption, max;; > p_q 2, |[E(Uitk Uisg|F)| = O(1); so

J
maxVar(Wzm) < maX—HVHlEfZ maxgzs: |E(Uitr Uis | F)| = <|T|O> .

[17]01
Hence max,, |%2:Z Wim| = Op < ||2ﬂ?gp>.

For term (H.24), let Zi, = & Zt ﬂ)\tm Then max;,, Var(Z;,) = O (#), and

| J]olog p
ma | Z 0ol = s, 3 o = Op(yf0loer),

Finally,
El~ Zfo’W < *H’YHlEﬂ maxzz | E(Uis kUitm | )]
s k=1
Hence, |23, f;Ul7|2 = <\/ t{iﬁ) Combining the four terms above, we have

T
1 ST X7 _ |J]olog p
mn%x]]ﬁi FUN N llF = Op o
t=1

Next, & 33 |7 3 Uy |? max, [ A3 = Op(|J[5), so
T

1 N 1 ~ <
mngxlln—TZ(FH—F)’UwAQmH%S5Z||fi—H’fi|| ZI Z [ max || A 13

t=1

= Op(AE|JR)-
Hence, we have max,, || - ST F'UAX,,||lp = Op (\/ ‘J|°10gp + AF\J\())

(iii) First of all, note that —= S S EiN,, = 0 and LS Aim =0, 50

T

1 ~
sl LS Pl = max - 5 el = max |- 55 Ao

t=1 t=1 i=1 tlzl
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< max H— Z Z fieiNe || F + max || ZZ fiei N,

tlzl tlz_
T

1 I
bl LSS el + max |2 3 £l

t=1 =1 t=1 i=1

< max Hf Z Z fieuXmllF + max || 7 Z €.t M mll20p(1).

tlzl

Fix an element k of A, let Wimk = %thl fieit)\tm,k. Then EWip, 1, = 0, and {Wip, 1 }'s
are independent across ¢ < n; maxjng Var(Wip, 1) = O(%) In addition, by Assumption
Wi, satisfies the exponential-tail condition. Also, K = O(1), hence we can ignore
maxy<r in the follows by bounding it for each fixed k. By the Bernstein inequality for

independent data, (e.g., |[Bihlmann and van de Geer| (2011)) we reach

logp
nT

max||—ZZflelt)\thF<Kmaxmax[—ZVVzmk] Op( ).

m<p 'nT k<K m<p'm
=P =1 i=1 =P

More specifically, by Assumption (iv), Wim i has exponential tails, then we can apply

log p

the Bernstein inequality for independent data to reach (K = O(1)), for y = M and

sufficiently large M > 0,
— W; )< K P(]— Wi
g;agrrggﬁlnz mk| > y) < Kpmaxmax P Z im| > Y)

ny2

maX;mk Var(Wim’k )

< exp <10g(Kp) - ) < exp (log(Kp) — C’Tnyz) =o0(1).

In addition, let Zj,, = % Zle €z‘t5\tm k- Then max;g, Var(Z,,) = O(l). Hence

T
I —_ < 1 % log p
rﬁ%}; Hf ;1 e't)‘;fm‘b - gblg); HTi E E e115)‘tm”2 < maxmax |* E Zim k‘ ( :

nT
t=1 i=1

This implies

.5 logp
/ / _
rﬁggg!lnf ZF EtAtmllF = Op( T )-

Also, by Assumption max,<p ||ﬁ thl(ﬁ — FH)Y &N, |l F = Op(Agy,), implying

T
1 ~ o~ lo
max||— E F'eh,,|lr = Op (Aeg + gp) .

m<p nT — nT
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On the other hand, similar calculations yield

T
1 1, ~
mﬂ%XHth_;nF/Utm t||F<maX”722fz it,m ytHF‘f‘maXH*ZUtm t”?OP 1)

t=1 =1
logp)
nT

Also, by Assumption max, ||+ Zthl %(ﬁ — FH)’Uth?IJtHF = Op(Ayq). Hence

= Op(

10gp)
nT

T
1 1 oI N
max | ; ~F'Uymbpllr = Op(Aua +

(iv) Note that é; = ejy — €.+ — €;. + €. Also, %ZZ é;x = 0. Hence,
1 ~ 1 1 _ - —_
EZfieit = EZfieit - EZfiezn — feq+ fe
7 (] 7
Therefore,

—lefF’étH2<—Z||fZ — H'fi)éulls + Op(1) Zufozeltllz

1
=Op < - A%)

*ZH*F Uryll3 < *ZII*Z — H'[)Ujyy|3 +Op(1 ZH*ZL w3

:OP<’ |0—|—|J|0A2>

(v) The proof is very similar to that of (ii). First,

T
1 -
FUm A < — Uity A H.26
522 th—mn%XnTgif e (120
+0p(1 max Z U, mY At (H.27)

For the term || let Zy = % Yo filitm? A;. Then

1715
max Var(Z;,) = O - |
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and

logp
maxH— Zzzmyb = Op (uyo gT ) ,
which gives the rate of convergence of 1) For term 1) let Wi, = % > Uitm? As.

The W;,,’s are independent across i, have E(W;,,) = 0, and have max;,, Var(W;,,) =
O(|J[3/T). Hence, max,, |1 3, Win| = <|J| logp>, which gives the rate of conver-
gence for (H.27)). Combining then yields
lo
max Hf ZF Uy Al = Op (mo gp) .

m<p nT’ T

Finally, using max, - 3, U3 0% 32, 7 A48 = Op (7). we have

2
nT ZZ H fz it m’YyAt

i=1 t=1

max
m

F

1 5 5 1
< n; Ifi — H/fz‘”%mngxﬁz it Z v, A3 = Op (A% J3).

it

Hence, we obtain the desired result.

(vi) A proof similar to that of part (iii) yields

logp
gﬁgl;ZUmﬂtml < nT)-

Then applying Assumption [D.4{ yields max,, j<p |- > Uit l(f H' £ Xim| = Op(Aua).
Hence
logp
nI,Lnla<}§7|nizUztlfz)‘tm’ ( ud + nT ) .
|

Lemma H.12. (i) max,, Hﬁ >y Z?ﬂ Sy FiUitménf | p = op( lZng)‘
(i1) max;,<p H 'l Zt Ut’YyUt mF”F = OP(\/@)

(i) || 7 20y Yoty (Ui = Uig) fLH(F'F) " F' Uy | —OP(\/@)

(iv) H% D 1Et 1( it — zt)fl/H(F\ ﬁ)le'étHoo = OP(\/%).

Proof. For notational simplicity, we take f; to be a scalar without loss of generality.



66 CHRISTIAN HANSEN AND YUAN LIAO

(i) We have

n n

T
Zz.ﬂ~jtméitﬁ": % :

i=1 t=1 j=1

T
1 - -
T Z fiUjtmeitfi

ﬁ
Il
—
o~
I
—
<.
|
—

Hence, as n — oo,

n n

T
max n;TZZZfJ ]tmeztf
J=1

=1 t=1

n n

T
1 log p
< max T E ]E lf] ﬂmewfZ +op ( = ) .

=1 t=1

Define Wy, = H—IQZ?ZI ijl thymeitfjfi’. We aim to bound max,, H%Zt Wiml|lp. We
assume f; is one dimensional for simplicity, and the multivariate case follows from a similar
argument. By assumption, E(Ujey|F) = 0 almost surely. If T = O(1), then because
{(Uit, €it) }i<n are conditionally independent given F,

max|—Zth\ < InaX|7ZZU]tmeztfjfz

=1 j=1

1 . 1<
< - . ) _ o f
~ H}%X|n ZU]t,mf]|m?X‘n Zeztfz‘
i=1 i=1
Viogp logp

<O =0 . (T=0(@1

< 0p(EE) = 0p(y | 2ED). (T = 0(1)
If T — oo, using the assumption that {(Us, e;t) }i<n are conditionally independent given
F, for E¢(-) = E(|F),

maxVar(th|F Z fi EfUltmelt o} Zfl EfUlt m Z FiBreiy
"=

1 (1 1/2 1 1/2
78 4 4
< o} <n ; i ) (n ZEfUlt,melt>

=1

1 (1 1/2 1 1/2
+ n2 <n Z ) ( Z EfUlt m> (n Z Ef‘%t) .
= k=1
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There is C > 0 such that max,, - >, E;U} . and >}_, Eye}, are upper bounded by C
almost surely (a.s.) in F. Thus a.s. in F', maxy,, Var(Wy,|F) < n%(% >y ﬁs)l/Q. Hence,
for any x > 0 and a generic constant C' > 0,

1 1
P (mn%x|th:th| > x) < me%XEP (|th:th| > x\F)

1 1~ 5
Spmnz%XEP <|TZth\ > HJ‘F) 1{E2fl8 <C}
t =1

+pP (ri S - B > c) +pP (I - BJ| > C)
=1

a 1 C
<( )pmnz%xEP (‘T;th‘ > x]F) l{rrg%xVar(th\F) < ﬁ} +o(1)
where (a) follows from the Bernstein inequality for independent data and logp = o(n),
applied to pP (|% S (ffC = Eff%)] > C) and pP (|f — Ef| > C).

We now bound P (|7 3, Wym| > z|F) conditioning on the event maxy, Var(Wy,|F) <
n%. We have ming, [Var(Wi,,|F)~/?] > Con for a generic Cy > 0. Conditional on F, {Wy,, }
is a strong mixing sequence across ¢ with uniform mixing condition (uniform over m < p)
that is bounded by exp(—CT") (Assumption . Write Xy = Wi Var(Wy, |F)~1/2.
Recall that by assumption, log” p = o(n) for some v > 2 and the strong mixing (Assumption
holds for the process {(m:, &) };-°° ., with mixing coefficient bounded by exp(—CT"),
r > 1, and also we assume yr > 2. Let ¥ = min{r,1}, 7 = (0.5 +7 171 ¢ = 0.5(y + 1),
then r; < 1, cry > 1 and 2¢ > 1. Because 7 < r, the strong mixing condition in Assumption

also holds with 7 in place of r. All these constants are independent of F. Then by the
(logp)©

VT

Bernstein inequality for strong mixing sequences |[Merlevede et al.| (2011), for y = M
and sufficiently large M > 0, for Conz =y,

1 1 . ~1/2
pmgxP (T Z:th| > ZL’|F> < pmygxP <|T Z:Xtm| > a:rglﬁln[Var(WtMF) ]|F>

1
< pmax P <\T2Xtm| > C’onm|F> <A+ As+ Ag
t

where for a generic constant C' that is independent of F',

Ay = pTexp(—C(Ty)™) = exp(log(pT) — CM™T"/?log™ p) = o(1), (cry > 1)
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_ L (Ty)? (Ty)m =N
Ay = pexp( C T eXP Clog™ (Ty) =o(l), (r<1,2¢>1,Ty — o0)

A3 = pexp (—C’TyQ) = exp(logp — CM?1log* p) = o(1),

and o(1) in the above are non-stochastic converging sequences. (This is because the involved
generic constant C' in Merlevede et al.|(2011) is independent of F', given that the conditional
strong mixing and sub-Gaussian conditions (given F') in Assumption hold almost surely
in F.) Hence

1 C
pmn%xEP <|TZth| > x\F) 1{nt1%xVar(th|F) < ﬁ} = o(1).
t

0.57+0.5 ,,

Consequently, max,, |+ >, Win| = Op(z) = Op(logW) when T" — co. Combining

with the case T' = O(1), we have maxy, | >, Win| = Op(log(ij%jp). Hence,
0g057+05 ]
p ogp
max || —— QT E ZZfa Ujtmeifi || —maX|* § Wim| = OP F — = ) =or(\/ )

=1 t=1 j=1

where the last equality is due to log” p = o(n).

(ii) By Assumption [D.4] max,,; H%Z? 1(f H' f))Ujtmll2 = op (\/k’%p> . Hence,

max|| F ZUtVyUthHF
< Op(1)max |5 Ll ZUﬂyUthHF

1/2
1
+H7y|\1H;,?tX|ﬁZ(f H'f;) ztmlmaX< ZTZIIUthHz) :
(H.28)

L~ N1/2
By Lemma [H.11| max,,<, (ﬁ Do ”Ut/,mF”%> = Op <\/ % + Afum)- Hence, the

second term on the right-hand-side of the inequality in (H.28)) is Op (|J[0A fum) ( % + A fum)




FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 69
We now bound the first term on the right-hand-side of the inequality in (H.28)). We have

1
max]—F' Z Uy Ul o F|

I
38
>
3:
ﬂ
M
1[~]
M
he

iJj zt lth m7y1|

(H.29)

n

+max\n2TZ’yylZZZ Uit — Ut,l)(th,m—Ut,m)‘

t j=1i=1

where we obtain the Op ( |J lglflng > term in the second inequality by bounding

maX|*Zfz zm‘Q (maxVar(fiUL.,m))

log p 1
( - > max - ZZEfiZUit,mUis,m
t S
lo 1
Op ( gp) max B2 " (EUsnUismlf)
( p
P

n
log
nT )’

using Assumption that maxm Y o |E(Uit,mUisml fi)| < C almost surely in f;.

Op

=0

It remains to bound the remaining term on the right-hand-side of the inequality in
(H.29)). This term is less than

n n n n
mgX’TLQTZ’YylZZ flfj ztlU]tm’+maX| QTZ’YyZZZZ % ztlUtm’
m=p t =1 i=1 t =1 i=1
Z1 z2
n n n n o
+H1aX‘n2TZ’yylZ Zflf]UtlU]tm\+max| Z Z fiij~t,lU~t7m‘-
t j=11i=1 l t j=1i=1
z3 z4

We now bound each of z1-z4.
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z1: Define
th,lm = Z f zt lUZt m E(Uit,lUit,m|F))

and

2tlm = 2 Zz.fzfj ztlU]tm

i=1 j#i
By the assumption that E(UsUj;m|F) = 0 for i # j, we have E(Z4m|F') = 0. Also note

that [[vy[[1 < O(|J]o) + [|1Ry]l1 = O(J]o) + o(1) = O(|Jo)-

Now, consider

Zl<maX‘n2 ZVylZZfUztletm’+maX‘ QTZ'YylZZZfo] ztlthm‘
t

t =1 j#i

< max

e n2T Z%l Z Z F (Uit Uit — EUt Uit | F))

+ max | —— n2T Zyyl Z Z f?E(Uit,lUit,m|F)‘
t i=1

m<p

—|—max|n2T Z’yyzZZZfzfg Uit 1Ujt,m|

m<
=P t i=1 j#i
= max

e nZ'Yyl Zthlm +max\n2TZryylzt:Zfz UstaUstm|F)|
+Iﬂ?§§’*27ylz 2tlm’

Zzltlm
+max|fyyl]max QTZZfQZ’E ’Ltletm’F)‘

t =1 =1
E thlm § ZQtlm

1
+O0p(=) max Z\E(Uit,zUit,m\Fﬂ

n° m<p,i<n,t<T .

1
< Il max + [yl max erz% i

| J]o

+ O( ]J]o max
n ml<p

<O(—
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[l )
_O< - m<p Zthlm ZZ2tlm +0

where in the last equality we used the assumption that max,,<p i<n <7 Zl LEUi Uit | F)| =

+O(|J\o) max

O(1) almost surely in F' (Assumption [3.1] (iii): weak cross-sectional correlations).

To bound max,,<) \% >t Z1tml, first note that
1 o
Var(Zim|F) = Var <n > fEU@-t,lUit,mrF>
=1
1 -
= Z i Var(Us 1 Usg | F)

(ix)”

since maxy, ; = Z Ef itm < C as. in F.

Conditional on F, {Z14 1 }+<7 is a strong mixing sequence. Hence, for x = C li}%,

(max ZZu Im )

SpQHIIS',LXE ( Zthlm >$|F>

< P |p ( 3 i > 0 ) 11} Zfl <0

1 n
+p*P (‘n S (= Ef9)] > C) +p*P(|f — Ef| > C)
1=1
<p’maxE | P 1 ZZU mm| > x| F | H{max Var(Zy | F) < g} +o0(1)
- Im T - ' tm ' - n

T2
maXem, Var(Zig im|F)

< & [oxp (2108 - ) s Ve (Zunl F) < S o)

< exp(2logp — CTnx?) 4+ o(1) = o(p™ '), for some large C.

