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Appendix D. Estimating Factors Using Principal Components Analysis

Let

X̃ =


X̃i1 · · · X̃n1

...
...

X̃iT · · · X̃nT


pT×n

, Λ̃ =


Λ̃1

...

Λ̃T


pT×K

, F̃ =


f̃ ′1
...

f̃ ′n


n×K

,

and define Ũ similarly. The matrix form of the factor model is then

X̃ = Λ̃F̃ ′ + Ũ ,

where the individual and time effects have already been removed. Let F̂ = (f̂1, ..., f̂n)′

denote the n×K matrix of the estimated factors. The columns of F̂ /
√
n are the eigenvectors

of the first K eigenvalues of X̃ ′X̃/(npT ). We call this the “PC estimator”.1 We now present

1We choose to focus on the PC estimator as a concrete example because it is relatively simple
and is free of tuning parameters. One could consider other options which would also satisfy our
assumed high-level conditions. For example, the weighted PC estimator (e.g. Choi (2012); Bai and
Liao (2013)), can be more efficient than the standard PC estimator but requires additional tuning
parameters for practical application.
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regularity conditions which are sufficient to verify that the PC estimator satisfies the high-

level sufficient conditions for the quality of factor estimation given in Assumption D.4 in

Section D.1. These regularity conditions are standard for high-dimensional approximate

factor models.

Assumption D.1 (Pervasiveness). There are c, C > 0 so that

c < λmin

(
1

T

T∑
t=1

1

p
Λ̃′tΛ̃t

)
≤ λmax

(
1

T

T∑
t=1

1

p
Λ̃′tΛ̃t

)
< C.

where λmin(A) and λmax(A) respectively denote the minimum and maximum eigenvalues of

A.

Assumption D.2 (Second Order Weak Dependence). There is C > 0,

max
m,t,i

T∑
s=1

p∑
v=1

Cov(U2
it,m, U

2
is,v) < C,

max
i,m,s,t,v

T∑
h=1

p∑
l=1

|Cov(Uit,vUis,m, Uih,lUis,m)| < C,

max
i

1

T 2p

∑
m,l≤p

∑
t,s,h,v≤T

Cov(Uit,mUis,m, Uih,lUiv,l) < C,

max
i,m

1

T 2p

∑
k,l≤p

∑
t,s,h,v≤T

|Cov(Uit,kUis,m, Uih,lUiv,m)| < C.

Assumption D.3 (Uniform cross-sectional convergence).

maxi≤n | 1
pT

∑T
t=1

∑p
m=1(U2

it,m − EU2
it,m)| = OP (1).

maxi≤n ‖ 1
pT

∑T
t=1

∑p
m=1 λ̃t,mUit,m‖2 = OP

(√
logn
pT

)
.

D.1. High-level assumptions on the estimated factors. More generally, the esti-

mated factors should satisfy the following conditions in the original and the bootstrap

data.

Assumption D.4 (Quality of Factor Estimation in Original Data). Suppose there is an in-

vertible dim(fi)×dim(fi) matrix H with ‖H‖+‖H−1‖ = OP (1), and non-negative sequences

∆F , ∆eg, ∆ud, ∆fum, ∆fe,∆max, so that for z̃it ∈ {ε̃it, η̃it}, w̃tm ∈ {Λ̃′tγd, Λ̃′tγy, δ̃dt, δ̃yt, λ̃tm},
h̃tk ∈ {δ̃dt, δ̃yt, λ̃tk}, and γ ∈ {γd, γy},

max
i≤n
‖f̂i −H ′f̃i‖2 = OP (∆max),

1

n

n∑
i=1

‖f̂i −H ′f̃i‖22 = OP (∆2
F )
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1

T

T∑
t=1

‖ 1

n

n∑
i=1

(f̂i −H ′f̃i)z̃it‖22 = OP (∆2
fe),

max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)z̃itw̃′tm‖F = OP (∆eg),

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mh̃′tk‖F = OP (∆ud),

max
m≤p,t≤T

‖ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũjt,m‖2 = OP (∆fum).

These sequences satisfy the following restrictions:

√
nT |J |20∆2

F = o(1), ∆eg = o

(
1√
nT

)
, ∆ud = o

(√
log p

nT

)
, |J |20

√
log p∆ud = o(1),

∆2
fum = o

(
log p

T |J |20 log(pT )

)
, ∆2

fe = o

(
log p

T log(pT )

)
, ∆2

max = O(log(n)), and

∆2
max|J |20T

(
λ2
n|J |0 + ∆2

F |J |20 +
|J |0
n

)
= o(1).

Assumption D.5 (Quality of Factor Estimation in Bootstrap Data). Suppose there is an

invertible dim(fi) × dim(fi) matrix H∗ with ‖H∗‖ + ‖H∗−1‖ = OP ∗(1), and non-negative

sequences ∆∗F , ∆∗eg, ∆∗ud, ∆∗fe, so that for z̃∗it ∈ {η̃∗it, ε̃∗it}, ĝtm ∈ {Λ̂′tγ̂d, Λ̂′tγ̂y, δ̂dt, δ̂yt, λ̂tm},
and ĥtm ∈ {δ̂dt, δ̂yt, λ̂tm},

1

n

n∑
i=1

‖f̂∗i −H∗
′
f̂i‖22 = OP (∆∗2F )

max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

z̃∗itĝtm(f̂∗i −H∗f̂i)′‖F = OP ∗(∆
∗
eg)

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂∗i −H∗
′
f̂i)Ũ

∗
it,mĥ

′
tk‖F = OP (∆∗ud).

These sequences satisfy the following restrictions:

√
nT |J |20∆∗2F = o(1), ∆∗eg = o

(
1√
nT

)
, ∆∗ud = o

(√
log p

nT

)
, |J |20

√
log p∆∗ud = o(1),

∆∗2F = o

(
log p

T log(pT )

)
, and ∆2

max|J |20T∆∗2F = o(1).
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The following proposition shows that the high-level Assumptions D.4 and D.5 are satis-

fied by the PC estimator.

Proposition D.1. Assume |J |40 = o(nT 3), |J |40n = o(p2T ) and |J |20 log n = o(p). Then

Assumptions D.1 - D.3 imply Assumptions D.4 and D.5 about F̂ and F̂ ∗.

The conditions |J |40n = o(p2T ) and |J |20 log n = o(p) require lower bounds on the growth

of p. These conditions differ from those used in the literature on inference in purely

sparse high-dimensional models, e.g. Belloni et al. (2014), in that lower bounds on p are

not required in the purely sparse setting. These lower bounds arise because accurately

estimating the unknown factors using PCA requires a large number of observed series. In

the special case |J |0 = O(1), these conditions require

T � n� p2T, log3 p = O(n), and log n = o(p).

Technically, existing results in the literature on estimating factor models are not directly

applicable to prove Proposition D.1. In Appendix I.1, we show that

1

n

n∑
i=1

‖f̂i −H ′f̃i‖22 = OP

(
1

pT
+

1

n2
+

1

nT 2

)
when f̂i is estimated via PCA. This rate is fairly standard (see, e.g., Bai (2003)). On one

hand, the estimation of factors depends on the number of “units” related to the factors.

In the current model X̃it = Λ̃tf̃i + Ũit, this number of “units” is pT as the factors are

common to the p observed covariates and the T time periods. On the other hand, the rate

should also depend on the number of observations available for estimating the coefficients

on the factors. This number of observations enters as OP (n−2). (Note that in the current

notation, the rate in Bai (2003) would be OP (n−1) under serial correlation. We achieve a

faster rate OP (n−2) due to the independence across i.) The term OP ( 1
nT 2 ) is a nonstandard

component, which appears due to the use of demeaned Ũit in the model. Specifically, we

need to bound 1
n2

∑
iE[1

p

∑p
m=1 Ū

2
i·,m]2, which leads to an extra term OP ( 1

nT 2 ).

The above rate allows conditions involving ∆F to be directly verified. However, it

does not imply the uniform convergence condition maxt≤T ‖f̂i −H ′f̃i‖2. Nor is this result

sufficient to verify the other stated conditions because other terms, e.g. ∆eg, ∆fum, and

∆fe, involve “weighted averages” of {f̂i−H ′f̃i} whose rates of convergence can be derived

and shown to be faster than that of ∆2
F = 1

pT + 1
n2 + 1

nT 2 . For instance, if we use a simple
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Cauchy-Schwarz inequality to bound ∆ud, we would have

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i−H ′f̃i)Ũit,mh̃′tk‖2F ≤
1

n

n∑
i=1

‖f̂i−H ′f̃i‖22 max
m,k≤p

1

n

n∑
i=1

‖ 1

T

T∑
t=1

Ũit,mh̃tk‖22.

It can be shown that maxm,k≤p
1
n

∑n
i=1 ‖

1
T

∑T
t=1 Ũit,mh̃tk‖22 = OP ( log p

T ), so this crude bound

gives us ∆ud = ∆F

√
log p
T . Unfortunately, this bound is not sharp enough to verify that

∆ud = o(
√

log p
nT ) unless n = o(pT ). In the special case that T is fixed, requiring n = o(p)

is a restrictive condition. Rather than relying on these crude bounds, we achieve sharper

bounds by directly deriving the rate of convergence for each required term in Appendix I.1,

which relies on some novel technical work. Using these sharper bounds, we only require

n = o(p2T ) which provides much more freedom on the ratio n/p.

Appendix E. Additional Numerical Results

This section contains additional simulation results and an additional empirical example

based on a cross-sectional version of the model generalized to allow for an endogenous

variable. Implementing the factor-lasso estimation algorithm in this setting requires a

small adaptation to the algorithm in Section 2.2 of the main paper. First, we outline the

modification of the basic procedure in the panel data case with a single instrument, called

Z, for clarity. We then note that, in examples with a single cross-section, we simply drop

all of the individual specific effects in the obvious way as estimation with unrestricted

individual-specific heterogeneity cannot proceed with a single cross-section.

Specifically, we add an additional equation to the model to obtain

yit = αdit + ξ′tfi + U ′itθ + gi + νt + εit (E.1)

dit = πzit + δ′dtfi + U ′itγd + ζi + µt + ηit (E.2)

zit = δ′ztfi + U ′itγz + ai + bt + ηit (E.3)

Xit = Λtfi + wi + ρt + Uit, (E.4)

and adapt the algorithm in the following manner.

Algorithm (IV Factor-Lasso Estimation of α.)

(1) Obtain {f̂i, Ûit}i≤n,t≤T by extracting factors from the model X̃it = Λ̃tf̃i + Ũit.
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(2) For δ̂yt = (F̂ ′F̂ )−1F̂ ′Ỹt, δ̂dt = (F̂ ′F̂ )−1F̂ ′D̃t, and δ̂zt = (F̂ ′F̂ )−1F̂ ′Z̃t, run the

cluster-lasso programs (2.6) and (2.7) to obtain γ̃y and γ̃d and the cluster-lasso

program

γ̃z = arg min
γ∈Rp

1

nT

T∑
t=1

n∑
i=1

(z̃it − δ̂′ztf̂i − Û ′itγ)2 + κn‖Ψ̂zγ‖1 (E.5)

with tuning parameters as in (2.6) and (2.7).

(3) Obtain the estimator α̂ and corresponding estimated standard error as the

coefficient on d̃it− δ̂′dtf̂i− Û ′it,Ĵ γ̂d and associated clustered standard error from

the instrumental variables regression of ỹit−δ̂′ytf̂i−Û ′it,Ĵ γ̂y on d̃it−δ̂′dtf̂i−Û ′it,Ĵ γ̂d
using z̃it−δ̂′ztf̂i−Û ′it,Ĵ γ̂z as the instrumental variable where Û

it,Ĵ
is the subvector

of Ûit whose elements are {Ûit,j : j ∈ Ĵ} and Ĵ = {j ≤ p : γ̃y,j 6= 0} ∪ {j ≤ p :

γ̃d,j 6= 0} ∪ {j ≤ p : γ̃z,j 6= 0}.

E.1. Instrumental Variables Model Simulations. We generate data from the model

yi = αdi + (cξξ)
′fi + U ′i(cθθ) + ν + εi

di = πzi + (cδdδd)
′fi + U ′i(cγdγd) + µ+ ηi

zi = (cδzδz)
′fi + U ′i(cγzγz) + ζ + vi

Xi = (cΛΛ)fi + ρ+ Ui

with n = 100, K = 2, and p = 100. Within this model, di is an endogenous variable with

coefficient of interest α and zi is an instrumental variable. We generate εi ∼ N(0, 1) and

ηi ∼ N(0, 1) with E[εiηi] = .8 i.i.d. across i and independent of all other random variables.

We generate i.i.d. draws for Ui as in the simulations in the main text, and vi ∼ N(0, 1)

independently from Ui. We also generate (ν, µ, ρ, ξ, δd,Λ, cΛ, cγz , cδd , cξ, cθ) exactly as in

the simulations in the main text. We set θ = γd = γz to be vectors with jth entry given

by θj = γd,j = γz,j = 1
j2

. To control the strength of the instrument, we choose (cδz , cγz)

so that the R2 of the infeasible regression of zi − ζ on (cδzδz)
′fi + U ′i(cγzγz) is 0.7 and the

factors account for 50% of the explanatory power in this regression. We set π so that the

fraction of variation accounted for by zi in the regression of di on zi, fi and Ui is 25%.

Finally, we set α = 1.



8 CHRISTIAN HANSEN AND YUAN LIAO

We again estimate α using six different IV procedures similar to those implemented in

the main simulation results with one exception. As the number of features is equal to the

sample size in these simulations, we consider an infeasible “oracle” estimator that estimates

α from IV regression of yi − (cξξ)
′fi − U ′i(cθθ)− ν on di − (cδdδd)

′fi − U ′i(cγdγd)− µ using

zi − (cδzδz)
′fi − U ′i(cγzγz) − ζ as instrument (Oracle). This estimator provides a type of

best-case benchmark and allows us to ascertain that instruments are strong enough that

the usual asymptotic approximation provides a reasonable approximation in the idealized

scenario where one is able to perfectly remove the effect of confounding from all variables.

Figure 1 gives simulation RMSEs for the estimator of α resulting from applying each

procedure. The RMSEs are truncated at 0.1 for readability of the figure.2 Again, we see

that the factor lasso procedure delivers good performance regardless of the relative strength

of the factors and factor residuals in this simulation design. Each of the other procedures

exhibits behavior that depends strongly on the exact strength of the factors in the different

equations. It might be noted that the dominance of the factor-lasso estimator, in terms

of RMSE, over the “Oracle” procedure is due to the definition of the oracle that we use

which fully removes the variation in each variable due to factors and factor residuals even

in situations in which some of these variables produce no confounding. For example, one

need not remove the variation in the instruments due to the factors in cases where the

factors have zero loadings in the outcome equation, but this variation is always removed

due to the way we have defined the oracle model.

We report size of 5% level tests based on standard asymptotic approximations for each

of the six procedures considered in Figure 2 with size truncated at 0.3 for readability of the

figure. In each panel, we report the rejection frequency of the standard t-test of the null

hypothesis that α = 1 using heteroscedasticity robust standard errors. Here, we see that

the only procedure that uniformly controls size is the infeasible oracle. Among the feasible

procedures, the proposed factor lasso approach performs relatively well in keeping size

distortions small across the majority of combinations of relative strengths of the factors.

In this case, we do see that the factor-lasso procedure suffers from reasonably large size

distortions when the factors account for all of the confounding in the outcome equation

and a moderate amount of counfounding in the treatment equation. We also see that the

pure factor model controls size well in this case, but performs very poorly once all variation

in the outcome equation is not due to the factors.

2Theoretically, the MSE of the IV estimator does not exist in this context. We report root mean
truncated squared error with a truncation point of 1.
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We again conclude by looking at the performance of the k-step bootstrap in Figure 3.

We see that there is a modest, but clearly visible, improvement from using the k-step

bootstrap relative to the asymptotic approximation. The score based bootstrap, on the

other hand, lines up reasonably well with the asymptotic approximation.

E.2. Estimating the Effects of Institutions on Output. We revisit the example con-

sidered in Acemoglu et al. (2001). Acemoglu et al. (2001) are interested in the parameter

α in a structural model of the form

log(GDP per capitai) = α(Protection from Expropriationi) + x′iβ + εi

based on aggregate country level data where “Protection from Expropriation” is a measure

of the strength of individual property rights that is used as a proxy for the strength of

institutions and xi is a set of variables that are meant to control for geography. Acemoglu

et al. (2001) adopt an IV strategy where they instrument for institution quality using early

European settler mortality to estimate α as institutions are clearly potentially endogenous.

They point out that their instrument would be invalid if there were other factors that are

highly persistent and related to the development of institutions within a country and to the

country’s GDP. A leading candidate for such a factor that they discuss is geography. To

address this possibility, Acemoglu et al. (2001) control for the distance from the equator

in their baseline specifications and consider different sets of geographic controls such as

continent dummies within their robustness checks (e.g. Acemoglu et al. (2001) Table 4).

There are, of course, many other ways to measure geography besides distance to the

equator or continent where a country is found. Rather than ex ante choosing a small num-

ber of variables to proxy for geography, we put a large number of variables that potentially

capture geography in xi and then use the data to reduce dimension. Specifically, we con-

sider dummies for Africa, Asia, North America, and South America as well as longitude,

renewable water, land boundary, land area, amount of coastline, territorial seas, amount

of arable land, average temperature, average high temperature, average low temperature,

average precipitation, elevation of highest point, elevation of lowest point, fraction of area

that is low-lying, latitude, and spherical distance from London.3

3We apply the PCA to extract common factors, recognizing that it may not be the ideal method
in the presence of dummy variables. Several approaches have been developed in the literature to
extend the PCA to factor models with categorical data. We refer to Keller and Wansbeek (1983),
Ng (2015), and references therein.
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We adapt the analysis of Acemoglu et al. (2001) to the present setting by considering

estimation of a partial factor instrumental variables model

log(GDP per capitai) = α(Protection from Expropriationi) + f ′iξ + U ′iθ + εi

Protection from Expropriationi = πEarly Settler Mortalityi + f ′iδd + U ′iγd + ηi

Early Settler Mortalityi = f ′iδz + U ′iγz + vi

Xi = Λfi + Ui

using our 20 geography measures as xi and the 64 countries from the original Acemoglu

et al. (2001) data. The factor-lasso approach seems quite sensible in this setting. Each of

the observed geography measures could reasonably be taken as a noisy proxy for a country’s

geography. This relationship is likely to be complicated and uneven with the chief features

leading to association between the geography proxies plausibly being only weakly related to

the notions of geography that are important predictors of mortality and institutions. The

factor-lasso approach, by allowing a small number of elements of Ui to enter the equation

of interest in addition to any common geography factors, readily accommodates this latter

possibility in a parsimonious, data-dependent way.

We report estimation results for the first stage coefficient on the instrument in Table

1. We report results from the factor-lasso approach in the row “Factor-Lasso”. For com-

parison, we also report results from a few natural alternative models. The row labeled

“Latitude” uses the single variable distance from the equator to control for geography

as in the baseline results from Acemoglu et al. (2001). We report results based on us-

ing all 20 available geographic controls without dimension reduction in the row labeled

“All Controls.” We apply the double selection approach of Belloni et al. (2014) which

would be appropriate if the relationship between geographic controls and the variables of

interest were well-approximated by a sparse linear model in “Double Selection.” Finally,

“Factor” reduces dimension through positing a conventional factor model. All factors are

estimated using PCA with number of factors selected by applying the procedure from Ahn

and Horenstein (2013).

The first-stage results using only the latitude control suggest there is a fairly strong

relationship between the instrument and endogenous variable if latitude is a sufficient con-

trol for geography. The first stage F-statistic using just latitude is 10.9 which many would

take to indicate that the instrument is sufficiently strong to identify the effect of interest.4

4A benchmark that is commonly used in the applied literature to assess whether there is sufficient
variation in the instrument to identify the effect of interest is to compare the first stage F-statistic
to 10, with smaller values indicating weak identification.
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The results change in a potentially substantive way after allowing for the possibility that

geography is not adequately captured by latitude. For each of the remaining approaches

considered, the first-stage F-statistic drops substantially below 10, with all methods be-

sides applying the pure factor model returning first-stage coefficients that are statistically

insignificant at the 5% level.

One might dismiss the lack of significance after including all controls without dimension

reduction as it seems likely that a model with 20 covariates in addition to the variables

of interest and only 64 observations is overfit. The next strongest result is from the pure

factor model which makes use of a single extracted component and produces a first-stage

F-statistic of 7.5. As evidenced in the simulation example, inference results based on a

pure factor model may be misleading when elements of Ui also have explanatory power. It

is then interesting that the double-selection approach and the factor-lasso approach deliver

almost identical results indicating a weak association between the endogenous variable and

instrument after controlling parsimoniously for geography. The double-selection procedure

selects four variables5, and the factor-lasso approach uses one factor and two additional

variables.6 One might take this to mean that the four variables selected in the double-

selection procedure approximately capture the same information as the single factor and

two variables used in the factor-lasso results. In either case, the results suggest that, at

best, identification of the structural effect of institutions as measured by “Protection from

Expropriation” using settler mortality as instrument is weak after geography is controlled

for in a parsimonious, data-dependent way. Given this apparent weak identification, we do

not report second stage estimates of the structural effect.7

Appendix F. The Lasso estimator in the presence of latent factors

F.1. The convergence of the lasso estimator on the original data.

Proposition F.1. Under Assumptions 3.1-3.4 and Assumption D.4, for x ∈ {d, y}, the

lasso estimator γ̃x satisfies: (i)

1

n

T∑
t=1

‖Ût(γx − γ̃x)‖22 = OP (κ2
n|J |0),

5These variables are the Africa dummy, average temperature, average high temperature, and amount
of arable land.
6The two selected variables in addition to the factor are the Africa and Asia dummies.
7We note that it would be straightforward to adapt the weak-identification robust procedure of
Chernozhukov and Hansen (2008) to the present setting. We do not pursue this extension for
brevity.
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‖γx − γ̃x‖1 = OP (κn|J |0 + ‖Rx‖1).

(ii) |Ĵ |0 = OP (|J |0).

Proof of Proposition F.1 (i)

In the following, we show the argument for γ̃y. The argument for γ̃d is similar.

Let

l(v) :=
1

nT

T∑
t=1

‖Ỹt − F̂ δ̂yt − Ûtv‖22.

Recall that the solution of the lasso program is γ̃y = arg minγ∈Rp l(γ)+κn‖Ψ̂yγ‖1. We shall

use J to denote the active set. Let Ψy
J denote a |J |0 × |J |0 diagonal matrix whose entries

are the elements of Ψy in the set J. Recall that γy can be decomposed as

γy = γ0
y︸︷︷︸

exactly sparse

+ Ry︸︷︷︸
remainder

.

Recall that Ỹt = F̃ δ̃yt + Ũtγy + ẽt. Let

Mt = F̃ δ̃yt − F̂ δ̂yt + (Ũt − Ût)γy, ∆γ = γ0
y − γ̃y.

Then l(γ̃y) + κn‖Ψ̂yγ̃y‖1 ≤ l(γ0
y) + κn‖Ψ̂yγ0

y‖1 implies

1

nT

T∑
t=1

(
‖Ût∆γ‖22 + 2(R′yÛ

′
t + ẽ′t +M ′t)Ût∆γ

)
+ κn‖Ψ̂yγ̃y‖1 ≤ κn‖Ψ̂yγ0

y‖1. (F.1)

Recall that

Ψy = diag


(

1

n

∑
i

W 2
im

)1/2

: m ≤ p


where Wim = 1√

T

∑T
t=1(Uit,m − Ūi·,m)(eit − ēi·) are independent across i. Hence, by the

Bernstein inequality for independent data, for y = M
√

log p
n and large enough M > 0,

P

(
max
m≤p
| 1
n

n∑
i=1

W 2
im − EW 2

im| > y

)
≤ pmax

m
P

(∣∣∣∣∣ 1n
n∑
i=1

W 2
im − EW 2

im

∣∣∣∣∣ > y

)

≤ p exp

(
− ny2

4 maxim Var(W 2
im)

)
≤ exp

(
log p− ny2

4C

)
= o(1).

Hence maxm | 1n
∑

i(W
2
im −EW 2

im)| = oP (1). Also, recall that Ψ̂y is defined in (2.9), which

satisfies ‖Ψy − Ψ̂y‖∞ = oP (1). By the assumption that 1
n

∑
iEW

2
im is bounded away from
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zero, we have, ‖(Ψy)−1‖∞ = OP (1). In addition, by Lemma F.1,∥∥∥∥∥(Ψy)−1 1

nT

T∑
t=1

Ũ ′t ẽt

∥∥∥∥∥
∞

≤ 1√
nT

Φ−1

(
1− qn

2p

)
+ oP

(√
log p

nT

)
with probability approaching one, and

1

nT

T∑
t=1

(
2(R′yÛ

′
t +M ′t)Ût∆γ

)
= oP

(√
log p

nT

)
‖∆γ‖1.

Hence, for any c0 > 1,

| 2

nT

T∑
t=1

(R′yÛ
′
t + ẽ′t +M ′t)Ût∆γ |

≤ oP

(√
log p

nT

)
‖Ψy−1‖∞‖Ψy∆γ‖1 +

2√
nT

Φ−1

(
1− qn

2p

)
‖Ψy∆γ‖1

≤ c0 + 1√
nT

Φ−1

(
1− qn

2p

)
‖Ψy∆γ‖1

=
c0 + 1

2c0
κn‖Ψy∆γ‖1

with probability approaching one where the second inequality follows from the fact that

there is C > 0 such that Φ−1
(

1− qn
2p

)
�
√

log p+ log 1
qn
≥
√

log p and we have used the

definition

κn =
2c0√
nT

Φ−1

(
1− qn

2p

)
, log(q−1

n ) = O(log p)

in the last equality. We thus also have, with probability approaching one,

| 2

nT

T∑
t=1

(R′yÛ
′
t + ẽ′t +M ′t)Ût∆γ |

≤ c0 + 1

2c0
κn‖Ψ̂y∆γ‖1 +

c0 + 1

2c0
κn‖Ψ̂y∆γ‖1‖Ψ̂y −Ψy‖∞‖Ψ̂y−1‖∞

≤ c0 + 1

2c0
κn‖Ψ̂y∆γ‖1

(
1 +

c0 − 1

4c0

)
=

3c0 + 1

4c0
κn‖Ψ̂y∆γ‖1.

(F.1) then implies 1
nT

∑T
t=1 ‖Ût∆γ‖22 − 3c0+1

4c0
κn‖Ψ̂y∆γ‖1 + κn‖Ψ̂yγ̃y‖1 ≤ κn‖Ψ̂yγ0

y‖1. Thus

1

nT

T∑
t=1

‖Ût∆γ‖22 +
c0 − 1

4c0
κn‖(Ψ̂y∆γ)Jc‖1 ≤

7c0 + 1

4c0
κn‖(Ψ̂y∆γ)J‖1. (F.2)



14 CHRISTIAN HANSEN AND YUAN LIAO

Now, note that the sparse eigenvalue assumption 3.4 implies that, for some φ > 0,

φ(m) := inf
δ∈Rp:‖δJc‖1≤m‖δJ‖1

R(δ) ≥ φ.

And for some generic C > 0, ‖∆γ‖21 ≤ C‖∆γ,J‖21 ≤ C‖∆γ‖22|J |0.Hence 1
nT

∑T
t=1 ‖Ũt∆γ‖22 ≥

φ‖∆γ‖22. In addition, by Lemma F.1,

|J |0 max
m,k≤p

| 1

nT

∑
it

(Ûit,mÛit,k − Ũit,mŨit,k)| = oP (1).

Hence,

1

nT

T∑
t=1

‖Ût∆γ‖22 ≥
1

nT

T∑
t=1

‖Ũt∆γ‖22 − ‖∆γ‖21 max
m,k≤p

| 1

nT

∑
it

(Ûit,mÛit,k − Ũit,mŨit,k)|

≥ φ‖∆γ‖22 − C‖∆γ‖22|J |0 max
m,k≤p

| 1

nT

∑
it

(Ûit,mÛit,k − Ũit,mŨit,k)|

≥ φ‖∆γ‖22/2,

with probability approaching one. Also, maxm |Ψ̂y
m| = OP (2). So (F.2) implies for some

C > 0,

‖∆γ‖22 ≤ Cκn‖(∆γ)J‖1 ≤
√
|J |0κn‖(∆γ)J‖2 ≤

√
|J |0κn‖∆γ‖2.

Hence ‖∆γ‖2 ≤ OP (
√
|J |0κn), and ‖∆γ‖1 ≤ C‖∆γ‖2

√
|J |0 ≤ OP (κn|J |0). Still by (F.2),

1

nT

T∑
t=1

‖Ût∆γ‖22 = OP (κ2
n|J |0).

Moreover, γy − γ̃y = ∆γ + Ry, and by Lemma F.1, maxm,k≤p | 1
nT

∑
it Ûit,mÛit,k| = OP (1),

so 1
nT

∑T
t=1 ‖ÛtRy‖22 ≤ ‖Ry‖21 maxm,k≤p | 1

nT

∑
it Ûit,mÛit,k| = OP (1)‖Ry‖21. We have

1

nT

T∑
t=1

‖Ût(γy − γ̃y)‖22 = OP (‖Ry‖21 + κ2
n|J |0),

‖γy − γ̃y‖1 = OP (κn|J |0 + ‖Ry‖1).

where 1
nT

∑T
t=1 ‖Ût(γy − γ̃y)‖22 follows from (F.2).

Proof of Proposition F.1 (ii)

We prove the convergence for |γ̃y|0 only; the result for |γ̃d|0 follows similarly. Write

Ĵ = supp(γ̃y). Let Û
it,Ĵ

be the |Ĵ |0 × 1 subvector of Ûit whose elements correspond to the



FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 15

indices in Ĵ . Also, let Û
t,Ĵ

be the n× |Ĵ |0 matrix whose ith row is Û ′
it,Ĵ

. In addition, write

Û
Ĵ

= (Û ′
1,Ĵ
, ..., Û ′

T,Ĵ
)′, nT × |Ĵ |0.

Define Ũ
it,Ĵ

, Ũ
t,Ĵ

and Ũ
Ĵ

similarly. Then by (F.15),

‖ 1

nT

T∑
t=1

Û ′
t,Ĵ
Û
t,Ĵ
‖ =

1

nT
‖Û ′

Ĵ
Û
Ĵ
‖ =

1

nT
‖Û

Ĵ
‖2

≤ 2

nT
‖Ũ

Ĵ
‖2 +

2

nT
‖Û

Ĵ
− Ũ

Ĵ
‖2

= ‖ 2

nT

T∑
t=1

Ũ ′
t,Ĵ
Ũ
t,Ĵ
‖+ ‖ 2

nT

T∑
t=1

(Û
t,Ĵ
− Ũ

t,Ĵ
)′(Û

t,Ĵ
− Ũ

t,Ĵ
)‖

≤ ‖ 2

nT

T∑
t=1

Ũ ′
t,Ĵ
Ũ
t,Ĵ
‖+

2

nT

T∑
t=1

n∑
i=1

∑
m∈Ĵ

(Ûit,m − Ũit,m)2

≤ 2φmax(|Ĵ |0) +OP (|Ĵ |0∆2
F + |Ĵ |0

log(pT )

n
), (F.3)

where the last inequality follows from (F.15).

Let Ψy(Ĵ) be a |Ĵ |0×1 subvector of the diagonal entries of Ψy, with elements in Ĵ . Then,

using the Karush-Kuhn-Tucker (KKT) condition and recalling that Ỹt = F̃ δ̃yt + Ũtγy + ẽt,

and that Mt := F̃ δ̃yt− F̂ δ̂yt+ (Ũt− Ût)γy, we have that, with probability approaching one,

κn‖Ψ̂y(Ĵ)‖2 = ‖ 2

nT

∑
t

Û ′
t,Ĵ

(Ỹt − F̂ δ̂yt − Ûtγ̃y)‖2

= ‖ 2

nT

∑
t

Û ′
t,Ĵ

(Mt + ẽt + Ût(γy − γ̃y))‖2

≤ 2

nT
‖
∑
t

Û ′
t,Ĵ
Û
t,Ĵ
‖1/2(

∑
t

‖Ûtγy − Ûtγ̃y‖22)1/2

+ ‖Ψ̂y(Ĵ)‖2‖Ψ̂y−1

Ĵ

2

nT

∑
t

Û ′
t,Ĵ

(Mt + ẽt)‖∞

≤ (2φmax(|Ĵ |0) +OP

(
|Ĵ |0∆2

F + |Ĵ |0
log(pT )

n

)1/2

OP (‖Ry‖21 + κ2
n|J |0)1/2

+ ‖Ψ̂y(Ĵ)‖2
3c0 + 1

4c0
κn,
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where the last inequality follows from (F.3), Lemma F.1, and Proposition F.1. We then

have

κn|Ĵ |1/20 ≤ OP
(

2φmax(|Ĵ |0) + |Ĵ |0∆2
F + |Ĵ |0

log(pT )

n

)1/2

(‖Ry‖21 + κ2
n|J |0)1/2. (F.4)

Case 1: φmax(|Ĵ |0) < |Ĵ |0∆2
F + |Ĵ |0 log(pT )

n . In this case, (F.4) implies

κ2
n ≤ OP

(
∆2
F +

log(pT )

n

)
‖Ry‖21 +OP

(
∆2
F +

log(pT )

n

)
κ2
n|J |0.

However, this result contradicts the assumptions that (∆2
F + log(pT )

n )|J |0 = o(1) and that

(∆2
F + log(pT )

n )‖Ry‖21 = o(κ2
n). Thus, we have that this case cannot happen.

Case 2: φmax(|Ĵ |0) ≥ |Ĵ |0∆2
F + |Ĵ |0 log(pT )

n . In this case, (F.4) implies

|Ĵ |0 ≤ OP (‖Ry‖21/κ2
n + |J |0)φmax(|Ĵ |0) = OP (|J |0φmax(|Ĵ |0))

where the equality is due to ‖Ry‖21 = O(κ2
n|J |0). By Assumption 3.4, there is an ln → ∞

such that φmax(ln|J |0) < c2. Now, let gn = ln|J |0. We now show gn ≥ |Ĵ |0. Suppose

otherwise, and let l = |Ĵ |0/gn. Then l ≥ 1. Now by Lemma 3 of Belloni and Chernozhukov

(2013), φmax([lgn]) ≤ [l]φmax(gn) for l ≥ 1. Hence, we have, with probability arbitrarily

close to one, that there is C > 0 such that

|Ĵ |0 ≤ Cφmax(|Ĵ |0)|J |0 ≤ Cφmax(gn)|J |0
|Ĵ |0
gn

< Cc2|J |0
|Ĵ |0
gn

,

implying ln|J |0 = gn ≤ Cc2|J |0. However, this result contradicts ln → ∞. Hence, gn ≥
|Ĵ |0. Then, we have φmax(|Ĵ |0) ≤ φmax(gn) because φmax(.) is non-decreasing. Thus,

|Ĵ |0 ≤ Cφmax(|Ĵ |0)|J |0 ≤ Cφmax(gn)|J |0 < Cc2|J |0.