This bound then implies O('Jlo) maX,,<p ‘T Y2 lm| =0Op (‘QO\ / lg,gnp)
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To bound maxm<p |7 Yy Zotm|, uniformly in ¢,1,m, (recall E;(.) = E(.|F)) we note
that

Var(Zam|F) = — Z > ZZ Fifi FrFoEUitaUst Ut Uvtm

1=1 j#i k=1 v#k

1< 2 5
= TL4 Z Z fz fQEf it lEf jt, m ﬁ Z Z fz‘2fj2EfUit,lUit,mEijt,mth,l

1=1 j#i i=1 j#i
C = u
< ﬁztﬂ
i=1

Hence, following an argument similar to that used to bound max,,<, ‘% > th’lm‘, it can

be shown that max,,<) ]% >t Zotim| = Op < log§>. Therefore,

Tn

logp
=0 +|J .
For 25, z3, note that

29 Srﬁgg HSTZ’WZZZZJCJJ Uit 1Ukt,m

t j=11i=1 k=1

< U O
_1721235 nszfYylzt:;kzlfz it IVkt,m P( )
Following the same argument as we used to bound z1, we reach zo = Op ( + |J]o 1;:%5 ) .

Similarly, we have z3 = ( + |J|o \/7) Finally, as 1 Z] 1 fi=1 Ej 1 fi—f=0,

we have
24 —ma§|n2TZ’yylZZZfszUtlUtm| =0

t j=111=1

Ne)

Combining the above, we have that the second term of (H.2

50 (41710558 ).
Therefore, maxm<p |%F %>, Uy Ui, F| = Op (logp]ﬂo + /o 17(3% + 71L> . Thus by
[Z9), we have

max
m<p

n2F Z O3y U F

F
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log(pT lo lo 1
= Op (|710A fum) ( gg))+AfUm> +O0p ( gp|J\o+ |0y ] =22 +n> :

Tn?

which is op (\/ 10gp> given that Afum =0 (%), A;lcum =0 <|} ) |J|2logp =

o(nT), and |J|3T = o(n). A?um =0 (W) is guaranteed in Assumption [D.4l To

establish A =0 (|}\2nT) note that

n

1
max |~ (fj = H'[j)Ujeanl3 < Xmﬂ H' fi|[3 max — g:ﬁm

mt
7j=1

Because max; Z
Ap. We then have A4

fum

Ztm < Cmaximt(EUztm—i—EUf’m)—i—OP(l) = Op(1), we have At <

4 _ _ log p
< Ak = o) = olisir)

~

(iii) Note that Usgm — Ustn = Ny — Moy H ™) fi 4+ N H =1(fi — H' f;). Also note
Nem — H W\ = (F'F)YYF/(FH — FYH N\ + (F'F)~ 1F’Utm Then up to an Op(1)
term, the object of interest is

1 ~
/ /
< 1722;5 T ZF Ut’yy)\ OP(AF) + IyInla;f n2F Z Ut’yyUt mE i
By part (ii),
log p
max n2F ZUt7yUtm . =op ( T ) -
By Lemma
Apmax ZF Uy A _op AF|J\0+\/M Ap
m<p ||nT Y nT
log p
=0
P nT )
given the assumptions that vVnTAZ|J|g = o(1). The result follows.
(iv) The object of interest is bounded by
] ~
max || ZF €N, ; Op(Ar) + max || F ZetUtm ) (H.30)
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The first term in equation (H.30) can be bounded similarly to the term

max Hf Z F'Upyy N 7

m<p

in Lemma and we have, using from Lemma [H.11] that

~ lo
max ||— ZFlet)\thF =Op (Aeg + ni?) ,

m<p
logp logp
/~ _ _
T ZF F—OP(AF) (Aeg—f- nT>_OP< nT)’

. . 1
given Assumption |D.4|that Ay = o (ﬁ)

that

Op(Afp) max

m<p

T Zt Ut')’yUt mFH

1} lo
i = Op( Tig’) from

The second term in (H.30)) is bounded similarly to the term max;,<), )

1 T F
2T Z?:l Zt:l Z?:l ijjt,

in part (ii) using that max,,

part (i). Specifically, we have

€tU
nz Z Lt

max
m<p

log(pT) log p log p
= A A
Y log p
— op nT ;

due to ApeApym < A% =0 <\/1‘:Lng) and the assumption that Afce =0 (Tl?f(ﬁT)) . We

(H.31)

omit the details for brevity. B

Lemma H.13. (i) || S0 S0 (Ui — U3 H' =Y (H' f; — fi)lloo = 0p(y/'%P).
(ii) || 2 iy Sy (Uit — Uia) (Uit — Uin)' vy lloo = 0P (1/*58).
(iii) || 2 S0 ST Ua(U — Uit vyl = OP(\/I?%)-
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Proof. (i) By Lemma [H.11} max,, || 3 t 1 nF Um0 wtllr = Op <Aud + logp) . Hence,

n T

1 B N
”ﬁzz it T zt ytH 1(Hfz fz)”oo
i=1 t=1
1 ~
< max TZ(Atm—H "Nem)0|| Op(AR) + Op(AF)
t=1 F

Op(Ar) (H.32)

under the assumption A% + ApA,q = o (1 /1‘;%}’)

(ii) Using the equalities
0it,m - ﬁit,m = (:\\2 - :\/ Hlil)ﬁ =+ :\QmHlil(ﬁ - Hlfi)7
Aim — H Ny = (F'F)"'F'(FH — F)H "\ + (F'F) " F'Uy , and

Sy —H 6, = (F'F) " 'F'(FH — FYH "6, + (F'F)"'F'Upy, + (F'F)"'Fé,

1 I e
+max | =Y Y e = H Aem) e = A~ yille + Op(AF | o)
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p

1 s 1o - 1 Ty .
< (ngXHTsztmnF'Ut,wykllFern%X|Tk ZnF/Ut,mA:tk'YyHF) Op(Ar)

=1t=1

p T
1oye 1~ )
+m7%XHfZZﬁF t,mﬁF Uik vyrll 7 + Op(A%[J]o)

lo lo
— <|J|0 2P AF|J|0> Op(AF) +op ( gp) + Op(A}170)

nT
log p
=0
P nT )

where the bound on the first term in the second to last equality follows from Lemma
(ii)(v) and the bound on the second term in the second to last equality follows from Lemma

H.12| Finally, the last equality follows from the assumption that |J|gA% = o < logp > )

nT
(iii) From the equality
Ustn — Uit = JUF'F) "' F/(FH — FYH "\ + [1(F'F) " 'F' Uy

+ N H N — H' fy),

we have
1 n T ~ ~
17 > Uin(Ui = Uit) wyllsc
i=1 t=1
1 n p T _ _ R B
S max nT Z it H T (fi = H' fi) vy
i=1 k=1 t=1
1 n p T _ N
+ IHWE%X TL7T Z Z Uit,m)\tkfi’}/yk OP(AF)
i=1 k=1 t=1
1 n p T ~ 1 L
+ max e ZZ it,mﬁF/Ut,kfi'Yyk
i=1 k=1 t=1
log p
= 0 .
P nT
|

H.4. Technical lemmas for Appendix
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Lemma H.14. (i) max,, |25 > 1, ZtT:1 é;tﬁ/)‘\:fm”F = Op~ ( 10:‘5(1’)711%8(7@)
~ ~ 2
(i) maxpm; 3 >, (7 2 MiefiUjem fi)* = Op (M) :
n T 157 % 7 1
(iii) max, ||$ Dic1 2ot eit%F Ut,mfi |F = op- <\/ ?zgp)

() mats 1L F Ol = Op (/25280 ), w5, | F Gl = O (/252

n n
-~
*

and 737, |1 sy € fill3 = Op- (31)-
T = 1 P/ 7re 7% N
(v) maxy, Hn% D1 D=1 e:t%F* Ui I | = op- ( ng> .

Proof. For notational simplicity, we assume f; is one dimensional without loss of generality.

: Sk o=k Sek Y oD 1 n T D= Y
(i) Note €j, = &, +aijy;, = wy € +aw; 0;. We bound maxy, |- > ity > g Wi it fidtm|-

Let 'y, = %Zle wP ﬁitﬁxtm. Then, since Var(wP) = 1, uniformly in m < p,

2
1 I o on
E zi:var (Fzm) = E Z (T Zt:nztsztm>

)

2
<ornt Y (; zmtxtm)
t

)

< Op <71L> > <; zt:ﬁ”;\tm>2

i

2
+ Op(l)% Z (; Z(ﬁzt - ﬁit)}:tm>

7 t
1 1 ?
~ /3 —15
+0p(1)~ Z (T }tjmmm - H Atm>>

a 1 N
<@ Op(y2) max Zt: Aom

(2

2
1 D e
+Op(l)m£XEZ (th:mt(F/F) 'F'(FH - F)H 1/\tm>

2
1 1 N N - T

7
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2
+ OP( )maX* Z < Z"?zt}\tm>
<® Op(y? )+max—z ( Zm%w) Op(A% +1)
2
+ O0p(1) max % Z (Tln Z ﬁitﬁ/ﬁt,m>

(2

2
1, = 1 R
< Op(¥7) —i—max( ant)\tm> p(1) + EHFH%H;%X TznitUt,m
t 2
log(np)
(wn T )

—© 0p <1Og (np) )

T
where 1, is defined in (A.G). In (a), we used the equality
Nem — H Ny = (F'F)"'F'(FH — F)H "\ + (F'F) "' F'Up
and Proposition In (b), we used
max Aem| < Op(1) max [Ag| + max Aom — H™ A

L (H.33)
< Op(1) + max |~ F'Oy.u| = Op(1).

which follows from Lemma Equality (c) follows from 2 = O (%), given that
AR =0(Az) =0 (3):

Recall that I';,, = %Z?:l wiD ﬁltﬁ/)\\tm It then follows that, for any arbitrarily small
€ > 0, there is a C; > 0 which depends only on the true data generating process and not
on any realized data such that the event A = {maxm L5 Var*(Tyy,) < C’E%} holds

with probability at least 1 — . On this event, by the Bernstein inequality for independent

2C: log(p) log(np)
M

data, for x = —y

P E S Tl > 2 | 1{A} < exp (Lo nla? =
max |— ; T X - | = .
mon 4 e = Gxp L oePp C: log(np) P
Thus, P*(maxy, |+ >, Tin| > 2) < p~! + 1{A°} where P* is with respect to the bootstrap
sampling space conditional on the original data. Taking expectations on both sides, we
reach P (maxm |% > Fim‘ > m) < p~! 4 ¢ where P is with respect to the probability space
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of the joint distribution of {wZ-D ,original data}. Now for any 1,2 > 0, take ¢ = £1£9/2.
Then, as p — o0,

* 1 -
P <P (mn?anFlM > :L') > 81) < (p 1 +E)/€1 < €9.
i

Since C. is not random in either the bootstrap or the original sampling space, we have

1 iiwfjﬁ F | = O ( 108“(1?)10%(”1?))
niT i ThtJiNtm | — P* - = .

max
‘ nT
i=1 t=1

m

The same argument applies to

n T

% Z Z w}fatﬁ&tm

i=1 t=1

max
m

and thus
n T

P D A

i=1 t=1

max
m

as well. The conclusion follows.

(ii) First, by Lemma and Assumption

! w2 - o, (1e8®T) a2 ) 2, log(pT)
max(nQTEt:HUt’mFHQ>—OP< A AL ) = 0p (AR + =)

m<p

Hence,

1 IPSU
< Op(logn) max zt: <nF/Ut,m> + Op(log(n)A% + AZL,)

_ 0y (mg(n)l‘)gffT) T log(n) A2 + Aim) — Op(logn)
(H.34)
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under the assumption Apax = O (\/ log n) Then we have
1 1 ?
s 57 (3 S
2
<t 3 (Sl ) o

mj N

2
/\2
<OP(10gn)I%%XnZ< antU]tm> i

mjn,Tt
(A

1 1 . ORI
< Op(logn) max — Z = Z("?z‘t - mt)th,m>

2
1 = 1 -
+Op(logn)~ Z fi max (T > Uitth,m>

2

2
1 1 ~ ~ =~
+ Op(logn) m%X o Z <T it(Ujtm — th,m)) i

3:

2
1
< Op(log?n) TZ(nlt Tit) max—z ]Sm+0p logn) H%&X( antU]tm>

2
+ Op(logn) maxZ( antf ﬁﬁ 1?'(FH—}?)H_15\tm> ff
7
+ Op(logn) max Z(

)

t
2
+ Op(logn) maxz< Z%A Hf;)) f?

< Op(log*(n)y7, (max Z ]Sm+logn> L Op <10g(n)log§?n)>

2
+ Op(log2(n)A%) max( Zwtm)

2

=~
—F Ut,m
n

+ Op (log” n) max Zt: 70| max
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2
+ Op(log( )A?nax max ( ant)\tm>

<0, <10g2(n)1£0g(pn)> 7

where we used

max
t<T,m<p

1 o~
*Zfoztm
n -

=1

_0P< loggmwfum)

1 ~2
max - Z i = Op (IHZ.?X Engjy + max — Z M — Eng) )

from Lemmam A.6) for the definition of ¥y, |J|3A% = o ((nT)~ 1/ ?) from Assumption
and T = o(n).

(iii) We have

and

n T

T
1 g 7 ]
T Zezt FUt _7T Z Z zt"‘omzt)fj Jtmf
S t=1

i=1 t=1

We bound
1 T
max | WV fiUjeam fil = max| = 2 > wf wlnufiUjem i

’L J<n t=1 1,7<n t=1
using Lemma [H.5]
We first rewrite

1 T
U, D~ 775 7
m£X|n2T ij wi Mie fiUjt,m fil

i,j<n t=1
as

T
1 U, D= 717 7
SNEE LA
i,j<n t=1
so that it looks more friendly for application of Lemma . Now define Z;j,, = % Do ﬁ]tﬁﬁztmf;
Then by part (ii) of the present lemma,

2
1 1 s
e Z ijm = max — Z <T zt:ﬁjtfiUit,mfj>
J

2
—Op (log (”)Tl,og(p”)) = Op(a2).
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Now define X = wZU and V" = wJD . Apply Lemma

1
max | ——
m . |n2T

T
U D~ 775 n 1 -
Z E :wi wi Nt filitm [ = max o E XY} Zijm

— Op <log(n)\/l%g(pn) /1zgp> ‘

Then, using the assumption that log p = O(n), we have

T
1 U, Ds Fi. 7 log p
max | 5 > > wlwlnfilliumfil = op- ( pall B

i,j<n t=1

Similarly,
1 ) log p
mn%x n2T ijUg;kt J jt,mfi = op= ( T >
Therefore,
Ly S 1 log p
~ =~/ ~ -~
mas | S F U f| = o ( o )
i=1 t=1

(iv) First, we bound maxy, % > |ﬁ,tm — Uitm|9, for some g > 2. Again, we use the
following equality

Uitan — Uit = [H(F'F)"'F'(FH — FYH '\,

Note that ) ]
- Z |fil? < mgleil“Hﬁ Z |fil> = Op((logn)?™?),

1 ~ . - -1 ~ < ,
2 HUR < max | fo— HUTZ20 S 1F = HUF = Op(ARAL).

and
1 oy iad 1 o~ ~ 1 T
o | L Oynl? = (agace | L0y 21977 = Op((PEP 02 4 g

tm
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Thus,

1 . . 1 .
i (Ot = Uinn)? < movx Xl 37 1B 190p(A%)
3 7

+0p(1 Z|f1|gmax\—F U l?
+ max |5‘tm‘gﬁ Z \fi — H'fi|?Op(1)

max

< O (stogn® S gt st
(H.35)

When g = 2, maxtm%Zi(Uit,m — ﬁit’m)2 = op(1), yielding maxy,,, -- Z Ztm < Op(1).
Hence, uniformly in m < p,t < T,

iZVar*(szﬁﬁit,m) = :LZ f?ﬁftm
<= Z Ui+~ Zf Ui = Uim)?

Hlf’l ztm+0P Zfz

2
+ = Zf;‘ nOp(AF) Zf4 <nﬁ'ﬁt,m>

-

< Op(A% )n}faxUt m+O0p(1) +Op(A%logn)
N log(pT)>

n

+ OP(IOg n) <A2um

= Op (A% log(nTp) + 1) = Op(1).

It then follows from the union bound and Bernstein inequality for independent data that

1~ ~ 1 ~
max ||~ F U7, ||z = max || = > wf fillimll2
mt N ’ mt N =
i

1 ~ log(pl)
_ 1 *(wU BT,
=0Op < max — g Var* (w;’ fiUit,m) n
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— Op. ( log(pT)> '

. Z ||f§jezt 3= = 2 I Z &+ i) fill.

Here we just bound £ 3, [|2 S50 % fi|2. Note that bounding Ry, &, fil}3 fol-
lows from the same argument. Recall that we have taken f; to be a scalar for simplicity.
We then have

n 2
ply (; mz:) SN TN
t i=1 t
= oy S ()
it

2 o~ D) R i
= Tn2 Z(mtfi)2 + Tn2 Z(mt - mt)2 maxﬁ

Next, note

(2

logn

2 e
<73 Z(nz‘tfi)zoP(l) +Op < AF) max— ant +Op <
it
2
_0p (i —i—AnF(l—i— logn) logn¢2>

“or(1).

where we used log ny2 = o(1) from (A.6)).

(v) We have maxy, || > ¢, S é ~Zkt711F* Utfmfi*,HF < 31, Aj. Each A; is defined and
bounded below.

Ap = max ||~ ZZ% ~ FH) U} (f; = H'J3)
i=1 t=1 F
1L & 1
*! % TR\ 7T
< 2| Sl - | | L PO

2

* * a lo
= Op- (AfeAfum) =) op+ ( nng) '

)
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Zzezt FUtm

Az

max

max
m

zltl

nT

max
mt

max
mt

Ay

1
< Op«( Afum (T
t

H%Z

O p* <

85

F

1
ng) by part (iii).

F

F

1/2
itfz‘\%)

log p
nT |’

In the above derivations, A’Jie is taken such that

1 n
T2

t=1

Also, the sequence A}um is taken such that

max
tm

1 ~
iF*
-

1 ~% Pk o
=N e —H' f)
" =1

~ FH")U;,,

2
— Op-(A%).
2

2

2

Then (c) follows from part (iv) of the present lemma. We now prove (b) by showing that

A%, < A}, then (b) follows from Assumption

that A*2

fum —=

we prove (d) < A¥ = 0(

following.

10%1”) and (a)

D.5

that A% = o (%) In addition,

= 0(«/%’) in the

that A% A%

fum
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Show Af < Ap: By Cauchy—Schwarz

1 r ~*21
72| S*Z Z\

Hence, we can always take Afe SO that A”}e < A%

H ], _op*(A ).

Zezt f _H* fz

Show A}, < Ap: Let X7 ﬁim(wfj)Q For a generic C' > 0, by 1) with g = 4,

i,tm
we have
max— E Var*( ltm <maXC E Ztm
tm n

tm n tm n

1 . s
SCmaX—Z(UZ-t,m— itm) 44 Cmax = Z itm
i

log(pT)
n

< Op(1)+Op (Aj{ﬂ(logn)2 + ( )2(logn)? + A% Afnax) =Op(1).

Applying a Bernstein inequality for independent data and union bounds and noting that
E*X7, =02

itm = Uitm» W have

max— E Ztm < max

tm n tm

—i—max— E ltm
i

— Op- ( logng) + 1> = 0p-(1).

Now recall that A? is taken to satisfy

max H* Z(f — fz) tm”2 = Op- (Afum)

tm

By Cauchy-Schwarz, we have

? 1
< Op+(A¥? ~ E x2
< Op«(AF) max U;

it,m
2

= Op-(A3) max — Z X m =Op-(AF).  (H.37)

(H.36)

max
tm

%Z(f H* fl) it,m

7

Hence, we can take A%  so that A%

fum
*2 __ log p
<AR=o().m

Lemma H.15. Recall that 7, is the post-lasso estimator based on the original data, used

< A3

fum

Therefore, A* A*

fum

as the coefficient to generate the bootstrap data.
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— Op- <\/15p (lotodlonT) | g 1og§gm>)> |

3 * J|21 log(n) log(pT log(pn
(i) max ‘l P ST NmiF Utu'Yy‘ Op- (\/ Iosg(p)( g )ng(p )P A2 ggg ))>

m,<p
« X /1
(#ii) mn?x’ SE_ 1Zt 1 1p UtmlF Uk'yy’ —Op*( ‘;%’).

A L (B N N

(i) max)fzt 1n 1 g Utmélt

Proof. (i) Bound X Zt(gyt — H '5,¢)%: We have the following equality:
byt — H Y0y = (F'F)"'F'(FH — FYH ‘6, + (F'F) " 'F'Upy, + (F'F) ' F'&
Hence, using Lemma we have

1 ~ ~ J
T > (6 — H'6,1)* = Op(AF + 7o
t

1o |/lo
n n )

+A%) = Op(|J[3AE +
where we used Cauchy-Schwarz to bound A?e < A%.

T 1o
Bound maxny |% Dot %FU t.m yt| Let X, = w! Zt 1 fz it,m yt

2
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=@ 0p <log(n) log(pT) +log(n)A% + A%+ logéfm)>
n

log(pn Jlo
+Op <1 + T)> <J|(2)A%“+ ’n

_0p <log(n) log(:T) A2 log(pn)>

max T
where (a) follows from (H.34]) and the bound is uniform in m < p. Therefore,

Z Xim

< Op (\/loip(log(n) log(pT) L A2 log(pn))) .

n max T

T

%Z ~FU; .00

t=1

max
m

= max

Bound maxy, |T Zt 15 1p¥ U; m5yt|

+ma tm yt OP*( )

Ty )
t=1

IIMH
3\'—‘

The second term is bounded from above. The first term is Op«(AZ ;) = op+ (\ / l‘:lng).

(ii) First, vy = 72 + R, is the decomposition of exactly sparse and remainder terms for
Y- We know that [39]; = O(|7]o) and [[Ry [y = o(1), 50 |3l = O T]o)-

Pyl < 1Ay = vl + llhwll = op(1) + O(1J]0) = Or(]7]0)-
Also, maxy, |/):tm| = Op(1) as shown in (H.33). So by Cauchy-Schwarz,

1/2
1 x
< rl?ax <nth:Uztu> Op+(AF%|Jo)

= Op-(AF|J]o)-

Secondly,
1l s 1 1< X e
nax T;tzl)\tmnF Ui Yy = max M;;;)\tmfi[]it,vwi Vy| -
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T N o5 ~
Let Ximy = 7 > pey 211 Mm fiUitww 7. Then
p

T 2
1 . 1 1 ~ an
max g Var* (X mo) = max E (T E E )\tmfiUit,v’Yy>
(2 7

k=1t=1

T 2
1 ~ ~
< Op(|J[3) max (T Z(Uit,v - Uit,v))\tm>

J|2log(pn 1 ~ -
< Op <||0]§;(p)> + Op(|J|%) II%%X* Z(Uit,v — Uit,v)2

log(pn J|? ~ s
+Op <1 + gé? )> max &l zt:()\tm — H ™ "\im)?

log(pT 1
_@ o <log(n) Oggv ) a2 | Og(pn)> 2

max T

+Op <1 + log(pn)> 1712 (A% 4 10g5f7T)>

T

1 T 1
= Op <log(n)Og§Lp) + A2+ Og(Tp”)> 713 (H.38)

where in (a) we used
N — H "N = (F'F)'F/(FH — FYH "N\jm + (F'F) ' F'Uy

and thus
max ’//\\tm — H—lj\tm’ =Op(Ap +
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Therefore,

T
1 ~ 1~
max T;;)\tmnﬁ’ tv’Yy

= max

ZXZ muv

max

— Op. <\/ |75 log(p log(n)log(pT ) a2 los(en

n

(iii) Note that
L N 1o 1oy
max\— ZZ F* U;mﬁF* Uiyl < max Z ‘HF* U;:m‘QOP(’Jb).

By repeatedly using the triangle inequality, we have

1|1 aw s P 1|1 2
max — EF* Uim| < max E(F FH*)'U/,,
t=1 t=1
1 ’
+OP*(1)H1£‘XT;_1 *E w! (fi = H' f)Uit.m

+0p(1)7 3 = (uf >f2max—ZE B
+OP* max—z Z ztm EU )
+Op+(1 max—z Z ZwUwa fiU it;mUjtm

i ];ﬁz

T

)))'
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::ZAZ.

=1

We shall show each A; = op+ <\/ lflng > Note that we shall show that the last two terms

are opp+ < lflng >, where opp+(1) means convergence in probability with respect to the

joint distribution of the original data and the bootstrap weights {w?}. This convergence

then implies by the Markov inequality that they are also op+ < lflng ), i.e., that they

converge in probability with respect to the bootstrap sampling distribution (see Lemma 3
of (Cheng and Huang| (2010)).

Term A;. It is clear that term (A4;) is Op*(Afim) By 1D A%y < Af. Hence

oA, < Vo = o (1552 ).

Term Ajy. Term (A.2) is bounded by 2 3™ (wV (f; — H' fz)) max,, + th Iy TR
Note that E* [5 > (wV (fz- —H'f;)) } = Op(A%), and maxy, 7 Zt - >, U ]tm = Op(1).

J0A2)Op(1) = Op«(|J]oA%) = oP*( 10gp>, where we used

Hence, |J|pA2 = Op=(

nT
Op+ x Op = Op~ using Lemma 3 of |Cheng and Huang] (2010)).

Term Ag ~ Ag. These terms can be shown to be op- (\ / 12ng) similarly to the other
terms with provided details. We omit the details for brevity.
Term Ayz. Term (A7) is bounded by 1 3", an( 2 maxyyy, |(EU2

it,m

@ (rpirer) o)
Hence, |J|oA7 = Op+(112) = op. (@).

Term Ag. Let WY = {w}}i<n. Now let Py pyu, Pyipwv and Ppyu respectively

)|. Also,

be the probability measures with respect to the joint distribution of {U, F, WV}, the con-
ditional distribution U|F, WY, and the joint distribution of (F,WV). Let Epyuv be the
expectation operator with respect to the distribution of (F, WY).

If T'=0(1), then for Zj, := f2( EUft ) (WY)2 Ag < maxy, | L > Zztm’ Then
conditional on F, WY,

it,m

[FwY)

it,m

n%aXVar( Zitm|F, WY) < fHw?)* IItlaXVaI"(
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40 U\4

almost surely in F, WU for a generic constant C' that does not depend on F,WY. Vz > 0,
and [ < 8,

Py pwu (Ag > 1)

SPF,WU(%Z(IwUIZ EIwU\)>C)PFwU( Z(Ilel Elfi") > ©)

7

1 .
+ Epwu Pyjpwo (As > ) 1 {n z:f?(wzu)4 < C}
i
=o(1)
1 U
+ Epwu Pyjpwuo | max|— ZZitm| > nx | H{max Var(Zjy,|F, W") < C}.
' ' R tm
7

Because {U;};<, are independent conditional on {w?, F}, we can apply the Bernstein

log(pT )

inequality for independent data to reach, for x = M % , for sufficiently large M > 0,

1
Epwuv Pyjpwo (max[ E Zitm| > mc) 1{max Var(Zy,|F,WY) < C}
) ) it n - tm
7

M?1og(pT)
maxyy, Var(Zigm,|F, WV

< Epwv exp <log(pT) )) 1 {HtlaxVar( Zium|F,WY) < C} =o(1).

Hence Ag = Op(z) = Op(y/ = log(p )) when T' = O(1).

When T — oo, define Xy, = 2 3°, L F2(U, Gm—EUS ) (w!)?, s0 Ag = maxy, | % ST Xl
Then conditional on F, WY,

max Var(X; | F, W) < Zf4 maXVar( Ztm\F wY)

tm
< CF Z FHw

almost surely in F, WV for a generic constant C that does not depend on F,WV. So
1
Py pwv (mgx 7 ; Xim| > m)

< Prape (G X2t | = B 1) > OB (A = Bl > ©)

i
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T
1 § 1 E 4 U\4
+EF,WUPU‘F,WU <m3X|T e Xt7m| > ZL'> 1 {n ' fl (’UJZ ) < C}
= (2

=o0(1)
T

1 Co
+ Epwv Pyipwv (mn%x\T ;Xt7m| > x> 1{1?%XV&I(Xt,m|F, wY) < ﬁ}

We now bound Py g v (maxm |% Zthl X | > 3:) conditional on maxy,, Var(X; ,|F, WY) <
n§92 We have ming,,[Var(X; ,|F )*1/ 2 > Con®/? for a generic Cy > 0. Conditional
on F, {X;,} is a strong mixing sequence across ¢ with uniform mixing condition (uni-

form over m < p) that is bounded by exp(—CT") (Assumption [B.1). Write Z;, =
Xim Var(Xtvm\F)*l/ 2 whose conditional variance is one. Recall that by assumption,

log” p = o(n) for some v > 2 and the conditional strong mixing (Assumption holds
for the process {(U;)};2° ., given F, WY with mixing coefficient bounded by exp(—CT"),
r > 1, and also we assume yr > 2. Let 7 = min{r,1}, 7 = (0.5 +7 )7L ¢ = 0.5(y + 1),
then r; < 1, cry > 1 and 2¢ > 1. Because 7 < r, the strong mixing condition in Assumption
also holds with 7 in place of . All these constants are independent of F'. Then apply the
Bernstein inequality for strong mixing sequences Merlevede et al. (2011) on |+ Y=, Z i,

for y = M(lo\%)c, and sufficiently large M > 0, for z = y/(00n3/2),

T

1 1 ) _
Pyipwu <m7%x |T ;Xt,m > x) < pmax Pyipwu <|T Zt: Ziml| > a:r?rlnn[Var(Xtmm) 1/2]>

1
< pmaXPU|FWU <| ZZt,m| > C()’I’LS/2IL‘> <AL+ Ay + Ag
m ’ T 7
where for a generic constant C' that is independent of F',

A = pTexp(—C(Ty)™) = exp(log(pT) — CM™T™/?10g p) = 0(1), (er1 > 1)

2 r1(1—ry)
Ay = pexp (—C(Ty) exp ((Ty) >> =o(l), (r1<1,2c>1,Ty— o)

T C'log™ (Ty)
A3 = pexp (—C’TyQ) = exp(logp — CM?1log% p) = o(1),

and o(1) in the above are non-stochastic converging sequences. (This is because the involved
generic constant C' in [Merlevede et al.| (2011) is independent of F, WV. Hence

Co

51 = o(1).

T
1
Epwuv Py ipwu (max| g Xem| > a:) 1{max Var(X; ,,|F, WY) <
’ ’ m T 1 tm
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1 1 0.5v40.5
Consequently, maxy, | >, Xm| = Op(x) = OP(%
.. . 1 log0-57+0.5
Combining with the case T' = O(1), we have Ag < max,, |7y, Xim| = Op(%).
Because the convergence is with respect to the joint distribution of (U, F, W), the above
0.57+0.5 )

result implies, by Lemma 3 of Cheng and Huang| (2010)), |J|pAs = Op-+ <|J\ logm
Thus, |J|oAs = op= (\/ IZng), given that |J|31og” p = o(n?).

Term Ag. If T = O(1), then

1 U§ 1 FoU
Ag < H}%XH n E w; fiUz't,m”H},?tXHE E fiw; Ujtml|-
% J

) when T" — 0.