Lemma F.1. Let Mt = F̃ δ̃xt − F̂ δ̂xt + (Ũt − Ût)γx, with x = y or x = d. Then

(i) ‖Ψy−1 1
nT

∑T
t=1 Ũ

′
t ẽt‖∞ ≤ 1√

nT
Φ−1(1 − qn

2p ) + oP (
√

log p
nT ) with probability approaching

one, provided log p+ log q−1
n = o(n1/3).

(ii) ‖ 1
nT

∑T
t=1(Ũt − Ût)′ẽt‖∞ = oP (

√
log p
nT ).

(iii) ‖ 1
nT

∑T
t=1M

′
tÛt‖∞ = oP (

√
log p
nT ),

(iv) |J |0 maxm,k≤p | 1
nT

∑
it(Ûit,mÛit,k − Ũit,mŨit,k)| = oP (1).

(v) maxk,m | 1
nT

∑
t

∑n
i=1 Ûit,kÛit,m| = OP (1).

(vi) ‖ 1
nT

∑
tR
′
xÛ
′
tÛt‖∞ = oP (

√
log p
nT ).
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Proof. (i) We have 1
nT

∑T
t=1 Ũ

′
t ẽt = 1

nT

∑T
t=1

∑n
i=1(Uit− Ūi·)(eit− ēi·)− 1

T

∑T
t=1 Ū·tē·t+

¯̄U ¯̄e.

Define Wim = 1√
T

∑T
t=1(Uit,m − Ūi·,m)(eit − ēi·). Then by Assumption 3.2,

max
i≤n,m≤p

(E|Wim|3)1/3

(EW 2
im)1/2

≤ C, EWim = 0.

Now note that Ψy
m =

√
1
n

∑
iW

2
im. It follows from Lemma 5 of Belloni et al. (2012),

P

max
m≤p

| 1n
∑

iWim|√
1
n

∑
iW

2
im

<
1√
n

Φ−1

(
1− qn

2p

) ≤ qn(1 + C/l3n)

for some ln → ∞, provided that log p + log q−1
n = o(n1/3/l2n). Hence as long as log p +

log q−1
n = o(n1/3), such ln →∞ always exist, and thus maxm≤p

| 1
n

∑
iWim|

Ψym
< 1√

n
Φ−1(1− qn

2p )

with probability approaching one. Hence, with probability approaching one,

‖(Ψy)−1 1

nT

T∑
t=1

n∑
i=1

(Uit − Ūi·)(eit − ēi·)‖∞ =
1√
T

max
m

(Ψy
m)−1| 1

n

∑
i

Wim|

<
1√
nT

Φ−1

(
1− qn

2p

)
.

In addition, we show ‖ 1
T

∑T
t=1 Ū·tē·t‖∞ = oP

(√
log p
nT

)
. If T does not grow, then

‖ 1

T

∑
t

Ū·tē·t‖∞ ≤ max
t
‖Ū·t‖∞max

t
|ē·t| ≤ OP (

√
log p

n
) = oP

(√
log p

nT

)
where the last equality follows since T ≥ 1 is a fixed constant.

On the other hand, if T → ∞, then for any k ≤ p, let Xtk = Ū·t,kē·t Var(Ū·t,kē·t)
−1/2,

which satisfies the strong mixing condition across t (Assumption 3.1). To apply the Bern-

stein inequality for strong mixing data, let r̄ = min{r, 1}, r1 = (0.5+ r̄−1)−1, c = 0.5(γ+1),

then γr̄ ≥ 2, r1 < 1, cr1 > 1 and 2c ≥ 1. Because r̄ ≤ r, the strong mixing condition in

Assumption 3.1 also holds with r̄ in place of r. The Bernstein inequality for weakly depen-

dent data of Merlevède et al. (2011) requires (a) the exponential tails (fulfilled by the sub-

Gaussian condition in Assumption 3.1), and (b) the strong mixing condition (also assumed

in Assumption 3.1). The introduction of r̄ is to ensure that the so-defined r1 < 1, another

requirement of applying the Bernstein inequality for strong mixing sequences. Then by

Theorem 1 of Merlevède et al. (2011) (proved using a “coupling argument” of Dedecker

and Prieur (2004) - see also Wang et al. (2016) for a similar argument), for y = M (log p)c√
T

,
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and sufficiently large M > 0, we have

P

(
max
k≤p

∣∣∣∣∣ 1

T

∑
t

Xtk

∣∣∣∣∣ > y

)
≤ pmax

k≤p
P

(∣∣∣∣∣ 1

T

∑
t

Xtk

∣∣∣∣∣ > y

)
≤ A1 +A2 +A3

where

A1 = pT exp(−C(Ty)r1) = exp(log(pT )− CM r1T r1/2 logcr1 p) = o(1), (cr1 ≥ 1)

A2 = p exp

(
−C (Ty)2

T
exp

(
(Ty)r1(1−r1)

C logr1(Ty)

))
= o(1), (2c > 1, Ty →∞)

A3 = p exp
(
−CTy2

)
= exp(log p− CM2 log2c p) = o(1).

Hence maxk≤p | 1T
∑

tXtk| = OP

(
(log p)c√

T

)
. In addition, maxk Var(Ū·t,kē·t) = O(n−2). Hence

‖ 1

T

∑
t

Ū·tē·t‖∞ ≤ max
k≤p
| 1
T

∑
t

Xtk|
√

max
k

Var(Ū·t,kē·t) = OP

(
(log p)c√

T

1

n

)
= oP

(√
log p

nT

)

where the last equality is due to log2c−1 p = logγ p = o(n). Also, ‖ ¯̄U ¯̄e‖∞ = oP

(√
log p
T

1
n

)
.

Thus,

‖ 1

T

T∑
t=1

Ū·tē·t‖∞ + ‖ ¯̄U ¯̄e‖∞ = OP

(√
log p

T

1

n

)
= oP

(√
log p

nT

)
.

(ii) Throughout the paper, we denote (λ̂t1, ..., λ̂tp) as the columns of the K × p matrix

Λ̂′t. Also, denote (λt1, ..., λtp) as the columns of the K × p matrix Λ′t. Note that for each

m ≤ p, λ̂tm estimates the demeaned loading λ̃tm up to a matrix transformation.

For m ≤ p, Ũit,m − Ûit,m = (λ̂′tm − λ̃′tm(H ′)−1)f̂i + λ̃′tm(H ′)−1(f̂i − H ′f̃i). Also, note

λ̂tm −H−1λ̃tm = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + (F̂ ′F̂ )−1
∑n

i=1 f̂iŨit,m. Hence,

‖ 1

nT

T∑
t=1

(Ũt − Ût)′ẽt‖∞ = ‖ 1

nT

n∑
i=1

T∑
t=1

ẽit(Ũit − Ûit)‖∞

≤ max
m
| 1

nT

n∑
i=1

T∑
t=1

ẽitf̂
′
i(λ̂tm −H−1λ̃tm)|

+OP (1) max
m
‖ 1

nT

n∑
i=1

T∑
t=1

ẽit(f̂i −H ′f̃i)λ̃′tm‖F

≤ max
m
‖(F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1 1

nT

n∑
i=1

T∑
t=1

λ̃tmẽitf̂
′
i‖F
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+ max
m
‖(F̂ ′F̂ )−1 1

nT

n∑
i=1

T∑
t=1

n∑
j=1

f̂jŨjt,mẽitf̂
′
i‖F + oP

(√
log p

nT

)

≤ oP (1) max
m
‖ 1

nT

n∑
i=1

T∑
t=1

λ̃tmẽitf̃
′
i‖F

+ max
m
‖ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̂jŨjt,mẽitf̂
′
i‖F + oP

(√
log p

nT

)
,

(F.5)

where we used Assumption D.4 that

max
m
‖ 1

nT

n∑
i=1

T∑
t=1

ẽit(f̂i −H ′f̃i)λ̃′tm‖F = oP

(√
log p

nT

)
.

We now respectively bound the first two terms in (F.5). For the first term, we have

max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

λ̃tmẽitf̃
′
i‖F = max

m
‖ 1

nT

n∑
i=1

T∑
t=1

λ̃tmẽitf
′
i‖F ≤ l1 + ...+ l4,

for l1 − l4 defined in the following.

Let Wim = 1
T

∑T
t=1 λ̃tmeitf

′
i . For simplicity, we assume dim(fi) = dim(λ̃im) = 1 so Wim

is a scalar. The multivariate case follows from an argument that investigating it element-

by-element. By the strong mixing condition, maxim Var(Wim) ≤ C 1
T for some C > 0.

Using the Bernstein inequality for independent data, we can obtain, for y = M
√

log p
nT and

large enough M > 0,

P

(
max
m≤p
| 1
n

n∑
i=1

Wim| > y

)
≤ pmax

m
P (| 1

n

n∑
i=1

Wim| > y)

≤ p exp

(
− ny2

4 maxim Var(Wim)

)
≤ exp

(
log p− nTy2

4C

)
= o(1).

Therefore,

l1 = max
m
‖ 1

nT

n∑
i=1

T∑
t=1

λ̃tmeitf
′
i‖F = max

m
‖ 1

n

n∑
i=1

Wim‖F = OP

(√
log p

nT

)

l2 = max
m
‖ 1

nT

n∑
i=1

T∑
t=1

λ̃tmēi·f
′
i‖F = OP (1)‖ 1

n

n∑
i=1

ēi·f
′
i‖F

= OP

(
max
kl≤K

(
1

n2T 2

∑
i

∑
ts

Efikfileiteis)
1/2

)
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≤ OP

(
max
it

sup
fi

∑
s

|E(eiteis|fi)|

)1/2

OP

(
1√
nT

)
max
ik

(Ef2
ik)

1/2 = OP

(
1√
nT

)
,

in the last equality we used maxit supfi
∑

s |E(eiteis|fi)| = OP (1), because given {fi}, the

process {et = αηt + εt}t≤T is weakly dependent satisfying the strong mixing condition in

Assumption 3.1.

l3 = max
m
‖ 1

T

T∑
t=1

λ̃tmē·tf̄
′‖F

= OP (1) max
m
‖ 1

nT

∑
t

∑
i

λ̃tmeit‖2 = OP

(√
log p

nT

)

l4 = max
m
‖ 1

T

T∑
t=1

λ̃tm ¯̄ef̄ ′‖F = OP (1)|¯̄e| = OP

(
1√
nT

)
.

Here l3 follows from the same argument as l1, using the Bernstein inequality for independent

data. Hence, oP (1) maxm ‖ 1
nT

∑n
i=1

∑T
t=1 λ̃tmẽitf̃

′
i‖F = oP

(√
log p
nT

)
. For the second term,

we have

max
m
‖ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̂jŨjt,mẽitf̂
′
i‖F ≤ a1 + ...+ a4,

where, up to a ‖H‖ = OP (1) term,

a1 = max
m
‖ 1

n

n∑
j=1

(f̂j −H ′f̃j)
1

nT

T∑
t=1

n∑
i=1

Ũjt,mẽit(f̂i −H ′f̃i)′‖F

≤

 1

T

∑
t

‖ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũjt,m‖22

1/2(
1

T

∑
t

‖ 1

n

n∑
i=1

ẽit(f̂i −H ′f̃i)′‖22

)1/2

= OP (∆fum∆fe) =(a) oP

(√
log(p)

nT

)

a2 = max
m
‖ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jŨjt,mẽitf̃
′
i‖F ≤(b) oP

(√
log(p)

nT

)
,

a3 = max
m
‖ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jŨjt,mẽit(f̂i −H ′f̃i)′‖F
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≤ max
mt
‖ 1

n

n∑
j=1

f̃jŨjt,m‖2

(
1

T

T∑
t=1

‖ 1

n

n∑
i=1

ẽit(f̂i −H ′f̃i)‖22

)1/2

=(c) OP

(√
log(pT )

n

)
oP

(√
log p

T log(pT )

)

a4 = max
m
‖ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

(f̂j −H ′f̃j)Ũjt,mẽitf̃ ′i‖F

≤ max
mt
‖ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũjt,m‖2

(
1

T

∑
t

‖ 1

n

n∑
i=1

ẽitf̃i‖22

)1/2

=(d) OP

(
1√
n

)
oP

(√
log p

T

)
,

where (a) follows from ∆fe∆fum ≤ ∆2
F = o

(√
log(p)
nT

)
due to 1

T

∑T
t=1 ‖

1
n

∑n
i=1 ẽit(f̂i −

H ′f̃i)‖22 := OP (∆2
fe) and maxmt ‖ 1

n

∑n
j=1(f̂j − H ′f̃j)Ũjt,m‖2 := OP (∆fum); (b) follows

from Lemma H.12; (c) follows using the assumption ∆2
fe = o

(
log p

T log(pT )

)
; and (d) uses the

assumption ∆fum = o

(√
log p
T

)
.

(iii) For, Mt = F̃ δ̃xt − F̂ δ̂xt + (Ũt − Ût)γx, we have

‖ 1

nT

T∑
t=1

M ′tÛt‖∞ = ‖ 1

n

n∑
i=1

Ûit
1

T

T∑
t=1

Mit‖∞

≤ ‖ 1

n

n∑
i=1

Ûit
1

T

T∑
t=1

(δ̂xt −H−1δ̃xt)
′f̂i‖∞ (F.6)

+ ‖ 1

n

n∑
i=1

Ũit
1

T

T∑
t=1

δ̃′xt(H
′)−1(f̂i −H ′f̃i)‖∞ (F.7)

+ ‖ 1

n

n∑
i=1

(Ûit − Ũit)
1

T

T∑
t=1

δ̃′xt(H
′)−1(f̂i −H ′f̃i)‖∞ (F.8)

+ ‖ 1

nT

n∑
i=1

T∑
t=1

(Ûit − Ũit)(Ũit − Ûit)′γx‖∞ (F.9)

+ ‖ 1

nT

n∑
i=1

T∑
t=1

Ũit(Ũit − Ûit)′γx‖∞. (F.10)
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(F.6) is ‖ 1
n Û
′
tF̂

1
T

∑T
t=1(δ̂xt − H−1δ̃xt)‖∞ = 0 due to Lemma H.10. (F.7) is oP

(√
log p
nT

)
due to the assumption ∆ud = o

(√
log p
nT

)
. Terms (F.8)-(F.10) are all oP

(√
log p
nT

)
due to

Lemma H.13. Hence ‖ 1
nT

∑T
t=1M

′
tÛt‖∞ = oP

(√
log p
nT

)
.

(iv) We have

max
m,k≤p

| 1

nT

∑
it

(Ûit,mÛit,k − Ũit,mŨit,k)|

≤ max
m,k≤p

| 2

nT

∑
it

Ũit,m(Ûit,k − Ũit,k)| (F.11)

+ max
m,k≤p

| 1

nT

∑
it

(Ûit,m − Ũit,m)(Ûit,k − Ũit,k)|. (F.12)

We also have the equality

Ũit,m − Ûit,m = f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + f̂ ′i(F̂

′F̂ )−1F̂ ′Ũt,m + λ̃′tmH
′−1(f̂i −H ′f̃i).

Hence, we may bound (F.11) by

|J |0 max
m,k≤p

| 1

nT

∑
it

Ũit,m(Ûit,k − Ũit,k)|

≤ |J |0 max
m,k≤p

| 1

nT

∑
it

Ũit,kf̂
′
i λ̃tm|OP (∆F ) + |J |0 max

m,k≤p
| 1

nT

∑
it

Ũit,kf̂
′
i(F̂
′F̂ )−1F̂ ′Ũt,m|

+ |J |0 max
m,k≤p

| 1

nT

∑
it

Ũit,kλ̃
′
tmH

′−1(f̂i −H ′f̃i)|

≤ OP

(
∆ud +

√
log p

nT

)
|J |0(∆F ) + |J |0 max

m≤p

1

T

∑
t

‖ 1

n
F̂ ′Ũt,m‖22 +OP (|J |0∆ud)

= oP (1) +OP

(
log(pT )

n
+ ∆2

fum

)
|J |0 = oP (1)

where we used Lemma H.11 (i) that maxm≤p

(
1

n2T

∑
t ‖Ũ ′t,mF̂‖22

)
= OP

(
log(pT )

n + ∆2
fum

)
,

Lemma H.11 (vi) that maxm,k≤p | 1
nT

∑
it Ũit,kf̂

′
i λ̃tm| = OP

(
∆ud +

√
log p
nT

)
, and the as-

sumptions that

(√
log p
nT

)
|J |0∆F +

(
log(pT )

n + ∆2
fum

)
|J |0 = o(1) and that |J |0∆ud ≤

|J |0∆F = o(1). The last inequality is due to the following argument:
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Proof of ∆ud ≤ ∆F : By definition, ∆ud,∆F are sequences such that

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mh̃′tk‖F = OP (∆ud),
1

n

n∑
i=1

‖f̂i −H ′f̃i‖22 = OP (∆2
F ).

where h̃tk ∈ {δ̃dt, δ̃yt, λ̃tk} is bounded. Using the Cauchy-Schwarz inequality, we have

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mh̃′tk‖F ≤ OP (∆F )(max
m≤p

1

nT

n∑
i=1

T∑
t=1

Ũ2
it,m)1/2. (F.13)

In the proof of Lemma 4.1 below, we show that

max
mv
| 1

nT

∑
i

∑
t

Ũit,mŨit,v −
1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)| = oP (1)

and

max
mv

∣∣∣∣∣ 1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)− E

[
1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)

]∣∣∣∣∣ = oP (1).

In addition, maxmv |E
[

1
nT

∑
i

∑
t(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)

]
| = O(1) due to Assumption

3.1. Hence

max
mv
| 1

nT

∑
i

∑
t

Ũit,mŨit,v ≤ oP (1)+max
mv

∣∣∣∣∣E
[

1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)

]∣∣∣∣∣ = OP (1).

(F.14)

It also implies maxm≤p
1
nT

∑n
i=1

∑T
t=1 Ũ

2
it,m = OP (1). Hence (F.13) implies

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mh̃′tk‖F ≤ OP (∆F ).

Then by the definition of ∆ud, we can take ∆ud to be at least ∆F in order to upper bound

maxm,k≤p ‖ 1
nT

∑n
i=1

∑T
t=1(f̂i−H ′f̃i)Ũit,mh̃′tk‖F , this means ∆F is the least favorable choice

for ∆ud. Hence ∆ud ≤ ∆F .

As for (F.12), we have

|J |0 max
m,k≤p

| 1

nT

∑
it

(Ûit,m − Ũit,m)(Ûit,k − Ũit,k)| ≤ |J |0OP
(

∆2
F +

log(pT )

n

)
= oP (1).

(F.15)

The desired result follows.
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In fact, we have just shown

max
m,k≤p

| 1

nT

∑
it

Ũit,m(Ûit,k − Ũit,k)| ≤ OP

(√
log p

nT
∆F + ∆ud +

log(pT )

n
+ ∆2

fum

)

max
m,k≤p

| 1

nT

∑
it

Ûit,m(Ûit,k − Ũit,k)| ≤ OP

(√
log p

nT
∆F + ∆ud +

log(pT )

n
+ ∆2

fum

)
.

(F.16)

(v) By part (iv), it suffices to prove maxk,m | 1
nT

∑
t

∑n
i=1 Ũit,kŨit,m| = OP (1).

Hence maxk,m | 1
nT

∑
t

∑n
i=1 Ûit,kÛit,m| ≤ oP (1)+maxmk |E

[
1
nT

∑
i

∑
t(Uit,m − Ūi·,m)(Uit,k − Ūi·,k)

]
|,

which is OP (1).

(vi) Under the assumption that ‖Rx‖1 = o

(√
log p
nT

)
, by part (v), maxk,m | 1

nT

∑
t

∑n
i=1 Ûit,kÛit,m| =

OP (1), so

‖ 1

nT

∑
t

R′xÛ
′
tÛt‖∞ = max

m
| 1

nT

∑
t

p∑
k=1

n∑
i=1

Rx,kÛit,kÛit,m|

≤ ‖Rx‖1 max
k,m
| 1

nT

∑
t

n∑
i=1

Ûit,kÛit,m| = oP

(√
log p

nT

)
.

�

F.2. Proof of Lemma 4.1.

Proof. We start by observing

max
mv
| 1

nT

∑
i

∑
t

Ũit,mŨit,v −
1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)|

≤ max
mv
| 1

nT

∑
i

∑
t

(Ũit,m − Uit,m + Ūi·,m)Ũit,v|

+ max
mv
| 1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Ūit,v − Uit,v + Ūi·,v)|

= max
mv
| 1
T

∑
t

(Ū·t,m − ¯̄Um)(Ū·t,v − ¯̄Uv)|

= max
mv
| 1
T

∑
t

Ū·t,m(Ū·t,v − ¯̄Uv)|
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≤ max
m

1

T

∑
t

Ū2
·t,m + max

m

¯̄U2
m

= OP

(
log(p)

nT

)
+ max

m

1

T

∑
t

EŪ2
·t,m + max

m
| 1
T

∑
t

Ū2
·t,m − EŪ2

·t,m|

= OP

(
log(p)

nT
+

1

n
+

√
log p

n2T

)
.

Also, let Ui,mv = 1
T

∑
t(Uit,m− Ūi·,m)(Uit,v− Ūi·,v) = 1

T

∑
t Uit,mUit,v− Ūi·,mŪi·,v. Note that

max
mv

1

n

∑
i

Var(
1

T

∑
t

Uit,mUit,v) = max
mv

1

n

∑
i

1

T 2

∑
t

∑
s

Cov(Uit,mUit,v, Uis,mUis,v)

= O

(
1

T

)
and that

max
mv

1

n

∑
i

Var(Ūi·,mŪi·,v) = max
mv

1

n

∑
i

1

T 4

∑
tskl

Cov(Uit,mUis,v, Uik,mUil,v)

= O

(
1

T 2

)
.

Thus, maxmv
1
n

∑
i Var(Ui,mv) ≤ O( 1

T ) +O( 1
T 2 ) +

√
O( 1

T 2 )O( 1
T ) = O( 1

T ). Hence,

max
mv

∣∣∣∣∣ 1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)− E

[
1

nT

∑
i

∑
t

(Uit,m − Ūi·,m)(Uit,v − Ūi·,v)

]∣∣∣∣∣
= max

mv
| 1
n

∑
i

Ui,mv − EUi,mv| = OP

(√
log p

nT

)
.

Write Amv = 1
nT

∑
i

∑
t Ũit,mŨit,v−E

1
nT

∑
i

∑
t(Uit,m−Ūi·,m)(Uit,v−Ūi·,v). We have proven

max
mv
|Amv| = OP

(√
log p

nT
+

log(p)

nT
+

1

n
+

√
log p

n2T

)
= OP

(√
log p

nT

)
.

Therefore, for any δ ∈ Rp/{0},

δ′
1

nT

∑
it

[ŨitŨ
′
it − E(Uit − Ūi·)(Uit − Ūi·)′]δ

≤ ‖δ‖21 max
mv
|Amv| = ‖δ‖21OP

(√
log p

nT

) (F.17)
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where the OP

(√
log p
nT

)
term is independent of δ.

We are now ready to verify Assumptions 3.4 and 4.2.

Verification of Assumption 3.4 Uniformly on the set {δ : ‖δ‖0 ≤ lT |J |0}, we have

‖δ‖1 ≤ ‖δ‖2
√
lT |J |0. Hence as long as l2T |J |20 log p = o(n) (for instance, lT = log p),

R(δ) ≥ c−OP

(√
log p

nT

)
‖δ‖21
‖δ‖22

≥ c−OP

(
lT |J |0

√
log p

nT

)
≥ c/2

R(δ) ≤ C +OP

(√
log p

nT

)
‖δ‖21
‖δ‖22

≤ C +OP

(
lT |J |0

√
log p

nT

)
≤ 2C,

where C denotes the maximum eigenvalue of E
[
(Uit − Ūi·)(Uit − Ūi·)′

]
.

Verification of Assumption 4.2 The result follows immediately from (F.17).

�

Appendix G. Proof of Theorem 4.1

Define TK × 1 matrices Ξ̂ = (ξ̂′1, ..., ξ̂
′
T )′ and ∆̂d = (δ̂′d1, ..., δ̂

′
dT )′.

Note that Ỹ ∗ = D̃∗α̂+ (IT ⊗ F̂ )Ξ̂ + Ũ∗θ̂+ ε̃∗, and that η̂∗ = M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)D̃
∗. Hence

α̂∗ = (η̂
′∗η̂∗)−1η̂

′∗M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)Ỹ

= α̂+ (η̂
′∗η̂∗)−1η̂

′∗M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)[(IT ⊗ F̂ )Ξ̂ + Ũ∗θ̂ + ε̃∗].

Hence

√
nT (

1

nT
η̂
′∗η̂∗)(α̂∗ − α̂) =

1√
nT

η̃∗
′
ε̃∗ +

6∑
i=1

A∗i (G.1)

where

A∗1 =
1√
nT

(η̂∗ − η̃∗)′M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)ε̃
∗, A∗2 =

1√
nT

η̂
′∗M

Û∗
Ĵ∗

(IT ⊗MF̂ ∗F̂ )Ξ̂

A∗3 = − 1√
nT

η̃∗
′
(IT ⊗ PF̂ ∗)ε̃

∗, A∗4 =
1√
nT

η̂
′∗M

Û∗
Ĵ∗

(IT ⊗MF̂ ∗)Ũ
∗θ̂

A∗5 = − 1√
nT

η̃∗
′
P
Û∗
Ĵ∗
ε̃∗, A6 =

1√
nT

η̃∗
′
P
Û∗
Ĵ∗

(IT ⊗ PF̂ ∗)ε̃
∗ = 0.
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We shall prove that A∗i = oP ∗(1) for i = 1, ..., 6 and 1
nT η̂

∗′ η̂∗− 1
nT η̃

′
η̃ = oP ∗(1). Similarly

to (A.5), it can be shown that

1√
nT

(η̂∗ − η̃∗) =
1√
nT

M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗(F̂H
∗ − F̂ ∗)H∗−1)∆̂d

+
1√
nT

M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)Ũ
∗γ̂d

− 1√
nT

P
Û∗
Ĵ∗
η̃∗

− 1√
nT

M
Û∗
Ĵ∗

(IT ⊗ PF̂ ∗)η̃
∗.

(G.2)

Recall that an is defined in Assumption 4.1, which quantifies the minimization error of

the k-step lasso. Write

ψ∗n := κn|J |1/20 + ∆∗F |J |0 +

√
|J |0
n

+
√
an. (G.3)

Proposition G.1. (i) 1√
nT
‖η̂∗ − η̃∗‖2 = OP (ψ∗n).

(ii) A∗l = oP ∗(1), l = 1, ..., 6.

Proof. The proof for (i) is similar to that of Proposition A.1, based on (G.2) and Lemma

H.7 below. The proof for (ii) follows the same arguments employed in Sections A.2-A.4

using on Lemmas H.7 and H.8 below. The only difference is that A∗4 = oP ∗(1) requires

an
√
nT = o(1). We omit the details for brevity. �

G.1. Proof of Theorem 4.1. It follows from equation (G.1) and Proposition G.1 that

√
nT (

1

nT
η̂
′∗η̂∗)(α̂∗ − α̂) =

1√
nT

η̃∗
′
ε̃∗ + oP ∗(1).

Note that 1√
nT
η̃∗
′
ε̃∗ = 1√

n

∑
i$iw

Y
i w

D
i , where $i = 1√

T

∑
t η̂itε̂it. Let

bn =

[
Var∗(

1√
n

∑
i

$iw
Y
i w

D
i )

]−1/2

,

so

bn
√
nT (

1

nT
η̂
′∗η̂∗)(α̂∗ − α̂) =

bn√
nT

η̃∗
′
ε̃∗ + oP ∗(bn).

Now note that Step 1 below shows bn = OP (1). Step 2 shows bn√
nT
η̃∗
′
ε̃∗ →d∗ N (0, 1)

and hence bn
√
nT (α̂∗ − α̂) = OP ∗(1). Step 3 shows |σ2

η − 1
nT η̂

′∗η̂∗| = oP ∗(1). Therefore,
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bn
√
nT 1

nT (η̂
′∗η̂∗ − σ2

η)(α̂
∗ − α̂) = oP ∗(1) which yields

bn
√
nTσ2

η(α̂
∗ − α̂) =

bn√
nT

η̃∗
′
ε̃∗ →d∗ N (0, 1).

In addition, we also show in Step 1 below that
√
nT (σ2

η)(α̂
∗ − α̂) = OP ∗(b

−1
n ) = OP ∗(1).

Hence,

(bn − σ−1/2
ηε )

√
nT (σ2

η)(α̂
∗ − α̂) = oP ∗(1).

Thus, we have both
√
nTσ−1/2

ηε σ2
η(α̂
∗ − α̂)→d∗ N (0, 1)

√
nTσ−1/2

ηε σ2
η(α̂− α)→d N (0, 1).

(G.4)

where the second line follows from Theorem 3.1.

Now let q∗τ be such that P ∗(
√
nT |α̂∗ − α̂| ≤ q∗τ ) = 1− τ , and let

a1 := P (
√
nT |α̂− α| ≤ q∗τ ) = P (σ−1/2

ηε σ2
η

√
nT |α̂− α| ≤ σ−1/2

ηε σ2
ηq
∗
τ )

a2 := P ∗(
√
nT |α̂∗ − α̂| ≤ q∗τ ) = P ∗(σ−1/2

ηε σ2
η

√
nT |α̂∗ − α̂| ≤ σ−1/2

ηε σ2
ηq
∗
τ )

The results summarized in (G.4) then implies a1 → a2 = 1− τ .

Step 1: Show bn = OP (1) and b−1
n = OP (1).

Let Zi =
∑

t(η̂itε̂it − η̃itε̃it). Then by Lemma H.4, 1
nT

∑
i Z

2
i = oP (1). Hence,

b−2
n = Var∗(

1√
n

∑
i

$iw
Y
i w

D
i )

=
1

n

∑
i

$2
iE
∗(wYi w

D
i )2 =

1

n

∑
i

$2
i

=
1

n

∑
i

(
1√
T

∑
t

η̂itε̂it)
2 =

1

nT

∑
i

(Zi +
∑
t

η̃itε̃it)
2

=
1

nT

∑
i

Z2
i +

1

nT

∑
i

(
∑
t

η̃itε̃it)
2 +

2

nT

∑
i

Zi
∑
t

η̃itε̃it

≤ oP (1) +
1

nT

∑
i

(
∑
t

η̃itε̃it)
2 + oP (1)

√
1

nT

∑
i

(
∑
t

η̃itε̃it)2.

By (A.18) and (A.20), 1
nT

∑n
i=1(

∑T
t=1 η̃itε̃it)

2 →P σηε. Hence, b−2
n →P σηε > c. It follows

that bn = OP (1), bn →P σ
−1/2
ηε , and b−1

n = OP (1) since σηε < C.

Step 2: Apply the CLT to bn√
nT
η̃∗
′
ε̃∗.
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Let gn,i = bn$iw
Y
i w

D
i and s2

n =
∑

i Var∗(gn,i) = n. Note that E∗gn,i = 0.

We now verify the Lindeberg condition for the triangular array {gn,i}. For any ε > 0,

E∗

(
1

n

∑
i

g2
n,i1{|gn,i| > ε

√
n}

)
≤ E∗

[
1

n

∑
i

g2
n,i

]
= 1.

Hence, by the dominated convergence theorem,

s−2
n

∑
i

E∗g2
n,i1{|gn,i| > εsn} = E∗

(
1

n

∑
i

g2
n,i1{|gn,i| > ε

√
n}

)
→ 0.

We then have, by the Lindeberg central limit theorem,

1

sn

∑
i

gn,i =
bn√
n

∑
i

$iw
Y
i w

D
i =

bn√
nT

η̃∗
′
ε̃∗ →d∗ N (0, 1). (G.5)

Step 3: Show |σ2
η − 1

nT η̂
′∗η̂∗| = oP ∗(1).

First,

| 1

nT
η̂
′∗η̂∗ − 1

nT

∑
i,t

η̃2
it(w

D
i )2| = | 1

nT

∑
i,t

(η̂2
it − η̃2

it)(w
D
i )2|

≤ 1

nT

∑
i,t

|η̂it − η̃it||η̂it + η̃it|max
i

(wDi )2

≤

 1

nT

∑
i,t

(η̂it − η̃it)2

OP ∗(log n)

= OP ∗(ψn log n) = oP ∗(1).

Then, using E∗(wDi )2 = 1 and

E∗| 1

nT

∑
i,t

η̃2
it((w

D
i )2 − E∗(wDi )2)|2 = Var∗

 1

nT

∑
i,t

η̃2
it(w

D
i )2


=

1

n2T 2

∑
i

Var∗
(
(wDi )2

)(∑
t

η̃2
it

)2

≤ C

n2

∑
i

(
1

T

∑
t

η̃2
it

)2

= OP

(
1

n

)
,
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we have | 1
nT

∑
i,t η̃

2
it(w

D
i )2 − 1

nT

∑
i,t η̃

2
it| = oP ∗(1), from which

| 1

nT
η̂
′∗η̂∗ − 1

nT

∑
i,t

η̃2
it| = oP ∗(1)

follows. Moreover, equation (A.15) in the proof of Theorem 3.1 shows | 1
nT η̃

′η̃− 1
nT

∑
i,tEιit| =

oP (1) for ιit = (ηit − η̄i·)2. Hence | 1
nT

∑
i,tEιit −

1
nT η̂

′∗η̂∗| = oP ∗(1). Finally, note that

σ2
η := 1

nT

∑
i,tEιit. �

Appendix H. Technical lemmas for the main theorems

H.1. Technical Lemmas for Theorem 3.1.

Lemma H.1. For γ ∈ {γy, γd, θ},
(i) ‖ 1√

nT
M
Û
Ĵ
Ũγ‖22 = OP

(
‖Ry‖21 + κ2

n|J |0 + |J |20∆2
F + |J |0

n

)
.

(ii) ‖ 1√
nT

(IT ⊗ PF̂ )Ũγ‖22 = OP

(
|J |0
n + |J |20∆2

F

)
.

(iii) ‖ 1√
nT

(IT ⊗ PF̂ )η̃‖22 = OP

(
∆2
fe + 1

n

)
and ‖ 1√

nT
(IT ⊗ PF̂ )ε̃‖22 = OP

(
∆2
fe + 1

n

)
.