Using the same argument when we bound Ag when T" = O(1), we conclude that Ag =
Op(B2).

n

When T' — oo, define G ,,, = 1 ZZ = Z#l f]w fZ it,mUijt, mw . Then E(Gym|F, wWUY) =
0, and almost surely in F, WU and Ay < maxy, ||+ Y, Gim|lp. We only focus on the case

max Var(Gym|F, W)

Lz vm U U Upr2 7172 U
< I?%XZZHfj wy fiw; wiwi E(Ug Usy i |[F W)

i g
1 - - - -
tmaxy Y fwl fawf fwf frul B Uf W EWY)
i g
C 1
< 2D
e
Hence, for [ < 4 and any x > 0,
1 X
PU,F,WU (mrgx T ; Gt7m > -:U)
1 1
< Pryyu (n S ([~ Elwf!) > c) + Pryo (n ST - EIAD > c)
i i
1 & 1
+ EF,WUPU‘F,WU (ngX ‘T Z Gt,m‘ > .’L') 1 — Z f2 Z f2
t=1 j;éz

T
1 Co
o(1) + Epwuv Py pwv (mnz]xx |f tg_l Gim| > :E) 1 {I%%X Var (G m|F, WY) < n2} .
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We note that {G¢ ., }+<7 is conditionally strong mixing, given F), WV, whose mixing coeffi-
cient is independent of m < p, F, WY. Thus, we can use the same argument as in bounding

_ 1og0-57+0-5 p>
term Ag for the case of T'— o0, to conclude that when z = Op (7\/’712

T
1 C
Epwuv Pyipwu (mq%x|T g Gim| > x) 1 {r?%xVar(Gt,MF, wY) < ng} <o(1)

t=1

Combining with the case of T' = O(1), Ag = Op(%) = Op*(log(j%‘sp), where

the second equality is due to Lemma 3 of Cheng and Huang| (2010). Thus |J|pAg =

0.5v40.5

(]J| logT> = op+ <\/ logp> given that J2log” p = o(n). Hence, we have proven
that

T, 2
P 07| Op(171)

(H.39)

_0 <log( )log(pT) LA 10g(pn))
T
Hence,
WEI},?SXP n %:(7i>;,kfz>\tm = max ZGl mk
_on < \/logp> \/log(n) log(pT) > log(on),
n n T
|
Lemma H.16. (i) H b i (U5 = U)oy HY =Y (fr = HY Ji) _=op <\/%)

(it)
(iii)

% Z?:l Zthl(Ui*t - f]{;)(f]; - Uﬁ)’%Hm = Op= <\/ %)

n T 7rx(77% 77\ /2 lo
% > it 2= Upn(Uf — Uz‘t)/’YyHOO = Op= <\/ nng) .
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Proof. We shall repeatedly use the following equality:

Vi = Uian = B/ (P B (P = P15
+ TP PR T, + N VP~ HY R, (H.40)

where F'* and U* represent the estimators using bootstrapped data.

(i) First, by (H.33), maxyy, [Agm| = Op(1). Hence,
Z)\tm yt

max

Also
11 &
* * «/—1 /7 px « P
mT%X E ' fZ(Uztm Uztm)ég;tH (fz —-H fl)
=1 t=1
1 . 1 o k! s\ —1 o Tk o *—1y 7 *'—1/ 7% 7
=max |~ o> S (FE) T (FPH = P Aoy BN = HY 1)
=1 t:l
1CN 1
+ max |~ Tzf; (F* F Y000 H 7N (ff — HY f)
=1 t=1
11 &
+ max |~ TZ TN = HY f)oL, HY 7N (fF — HY f)
=1 t=1
T o~ /\
< max TZA Oyt| Op~(A32) + max | Z FY U .00, Op+(A})

_(a) OP* (A}Q) + OP* <\/10gp(10g(n) log(pT) + A2 log(pn) )> A},

max
—0) . log p
F nT

n n T
(H.41)
where (a) follows from Lemma [H.15(i) and (b) follows from Assumption

(ii) We have

nT ZZ ztm zt m)(U;;f szf),ﬁ

i=1 t=1

max
m

n T

< max Z Z J? X A;)/:Y\y

Op-(AF)
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S *! * *
—|—H1n%X Tzzf F Utm(Uzt Uzt) OP*( )
i=1 t=1
+ max *ZZA - H (U5, = U3)'3,| Op-(1)
i=1 t=1
Il S -
< max TZZ&mAwﬁy Op+(A%?)
k=1 t=1
1 A
+ max TZZ)‘ F* Utk’yy Op+(AF)
k=1 t=1
1 A1y, ~
+ max TZZHF mAtkAy| Op(A})
k=1 t=1
1 A1 -,
+ max TZZEF F* Ut Ay Op+ (1)
k=1 t=1
2] 1 log(pT 1
<@ Op(|JloAR) + Op- (\/um;g(p) (lstrllosteT) , g ogégm))) N

lo
+ op= < n%?)
( logp>
- o nT |’

where we used Lemma in (a) and the assumption that A2

|JRAT AR = o(1).

max

(iii) We have

- Z S 003 - 04

=1 t=1

_I]?g;{ nTZZUth’me ztm ztm)

=1 t=1

Ty
< max *ZZ b

i=1 t=1

p
+ max ,,%T D2 Uiahi 3 %m%F YU,

Op-(AF)

Op=(1)

tmax =S > Oanlfy = HY Foa A

k<p |nT
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)

The first term following the inequality is O p~ <\/ 1715 Log(p) <10g(n) :Zog(p D4+ A2+ bg(i,fm)>> AL =

n

op* <\/ l‘:Lng> follows from Lemma |[H.15, The second term following the inequality is

| the third term is op- (w%’).

(@

bounded using Lemma [H.15(iii). By Assumption |D.

|
Lemma H.17. (i) [0 LS00 U7 6f[|oo < 20711 = £2)(1+ 0p+(1)).
.. T ok Y\ ~ 1
(i) | et (UF = U7 € lloo = 0p+ () 557)-
T « T 1
(i) |l ey My Ui lloo = op(y/ 5F)-
(iv) |J|0maxm,k§p |% Zzt(Uﬁ,mU;‘,k - U:th:;tk” = op~(1).

T 77k T 7
(v) i et UFBIZ = 55 3oy 1UBIE — [1B130p+(1), for any vector p x 1 vector ||B]]} <
Cl18II3]71o-

. ~ ~ ~ ~ 1 =5 ~ 1 =5 A~
Proof. (i) Note that €, = w}/eit—i—awi[)mt. Define a;,, = o > ¢ Uit m€it, bim = Wi >t Ustm Qi
1 77 ~ Y D

and W, = 7T Do Ui§7meft = wZUwi Aim + wZUwi bim. Note that

U, Y 3 3 U3 Y3

E* ‘wi w; aim‘ < aim|”E*|w; |*E*[w; |

3
<C

1 .
7ZUit,m€it
VT 4
3

+op(1) = Op(1).

\/CT Z Uit,mgit
t

E* | wbig > < bim|* B [wy P E* [w)??
3
<C

1 ~
72Uit,maﬁit
VT 4
3

+ Op(l) = Op(l).

C ~ -
ﬁ ;Uit,mamt
E*[wf wbim *|wf w) aim| < Clbim|*|aim| = Op(1).

E*[wf w) aim|*|wf wPbim| < Claim|?|bim| = Op(1).
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Therefore, E*|W;n,|> = Op(1). Also,
E*W2, = E*(w{w] a3, + (wfwP)?6, + 2(w!)?w] wP aimbim

_ 2
- a’im + bzm

2 2
1 - 1 A

Hence, E*W2, > C — op(1) uniformly in i which implies
(E*‘Wim‘3)1/3
— < 1).
isnms<p (B*WZ )12 = ¢+orl)
Also note that E*W;,, = 0. It follows from Lemma 5 of Belloni et al.| (2012),
1
Wi 1
o Wil L ()
nS Ly, W2 < Va %

with probability approaching one.

Since

ZZ it,m€ zt_ ZZUztmw wy €zt+th 77115 \/»ZWzm7
i %

by the triangle inequality, for

G = max|1z\/>ZUnmezt —1/2 _ Z 1/2
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we have
T
~ 1
ot N e
H nT & " “
— oo
. -1/2 .
~x 2 FTR <k
SGmnele Z it mEit +max [n;Wm] T p Uit m€it

1/2
<G max [:L Z Vme] max [?11 Z w2, —= Z Wim (H.42)

7 )

%

I q
G max| W2 1/2+1 —d 1(1—").
( anZ vnT 2p

We now show G = op«(1) for which it suffices to show max,, |% Zl(ﬁ Do Uit,mat)z -

~1/2
+ max [:L Z mel \/IT; ; Wim

% >, W2,| = op+(1). In the bootstrap sampling space, {Wj, }i<n, is i.i.d. with exponential
tails. Hence, by the Bernstein inequality for i.i.d. data and union bounds, it can be shown

that , ;
max|— > W2 —E*=Y W2 |=op-(1
i |’I’L zz: im n z@: zm‘ op ( )
where E’*% > Wﬁn = % i(a?m + blzm) Also since €;; = € + an;;, we have

1 1 ~ 1
= (=D Uinmin)® = = gy, + bl + 2aimbim.
n % T t " %

Thus,

max L Z f Z Uzt mezt — Z Z azm im

It remains to show the second term is op(1). It follows from the Cauchy-Schwarz inequality,

1
max — Z \F Z Us mezt - Uztmﬁt) = OP(l)

<op+(1) + max (H.43)

and
1

maX — Z \/— Z Uit manzt - Uzt manzt) = OP(l)
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that

max =op(1).

Z azm im T Z = ; it mgzt)<\/1T ; ~it,maﬁit)

%

Also,

m ax

Zml

where X, = (ﬁ Dot Uit’meit) (% Do Uit’moml-t). Now EX;,, = 0 since E(e|U,n) = 0,
and max;,, Var(X;,) < C. Thus by the Bernstein inequality for independent data and

=op(l)+ max ,

1 Z \F Z Uzt mezt Z it mamt

t

union bounds, it follows that

max

Zmz

This proves that max; % > i @imbim = op(1), and therefore the left hand side of 1) is
op+(1), which also implies G = op«(1).

In view of (H.42)), we have, H\le_ln%r ST UF E oo < (14 0p=(1))

(ii) We make use of equality (H.40). For any w; ,

3%
T E E wztk ztm_ it,m)
=1 t=1
>3
nT

1=

max
m,k

< max
m,k

S wi o (Y F) T FY (FH — F)H* N,
t=

n T
1 1
1 n T
o Dy —1 D
+ max nTZ;witkfi (F*F*)"'F U},

m,k

n

T
1 ~ 1 s
+max | — > Y wip A, HY - HY ) (H.44)
t=1

i=1 t=
m,k nT 1

1=

n T

;Zzw%M

i=1 t=1

1
nT

< max Op+(A%) + max ||
m7

n

T
> wi kN N = HY f3)]

i=1 t=1

4+ max
m,k
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Let wi, = €};. Then 1) implies max,, |4 >7_; e (s m -Uz .m)| is bounded by

1 > T~ ey * 1 g T~*1A*’~* ey *
m£X||ﬁZZeitfiAQmHFoP*(AF) +mrgx||n7TZZ€itﬁF Uimfi IF 4+ Op(Agy).

i=1 t=1 i=1 t=1

By Assumption|D.5, A7, = o(4/ I(T)L%). By LemmalH.14] the first term is O p~ (

log(p) log(np) A

nT

which is op= ( log( )> given that log(np)A%? = o(1). By Lemma [H.14} the second term

satisfies
n T

% Z Z éff%ﬁ *lﬁtfmﬁ'*/

Y ( 10gp>
o nlT |~
F

T
S i — Ui =

Hence

(iii) Note that M; = Fé,, — F*5% + (Uf — U;)7,. Thus,

1 e
niT ZMt*Ut*

o0

Z Z * 5* H*_lgyt),ﬁ*

(o @]
11« S
+ EZTZ(S/ HYN(fr = HY J)U;,
=1 " =1 o
11 "
+ EZTZ( = U0 H 7 (f; — H Jy)
=1 =1 o0
1 n T R ~ ~ R
+ ﬁ Z Z( ';;f - :;5)( ;;t - ;)/;Y\y
=1 =1 ~
1 n T ~ ~
il S UTE5 - TR,
=1 =1 -

The first term after the inequality in the preceding display is zero since F */ﬁt* = 0. The
second term is Op=(Af,) = op- (\/ 1‘;”) due to Assumption [D.5l That the other three

terms following the inequality are also op- (\/ k;bgp ) follows from Lemma, [H.16

*>
F |
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(iv) By Lemma
lo log(n) log(pT log(pn
max |7 Z it, k;fz)\tm| = OP* (\/ 529) \/ g( ) g(p ) + A?nax gé_‘p )

m,k<p nT n

By Lemma [H.14) max,, 7 >, H%ﬁ/(jt*mH% = Op- (%). Thus, we have

1 .
‘Jlongn]?’?p’w;< ;;fm itk — itf,m :;57k)|SA+B,

where

‘J’Oén;?é‘p

77k _TT* )
nT zt m itk itk
E : tkfz)‘tm

1 o Tk
+Op*|J|gmw&leth: ~F U7

< ]J|0 Jmax Op+(AF)

2
+O0p(Aal o)

1 * * 7T e
B := “”0 rg}kaé(p TLT %:(Uztm Uzt m)( itk it,k)
L1, |?
< [JJ00p+ (AF?) + max Z ~F Ujn| Op-(|7)0)

log(pT
=0 (171087 + 1710 ) = o (1),

(v) First note that for any 3, by (H.46]),

~ - 1 ~ .
1(Us = UF)BII = v > (U - U5)B)?

1 it

1 * N F Tk
=5 — Z(Uu U3 = U3) B

E

1
nT
t

(H.47)

1 * 7% Tk
< 181 ma | S O~ Ui O~ Ui

it
< [I1Blfop-(17I5) < op-(1)IIBII3.
Note that the condition ||3]|? < C||B]/3|J|o is only used in the last inequality.
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Secondly, define X; ;u1 = 7 Zt it mUZt K((w)? — E*(wY)?). Then
1 N
rrrlna;fxﬁZVar Ximk) < Crrrlnixn;(T;Uit,mUit,k)z =O0p(1).
Hence max,,, ]% > Ximk| = Op=( log(p )) and
1 N
/ / U\2 * U\2
W nTZi;UitUit((wi )" — E*(wi) )5‘

< 18117 max |

ZUztm ztk ) _E*(sz)2>

Zszk

— 810 ( IOngp)) .

Combining the above result with (H.47) and noting that

T
1 ~wan2 o L SO N2
T; U Bllz =B nTzit:UitUit(wi )8,

\5H1max

we obtain, for any S,

T T
1 T 2|2 1 Tx 0112 -1 2
nth_; U7 Bl = nT; 1T Bz — op=(|715 )BT

1 ~ o~ 1
2 0 2 Oullaf — 131 <0P*(|J\01) +0p: ( Ogn(p)»
T

a 1 7 o 0
@ S TBI3 ~ 1815 (o (1715™) + 0p(1715™)
t=1
T

1 .
a2 2 2
>(@2) T ;1 U8Bz = 1|Bllz0p+(1),

(H.48)

v

where (a.1) follows from Lemma (v) that

1 ~ o~ ~ _
rﬁnkaé(p |7”L7T ;(Uz’t,mUit,k — Uit;mUitk)| = op(| ] 1)
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and (a.2) follows from ||3]|? < C||8/|3|J|o. Note that we have shown

1 re re -
[7lo max. —= > (Ui Uit = UitmUi)| = 0p-(1). (H.49)
it

APPENDIX I. TECHNICAL LEMMAS FOR THE ESTIMATED FACTORS

I.1. Proof of Proposition (for F using the original data). This section verifies
Assumption [D.4] when factors are estimated using PCA.

(i) By Assumption it can be shown that |[H| = Op(1) = ||[V7!||. In addition, we
have the following identity:

5
fi-H'fi=V1Y " A,
=1

where
1 n R T
Al = — U0, —ULU
il T — J ;( itYit — Vit Jt)
j= =
1 n R T
Aig = > 1 D _(UkUsi = BURUj),
pin j=1 t=1
1 n R T
Aiz=——>"F; ¥ EULU;, (1.1)
pIn =1 t=1
J
1 n T
- — N ¢ "N
14 anzlfjtzlf] tYits
J_
1 n R T
A =——>_f; > FINT;
an 7j=1 t=1

Each term can be written in the form A; = ;ﬁ Z}Ll fj Zthl Biji. By Cauchy-Schwarz,

5

fz 17~ B IR =0p) Y 3 1 4al?

=1 =1

<oy L3S (h S )

i=1 j=1

(1.2)
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Note that we used 1 3", Hﬁ”% = K = O(1) because the columns of n_l/Q(fl, e fK)’ are
defined as the eigenvectors of X’X. We bound the terms in in Lemmas and
below. Then, applying the bounds in Lemmas and and using T' = o(n), we have

1 1 1

1~y 2 12 2 2
n;”fi—ﬂfin:OP(AF)a AF:ﬁ+W+ZTT'

It is then straightforward to verify that |J|2A% = o (\ / n%) holds when |J|§ = o(nT?),
|J|gn = o(p?T), |J|2\/logplog(pT) = o(n), and |J]3T = o(n). For example, to show
| J13v/1og plog(T) = o(n), note that |J|op = o(y/n/(logp)) and |J|op = o(y/n/T) implies

|J\%\/logplog(T) = o(nlog T/logp/+\/T logp) = o(n)

ii) We now verify that we can produce sequences A., so that A., = o ( = ). First,
y g g nT

note that we can set g, € {7{1]\75, S\tm,gt} in applying Lemma each of which yields
wy, = O(|J]3) for w,, defined in Lemma It then follows from Lemma [I.2 that we can

take Agg = (\/nl;TT )| Jlo so that Ay =0 (\/—) , given T|J|3 = o(n) and |J|3 = o(p).
Note that |J|3 = o(p) is implied by the assumption that |J|¢n = o(p?T).

log(T) ~and A?c =21

(ili) By Lemma [[.10, we take Ay, = % + %ﬁ + TL\/I? + T 2+ %m'

We then have

max ‘*Z(Hlfz fz) zsm‘ OP(Afum)

s<Tm<p N
=1

and
Z E Zen —H'J)|3 = 0p(A2,).

Then, it is straightforward to check Afum (m) and A?Ee =0 (%) :

(iv) By Lemma we can define A,q = f\/bg ®T) \/logp ) + pT Given
|J|&n = o(pT) and |J|§ = o(nT?), it is straightforward to verify that A,q = o (\/2%?)
and |J|3y/1ogpAyq = o(1). This result follows by verifying 4/ 1°gp\/zTT|J|O\/logp = o(1)

which can be shown by noting that |J|3n = o(p?T) implies |Jo|*> = o(p/T/n) and that
|J|2log(p) = o(n). Thus, because log® p = o(n),

( log p |J]g\/logp>2 B log? p|J[4 _, (log(p)pnﬁ) _, (log(p)ﬁ) — (1)
nT  /pT - onpT? npT2y/n | T2\/n | )
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(v) First, by Lemmal we can take Apax = \F + log” Also A2 = n2 4 nT2 + o7
This implies A%|J|2 + |J|° =0 (ﬂ + T\LJT|0 + |J|0) . In addltlon, k2| JlovnT = o(1) and

[Ry|I3 = o (logp) imply A2|J]o + | Ryl3 = (\/%) Hence with the conditions |J|§ =
o(nT?3), |J|gn = o(p*T), we have

Jlo 1
A2\ Tlo + | R, +AJ+‘ _o<>.
[ T]o + [|Ry|IT |15 N

Thus, in order to verify AZ_ |JRT(A2|J]o + |Ry||? + ALJ|3 + |J|°) = o(1), it suffices to

verify
1  logn 9
-+ J|§T— = o(1),
(5 + B )BT = ol

which holds given the conditions |J|3T = o(n) and |J|3 = o(p). Note that |J|3 = o(p) is
implied by |J|¢n = o(p*T). A

Lemma I.1.

-~ ~ 1 logn
m%m—HMw%wQ@+ ﬂ>:0mﬁw

Proof. By Assumption maxl pT > (U2 itm —EUZ m) = Op(1). Also, max; m EU2 "=
O(1). Hence max; T > im Uit = Op(1). So max; Ifi — H fill2 < S | Gy where each G
is defined and bounded below. Specifically,

ztm
1 T n R

Gy = — > UL Uuf;

1 m?XHan; ztz; thj||2

T
1
< maxll oz 2 U Z%mﬁﬂ ZWZ%Mz
t=1 j= Jj=

1/2
(2

-or(on 5 5)

by equation ([.5) given below in Lemma

I o o)
= — : AU,
m?xuan;fJ;fj Uitll2

1/2
1 1 1 ~ —~
< [ 2max — 2 EU — 1= Ui fill3
— < aXpT ’Ltm+ ) pT — ||n ; ]tﬂTLf]HQ
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T T
1 ~ 1 o
< Op(V)max |7 >~ AUulla + Op(V)l-5 >~ ATll
t=1 t=1

logn

by Assumption [D.3|that max;<y, B oT Zt D )xt mUitmll2 = Op(4/ 1Ogn) Finally, recall
that || A% = tr(A’A) and ||A]|2 < ||A||F for any matrix A,

T n
1 o -
G :m?XH@gf{AQZUﬁfﬂb
< max | fill2 H*ZA Z Uil
< Op(y/logn) ||7ZA'ZUth]HF
t=1 7j=1

T n
+ Op(y/iogm)| Z DSLAETEA
logn 1 1 IFr 2
=Op <\/7> + Op(y/lognAr) ”Zj: Hﬁ Zt:AtthHQ

log n log n
an

Hence, max; Hfz H'fi|la = Op <\/> 1(;%)”) u

1/2

Lemma 1.2, Let {z;;} be a random sequence with E(zy|ft,U;) = 0 and Var(z;) > 0. In
addition, let {gim} be a deterministic sequence of vectors with a fixed dimension, m < p.
Then for Zyy = ziy — Zi. — 24 + 2, and wy, = MaX;,<p % Zthl | gem I3,

1 1
o / - - 1/2
rﬂgg;g!lnT § E gimZu(fi — H' ) | ¢ = (\/W + >wn .

n
i=1 t=1

Proof. 1t follows from equation ([.1] n ) that

3
mg;f Hﬁ Zzgtmzzt H/fz )7 < ;

i=1 t=1
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where each term C) is defined and bounded in below.

G = miif”ﬁzzmzfﬂz OyeZutinll

i=1 t=1

<maxl PpPS an Z - H'fy) g U0 %t

i=1 t=1

+Op(1 max||—ZZanngZ UijsZitGim | P

L\
< (zpwn)'/? (WHUH%> Op(Ar) +Op(1) Z”*ny S

where z,, = T2 Zt 1 ZS 1 H ! Zz 1 ZztUzsnz = OP( ) and w, = maXm<p % Zthl ||gth%
Next,

n T n T

Commmele 320 o SRS SOl

=1 t=1 s=1

3\'—‘

T 1/2
< Op(w,llm) (TZ” ZZ U 2175”%)

t=1 i=1 s=1

1
— O 1/2
F (wn VnpT
by Lemma [L.§] . Finally,

Cs = I;Ll%;f Hﬁ ZZ an Zf] Zf A UjszztgthF

=1 t=1

<uli X3 305 )

i=1 t=1 s=1

Mﬂ

szztgtm ||

n

T
+0p(1 max|| ZZan Zf Z ZZ\ stZztgthF
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T
1 1 <, =~
< (@nen)' 2 | Op(AR)G D N7 3 RT3 + 0p(1 >maxH—ZZA’ Uis il
J s=1

j=1s=1

1 1
_ 1/20 -
W P (\/in * n>
where ¢, = LS 110 fizu|3 = Op(L). Therefore,

n T
-~ o 1 1
s (F _ prl £ _ - 1/2
maxll g D23 aml 1 5) 'F_Op(m+n> o

=1 t=1

Lemma 1.3. Let {gy : k < p} be a deterministic sequence of vectors of fized dimension
with maxy, || gk |l2 = O(1), and let gu = gu — %Zt gik- Then

log(pT) \/logp 1 1 1

H 7 wm,m - T

max || z;; F)Uitmillr = Op (f\/ nT (\/ﬁ+T\/ﬁ)+pT
= OP(Aud)

Proof. First, note that >, gy = 0. Hence,

- H
n?ll?é)(p” ZZ fz it mgtkHF

=1 t=1
1 n T
< o I 22 2 s = H ) Uil (1.3)
I~ = 1 &
+ ;(fi — H'fi)ll2 T{B}%Xpllf ;U.t7mgtklp. (1.4)

Term is Op (A F\/ > Term (|[.3)) is bounded by Zzzl (), where each Cj is defined
and bounded blow.
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First, note that applying Lemma gives
1/2 1/2
1 1 1 ~ 2 1 1 -~ S
A\ F I HUGIE) < = A2l Do - H U
VP \T el VP \T el

1/2

2 1 1 o~
+ — f§ 72 H' ;U2
\/13 T - Hn ] f] ]tHF

B 11 1 ogpr) 1\ D)
—or (n*m*m* npT *m)

1~ 7 r
max |- > f;Uju
7j=1
We then have, up to an |V 71| = Op(1) term,

1 n T 1 noo_ T R B ~
= s 1533 LS 040~ G Ul
j=1  t=1

mk<p i=1 s—1

1 n T 1 n N T o 1 ~
= — —_— ; ULUUismd. b — Uiy=0
g;?é{p HnT 2 sz:; oTn jz;fj ; GtUt is,mJsk||F (because T zt: gt )
1/2

1 1 ~ =
< | 7301 S A (
t j

el

1/2 1 n T
ann%) max [~ > D Uisndixlo

m X
t i=1 s=1

_op( Loy L) L Jlogp
~P\1yp T Vn) VeV T

B 1 1 log p
=Op (T,/pn + n> nT
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n T

1
Co = — EUtUsm)3.
2 énl?é{p nT — ; an Z i Z UitUis,m it zS,m)gSk
F

1/2

1 1 ~ - I
fZH*ZfJUJ/tH% maXH T ZZ itUis,m — EUitUism) Gl P (16)
s nT'p

ol ()

using Lemma

n T n T

1 1
Cs = rftnlgfp nT Z_le pT'n 4 Zfﬂ Z ,t EUyUis m)gsk

j=1 t=1 F

T p

maXZ Z |(EUit1Uism)| max ||st||2* max ||* ij jtall2

itm
s=1[=1

1 log(pT) 1
OP(pT)OP< n +T\/]5>'

IN

Cy = max T Z Z an Zf] Z f MUt — Uit)Ussmon

mk<p i=1 s=1 =1 =1 -
_ ’ T
- é{l%xp ZZ an ij Zf A UiUis m3s, (because ZAt =0)
i=1 s=1 F t
|z
<op()||—=> AU Uss.md.
<000 | G | e 299 il
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Cs = Tﬁnz??p nT Z Z an Z fi Z f N UitUssm — EUUss,m) G

=1 s=1 F

T

TLT Z Z plT ZA; zt is,m EUztUzs m)gsk

=1 s=1

< Op(1) max (L.7)

m,k<p

logp
=0

using the same proof as that of Lemma [[.9] (ii).

F
1 n T 1 T
< - . A . . P
Op(1) max |- ; ; e ;At(EUltUlS,m)gsk )
1
=0 .
r <pT>

n T n T

1 1
Cr= m]?é(p nT Z Z an Z f] Z f A U]tUzs mgsk

i=1 s=1

ZZ]‘} tAt Jmax

<p
gltl 9

1 n
< Op <F> Tn ZZ]‘} At\2+H*Z<f H'§5)Ujtmll2
p (L g j=1
B logp ) (1 1 1 log (pT')
_OP< nT><n+T\/ﬁ+T\/f)+ in>'

Combining the above, we reach

nT ZZ Hfz ztmgtk

=1 t=1

nT Z Z fz 8 mgsk

i=1 s=1

F

max
m,k<p

F

- log(pT) logp, 1 1 1
OP(I\/ \/ SVl T\/H+AF)+pT)
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log(pT) logp, 1 1 1
(f\/ \/nT(M+Tﬁ)+M’>'

1.2. Proof of Proposition (for F* using the bootstrap data). This section
verifies Assumption when factors are estimated using PCA.

(i) Similar to , it can be proven that there is ||[H*|| = Op+(1) and ||[V*7!|| =
Op+(1)such that

J/c;* o H*/fz |V 1 ZAzla

where

1 no T ~ 1 noo T o~

b= e ST YO BT, A= S Y BT,
p ]:1 t=1 ]:]_ t=1

(1.8)

1 noo_ T o 1 noo T o

* * * * * 1A TT%

b SR R L= SR Y A
L PEGS =

We first treat A}, — A},. Because U;; and U 7 are independent if ¢ 7# j, we have
1 1 O o~
; Z ZAEEDS H]ﬂ > OB
i j=1  t=1
fZ e f ZE*U;; U313

1

By Lemma [[12, 1 Y7, A% [3 + 1 Y2, 14513 = Op-(A%). Hence

Z 2 14l = 0r-(a) (19)

Now we bound 1 3" | ||A%||3. A preliminary rate is provided by Lemma where we

have that
1 & 1
— A% 2 = AL+ ).
o ;:1 |A71]12 = Op < FT n)
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However, this rate is not sharp due to the Op«(n~!) term and can be improved. Specifically,
the proof of Lemma (iii) uses a Cauchy-Schwarz inequality and is not sharp for terms
involving E [U},Uj]. To see this intuitively, consider a simple example where we bound

*Z ||7ZZfJE Uit3-

jltl

Since Uz and Uj; are independent when i # j, this term may be simplified to

*ZH Zsz all = 0r (2.

In contrast, using the Cauchy-Schwarz inequality gives

n

Ien, 1 K 1 " 1 <& ’
DA HIEILIERS ST w ol EDIT
=1 i 7 =1 t=

j=1t=1
1
n

Lemma (iii) does provide a useful preliminary rate to build upon. Applying Lemma
[.11] (iii) and (L.9)), we obtain a preliminary rate

R ~ 1
SN - BRI = O (A% + n) -
=1

Our goal is to remove the term L through improving the bound for 2 3% | || A% [13. By the
triangle inequality,
2

n T
onA B3| ZH*fJZ iU = B'U3 U}
-1 ||P t=1 2
. 2
2SS - ) S - )
n 4 n 4 i ! pT "
i=1 Jj=1 t=1 2
1 1 2
< 0p-(A}) + 0p-(A3) 5D | 7 2 (Ui Uy — BT, iiUﬁ))
ij t=1
= Op+(A})

where in (a) we used Lemmaand the last equality follows from ([.15)). Hence combining
with 1) we have £ 3% ||f* H* fi|3 = Op+(A%). Thus, we have A% = Ap.
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(ii) We now verify the conditions in Assumption VnT|J[FARE = o(1), A, =

o A=) Ay = o(\/ 552), | 7[5VI0gpAL, = o(1), AR = o(gyeklyy), and Af, [JFTAR =
o(1).

A%: We have previously proven that A% = # + T:lﬂ + ﬁ. In addition, Lemma|[l.1| gives

Arnax - f +
A%, given the assumption that |J|3logn = o(p).

log n

. Hence it is straightforward to verify the required conditions involving

Ao Aris defined in Lemma [I.5| which gives AY , = b, + A4 for

. 1 [logplog(np) N logn N logp log \/log \/!Jlo N []o
T np npT n\f pT nT npT’

In the proof of Proposition [D.1} we verified A,q = o (\ / %) and |J|3v/1og pAug = o(1).

It is also straightforward to verify that b, = o < lflgf ) and that |J|2/log pb, = o(1) given
that logn = o(p), |J|an = o(p?T), |J|3log®p = o(n), and |J|} = o(nT?). In particular,
we need to verify |J|Jlogp <n2T2 + in) = o(1). To verify this condition, we use |J|gn =
o(p?T) and |J|§ = o(nT?3) to show
1 1 T2 | JEnt/?
5 _ 173 0 0
’J|010gp <n2T2 + in> ‘J‘O].ng (77,2T2 + n3/2pT

nl/2T3/2 /2
—o<1>uralogp( T s

n3/2T1/2

= o(1)(1101BP)s _ o)

A%,: Note that for gy, € {/A\ﬁd, Kﬁy,gdt, Syt,Xtm}, we have

T
. 1 ~ 12 2
wy, = max tz_; 1Gtml5 = Op(J[5)-

Hence by Lemma A2 = (% 121%:? + }f;ng + 105;/12/3) |J|3. Given |J|3logn = o(p) and

|JI2T = o(n), it is then straightforward to verify A*2 = 0( ) which follows by verifying
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Mi% = 0(1). To see Mgﬂ% = o(1), note that we have, by |J\g/3 = o(n'/3T),
[J3logn _ 1515 logn O T2 3013 T log n a )u|2/3 logn _ 1)
=0 =0 ——F—— = 0 .
nT nT nT n2/3
|

Lemma I.4. In the bootstrap sampling space, let Z}, = zztw where {wZ}" 1 are i.4.d. with

mean zero and bounded variance and independent of {wZU} and Zy = Ny or Zy = €. In
addition, let {Gim} be a deterministic sequence (in the bootstrap sampling space) of vectors

with a fized dimension, m < p. Then for w} = max,<p 7 S Gem I3,

2

o 1 logn logn log'/?n .

nT Zthmzzt —H[.)| =Op <+ A Wy,
F

max
pa n2  npT = n2T?  p271/2

m<p

where the term Op« (% + 121%; + }l%gTZ + IOQng/Q ) wy, defines A%2

Proof. 1t follows from (L.8) that

3
mg;;|rn722 (B = H F e < 32 G0

i=1 s=1

where each term ) is defined and bounded below.