(iv) ‖ 1√
nT
P
Û
Ĵ
η̃‖22 = OP

(
|J |0 log p

nT

)
and ‖ 1√

nT
P
Û
Ĵ
ε̃‖22 = OP

(
|J |0 log p

nT

)
.

Proof. (i) First, consider the following constrained problem:

m̂ = arg min
m
‖Û(γ −m)‖22, mj = 0, j /∈ Ĵ . (H.1)

The solution satisfies Ûm̂ = P
Û
Ĵ
Ûγ. Hence, from Proposition F.1,

1
nT

∑T
t=1 ‖Ût(γy − γ̃y)‖22 = OP (‖Ry‖21 + κ2

n|J |0), and

‖ 1√
nT

M
Û
Ĵ
Ûγ‖22 = ‖ 1√

nT
(Ûγ − P

Û
Ĵ
Ûγ)‖22

= ‖ 1√
nT

Û(γ − m̂)‖22 ≤ ‖
1√
nT

Û(γ − γ̃)‖22

=
1

nT

T∑
t=1

‖Ût(γ − γ̃)‖22 = OP (‖Ry‖21 + κ2
n|J |0).

Next, 1
T

∑
t ‖

1
n F̂
′Ũtγ‖22 = OP

(
|J |0
n + |J |20∆2

F

)
by Lemma H.11. Also, using the equality

Ũit,m − Ûit,m = f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + f̂ ′i(F̂

′F̂ )−1F̂ ′Ũt,m

+ λ̃′tmH
′−1(f̂i −H ′f̃i),
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we have∥∥∥∥ 1√
nT

M
Û
Ĵ
(Û − Ũ)γ

∥∥∥∥2

2

≤ 1

nT
‖(Û − Ũ)γ‖22

=
1

nT

T∑
t=1

∑
i

[∑
m

(Ûit,m − Ũit,m)γm

]2

≤ |J |20OP (∆2
F ) +

1

T

T∑
t=1

∥∥∥∥ 1

n
F̂ ′Ũtγ

∥∥∥∥2

2

+ |J |20OP (∆2
F )

= OP

(
|J |20∆2

F +
|J |0
n

)
.

(H.2)

where we used, by Lemma H.11, 1
T

∑
t ‖

1
n F̂
′Ũtγ‖22 = OP

(
|J |0
n + |J |20∆2

F

)
. Combining these

results yields
∥∥∥ 1√

nT
M
Û
Ĵ
Ũγ
∥∥∥2

2
= OP

(
‖Ry‖21 + κ2

n|J |0 + |J |20∆2
F + |J |0

n

)
.

(ii) By Lemma H.11,∥∥∥∥ 1√
nT

(IT ⊗ PF̂ )Ũγ

∥∥∥∥2

2

=
1

nT

∑
t

∥∥∥PF̂ Ũtγ∥∥∥2

2

≤ 1

n2T

∑
t

∥∥∥F̂ ′Ũtγ∥∥∥2

2

= OP

(
|J |0
n

+ |J |20∆2
F

)
.

(iii) By Lemma H.11, 1
T

∑
t

∥∥∥ 1
n F̂
′η̃t

∥∥∥2

2
= OP

(
1
n + ∆2

fe

)
. Thus,∥∥∥∥ 1√

nT
(IT ⊗ PF̂ )η̃

∥∥∥∥2

2

=
1

nT

∑
t

∥∥P
F̂
η̃t
∥∥2

2
≤ 1

n2T

∑
t

∥∥∥F̂ ′η̃t∥∥∥2

2
= OP

(
∆2
fe +

1

n

)
.

(iv) The same argument as employed in the proof of Lemma F.1 yields

max
m

∣∣∣∣∣ 1

nT

∑
t

∑
i

Ũit,mη̃it

∣∣∣∣∣ = OP

(√
log p

nT

)
and

max
m

∣∣∣∣∣ 1

nT

∑
t

∑
i

(Ũit,m − Ûit,m)η̃it

∣∣∣∣∣ = oP

(√
log p

nT

)
.
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Hence, using |Ĵ |0 = OP (|J |0) from Proposition F.1, we have∥∥∥∥ 1

nT
Ũ ′
Ĵ
η̃

∥∥∥∥
2

=

∥∥∥∥∥ 1

nT

∑
t

Ũ ′
t,Ĵ
η̃t

∥∥∥∥∥
2

≤ max
m

∣∣∣∣∣ 1

nT

∑
t

∑
i

Ũit,mη̃it

∣∣∣∣∣
√
|Ĵ |0

= OP

(√
|J |0

log p

nT

)

and
∥∥∥ 1
nT (Ũ

Ĵ
− Û

Ĵ
)′η̃
∥∥∥

2
≤
∥∥∥ 1
nT

∑
t(Ũ
′
t,Ĵ
− Û ′

t,Ĵ
)η̃t

∥∥∥
∞

√
|Ĵ |0 = oP

(√
|J |0 log p

nT

)
. Hence,

∥∥∥∥ 1

nT
Û ′
Ĵ
η̃

∥∥∥∥
2

= OP

(√
|J |0

log p

nT

)
. (H.3)

Next, by Lemma F.1,∥∥∥∥ 1

nT
Û ′
Ĵ
Û
Ĵ
− 1

nT
Ũ ′
Ĵ
Ũ
Ĵ

∥∥∥∥ ≤ OP (|J |0) max
m,k≤p

∣∣∣∣∣ 1

nT

∑
it

(Ûit,mÛit,k − Ũit,mŨit,k)

∣∣∣∣∣ = oP (1).

Therefore, ‖ 1√
nT
Û
Ĵ
‖2 = ‖ 1

nT Û
′
Ĵ
Û
Ĵ
‖ ≤ ‖ 1

nT Ũ
′
Ĵ
Ũ
Ĵ
‖ = OP (φmax(|J |0)) + oP (1) = OP (1) and

λmin

(
1

nT
Û ′
Ĵ
Û
Ĵ

)
≥ λmin

(
1

nT
Ũ ′
Ĵ
Ũ
Ĵ

)
− oP (1) ≥ φmin(|Ĵ |0)− oP (1), (H.4)

which is bounded away from zero. Thus,

∥∥∥∥( 1
nT Û

′
Ĵ
Û
Ĵ

)−1
∥∥∥∥ = OP (1).

Finally,
∥∥∥ 1√

nT
P
Û
Ĵ
η̃
∥∥∥

2
≤
∥∥∥ 1√

nT
Û
Ĵ
( 1
nT Û

′
Ĵ
Û
Ĵ
)−1 1

nT Û
′
Ĵ
η̃
∥∥∥

2
= OP

(√
|J |0 log p

nT

)
. �

Lemma H.2. (i) ‖
√
T

n
√
n

∑p
m=1 F̂

′ 1
T

∑
t Ut,mε

′
tF̂ γdm‖F = oP (1)

(ii) ‖ 1
n

∑n
j=1 f̂jŪ

′
j·γd‖2 = OP

(
∆F |J |0 +

√
|J |0
nT

)
, and ‖ 1

n

∑n
i=1 ε̄i·f̂

′
i‖2 = OP

(
∆F + 1√

nT

)
.

(iii) ‖
√
nT
n

∑p
m=1

∑n
j=1 f̂j

1
T

∑T
t=1 Ujt,mε̄·tγdm‖2 = oP (1).

(iv) ‖
√
nT
n

∑n
i=1

1
T

∑T
t=1 Ū

′
·tγdεitf̂

′
i‖2 = oP (1) and

√
nT |

∑p
m=1

1
T

∑T
t=1 Ū·t,mε̄·tγdm| = oP (1).

(v) ‖ 1
nT

∑
t Û
′
t,Ĵ

(F̃H − F̂ )H−1δ̃dt‖2 = OP

(
∆ud + ∆F

√
log p
nT

)√
|J |0.
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Proof. (i) We have∥∥∥∥∥
√
T

n
√
n

p∑
m=1

F̂ ′
1

T

∑
t

Ut,mε
′
tF̂ γdm

∥∥∥∥∥
F

≤

∥∥∥∥∥
√
T

n
√
n
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(F̂ − F̃H)′
1

T

∑
t

Ut,mε
′
t(F̂ − F̃H)γdm

∥∥∥∥∥
F

(H.5)

+OP (1)

∥∥∥∥∥
√
T

n
√
n
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F̃ ′
1
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∑
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Ut,mε
′
tF̃ γdm

∥∥∥∥∥
F

(H.6)

+

∥∥∥∥∥
√
T

n
√
n

p∑
m=1

(F̂ − F̃H)′
1

T

∑
t

Ut,mε
′
tF̃ γdm

∥∥∥∥∥
F

OP (1) (H.7)

+OP (1)
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√
T

n
√
n
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F̃ ′
1

T

∑
t

Ut,mε
′
t(F̂ − F̃H)γdm

∥∥∥∥∥
F

. (H.8)

Term (H.5) is bounded by

√
Tn

(
1

T

∑
t

‖ 1

n
(F̂ − F̃H)′Utγd‖22

)1/2(
1

T
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F

√
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)
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using the assumption that |J |0∆F∆fe

√
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F

√
Tn = o(1). Term (H.6)∥∥∥∥∥
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′
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F
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For term (H.7),∥∥∥∥∥
√
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n
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√
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For (H.8), by Assumption D.4 that 1
T
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1
n
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≤ (
1

T

∑
t

‖ 1

n
ε′t(F̂ − F̃H)‖22)1/2(

1
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∑
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n

p∑
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√
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√
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√
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Combining these bounds yields the result.
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follows by applying the Cauchy-Schwarz inequality. We also have
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∑
j

(
1
T

∑
t εjt
)2

= OP (1). Hence,∥∥∥∥∥∥ 1

n

n∑
j=1

f̂jŪ
′
j·γd

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥ 1

nT

n∑
j=1

∑
t

(f̂j −H ′f̃j)U ′jtγd‖2 +OP (1)‖ 1

nT

n∑
j=1

∑
t

f̃jU
′
jtγd

∥∥∥∥∥∥
2

= OP (∆F |J |0) +OP (1)

∥∥∥∥∥∥ 1

nT

n∑
j=1

∑
t

fjU
′
jtγd

∥∥∥∥∥∥
2

+OP (1)

∣∣∣∣∣∣ 1

nT

n∑
j=1

∑
t

U ′jtγd

∥∥∥∥∥∥
2

= OP

(
∆F |J |0 +

√
|J |0
nT

)

The second bound follows similarly.
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(iii) Note that∥∥∥∥∥
√
nT

n

p∑
m=1

n∑
j=1

f̂j
1

T

T∑
t=1

Ujt,mε̄·tγdm

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
√
nT

n

n∑
j=1

(f̂j −H ′f̃j)
1

T

T∑
t=1

U ′jtγdε̄·t

∥∥∥∥∥∥
2

+

∥∥∥∥∥∥
√
nT

n

n∑
j=1

H ′fj
1

T

T∑
t=1

U ′jtγdε̄·t

∥∥∥∥∥∥
2

+

∥∥∥∥∥∥H ′f̄
√
nT

n

n∑
j=1

1

T

T∑
t=1

U ′jtγdε̄·t

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
√
nT

n

n∑
j=1

(f̂j −H ′f̃j)
1

T

T∑
t=1

U ′jtγdε̄·t

∥∥∥∥∥∥
2

+OP (1)

∥∥∥∥∥∥
√
nT

n

n∑
j=1

fj
1

T

T∑
t=1

U ′jtγdε̄·t

∥∥∥∥∥∥
2

+OP (1)

∣∣∣∣∣∣
√
nT

n

n∑
j=1

1

T

T∑
t=1

U ′jtγdε̄·t

∣∣∣∣∣∣
(H.9)

We also have that

E

 1

n

∑
j

(
1

T

∑
t

U ′jtγdε̄·t

)2
 =

1

n3T 2

n∑
j=1

∑
s,t≤T

E
[
U ′jtγdεjtU

′
jsγdεjs

]
+

1

n3T 2

∑
j

∑
s

∑
i 6=j

∑
t

E
[
U ′jtγdU

′
jsγd

]
E [εisεit]

= O

(
|J |0
n2

)
max
j,s,t

E|εjsεjt|max
j,t,s,k

p∑
m=1

|E [Ujt,mUjs,k|εjsεjt]|

+O

(
|J |0
nT

)
max
ist
|E [εisεit]|max

j,t,m

∑
s

∑
m

|E [Ujt,mUjs,k]|

= O

(
|J |0
n2

+
|J |0
nT

)
,

where we used the assumption that maxj,t,s,k
∑p

m=1 |E [Ujt,mUjs,k|εjsεjt]| = O(1) almost

surely and maxj,t,m
∑

s

∑
m |E [Ujt,mUjs,k]| = O(1). The first term of (H.9) is thus bounded

by

√
nT∆F

 1

n

∑
j

(
1

T

∑
t

U ′jtγdε̄·t

)2
1/2

= OP

(√
nT |J |0∆F

)( 1

n
+

1√
nT

)
= oP (1).
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For notational simplicity, suppose dim(fj) = 1 in the following. Note that otherwise we

can do the analysis element-by-element as dim(fj) is fixed. We can bound the second term

of (H.9) by

E

∣∣∣∣∣
√
nT

n

n∑
j=1

fj
1

T

T∑
t=1

U ′jtγdε̄·t

∣∣∣∣∣∣
2

=
1

n3T
E

 n∑
j=1

T∑
t=1

T∑
s=1

f2
j U
′
jtγdεjtU

′
jsγdεjs


+

1

n3T

n∑
j=1

T∑
t=1

∑
i 6=j

T∑
s=1

E
[
f2
j U
′
jtγdU

′
jsγd

]
E [εisεit]

≤ O
(
|J |0
n3T

) n∑
j=1

T∑
t=1

T∑
s=1

E
∣∣f2
j εjsεjt

∣∣∑
m

|E(Ujs,kUjt,m|εj , fj)|

+O

(
|J |0
n3T

) n∑
j=1

T∑
t=1

∑
i 6=j
|E [εisεit]|E

[
f2
j

]
max
jtk

∑
m

T∑
s=1

|E (Ujt,mUjs,k|fj)|

= O

(
|J |0T
n2

+
|J |0
n

)
= o(1).

Note that we frequently used the fact that {fi, Ui, εi} are independent across i and that

E(εi|fi, Ui) = 0 in the above.

It follows from a similar argument to that used to bound the second term of (H.9) that

the third term of (H.9) is oP (1). Hence (H.9) is oP (1).

(iv) Note that∥∥∥∥∥
√
nT

n

n∑
i=1

1

T

T∑
t=1

Ū ′·tγdεitf̂
′
i

∥∥∥∥∥
2

≤

∥∥∥∥∥
√
nT

n

n∑
i=1

1

T

T∑
t=1

Ū ′·tγdεit(f̂i −H ′f̃i)′
∥∥∥∥∥

2

+

∥∥∥∥∥
√
nT

n

n∑
i=1

1

T

T∑
t=1

Ū ′·tγdεitf̃
′
i

∥∥∥∥∥
2

≤ OP
(√

nT∆fe

)( 1

T

∑
t

(Ū ′·tγd)
2

)1/2

+

∥∥∥∥∥
√
nT

n

n∑
i=1

1

T

T∑
t=1

Ū ′·tγdεitf̃
′
i

∥∥∥∥∥
2

.

Following similar calculations in part (iii), it can be shown that 1
T

∑
t(Ū
′
·tγd)

2 = OP

(
|J |0
n

)
.

Note that maxk
∑

m |EUit,mUit,k| = O(1), which enables us to remove the impact of one of
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the
∑

m≤p terms. Hence, the first term is OP

(√
T |J |0∆2

F

)
= oP (1). In addition,∥∥∥∥∥

√
nT

n

n∑
i=1

1

T

T∑
t=1

Ū ′·tγdεitf̃
′
i

∥∥∥∥∥
2

= OP

(√
|J |0
n

)
= oP (1).

The second conclusion that

√
nT |

p∑
m=1

1

T

T∑
t=1

Ū·t,mε̄·tγdm| = oP (1)

follows from a similar calculation to that used to bound the first term given immediately

above.

(v) Note that (H.32) holds when δ̃yt is replaced with δ̃dt. Also, recall that ∆F =

o

(√
log p
nT

)
, so we have∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

(Ûit − Ũit)δ̃′dtH
′−1(H ′f̃i − f̂i)

∥∥∥∥∥
∞

≤ OP (∆F )

(
∆ud +

√
log p

nT

)
.

Also, by the assumption maxm | 1
nT

∑
i

∑
t Ũit,m(f̂i −H ′f̃i)′H−1δ̃dt| = OP (∆ud), we have∥∥∥∥ 1

nT

∑
t

Û ′
t,Ĵ

(F̃H − F̂ )H−1δ̃dt

∥∥∥∥∥
2

≤ max
m

∣∣∣∣∣ 1

nT

∑
i

∑
t

Ûit,m(f̂i −H ′f̃i)′H−1δ̃dt

∣∣∣∣∣OP (
√
|J |0)

≤ OP

(
∆ud + ∆F

√
log p

nT

)√
|J |0.

Note that Lemma H.3 continues to hold when ε̃ is replaced with η̃ and when γd is replaced

with θ. �

Lemma H.3. (i) 1√
nT
ε̃′M

Û
Ĵ
(IT ⊗MF̂

(F̃H − F̂ )H−1)∆̃d = oP (1).

(ii) 1√
nT
ε̃′(IT ⊗ PF̂ )Ũγd = oP (1),

(iii) 1√
nT
ε̃′(IT ⊗ PF̂ )η̃ = oP (1),

(iv) 1√
nT
ε̃′M

Û
Ĵ
Ũγd = oP (1).

(v) 1√
nT
ε̃′M

Û
Ĵ
(IT ⊗MF̂

)Ũγd = oP (1).

(vi) Ξ̃′(IT ⊗H
′−1(F̃H − F̂ )′M

F̂
) 1√

nT
M
Û
Ĵ
Ũγd = oP (1).
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Proof. (i) Note that∣∣∣∣∣ 1√
nT

∑
t

ε̃′tPF̂ (F̃H − F̂ )H−1δ̃dt

∣∣∣∣∣
2

=
1

nT
tr2

(∑
t

δ̃dtε̃
′
tPF̂ (F̃H − F̂ )H−1

)

≤ 1

nT

∥∥∥∥∥∑
t

δ̃dtε̃
′
tF̂

∥∥∥∥∥
2

F

∥∥∥∥ 1

n
F̂ ′(F̃H − F̂ )

∥∥∥∥2

F

OP (1)

= OP (∆2
F )

∥∥∥∥∥ 1√
nT

∑
t

δ̃dtε̃
′
t(F̂ − FH)

∥∥∥∥∥
2

F

+OP (∆2
F )

1

nT

∥∥∥∥∥∑
t

δ̃dtε̃
′
tF

∥∥∥∥∥
2

F

= oP (1).

In addition,∥∥∥∥∥ 1

nT

∑
t

Û ′
t,Ĵ

(F̃H − F̂ )H−1δ̃dt

∥∥∥∥∥
2

= OP

(
∆ud + ∆F

√
log p

nT

)√
|J |0,

by Lemma H.2; and
∥∥∥ 1√

nT

∑
t Û
′
t,Ĵ
P
F̂

(F̃H − F̂ )H−1δdt

∥∥∥
2

= 0 due to Û ′tF̂ = 0. It follows

that∥∥∥PÛ
Ĵ

(IT ⊗MF̂
(F̃H − F̂ )H−1)∆̃d

∥∥∥
2

=

∥∥∥∥∥ÛĴ(Û ′
Ĵ
Û
Ĵ
)−1

∑
t

Û ′
t,Ĵ
M
F̂

(F̃H − F̂ )H−1δdt

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1√
nT

∑
t

Û ′
t,Ĵ
M
F̂

(F̃H − F̂ )H−1δdt

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1√
nT

∑
t

Û ′
t,Ĵ

(F̃H − F̂ )H−1δdt

∥∥∥∥∥
2

+

∥∥∥∥∥ 1√
nT

∑
t

Û ′
t,Ĵ
P
F̂

(F̃H − F̂ )H−1δdt

∥∥∥∥∥
2

= OP

(
∆ud + ∆F

√
log p

nT

)√
|J |0nT .

(H.10)

By Assumption D.4, ‖ 1√
nT

∑
t δ̃dtε̃

′
t(F̃H − F̂ )‖F = oP (1). By Lemma H.1,

‖ 1√
nT

P
Û
Ĵ
ε̃‖22 = OP

(
|J |0

log p

nT

)
.
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Hence, using the assumption

(
∆ud + ∆F

√
log p
nT

)√
log p|J |20 = o(1),

1√
nT

ε̃′M
Û
Ĵ
(IT ⊗MF̂

(F̃H − F̂ )H−1)∆̃d

= − 1√
nT

ε̃′P
Û
Ĵ
(IT ⊗MF̂

(F̃H − F̂ )H−1)∆̃d +
1√
nT

ε̃′(IT ⊗ (F̃H − F̂ )H−1)∆̃d

− 1√
nT

ε̃′(IT ⊗ PF̂ (F̃H − F̂ )H−1)∆̃d

≤
∥∥∥∥ 1√

nT
ε̃′P

Û
Ĵ

∥∥∥∥
2

∥∥∥PÛ
Ĵ
(IT ⊗MF̂

(F̃H − F̂ )H−1)∆̃d

∥∥∥
2

+

∣∣∣∣∣ 1√
nT

∑
t

ε̃′tPF̂ (F̃H − F̂ )H−1δ̃dt

∣∣∣∣∣+

∣∣∣∣∣ 1√
nT

∑
t

ε̃′t(F̃H − F̂ )H−1δ̃dt

∣∣∣∣∣
= oP (1) +OP

(√
|J |0

log p

nT

)(
∆ud + ∆F

√
log p

nT

)√
|J |0nT = oP (1).

(ii) Note that

1

T

T∑
t=1

Ũjtε̃it =
1

T

T∑
t=1

Ujtεit − Ūj·ε̄i· −
1

T

T∑
t=1

Ujtε̄·t + Ūj·¯̄ε+ ¯̄Uε̄i· − ¯̄U ¯̄ε

− 1

T

T∑
t=1

Ū·tεit +
1

T

T∑
t=1

Ū·tε̄·t.

Hence,

1√
nT

ε̃′(IT ⊗ PF̂ )Ũγd =
1√
nT

∑
t

ε̃′tPF̂ Ũtγd

≤

∥∥∥∥∥
√
T

n
√
n

p∑
m=1

F̂ ′
1

T

∑
t

Ũt,mε̃
′
tF̂ γdm

∥∥∥∥∥
F

≤
8∑
l=1

al

(H.11)

where each al is defined below and can be bounded employing Lemma H.2. Specifically,

a1 =

∥∥∥∥∥
√
T

n
√
n

p∑
m=1

F̂ ′
1

T

∑
t

Ut,mε
′
tF̂ γdm

∥∥∥∥∥
F

= oP (1).
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a2 =
√
nT

∥∥∥∥∥∥ 1

n

n∑
j=1

f̂jŪ
′
j·γd

∥∥∥∥∥∥
2

∥∥∥∥∥ 1

n

n∑
i=1

ε̄i·f̂
′
i

∥∥∥∥∥
2

= OP

(√
nT
)(

∆F |J |0 +

√
|J |0
nT

)(
∆F +

1√
nT

)
= oP (1).

a3 = OP (1)

∥∥∥∥∥∥
√
nT

n

p∑
m=1

n∑
j=1

f̂j
1

T

T∑
t=1

Ujt,mε̄·tγdm

∥∥∥∥∥∥
F

= oP (1).

a4 = OP (1)

∥∥∥∥∥∥
√
nT

n

n∑
j=1

f̂jŪ
′
j·γd

∥∥∥∥∥∥
2

|¯̄ε|

= OP

(√
nT
)(

∆F |J |0 +

√
|J |0
nT

)
1√
nT

= oP (1).

a5 = OP (1)

∥∥∥∥∥
√
nT

n

n∑
i=1

ε̄i·f̂
′
i

∥∥∥∥∥
2

∣∣∣ ¯̄U ′γd∣∣∣
= OP (

√
nT )

(
∆F +

1√
nT

)√
|J |0
nT

= oP (1).

a6 = OP (1)
√
nT |¯̄ε|

∣∣∣ ¯̄U ′γd∣∣∣ = OP

(√
|J |0
nT

)
= oP (1).

a7 = OP (1)

∥∥∥∥∥
√
nT

n

n∑
i=1

1

T

T∑
t=1

Ū ′·tγdεitf̂
′
i

∥∥∥∥∥
2

≤ oP (1).

a8 = OP (1)
√
nT

∣∣∣∣∣
p∑

m=1

1

T

T∑
t=1

Ū·t,mε̄·tγdm

∣∣∣∣∣ ≤ oP (1).

where we used
√
nT∆2

F |J |0 = o(1).

(iii) The third conclusion of the lemma follows from an argument similar to that used

to establish (ii). We have

1√
nT

ε̃′(IT ⊗ PF̂ )η̃ ≤

∥∥∥∥∥
√
T

n
√
n
F̂ ′

1

T

∑
t

η̃tε̃
′
tF̂

∥∥∥∥∥
F

≤
8∑
l=1

bl = oP (1)

which follows from the bounds

b1 =

∥∥∥∥∥∥√nT 1

n2

∑
i

∑
j

f̂i
1

T

∑
t

ηitεjtf̂
′
j

∥∥∥∥∥∥
F

= OP

(
∆2
F

√
Tn+ ∆F

√
T
)

= oP (1)
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b2 =
√
nT

∥∥∥∥∥∥ 1

n

n∑
j=1

f̂j η̄j·‖2

∥∥∥∥∥∥ 1

n

n∑
i=1

ε̄i·f̂
′
i‖2 = OP

(√
nT
)(

∆F +
1√
nT

)2

= oP (1)

b3 = OP (1)

∥∥∥∥∥∥
√
nT

n

n∑
j=1

f̂j
1

T

T∑
t=1

ηjtε̄·t

∥∥∥∥∥∥
F

= oP (1)

b4 = OP (1)

∥∥∥∥∥∥
√
nT

n

n∑
j=1

f̂j η̄j·

∥∥∥∥∥∥
2

|¯̄ε| = OP

(√
nT
)(

∆F +

√
1

nT

)
1√
nT

= oP (1)

b5 = OP (1)

∥∥∥∥∥
√
nT

n

n∑
i=1

ε̄i·f̂
′
i

∥∥∥∥∥
2

|¯̄η| = OP

(√
nT
)(

∆F +
1√
nT

)√
1

nT
= oP (1)

b6 = OP (1)
√
nT |¯̄ε| |¯̄η| = OP

(√
1

nT

)
= oP (1)

b7 = OP (1)

∥∥∥∥∥
√
nT

n

n∑
i=1

1

T

T∑
t=1

η̄·tεitf̂
′
i

∥∥∥∥∥
2

≤ oP (1)

b8 = OP (1)
√
nT

∣∣∣∣∣ 1

T

T∑
t=1

η̄·tε̄·t

∣∣∣∣∣ ≤ oP (1)

where we used that
√
nT∆2

F = o(1).

(iv) By (H.1), Ûm̂ = P
Û
Ĵ
Ûγd. We first bound ‖γd − m̂‖1. By Proposition F.1,

1

nT
‖Û(γd − m̂)‖22 ≤

1

nT

T∑
t=1

‖Ût(γd − γ̃)‖22 = OP (‖Ry‖21 + κ2
n|J |0).

We also have γd − m̂ is at most |Ĵ |0 + |J |0-sparse. Hence, by Assumption 3.4 and using a

proof similar to that used to show (H.4), we have that

1

n

∥∥∥Û(γd − m̂)
∥∥∥2

2
≥ (φmin(|Ĵ |0 + |J |0)− oP (1))‖γd − m̂‖22

≥ C(|J |0 + |Ĵ |0)−1‖γd − m̂‖21

with probability approaching one. Hence,

‖γd − m̂‖21 = OP (‖Ry‖21 + κ2
n|J |0)(|J |0 + |Ĵ |0) = OP (‖Ry‖21|J |0 + κ2

n|J |20).
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In addition, ‖ 1√
nT
ε̃′Û‖∞ = OP

(√
log p

)
by an argument similar to that in the proof of

Lemma F.1. Hence,∣∣∣∣ 1√
nT

ε̃′M
Û
Ĵ
Ûγd

∣∣∣∣ =

∣∣∣∣ 1√
nT

ε̃′(I − P
Û
Ĵ
)Ûγd

∣∣∣∣
=

∣∣∣∣ 1√
nT

ε̃′Û(γd − m̂)

∣∣∣∣
≤
∥∥∥∥ 1√

nT
ε̃′Û

∥∥∥∥
∞
‖γd − m̂‖1

= OP

(
‖Ry‖1|J |1/20 + κn|J |0

)√
log p = oP (1)

using ‖Ry‖21|J |0 log p = o(1) and κn|J |0
√

log p = o(1).

Next,

1√
nT

ε̃′M
Û
Ĵ
(Ũ − Û)γd =

1√
nT

ε̃′(Ũ − Û)γd −
1√
nT

ε̃′P
Û
Ĵ
(Ũ − Û)γd

=
1√
nT

∑
i

∑
t

∑
m

ε̃it(Ũit,m − Ûit,m)γdm

− 1√
nT

ε̃′Û
Ĵ
(Û ′

Ĵ
Û
Ĵ
)−1Û ′

Ĵ
(Ũ − Û)γd

≤

∥∥∥∥∥ 1√
nT

∑
i

∑
m

∑
t

ε̃itγdmλ̃tmf̃
′
i

∥∥∥∥∥
F

OP (∆F )

+

∥∥∥∥∥ 1√
nT

∑
i

∑
t

∑
m

ε̃itf̂i
1

n
F̂ ′Ũt,mγdm

∥∥∥∥∥
F

OP (1)

+

∥∥∥∥∥ 1√
nT

∑
i

∑
t

∑
m

ε̃itγdmλ̃tm(f̂i −H ′f̃i)′
∥∥∥∥∥OP (1)

+

∥∥∥∥ 1√
nT

ε̃′Û
Ĵ
‖2‖

1

nT
Û ′
Ĵ
(Ũ − Û)γd

∥∥∥∥
2

OP (1).

(H.12)

The first term in the last inequality in (H.12) is OP (|J |0)(∆F ) = oP (1). By (H.11), the

second term in the last inequality in (H.12) is oP (1). The third term in the last inequality

in (H.12) is oP (1) by assumption. For the last term in the last inequality in (H.12), we

have ‖ 1√
nT
Û ′
Ĵ
ε̃‖2 = OP (

√
|J |0 log p) by a proof similar to that of (H.3). Then, Lemma F.1

(v) yields

1

nT

∥∥∥Û ′
Ĵ
(Ũ − Û)γd

∥∥∥
2
≤
√
|Ĵ |0 max

k

∣∣∣∣∣ 1

nT

∑
i

∑
t

∑
m

Ûit,k(Ũit,m − Ûit,m)γdm

∣∣∣∣∣
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≤ OP
(
|J |3/20

)
max
mk

∣∣∣∣∣ 1

nT

∑
i

∑
t

∑
m

Ûit,k(Ũit,m − Ûit,m)

∣∣∣∣∣
≤ OP

(
|J |3/20

)(√ log p

nT
∆F + ∆ud +

log(pT )

n
+ ∆2

fum

)
.

The last term of (H.12) is thus bounded by(
|J |20

√
log p

)
OP

(√
log p

nT
∆F + ∆ud +

log(pT )

n
+ ∆2

fum

)
= oP (1).

Therefore, both 1√
nT
ε̃′M

Û
Ĵ
(Ũ − Û)γd and 1√

nT
ε̃′M

Û
Ĵ
Ûγd are oP (1).

(v) Since 1√
nT
ε̃′P

Û
Ĵ
(IT ⊗ PF̂ )Ũγd = 0, it follows from part (ii) and Lemma H.3(ii) and

(iii) that

1√
nT

ε̃′M
Û
Ĵ
(IT ⊗MF̂

)Ũγd =
1√
nT

ε̃′M
Û
Ĵ
Ũγd −

1√
nT

ε̃′(IT ⊗ PF̂ )Ũγd = oP (1).

(vi) By Lemma H.1,
∥∥∥ 1√

nT
M
Û
Ĵ
Ũγ
∥∥∥2

2
= OP

(
‖Ry‖21 + κ2

n|J |0 + |J |20∆2
F + |J |0

n

)
. Thus,

under Tn∆2
F

(
κ2
n|J |0 + ‖Ry‖21 + ∆2

F |J |20 + |J |0
n

)
= o(1),

|Ξ̃′(IT ⊗H
′−1(F̃H − F̂ )′M

F̂
)

1√
nT

M
Û
Ĵ
Ũγd|2

≤ OP (T )
∥∥∥F̂ − F̃H∥∥∥2

F

∥∥∥∥ 1√
nT

M
Û
Ĵ
Ũγd

∥∥∥∥2

2

= OP
(
Tn∆2

F

)(
κ2
n|J |0 + ‖Ry‖21 + ∆2

F |J |20 +
|J |0
n

)
= oP (1).

The following technical lemma is used to prove the consistency of the asymptotic variance

estimator. �

Lemma H.4. (i) Both 1
nT

∑n
i=1

[∑T
t=1(η̂it − η̃it)ε̃it

]2
= oP (1) and 1

nT

∑n
i=1

[∑T
t=1(ε̂it − ε̃it)η̃it

]2
=

oP (1).

(ii) 1
nT

∑n
i=1

[∑T
t=1(η̂itε̂it − η̃itε̃it)

]2
= oP (1).

Proof. (i) We first bound maxi≤n
1
T

∑T
t=1 ε̃

2
it. We do this by bounding maxi≤n

∣∣∣ 1
T

∑T
t=1 ε

2
it − Eε2it

∣∣∣
and maxi≤n

(
1
T

∑
t εit
)2

.
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When T is fixed,

max
i≤n

∣∣∣∣∣ 1

T

T∑
t=1

ε2it − Eε2it

∣∣∣∣∣ ≤ max
it
|ε2it − Eε2it| = OP (log n) = OP

(
log n√
T

)
. (T does not grow)

and maxi≤n
(

1
T

∑
t εit
)2 ≤ maxit ε

2
it = OP (log n) = OP ( logn

T ).

When T → ∞, recall that by assumption, logγ p = o(n) for some γ > 2 and that

strong mixing (Assumption 3.1) holds for the process {(ηt, εt)}+∞t=−∞ with mixing coefficient

bounded by exp(−CT r), r > 1. Note that we also assume γr ≥ 2. Let r̄ = min{r, 1},
r1 = (0.5 + r̄−1)−1, c = 0.5(γ + 1), then γr̄ ≥ 2, r1 < 1, cr1 > 1 and 2c ≥ 1. Because

r̄ ≤ r, the strong mixing condition in Assumption 3.1 also holds with r̄ in place of r.