First, we have

T n T

C, = IR Sk 1 * 7! f]* ~
1 — lgnlg); nT Zis an j it jtgsm
i=1 s=1 t=1 F

n i n 1/2
1 1 T Sk *
o7 2 2 UG ( anz Utnz) w2
t j=1

= Op (AF‘F\})\} w2

1
= w20
wy' “Up ( TpTJrn)’

IN
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where we used

iTZn%Z* 13 < Op-(A3) + 0p-(1 fZ Zfa il
t Jj=

= Op- (A%Jrl),

1 1 -
7752l Z U3 = T2 Z H* ZzzstwUUnllg
s,t =
1
e ()
n
For the second term, we have by Lemma [[.13] that

n
Co = max nTZZ ’SpT Y B BTG

=1 s=1 7j=1 t=1

(1.10)

and Ap = A%

F

Finally,

2

1 A2 logn
_ . *1/2 A2 F
Or <wn ﬁ)( "t n )

where we used Lemma to obtain £ >, |1 S°F, 2 l||2 =Op~ (1).

Combining the above, we have

oo 1 logn logn log'/?n
maX”n*Zthmzzt fi =2 F)I% = Op- (+ S T e |

m<p « n?2  npT  n2T2  p271/2
1=
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|

Lemma L.5. For hy € {gyt,gdt,;\\tk}, we have

nTZZf —H*fl ztm

i=1 t=1

max
m,k<p

F

|/]o

1 [logplog(n loen lo log p lo J
SOP*<T\/gpg(p)+\/gJrgp g x/g \/lloJr

np npT n\f pT
+ OP* (Aud)
for Ayq defined as in Lemmal[l.3. The term on the right-hand-side of the inequality defines
AN

Proof. We have max,, y<p || =5 > iy PO 1( — HY [)U f skHF < Y0, Dy, where each
D; is defined and bounded below.

T n T
1 1 I |
! g}lgﬁxp TZ:n;f] ]tn p;s—l( is,m zsm) sk
- - T F
1/2
< Z H* Zf; 113
1 T 1 & T 1/2
X max — J— U*U* E*U*U* / 2
m,k<p (T ; HnTp — ;( it~ is,m s m) skHF)
log(pT) lognlog(pT) | log(np) 1
= * A -
Op (\/ n ( " + T ) F+ 7/

where we used Lemma and equation ([.10]) from the proof of Lemma [[.4] which gives
1 1= 2 mu 10 5 1
7TZHEij e < Op- AF+% :
t j=1
Next,

LA 4
Dy = max ZTZE T Uit 2 0 BN UiaU ) e
F

T

F

npT

)
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1og(pT) 1
— Op < logS)T) +AF> (A N og(pT)logp log pT) )

where we used Lemma [[.13| and max,; H%ﬁ*/ﬁt*mHQ = Op-~ (y/log(fT) +AF) due to
Lemma [H.14l We then have

n T
s= t=1
n T 1 T
< Op(1 m,fsz 2272 Ui = B U303 )Wl

lsl

_ Op (\/logp<lognlog(pT) N log(np ))A%)

n n T

by Lemma We also have

n T
D = T U* ’ﬁ/
4 rfbnl?z(p nTZuZﬁ?T”Zf]tzl zt is,m skHF
1 n T T
] kT TR T TR
< Op*(1)731]3§p||n722 ZAE U503 |l P

_151

B ( log \/log \/]J /\J!0> Op.

where the inequality follows from Lemma [[.14] (iii). Finally,

D5:r¥znl?<xp anZf ZA, szz is,m Sk

slzl

F

nTZZfZ is,m sk

s=1i=1

IN

n T
1 ~ -
—Zf]’-k g AU || max
pI'n i m,k<p
[AZ 1
:(a‘) OP* (A%v + 7}7 Ogn) max
n m,k<p
— Op. [ A2 4 [ ARlogn
F n

where equality (a) results by applying Lemma (iii). Note that the upper bound
achieved in the last equality is not sharp but is sufficient to verify Assumptions about
A .

ud

F

nTZZfl i5,m sk

s=1i=1

F
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Combining the above terms, we reach

7!

n T
nlj—vZZ(fz H* fl) is,m'"sk

i=1 s=1

— Op (\/log(pT) (10gn10g(pT) N log;np))) (AF n \}ﬁ)

n n
+OP*< log(fT)_i_AF> (A 10g(p5) logp+ log(pT)>

1 1 1 1 ) 1
+ Op+(Dua + Ay —20) + Op- (AF\/ oep lognlogT) , Og(np))>
n n n T
o [ Ly flogp Viegp VI [T
P pT npT n nT npT

max
m,k<p

F

1 [logplog(np) logn logp log \/log \/ |0

npT’ nf pT
+ OP* (Aud)

where A,  is defined as in Lemma [[.3] W

I.3. Technical lemmas for Proposition the original data.

Lemma 1.6. Let A;; be as defined in . Then

1 — 1 1 1 1
= A2 =0p | = .
n;H itll2 P<n2+in+nT2+pT2>

Proof. First, we have the following equality:

'ﬂ \

T T
%Z(Y{tﬁﬁ_ ZU{t w—ULU ZU{t AU U+U'U;.—U'U— Z o

Therefore, %Zz 1 ||A11||2 > nz EZ 12] 1(pT Zt 1 z/t gt — U{tth)QOP(1)> and

[HZZZ Z Uy~ UnU))’

i=1 j=1

1gn 1 e - 1 -

EZ(})—TZU.’tUit)Q (== > ULUL)?
=1 t=1

+CFE
pT t=1

<CE

/]o
npT

T
LS00,
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L CE QZZ Yoro,2| +oe |1y Loy +CE{(1
=1 j=1 ni:l p p
5
:ZAZ
=1
We now separately bound A; — As.
A1 ZPTZU, zt
T T
:nszzz 2T222E sUiiUu]
i=1 j=1 [=1 t=1 s=1
1 n
:nsz 2 2ZZE (Ui Uss nszzmeZE U3 Uss
t=1 s=1 =1 j#i t=1 s=1
T 2
ORI (ZU;S%)
=1 j= 1 s=1
T T
:nSZZ 2T2 Var (ZUi/SUJS> BZZ 2T2 (E > UiUjs
=1 j= 1 s=1 =1 j= 1 s=1
T
anzz 2 QZZCOV Uis, UinUje) + 32 2T2 (ZE
i=1 j= 1 t=1 s=1
anz 2 QZZCOV $Uis, Uiy Ust)
t=1 s=1
PP
+n?’;; 2T2 tzls lmzlv lE UzsmUztvEUjsmthv]

2
i (5 )
T

1
max
n2T i<n ST 4

| /\

Cov <pU’ Uis, pU{tUzt>

T p

p T
n3 ZZ 21 2 Z Z 2}5?&() ’E Uzs mUztv |ZZ |E [Ujs,mth,v”

=1 j;éz t=1 m=1 v=1 s=1

&

>2

G

d

o
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1
+ — max Var?(Uss m)

n< i,s,m

1 1
—o(= 4+ ——
(n2 +in)7

.. T
where we used the condition that max;<, maxm,<p <7 Y s—q 2oy |COV(Uitm, Uisw)| =

o(1).

_ 1 . 9
NAo=FE||—=> U.U
|l
r 1 T T
B | Y. Y UL
L t=1 s=1

p t=1 s=1 i=1 j=1 k=1 h=1
1 1 n T 2 1 1 n T 2
T 272 A Z E (Z UiUs 272 i Z Z E (Z UltUJt>
p i=1 t=1 pram i i t=1
1 1 n T T 1 T T 1 n
o N E[ULU Y E Ul Uss] + 27 3 ~ E [U,UU}, Ui
i=1 ki t=1 s=1 LA L

1 T T T p p
i 22202222 2 D B VumUiniBUjkiUjsan]
1 o 1 = Ao 1L (1 iy o)
5 Var ];ZUinm =D EZE[UM,J

IN



124 CHRISTIAN HANSEN AND YUAN LIAO

T p

T
np2T4ZZZZZ <&XZ|E ]klUjsm i<n m<pt<TZZ|E it,m wl|
- =1 v=

1= 1]751 s=1t=1m=1 = 1

1 — 1 2 C
< — 7.
< ZZ_;Var ( . ) +— - Z<I£1%1x<p\/ar (UZ.M)] + 7

-0 <np1TQ> +O( T2> o (pT?)

1 1P 772 _ 1
where we assumed - >~ Var (1; m=1 Uzm) =0 <pT2)‘

T T P
+n3;4pzzzzzzmaxzw S T LA

=1 v=1

1 1 1 I T p p T T
+p n2T2n2T2 ZZ ZZZZE wletm ZE jblUjsm
=ti=ly = b=1
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T T P
nQTQnQTQZZZZ E jle]blZZZ_E it,m zsm]

1=1 j#£i v=1 b=1 t=1 s=1m
n p

T p T T
anTQnQTQZ ZZ ZZE UjoUjsm] ZE UibUit,m]

1=1 m=1t=1 j#i s=1 [=1 v=1
1 1 1
< 5 | -
¢ <n3 i 3T2> <n2pT2> +O< > <n2pT2>

Hence, 1 Y0, [ 4al3 = Op(1) TL, A = Op (n% tr bt )
Lemma 1.7. Let Ajpo, ..., Ai5 be as defined in . Then

1 1
*Z ||Az2 + .. +A15H2 - OP <T + 2> .
i=1

MH EM%

H

Proof. Aj: We prove 2377 || 4|3 = Op( ) By (I ,

| ES e

Z COV(Uzzt m» Uzzs v)

T p
1 1
+ ﬁ : . p2T2 Z Z Z E [Uit,mUis,vEUjs,vth,m]
i=1 j#i s=1t=1 m=1v=1
1
< — max maxz ‘COV itm st)‘

np 1<n,m<p t,s<T

T p
+ max \EUJMU]tm| 7 HaX max ZZ’COV(Uit,m’Uis,v” (1.11)

7,8,v,t,m i<n m<p,t<T

s=1v=1
1
-0 (57

where we used the conditions

T p
max max Z Z | Cov(Uit,m, Uisw)| = O(1),
isn m<pt<T s=1v=1
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max maxZ|COV it m zsv)’_ o(1),

i<n,m<pt,s<T

and T = o(n).

A;z : We prove Zz 1 ||A23H2 =O0p ( )

1 & 1 1+ ’ 1
2 N 177 o
SYlalg = >R B =0 ().
i=1 i=1 t=1 2
Ajs s We prove L 370 || Aull3 = Op (ﬁ) Note that
1 - 1 =
LD SR )
t=1 t=1
Then
2
1 n n 1 T I
pep ) (pTijAt i
=1 j5=1 t=1
9 n n 1 T 9 n o n 1 T 2
/ Y 2 AT TT
SRR Y ¢ zfjwt)
i=1 j=1 t=1 i=1 j=1 t=1
2 / /77
23y s 25l e

The first term following the inequality is Op ( ) given the condition

rzngafmgﬁ)iTZZ;’COV it,my zsv)| = ( )
s=1lv

The second term is Op (%p) and is negligible since T' = o(n).

Finally, £ 3" | | A;5]13 = Op (ﬁ) is bounded similarly to £ 3" | [|A;4[3. W

Lemma 1.8. Let {2} be a random sequence with E(zy|f:,Ur) = 0, E(22) = O(1), and

T p

I{;?HXZ Z ‘E[Ujs,mUih,k’Zilv B ZZT” <C
h=1k=1
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almost surely in {z;i}. Then for Zyy = zyp — Z;. — Z4 + 2,

? 1
:O<an>'

127

Proof. Since A’S has K number of rows with fixed K, for notational simplicity, we assume

that ]X; is a row vector without loss of generality as we can always look at each row of ]\g

separately. Then
2

1 T
> an;SEA’Uzszw

where each A4; is defined and bounded below.

7
< sz‘_lz
=1

w=1 k=1

p
Zit ZZ ‘ Uzs mUw k‘zz”

k=1v=1

:o<

n p T p
COMFS Y S S B Y B et

pT'n

).

T p
zinziol Y > 1B [UismUsw,il2il|

|
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n
A4=E'1iw“izwze -
t=1 anz 1s=1 " in
i T n T
. 1 11 N L
As=F Z | == — ZZA;Ui.zitF =0 (because — ZAS =0).
r=rmMn=5 T 4
As = F _1i‘1lii[\/(j Z |2 =0 (becauselZg =0)
6 T an‘ sY-s<it n 2 it X
t=1 i=1 s=1 i
A7:E_12T:|1IZZT:[\’(_]5 2
Tz Tnzmo " *

The following lemmas are used to bound = T Zt s L Yoy ezt(f H’fl)”2 and
maXs<T,m<p ’n Zi:l(H fz fz) is,m)-
Lemma L.9. (4) maxm,s H;ﬁ Z] J/c; ZtT (iU — EU@‘/tth)ﬁis,mH2 =0p (% + I%T) .
(i1) max || S Ayd S0 Ui, = O (\/258E + )
(i1i) maxyp, s H;ﬁ > i iyt FAN(UiaUism — UitUis,m)H =Op ( ,lb(}%p + o+ logQ(pT)) .

n2pT
nT Zz 1 Zs 1( Uit \Uis;m — EUit1Uis m)gsk =Op (\/ log(pT)> Here {gsk

k < p}, as in Lemma |l n s a deterministic sequence of vectors of fixed dimension with

maxgy, |gskll2 = O(1), and Gor, = Gsk — 7 D5 Gsk-

(iv) max,,

Proof. (i) Let W; = 4= 5" | f; Y"1, (U, U — EULUt). We first bound L 37, (|73,

1 - 2 1 & a ;
EZHWiH% < EZ mz — H'f)) Z wUjt)
i i j=1 t=1 )
9 1 n ~ T 2
+ > T Y H'f; Y (ULU — EU,Ujt)
i j=1 t=1 )

T

2T2 3Z||fl H/leZZZ Z z/t Jjt — EUZ,tUJt)Q

i j=1 t=1
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2

n T
1
+Op <p2T2ng> S £ (ULU — EULU,)
i ||lj=1 =1

2

2
n T

JL_‘ 2
ror (pyTgff’) Z 2 2 Willye = EUily)

7j=11t=1

T n T
( 372, 2> ZZVM (Z tUﬁ) +0p ( 2T12 3> ZVar > UiUis
i j=1 7j=11t=1
2

fJ z/t Jjt — EUztUJt)
1 2

n T

+op( e 3>ZE

Below we bound each of the three terms on the right of the equal sign in the preceding

j=1t=

display. First,

n T p T p
Z ZV&Y (Z UztU]t) = Z Z Z Z ZZ COV(Uit,mth,my Uis,vUjs,v)
i j=1 i j=1t=1 m=1s=1v=1
T p
<pnTnTr1naZxZZCov it m st)—i-O( >Tp) maXZZ\EUztm Uiswl
s=1v=1 s=1v=1
= O(n*Tp).

A2

Hence, Op <W) > 2 j=q Var (Zt 1 Ui Jt) =Op <§TQE> '

Second,
n T n p T n p T
> Var [ DS TULU | =D 3 Y Y IS CovUitamUitams Uis,wUls )
i j=1t=1 i j=1m=1t=1 =1 v=1 s=1
D T p T
=222 > > Cov(Uim ULy
i m=1t=1v=1 s=1
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p T
+ O(n*Tp) HtngZXZ Z |EUit mUis vl

v=1 s=1
= O(n*Tp).

Hence, Op < szns) >_; Var (2?21 Zthl i/tth) =0 (zﬁ) :

Third, for each k < K,

n T
ZE Zijk(Ui,tth - B i/tth)

i j=1t=1

T
fﬂZEmew%mwn—mZWrzzmth
% t=1

j#i t=1

T p T p
= O(?”Lp2T2) + 22 Z Z Z Z Z E ztm is v [fl%{;Ult,mUlS,U]

i l#1 s=1v=1t=1 m=1

p
O(np2T2) +O( 2Tp maXZ Z |EUit mUis vl

s=1v=1

= O(np®T? + n*Tp).