The Bernstein inequality for weakly dependent data of Merlevède et al. (2011) requires

(a) exponential tails (fulfilled by the sub-Gaussian condition in Assumption 3.1), and (b)

a strong mixing condition (also assumed in Assumption 3.1). The introduction of r̄ is to

ensure that the so-defined r1 < 1, another requirement of applying the Bernstein inequality

for strong mixing sequences. Then, by Theorem 1 of Merlevède et al. (2011) (proved using

a “coupling argument” of Dedecker and Prieur (2004) - see also Wang et al. (2016) for a

similar argument), for y = M (logn)c√
T

, and sufficiently large M > 0, we have

P

(
max
i≤n

∣∣∣∣∣ 1

T

T∑
t=1

ε2it − Eε2it

∣∣∣∣∣ > y

)
≤ A1 +A2 +A3

where

A1 = nT exp(−C(Ty)r1) = exp(log(nT )− CM r1T r1/2 logcr1 n) = o(1), (cr1 ≥ 1)

A2 = n exp

(
−C (Ty)2

T
exp

(
(Ty)r1(1−r1)

C logr1(Ty)

))
= o(1), (r1 < 1, 2c > 1, T y →∞)

A3 = n exp
(
−CTy2

)
= exp(log n− CM2 log2c n) = o(1).

Hence maxi≤n

∣∣∣ 1
T

∑T
t=1 ε

2
it − Eε2it

∣∣∣ = OP

(
(logn)c√

T

)
= OP

(
(logn)0.5+0.5γ

√
T

)
. Similarly, maxi≤n | 1T

∑T
t=1 εit| =

OP

(
(logn)0.5+0.5γ

√
T

)
. Then combining the two cases T 9∞ and T →∞, we have

max
i≤n

1

T

T∑
t=1

ε2it ≤ max
i≤n

Eε2it + max
i≤n

∣∣∣∣∣ 1

T

T∑
t=1

ε2it − Eε2it

∣∣∣∣∣
= OP

(
1 +

(log n)0.5+0.5γ

√
T

)
,
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max
i≤n

ε̄2i· = max
i≤n

(
1

T

∑
t

εit

)2

= OP

(
log1+γ n

T

)
,

1

T

T∑
t=1

ε̄2·t =
1

T

T∑
t=1

(
1

n

∑
i

εit

)2

= OP

(
1

n

)
,

and

¯̄ε2 = oP (1).

Hence, maxi≤n
1
T

∑T
t=1 ε̃

2
it = OP

(
1 + (logn)0.5+0.5γ

√
T

+ log1+γ n
T

)
. Thus, by the Cauchy-Schwarz

inequality and with ψn defined in (A.6),

1

nT

n∑
i=1

[
T∑
t=1

(η̂it − η̃it)ε̃it

]2

≤ 1

nT

n∑
i=1

T∑
t=1

(η̂it − η̃it)2
T∑
s=1

ε̃2is

≤ T

nT
‖η̂ − η̃‖22 max

i≤n

1

T

T∑
t=1

ε̃2it = OP (Tψ2
n)

(
1 +

(log n)0.5+0.5γ

√
T

+
log1+γ n

T

)
= OP

(
ψ2
nT + ψ2

n log1+γ n+ ψ2
n(T log1+γ n)1/2

)
= oP (1).

where the last equality may be directly verified under our assumptions.

The same arguments as used in the proof of Proposition A.1 yield that

1

nT
‖ê− ẽ‖22 = OP (ψ2

n).

In addition, the first statement of Theorem 3.1 implies |α − α̂|2 = OP
(

1
nT

)
. Thus, from

ε̂ = ê− α̂η̂, we have

1

nT
‖ε̂− ε̃‖22 ≤ 2

1

nT
‖ê− ẽ‖22 + 4

1

nT
‖(α− α̂)η̃‖22 + 4

1

nT
‖α̂(η̃ − η̂)‖22

= OP (ψ2
n)

for ψn defined in (A.6) and 1
nT = O(ψ2

n). In addition, maxi≤n
1
T

∑T
t=1 η̃

2
it = OP

(
1 + logn

T

)
follows from the same argument. Hence,

1

nT

n∑
i=1

[
T∑
t=1

(ε̂it − ε̃it)η̃it

]2

≤ T
nT ‖ε̂− ε̃‖

2
2 maxi≤n

1
T

∑T
t=1 η̃

2
it

= OP
(
ψ2
nT + ψ2

n log n
)

= oP (1).
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(ii) By part (i),

1

nT

n∑
i=1

[
T∑
t=1

(η̂itε̂it − η̃itε̃it)

]2

≤ 2

nT

n∑
i=1

[
T∑
t=1

(η̂it − η̃it)ε̃it

]2

+
2

nT

n∑
i=1

[
T∑
t=1

η̂it(ε̂it − ε̃it)

]2

≤ oP (1) +
4T

n

n∑
i=1

[
1

T

T∑
t=1

(η̂it − η̃it)(ε̂it − ε̃it)

]2

≤ oP (1) +
4

nT
‖ε̂− ε̃‖22 max

i

∑
t

(η̂it − η̃it)2

= oP (1) +OP (Tψ2
n) max

i

1

T

∑
t

(η̂it − η̃it)2. (H.13)

We now show the second term on the right of (H.13) is oP (1). Using the equalities

Ũit,m − Ûit,m = f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + f̂ ′i(F̂

′F̂ )−1F̂ ′Ũt,m + λ̃′tmH
′−1(f̂i −H ′f̃i)

and

δ̂dt −H−1δ̃dt = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1δ̃dt + (F̂ ′F̂ )−1F̂ ′Ũtγd + (F̂ ′F̂ )−1F̂ ′η̃t,

we have

η̃it − η̂it = f̂ ′i(δ̂dt −H−1δ̃dt) + δ̃′dtH
−1′(f̂i −H ′f̃i)

+
∑
m

(Ûit,m − Ũit,m)γ̂dm + Ũ ′it(γ̂d − γd)

= f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1δ̃dt + f̂ ′i(F̂

′F̂ )−1F̂ ′Ũtγd

+ f̂ ′i(F̂
′F̂ )−1F̂ ′η̃t + δ̃′dtH

−1′(f̂i −H ′f̃i)

+
∑
m

f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tmγ̂dm +

∑
m

f̂ ′i(F̂
′F̂ )−1F̂ ′Ũt,mγ̂dm

+
∑
m

λ̃′tmH
′−1(f̂i −H ′f̃i)γ̂dm + Ũ ′it(γ̂d − γd)

:=
8∑
l=1

Cl,it.

(H.14)

Since fi is sub-Gaussian, maxi ‖f̃i‖2 = OP (
√

log n). Under

max
i
‖f̂i −H ′fi‖2 = OP (1),
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we have that maxi ‖f̂i‖2 = OP (
√

log n). By Lemma H.11(iv),

1

T

∑
t

∥∥∥∥ 1

n
F̂ ′Ũtγ

∥∥∥∥2

2

= OP

(
|J |0
n

+ |J |20∆2
F

)
,

and
1

T

∑
t

∥∥∥∥ 1

n
F̂ ′η̃t

∥∥∥∥2

2

= OP

(
1

n
+ ∆2

fe

)
.

Hence,

Tψ2
n max

i

1

T

∑
t

C2
1,it = Tψ2

n max
i

1

T

∑
t

(f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1δ̃dt)

2

= OP (Tψ2
n log n)OP (∆2

F )

Tψ2
n max

i

1

T

∑
t

C2
2,it = Tψ2

n max
i

1

T

∑
t

(f̂ ′i(F̂
′F̂ )−1F̂ ′Ũtγd)

2

= OP (Tψ2
n log n)

1

T

∑
t

‖ 1

n
F̂ ′Ũtγd‖22

= OP (Tψ2
n log n)OP

(
|J |0
n

+ |J |20∆2
F

)
Tψ2

n max
i

1

T

∑
t

C2
3,it = Tψ2

n max
i

1

T

∑
t

(f̂ ′i(F̂
′F̂ )−1F̂ ′η̃t)

2

= OP (Tψ2
n log n)

1

T

∑
t

∥∥∥∥ 1

n
F̂ ′η̃

∥∥∥∥2

2

= OP (Tψ2
n log n)OP

(
1

n
+ ∆2

fe

)
Tψ2

n max
i

1

T

∑
t

C2
4,it = Tψ2

n max
i

1

T

∑
t

(δ̃′dtH
−1′(f̂i −H ′f̃i)2

= OP (Tψ2
n) max

i
‖f̂i −H ′fi‖22

Tψ2
n max

i

1

T

∑
t

C2
5,it = Tψ2

n max
i

1

T

∑
t

(
∑
m

f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tmγ̂dm)2

= OP (Tψ2
n log n)|J |20OP (∆2

F )

Tψ2
n max

i

1

T

∑
t

C2
6,it = Tψ2

n max
i

1

T

∑
t

(
∑
m

f̂ ′i(F̂
′F̂ )−1F̂ ′Ũt,mγ̂dm)2

= OP (Tψ2
n log n)OP

(
|J |0
n

+ |J |20∆2
F

)
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Tψ2
n max

i

1

T

∑
t

C2
7,it = Tψ2

n max
i

1

T

∑
t

(
∑
m

λ̃′tmH
′−1(f̂i −H ′f̃i)γ̂dm)2

= OP (Tψ2
n) max

i
‖f̂i −H ′fi‖22|J |20

Tψ2
n max

i

1

T

∑
t

C2
8,it = Tψ2

n max
i

1

T

∑
t

(Ũ ′it(γ̂d − γd))2

≤ Tψ2
n‖γ̂d − γd‖21 max

imk

∣∣∣∣∣ 1

T

∑
t

Ũit,mŨit,k

∣∣∣∣∣
= OP (Tψ2

n)(κ2
n|J |20 + ‖Rd‖21)

(
1 +

√
log(pn)

T

)
.

Therefore, Tψ2
n maxi

1
T

∑
t(η̂it − η̃it)2 = OP (Tψ2

ncn) where

cn = log n

(
∆2
F |J |20 +

|J |0
n

+ |J |20∆2
F + ∆2

fe

)
+ max

i
‖f̂i −H ′fi‖22|J |20 +

(
κ2
n|J |20 + ‖Rd‖21

)(
1 +

√
log(pn)

T

)
.

Under our assumptions Tψ2
ncn = o(1). Then (H.13) implies

1

nT

n∑
i=1

[
T∑
t=1

(η̂itε̂it − η̃itε̃it)

]2

= oP (1).

�

H.2. Technical Lemmas for Theorem 4.1. The following lemma presents a version

of the maximal inequality for a U-statistic. While there are several inequalities of this

type available in the literature, e.g., Nolan and Pollard (1987); Horváth and Shao (1996),

we present and prove the following version, which is more directly related to the current

context, and is useful for proofs in the bootstrap sampling space.

Lemma H.5. Suppose the following conditions hold:

(i) {Zijm} is a sequence of random variables in the original sampling space, satisfying

max
m≤p,i≤n

1

n

n∑
j=1

Z2
ijm = OP (a2

n)

for some deterministic sequence an > 0.

(ii) {X∗i , Y ∗i }i≤n is an i.i.d. sequence in the bootstrap sampling space such that {X∗i } is
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independent of {Y ∗i }, EX∗i = EY ∗i = 0, and Var∗(Xi) < C and Var∗(Yi) < C for a

constant C > 0 where C is non-random in both the original and bootstrap sampling space.

(iii) Both X∗i and Y ∗i are sub-exponential random variables satisfying Assumption 3.1 (iv).

Then for any ε1, ε2 > 0, there is a Cε1,ε2 > 0 such that

P

P ∗
max
m≤p

∣∣∣∣∣∣ 1

n2

∑
i,j≤n

X∗i Y
∗
j Zijm

∣∣∣∣∣∣ > 2anC
√
Cε1,ε2 log p log(pn)

n

 > ε1

 < ε2.

Thus maxm≤p | 1
n2

∑
i,j≤nX

∗
i Y
∗
j Zijm| = OP ∗

(
an
√

log p log(np)

n

)
.

Proof. By condition (i), for any δ > 0, there is Cδ > 0 such that with probability at least

1− δ the event Aδ := {maxm≤p,i≤n
1
n

∑n
j=1 Z

2
ijm < a2

nCδ} holds.

Let V ∗ = maxmi | 1n
∑

j Y
∗
j Zijm|. Define W ∗im = X∗i

1
n

∑
j Y
∗
j Zijm and Y ∗ = {Y ∗i }i≤n.

Since {X∗i } and {Y ∗i } are independent, then on the event Aδ,

max
m,i

1

n

∑
j

Var∗(Y ∗j Zijm) = max
m,i

1

n

∑
j

Z2
ijm Var(Y ∗j ) < a2

nCCδ

max
m

1

n

∑
i

Var∗(W ∗im|Y ∗) = max
m

1

n

∑
i

 1

n

∑
j

Y ∗j Zijm

2

Var∗(X∗i ) ≤ CV ∗2.
(H.15)

In the bootstrap sampling space (BSS), {Y ∗j Zijm}j≤n is independent across j and E∗Y ∗j Zijm =

0. By the Bernstein inequality, for y = (2a2
nCCδ log(pn)/n)1/2,

P ∗(V ∗ > y)1{Aδ} ≤ pnmax
m,i

P ∗

| 1
n

∑
j

Y ∗j Zijm| > y

 1{Aδ}

≤ exp

(
log(pn)− ny2

maxm,i
1
n

∑
j Var∗(Y ∗j Zijm)

)
1{Aδ}

≤ exp

(
log(pn)− ny2

a2
nCCδ

)
= (pn)−1.

(H.16)
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In the BSS, {W ∗im}i≤n is independent across i conditional on Y ∗. By (H.15) and the

Bernstein inequality, for x = y
√

2C log p
n =

2anC
√
Cδ log p log(pn)

n ,

P ∗(max
m≤p
| 1
n

∑
i

W ∗im| > x|Y ∗)1{V ∗ < y}

≤ pmax
m

P ∗

(
| 1
n

∑
i

W ∗im| > x|Y ∗
)

1{V ∗ < y}

≤ exp

(
log p− nx2

maxm
1
n

∑
i Var∗(W ∗im|Y ∗)

)
1{V ∗ < y}

≤ exp

(
log p− nx2

CV ∗2

)
1{V ∗ < y} exp

(
log p− nx2

Cy2

)
= p−1.

(H.17)

Let EY ∗ denote the expectation operator with respect to the marginal distribution of

Y ∗ in the bootstrap sampling space; i.e., EY ∗ is the conditional distribution of Y ∗ given

the original data. By the law of iterated expectations, EY ∗ [P ∗(·|Y ∗)] = P ∗(·). We then

have

P ∗

max
m≤p
| 1

n2

∑
i,j≤n

X∗i Y
∗
j Zijm| > x


≤ P ∗

max
m≤p
| 1

n2

∑
i,j≤n

X∗i Y
∗
j Zijm| > x

 1{Aδ}+ 1{Acδ}

= P ∗

(
max
m≤p
| 1
n

∑
i

W ∗im| > x

)
1{Aδ}+ 1{Acδ}

= EY ∗P
∗

(
max
m≤p
| 1
n

∑
i

W ∗im| > x|Y ∗
)

1{Aδ}+ 1{Acδ}

≤(a) EY ∗P
∗

(
max
m≤p
| 1
n

∑
i

W ∗im| > x|Y ∗
)

1{V ∗ < y}1{Aδ}+ EY ∗1{V ∗ ≥ y}1{Aδ}+ 1{Acδ}

≤(b) p−1 + P ∗(V ∗ ≥ y)1{Aδ}+ 1{Acδ}

≤(c) p−1 + (pn)−1 + 1{Acδ},

where we used P ∗(·|Y ∗) ≤ P ∗(·|Y ∗)1{V ∗ < y} + 1{V ∗ ≥ y} in (a), (H.17) in (b), and

(H.16) in (c). Because P (Acδ) ≤ δ, taking the expectation with respect to the distribution
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of the original data on both sides yields

EP ∗(max
m≤p
| 1

n2

∑
i,j≤n

X∗i Y
∗
j Zijm| > x) ≤ p−1 + (pn)−1 + δ.

For any ε1, ε2 > 0, let δ = ε1ε2/2, and call Cδ in x to be Cε1,ε2 . By the Markov Inequality,

P

P ∗(max
m≤p
| 1

n2

∑
i,j≤n

X∗i Y
∗
j Zijm| > x) > ε1

 ≤ 1

ε1
(p−1 + (pn)−1 + δ) ≤ ε1ε2/2 + δ

ε1
= ε2.

�

Lemma H.6. (i) 1
T

∑
t ‖

1
n F̂
∗′Ũ∗

′
t γ̂‖22 = OP ∗

(
∆∗2F |J |20 + |J |0

n

)
.

(ii) 1
T

∑
t ‖

1
n

∑n
i=1 ẽ

∗
itf̂
∗
i ‖22 = OP ∗

(
1
n + ∆∗2F

)
.

(iii) ‖ 1
nT

∑
t Û
′
t,Ĵ

(F̃H − F̂ ∗)H∗−1δ̂dt‖2 = OP ∗(∆
∗
ud + ∆∗2F + ∆∗F b

∗
n)
√
|J0|, where

b∗n =

√
log p
n

(
log(n) log(pT )

n + ∆2
max + log(pn)

T

)
.

Proof. For notational simplicity, we assume fi is a scalar.

(i) We have 1
T

∑
t ‖

1
n F̂
∗′Ũ∗

′
t γ̂‖22 ≤ OP ∗(|J |20∆∗2F ) + 1

T

∑
t |

1
n

∑
i f̂iw

U
i Û
′
itγ̂|2OP ∗(1). Hence,

we need to bound 1
T

∑
t |

1
n

∑
i f̂iw

U
i Û
′
itγ̂|2.

E∗

[
1

T

∑
t

| 1
n

∑
i

f̂iw
U
i Û
′
itγ̂|2

]

=
1

T

∑
t

1

n2

∑
i

(f̂iÛ
′
itγ̂)2

≤ 2

n2T

∑
t

∑
i

(f̂iŨ
′
itγ̂)2 +

1

n2T

∑
t

∑
i

f̂4
i

(
p∑

m=1

λ̃tmγ̂m

)2

OP (∆2
F )

+
1

n2T

∑
t

∑
i

f̂4
i

(
1

n
F̂ ′Ũ ′tγ

)2

+
1

nT

∑
t

(
p∑

m=1

λ̃′tmγ̂m

)2

max
i
f̂2
i OP (∆2

F )

≤ 4

n2T

∑
t

∑
i

(f̂iŨ
′
it(γ̂ − γ))2 +

4

n2T

∑
t

∑
i

(f̂iŨ
′
itγ)2

+ max
i
|f̂i|2

1

n
OP (∆2

F |J |20) + max
i
|f̂i|2

1

nT

∑
t

(
1

n
F̂ ′Ũ ′tγ

)2

≤ ‖γ̂ − γ‖21 max
i
f̂2
i max

mk

1

n2T

∑
it

|Ũit,mŨit,k|+
1

n2T

∑
t

∑
i

(f̃iŨ
′
itγ)2
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+
8

n2T

∑
t

∑
i

(f̂i −H ′f̃i)2(Ũ ′itγ)2 + max
i
|f̂i|2

1

n
OP (∆2

F |J |20)

+ max
i
|f̂i|2

1

nT

∑
t

(
1

n
F̂ ′Ũ ′tγ

)2

≤ OP
(

log n

n
κ2
n|J |20 +

|J |0
n

+
log n

n
∆2
F |J |20 +

log n|J |0
n2

+
log n|J |20

n
∆2
F

+
|J |20∆2

F

n

(√
log n

T
+ 1

))

= OP

(
|J |0
n

)
,

where we used the assumption maxk
∑

m |EUit,kUit,m| < C to bound 1
n2T

∑
t

∑
i(f̃iŨ

′
itγ)2,

yielding its rate OP

(
|J |0
n

)
instead of OP

(
|J |20
n

)
. Also,

1

T

∑
t

∥∥∥∥ 1

n
F̂ ′Ũtγ

∥∥∥∥2

2

= OP

(
|J |0
n

+ ∆2
F |J |20

)
follows from Lemma H.11. Finally,

8

n2T

∑
t

∑
i

(f̂i −H ′f̃i)2(Ũ ′itγ)2 = OP

(
|J |20∆2

F

n

(√
log n

T
+ 1

))
is due to

1

n2T

∑
i

(f̂i −H ′f̃i)2
∑
t

(Ũ ′itγ)2 ≤ OP
(

1

n
∆2
F

)
max
i

1

T

∑
t

(Ũ ′itγ)2

≤ OP
(

1

n
∆2
F

)
max
i

1

T

∑
t

(U ′itγ)2

≤ OP
(

1

n
∆2
F

)
max
i

∣∣∣∣∣ 1

T

∑
t

(E(U ′itγ)2 − (U ′itγ)2)

∣∣∣∣∣
+OP

(
1

n
∆2
F

)
max
i

1

T

∑
t

E(U ′itγ)2

≤ OP

(
|J |20∆2

F

n

(√
log n

T
+ 1

))
.

(ii) By Lemma H.14, 1
T

∑
t ‖

1
n

∑n
i=1 ẽ

∗
itf̂i‖22 = OP ∗(

1
n), which yields the result.
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(iii) By Assumption D.5 and (H.41),∥∥∥∥ 1

nT

∑
t

Û∗
′

t,Ĵ∗
(F̃H − F̂ ∗)H∗−1δ̂dt

∥∥∥∥∥
2

≤ OP ∗(
√
|J |0) max

m

∣∣∣∣∣ 1n
n∑
i=1

1

T

T∑
t=1

Ũ∗it,mδ̂
′
ytH

∗′−1(f̂∗i −H∗
′
f̂i)

∣∣∣∣∣
+OP ∗(

√
|J |0) max

m

∣∣∣∣∣ 1n
n∑
i=1

1

T

T∑
t=1

(Û∗it,m − Ũ∗it,m)δ̂′ytH
∗′−1(f̂∗i −H∗

′
f̂i)

∣∣∣∣∣
≤ OP ∗(∆∗ud + ∆∗2F + ∆∗F b

∗
n)
√
|J0|

where b∗n =

√
log p
n

(
log(n) log(pT )

n + ∆2
max + log(pn)

T

)
. �

In the following lemma, recall that γ̃∗y denotes the k-step lasso estimator, and γ̂y denotes

the lasso estimator using the original data.

Lemma H.7. For γ̂ ∈ {γ̂y, γ̂d, θ},

(i)

∥∥∥∥ 1√
nT
M
Û∗
Ĵ∗
Ũ∗γ̂

∥∥∥∥2

2

= OP ∗
(
an + κ2

n|J |0 + |J |20∆∗2F + |J |0
n

)
.

(ii)
∥∥∥ 1√

nT
(IT ⊗ PF̂ ∗)Ũ

∗γ̂
∥∥∥2

2
= OP ∗

(
|J |0
n + |J |20∆∗2F

)
.

(iii)
∥∥∥ 1√

nT
(IT ⊗ PF̂ ∗)η̃

∗
∥∥∥2

2
= OP ∗

(
∆∗2F + 1

n

)
and

∥∥∥ 1√
nT

(IT ⊗ PF̂ ∗)ε̃
∗
∥∥∥2

2
= OP ∗

(
∆∗2F + 1

n

)
.

(iv)

∥∥∥∥ 1√
nT
P
Û∗
Ĵ∗
η̃∗
∥∥∥∥2

2

= OP ∗
(
|J |0 log p

nT

)
and

∥∥∥∥ 1√
nT
P
Û∗
Ĵ∗
ε̃∗
∥∥∥∥2

2

= OP ∗
(
|J |0 log p

nT

)
.

(v)

∥∥∥∥ 1√
nT
M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)Ũ
∗γ̂d

∥∥∥∥ = OP ∗
(
an + κ2

n|J |0 + |J |20∆∗2F + |J |0
n

)
.

Proof. (i) First, consider the following constrained problem:

m̂ = arg min
m
‖Û∗(γ̂ −m)‖22, mj = 0, j /∈ Ĵ∗,

where Ĵ∗ is the support of the k-step lasso (instead of the support of the complete bootstrap

lasso estimator γ̃∗y,lasso). The solution satisfies Û∗m̂ = P
Û∗
Ĵ∗
Û∗γ̂. For γ̃∗ being the k-step

lasso (either γ̃∗y or γ̃∗d), 1
nT

∑T
t=1 ‖Û∗t (γ̂ − γ̃∗)‖22 = OP ∗(κ

2
n|J |0 + an) by Proposition B.2.

Hence∥∥∥∥ 1√
nT

M
Û∗
Ĵ∗
Û∗γ̂

∥∥∥∥2

2

=

∥∥∥∥ 1√
nT

Û∗(γ̂ − m̂)

∥∥∥∥2

2

≤
∥∥∥∥ 1√

nT
Û∗(γ̂ − γ̃∗)

∥∥∥∥2

2

= OP ∗(an + κ2
n|J |0).
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Also, using 1
T

∑
t ‖

1
n F̂
∗′Ũ∗

′
t γ̂‖22 = OP ∗

(
|J |20∆∗2F + |J |0

n

)
from Lemma H.6 and

Ũ∗it,m − Û∗it,m = f̂∗
′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
(F̂H∗ − F̂ ∗)H∗−1λ̂tm + f̂∗

′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
Ũ∗t,m

+ λ̂′tmH
∗′−1(f̂∗i −H∗

′
f̂i),

we have∥∥∥∥ 1√
nT

M
Û∗
Ĵ∗

(Û∗ − Ũ∗)γ̂
∥∥∥∥2

2

≤ 1

nT

∥∥∥(Û∗ − Ũ∗)γ̂
∥∥∥2

2

=
1

nT

T∑
t=1

∑
i

[
∑
m

(Û∗it,m − Ũ∗it,m)γ̂m]2

≤ 1

T

T∑
t=1

[∑
m

1

n
F̂ ∗
′
Ũ∗t,mγ̂m

]2

OP ∗(1) +
1

T

T∑
t=1

[
∑
m

λ̂′tmγ̂m]2OP ∗(∆
∗2
F )

= OP ∗

(
|J |20∆∗2F +

|J |0
n

)
.

Combining these yields

∥∥∥∥ 1√
nT
M
Û∗
Ĵ∗
Ũ∗γ̂

∥∥∥∥2

2

= OP ∗
(
an + κ2

n|J |0 + |J |20∆∗2F + |J |0
n

)
.

(ii) Still by by Lemma H.6,∥∥∥∥ 1√
nT

(IT ⊗ PF̂ ∗)Ũ
∗γ̂

∥∥∥∥2

2

=
1

nT

∑
t

∥∥∥PF̂ ∗Ũ∗t γ̂∥∥∥2

2

≤ 1

n2T

∑
t

∥∥∥F̂ ∗′Ũ∗′t γ̂∥∥∥2

2

= OP ∗

(
|J |0
n

+ |J |20∆∗2F

)
.

(iii) By Lemma H.6, 1
T

∑
t ‖

1
n

∑n
i=1 ẽ

∗
itf̂i‖22 = OP ∗(

1
n). Hence,

‖ 1√
nT

(IT ⊗ PF̂ ∗)η̃
∗‖22 =

1

nT

∑
t

‖P
F̂ ∗ η̃

∗
t ‖22 ≤

1

n2T

∑
t

‖F̂ ∗′ η̃∗t ‖22 = OP ∗

(
∆∗2F +

1

n

)
.

(iv) The same argument as used in the proof of Lemma H.17 yields

max
m

∣∣∣∣∣ 1

nT

∑
t

∑
i

Ũ∗it,mη̃
∗
it

∣∣∣∣∣ = OP ∗

(√
log p

nT

)
and

max
m

∣∣∣∣∣ 1

nT

∑
t

∑
i

(Ũ∗it,m − Û∗it,m)η̃∗it

∣∣∣∣∣ = oP ∗

(√
log p

nT

)
.
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Also, by Assumption 4.1, |Ĵ∗| = OP ∗(|J |0). Hence,∥∥∥∥ 1

nT
Ũ∗
′

Ĵ∗
η̃∗
∥∥∥∥

2

=

∥∥∥∥∥ 1

nT

∑
t

Ũ∗
′

t,Ĵ∗
η̃∗t

∥∥∥∥∥
2

≤ max
m

∣∣∣∣∣ 1

nT

∑
t

∑
i

Ũ∗it,mη̃
∗
it

∣∣∣∣∣
√
|Ĵ∗|0 = OP ∗

(√
|J |0

log p

nT

)

and ‖ 1
nT (Ũ∗

Ĵ∗
− Û∗

Ĵ∗
)′η̃∗‖2 ≤ ‖ 1

nT

∑
t(Ũ
∗′
t,Ĵ∗
− Û∗

′

t,Ĵ∗
)η̃∗t ‖∞

√
|Ĵ |0 = oP ∗

(√
|J |0 log p

nT

)
. We

then have ∥∥∥∥ 1

nT
Û∗
′

Ĵ∗
η̃∗
∥∥∥∥

2

= OP ∗

(√
|J |0

log p

nT

)
. (H.18)

Next, φmin(|Ĵ∗|) ≤ λmin

(
1
nT Ũ

′

Ĵ∗
Ũ
Ĵ∗

)
≤ λmax

(
1
nT Ũ

′

Ĵ∗
Ũ
Ĵ∗

)
≤ φmax(|Ĵ∗|). Also by (H.49),∥∥∥∥ 1

nT
Û∗
′

Ĵ∗
Û∗
Ĵ∗
− 1

nT
Ũ
′

Ĵ∗
Ũ
Ĵ∗

∥∥∥∥ ≤ OP ∗(|J |0) max
m,k≤p

∣∣∣∣∣ 1

nT

∑
it

(Û∗it,mÛ
∗
it,k − Ũit,mŨit,k)

∣∣∣∣∣ = oP ∗(1).

This result implies

φmin(|Ĵ∗|)− oP ∗(1) ≤ λmin

(
1

nT
Û∗
′

Ĵ∗
Û∗
Ĵ∗

)
≤ λmax

(
1

nT
Û∗
′

Ĵ∗
Û∗
Ĵ∗

)
≤ φmax(|Ĵ∗|) + oP ∗(1).

(H.19)

Hence
∥∥∥ 1√

nT
Û∗
Ĵ∗

∥∥∥2
= λmax

(
1
nT Û

∗′
Ĵ∗
Û∗
Ĵ∗

)
= OP ∗(1) and

∥∥∥( 1
nT Û

∗′
Ĵ∗
Û∗
Ĵ∗

)−1
∥∥∥ = OP ∗(1). Fi-

nally,∥∥∥∥ 1√
nT

P
Û∗
Ĵ∗
η̃∗
∥∥∥∥

2

≤
∥∥∥∥ 1√

nT
Û∗
Ĵ∗

(
1

nT
Û∗
′

Ĵ∗
Û∗
Ĵ∗

)−1 1

nT
Û∗
′

Ĵ∗
η̃∗
∥∥∥∥

2

= OP ∗

(√
|J |0

log p

nT

)
.

(v) The result follows immediately from parts (i) and (ii) and the following inequality:∥∥∥∥ 1√
nT

M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)Ũ
∗γ̂d

∥∥∥∥
2

≤
∥∥∥∥ 1√

nT
M
Û∗
Ĵ∗
Ũ∗γ̂d

∥∥∥∥
2

+

∥∥∥∥ 1√
nT

(IT ⊗ PF̂ ∗)Ũ
∗γ̂d

∥∥∥∥
2

.

�

Lemma H.8. (i) 1√
nT
ε̃∗
′
M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗(F̂H
∗ − F̂ ∗)H∗−1)∆̂d = oP ∗(1).

(ii) 1√
nT
ε̃∗
′
(IT ⊗ PF̂ ∗)Ũ

∗γ̂d = oP ∗(1),

(iii) 1√
nT
ε̃∗
′
(IT ⊗ PF̂ ∗)η̃

∗ = oP ∗(1),

(iv) 1√
nT
ε̃∗
′
M
Û∗
Ĵ∗
Ũ∗γ̂d = oP ∗(1).

(v) 1√
nT
ε̃∗
′
M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)Ũ
∗γ̂d = oP ∗(1).

(vi) Ξ̂′(IT ⊗H∗
′−1(F̂H∗ − F̂ ∗)′M

F̂ ∗)
1√
nT
M
Û∗
Ĵ∗
Ũ∗γ̂d = oP ∗(1).
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Proof. (i) First, by Lemma H.14, 1
T

∑
t ‖

1
n

∑n
i=1 ε̃

∗
itf̂i‖22 = OP ∗

(
1
n

)
. Thus,∣∣∣∣ 1√

nT

∑
t

ε̃∗
′
t PF̂ ∗(F̂H

∗ − F̂ ∗)H∗−1δ̂dt

∣∣∣∣∣
2

=
1

nT
tr2

(∑
t

δ̂dtε̃
∗′
t PF̂ ∗(F̂H

∗ − F̂ ∗)H∗−1

)

≤ 1

nT

∥∥∥∥∥∑
t

δ̂dtε̃
∗′
t F̂
∗

∥∥∥∥∥
2

F

∥∥∥∥ 1

n
F̂ ∗
′
(F̂H∗ − F̂ ∗)

∥∥∥∥2

F

OP ∗(1)

= OP ∗(∆
∗2
F )

∥∥∥∥∥ 1√
nT

∑
t

δ̂dtε̃
∗′
t (F̂ ∗ − F̂H∗)

∥∥∥∥∥
2

F

+OP ∗(∆
∗2
F )

1

nT

∥∥∥∥∥∑
t

δ̂dtε̃
∗′
t F̂

∥∥∥∥∥
2

F

= OP ∗(∆
∗4
F nT ) +OP ∗(∆

∗2
F )nT

1

T

∑
t

‖ 1

n
ε̃∗
′
t F̂‖2F

= oP ∗(1).

By Lemma H.6,∥∥∥∥∥ 1

nT

∑
t

Û ′
t,Ĵ

(F̃H − F̂ ∗)H∗−1δ̂dt

∥∥∥∥∥
2

= OP ∗
(
∆∗ud + ∆∗2F + ∆∗F b

∗
n

)√
|J0|,

and ∥∥∥∥∥ 1√
nT

∑
t

Û∗
′

t,Ĵ∗
P
F̂ ∗(F̂H

∗ − F̂ ∗)H∗−1δ̂dt

∥∥∥∥∥
2

= 0

due to Û ′tF̂
∗ = 0. Therefore,∥∥∥∥PÛ∗

Ĵ∗
(IT ⊗MF̂ ∗(F̂H

∗ − F̂ ∗)H∗−1)∆̂d

∥∥∥
2

=

∥∥∥∥∥Û∗Ĵ∗(Û∗′Ĵ∗Û∗Ĵ∗)−1
∑
t

Û∗
′

t,Ĵ∗
M
F̂ ∗(F̂H

∗ − F̂ ∗)H∗−1δ̂dt

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1√
nT

∑
t

Û∗
′

t,Ĵ∗
M
F̂ ∗(F̂H

∗ − F̂ ∗)H∗−1δ̂dt

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1√
nT

∑
t

Û∗
′

t,Ĵ∗
(F̂H∗ − F̂ ∗)H∗−1δ̂dt

∥∥∥∥∥
2

= OP ∗
(
∆∗ud + ∆∗2F + ∆∗F b

∗
n

)√
|J |0nT . (H.20)
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By Assumption D.5, ‖ 1√
nT

∑
t δ̂dtε̃

∗′
t (F̂H∗−F̂ ∗)‖F = oP ∗(1), and ‖ 1√

nT
P
Û∗
Ĵ∗
ε̃‖22 = OP ∗(|J |0 log p

nT )

by Lemma H.7. Hence,

1√
nT

ε̃∗
′
M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗(F̂H
∗ − F̂ ∗)H∗−1)∆̂d

= − 1√
nT

ε̃∗
′
P
Û∗
Ĵ∗

(IT ⊗MF̂ ∗(F̂H
∗ − F̂ ∗)H∗−1)∆̂d

+
1√
nT

ε̃∗
′
(IT ⊗ (F̂H∗ − F̂ ∗)H∗−1)∆̂d

− 1√
nT

ε̃∗
′
(IT ⊗ PF̂ ∗(F̂H

∗ − F̂ ∗)H∗−1)∆̂d

≤
∥∥∥∥ 1√

nT
ε̃∗
′
P
Û∗
Ĵ∗

∥∥∥∥
2

∥∥∥∥PÛ∗
Ĵ∗

(IT ⊗MF̂ ∗(F̂H
∗ − F̂ ∗)H∗−1)∆̂d

∥∥∥∥
2

+

∣∣∣∣∣ 1√
nT

∑
t

ε̃∗
′
t PF̂ ∗(F̂H

∗ − F̂ ∗)H−1δ̃dt

∣∣∣∣∣
+

∣∣∣∣∣ 1√
nT

∑
t

ε̃∗
′
t (F̂H∗ − F̂ ∗)H−1δ̂dt

∣∣∣∣∣
= oP ∗(1) +OP ∗

(√
|J |0

log p

nT

)(
∆∗ud + ∆∗2F + ∆∗F b

∗
n

)√
|J |0nT

= oP ∗(1)

where we have used the assumption that (∆∗ud + ∆∗2F + ∆∗F b
∗
n)
√

log p|J |20 = o(1).

(ii) By the Cauchy-Schwarz inequality and Lemma H.6,

1√
nT

ε̃∗
′
(IT ⊗ PF̂ ∗)Ũ

∗γ̂d =
1√
nT

∑
t

ε̃∗
′
t PF̂ ∗Ũ

∗
t γ̂d

≤

∥∥∥∥∥
√
nT

n2

p∑
m=1

1

T

∑
t

F̂ ∗
′
Ũ∗t,mε̃

∗′
t F̂
∗γ̂dm

∥∥∥∥∥
F

≤
√
nT

(
1

T

∑
t

(
1

n
F̂ ∗
′
Ũ∗
′
t γ̂d)

2

)1/2(
1

T

∑
t

(
1

n
ε̃∗
′
t F̂
∗
)2
)1/2

= OP ∗

(
√
nT

(
∆∗F |J |0 +

√
|J |0
n

))(
1√
n

+ ∆∗F

)
= oP ∗(1).
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(iii) It can be shown that

1√
nT

ε̃∗
′
(IT⊗PF̂ ∗)η̃

∗ ≤

∥∥∥∥∥
√
T

n
√
n
F̂ ∗
′ 1

T

∑
t

η̃∗t ε̃
∗′
t F̂
∗

∥∥∥∥∥
F

≤ OP ∗
(
√
nT

(
1√
n

+ ∆∗F

)2
)

= oP ∗(1).

(iv) Recall that there is m̂ such that Û∗m̂ = P
Û∗
Ĵ∗
Û∗γ̂d. We first bound ‖γ̂d − m̂‖1. By

Proposition B.2,

1

nT
‖Û∗(γ̂d − m̂)‖22 ≤

1

nT

T∑
t=1

‖Û∗t (γ̂d − γ̃∗)‖22 = OP ∗(an + κ2
n|J |0).

Also, γ̂d−m̂ is at most |Ĵ |0 + |Ĵ∗|0-sparse. Hence, by Assumption 3.4 and using arguments

similar to those used in the proof of (H.19),

1

nT
‖Û∗(γ̂d − m̂)‖22 ≥ (φmin(|Ĵ |0 + |Ĵ∗|0)− oP ∗(1))‖γ̂d − m̂‖22 ≥ C|J |−1

0 ‖γ̂d − m̂‖
2
1.

Hence, ‖γ̂d − m̂‖21 = OP ∗(an + κ2
n|J |0)|J |0.

In addition, similar to the proof of Lemma H.17,
∥∥∥ 1√

nT
ε̃∗
′
Û∗
∥∥∥
∞

= OP ∗(
√

log p). Hence,∣∣∣∣ 1√
nT

ε̃∗
′
M
Û∗
Ĵ∗
Û∗γ̂d

∣∣∣∣ =

∣∣∣∣ 1√
nT

ε̃∗
′
Û∗(γ̂d − m̂)

∣∣∣∣
≤
∥∥∥∥ 1√

nT
ε̃∗
′
Û∗‖∞‖γ̂d − m̂

∥∥∥∥
1

= OP ∗
(
a1/2
n |J |

1/2
0 + κn|J |0

)√
log p = oP ∗(1)

under the assumption an|J |0 log p = o(1).

In addition,

1√
nT

ε̃∗
′
M
Û∗
Ĵ∗

(Ũ∗ − Û∗)γ̂d =
1√
nT

ε̃∗
′
(Ũ∗ − Û∗)γ̂d −

1√
nT

ε̃∗
′
P
Û∗
Ĵ∗

(Ũ∗ − Û∗)γ̂d

=
1√
nT

∑
i

∑
t

∑
m

ε̃∗it(Ũ
∗
it,m − Û∗it,m)γ̂dm

− 1√
nT

ε̃∗
′
Û∗
Ĵ∗

(Û∗
′

Ĵ∗
Û∗
Ĵ∗

)−1Û∗
′

Ĵ∗
(Ũ∗ − Û∗)γ̂d
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≤

∥∥∥∥∥ 1√
nT

∑
i

∑
m

∑
t

ε̃∗itγ̂dmλ̂tmf̂
′
i

∥∥∥∥∥
F

OP ∗(∆
∗
F )

+

∥∥∥∥∥ 1√
nT

∑
i

∑
t

∑
m

ε̃∗itf̂i
1

n
F̂ ∗
′
Ũ∗t,mγ̂dm

∥∥∥∥∥
F

OP ∗(1)

+

∥∥∥∥∥ 1√
nT

∑
i

∑
t

∑
m

ε̃∗itγ̂dmλ̂tm(f̂∗i −H∗f̂i)′
∥∥∥∥∥OP ∗(1)

+

∥∥∥∥ 1√
nT

ε̃∗
′
Û∗
Ĵ∗
‖2‖

1

nT
Û∗
′

Ĵ∗
(Ũ∗ − Û∗)γ̂d

∥∥∥∥
2

OP ∗(1).

(H.21)

The first term on the right of the inequality in (H.21) is OP ∗(|J |0)∆∗F = oP ∗(1). By part

(ii), the second term on the right of the inequality in (H.21) is oP ∗(1), and the third term

is OP ∗(∆
∗
eg

√
nT ) = oP ∗(1) by Assumption D.5. For the last term on the right of the

inequality in (H.21), we have
∥∥∥ 1√

nT
Û∗
′

Ĵ∗
ε̃∗
∥∥∥

2
= OP ∗(

√
|J |0 log p). Also, by (H.46)

1

nT
‖Û∗′

Ĵ∗
(Ũ∗ − Û∗)γ̂d‖2 ≤

√
|Ĵ |0 max

k

∣∣∣∣∣ 1

nT

∑
i

∑
t

∑
m

Û∗it,k(Ũ
∗
it,m − Û∗it,m)γ̂dm

∣∣∣∣∣
≤ OP ∗(|J |1/20 )

(
∆∗2F |J |0 + ∆∗ud|J |0 + |J |0∆∗F bn + |J |0

log(pT )

n

)
:= OP ∗(cn),

where bn =

(√
log p
n

)√
log(n) log(pT )

n + ∆2
max + log(pn)

T . Therefore, the last term of (H.21)

is bounded by OP ∗(
√
|J |0 log p)cn = oP ∗(1). Thus, both 1√

nT
ε̃∗
′
M
Û∗
Ĵ∗

(Ũ∗ − Û∗)γ̂d and

1√
nT
ε̃∗
′
M
Û∗
Ĵ∗
Û∗γ̂d are oP ∗(1).

(v) Since 1√
nT
ε̃∗
′
P
Û∗
Ĵ∗

(IT ⊗ PF̂ ∗)Ũ
∗γ̂d = 0, it follows from parts (ii) and (iv) that

1√
nT

ε̃∗
′
M
Û∗
Ĵ∗

(IT ⊗MF̂ ∗)Ũ
∗γ̂d =

1√
nT

ε̃∗
′
M
Û∗
Ĵ∗
Ũ∗γ̂d −

1√
nT

ε̃∗
′
(IT ⊗ PF̂ ∗)Ũ

∗γ̂d = oP ∗(1).

(vi) By Lemma H.7,

∥∥∥∥ 1√
nT
M
Û∗
Ĵ∗
Ũ∗γ̂

∥∥∥∥2

2

= OP ∗
(
an + κ2

n|J |0 + |J |20∆∗2F + |J |0
n

)
. Thus,

∣∣∣Ξ̂′ (IT ⊗H∗
′−1(F̂H∗ − F̂ ∗)′M

F̂ ∗)
1√
nT

M
Û∗
Ĵ∗
Ũ∗γ̂d

∣∣∣∣2
≤ OP ∗(T )

∥∥∥F̂ ∗ − F̂H∗∥∥∥2

F

∥∥∥∥ 1√
nT

M
Û∗
Ĵ∗
Ũ∗γ̂d

∥∥∥∥2

2
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= OP ∗
(
nT∆∗2F

)(
κ2
n|J |0 + an + ∆∗2F |J |20 +

|J |0
n

)
= oP ∗(1).

�

H.3. Technical lemmas for Proposition F.1.

Lemma H.9. κ2
n|J |0

√
nT = o(1).

Proof. Note that κ2
n = O(log(pq−1

n )/(nT )). To prove κ2
n|J |0

√
nT = o(1), it thus suffices to

show |J |20 log2 p = o(nT ) and |J |20 log2
(

1
qn

)
= o(nT ), which is guaranteed by our assump-

tions. �

Lemma H.10. For all t, the K×p matrix F̂ ′Ût satisfies F̂ ′Ût = 0. Also, P
Û
Ĵ
(IT⊗PF̂ ) = 0,

and Û ′
Ĵ
(IT ⊗ PF̂ ) = 0.

Proof. Note that the n× p matrix Ût = X̃t − F̂ (F̂ ′F̂ )−1F̂ ′X̃t. Thus, F̂ ′Ût = F̂ ′M
F̂
X̃t = 0.

Straightforward calculations yield Û ′
Ĵ
(IT ⊗ PF̂ ) =

∑
t Û
′
t,Ĵ
F̂ (F̂ ′F̂ )−1F̂ ′ = 0 since Û ′tF̂ = 0.

It also follows that P
Û
Ĵ
(IT ⊗ PF̂ ) = 0. �

Lemma H.11. For γ = γy or γ = γd,

(i) Both

max
t≤T,m≤p

‖ 1

n

n∑
i=1

f̂iŨit,m‖2 = OP

(√
log(pT )

n
+ ∆fum

)
and

max
m≤p

(
1

n2T

∑
t

‖Ũ ′t,mF̂‖22

)1/2

= OP

(√
log(pT )

n
+ ∆fum

)
.

(ii) maxm≤p ‖ 1
nT

∑T
t=1 F̂

′Ũtγλ̃
′
tm‖F = OP

(√
|J |0 log p
nT + ∆F |J |0

)
.

(iii) Both

max
m≤p
‖ 1

nT

T∑
t=1

F̂ ′ẽtλ̃
′
tm‖F = OP

(
∆eg +

√
log p

nT

)
and

max
m
‖ 1

T

T∑
t=1

1

n
F̂ ′Ũt,mδ̃

′
yt‖F = OP

(
∆ud +

√
log p

nT

)
.

(iv) We have
1

T

∑
t

‖ 1

n
F̂ ′ẽt‖22 = OP

(
1

n
+ ∆2

fe

)
,
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1

T

∑
t

‖ 1

n
F̂ ′η̃t‖22 = OP

(
1

n
+ ∆2

fe

)
,

and
1

T

∑
t

‖ 1

n
F̂ ′Ũtγ‖22 = OP

(
|J |0
n

+ |J |20∆2
F

)
.

(v) maxm≤p ‖ 1
nT

∑T
t=1 F̂

′Ũt,mγ
′Λ̃t‖F = OP

(
∆F |J |0 + |J |0

√
log p
nT

)
.

(vi) maxm,l≤p | 1
nT

∑
it Ũit,lf̂

′
i λ̃tm| = OP

(
∆ud +

√
log p
nT

)
.

Proof. For notational simplicity, we assume fi to be a scalar without loss of generality.

(i) First, 1
n

∑n
i=1 f̃iŨit,m = 1

n

∑n
i=1 fiUit,m − f̄ Ū·t,m −

1
n

∑
i fiŪi·,m + f̄ ¯̄Um. Then

max
t≤T,m≤p

‖ 1

n

n∑
i=1

f̃iŨit,m‖2 = OP

(√
log(pT )

n

)
.

Thus, maxt≤T,m≤p ‖ 1
n

∑n
i=1 f̂iŨit,m‖2 = OP

(√
log(pT )

n + ∆fum

)
. Also,

max
m

1

n2T

∑
t

‖Ũ ′t,mF̂‖22 = max
m

1

T

∑
t

‖ 1

n

∑
i

Ũit,mf̂i‖22 = OP

(
log(pT )

n
+ ∆2

fum

)
.

(ii) We first bound maxm ‖ 1
nT

∑T
t=1 F̃

′Ũtγλ̃
′
tm‖F .

max
m

∥∥∥∥∥ 1

nT

T∑
t=1

F̃ ′Ũtγλ̃
′
tm

∥∥∥∥∥
F

= max
m

∥∥∥∥∥ 1

nT

T∑
t=1

∑
i

fiŨ
′
itγλ̃

′
tm

∥∥∥∥∥
F

≤ | ¯̄U ′γ|OP (1) (H.22)

+ max
m

∥∥∥∥∥ 1

nT

T∑
t=1

∑
i

fiU
′
itγλ̃

′
tm

∥∥∥∥∥
F

(H.23)

+OP (1) max
m

∥∥∥∥∥ 1

T

T∑
t=1

Ū ′·tγλ̃
′
tm

∥∥∥∥∥
2

(H.24)

+OP (1)

∥∥∥∥∥ 1

n

∑
i

fiŪ
′
i·γ

∥∥∥∥∥
2

. (H.25)

For term (H.22), note

E| ¯̄U ′γ|2 ≤ 1

nT
‖γ‖1 max

i,t,m

T∑
s=1

p∑
k=1

|EUit,mUis,k| = O

(
|J |0
nT

)
.
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Hence, | ¯̄U ′γ| = OP

(√
|J |0
nT

)
.

For term (H.23), let Wim = 1
T

∑
t fiU

′
itγλ̃tm. Note that the Wim’s are independent across

i and E(Wim) = 0. By assumption, maxl,t
∑p

k=1

∑
s |E(Uit,k Uis,l|F )| = O(1); so

max
im

Var(Wim) ≤ max
im

1

T
‖γ‖1Ef2

i max
l,t

p∑
k=1

∑
s

|E(Uit,k Uis,l|F )| = O

(
|J |0
T

)
.

Hence maxm | 1n
∑

iWim| = OP

(√
|J |0 log p
nT

)
.

For term (H.24), let Zim = 1
T

∑
t U
′
itγλ̃tm. Then maxim Var(Zim) = O

(
|J |0
T

)
, and

max
m
‖ 1

T

T∑
t=1

Ū ′·tγλ̃
′
tm‖2 = max

m
‖ 1

n

∑
i

Zim‖2 = OP (

√
|J |0 log p

nT
).

Finally,

E| 1
n

∑
i

fiŪ
′
i·γ|2 ≤

1

nT
‖γ‖1Ef2

i max
imt

∑
s

p∑
k=1

|E(Uis,kUit,m|F )|.

Hence, ‖ 1
n

∑
i fiŪ

′
i·γ‖2 = OP

(√
|J |0
nT

)
. Combining the four terms above, we have

max
m
‖ 1

nT

T∑
t=1

F̃ ′Ũtγλ̃
′
tm‖F = OP

(√
|J |0 log p

nT

)
.

Next, 1
n

∑
i |

1
T

∑
t Ũ
′
itγ|2 maxm ‖λ̃m‖22 = OP (|J |20), so

max
m
‖ 1

nT

T∑
t=1

(F̃H − F̂ )′Ũtγλ̃
′
tm‖2F ≤

1

n

∑
i

‖f̂i −H ′f̃i‖22
1

n

∑
i

| 1
T

∑
t

Ũ ′itγ|2 max
m
‖λ̃m‖22

= OP (∆2
F |J |20).

Hence, we have maxm ‖ 1
nT

∑T
t=1 F̂

′Ũtγλ̃
′
tm‖F = OP

(√
|J |0 log p
nT + ∆F |J |0

)
.

(iii) First of all, note that 1
nT

∑T
t=1

∑n
i=1 ẽitλ̃

′
tm = 0 and 1

T

∑
t λ̃tm = 0, so

max
m≤p
‖ 1

nT

T∑
t=1

F̃ ′ẽtλ̃
′
tm‖F = max

m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

f̃iẽitλ̃
′
tm‖F = max

m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fiẽitλ̃
′
tm‖F
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≤ max
m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fieitλ̃
′
tm‖F + max

m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fiēi·λ̃
′
tm‖F

+ max
m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fiē·tλ̃
′
tm‖F + max

m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fi ¯̄eλ̃
′
tm‖F

≤ max
m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fieitλ̃
′
tm‖F + max

m≤p
‖ 1

T

T∑
t=1

ē·tλ̃
′
tm‖2OP (1).

Fix an element k of λ̃tm, let Wim,k = 1
T

∑T
t=1 fieitλ̃tm,k. Then EWim,k = 0, and {Wim,k}’s

are independent across i ≤ n; maximk Var(Wim,k) = O( 1
T ). In addition, by Assumption

3.1, Wim,k satisfies the exponential-tail condition. Also, K = O(1), hence we can ignore

maxk≤K in the follows by bounding it for each fixed k. By the Bernstein inequality for

independent data, (e.g., Bühlmann and van de Geer (2011)) we reach

max
m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fieitλ̃
′
tm‖F ≤ K max

k≤K
max
m≤p
| 1
n

∑
i

Wim,k| = OP (

√
log p

nT
).

More specifically, by Assumption 3.1 (iv), Wim,k has exponential tails, then we can apply

the Bernstein inequality for independent data to reach (K = O(1)), for y = M
√

log p
nT and

sufficiently large M > 0,

P (max
k≤K

max
m≤p
| 1
n

∑
i

Wim,k| > y) ≤ Kpmax
k≤K

max
m≤p

P (| 1
n

∑
i

Wim,k| > y)

≤ exp

(
log(Kp)− ny2

maximk Var(Wim,k)

)
≤ exp

(
log(Kp)− CTny2

)
= o(1).

In addition, let Zim,k = 1
T

∑T
t=1 eitλ̃tm,k. Then maxikm Var(Zimk) = O( 1

T ). Hence

max
m≤p
‖ 1

T

T∑
t=1

ē·tλ̃
′
tm‖2 = max

m≤p
‖ 1

Tn

T∑
t=1

n∑
i=1

eitλ̃
′
tm‖2 ≤

√
K max

k
max
m≤p
| 1
n

n∑
i=1

Zim,k| = OP (

√
log p

nT
).

This implies

max
m≤p
‖ 1

nT

T∑
t=1

F̃ ′ẽtλ̃
′
tm‖F = OP (

√
log p

nT
).

Also, by Assumption D.4, maxm≤p ‖ 1
nT

∑T
t=1(F̂ − F̃H)′ẽtλ̃

′
tm‖F = OP (∆eg), implying

max
m≤p
‖ 1

nT

T∑
t=1

F̂ ′ẽtλ̃
′
tm‖F = OP

(
∆eg +

√
log p

nT

)
.
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On the other hand, similar calculations yield

max
m
‖ 1

T

T∑
t=1

1

n
F̃ ′Ũt,mδ̃

′
yt‖F ≤ max

m≤p
‖ 1

nT

T∑
t=1

n∑
i=1

fiUit,mδ̃
′
yt‖F + max

m≤p
‖ 1

T

T∑
t=1

Ū·t,mδ̃
′
yt‖2OP (1)

= OP (

√
log p

nT
).

Also, by Assumption D.4, maxm ‖ 1
T

∑T
t=1

1
n(F̂ − F̃H)′Ũt,mδ̃

′
yt‖F = OP (∆ud). Hence

max
m
‖ 1

T

T∑
t=1

1

n
F̂ ′Ũt,mδ̃

′
yt‖F = OP (∆ud +

√
log p

nT
).

(iv) Note that ẽit = eit − ē·t − ēi· + ¯̄e. Also, 1
n

∑
i ẽit = 0. Hence,

1

n

∑
i

f̃iẽit =
1

n

∑
i

fieit −
1

n

∑
i

fiēi· − f̄ ē·t + f̄ ¯̄e.

Therefore,

1

T

∑
t

‖ 1

n
F̂ ′ẽt‖22 ≤

2

T

∑
t

‖ 1

n

∑
i

(f̂i −H ′f̃i)ẽit‖22 +OP (1)
1

T

∑
t

‖ 1

n

∑
i

f̃iẽit‖22

= OP

(
1

n
+ ∆2

fe

)
1

T

∑
t

‖ 1

n
F̂ ′Ũtγ‖22 ≤

2

T

∑
t

‖ 1

n

∑
i

(f̂i −H ′f̃i)Ũ ′itγ‖22 +OP (1)
1

T

∑
t

‖ 1

n

∑
i

f̃iŨ
′
itγ‖22

= OP

(
|J |0
n

+ |J |20∆2
F

)
.

(v) The proof is very similar to that of (ii). First,

max
m≤p

∥∥∥∥∥ 1

nT

T∑
t=1

F̃ ′Ũt,mγ
′Λ̃t

∥∥∥∥∥
F

≤ max
m

∥∥∥∥∥ 1

nT

T∑
t=1

∑
i

fiUit,mγ
′Λ̃t

∥∥∥∥∥
F

(H.26)

+OP (1) max
m

∥∥∥∥∥ 1

T

∑
t

Ū·t,mγ
′Λ̃t

∥∥∥∥∥
2

. (H.27)

For the term (H.26), let Zim = 1
T

∑
t fiUit,mγ

′Λ̃t. Then

max
im

Var(Zim) = O

(
|J |20
T

)
,
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and

max
m
‖ 1

n

∑
i

Zim‖2 = OP

(
|J |0

√
log p

nT

)
,

which gives the rate of convergence of (H.26). For term (H.27), let Wim = 1
T

∑
t Uit,mγ

′Λ̃t.

The Wim’s are independent across i, have E(Wim) = 0, and have maxim Var(Wim) =

O(|J |20/T ). Hence, maxm | 1n
∑

iWim| = OP

(
|J |0

√
log p
nT

)
, which gives the rate of conver-

gence for (H.27). Combining then yields

max
m≤p
‖ 1

nT

T∑
t=1

F̃ ′Ũt,mγ
′Λ̃t‖F = OP

(
|J |0

√
log p

nT

)
.

Finally, using maxm
1
nT

∑
it Ũ

2
it,m

1
T

∑
t ‖γ′yΛ̃t‖22 = OP (|J |20), we have

max
m

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mγ′yΛ̃t

∥∥∥∥∥
2

F

≤ 1

n

∑
i

‖f̂i −H ′f̃i‖22 max
m

1

nT

∑
it

Ũ2
it,m

1

T

∑
t

‖γ′yΛ̃t‖22 = OP
(
∆2
F |J |20

)
.

Hence, we obtain the desired result.

(vi) A proof similar to that of part (iii) yields

max
m,l≤p

| 1

nT

∑
it

Ũit,lf̃
′
i λ̃tm| = OP

(√
log p

nT

)
.

Then applying Assumption D.4 yields maxm,l≤p | 1
nT

∑
it Ũit,l(f̂i − H ′f̃i)′λ̃tm| = OP (∆ud).

Hence

max
m,l≤p

| 1

nT

∑
it

Ũit,lf̂
′
i λ̃tm| = OP

(
∆ud +

√
log p

nT

)
.

�

Lemma H.12. (i) maxm ‖ 1
n2T

∑n
i=1

∑T
t=1

∑n
j=1 f̃jŨjt,mẽitf̃

′
i‖F = oP (

√
log p
nT ).

(ii) maxm≤p ‖ 1
n2 F̂

′ 1
T

∑
t ŨtγyŨ

′
t,mF̂‖F = oP (

√
log p
nT ).

(iii) ‖ 1
nT

∑n
i=1

∑T
t=1(Ûit − Ũit)f̃ ′iH(F̂ ′F̂ )−1F̂ ′Ũtγy‖∞ = oP (

√
log p
nT ).

(iv) ‖ 1
nT

∑n
i=1

∑T
t=1(Ûit − Ũit)f̃ ′iH(F̂ ′F̂ )−1F̂ ′ẽt‖∞ = oP (

√
log p
nT ).

Proof. For notational simplicity, we take fi to be a scalar without loss of generality.
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(i) We have

1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jŨjt,mẽitf̃
′
i =

1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jUjt,meitf̃
′
i

− 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jŪj·,mēi·f̃
′
i .

Hence, as n→∞,

max
m

∥∥∥∥∥∥ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jŨjt,mẽitf̃
′
i

∥∥∥∥∥∥
F

≤ max
m

∥∥∥∥∥∥ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jUjt,meitf̃
′
i

∥∥∥∥∥∥
F

+ oP

(√
log p

nT

)
.

Define Wtm = 1
n2

∑n
i=1

∑n
j=1 Ujt,meitf̃j f̃

′
i . We aim to bound maxm ‖ 1

T

∑
tWtm‖F . We

assume f̃j is one dimensional for simplicity, and the multivariate case follows from a similar

argument. By assumption, E(Ujteit|F ) = 0 almost surely. If T = O(1), then because

{(Uit, eit)}i≤n are conditionally independent given F ,

max
m
| 1
T

∑
t

Wtm| ≤ max
mt
| 1

n2

n∑
i=1

n∑
j=1

Ujt,meitf̃j f̃i|

≤ max
mt
| 1
n

n∑
i=1

Ujt,mf̃j |max
t
| 1
n

n∑
i=1

eitf̃i|

≤ OP (

√
log p

n
) = OP (

√
log p

Tn2
). (T = O(1))

If T → ∞, using the assumption that {(Uit, eit)}i≤n are conditionally independent given

F , for Ef (·) = E(·|F ),

max
tm

Var(Wtm|F ) ≤ 1

n4

n∑
l=1

f̃4
l EfU

2
lt,me

2
lt +

1

n3

n∑
l=1

f̃2
l EfU

2
lt,m

1

n

n∑
k=1

f̃2
kEfe

2
kt

≤ 1

n3

(
1

n

n∑
l=1

f̃8
l

)1/2(
1

n

n∑
l=1

EfU
4
lt,me

4
lt

)1/2

+
1

n2

(
1

n

n∑
l=1

f̃4
l

)(
1

n

∑
l

EfU
4
lt,m

)1/2(
1

n

n∑
k=1

Efe
4
kt

)1/2

.
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There is C > 0 such that maxm
1
n

∑
lEfU

8
lt,m and

∑n
k=1Efe

8
kt are upper bounded by C

almost surely (a.s.) in F . Thus a.s. in F , maxtm Var(Wtm|F ) ≤ C
n2 ( 1

n

∑n
l=1 f̃

8
l )1/2. Hence,

for any x > 0 and a generic constant C > 0,

P

(
max
m
| 1
T

∑
t

Wtm| > x

)
≤ pmax

m
EP

(
| 1
T

∑
t

Wtm| > x|F

)

≤ pmax
m

EP

(
| 1
T

∑
t

Wtm| > x|F

)
1{ 1

n

n∑
l=1

f̃8
l < C}

+ pP

(
| 1
n

n∑
l=1

(f16
l − Ef16

l )| > C

)
+ pP

(
|f̄ − Ef̄ | > C

)
≤(a) pmax

m
EP

(
| 1
T

∑
t

Wtm| > x|F

)
1{max

tm
Var(Wtm|F ) ≤ C

n2
}+ o(1)

where (a) follows from the Bernstein inequality for independent data and log p = o(n),

applied to pP
(
| 1n
∑n

l=1(f16
l − Ef16

l )| > C
)

and pP
(
|f̄ − Ef̄ | > C

)
.

We now bound P
(
| 1T
∑

tWtm| > x|F
)

conditioning on the event maxtm Var(Wtm|F ) ≤
C
n2 . We have mintm[Var(Wtm|F )−1/2] ≥ C0n for a generic C0 > 0. Conditional on F , {Wtm}
is a strong mixing sequence across t with uniform mixing condition (uniform over m ≤ p)

that is bounded by exp(−CT r) (Assumption 3.1). Write Xtm = Wtm Var(Wtm|F )−1/2.

Recall that by assumption, logγ p = o(n) for some γ > 2 and the strong mixing (Assumption

3.1) holds for the process {(ηt, εt)}+∞t=−∞, with mixing coefficient bounded by exp(−CT r),
r > 1, and also we assume γr ≥ 2. Let r̄ = min{r, 1}, r1 = (0.5 + r̄−1)−1, c = 0.5(γ + 1),

then r1 < 1, cr1 > 1 and 2c ≥ 1. Because r̄ ≤ r, the strong mixing condition in Assumption

3.1 also holds with r̄ in place of r. All these constants are independent of F . Then by the

Bernstein inequality for strong mixing sequences Merlevède et al. (2011), for y = M (log p)c√
T

,

and sufficiently large M > 0, for C0nx = y,

pmax
m

P

(
| 1
T

∑
t

Wtm| > x|F

)
≤ pmax

m
P

(
| 1
T

∑
t

Xtm| > xmin
tm

[Var(Wtm|F )−1/2]|F

)

≤ pmax
m

P

(
| 1
T

∑
t

Xtm| > C0nx|F

)
≤ A1 +A2 +A3

where for a generic constant C that is independent of F ,

A1 = pT exp(−C(Ty)r1) = exp(log(pT )− CM r1T r1/2 logcr1 p) = o(1), (cr1 ≥ 1)



68 CHRISTIAN HANSEN AND YUAN LIAO

A2 = p exp

(
−C (Ty)2

T
exp

(
(Ty)r1(1−r1)

C logr1(Ty)

))
= o(1), (r1 < 1, 2c > 1, T y →∞)

A3 = p exp
(
−CTy2

)
= exp(log p− CM2 log2c p) = o(1),

and o(1) in the above are non-stochastic converging sequences. (This is because the involved

generic constant C in Merlevède et al. (2011) is independent of F , given that the conditional

strong mixing and sub-Gaussian conditions (given F ) in Assumption 3.1 hold almost surely

in F .) Hence

pmax
m

EP

(
| 1
T

∑
t

Wtm| > x|F

)
1{max

tm
Var(Wtm|F ) ≤ C

n2
} = o(1).

Consequently, maxm | 1T
∑

tWtm| = OP (x) = OP ( log0.5γ+0.5 p√
Tn2

) when T → ∞. Combining

with the case T = O(1), we have maxm | 1T
∑

tWtm| = OP ( log0.5γ+0.5 p√
Tn2

). Hence,

max
m
‖ 1

n2T

n∑
i=1

T∑
t=1

n∑
j=1

f̃jUjt,meitf̃
′
i‖F = max

m
| 1
T

∑
t

Wtm| = OP (
log0.5γ+0.5 p√

Tn2
) = oP (

√
log p

nT
).

where the last equality is due to logγ p = o(n).

(ii) By Assumption D.4, maxmt ‖ 1
n

∑n
j=1(f̂j −H ′f̃j)Ũjt,m‖2 = oP

(√
log p
T

)
. Hence,

max
m≤p
‖ 1

n2
F̂ ′

1

T

∑
t

ŨtγyŨ
′
t,mF̂‖F

≤ OP (1) max
m≤p
‖ 1

n2
F̃ ′

1

T

∑
t

ŨtγyŨ
′
t,mF̃‖F

+ ‖γy‖1 max
mt
| 1
n

∑
i

(f̂ ′i −H ′f̃i)Ũit,m|max
m≤p

(
1

n2T

∑
t

‖Ũ ′t,mF̂‖22

)1/2

.

(H.28)

By Lemma H.11, maxm≤p

(
1

n2T

∑
t ‖Ũ ′t,mF̂‖22

)1/2
= OP

(√
log(pT )

n + ∆fum

)
. Hence, the

second term on the right-hand-side of the inequality in (H.28) isOP (|J |0∆fum)

(√
log(pT )

n + ∆fum

)
.
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We now bound the first term on the right-hand-side of the inequality in (H.28). We have

max
m≤p
| 1

n2
F̃ ′

1

T

∑
t

ŨtγyŨ
′
t,mF̃ |

= max
m≤p
| 1

n2T

∑
t

n∑
j=1

n∑
i=1

p∑
l=1

f̃if̃jŨit,lŨjt,mγyl|

≤ OP
(

log p

nT
|J |0

)
+ max

m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
j=1

n∑
i=1

f̃if̃j(Uit,l − Ū·t,l)(Ujt,m − Ū·t,m)|

(H.29)

where we obtain the OP

(
|J |0 log p

nT

)
term in the second inequality by bounding

max
m
| 1
T

∑
i

fiŪi·m|2 = OP

(
log p

n
max
im

Var(fiŪi,·,m)

)
= OP

(
log p

n

)
max
im

1

T 2

∑
t

∑
s

Ef2
i Uit,mUis,m

= OP

(
log p

n

)
max
im,t

1

T
Ef2

i |
∑
s

(EUit,mUis,m|fi)|

= OP

(
log p

nT

)
,

using Assumption 3.2 that maxim,t
∑

s |E(Uit,mUis,m|fi)| < C almost surely in fi.