2
Hence, Op (s ) £ F Hzg‘zl ST UL U, — EU{tth)HQ = Op (% + o7 ). There-

fore,
2

1 1
- / E < — . 1.12
> an;fJ;UnUﬁ v <0 (gt ag) @2

2

_l’_

~ A2
By A} = b + o + s £ S IWill3 = Op (5 + 5 + ) = O (3 + ) - Hence,

the object we aim to bound is max,,

1/2
We now show max,,¢ ( Z A m> = Op(1). Once this is done, then max,,

Op (% ﬁ) as desired. Note that

1" TiT 1 ~21/2 1
LY Wil |, < (252 IWil3) " mascns (232,01

2
is,m

)1/2‘

1 n .77
n Zi:l I/ViUis,mH2 =
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Let U; s = 2(Um5,i—Ui.7m)2—2E(Ums7i—Ui.,m)Q. Then EU; yms = 0 and max; ,,,s Var(U; ms) <
C. Hence by the Bernstein inequality for independent data, we have

log(1'p)
n

1
- 1,ms — = 1).
Iggxnziju, Op( ) =op(1)

This implies maxms 2 Y-, (Uis;m — Ui m)? < 0p(1) +maxpms 2 >, E(Uism —Uim)? = Op(1).
On the other hand,

max(Usm — Un)? < 2(max |U.sml)® + 2(max | Upn)?

ms

_ 1 _ _
< 2(max U m|)? + 2(max | — E U.sm|)? < 4(max |U.g )2
ms ms T’ ms
S

1 log(T'p)
<4 - is,m 2= I
< g1 5 Ui = 0p (75
This shows max,,s ,- LS~ U wm = Op(1).

(ii) Define Ty, = pT2 Et 1 ZT A’( UitUis,;m — EUitUis ). Without loss of generality,
we assume f\é has a single row, as we can always conduct the analysis for each fixed row
of Aj. Then EX;,, =0, and

T p» T p T T
I?%XVar( < n’ZlTE:LLX T4p2 Z Z Z ZZ Z | COV it, kUzs ms Uih,lUiv,m)‘

ofi)

By the Bernstein inequality for independent data, max,, ||% Yoy Ximll2 = Op ( 713522 )
Thus,

1 T 1 T n
pT2 n Z Z A/EUztUzs m

= s=1i=1

4+ max
m

Zsz
logp 1

<0 — |.

= P( nT2p+pT>

= Op(1) and the equalities 4 >, Ay =0 and

< maX

ZA/ ! ZUztUz m

(iif) With H% i fif}

*Z it zsm_ ztUism :_*ZUztUz m_U Usm+U iZ_:U 18,Mm

=1
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n

#0023 0ol = 00

=1

we have that max, s |- L > an Z] 1 fj Zt 1 f’A’( Ui .m — UitUism)| is bounded by

O maX ZA/ Z ~7, ~zsm_Uvitljis,m)
2
1< 1 2
< Op(1) max TZA’ > UiUim| + Op(1) max —TZA;UtUS,m
m D i=1 2 ms p t=1 2
1 ) =
+ Op(1) max EZA;U,:U,”
t=1 2
1 1 1
-, <, =
<OP(1)IHW%X ﬂgAtn;UltUlm +OP TEAtU Qmax <‘U8m|+‘U ‘)
_0 logp log(pT')
P nT? n2pT

where the last equality follows from part (ii) that
T n
1 <, 1 — logp 1
_ A= U U:. =0 _
pT; tn; R P( nT2p+pT)’

that maxy,s(|U.s,m| + Upn]) = Op (\/ login>, and that H]%T i MﬁtHz =0 (V]ﬁ)

max
m

(iv) As the dimension of gs1 does not grow, without loss of generality, we assume it is a
scalar. Let X,k = 7 ZS VUit Uism — EUit 1Uis m) Gsi- Then EX; pmpy = 0 and we are
calculating the rate of max,,iy ]n Sy Ximku|. Note that by Assumption

T T
1 1
?H%Var(Xi,mktz) < max ;:1 v§=1 | Cov (Uit 1Uis;m, Uit 1Uiv,m)| = O <T> :

Hence by the Bernstein inequality with independent data,

log(pT')
%2§|;Zszktl‘ =Op ( T
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n a3 NTT log(pT
Lemma 1.10. (7) _r;1ax<p %Zi,l(H fi — fi)Uis,m‘ =Op (711 + %ﬁ + TL\@ + ié% )> )
(i) %>,

L ealfi- B = 0r (B + k)

Note that the rate of convergence in (i) is better than the rate obtained from the simple
inequality

1o~ 1 1 1
— < —
s<1¥%{<p ’n Z(H Ji~ fl) lsm‘ Or(Ar) s Z is,m (n + Tr'\/n + \/piT>

=1

in some regimes such as when p/n < T < n?/p.

Proof. (i) We have %Zle(ﬁ — H f)Uisn =V Zl 1 Di,ms where

1 n 1 noo T ~
Dims=—> —=> ;i D _(UiUjt = EU Us)Ussm,
i=1 p j=1 t=1
1 n 1 noo T o
D2,ms = Z . 7 Z fjl ;(UitUis,m - UitUz’s,m)
n i=1 pin j=1 t=1
1 n 1 noo_ T
D3,ms ;Zinzf Z(EUtth)Uzs ms
i=1 p j=1 t=1
1 n 1 noo_ T -
D4,ms - T J f A (EUztUzs m)
n pIn

1< 1 PO
DG,ms = E Z: ]ﬁ Z:f] z_:fi/A:ijtUis,M7

D?,ms = - Z an Z f] Z f]A/ ltUzsm - EUztUzs m)
7=1 t=1

We respectively bound these terms.
Bounding Dq s and D2 st The bounds

1 1
max HDl,mSHQ = OP ( + )
ms n pT
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[logp log(pT')
D =
e | Damsl2 = OP( nTQp pT n2pT

directly follow from Lemma [[.9]

and

Bounding D3 s and Dy ms:

1 -1~
masx | Ds s 2 = max nzlnfozsm ZEHUnHQ ~or (1),
i= 2
- 1
D =0 — EU, O
max” 4ms||2 p( )Hrlnasxp nz . L 1;’ it,v zsm| P(pT)

Bounding Ds st By the Cauchy-Schwarz inequality and Lemma we have

1/2 1 n 1/2
2
%%X||D5,msy\2g%%x( Z wm) (nzl||Anu2>
1=

=00 (3 o "R  T8)

Bounding Dg ms: First note that
Then

1 T X177
i Si L A

maxHDG msll2 < O(1 max

2 7j=1t=1

_ 0p (?}T \/p%l) log(pT)

Bounding D7 ms: Let Xims = 7 21—y A (UstUism — EUisUss ). Then EX g = 0;
and for each k < K where K denotes the number of factors,

p
Igg‘;( Var(Xi,ms) I{ln?sx p2T2 (Z Z Atk,oU, woYitw Uis m)

t=1 v=1

T p p
1
= max s Z S 3D Nikidikw Cov(UinwUism, UijaUss.m)

1 . 1
<0 (pT) max > | Cov(UiroUism: UikaUisim)| = O () .

T
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Hence, by the Bernstein inequality for independent data,

log(pT
max | Dymsll2 < Op(1 maxH—ZXZmSHQ_ ( i;T)>.

Combining the above results, we reach

o |1 Zn:(H fz fz) zsm| Op (1 + 1 1 + 10g(pT)> .

s<Tom<p n n T\/ﬁ+T\/ﬁ npT

(ii) & Zt s LS ezt(f H' )|} < Zl | Bi where each B is defined and bounded
below making use of (I.1] .

n

T
1
z_: n z; elspT Z fi Z UpUje

= 2

’ﬂ \

1 T 1 n 1 noo T
< T2 |5 2o fis o 2 fi 2 Ukl Orp(1)
T n 4 pI'n 4
s=1 i=1 j=1 t=1 9
TAN | P o 2 1 2Ty > 2
D Sl PSR AEA IS 5 | Y 3%
t=1 j=1 P s=1 t=1 i=1 9
T n n 2
1 1 1 Lo~ 1 1 ~ -
STZTZ E €isUit Tz ﬁ ij]t OP(l)
s=1 t i=1 2 t J=1
2 2
1 & 1 - 1 .
!
+FZZ E Uit€is HtlTErLLX E : (f] _Hfj)U]tm
s=1t=1 =1 2 Jj=1 9

1 1 1 1 1 log(pT)
<Op|— —Op | —
=P (nz) + n t <n2 + T?n  T?p npT
1 1
=0Op <n2 + T2 ) (Lemma [I.10)

2
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=0 (p]lﬂn) . (Lemma [L.8)

B 1 T 1 n . 1 noo T S
B3:fz nz;eismjz;fj;fiAtth

s=1 =

2
T n T n 2
1 1 ~ ~ 1 1|1 .
72 |7 2 —HET 72 > fie
t=1 j=1 P s=1 i=1 2
1 1 1 1 1 log(pT)
=0 Op| =
r <n2pT> TRer <n2 * 7, T?p npT
1

Hence,

I.4. Technical lemmas for Proposition the bootstrap data.

Lemma L11. (i) L S0 (7 S0y S0, LF 000 )2:0 (& + e+ o)
st n £uj=1 \ pT £um=1 Lit=1n t,m% jt,m P\ 52 nT? pTn ) *
.. n T ady _ 2
(ii) lZZ 1 (;%Z‘Zt 1Zp lF,Uthit,m) =Op (712+#+1ﬁ)'
(iti) L3 AL 3 = Op» (A% + 1) for A defined in (@

Proof. (i) Note that ) fi = > Uy = > U;; = 0. We may then bound

(5SS )

m=1 t=1

from above with
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2
1 CS (1 & &1,
S Op <n2> + E Z (pT Z ; - fiUit,mth,m>

j=1 m=1t=1 " i=

11 CS(1 K& ’
<Op <n2 + n2> + o (pT Z Z - Z i(Uit mUjtm — EUit,mth,m)>

where we used ([.12)) that

2

n T
1 1 . , , 11
n ; pTn ; fi Z(Uitth — EULU;)|| <Op <an + n?) :

t=1 9

(ii) The conclusion follows from part (i) and the following inequality:

L& 1 P ~ ~ ’
DA EORILECRE)

=1 p t=1 m=1
1Tp1~~~2 LIy 2\ 2
< (L3 L) vty (L33 L,
p tzlmzln t=1 m=1 n
AZ 1
S
nlp n

(iii) Note that max;; Var*(w{w) < C.

1 n o n 1 T - - 2
S PRy
t=1

i=1 j=1

1 n o n . 1 T e
:?ZZVH (pT;Uitth>

i=1 j=1
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n o n T 2
= % Z <1T Z Agtﬁjt> Var™ (w; w]U)
i=1 =1 \P" =
8 n o n 1 T -, 1 T 2
= n2 ZZ (PT Z(UnUJt EU,Ujt) ) Ct+— ) ZZ (pT ZE tU]t>
i=1 j=1 t=1 =1 j—1

az

Note that
1 N C n o n 1 T
a < 5 Z Z 7 Z UUjt = UaUin)* + = > D (5 > (UaUst = BUUj1))?.
i=1 =1 P im1 =1 P
The first term in the upper bound for a; is Op (i + np%T + # + #) by Lemma

The second term in the bound for a; is Op ( ) by (L.11f). Therefore,

1
a1 = Op ( ) Op( A2 (1.13)

Next we have a2 = 5 ZZ 1 (pT Zt 1EUltUzt) =0 ( ) Finally,

g Uit,mth,m - Uit,mth,m>

1 &~ g 2

7T Z Z(Uztﬂn - Uit7m)th7m>
C L N~

*n 22 g 2 2 = Uen) "‘)

IN
=lQ
(]
N
3
[
i[M=

.
Il
=
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Y b i (L14)
C 1 1 . N ~
+ g ‘ (p]" Z Z EF t,m(Uit,m - Uz‘th)>

o 2
where L Z?Zl (}%T o Zthl %F/Ummth,m) =0Op <# + n% + zﬁ) follows from part

n

(i). Hence, we have proved

1 1 o~ o\ 1
Ly Se (g o) o (st 1),
i=1 j=1 L

The Cauchy-Schwarz inequality then implies

n n n T 2
1 * 1 1 Fr! Tk w77 7%
L3l < 0m 05 353 (e o0 - 0
=1 t=1

=1 j=1

1
=Op- (A2 + = ).
OP ( F+TL>

Lemma L.12. 537 |A5]3 = Op«(A%) and 35 1|A5413 = Op+(A%) for Ay and Ay
defined in @

N2
Proof. By the Cauchy-Schwarz inequality, = Y%, [|A%[3 < Op-(1)2 31, (;%T ST A;U;}) .
Now
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n T 2
]. 1 ~/’\ 2
<o 3 (A oriat)

i=1
- *F/ t,mUzt,m> OP(l)
n =1 pT t=1 m=1 n

=1 \P* ==
AT
< Op(AL) +O0p(1) ( Z Z —F t,m)\tm>
pT t=1 m=1 n
=0Op <A% + 1) = OP(A%:). (1.16)
nI'p

where we used Lemma (ii) to bound 1 Z?Zl(]% SSELSP %F’Utymﬁitym)Q = Op(A%)

and the equalities Ay — H "\ = (F'F) " F/(FH — F)H "\, + (F'F)"1F'U

Uiton — Ustom = JI(F'F) " F'(FH — FYH "N\ + [1(F'F) " F' Uy + Xy H = (fi — H'fi).

Hence, 2 37, || 4513 = Op-(A%). 137, [|A%]3 is bounded similarly. W

n

Lemma L13. (i) 133, b S0, §) S50, (03T — B3 T30 13 = Op- (A3,

() 45 b S SR, = Or (57 + s + (14 /%)) where 2,
(5.

(iii) ||t =1 St [T,
(iv)

AZ ]
) = Op-~ (A% + Fnogn>'

1 n T
z:j : FTx Tk KTTH TTH N
ﬂl:l,n]??(t TL7T (Uit,lUis7m - B Uit,lUis,m) sk
2Ty 1/:1 s:l

F

— Op. (\/logSJT) <lognlzg(pT) N log;np)>>
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(v)
p T
ﬁﬁfpﬁzg nTZE* zsm sk .
log(pT) lo 1 T
=OP<AF+\/ g(pT) gp+\/og(p ))’
n nT
(vi)
n 1 . ) .
n{bnl?é(p nTZTZt: itUism Ulsm) sk

F

— Op. (\/bgp <10gn10g(pT) N log(np)) A%) ’
n n T

where /ﬁsk € {gySagdsa/)\\sk}, s<T,k<p.

Proof. We shall assume f; to be a scalar without loss of generality.

it Ut
7 p J=1 t=1
1 1 n T
= =05 ULU)? Vart (wl wl
n - pTn Z; J ; it ]t) ar (wz W
C 1 noo T 2
s T D oJ Z(UztU]t = UiUjt)

IA

5 Q
||‘M:
||‘M:
—

141

as ai



142 CHRISTIAN HANSEN AND YUAN LIAO

c 1 - ’
- — 7Y EULU;
+05 (ah e

1
:a1+a3+0p< >:OP(A%7)

n?
where a1 and ag are as defined in Lemma We also have a1 = OP(A%) and a3z =
Op(A%) by ([13) and ([.14).

(ii) We prove the result for z}, = 7, only. The other results follow similarly. Let

D — logn A2F‘ logn A?nax
Un = qpr ¥ = TR

1 n T o
oTn > ZAQUi’Z%

i=1 t=1

T 2

L1
Efz

s=1

npT n




FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 143

2
1 logn logn 1 & 1, - 9
< el
OP(an+n2 <1+\/ T >>+Op< - ) pT§ E (nFUt,m)

logn  AZlogn A2 1 1 /logn
-0 F max . .
P (in + n + n + n?2 + n2 T

logn logn 1 1 /logn
pu— O — R
P (in * n2T? + n2 + n2

where we use max; Hﬁ — H/fiHQ = Op(Anax) = Op <ﬁ + ,/k}gpn) from Lemma

(if) By (L16), 3 30 (Gl i MU3)* = Op-(AF) and 5500 Gip iy AMT)? =
Op(A%). Therefore,

IA
3, =
M=
S S
8-
Mﬂ
=
kst

I

Q

e
el
D —-
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Hence,

2 2
n T

n T . 1
nTpZ::Z: FNUL|| < 0p(A) Z(pTZAt ]t> o SN 0p (1)

2 j=1 j=1 t=1

< Op-~ (A%+AF1:gn).