It remains to bound the remaining term on the right-hand-side of the inequality in

(H.29). This term is less than

max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
j=1

n∑
i=1

f̃if̃jUit,lUjt,m|︸ ︷︷ ︸
z1

+ max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
j=1

n∑
i=1

f̃if̃jUit,lŪ·t,m|︸ ︷︷ ︸
z2

+ max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
j=1

n∑
i=1

f̃if̃jŪ·t,lUjt,m|︸ ︷︷ ︸
z3

+ max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
j=1

n∑
i=1

f̃if̃jŪ·t,lŪ·t,m|︸ ︷︷ ︸
z4

.

We now bound each of z1-z4.
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z1: Define

Z1t,lm =
1

n

n∑
i=1

f̃2
i (Uit,lUit,m − E(Uit,lUit,m|F ))

and

Z2t,lm =
1

n2

n∑
i=1

∑
j 6=i

f̃if̃jUit,lUjt,m.

By the assumption that E(Uit,lUjt,m|F ) = 0 for i 6= j, we have E(Z1t,lm|F ) = 0. Also note

that ‖γy‖1 ≤ O(|J |0) + ‖Ry‖1 = O(|J |0) + o(1) = O(|J |0).

Now, consider

z1 ≤ max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
i=1

f̃2
i Uit,lUit,m|+ max

m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
i=1

∑
j 6=i

f̃if̃jUit,lUjt,m|

≤ max
m≤p

∣∣∣∣∣ 1

n2T

∑
l

γyl
∑
t

n∑
i=1

f̃2
i (Uit,lUit,m − E(Uit,lUit,m|F ))

∣∣∣∣∣
+ max

m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
i=1

f̃2
i E(Uit,lUit,m|F )|

+ max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
i=1

∑
j 6=i

f̃if̃jUit,lUjt,m|

= max
m≤p

∣∣∣∣∣ 1n∑
l

γyl
1

T

∑
t

Z1t,lm

∣∣∣∣∣+ max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
i=1

f̃2
i E(Uit,lUit,m|F )|

+ max
m≤p
| 1
T

∑
l

γyl
∑
t

Z2t,lm|

≤ ‖γy‖1
1

n
max
m,l≤p

∣∣∣∣∣ 1

T

∑
t

Z1t,lm

∣∣∣∣∣+ ‖γy‖1 max
m,l≤p

| 1
T

∑
t

Z2t,lm|

+ max
l≤p
|γyl|max

m≤p

1

n2T

∑
t

n∑
i=1

f̃2
i

p∑
l=1

|E(Uit,lUit,m|F )|

≤ O(
|J |0
n

) max
m,l≤p

∣∣∣∣∣ 1

T

∑
t

Z1t,lm

∣∣∣∣∣+O(|J |0) max
l,m≤p

∣∣∣∣∣ 1

T

∑
t

Z2t,lm

∣∣∣∣∣
+OP (

1

n
) max
m≤p,i≤n,t≤T

p∑
l=1

|E(Uit,lUit,m|F )|
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= O

(
|J |0
n

)
max
m≤p

∣∣∣∣∣ 1

T

∑
t

Z1t,lm

∣∣∣∣∣+O(|J |0) max
l,m≤p

∣∣∣∣∣ 1

T

∑
t

Z2t,lm

∣∣∣∣∣+O

(
1

n

)
,

where in the last equality we used the assumption that maxm≤p,i≤n,t≤T
∑p

l=1 |E(Uit,lUit,m|F )| =
O(1) almost surely in F (Assumption 3.1 (iii): weak cross-sectional correlations).

To bound maxm≤p | 1T
∑

t Z1t,lm|, first note that

Var(Z1t,lm|F ) = Var

(
1

n

n∑
i=1

f̃2
i Uit,lUit,m|F

)

=
1

n2

∑
i

f̃4
i Var(Uit,lUit,m|F )

≤ C

n

(
1

n

∑
i

f̃8
i

)1/2

since maxm,t
1
n

∑
iEfU

8
it,m < C a.s. in F .

Conditional on F , {Z1t,lm}t≤T is a strong mixing sequence. Hence, for x = C
√

log p
Tn ,

P

(
max
lm

∣∣∣∣∣ 1

T

∑
t

Z1t,lm

∣∣∣∣∣ > x

)

≤ p2 max
lm

E

[
P

(∣∣∣∣∣ 1

T

∑
t

Z1t,lm

∣∣∣∣∣ > x|F

)]

≤ p2 max
lm

E

[
P

(∣∣∣∣∣ 1

T

∑
t

Z1t,lm

∣∣∣∣∣ > x|F

)
1{ 1

n

n∑
l=1

f̃8
l < C}

]

+ p2P

(∣∣∣∣∣ 1n
n∑
l=1

(f16
l − Ef16

l )

∣∣∣∣∣ > C

)
+ p2P (|f̄ − Ef̄ | > C)

≤ p2 max
lm

E

[
P

(∣∣∣∣∣ 1

T

∑
t

Z1t,lm

∣∣∣∣∣ > x|F

)
1{max

tm
Var(Z1t,lm|F ) ≤ C

n
}

]
+ o(1)

≤ E
[
exp

(
2 log p− Tx2

maxtm Var(Z1t,lm|F )

)
1{max

tm
Var(Z1t,lm|F ) ≤ C

n
}
]

+ o(1)

≤ exp(2 log p− CTnx2) + o(1) = o(p−1), for some large C.

This bound then implies O( |J |0n ) maxm≤p
∣∣ 1
T

∑
t Z1t,lm

∣∣ = OP

(
|J |0
n

√
log p
Tn

)
.
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To bound maxm≤p | 1T
∑

t Z2t,lm|, uniformly in t, l,m, (recall Ef (.) = E(.|F )) we note

that

Var(Z2t,lm|F ) =
1

n4

n∑
i=1

∑
j 6=i

n∑
k=1

∑
v 6=k

f̃if̃j f̃kf̃vEfUit,lUjt,mUkt,lUvt,m

=
1

n4

n∑
i=1

∑
j 6=i

f̃2
i f̃

2
j EfU

2
it,lEfU

2
jt,m +

1

n4

n∑
i=1

∑
j 6=i

f̃2
i f̃

2
j EfUit,lUit,mEfUjt,mUjt,l

≤ C

n3

n∑
i=1

f̃4
i .

Hence, following an argument similar to that used to bound maxm≤p
∣∣ 1
T

∑
t Z1t,lm

∣∣, it can

be shown that maxm≤p | 1T
∑

t Z2t,lm| = OP

(√
log p
Tn2

)
. Therefore,

z1 = OP

(
1

n
+ |J |0

√
log p

Tn2

)
.

For z2, z3, note that

z2 ≤ max
m≤p

∣∣∣∣∣∣ 1

n3T

∑
l

γyl
∑
t

n∑
j=1

n∑
i=1

n∑
k=1

f̃if̃jUit,lUkt,m

∣∣∣∣∣∣
≤ max

m≤p

∣∣∣∣∣ 1

n2T

∑
l

γyl
∑
t

n∑
i=1

n∑
k=1

f̃iUit,lUkt,m

∣∣∣∣∣OP (1)

Following the same argument as we used to bound z1, we reach z2 = OP

(
1
n + |J |0

√
log p
Tn2

)
.

Similarly, we have z3 = OP

(
1
n + |J |0

√
log p
Tn2

)
. Finally, as 1

n

∑n
j=1 f̃i = 1

n

∑n
j=1 fi − f̄ = 0,

we have

z4 = max
m≤p
| 1

n2T

∑
l

γyl
∑
t

n∑
j=1

n∑
i=1

f̃if̃jŪ·t,lŪ·t,m| = 0

Combining the above, we have that the second term of (H.29) is OP

(
1
n + |J |0

√
log p
Tn2

)
.

Therefore, maxm≤p | 1
n2 F̃

′ 1
T

∑
t ŨtγyŨ

′
t,mF̃ | = OP

(
log p
nT |J |0 + |J |0

√
log p
Tn2 + 1

n

)
. Thus by

(H.28), we have

max
m≤p

∥∥∥∥∥ 1

n2
F̂ ′

1

T

∑
t

ŨtγyŨ
′
t,mF̂

∥∥∥∥∥
F
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= OP (|J |0∆fum)

(√
log(pT )

n
+ ∆fum

)
+OP

(
log p

nT
|J |0 + |J |0

√
log p

Tn2
+

1

n

)
,

which is oP

(√
log p
nT

)
given that ∆2

fum = o
(

log p
T |J |2 log(pT )

)
, ∆4

fum = o
(

log p
|J |2nT

)
, |J |20 log p =

o(nT ), and |J |20T = o(n). ∆2
fum = o

(
log p

T |J |2 log(pT )

)
is guaranteed in Assumption D.4. To

establish ∆4
fum = o

(
log p
|J |2nT

)
, note that

max
mt
‖ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũjt,m‖22 ≤
1

n

∑
i

‖f̂i −H ′f̃i‖22 max
mt

1

n

∑
i

Ũ2
jt,m.

Because maxmt
1
n

∑
i Ũ

2
it,m ≤ C maximt(EU

2
it,m+EŪ2

i·,m)+oP (1) = OP (1), we have ∆fum ≤
∆F . We then have ∆4

fum ≤ ∆4
F = o( 1

nT |J |40
) = o( log p

|J |20nT
).

(iii) Note that Ũit,m − Ûit,m = (λ̂′tm − λ̃′tmH
′−1)f̂i + λ̃′tmH

′−1(f̂i −H ′f̃i). Also note

λ̂tm − H−1λ̃tm = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + (F̂ ′F̂ )−1F̂ ′Ũt,m. Then up to an OP (1)

term, the object of interest is

max
m≤p

∣∣∣∣∣ 1n
n∑
i=1

f̃ ′iH(F̂ ′F̂ )−1 1

T

T∑
t=1

F̂ ′Ũtγy(Ûit,m − Ũit,m)

∣∣∣∣∣
≤ max

m≤p

∥∥∥∥∥ 1

nT

T∑
t=1

F̂ ′Ũtγyλ̃
′
tm

∥∥∥∥∥
F

OP (∆F ) + max
m≤p

∥∥∥∥∥ 1

n2
F̂ ′

1

T

∑
t

ŨtγyŨ
′
t,mF̂

∥∥∥∥∥
F

.

By part (ii),

max
m≤p

∥∥∥∥∥ 1

n2
F̂ ′

1

T

∑
t

ŨtγyŨ
′
t,mF̂

∥∥∥∥∥
F

= oP

(√
log p

nT

)
.

By Lemma H.11,

∆F max
m≤p

∥∥∥∥∥ 1

nT

T∑
t=1

F̂ ′Ũtγyλ̃
′
tm

∥∥∥∥∥
F

= OP

(
∆F |J |0 +

√
|J |0 log p

nT

)
∆F

= oP

(√
log p

nT

)
,

given the assumptions that
√
nT∆2

F |J |0 = o(1). The result follows.

(iv) The object of interest is bounded by

max
m≤p

∥∥∥∥∥ 1

nT

T∑
t=1

F̂ ′ẽtλ̃
′
tm

∥∥∥∥∥
F

OP (∆F ) + max
m≤p

∥∥∥∥∥ 1

n2
F̂ ′

1

T

∑
t

ẽtŨ
′
t,mF̂

∥∥∥∥∥
F

. (H.30)
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The first term in equation (H.30) can be bounded similarly to the term

max
m≤p
‖ 1

nT

T∑
t=1

F̂ ′Ũtγyλ̃
′
tm‖F

in Lemma H.11; and we have, using from Lemma H.11 that

max
m≤p
‖ 1

nT

T∑
t=1

F̂ ′ẽtλ̃
′
tm‖F = OP

(
∆eg +

√
log p

nT

)
,

that

OP (∆F ) max
m≤p

∥∥∥∥∥ 1

nT

T∑
t=1

F̂ ′ẽtλ̃
′
tm

∥∥∥∥∥
F

= OP (∆F )

(
∆eg +

√
log p

nT

)
= oP

(√
log p

nT

)
,

given Assumption D.4 that ∆eg = o
(

1√
nT

)
.

The second term in (H.30) is bounded similarly to the term maxm≤p

∥∥∥ 1
n2 F̂

′ 1
T

∑
t ŨtγyŨ

′
t,mF̂

∥∥∥
F

in part (ii) using that maxm

∥∥∥ 1
n2T

∑n
i=1

∑T
t=1

∑n
j=1 f̃jUjt,meitf̃

′
i

∥∥∥
F

= OP

(√
log p
Tn2

)
from

part (i). Specifically, we have

max
m≤p

∥∥∥∥∥ 1

n2
F̂ ′

1

T

∑
t

ẽtŨ
′
t,mF̂

∥∥∥∥∥
F

= OP (∆fe)

(√
log(pT )

n
+ ∆fum

)
+OP

(
log p

nT
+

√
log p

Tn2

)

= oP

(√
log p

nT

)
,

(H.31)

due to ∆fe∆fum ≤ ∆2
F = o

(√
log p
nT

)
and the assumption that ∆2

fe = o
(

log p
T log(pT )

)
. We

omit the details for brevity. �

Lemma H.13. (i) ‖ 1
nT

∑n
i=1

∑T
t=1(Ûit − Ũit)δ̃′ytH

′−1(H ′f̃i − f̂i)‖∞ = oP (
√

log p
nT ).

(ii) ‖ 1
nT

∑n
i=1

∑T
t=1(Ûit − Ũit)(Ûit − Ũit)′γy‖∞ = oP (

√
log p
nT ).

(iii) ‖ 1
nT

∑n
i=1

∑T
t=1 Ũit(Ũit − Ûit)′γy‖∞ = oP (

√
log p
nT ).
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Proof. (i) By Lemma H.11, maxm ‖ 1
T

∑T
t=1

1
n F̂
′Ũt,mδ̃

′
yt‖F = OP

(
∆ud +

√
log p
nT

)
. Hence,

‖ 1

nT

n∑
i=1

T∑
t=1

(Ûit − Ũit)δ̃′ytH
′−1(H ′f̃i − f̂i)‖∞

≤ max
m

∥∥∥∥∥ 1

T

T∑
t=1

(λ̂tm −H−1λ̃tm)δ̃′yt

∥∥∥∥∥
F

OP (∆F ) +OP (∆2
F )

≤ OP (∆2
F ) + max

m

∥∥∥∥∥ 1

T

T∑
t=1

1

n
F̂ ′Ũt,mδ̃

′
yt

∥∥∥∥∥
F

OP (∆F )

= OP (∆2
F ) +OP (∆F )

(
∆ud +

√
log p

nT

)

= oP

(√
log p

nT

)

(H.32)

under the assumption ∆2
F + ∆F∆ud = o

(√
log p
nT

)
.

(ii) Using the equalities

Ũit,m − Ûit,m = (λ̂′tm − λ̃′tmH
′−1)f̂i + λ̃′tmH

′−1(f̂i −H ′f̃i),

λ̂tm −H−1λ̃tm = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + (F̂ ′F̂ )−1F̂ ′Ũt,m, and

δ̂yt −H−1δ̃yt = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1δ̃yt + (F̂ ′F̂ )−1F̂ ′Ũtγy + (F̂ ′F̂ )−1F̂ ′ẽt,

we have

‖ 1

nT

n∑
i=1

T∑
t=1

(Ûit − Ũit)(Ûit − Ũit)′γy‖∞

= max
m
| 1

nT

n∑
i=1

p∑
k=1

T∑
t=1

(Ûit,m − Ũit,m)(Ûit,k − Ũit,k)γyk|

≤ max
m
‖ 1

T

p∑
k=1

T∑
t=1

λ̃tm(λ̂tk −H−1λ̃tk)
′γyk‖FOP (∆F )

+ max
m
‖ 1

T

p∑
k=1

T∑
t=1

(λ̂tm −H−1λ̃tm)λ̃′tkγyk‖FOP (∆F )

+ max
m
‖ 1

T

p∑
k=1

T∑
t=1

(λ̂tm −H−1λ̃tm)(λ̂′tk − λ̃′tkH
′−1)γyk‖F +OP (∆2

F |J |0)
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≤

(
max
m
‖ 1

T

p∑
k=1

T∑
t=1

λ̃tm
1

n
F̂ ′Ũt,kγyk‖F + max

m
‖ 1

T

p∑
k=1

T∑
t=1

1

n
F̂ ′Ũt,mλ̃

′
tkγyk‖F

)
OP (∆F )

+ max
m
‖ 1

T

p∑
k=1

T∑
t=1

1

n
F̂ ′Ũt,m

1

n
F̂ ′Ũt,kγyk‖F +OP (∆2

F |J |0)

=

(
|J |0

√
log p

nT
+ ∆F |J |0

)
OP (∆F ) + oP

(√
log p

nT

)
+OP (∆2

F |J |0)

= oP

(√
log p

nT

)
,

where the bound on the first term in the second to last equality follows from Lemma H.11

(ii)(v) and the bound on the second term in the second to last equality follows from Lemma

H.12. Finally, the last equality follows from the assumption that |J |0∆2
F = o

(√
log p
nT

)
.

(iii) From the equality

Ũit,m − Ûit,m = f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + f̂ ′i(F̂

′F̂ )−1F̂ ′Ũt,m

+ λ̃′tmH
′−1(f̂i −H ′f̃i),

we have

‖ 1

nT

n∑
i=1

T∑
t=1

Ũit(Ũit − Ûit)′γy‖∞

≤ max
m

∣∣∣∣∣ 1

nT

n∑
i=1

p∑
k=1

T∑
t=1

Ũit,mλ̃
′
tkH

′−1(f̂i −H ′f̃i)γyk

∣∣∣∣∣
+ max

m

∣∣∣∣∣ 1

nT

n∑
i=1

p∑
k=1

T∑
t=1

Ũit,mλ̃tkf̂iγyk

∣∣∣∣∣OP (∆F )

+ max
m

∣∣∣∣∣ 1

nT

n∑
i=1

p∑
k=1

T∑
t=1

Ũit,m
1

n
F̂ ′Ũt,kf̂iγyk

∣∣∣∣∣
= oP

(√
log p

nT

)
.

�

H.4. Technical lemmas for Appendix B.
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Lemma H.14. (i) maxm ‖ 1
nT

∑n
i=1

∑T
t=1 ẽ

∗
itf̂iλ̂

′
tm‖F = OP ∗

(√
log(p) log(np)

nT

)
.

(ii) maxmj
1
n

∑
i(

1
T

∑
t η̂itf̂jÛjt,mf̂i)

2 = OP

(
log2(n) log(pn)

T

)
.

(iii) maxm ‖ 1
nT

∑n
i=1

∑T
t=1 ẽ

∗
it

1
n F̂

′
Ũ∗t,mf̂

′
i‖F = oP ∗

(√
log p
nT

)
.

(iv) maxmt ‖ 1
n F̂

′
Ũ∗t,m‖2 = OP ∗

(√
log(pT )

n

)
, maxm

1
T

∑
t ‖

1
n F̂

′
Ũ∗t,m‖22 = OP ∗

(√
log(pT )

n

)
,

and 1
T

∑
t ‖

1
n

∑n
i=1 ẽ

∗
itf̂i‖22 = OP ∗

(
1
n

)
.

(v) maxm ‖ 1
nT

∑n
i=1

∑T
t=1 ẽ

∗
it

1
n F̂
∗′Ũ∗t,mf̂

∗′
i ‖F = oP ∗

(√
log p
nT

)
.

Proof. For notational simplicity, we assume fi is one dimensional without loss of generality.

(i) Note ẽ∗it = ε̃∗it+ α̂η̃∗it = wYi ε̂it+ α̂wDi η̂it. We bound maxm | 1
nT

∑n
i=1

∑T
t=1w

D
i η̂itf̂iλ̂tm|.

Let Γim = 1
T

∑T
t=1w

D
i η̂itf̂iλ̂tm. Then, since Var(wDi ) = 1, uniformly in m ≤ p,

1

n

∑
i

Var∗(Γim) =
1

n

∑
i

(
1

T

∑
t

η̂itf̂iλ̂tm

)2

≤ OP (1)
1

n

∑
i

(
1

T

∑
t

η̂itλ̂tm

)2

≤ OP
(

1

n

)∑
i

(
1

T

∑
t

η̃itλ̃tm

)2

+OP (1)
1

n

∑
i

(
1

T

∑
t

(η̂it − η̃it)λ̂tm

)2

+OP (1)
1

n

∑
i

(
1

T

∑
t

η̃it(λ̂tm −H−1λ̃tm)

)2

≤(a) OP (ψ2
n) max

m

1

T

∑
t

λ̂2
tm

+OP (1) max
m

1

n

∑
i

(
1

T

∑
t

η̃it(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm

)2

+OP (1) max
m

1

n

∑
i

(
1

T

∑
t

η̃it(F̂
′F̂ )−1F̂ ′Ũt,m

)2
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+OP (1) max
m

1

n

∑
i

(
1

T

∑
t

η̃itλ̃tm

)2

≤(b) OP (ψ2
n) + max

m

1

n

∑
i

(
1

T

∑
t

η̃itλ̃tm

)2

OP (∆2
F + 1)

+OP (1) max
m

1

n

∑
i

(
1

Tn

∑
t

η̃itF̂
′Ũt,m

)2

≤ OP (ψ2
n) + max

im

(
1

T

∑
t

η̃itλ̃tm

)2

OP (1) +
1

n2
‖F̂‖2F max

im

∥∥∥∥∥ 1

T

∑
t

η̃itŨt,m

∥∥∥∥∥
2

2

= OP

(
ψ2
n +

log(np)

T

)
=(c) OP

(
log(np)

T

)
where ψn is defined in (A.6). In (a), we used the equality

λ̂tm −H−1λ̃tm = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + (F̂ ′F̂ )−1F̂ ′Ũt,m

and Proposition A.1. In (b), we used

max
mt
|λ̂tm| ≤ OP (1) max

mt
|λ̃tm|+ max

mt
|λ̂tm −H−1λ̃tm|

≤ OP (1) + max
mt
| 1
n
F̂ ′Ũt,m| = OP (1).

(H.33)

which follows from Lemma H.11. Equality (c) follows from ψ2
n = O

(
1
T

)
, given that

∆2
F |J |20 = o

(
1√
nT

)
= o

(
1
T

)
.

Recall that Γim = 1
T

∑T
t=1w

D
i η̂itf̂iλ̂tm. It then follows that, for any arbitrarily small

ε > 0, there is a Cε > 0 which depends only on the true data generating process and not

on any realized data such that the event A =
{

maxm
1
n

∑
i Var∗(Γim) ≤ Cε log(np)

T

}
holds

with probability at least 1− ε. On this event, by the Bernstein inequality for independent

data, for x =

√
2Cε log(p) log(np)

nT ,

P ∗

(
max
m
| 1
n

∑
i

Γim| > x

)
1{A} ≤ exp

(
log p− nTx2

Cε log(np)

)
= p−1.

Thus, P ∗(maxm | 1n
∑

i Γim| > x) ≤ p−1 + 1{Ac} where P ∗ is with respect to the bootstrap

sampling space conditional on the original data. Taking expectations on both sides, we

reach P
(
maxm

∣∣ 1
n

∑
i Γim

∣∣ > x
)
≤ p−1 +ε where P is with respect to the probability space
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of the joint distribution of {wDi , original data}. Now for any ε1, ε2 > 0, take ε = ε1ε2/2.

Then, as p→∞,

P

(
P ∗

(
max
m
| 1
n

∑
i

Γim| > x

)
> ε1

)
< (p−1 + ε)/ε1 < ε2.

Since Cε is not random in either the bootstrap or the original sampling space, we have

max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

wDi η̂itf̂iλ̂tm

∣∣∣∣∣ = OP ∗

(√
log(p) log(np)

nT

)
.

The same argument applies to

max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

wYi ε̂itf̂iλ̂tm

∣∣∣∣∣
and thus

max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

ẽ∗itf̂iλ̂tm

∣∣∣∣∣
as well. The conclusion follows.

(ii) First, by Lemma H.11 and Assumption D.4,

max
m≤p

(
1

n2T

∑
t

‖Ũ ′t,mF̂‖22

)
= OP

(
log(pT )

n
+ ∆2

fum

)
= OP

(
∆2
F +

log(pT )

n

)
.

Hence,

max
mi

1

T

∑
t

(Ũit,m − Ûit,m)2 ≤ max
mi

1

T

∑
t

(f̂ ′i(F̂
′F̂ )−1F̂ ′Ũt,m)2

+ max
mi

1

T

∑
t

(f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm)2

+ max
mi

1

T

∑
t

(λ̃′tmH
′−1(f̂i −H ′f̃i))2

≤ OP (log n) max
m

1

T

∑
t

(
1

n
F̂ ′Ũt,m

)2

+OP (log(n)∆2
F + ∆2

max)

= OP

(
log(n)

log(pT )

n
+ log(n)∆2

F + ∆2
max

)
= OP (log n)

(H.34)
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under the assumption ∆max = O
(√

log n
)
. Then we have

max
mj

1

n

∑
i

(
1

T

∑
t

η̂itf̂jÛjt,mf̂i

)2

≤ max
mj

1

n

∑
i

(
1

T

∑
t

η̂itÛjt,m

)2

f̂2
i max

j
f̂2
j

≤ OP (log n) max
mj

1

n

∑
i

(
1

T

∑
t

η̂itÛjt,m

)2

f̂2
i

≤ OP (log n) max
mj

1

n

∑
i

(
1

T

∑
t

(η̂it − η̃it)Ûjt,m

)2

f̂2
i

+OP (log n)
1

n

∑
i

f̂2
i max

mj

(
1

T

∑
t

η̃itŨjt,m

)2

+OP (log n) max
mj

1

n

∑
i

(
1

T

∑
t

η̃it(Ûjt,m − Ũjt,m)

)2

f̂2
i

≤ OP (log2 n)
1

nT

∑
it

(η̂it − η̃it)2 max
mj

1

T

∑
s

Û2
js,m +OP (log n) max

mij

(
1

T

∑
t

η̃itŨjt,m

)2

+OP (log n) max
mj

1

n

∑
i

(
1

T

∑
t

η̃itf̂
′
j(F̂

′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm

)2

f̂2
i

+OP (log n) max
mj

1

n

∑
i

(
1

T

∑
t

η̃itf̂
′
j(F̂

′F̂ )−1F̂ ′Ũt,m

)2

f̂2
i

+OP (log n) max
mj

1

n

∑
i

(
1

T

∑
t

η̃itλ̃
′
tmH

′−1(f̂j −H ′f̃j)

)2

f̂2
i

≤ OP (log2(n)ψ2
n)

(
max
mj

1

T

∑
s

Ũ2
js,m + log n

)
+OP

(
log(n)

log(pn)

T

)

+OP (log2(n)∆2
F ) max

mi

(
1

T

∑
t

η̃itλ̃tm

)2

+OP (log2 n) max
i

1

T

∑
t

|η̃it|2 max
tm

∣∣∣∣ 1nF̂ ′Ũt,m
∣∣∣∣2
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+OP (log(n)∆2
max) max

mi

(
1

T

∑
t

η̃itλ̃tm

)2

≤ OP
(

log2(n) log(pn)

T

)
,

where we used

max
t≤T,m≤p

∥∥∥∥∥ 1

n

n∑
i=1

f̂iŨit,m

∥∥∥∥∥
2

= OP

(√
log(pT )

n
+ ∆fum

)
and

max
i

1

T

∑
t

η̃2
it = OP

(
max
it

Eη2
it + max

i

1

T

∑
t

(η2
it − Eη2

it)

)
from Lemma H.11, (A.6) for the definition of ψn, |J |20∆2

F = o
(
(nT )−1/2

)
from Assumption

D.4, and T = o(n).

(iii) We have

1

nT

n∑
i=1

T∑
t=1

ẽ∗it
1

n
F̂
′
Ũ∗t,mf̂

′
i =

1

n2T

∑
i,j≤n

T∑
t=1

wUi (ε̃∗it + α̂η̃∗it)f̂jÛjt,mf̂
′
i .

We bound

max
m
| 1

n2T

∑
i,j≤n

T∑
t=1

wUj η̃
∗
itf̂jÛjt,mf̂i| = max

m
| 1

n2T

∑
i,j≤n

T∑
t=1

wUj w
D
i η̂itf̂jÛjt,mf̂i|

using Lemma H.5.

We first rewrite

max
m
| 1

n2T

∑
i,j≤n

T∑
t=1

wUj w
D
i η̂itf̂jÛjt,mf̂i|

as

max
m
| 1

n2T

∑
i,j≤n

T∑
t=1

wUi w
D
j η̂jtf̂iÛit,mf̂j |

so that it looks more friendly for application of Lemma H.5. Now define Zijm = 1
T

∑
t η̂jtf̂iÛit,mf̂j .

Then by part (ii) of the present lemma,

max
m≤p,i≤n

1

n

n∑
j=1

Z2
ijm = max

mi

1

n

∑
j

(
1

T

∑
t

η̂jtf̂iÛit,mf̂j

)2

= OP

(
log2(n) log(pn)

T

)
:= OP (a2

n).
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Now define X∗i = wUi and Y ∗j = wDj . Apply Lemma H.5,

max
m

∣∣∣∣∣∣ 1

n2T

∑
i,j≤n

T∑
t=1

wUi w
D
j η̂jtf̂iÛit,mf̂j

∣∣∣∣∣∣ = max
m

∣∣∣∣∣∣ 1

n2

∑
ij

X∗i Y
∗
j Zijm

∣∣∣∣∣∣
= OP ∗

(
log(n) log(pn)√

n

√
log p

nT

)
.

Then, using the assumption that log3 p = O(n), we have

max
m
| 1

n2T

∑
i,j≤n

T∑
t=1

wUi w
D
j η̂jtf̂iÛit,mf̂j | = oP ∗

(√
log p

nT

)
.

Similarly,

max
m

∣∣∣∣∣∣ 1

n2T

∑
i,j≤n

T∑
t=1

wUj ε̃
∗
itf̂jÛjt,mf̂i

∣∣∣∣∣∣ = oP ∗

(√
log p

nT

)
.

Therefore,

max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

ẽ∗it
1

n
F̂
′
Ũ∗t,mf̂

′
i

∣∣∣∣∣ = oP ∗

(√
log p

nT

)
.

(iv) First, we bound maxtm
1
n

∑
i |Ûit,m − Ũit,m|g, for some g ≥ 2. Again, we use the

following equality

Ũit,m − Ûit,m = f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm

+ f̂ ′i(F̂
′F̂ )−1F̂ ′Ũt,m + λ̃′tmH

′−1(f̂i −H ′f̃i).

Note that
1

n

∑
i

|f̂i|g ≤ max
i
|f̂i|g−2 1

n

∑
i

|f̂i|2 = OP ((log n)g−2),

1

n

∑
i

|f̂i −H ′f̃i|g ≤ max
i
|f̂i −H ′f̃i|g−2 1

n

∑
i

|f̂i −H ′f̃i|2 = OP (∆2
F∆g−2

max),

and

max
tm
| 1
n
F̂ ′Ũt,m|g = (max

tm
| 1
n
F̂ ′Ũt,m|2)g/2 = OP ((

log(pT )

n
)g/2 + ∆g

F ).
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Thus,

max
tm

1

n

∑
i

(Ûit,m − Ũit,m)g ≤ max
tm
|λ̃tm|g

1

n

∑
i

|f̂i|gOP (∆g
F )

+OP (1)
1

n

∑
i

|f̂i|g max
tm
| 1
n
F̂ ′Ũt,m|g

+ max
tm
|λ̃tm|g

1

n

∑
i

|f̂i −H ′f̃i|gOP (1)

≤ OP
(

∆g
F (log n)g−2 + (

log(pT )

n
)g/2(log n)g−2 + ∆2

F∆g−2
max

)
.

(H.35)

When g = 2, maxtm
1
n

∑
i(Ûit,m − Ũit,m)2 = oP (1), yielding maxtm

1
n

∑
i Û

2
it,m ≤ OP (1).

Hence, uniformly in m ≤ p, t ≤ T ,

1

n

∑
i

Var∗(wUi f̂iÛit,m) =
1

n

∑
i

f̂2
i Û

2
it,m

≤ 2

n

∑
i

f̂2
i Ũ

2
it,m +

2

n

∑
i

f̂2
i (Ûit,m − Ũit,m)2

≤ 4

n

∑
i

(f̂i −H ′f̃i)2Ũ2
it,m +OP (1)

1

n

∑
i

f̃2
i Ũ

2
it,m

+
1

n

∑
i

f̂4
i λ̃

2
tmOP (∆2

F ) +
1

n

∑
i

f̂4
i

(
1

n
F̂ ′Ũt,m

)2

+
1

n

∑
i

f̂2
i (λ̃′tmH

′−1(f̂i −H ′f̃i))2

≤ OP (∆2
F ) max

itm
Ũ2
it,m +OP (1) +OP (∆2

F log n)

+OP (log n)

(
∆2
fum +

log(pT )

n

)
= OP

(
∆2
F log(nTp) + 1

)
= OP (1).

It then follows from the union bound and Bernstein inequality for independent data that

max
mt
‖ 1

n
F̂
′
Ũ∗t,m‖2 = max

mt
‖ 1

n

∑
i

wUi f̂iÛit,m‖2

= OP ∗

(√
max
tm

1

n

∑
i

Var∗(wUi f̂iÛit,m)
log(pT )

n

)
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= OP ∗

(√
log(pT )

n

)
.

Next, note

1

T

∑
t

‖ 1

n

n∑
i=1

ẽ∗itf̂i‖22 =
1

T

∑
t

‖ 1

n

n∑
i=1

(ε̃∗it + α̂η̃∗it)f̂i‖22.

Here we just bound 1
T

∑
t ‖

1
n

∑n
i=1 η̃

∗
itf̂i‖22. Note that bounding 1

T

∑
t ‖

1
n

∑n
i=1 ε̃

∗
itf̂i‖22 fol-

lows from the same argument. Recall that we have taken fi to be a scalar for simplicity.

We then have

E∗
1

T

∑
t

(
1

n

n∑
i=1

η̃∗itf̂i

)2

=
1

T

∑
t

Var∗(
1

n

n∑
i=1

wDi η̂itf̂i)

=
1

Tn2

∑
it

(η̂itf̂i)
2

≤ 2

Tn2

∑
it

(η̃itf̂i)
2 +

2

Tn2

∑
it

(η̂it − η̃it)2 max
i
f̂2
i

≤ 2

Tn2

∑
it

(η̃itf̃i)
2OP (1) +OP

(
1

n
∆2
F

)
max
i

1

T

∑
t

η̃2
it +OP

(
log n

n
ψ2
n

)

= OP

(
1

n
+

∆2
F

n
(1 +

√
log n

T
) +

log n

n
ψ2
n

)

= OP

(
1

n

)
,

where we used log nψ2
n = o(1) from (A.6).

(v) We have maxm ‖ 1
nT

∑n
i=1

∑T
t=1 ẽ

∗
it

1
n F̂
∗′Ũ∗t,mf̂

∗′
i ‖F ≤

∑4
l=1Al. Each Al is defined and

bounded below.

A1 = max
m

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

ẽ∗it
1

n
(F̂ ∗ − F̂H∗)′Ũ∗t,m(f̂∗i −H∗

′
f̂i)
′

∥∥∥∥∥
F

≤ 1

T

T∑
t=1

∥∥∥∥∥ 1

n

n∑
i=1

ẽ∗it(f̂
∗
i −H∗

′
f̂i)

∥∥∥∥∥
2

max
tm

∥∥∥∥ 1

n
(F̂ ∗ − F̂H∗)′Ũ∗t,m

∥∥∥∥
2

= OP ∗(∆
∗
fe∆

∗
fum) =(a) oP ∗

(√
log p

nT

)
.
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A2 = max
m

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

ẽ∗it
1

n
F̂
′
Ũ∗t,mf̂

′
i

∥∥∥∥∥
F

= oP ∗

(√
log p

nT

)
by part (iii).

A3 = max
m

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

ẽ∗it
1

n
F̂
′
Ũ∗t,m(f̂∗i −H∗

′
f̂i)
′

∥∥∥∥∥
F

≤ max
mt

∥∥∥∥ 1

n
F̂
′
Ũ∗t,m

∥∥∥∥
2

1

T

T∑
t=1

∥∥∥∥∥ 1

n

n∑
i=1

ẽ∗it(f̂
∗
i −H∗

′
f̂i)
′

∥∥∥∥∥
F

≤ max
mt

∥∥∥∥ 1

n
F̂
′
Ũ∗t,m

∥∥∥∥
2

OP ∗
(
∆∗fe

)
= OP ∗

(√
log(pT )

n
∆∗fe

)
=(b) oP ∗

(√
log p

nT

)

A4 = max
m

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

1

n
(F̂H∗ − F̂ ∗)′Ũ∗t,mf̂

′
i ẽ
∗
it

∥∥∥∥∥
F

≤ OP ∗(∆∗fum)

(
1

T

∑
t

‖ 1

n

n∑
i=1

ẽ∗itf̂i‖22

)1/2

≤(c) OP ∗

(
∆∗fum

√
1

n

)
=(d) oP ∗

(√
log p

nT

)
.

In the above derivations, ∆∗fe is taken such that

1

T

T∑
t=1

∥∥∥∥∥ 1

n

n∑
i=1

ẽ∗it(f̂
∗
i −H∗

′
f̂i)

∥∥∥∥∥
2

2

= OP ∗(∆
∗2
fe).

Also, the sequence ∆∗fum is taken such that

max
tm

∥∥∥∥ 1

n
(F̂ ∗ − F̂H∗)′Ũ∗t,m

∥∥∥∥2

2

= OP ∗(∆
∗2
fum).

Then (c) follows from part (iv) of the present lemma. We now prove (b) by showing that

∆∗fe ≤ ∆∗F , then (b) follows from Assumption D.5 that ∆∗2F = o
(

log p
T (log pT )

)
. In addition,

we prove (d) that ∆∗2fum ≤ ∆∗2F = o
(

log p
T

)
and (a) that ∆∗fe∆

∗
fum = o

(√
log p
nT

)
in the

following.
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Show ∆∗fe ≤∆∗F: By Cauchy-Schwarz,

1

T

T∑
t=1

∥∥∥∥∥ 1

n

n∑
i=1

ẽ∗it(f̂
∗
i −H∗

′
f̂i)

∥∥∥∥∥
2

2

≤ 1

nT

∑
it

ẽ∗2it
1

n

n∑
i=1

∥∥∥f̂∗i −H∗′ f̂i∥∥∥2

2
= OP ∗(∆

∗2
F ).

Hence, we can always take ∆∗fe so that ∆∗fe ≤ ∆∗F .

Show ∆∗fum ≤∆∗F: Let X∗i,tm = Û2
it,m(wUi )2. For a generic C > 0, by (H.35) with g = 4,

we have

max
tm

1

n

∑
i

Var∗(X∗i,tm) ≤ max
tm

C
1

n

∑
i

Û4
it,m

≤ C max
tm

1

n

∑
i

(Ûit,m − Ũit,m)4 + C max
tm

1

n

∑
i

Ũ4
it,m

≤ OP (1) +OP

(
∆4
F (log n)2 + (

log(pT )

n
)2(log n)2 + ∆2

F∆2
max

)
= OP (1).

Applying a Bernstein inequality for independent data and union bounds and noting that

E∗X∗i,tm = Û2
it,m, we have

max
tm

1

n

∑
i

X∗i,tm ≤ max
tm

∣∣∣∣∣ 1n∑
i

(X∗i,tm − E∗X∗i,tm)

∣∣∣∣∣+ max
tm

1

n

∑
i

Û2
it,m

= OP ∗

(√
log(pT )

n
+ 1

)
= OP ∗(1).

Now recall that ∆∗fum is taken to satisfy

max
tm
‖ 1

n

∑
i

(f̂∗i −H∗
′
f̂i)Ũ

∗
it,m‖22 = OP ∗(∆

∗2
fum).

By Cauchy-Schwarz, we have

max
tm

∥∥∥∥∥ 1

n

∑
i

(f̂∗i −H∗
′
f̂i)Ũ

∗
it,m

∥∥∥∥∥
2

2

≤ OP ∗(∆∗2F ) max
tm

1

n

∑
i

Ũ∗2it,m (H.36)

= OP ∗(∆
∗2
F ) max

tm

1

n

∑
i

X∗i,tm = OP ∗(∆
∗2
F ). (H.37)

Hence, we can take ∆∗fum so that ∆∗fum ≤ ∆∗F .

Therefore, ∆∗fe∆
∗
fum ≤ ∆∗2F = o

(
log p
nT

)
. �

Lemma H.15. Recall that γ̂y is the post-lasso estimator based on the original data, used

as the coefficient to generate the bootstrap data.
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(i) max
m

∣∣∣ 1
T

∑T
t=1

1
n F̂
∗′Ũ∗t,mδ̂

′
yt

∣∣∣ = OP ∗

(√
log p
n

(
log(n) log(pT )

n + ∆2
max + log(pn)

T

))
.

(ii) max
m,v≤p

∣∣∣ 1
T

∑p
k=1

∑T
t=1 λ̂tm

1
n F̂
∗′Ũ∗t,vγ̂y

∣∣∣ = OP ∗

(√
|J |20 log(p)

n

(
log(n) log(pT )

n + ∆2
max + log(pn)

T

))
.

(iii) max
m

∣∣∣ 1
T

∑p
k=1

∑T
t=1

1
n F̂
∗′Ũ∗t,m

1
n F̂
∗′Ũ∗t,kγ̂y

∣∣∣ = oP ∗

(√
log p
nT

)
.

(iv) max
m,k≤p

∣∣∣ 1
nT

∑
it Ũ
∗
it,kf̂iλ̂tm

∣∣∣ = OP ∗

(√
log p
n

)√
log(n) log(pT )

n + ∆2
max + log(pn)

T .

Proof. (i) Bound 1
T

∑
t(δ̂yt −H−1δ̃yt)

2: We have the following equality:

δ̂yt −H−1δ̃yt = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1δ̃yt + (F̂ ′F̂ )−1F̂ ′Ũtγy + (F̂ ′F̂ )−1F̂ ′ẽt.

Hence, using Lemma H.11, we have

1

T

∑
t

(δ̂yt −H−1δ̃yt)
2 = OP (∆2

F +
|J |0
n

+ ∆2
fe) = OP (|J |20∆2

F +
|J |0
n

)

where we used Cauchy-Schwarz to bound ∆2
fe ≤ ∆2

F .

Bound maxm | 1T
∑T

t=1
1
n F̂Ũ∗t,mδ̂

′
yt|: Let Xim = wUi

1
T

∑T
t=1 f̂iÛit,mδ̂yt.

1

n

∑
i

Var∗(Xim) =
1

n

∑
i

(
1

T

T∑
t=1

f̂iÛit,mδ̂yt

)2

=
1

n

∑
i

f̂2
i

(
1

T

T∑
t=1

Ûit,mδ̂yt

)2

≤ OP (1)

(
1

T

T∑
t=1

Ûit,mδ̂yt

)2

≤ OP (1)

(
1

T

T∑
t=1

(Ûit,m − Ũit,m)δ̂yt

)2

+OP (1)

(
1

T

T∑
t=1

Ũit,m(δ̂yt −H−1δ̃yt)

)2

+OP (1)

(
1

T

T∑
t=1

Ũit,mδ̃yt

)2

≤ OP (1) max
im

1

T

∑
t

(Ûit,m − Ũit,m)2

+OP

(
1 +

√
log(pn)

T

)
1

T

∑
t

(δ̂yt −H−1δ̃yt)
2 +OP

(
log(pn)

T

)
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=(a) OP

(
log(n)

log(pT )

n
+ log(n)∆2

F + ∆2
max +

log(pn)

T

)
+OP

(
1 +

√
log(pn)

T

)(
|J |20∆2

F +
|J |0
n

)
= OP

(
log(n)

log(pT )

n
+ ∆2

max +
log(pn)

T

)
where (a) follows from (H.34) and the bound is uniform in m ≤ p. Therefore,

max
m

∣∣∣∣∣ 1

T

T∑
t=1

1

n
F̂ Ũ∗t,mδ̂

′
yt

∣∣∣∣∣ = max
m

∣∣∣∣∣ 1n∑
i

Xim

∣∣∣∣∣
≤ OP ∗

(√
log p

n
(
log(n) log(pT )

n
+ ∆2

max +
log(pn)

T
)

)
.

Bound maxm | 1T
∑T

t=1
1
n F̂∗

′
Ũ∗t,mδ̂

′
yt|:

max
m

∣∣∣∣∣ 1

T

T∑
t=1

1

n
F̂ ∗
′
Ũ∗t,mδ̂

′
yt

∣∣∣∣∣
≤ max

m

∣∣∣∣∣ 1

T

T∑
t=1

1

n
(F̂ ∗ − F̂H∗)′Ũ∗t,mδ̂′yt

∣∣∣∣∣+ max
m

∣∣∣∣∣ 1

T

T∑
t=1

1

n
F̂ Ũ∗t,mδ̂

′
yt

∣∣∣∣∣OP ∗(1).

The second term is bounded from above. The first term is OP ∗(∆
∗
ud) = oP ∗

(√
log p
nT

)
.

(ii) First, γy = γ0
y +Ry is the decomposition of exactly sparse and remainder terms for

γy. We know that ‖γ0
y‖1 = O(|J |0) and ‖Ry‖1 = o(1), so ‖γy‖1 = O(|J |0).

‖γ̂y‖1 ≤ ‖γ̂y − γy‖1 + ‖γy‖1 = oP (1) +O(|J |0) = OP (|J |0).

Also, maxtm |λ̂tm| = OP (1) as shown in (H.33). So by Cauchy-Schwarz,

max
m,v≤p

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

λ̂tm
1

n
(F̂ ∗ − F̂H∗)′Ũ∗t,vγ̂y

∣∣∣∣∣ ≤ max
m,v≤p

(
1

nT

∑
it

Ũ∗2it,v

)1/2

OP ∗(∆
∗
F |J |0)

= OP ∗(∆
∗
F |J |0).

Secondly,

max
m,v≤p

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

λ̂tm
1

n
F̂
′
Ũ∗t,vγ̂y

∣∣∣∣∣ = max
m,v≤p

∣∣∣∣∣ 1

Tn

p∑
k=1

T∑
t=1

∑
i

λ̂tmf̂iÛit,vw
U
i γ̂y

∣∣∣∣∣ .
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Let Xi,mv = 1
T

∑p
k=1

∑T
t=1 λ̂tmf̂iÛit,vw

U
i γ̂y. Then

max
mv

1

n

∑
i

Var∗(Xi,mv) = max
mv

1

n

∑
i

(
1

T

p∑
k=1

T∑
t=1

λ̂tmf̂iÛit,vγ̂y

)2

≤ max
mv

1

n

∑
i

f̂2
i

(
1

T

T∑
t=1

λ̂tmÛit,v

)2

OP (|J |20)

≤ max
imv

(
1

T

T∑
t=1

λ̂tmÛit,v

)2

OP (|J |20)

≤ OP (|J |20) max
imv

(
1

T

T∑
t=1

(Ûit,v − Ũit,v)λ̂tm

)2

+OP (|J |20) max
imv

(
1

T

T∑
t=1

Ũit,v(λ̂tm −H−1λ̃tm)

)2

+OP (|J |20) max
imv

(
1

T

T∑
t=1

Ũit,vλ̃tm

)2

≤ OP
(
|J |20 log(pn)

T

)
+OP (|J |20) max

iv

1

T

∑
t

(Ûit,v − Ũit,v)2

+OP

(
1 +

√
log(pn)

T

)
max
m

|J |20
T

∑
t

(λ̂tm −H−1λ̃tm)2

=(a) OP

(
log(n)

log(pT )

n
+ ∆2

max +
log(pn)

T

)
|J |20

+OP

(
1 +

√
log(pn)

T

)
|J |20

(
∆2
F +

log(pT )

n

)
= OP

(
log(n)

log(pT )

n
+ ∆2

max +
log(pn)

T

)
|J |20 (H.38)

where in (a) we used

λ̂tm −H−1λ̃tm = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + (F̂ ′F̂ )−1F̂ ′Ũt,m

and thus

max
tm
|λ̂tm −H−1λ̃tm| = OP (∆F +

√
log(pT )

n
).
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Therefore,

max
mv

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

λ̂tm
1

n
F̂
′
Ũ∗t,vγ̂y

∣∣∣∣∣ = max
mv

∣∣∣∣∣ 1n∑
i

Xi,mv

∣∣∣∣∣
= OP ∗

(√
|J |20 log(p)

n
(
log(n) log(pT )

n
+ ∆2

max +
log(pn)

T
)

)
.

(iii) Note that

max
m
| 1
T

p∑
k=1

T∑
t=1

1

n
F̂ ∗
′
Ũ∗t,m

1

n
F̂ ∗
′
Ũ∗t,kγ̂y| ≤ max

m

1

T

T∑
t=1

| 1
n
F̂ ∗
′
Ũ∗t,m|2OP (|J |0).

By repeatedly using the triangle inequality, we have

max
m

1

T

T∑
t=1

∣∣∣∣ 1nF̂ ∗′Ũ∗t,m
∣∣∣∣2 ≤ max

m

1

T

T∑
t=1

∣∣∣∣ 1n(F̂ ∗ − F̂H∗)′Ũ∗t,m
∣∣∣∣2 (A1)

+OP ∗(1) max
m

1

T

T∑
t=1

∣∣∣∣∣ 1n∑
i

wUi (f̂i −H ′f̃i)Ûit,m

∣∣∣∣∣
2

(A2)

+OP ∗(1) max
m

1

T

T∑
t=1

∣∣∣∣∣ 1n∑
i

wUi f̃i(Ûit,m − Ũit,m)

∣∣∣∣∣
2

(A3)

+OP ∗(1)

∣∣∣∣∣ 1n∑
i

wUi f̃i

∣∣∣∣∣
2

max
m

1

T

T∑
t=1

∣∣Ū·t,m∣∣2 (A4)

+OP ∗(1) max
m

∣∣∣∣∣ 1n∑
i

wUi f̃iŪi·,m

∣∣∣∣∣
2

(A5)

+OP ∗(1)

∣∣∣∣∣ 1n∑
i

wUi f̃i

∣∣∣∣∣
2

max
m

∣∣∣ ¯̄Um∣∣∣2 (A6)

+OP ∗(1)
1

n

∑
i

1

n
(wUi )2f̃2

i max
m

1

T

T∑
t=1

EU2
it,m (A7)

+OP ∗(1) max
m

1

T

T∑
t=1

1

n

∑
i

1

n
(wUi )2f̃2

i (U2
it,m − EU2

it,m) (A8)

+OP ∗(1) max
m

1

T

T∑
t=1

1

n

∑
i

1

n

∑
j 6=i

wUi f̃jw
U
j f̃iUit,mUjt,m (A9)
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:=

9∑
l=1

Al.

We shall show each Al = oP ∗

(√
log p
nT

)
. Note that we shall show that the last two terms

are oPP ∗

(√
log p
nT

)
, where oPP ∗(1) means convergence in probability with respect to the

joint distribution of the original data and the bootstrap weights {wUi }. This convergence

then implies by the Markov inequality that they are also oP ∗

(√
log p
nT

)
, i.e., that they

converge in probability with respect to the bootstrap sampling distribution (see Lemma 3

of Cheng and Huang (2010)).

Term A1. It is clear that term (A1) is OP ∗(∆
∗2
fum). By (H.36), ∆∗fum ≤ ∆∗F . Hence

|J |0∆∗2fum ≤ |J |0∆∗2F = o

(√
log p
nT

)
.

Term A2. Term (A.2) is bounded by 1
n

∑
i(w

U
i (f̂i −H ′f̃i))2 maxm

1
T

∑T
t=1

1
n

∑
j Û

2
jt,m.

Note that E∗
[

1
n

∑
i(w

U
i (f̂i −H ′f̃i))2

]
= OP (∆2

F ), and maxm
1
T

∑T
t=1

1
n

∑
j Û

2
jt,m = OP (1).

Hence, |J |0A2 = OP ∗(|J |0∆2
F )OP (1) = OP ∗(|J |0∆2

F ) = oP ∗

(√
log p
nT

)
, where we used

OP ∗ ×OP = OP ∗ using Lemma 3 of Cheng and Huang (2010).

Term A3 ∼ A6. These terms can be shown to be oP ∗

(√
log p
nT

)
similarly to the other

terms with provided details. We omit the details for brevity.

Term A7. Term (A7) is bounded by 1
n

∑
i

1
n f̃

2
i (wUi )2 maxitm |(EU2

it,m)|. Also,

E∗

(
1

n

∑
i

1

n
f̃2
i (wUi )2

)
=

1

n

∑
i

1

n
f̃2
i = OP

(
1

n

)
.

Hence, |J |0A7 = OP ∗(
|J |0
n ) = oP ∗

(√
log p
nT

)
.

Term A8. Let WU = {w∗i }i≤n. Now let PU,F,WU , PU |F,WU and PF,WU respectively

be the probability measures with respect to the joint distribution of {U,F,WU}, the con-

ditional distribution U |F,WU , and the joint distribution of (F,WU ). Let EF,WU be the

expectation operator with respect to the distribution of (F,WU ).

If T = O(1), then for Zitm := f̃2
i (U2

it,m − EU2
it,m)(wUi )2, A8 ≤ maxit | 1n

∑
i

1
nZitm|. Then

conditional on F,WU ,

max
tm

Var(Zitm|F,WU ) ≤ f̃4
i (wUi )4 max

tm
Var(U2

it,m|F,WU )
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≤ Cf̃4
i (wUi )4,

almost surely in F,WU for a generic constant C that does not depend on F,WU . ∀x > 0,

and l ≤ 8,

PU,F,WU (A8 > x)

≤ PF,WU (
1

n

∑
i

(|wUi |l − E|wUi |l) > C)PF,WU (
1

n

∑
i

(|fi|l − E|fi|l) > C)

+ EF,WUPU |F,WU (A8 > x) 1

{
1

n

∑
i

f̃4
i (wUi )4 < C

}
= o(1)

+ EF,WUPU |F,WU

(
max
it
| 1
n

∑
i

Zitm| > nx

)
1{max

tm
Var(Zitm|F,WU ) < C}.

Because {Ui}i≤n are independent conditional on {wUi , F}, we can apply the Bernstein

inequality for independent data to reach, for x = M 1
n

√
log(pT )

n , for sufficiently large M > 0,

EF,WUPU |F,WU

(
max
it
| 1
n

∑
i

Zitm| > nx

)
1{max

tm
Var(Zitm|F,WU ) < C}

≤ EF,WU exp

(
log(pT )− M2 log(pT )

maxtm Var(Zitm|F,WU )

)
1
{

max
tm

Var(Zitm|F,WU ) < C
}

= o(1).

Hence A8 = OP (x) = OP (
√

log(p)
n3 ) when T = O(1).

When T →∞, define Xt,m = 1
n

∑
i

1
n f̃

2
i (U2

it,m−EU2
it,m)(wUi )2, soA8 = maxm | 1T

∑T
t=1Xt,m|.

Then conditional on F,WU ,

max
tm

Var(Xt,m|F,WU ) ≤ 1

n4

∑
i

f̃4
i (wUi )4 max

tm
Var(U2

it,m|F,WU )

≤ C 1

n4

∑
i

f̃4
i (wUi )4.

almost surely in F,WU for a generic constant C that does not depend on F,WU . So

PU,F,WU

(
max
m
| 1
T

T∑
t=1

Xt,m| > x

)

≤ PF,WU (
1

n

∑
i

(|wUi |l − E|wUi |l) > C)PF,WU (
1

n

∑
i

(|fi|l − E|fi|l) > C)
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+ EF,WUPU |F,WU

(
max
m
| 1
T

T∑
t=1

Xt,m| > x

)
1

{
1

n

∑
i

f̃4
i (wUi )4 < C

}
= o(1)

+ EF,WUPU |F,WU

(
max
m
| 1
T

T∑
t=1

Xt,m| > x

)
1{max

tm
Var(Xt,m|F,WU ) <

C0

n3
}.

We now bound PU |F,WU

(
maxm | 1T

∑T
t=1Xt,m| > x

)
conditional on maxtm Var(Xt,m|F,WU ) <

C0

n3/2 . We have mintm[Var(Xt,m|F )−1/2] ≥ C0n
3/2 for a generic C0 > 0. Conditional

on F , {Xt,m} is a strong mixing sequence across t with uniform mixing condition (uni-

form over m ≤ p) that is bounded by exp(−CT r) (Assumption 3.1). Write Zt,m =

Xt,m Var(Xt,m|F )−1/2, whose conditional variance is one. Recall that by assumption,

logγ p = o(n) for some γ > 2 and the conditional strong mixing (Assumption 3.1) holds

for the process {(Ut)}+∞t=−∞ given F,WU , with mixing coefficient bounded by exp(−CT r),
r > 1, and also we assume γr ≥ 2. Let r̄ = min{r, 1}, r1 = (0.5 + r̄−1)−1, c = 0.5(γ + 1),

then r1 < 1, cr1 > 1 and 2c ≥ 1. Because r̄ ≤ r, the strong mixing condition in Assumption

3.1 also holds with r̄ in place of r. All these constants are independent of F . Then apply the

Bernstein inequality for strong mixing sequences Merlevède et al. (2011) on | 1T
∑

tZt,m|,
for y = M (log p)c√

T
, and sufficiently large M > 0, for x = y/(C0n

3/2),

PU |F,WU

(
max
m
| 1
T

T∑
t=1

Xt,m| > x

)
≤ pmax

m
PU |F,WU

(
| 1
T

∑
t

Zt,m| > xmin
tm

[Var(Xt,m|F )−1/2]

)

≤ pmax
m

PU |F,WU

(
| 1
T

∑
t

Zt,m| > C0n
3/2x

)
≤ A1 +A2 +A3

where for a generic constant C that is independent of F ,

A1 = pT exp(−C(Ty)r1) = exp(log(pT )− CM r1T r1/2 logcr1 p) = o(1), (cr1 ≥ 1)

A2 = p exp

(
−C (Ty)2

T
exp

(
(Ty)r1(1−r1)

C logr1(Ty)

))
= o(1), (r1 < 1, 2c > 1, T y →∞)

A3 = p exp
(
−CTy2

)
= exp(log p− CM2 log2c p) = o(1),

and o(1) in the above are non-stochastic converging sequences. (This is because the involved

generic constant C in Merlevède et al. (2011) is independent of F,WU . Hence

EF,WUPU |F,WU

(
max
m
| 1
T

T∑
t=1

Xt,m| > x

)
1{max

tm
Var(Xt,m|F,WU ) <

C0

n3
} = o(1).
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Consequently, maxm | 1T
∑

tXt,m| = OP (x) = OP ( log0.5γ+0.5 p√
Tn3

) when T →∞.

Combining with the case T = O(1), we have A8 ≤ maxm | 1T
∑

tXt,m| = OP ( log0.5γ+0.5 p√
Tn3

).

Because the convergence is with respect to the joint distribution of (U,F,WU ), the above

result implies, by Lemma 3 of Cheng and Huang (2010), |J |0A8 = OP ∗
(
|J |0 log0.5γ+0.5 p√

Tn3

)
.

Thus, |J |0A8 = oP ∗

(√
log p
nT

)
, given that |J |20 logγ p = o(n2).

Term A9. If T = O(1), then

A9 ≤ max
mt
‖ 1

n

∑
i

wUi f̃iUit,m‖max
mt
‖ 1

n

∑
j

f̃jw
U
j Ujt,m‖.

Using the same argument when we bound A9 when T = O(1), we conclude that A9 =

OP ( log p
n ).

When T →∞, defineGt,m = 1
n

∑
i

1
n

∑
j 6=i f̃jw

U
i f̃iUit,mUjt,mw

U
j . Then E(Gt,m|F,WU ) =

0, and almost surely in F,WU , and A9 ≤ maxm ‖ 1
T

∑
tGt,m‖F . We only focus on the case

dim(fi) = 1.

max
tm

Var(Gt,m|F,WU )

≤ max
tm

∑
i

∑
j 6=i

1

n4
f̃2
j w

U
i f̃

2
i w

U
j w

U
i w

U
j E(U2

it,mU
2
jt,m|F,WU )

+ max
tm

∑
i

∑
j 6=i

1

n4
f̃jw

U
i f̃iw

U
j f̃iw

U
j f̃jw

U
i E(U2

jt,mU
2
it,m|F,WU )

≤ C

n2

1

n

∑
i

(wUi )2f̃2
i

1

n

∑
j 6=i

f̃2
j (wUj )2.

Hence, for l ≤ 4 and any x > 0,

PU,F,WU

(
max
m

∣∣∣∣∣ 1

T

T∑
t=1

Gt,m

∣∣∣∣∣ > x

)

≤ PF,WU

(
1

n

∑
i

(|wUi |l − E|wUi |l) > C

)
+ PF,WU

(
1

n

∑
i

(|fi|l − E|fi|l) > C

)

+ EF,WUPU |F,WU

(
max
m
| 1
T

T∑
t=1

Gt,m| > x

)
1

 1

n

∑
i

(wUi )2f̃2
i

1

n

∑
j 6=i

f̃2
j (wUj )2 < C


≤ o(1) + EF,WUPU |F,WU

(
max
m
| 1
T

T∑
t=1

Gt,m| > x

)
1

{
max
tm

Var(Gt,m|F,WU ) <
C0

n2

}
.
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We note that {Gt,m}t≤T is conditionally strong mixing, given F,WU , whose mixing coeffi-

cient is independent of m ≤ p, F,WU . Thus, we can use the same argument as in bounding

term A8 for the case of T →∞, to conclude that when x = OP

(
log0.5γ+0.5 p√

Tn2

)
EF,WUPU |F,WU

(
max
m
| 1
T

T∑
t=1

Gt,m| > x

)
1

{
max
tm

Var(Gt,m|F,WU ) <
C0

n2

}
≤ o(1)

Combining with the case of T = O(1), A9 = OP ( log0.5γ+0.5 p√
Tn2

) = OP ∗(
log0.5γ+0.5 p√

Tn2
), where

the second equality is due to Lemma 3 of Cheng and Huang (2010). Thus |J |0A9 =

OP ∗
(
|J |0 log0.5γ+0.5 p√

Tn2

)
= oP ∗

(√
log p
nT

)
given that J2 logγ p = o(n). Hence, we have proven

that

max
m

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

1

n
F̂ ∗
′
Ũ∗t,m

1

n
F̂ ∗
′
Ũ∗t,kγ̂y

∣∣∣∣∣ ≤ max
m

1

T

T∑
t=1

∣∣∣∣ 1nF̂ ∗′Ũ∗t,m
∣∣∣∣2OP (|J |0)

= oP ∗

(√
log p

nT

)
.

(H.39)

(iv) Let Gi,mk = 1
T

∑
t Ûit,kw

U
i f̂iλ̂tm. Then by (H.38),

max
mk

1

n

∑
i

Var∗(Gi,mk) ≤ max
mk

1

n

∑
i

f̂2
i

(
1

T

T∑
t=1

λ̂tmÛit,k

)2

= OP

(
log(n) log(pT )

n
+ ∆2

max +
log(pn)

T

)
.

Hence,

max
m,k≤p

∣∣∣∣∣ 1

nT

∑
it

Ũ∗it,kf̂iλ̂tm

∣∣∣∣∣ = max
mk

∣∣∣∣∣ 1n∑
i

Gi,mk

∣∣∣∣∣
= OP ∗

(√
log p

n

)√
log(n) log(pT )

n
+ ∆2

max +
log(pn)

T
.

�

Lemma H.16. (i)
∥∥∥ 1
n

∑n
i=1

1
T

∑T
t=1(Û∗it − Ũ∗it)δ̂′ytH∗

′−1(f̂∗i −H∗
′
f̂i)
∥∥∥
∞

= oP ∗

(√
log p
nT

)
.

(ii)
∥∥∥ 1
nT

∑n
i=1

∑T
t=1(Û∗it − Ũ∗it)(Ũ∗it − Û∗it)′γ̂y

∥∥∥
∞

= oP ∗

(√
log p
nT

)
(iii)

∥∥∥ 1
nT

∑n
i=1

∑T
t=1 Ũ

∗
it(Ũ

∗
it − Û∗it)′γ̂y

∥∥∥
∞

= oP ∗

(√
log p
nT

)
.
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Proof. We shall repeatedly use the following equality:

Ũ∗it,m − Û∗it,m = f̂∗
′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
(F̂H∗ − F̂ ∗)H∗−1λ̂tm

+ f̂∗
′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
Ũ∗t,m + λ̂′tmH

∗′−1(f̂∗i −H∗
′
f̂i),

(H.40)

where F̂ ∗ and Û∗ represent the estimators using bootstrapped data.

(i) First, by (H.33), maxtm |λ̂tm| = OP (1). Hence,

max
m

∣∣∣∣∣ 1

T

T∑
t=1

λ̂tmδ̂yt

∣∣∣∣∣ = OP (1)

(
1

T

∑
t

δ̂2
yt

)1/2

= OP (1).

Also,

max
m

∣∣∣∣∣ 1n
n∑
i=1

1

T

T∑
t=1

(Û∗it,m − Ũ∗it,m)δ̂′ytH
∗′−1(f̂∗i −H∗

′
f̂i)

∣∣∣∣∣
= max

m

∣∣∣∣∣ 1n
n∑
i=1

1

T

T∑
t=1

f̂∗
′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
(F̂H∗ − F̂ ∗)H∗−1λ̂tmδ̂

′
ytH

∗′−1(f̂∗i −H∗
′
f̂i)

∣∣∣∣∣
+ max

m

∣∣∣∣∣ 1n
n∑
i=1

1

T

T∑
t=1

f̂∗
′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
Ũ∗t,mδ̂

′
ytH

∗′−1(f̂∗i −H∗
′
f̂i)

∣∣∣∣∣
+ max

m

∣∣∣∣∣ 1n
n∑
i=1

1

T

T∑
t=1

λ̂′tmH
∗′−1(f̂∗i −H∗

′
f̂i)δ̂

′
ytH

∗′−1(f̂∗i −H∗
′
f̂i)

∣∣∣∣∣
≤ max

m

∣∣∣∣∣ 1

T

T∑
t=1

λ̂tmδ̂yt

∣∣∣∣∣OP ∗(∆∗2F ) + max
m

∣∣∣∣∣ 1

T

T∑
t=1

1

n
F̂ ∗
′
Ũ∗t,mδ̂

′
yt

∣∣∣∣∣OP ∗(∆∗F )

=(a) OP ∗(∆
∗2
F ) +OP ∗

(√
log p

n
(
log(n) log(pT )

n
+ ∆2

max +
log(pn)

T
)

)
∆∗F

=(b) oP ∗

(√
log p

nT

) (H.41)

where (a) follows from Lemma H.15(i) and (b) follows from Assumption D.4.

(ii) We have

max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

(Û∗it,m − Ũ∗it,m)(Ũ∗it − Û∗it)′γ̂y

∣∣∣∣∣
≤ max

m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

f̂∗
′
i λ̂tm(Ũ∗it − Û∗it)′γ̂y

∣∣∣∣∣OP ∗(∆∗F )
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+ max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

f̂∗
′
i

1

n
F̂ ∗
′
Ũ∗t,m(Ũ∗it − Û∗it)′γ̂y

∣∣∣∣∣OP ∗(1)

+ max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

λ̂′tm(f̂∗i −H∗
′
f̂i)(Ũ

∗
it − Û∗it)′γ̂y

∣∣∣∣∣OP ∗(1)

≤ max
m

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

λ̂tmλ̂tkγ̂y

∣∣∣∣∣OP ∗(∆∗2F )

+ max
m

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

λ̂tm
1

n
F̂ ∗
′
Ũ∗t,kγ̂y

∣∣∣∣∣OP ∗(∆∗F )

+ max
m

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

1

n
F̂ ∗
′
Ũ∗t,mλ̂tkγ̂y

∣∣∣∣∣OP ∗(∆∗F )

+ max
m

∣∣∣∣∣ 1

T

p∑
k=1

T∑
t=1

1

n
F̂ ∗
′
Ũ∗t,m

1

n
F̂ ∗
′
Ũ∗t,kγ̂y

∣∣∣∣∣OP ∗(1)

≤(a) OP ∗(|J |0∆∗2F ) +OP ∗

(√
|J |20 log(p)

n

(
log(n) log(pT )

n
+ ∆2

max +
log(pn)

T

))
∆∗F

+ oP ∗

(√
log p

nT

)

= oP ∗

(√
log p

nT

)
,

where we used Lemma H.15 in (a) and the assumption that ∆2
max|J |20T∆∗2F = o(1).

(iii) We have∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

Ũ∗it(Ũ
∗
it − Û∗it)′γ̂y

∥∥∥∥∥
∞

= max
k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

Ũ∗it,k

p∑
m=1

γ̂ym(Ũ∗it,m − Û∗it,m)

∣∣∣∣∣
≤ max

k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

Ũ∗it,kf̂
∗
i γ̂
′
yΛ̂t

∣∣∣∣∣OP ∗(∆∗F )

+ max
k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

Ũ∗it,kf̂
∗
i

p∑
m=1

γ̂ym
1

n
F̂ ∗
′
Ũ∗t,m

∣∣∣∣∣OP ∗(1)

+ max
k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

Ũ∗it,k(f̂
∗
i −H∗

′
f̂i)γ̂

′
yΛ̂t

∣∣∣∣∣OP ∗(1)
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= oP ∗

(√
log p

nT

)
.