(iv) For notational simplicity, we assume hgp, to be a scalar. Then

Iglll?l}f nT ZZI ’LSm E*U U;; m) Sk‘| ma‘X|7 ZFZ mk;lt|
i=1 s

where I ppe = 7 Zs 1 Uueles mhsk [( "2 — E*(w )2] We still use the Bernstein in-

equality for independent data to achieve

1 . log(pT
max \f Z I mklt‘ = Op+(, | max — Z Var (Fi,mklt) ggl )
1

).

mklt N

So we now bound max,, % Yoy Var*(T; i) below. Recall the equality:

Uston — Ustom = JI(F'F)"\F'(FH — FYH N\ + [(F'F) " F' Uy + N, H ' (fs — H'fy),

T 2
Ig@l%l)t( g Z Var z mklt max — Z (T Z ﬁis,m};sk> Var* ((sz)Q)

imk
s=1
1 & ’
< OP(l) r{}g]z{ T 231 ﬁzs,mhsk
s=

T

+ me}ﬂx T ’)\tmhtk’ OP AF logn + Amax)
m
Lo 1

+ Op(logn) m Z EF,Ut,m
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<Op (AF logn + A2+ log nlog(pT) n log(np)>

n T
T 2 (I.17)
h —H'h
+max | Z:: th th)
In the derivation above, we used
log(pT') log(pT’)
mas g 3 100,18 = 0p (FEP + 4, ) = 0 (B0 40

from Lemma and max;, % thl |)\tmhtk| = Op(1) which follows from maxy,, |/>\\tm| =
Op(1) and max; |hy| = Op(1) for hai € {Xtm, gyt}. We now bound the second term on the

right in ([.17) in two cases.

Case 1: /ﬁtk = gyt for all k£ < p. Using the equality

~

byt — H Yoy = (F'F)""F'(FH — FYH "6, + (F'F) " F'Upy, + (F'F) "' F'é,,

we have
1 i 1 i 1 1
N ) 1o,
max T;Uit,m(htk—ﬂ hur)| < max T;Uztm(syt Op(A%) + max T;Uﬁ,mnF’ Y
2
I~ 1o
+uax |7 ) Uieme P

log(np 0
< :(F Lo, (A2)+HZI%X—Z it mO (' | +\JyOA2)

_ log(T”p)op(A%) + (1 + log(T”p)> Op <|J|0 + |J|0A2) ,

where we used Lemmal[H.11| (iv) that + >°, ||2 F'étHQ—i—T AIE, F'UA|2 = Op <|J|0 + |J|2A% )

Case 2: ﬁtk = th. Using the equality
Mk —H Ay = (F'F)"F'(FH — F)H Ay, + (F'F) " F'Uy,

k| Op(A%)
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+ max
imk

1~ 1o~
= Uitm—F'Upi
thl n

AZ log(np) 1 o1 1~~~ \?
< Op [ ZEZSVTY Ny = ~F'T,
<0 (S ) b 1SS0 3 (O )

=0p <W> + (1 + 10g¥m)> <A% + logng)> :

Hence max;,,x ]% Zthl Umm(/l\ztk — H_liltk)P = Op(ay), where

:10g(np)(A%)+(1+ 1og<np>><u|o+| JEAL 4 1ogg?T>)_

Ay, T T

Substituting this expression into ([.17)), we obtain

2
1
max—ZVar*(Fi,mklt) Op(1 max( Zme s)
1

<10gn12g(pT) N log;np)) .

(L18)
- Op

Hence, maxpp |2 Y01 Timkie| = Op= <\/ loggT) (lognlzg(p D+ logéﬂnp )>>

(v) We assume sk to be a scalar for notational simplicity.

@
I
—
©
Il
—
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1 p T 1 noo T ~ .
+ =3 > |2 Unafi| max | == > F'Usmha
pT =1 =1 | "V o1 ksp| LT
1 Enm |1 -
+pTlZ:Z; nZ;Uzt,l(fz_Hlfz) Op(1)
-1 t= =

T
1 -~ 1
— F'Ug hsi| Op | —
+n121}]?%<p Tnsz:; s;mllsk| Up <\/ﬁ>
log p 1 A1 AL o
<0p (AF+ VEED) o 5SS Y Gl
=1 t=1 i—1 s=1
Vio 11 & _
<0p (AF‘F gp> +0p(1) maxfz — UiiUim
n mEP PN

1 n T R
ﬁ Z Z Uit,lUis,mhsk

1 e
+Or(max 72 ) |

p

p

1
< — . .
ST max gt IEZI |EUis 1Uit m|
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st

where X, = T2 Zst( UisaUitoim — EU;s Uit m) with max,,; - Z Var(X; mi) = O(%)
Thus, Dy = Op< logp—i— )

n
D= max 233 03 Vil
= 1=
1 I -1
< max Zj >0 Z; T Z EUitiUis,m

where X = %Zs UitiUism — EUit Uism) with maxmtl%ZiVar(Xi,mtl) = O(%)
Hence, Dy = ( log 5 (pT) )

1 p T 1 n T
Dy+Dy=max — > % |~ > UiniUismhan
mksP PLOT S | S =

1 n] 1 e - -
— — Ui 1Uismh
+7£I}l€a<}(pp§ nT;; i lVis,mllsk

T
Z Uit,lUis,m(ﬁsk - Hilﬁsk)

nTZZUl lesm sk_H hsk)

i=1 s=1

o Z
To bound the last two terms on the right-hand-side of the last inequality, we discuss two

cases.
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Case 1: iALtk = gyt for all £ < p. We have

Z Z Uzt les m slc - H- hslc)

zlsl

max ——
m k<ppT

1p 1
+§Zn—T

=1

T
Z Z Ui-,lUis,m(/ﬁsk - H_liLSk)

n
i=1 s=1

log(pT
§OP<AF+ | J]o log(p )).

Case 2: iALtk = th. We have

nI’LTl]?%Xp]TT Z Z TLT ZZ; SZ; Uit les m sk - H™ hsk)
1
+ 52

=1

n

nLT Z Z inlUZ’s,m(ﬁsk - H_liLSk)

i=1 s=1

Tog(pT) 1
< Op (AF+ og(pn ) 0gp>'

Combining all of the above bounds yields

ZZE* zsm hSk

zlsl

max ——

m,k<p pT n nT

:OP<AF_|_\/IOg(pT)10gp+\/IOg(pT)>‘

(vi) We assume )\, is a row vector and hgy is a scalar. Now let

HTZZPT ZA/ U;;f z*sm E*U*U12m>h/k

=1 s=1

max
m,k<p

= Imax
m,k<p

% Z Xi,mk

A

where X, = 5 ZS 1 pT Zt 1A’ ,tUZS mhsk( — E*w U2). Note that X, is mean
zero and satisfies

T 2 T 2
1 1 ~ 1 =~ U2
Hrln%cxﬁ E Var* (X, mk) = max — E (T E: AUy ) (T E Uis,mh5k> Var* (w; %)

=1

< L Z( ZA/ Zt> Op <lognlzg(pT) +1og(Tnp)>
p)

_T® o, <lognlog(pT) log; )A%
n

Hence, MaXy, k<p ‘% ZZ Xi,mk‘ — OP* (\/loyglp <lognlzg(pT) + log(np)) A2)
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Lemma 1.14. For Esk € {SyS,SdS,Xsk}, s<T,k<p:
(i)

m k‘<p

nT pTZA/ 1tUzsm

ist

1 log p log(pT |J| log(pT)
~orGa- w(v ) (=)

1 P n 1 23N s N s A logp | Vlegp | 1
nT Z2ov=1 Zi:l pnT ZstFUt,vUzt,vUzs,mhsk OP( in+ n +pT

(7)) max,, k<p
(iii)

max
m,k<p

nT Z ZA/E*U:;S Zsm sk

1151 tl

1 logp  logp \/IJlo /1o
— — Op(A,
P <pT * npT’ * n + nT * npT’ * (Aua)

Proof. (1) max, k<p |25 > iy ST piT P N,UUss mhis| is bounded by

T
nT Z Z plT Z N, (BUU;s m)hgk

=1 s=1

n

anY ZZ ZA, ztUz mhsk

zlsl tl

1 I
+0p ( °§p>(1.19)

+ max
m,k<p

max
m,k<p

n

t=1

T 1 T R

— Z > — _— > A (UaUisim — EUnUss ) hsk
i=1 s=1 t=1

4+ max
m,k<p

npT

The first term in ([.19) is Op (pT) The second term in ([.19)) is stochastically bounded
m,k<p

log p
by . Hence, the third term in ([.19) is bounded by

log p /
OP ( inQ) + m m k<p ’I’LT Z Z pT Z At zt is,m EUztUzs m)(hsk H™ hsk)

=1 s=1 t=1
log p
< Op ( in2> +

by Op ( ) plus the third term. Note that

T

nTZZ ZA; Uison — EUitUss ) hisk| =

lsl t=1

max

n

1
pT

T
Z Aé(UitUis,m - EUitUis,m) X

t=1

i=1
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1 1~ -
max — —F'U.
SESM (L

lo log(pT) J log(
<o (i) o (5 (V55

regardless of whether hg = d; or \y. Hence,

nT ZZ pT ZA/UztUzsm sk

=1 s=1

1~ ~
+ ’FIUt"}/
n

1~
+ ’F’éS
n

+ar)

max
m,k<p

(ii) Note that 3, h = 0 for h € {5, \}. We then have that

n T

1 & 1
;Lnkaé(p nTZZZpTZ Zf] ]tv Zt'v Zsmhk

v=1 i=1 s=1

M’ﬂ
}ﬂ —_
M’ﬂ
I |~
INgE
P
bl
<
S\
@
:“

HI—‘

p
+ max |— E
m,k<p | —

T 1 T 1 s R
Z T Z E ijjt,v(Uit,UUis,m - EUit,vUis,m)hsk

1 1 1 1 1 1 T
o (T L) 5 5) (V)




152 CHRISTIAN HANSEN AND YUAN LIAO
1 p n T 1 T 1 ~
+nI1nka<Xp nTUZ:l 1;pTZanj ]tv ztv is,m EUztvUzsm)(hsk_ _1hsk)
i=
1 1 1 1 1 T
<® o (apViosp | Viogp 1, og(pT')
Vn n pT T\f f nT
1 2l T 1 -
+77I11}13§Xp niT ; 1 ;pz-, Z ij ]tv ztv is,m EUit,vUis,m)hsk‘ OP(AF)
=1 1= =
1 P n T 1 T .
+7£I}13§Xp niTZ Zﬁz ij ]tv ztvUzsm*EUztvUzsm) F/Usk
v=1 =1 s=1 t=1 7j=1
] Stnm 1ol 1.~
tomax T ) } > o7 ) n Z FiUsto Uit Uis,m = EUitoUis,m) — F'Usy
v=1 =1 s=1 t=1 7j=1
] Stnm 1ol 1
+ g}lcagxp ﬁ Z : Z ﬁ Z E ijjt,v(Uit,UUis,m - EUit,vUis,m)ﬁF/és
v=1 i=1 s=1 t=1 7j=1
logp logp 1 1 1 log(pT)
—0p (A ) vop (e ) [y B
P < F vn * n + pT TP T\/p + vn nT
log(pT J log(pT
P PO Y e iy Wi

-or({aF-

Viegp 1

n +pT>'

n (a) above, we used the bound in (L.6]) for Cs. Also, we did not formally treat the term

max | —
m<p [T

Yy b z zfj Uit Ui

v=1 1=1

as can be bounded similarly to the term C in (L.6). The inequality (b) holds for k € {4, A}.

(iii)

max

m,k<p nT

max
m,k<p

D

i=1 s=

T

1
1 n

nT

T
1 *UXUF N
TZA,E Uzt zsmh
t=

>

=1 s

1
T T

~ ~
5 AtUitUis,mhsk
t=1

=1 pT



FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 153

1 n T 1 T 1 n 1 T
~ ~ ~ s
< 73’1]?;(1) niT Z Z ﬁ ZAtUitUis,mhsk‘ + E Z ﬁ ZAtUitfi OP(AF)
i=1 s=1 t=1 =1 t=1
T

I 1 PPN 1 1~ -

== NUafi| max | =Y —F'Us mhar

n i=1 p t=1 mk<p | T s=1 n

AN AN 2 3 ) h
Note that 377 | (1717“ i A;Uit) = Op(Ar) by (1.16) and maxy, r<p ’% ot 5P smber| =
Op (ﬁ) 0 {3 Xt i X MOifi

= Op(AF). We may then complete the bound

i=1 s=1 p t=1

as
1 n T 1 T
Tg’lkagxp n ;;pT; t itYis,m'tsk
Lyay Ly log p
~e s o
S max ﬁZZTZAtUﬁUi&thk +Op (AF+ - )AF

1 n T 1 T N
— Z Z — Z Aéﬁitﬁis,mhsk
nT i=1 s=1 pT t=1

1
< Op <AF + in) Ap 4+ max

Op(1)

1 R
+ max v Z Z T Z AU Ui m sk,

m,k<p

1 P T ~ T 1 N
+ n?l?é{p n7T Z Z )\tvUit,v Z ﬁUis,thk

Op(Ar)
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T

1 1o,
+nr’LnI?<Xp HTZI;;]?TZTLFU“} ztvUzsmhk
<op(ar +F Vi ) arvo VB 4 0p(A )
P T\f o \/in no
1 n T 1 T N
+ max |— — A/Uz Uzs mhs
m,k<p TLT;;]?T; e ’ k

1 & .
+77111,1l?§Xp ﬁ Z : t,vUit, IS
NG /1o o 1 1 1 log p
<('L)(m) A gp A 1 A
< Op F+ - + o +T\f r+Op n+ T n + Op(Aua)
1 1 log(pT) J 1 T 1 1
+op | 08P log(pT’) \/ lo \/0g(p )\ . [losp , Viogp
npT npT’ npT n

1 \/1 V1T J
< Og o8P n|T|° + HO) + Op(Ayq)

npT

where max, 1<) ’nT v Zs 1 ( H’fz) ism sk‘ Op(Ayq) is given in Lemma
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FIGURE 1. This figure shows the simulation RMSE of each of the estimators
described in the text for estimating the coefficient of interest in an IV partial factor
model. RMSE (truncated at 0.1) is shown in the vertical axis. The horizontal
axes give the fraction of the explanatory power in an infeasible regression of Y
on factors and factor residuals, “%Y,” and the fraction of the explanatory power
in an infeasible regression of D on factors and factor residuals, “%D,” where the
infeasible regressions are described in the text.
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FIGURE 2. This figure shows the simulation size of 5% level tests based on each of
the estimators described in the text for the IV partial factor model. Size (truncated
at 0.3) is shown in the vertical axis. The horizontal axes give the fraction of the
explanatory power in an infeasible regression of Y on factors and factor residuals,
“%Y,” and the fraction of the explanatory power in an infeasible regression of D on
factors and factor residuals, “%D,” where the infeasible regressions are described
in the text.
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FIGURE 3. This figure shows the simulation size of 5% level tests based on the
factor-lasso estimator in the IV partial factor model and the asymptotic Gaussian
approximation, the k-step bootstrap, and a score based bootstrap. Size is shown
in the vertical axis. The horizontal axes give the fraction of the explanatory power
in an infeasible regression of Y on factors and factor residuals, “%Y,” and the
fraction of the explanatory power in an infeasible regression of D on factors and
factor residuals, “%D,” where the infeasible regressions are described in the text.
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TABLE 1. Estimates of the First-Stage Relationship between Settler Mortality
and Protection from Expropriation

T Estimated s.e. Bootstrap C.I.
Latitude 20.549 (0.166) [0.851,-0.246]
All Controls -0.218 (0.168) [-0.778,0.341]
Double Selection  -0.364 (0.178) [0.885,0.158]
Factor -0.475 (0.173) [0.880,-0.070]
Factor-Lasso -0.353 (0.183) [-0.708.0.002]

This table presents estimates of the coefficient on the instrument (Settler Mortality) in the
first-stage regression of the endogenous variable from the |Acemoglu et al.| (2001) example
(Protection from Expropriation) on the instrument and geographic controls using different
methods. The row labeled “Latitude” uses the single variable distance from the equator to control
for geography. “All Controls” uses all 20 geographic controls without dimension reduction.
“Double Selection” uses the approach of Belloni et al.| (2014) to select important controls from
among the 20 potential geography measures. “Factor” reduces dimension through positing a
conventional factor model. “Factor-Lasso” makes use of the approach developed in this paper.
Point estimates from each method are provided in the column “Z” and the associated estimated
asymptotic standard errors are given in “Estimated s.e.”. The k-step bootstrap 95% confidence
interval is reported in “Bootstrap C.1.”.
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