The first term following the inequality isOP ∗

(√
|J |20 log(p)

n

(
log(n) log(pT )

n + ∆2
max + log(pn)

T

))
∆∗F =

oP ∗

(√
log p
nT

)
follows from Lemma H.15. The second term following the inequality is

bounded using Lemma H.15(iii). By Assumption D.5, the third term is oP ∗

(√
log p
nT

)
.

�

Lemma H.17. (i) ‖Ψ̂y−1 1
nT

∑T
t=1 Ũ

∗′
t ẽ
∗
t ‖∞ ≤ 1√

nT
Φ−1(1− qn

2p )(1 + oP ∗(1)).

(ii) ‖ 1
nT

∑T
t=1(Ũ∗t − Û∗t )′ẽ∗t ‖∞ = oP ∗(

√
log p
nT ).

(iii) ‖ 1
nT

∑T
t=1M

∗′
t Û

∗
t ‖∞ = oP (

√
log p
nT ).

(iv) |J |0 maxm,k≤p | 1
nT

∑
it(Û

∗
it,mÛ

∗
it,k − Ũ∗it,mŨ∗it,k)| = oP ∗(1).

(v) 1
nT

∑T
t=1 ‖Û∗t β‖22 ≥

1
nT

∑T
t=1 ‖Ũtβ‖22 − ‖β‖22oP ∗(1), for any vector p× 1 vector ‖β‖21 ≤

C‖β‖22|J |0.

Proof. (i) Note that ẽ∗it = wYi ε̂it+α̂w
D
i η̂it. Define aim = 1√

T

∑
t Ûit,mε̂it, bim = 1√

T

∑
t Ûit,mα̂η̂it,

and Wim = 1√
T

∑
t Û
∗
it,mẽ

∗
it = wUi w

Y
i aim + wUi w

D
i bim. Note that

E∗
∣∣wUi wYi aim∣∣3 ≤ |aim|3E∗|wUi |3E∗|wYi |3

≤ C

∣∣∣∣∣ 1√
T

∑
t

Ûit,mε̂it

∣∣∣∣∣
3

=

∣∣∣∣∣ C√T ∑t Ũit,mε̃it

∣∣∣∣∣
3

+ oP (1) = OP (1).

E∗|wUi wDi bim|3 ≤ |bim|3E∗|wUi |3E∗|wDi |3

≤ C

∣∣∣∣∣ 1√
T

∑
t

Ûit,mα̂η̂it

∣∣∣∣∣
3

=

∣∣∣∣∣ C√T ∑t Ũit,mαη̃it

∣∣∣∣∣
3

+ oP (1) = OP (1).

E∗|wUi wDi bim|2|wUi wYi aim| ≤ C|bim|2|aim| = OP (1).

E∗|wUi wYi aim|2|wUi wDi bim| ≤ C|aim|2|bim| = OP (1).
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Therefore, E∗|Wim|3 = OP (1). Also,

E∗W 2
im = E∗(wUi w

Y
i )2a2

im + (wUi w
D
i )2b2im + 2(wUi )2wYi w

D
i aimbim

= a2
im + b2im

≥

(
1√
T

∑
t

Ũit,mε̃it

)2

+

(
1√
T

∑
t

Ũit,mα̃η̃it

)2

− oP (1).

Hence, E∗W 2
im ≥ C − oP (1) uniformly in i which implies

max
i≤n,m≤p

(E∗|Wim|3)1/3

(E∗W 2
im)1/2

≤ C + oP (1).

Also note that E∗Wim = 0. It follows from Lemma 5 of Belloni et al. (2012),

max
m≤p

| 1n
∑

iWim|
( 1
n

∑
iW

2
im)1/2

<
1√
n

Φ−1

(
1− qn

2p

)
with probability approaching one.

Since

1

nT

∑
i

T∑
t=1

Ũ∗it,mẽ
∗
it =

1

nT

∑
i

T∑
t=1

Ûit,mw
U
i (wYi ε̂it + α̂wDi η̂it) =

1

n
√
T

∑
i

Wim,

by the triangle inequality, for

G = max
m
|[ 1

n

∑
i

(
1√
T

∑
t

Ûit,mêit)
2]−1/2 − [

1

n

∑
i

W 2
im]−1/2|,
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we have∥∥∥Ψ̂y−1 1

nT

T∑
t=1

Ũ∗
′
t ẽ
∗
t

∥∥∥∥∥
∞

≤ Gmax
m

∣∣∣∣∣ 1

nT

∑
it

Ũ∗it,mẽ
∗
it

∣∣∣∣∣+ max
m

∣∣∣∣∣∣
[

1

n

∑
i

W 2
im

]−1/2
1

nT

∑
it

Ũ∗it,mẽ
∗
it

∣∣∣∣∣∣
≤ Gmax

m

[
1

n

∑
i

W 2
im

]1/2

max
m

∣∣∣∣∣∣
[

1

n

∑
i

W 2
im

]−1/2
1√
T

1

n

∑
i

Wim

∣∣∣∣∣∣
+ max

m

∣∣∣∣∣∣
[

1

n

∑
i

W 2
im

]−1/2
1√
T

1

n

∑
i

Wim

∣∣∣∣∣∣
≤

(
Gmax

m
[
1

n

∑
i

W 2
im]1/2 + 1

)
1√
nT

Φ−1

(
1− qn

2p

)
.

(H.42)

We now show G = oP ∗(1) for which it suffices to show maxm | 1n
∑

i(
1√
T

∑
t Ûit,mêit)

2 −
1
n

∑
iW

2
im| = oP ∗(1). In the bootstrap sampling space, {Wim}i≤n is i.i.d. with exponential

tails. Hence, by the Bernstein inequality for i.i.d. data and union bounds, it can be shown

that

max
m
| 1
n

∑
i

W 2
im − E∗

1

n

∑
i

W 2
im| = oP ∗(1)

where E∗ 1
n

∑
iW

2
im = 1

n

∑
i(a

2
im + b2im). Also since êit = ε̂it + α̂η̂it, we have

1

n

∑
i

(
1√
T

∑
t

Ûit,mêit)
2 =

1

n

∑
i

a2
im + b2im + 2aimbim.

Thus,

max
m

∣∣∣∣∣ 1n∑
i

(
1√
T

∑
t

Ûit,mêit)
2 − 1

n

∑
i

W 2
im

∣∣∣∣∣ ≤ oP ∗(1) + max
m

∣∣∣∣∣ 2n∑
i

aimbim

∣∣∣∣∣ (H.43)

It remains to show the second term is oP (1). It follows from the Cauchy-Schwarz inequality,

max
m

1

n

∑
i

(
1√
T

∑
t

Ûit,mε̂it − Ũit,mε̃it)2 = oP (1),

and

max
m

1

n

∑
i

(
1√
T

∑
t

Ûit,mα̂η̂it − Ũit,mαη̃it)2 = oP (1)
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that

max
m

∣∣∣∣∣ 1n∑
i

aimbim −
1

n

∑
i

(
1√
T

∑
t

Ũit,mε̃it)(
1√
T

∑
t

Ũit,mαη̃it)

∣∣∣∣∣ = oP (1).

Also,

max
m

∣∣∣∣∣ 1n∑
i

(
1√
T

∑
t

Ũit,mε̃it)(
1√
T

∑
t

Ũit,mαη̃it)

∣∣∣∣∣ = oP (1) + max
m

∣∣∣∣∣ 1n∑
i

Xim

∣∣∣∣∣ ,
where Xim =

(
1√
T

∑
t Uit,mεit

)(
1√
T

∑
t Uit,mαηit

)
. Now EXim = 0 since E(ε|U, η) = 0,

and maxim Var(Xim) < C. Thus by the Bernstein inequality for independent data and

union bounds, it follows that

max
m

∣∣∣∣∣ 1n∑
i

Xim

∣∣∣∣∣ = oP (1).

This proves that maxi
1
n

∑
i aimbim = oP (1), and therefore the left hand side of (H.43)) is

oP ∗(1), which also implies G = oP ∗(1).

In view of (H.42), we have, ‖Ψ̂y−1 1
nT

∑T
t=1 Ũ

∗′
t ẽ
∗
t ‖∞ ≤ (1 + oP ∗(1)) 1√

nT
Φ−1

(
1− qn

2p

)
.

(ii) We make use of equality (H.40). For any wit,k,

max
m,k

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

wit,k(Ũ
∗
it,m − Û∗it,m)

∣∣∣∣∣
≤ max

m,k

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

wit,kf̂
∗′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
(F̂H∗ − F̂ ∗)H∗−1λ̂tm

∣∣∣∣∣
+ max

m,k

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

wit,kf̂
∗′
i (F̂ ∗

′
F̂ ∗)−1F̂ ∗

′
Ũ∗t,m

∣∣∣∣∣
+ max

m,k

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

wit,kλ̂
′
tmH

∗′−1(f̂∗i −H∗
′
f̂i)

∣∣∣∣∣ (H.44)

≤ max
m,k

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

wit,kf̂
∗
i λ̂
′
tm

∥∥∥∥∥
F

OP ∗(∆
∗
F ) + max

m,k

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

wit,k
1

n
F̂ ∗
′
Ũ∗t,mf̂

∗′
i

∥∥∥∥∥
F

+ max
m,k

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

wit,kλ̂
′
tmH

∗′−1(f̂∗i −H∗
′
f̂i)

∣∣∣∣∣ .
(H.45)
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Let wit,k = ẽ∗it. Then (H.45) implies maxm | 1
nT

∑n
i=1

∑T
t=1 ẽ

∗
it(Ũ

∗
it,m− Û∗it,m)| is bounded by

max
m
‖ 1

nT

n∑
i=1

T∑
t=1

ẽ∗itf̂iλ̂
′
tm‖FOP ∗(∆∗F ) + max

m
‖ 1

nT

n∑
i=1

T∑
t=1

ẽ∗it
1

n
F̂ ∗
′
Ũ∗t,mf̂

∗′
i ‖F +OP ∗(∆

∗
eg).

By Assumption D.5, ∆∗eg = o(
√

log p
nT ). By Lemma H.14, the first term isOP ∗

(√
log(p) log(np)

nT ∆∗F

)
,

which is oP ∗

(√
log(p)
nT

)
given that log(np)∆∗2F = o(1). By Lemma H.14, the second term

satisfies

max
m

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

ẽ∗it
1

n
F̂ ∗
′
Ũ∗t,mf̂

∗′
i

∥∥∥∥∥
F

= oP ∗

(√
log p

nT

)
.

Hence

max
m

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
t=1

ẽ∗it(Ũ
∗
it,m − Û∗it,m)

∣∣∣∣∣ = oP ∗

(√
log p

nT

)
.

(iii) Note that M∗t = F̂ δ̂yt − F̂ ∗δ̂∗yt + (Ũ∗t − Û∗t )γ̂y. Thus,∥∥∥∥ 1

nT

T∑
t=1

M∗
′
t Û

∗
t

∥∥∥∥∥
∞

≤

∥∥∥∥∥ 1

n

n∑
i=1

1

T

T∑
t=1

Û∗it(δ̂
∗
yt −H∗−1δ̂yt)

′f̂∗i

∥∥∥∥∥
∞

+

∥∥∥∥∥ 1

n

n∑
i=1

1

T

T∑
t=1

δ̂′ytH
∗′−1(f̂∗i −H∗

′
f̂i)Ũ

∗
it

∥∥∥∥∥
∞

+

∥∥∥∥∥ 1

n

n∑
i=1

1

T

T∑
t=1

(Û∗it − Ũ∗it)δ̂′ytH∗
′−1(f̂∗i −H∗

′
f̂i)

∥∥∥∥∥
∞

+

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

(Û∗it − Ũ∗it)(Ũ∗it − Û∗it)′γ̂y

∥∥∥∥∥
∞

+

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

Ũ∗it(Ũ
∗
it − Û∗it)′γ̂y

∥∥∥∥∥
∞

.

The first term after the inequality in the preceding display is zero since F̂ ∗
′
Û∗t = 0. The

second term is OP ∗(∆
∗
ud) = oP ∗

(√
log p
nT

)
due to Assumption D.5. That the other three

terms following the inequality are also oP ∗

(√
log p
nT

)
follows from Lemma H.16.
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(iv) By Lemma H.15,

max
m,k≤p

| 1

nT

∑
it

Ũ∗it,kf̂iλ̂tm| = OP ∗

(√
log p

n

)√
log(n) log(pT )

n
+ ∆2

max +
log(pn)

T
.

By Lemma H.14, maxm
1
T

∑
t ‖

1
n F̂

′
Ũ∗t,m‖22 = OP ∗

(
log(pT )

n

)
. Thus, we have

|J |0 max
m,k≤p

| 1

nT

∑
it

(Û∗it,mÛ
∗
it,k − Ũ∗it,mŨ∗it,k)| ≤ A+B,

where

A := |J |0 max
m,k≤p

∣∣∣∣∣ 2

nT

∑
it

Ũ∗it,m(Û∗it,k − Ũ∗it,k)

∣∣∣∣∣
≤ |J |0 max

m,k≤p

∣∣∣∣∣ 2

nT

∑
it

Ũ∗it,kf̂iλ̂tm

∣∣∣∣∣OP ∗(∆∗F )

+OP ∗ |J |0 max
m

1

T

∑
t

∣∣∣∣ 1nF̂ ∗′Ũ∗t,m
∣∣∣∣2 +OP ∗(∆

∗
ud|J |0)

= oP ∗(1)

B := |J |0 max
m,k≤p

∣∣∣∣∣ 1

nT

∑
it

(Û∗it,m − Ũ∗it,m)(Û∗it,k − Ũ∗it,k)

∣∣∣∣∣
≤ |J |0OP ∗(∆∗2F ) + max

m

1

T

T∑
t=1

∣∣∣∣ 1nF̂ ′Ũ∗t,m
∣∣∣∣2OP ∗(|J |0)

= OP ∗

(
|J |0∆∗2F + |J |0

log(pT )

n

)
= oP ∗(1).

(H.46)

(v) First note that for any β, by (H.46),

1

nT

T∑
t=1

‖(Û∗t − Ũ∗t )β‖22 =
1

nT

∑
it

((Û∗it − Ũ∗it)′β)2

= β′
1

nT

∑
it

(Û∗it − Ũ∗it)(Û∗it − Ũ∗it)′β

≤ ‖β‖21 max
mk

∣∣∣∣∣ 1

nT

∑
it

(Û∗it,m − Ũ∗it,m)(Û∗it,k − Ũ∗it,k)

∣∣∣∣∣
≤ ‖β‖21oP ∗(|J |−1

0 ) ≤ oP ∗(1)‖β‖22.

(H.47)

Note that the condition ‖β‖21 ≤ C‖β‖22|J |0 is only used in the last inequality.
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Secondly, define Xi,mk = 1
T

∑
t Ûit,mÛit,k((w

U
i )2 − E∗(wUi )2). Then

max
mk

1

n

∑
i

Var∗(Xi,mk) ≤ C max
mk

1

n

∑
i

(
1

T

∑
t

Ûit,mÛit,k)
2 = OP (1).

Hence maxmk | 1n
∑

iXi,mk| = OP ∗(

√
log(p)
n ) and

∣∣β′ 1

nT

∑
it

ÛitÛ
′
it((w

U
i )2 − E∗(wUi )2)β

∣∣∣∣∣
≤ ‖β‖21 max

mk

∣∣∣∣∣ 1

nT

∑
it

Ûit,mÛit,k((w
U
i )2 − E∗(wUi )2)

∣∣∣∣∣
= ‖β‖21 max

mk

∣∣∣∣∣ 1n∑
i

Xi,mk

∣∣∣∣∣
= ‖β‖21OP ∗

(√
log(p)

n

)
.

Combining the above result with (H.47) and noting that

1

nT

T∑
t=1

‖Ũ∗t β‖22 = β′
1

nT

∑
it

ÛitÛ
′
it(w

U
i )2β,

we obtain, for any β,

1

nT

T∑
t=1

‖Û∗t β‖22 ≥
1

nT

T∑
t=1

‖Ũ∗t β‖22 − oP ∗(|J |−1
0 )‖β‖21

≥ β′ 1

nT

∑
it

ÛitÛ
′
itβ − ‖β‖21

(
oP ∗(|J |−1

0 ) +OP ∗

(√
log(p)

n

))

≥(a.1) 1

nT

T∑
t=1

‖Ũtβ‖22 − ‖β‖21
(
oP ∗(|J |−1

0 ) + oP (|J |−1
0 )
)

≥(a.2) 1

nT

T∑
t=1

‖Ũtβ‖22 − ‖β‖22oP ∗(1),

(H.48)

where (a.1) follows from Lemma F.1 (v) that

max
m,k≤p

| 1

nT

∑
it

(Ûit,mÛit,k − Ũit,mŨit,k)| = oP (|J |−1
0 )
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and (a.2) follows from ‖β‖21 ≤ C‖β‖22|J |0. Note that we have shown

|J |0 max
m,k≤p

∣∣∣∣∣ 1

nT

∑
it

(Û∗it,mÛ
∗
it,k − Ũit,mŨit,k)

∣∣∣∣∣ = oP ∗(1). (H.49)

�

Appendix I. Technical lemmas for the estimated factors

I.1. Proof of Proposition D.1 (for F̂ using the original data). This section verifies

Assumption D.4 when factors are estimated using PCA.

(i) By Assumption D.1, it can be shown that ‖H‖ = OP (1) = ‖V −1‖. In addition, we

have the following identity:

f̂i −H ′f̃i = V −1
5∑
l=1

Ail,

where

Ai1 =
1

pTn

n∑
j=1

f̂j

T∑
t=1

(Ũ ′itŨjt − U ′itUjt),

Ai2 =
1

pTn

n∑
j=1

f̂j

T∑
t=1

(U ′itUjt − EU ′itUjt),

Ai3 =
1

pTn

n∑
j=1

f̂j

T∑
t=1

EU ′itUjt,

Ai4 =
1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
tŨit,

Ai5 =
1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′iΛ̃
′
tŨjt.

(I.1)

Each term can be written in the form Ail = 1
pTn

∑n
j=1 f̂j

∑T
t=1Bijt,l. By Cauchy-Schwarz,

1

n

n∑
i=1

‖f̂i −H ′f̃i‖22 = OP (1)
5∑
l=1

1

n

n∑
i=1

‖Ail‖22

≤ OP (1)
5∑
l=1

1

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

Bijt,l

)2

.

(I.2)
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Note that we used 1
n

∑n
i=1 ‖f̂i‖22 = K = O(1) because the columns of n−1/2(f̂1, ..., f̂K)′ are

defined as the eigenvectors of X̃ ′X̃. We bound the terms in (I.2) in Lemmas I.6 and I.7

below. Then, applying the bounds in Lemmas I.6 and I.7 and using T = o(n), we have

1

n

n∑
i=1

‖f̂i −H ′f̃i‖22 = OP (∆2
F ), ∆2

F =
1

n2
+

1

nT 2
+

1

pT
.

It is then straightforward to verify that |J |20∆2
F = o

(√
1
nT

)
holds when |J |40 = o(nT 3),

|J |40n = o(p2T ), |J |20
√

log p log(pT ) = o(n), and |J |20T = o(n). For example, to show

|J |20
√

log p log(T ) = o(n), note that |J |0 = o(
√
n/(log p)) and |J |0 = o(

√
n/T ) implies

|J |20
√

log p log(T ) = o(n log T
√

log p/
√
T log p) = o(n).

(ii) We now verify that we can produce sequences ∆eg so that ∆eg = o
(

1√
nT

)
. First,

note that we can set gtm ∈ {γ′dΛ̃t, λ̃tm, δ̃t} in applying Lemma I.2, each of which yields

ωn = O(|J |20) for ωn defined in Lemma I.2. It then follows from Lemma I.2 that we can

take ∆eg = ( 1√
npT

+ 1
n)|J |0 so that ∆eg = o

(√
1
nT

)
, given T |J |20 = o(n) and |J |20 = o(p).

Note that |J |20 = o(p) is implied by the assumption that |J |40n = o(p2T ).

(iii) By Lemma I.10, we take ∆fum = 1
n + 1

T
√
n

+ 1
T
√
p +

√
log(pT )
npT , and ∆2

fe = 1
n2 + 1

Tpn .

We then have

max
s≤T,m≤p

| 1
n

n∑
i=1

(H
′
f̃i − f̂i)Ũis,m| = OP (∆fum)

and

1

T

T∑
t=1

‖ 1

n

n∑
i=1

ẽit(f̂i −H ′f̃i)‖22 = OP (∆2
fe).

Then, it is straightforward to check ∆2
fum = o

(
log p

T |J |2 log(pT )

)
and ∆2

fe = o
(

log p
T log(pT )

)
.

(iv) By Lemma I.3, we can define ∆ud = 1√
n

√
log(pT )
nT +

√
log p
nT ( 1√

pT
+ 1

T
√
n

) + 1
pT . Given

|J |40n = o(p2T ) and |J |40 = o(nT 3), it is straightforward to verify that ∆ud = o

(√
log p
nT

)
and |J |20

√
log p∆ud = o(1). This result follows by verifying

√
log p
nT

1√
pT
|J |20
√

log p = o(1)

which can be shown by noting that |J |40n = o(p2T ) implies |J0|2 = o(p
√
T/n) and that

|J |20 log(p) = o(n). Thus, because log2 p = o(n),(√
log p

nT

|J |20
√

log p√
pT

)2

=
log2 p|J |40
npT 2

= o

(
log(p)pn

√
T

npT 2
√
n

)
= o

(
log(p)

√
T

T 2
√
n

)
= o(1).



FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 107

(v) First, by Lemma I.1, we can take ∆max = 1√
n

+
√

logn
Tp . Also ∆2

F = 1
n2 + 1

nT 2 + 1
pT .

This implies ∆2
F |J |20 + |J |0

n = O
(
|J |0
n +

|J |20
nT 2 +

|J |20
pT

)
. In addition, κ2

n|J |0
√
nT = o(1) and

‖Ry‖21 = o
(

log p
nT

)
imply λ2

n|J |0 + ‖Ry‖21 = O
(

1√
nT

)
. Hence with the conditions |J |40 =

o(nT 3), |J |40n = o(p2T ), we have

λ2
n|J |0 + ‖Ry‖21 + ∆2

F |J |20 +
|J |0
n

= O

(
1√
nT

)
.

Thus, in order to verify ∆2
max|J |20T (λ2

n|J |0 + ‖Ry‖21 + ∆2
F |J |20 + |J |0

n ) = o(1), it suffices to

verify (
1

n
+

log n

Tp

)
|J |20T

1√
nT

= o(1),

which holds given the conditions |J |20T = o(n) and |J |20 = o(p). Note that |J |20 = o(p) is

implied by |J |40n = o(p2T ). �

Lemma I.1.

max
i
‖f̂i −H ′f̃i‖2 = OP

(
1√
n

+

√
log n

Tp

)
:= OP (∆2

max).

Proof. By Assumption D.3, maxi
1
pT

∑
tm(U2

it,m−EU2
it,m) = OP (1). Also, maxit,mEU

2
it,m =

O(1). Hence maxi
1
pT

∑
tm U

2
it,m = OP (1). So maxi ‖f̂i −H ′f̃i‖2 ≤

∑3
l=1Gl where each Gl

is defined and bounded below. Specifically,

G1 = max
i
‖ 1

pTn

T∑
t=1

Ũ ′it

n∑
j=1

Ũjtf̂j‖2

≤ max
i
‖ 1

pTn

T∑
t=1

U ′it

n∑
j=1

Ũjtf̂j‖2 + ‖ 1

pTn

T∑
t=1

Ū ′·t

n∑
j=1

Ũjtf̂j‖2

≤

(
2 max

i

1

pT

∑
tm

U2
it,m + 2

1

pT

∑
tm

Ū2
·t,m

)1/2
 1

pT

∑
tm

‖ 1

n

∑
j

Ũjt,mf̂j‖22

1/2

= OP

(
OP (1)

(
1

T
√
p

+
1√
n

))
by equation (I.5) given below in Lemma I.2.

G2 = max
i
‖ 1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
tŨit‖2
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≤ OP (1) max
i
‖ 1

pT

T∑
t=1

Λ̃′tUit‖2 +OP (1)‖ 1

pT

T∑
t=1

Λ̃′tŪ·t‖2

= OP

(√
log n

Tp

)

by Assumption D.3 that maxi≤n ‖ 1
pT

∑T
t=1

∑p
m=1 λ̃t,mUit,m‖2 = OP (

√
logn
pT ). Finally, recall

that ‖A‖2F = tr(A′A) and ‖A‖2 ≤ ‖A‖F for any matrix A,

G3 = max
i
‖ 1

pTn

T∑
t=1

f̃ ′iΛ̃
′
t

n∑
j=1

Ũjtf̂
′
j‖2

≤ max
i
‖f̃i‖2‖

1

pTn

T∑
t=1

Λ̃′t

n∑
j=1

Ũjtf̂
′
j‖F

≤ OP (
√

log n)‖ 1

pTn

T∑
t=1

Λ̃′t

n∑
j=1

Ũjtf̃
′
j‖F

+OP (
√

log n)‖ 1

pTn

T∑
t=1

Λ̃′t

n∑
j=1

Ũjt(f̂j −H ′f̃j)′‖F

= OP

(√
log n

pTn

)
+OP (

√
log n∆F )

 1

n

∑
j

‖ 1

pT

∑
t

Λ̃′tŨjt‖22

1/2

= OP

(√
log n

pTn
+ ∆F

√
log n

pT

)
.

Hence, maxi ‖f̂i −H ′f̃i‖2 = OP

(
1√
n

+
√

logn
Tp

)
. �

Lemma I.2. Let {zit} be a random sequence with E(zit|ft, Ut) = 0 and Var(zit) > 0. In

addition, let {gtm} be a deterministic sequence of vectors with a fixed dimension, m ≤ p.

Then for z̃it = zit − z̄i· − z̄·t + ¯̄z, and ωn = maxm≤p
1
T

∑T
t=1 ‖gtm‖22,

max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

gtmz̃it(f̂i −H ′f̃i)′‖F = OP

(
1√
npT

+
1

n

)
ω1/2
n .

Proof. It follows from equation (I.1) that

max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

gtmz̃it(f̂i −H ′f̃i)′‖F ≤
3∑
l=1

C̄lOP (1),
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where each term C̄l is defined and bounded in below.

C̄1 = max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

1

pTn

n∑
j=1

f̂j

T∑
s=1

Ũ ′isŨjsz̃itg
′
tm‖F

≤ max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

1

pTn

n∑
j=1

(f̂j −H ′f̃j)
T∑
s=1

Ũ ′isŨjsz̃itg
′
tm‖F

+OP (1) max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

1

pTn

n∑
j=1

f̃j

T∑
s=1

Ũ ′isŨjsz̃itg
′
tm‖F

≤ (xnωn)1/2

( 1

npT
‖Ũ‖2F

)1/2

OP (∆F ) +OP (1)(
1

pT

∑
s

‖ 1

n

n∑
j=1

f̃jŨ
′
js‖2F )1/2


= (xnωn)1/2OP (∆F +

1√
n

)

= ω1/2
n OP

(
1√
npT

+
1

n

)
.

where xn = 1
pT 2

∑T
t=1

∑T
s=1 ‖

1
n

∑n
i=1 z̃itŨis‖22 = OP ( 1

n) and ωn = maxm≤p
1
T

∑T
t=1 ‖gtm‖22.

Next,

C̄2 = max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

1

pTn

n∑
j=1

f̂j

T∑
s=1

f̃ ′jΛ̃
′
sŨisz̃itg

′
tm‖F

≤ OP (ω1/2
n )

(
1

T

T∑
t=1

‖ 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sŨisz̃it‖22

)1/2

= OP

(
ω1/2
n

1√
npT

)
by Lemma I.8). Finally,

C̄3 = max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

1

pTn

n∑
j=1

f̂j

T∑
s=1

f̃ ′iΛ̃
′
sŨjsz̃itg

′
tm‖F

≤ max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

1

pTn

n∑
j=1

(f̂j −H ′f̃j)
T∑
s=1

f̃ ′iΛ̃
′
sŨjsz̃itg

′
tm‖F

+OP (1) max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

1

pTn

n∑
j=1

f̃j

T∑
s=1

f̃ ′iΛ̃
′
sŨjsz̃itg

′
tm‖F
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≤ (ωncn)1/2

OP (∆F )(
1

n

∑
j

‖ 1

pT

T∑
s=1

Λ̃′sŨjs‖22)1/2 +OP (1) max
m≤p
‖ 1

pTn

n∑
j=1

T∑
s=1

Λ̃′sŨjsf̃
′
j‖F


= ω1/2

n OP

(
1√
npT

+
1

n

)
where cn = 1

T

∑T
t=1 ‖

1
n

∑n
i=1 f̃iz̃it‖22 = OP ( 1

n). Therefore,

max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

gtmz̃it(f̂i −H ′f̃i)′‖F = OP

(
1√
npT

+
1

n

)
ω1/2
n .

�

Lemma I.3. Let {gtk : k ≤ p} be a deterministic sequence of vectors of fixed dimension

with maxtk ‖gtk‖2 = O(1), and let g̃tk = gtk − 1
T

∑
t gtk. Then

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mg̃′tk‖F = OP

(
1√
n

√
log(pT )

nT
+

√
log p

nT
(

1√
pT

+
1

T
√
n

) +
1

pT

)
:= OP (∆ud).

Proof. First, note that
∑

t g̃tk = 0. Hence,

max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mg̃′tk‖F

≤ max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Uit,mg̃′tk‖F (I.3)

+ ‖ 1

n

n∑
i=1

(f̂i −H ′f̃i)‖2 max
m,k≤p

‖ 1

T

T∑
t=1

Ū·t,mg̃
′
tk‖F . (I.4)

Term (I.4) is OP

(
∆F

√
log p
nT

)
. Term (I.3) is bounded by

∑7
l=1Cl, where each Cl is defined

and bounded blow.
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First, note that applying Lemma I.10 gives

1
√
p

 1

T

∑
t

‖ 1

n

∑
j

f̂jŨ
′
jt‖2F

1/2

≤ 2
√
p

 1

T

∑
t

‖ 1

n

∑
j

(f̂j −H ′f̃j)Ũ ′jt‖2F

1/2

+
2
√
p

 1

T

∑
t

‖ 1

n

∑
j

H ′f̃jŨ
′
jt‖2F

1/2

= OP

(
1

n
+

1

T
√
n

+
1

T
√
p

+

√
log(pT )

npT
+

1√
n

)

= OP (
1

T
√
p

+
1√
n

) and

max
tl
‖ 1

n

n∑
j=1

f̂jŨjt,l‖2 = OP

(√
log(pT )

n
+

1

T
√
p

)
.

(I.5)

We then have, up to an ‖V −1‖ = OP (1) term,

C1 = max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

Ũ ′jt(Ũit − Uit)Uis,mg̃′sk‖F

= max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

Ũ ′jtŪ·tUis,mg̃
′
sk‖F (because

1

T

∑
t

Ũjt = 0)

≤

 1

T

∑
t

‖ 1

n

∑
j

f̂jŨ
′
jt‖2F

1/2(
1

T

∑
t

‖Ū·t‖22

)1/2

max
mk
‖ 1

nTp

n∑
i=1

T∑
s=1

Uis,mg̃
′
sk‖2

= OP

(
1

T
√
p

+
1√
n

)
1√
n

√
log p

nT

= OP

(
1

T
√
pn

+
1

n

)√
log p

nT
.
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C2 = max
m,k≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

Ũ ′jt(UitUis,m − EUitUis,m)g̃′sk

∥∥∥∥∥∥
F

≤

 1

T

∑
t

‖ 1

n

∑
j

f̂jŨ
′
jt‖2F

1/2

max
mkt
‖ 1

nTp

n∑
i=1

T∑
s=1

(UitUis,m − EUitUis,m)g̃′sk‖F

= OP

(
1

T
√
p

+
1√
n

)(√
log(pT )

nT

)
(I.6)

using Lemma I.9.

C3 = max
m,k≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

Ũ ′jt(EUitUis,m)g̃′sk

∥∥∥∥∥∥
F

≤ max
itm

T∑
s=1

p∑
l=1

|(EUit,lUis,m)|max
sk
‖g̃sk‖2

1

pT
max
tl
‖ 1

n

n∑
j=1

f̂jŨjt,l‖2

= OP

(
1

pT

)
OP

(√
log(pT )

n
+

1

T
√
p

)
.

C4 = max
m,k≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
t(Ũit − Uit)Uis,mg̃′sk

∥∥∥∥∥∥
F

= max
m,k≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
tŪ·tUis,mg̃

′
sk

∥∥∥∥∥∥
F

(because
∑
t

Λ̃t = 0)

≤ OP (1)

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′tŪ·t

∥∥∥∥∥
2

max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

Uis,mg̃
′
sk

∥∥∥∥∥
2

= OP

(
1√
npT

)√
log p

nT
.
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C5 = max
m,k≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
t(UitUis,m − EUitUis,m)g̃′sk

∥∥∥∥∥∥
F

≤ OP (1) max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′t(UitUis,m − EUitUis,m)g̃′sk

∥∥∥∥∥
F

= OP

(√
log p

npT 2

)
(I.7)

using the same proof as that of Lemma I.9 (ii).

C6 = max
m,k≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
t(EUitUis,m)g̃′sk

∥∥∥∥∥∥
F

≤ OP (1) max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′t(EUitUis,m)g̃′sk

∥∥∥∥∥
F

= OP

(
1

pT

)
.

C7 = max
m,k≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′iΛ̃
′
tŨjtUis,mg̃

′
sk

∥∥∥∥∥∥
F

≤

∥∥∥∥∥∥ 1

pTn

n∑
j=1

T∑
t=1

f̂jŨ
′
jtΛ̃t

∥∥∥∥∥∥
2

max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

f̃iUis,mg̃
′
sk

∥∥∥∥∥
F

≤ OP

(√
log p

nT

)‖ 1

pTn

n∑
j=1

T∑
t=1

f̃jŨ
′
jtΛ̃t‖2 + ‖ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũjt,m‖2


= OP

(√
log p

nT

)(
1

n
+

1

T
√
n

+
1

T
√
p

+

√
log(pT )

npT

)
.

Combining the above, we reach

max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

(f̂i −H ′f̃i)Ũit,mg̃′tk

∥∥∥∥∥
F

= OP

(
1√
n

√
log(pT )

nT
+

√
log p

nT
(

1√
pT

+
1

T
√
n

+ ∆F ) +
1

pT

)
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= OP

(
1√
n

√
log(pT )

nT
+

√
log p

nT
(

1√
pT

+
1

T
√
n

) +
1

pT

)
.

�

I.2. Proof of Proposition D.1 (for F̂ ∗ using the bootstrap data). This section

verifies Assumption D.5 when factors are estimated using PCA.

(i) Similar to (I.1), it can be proven that there is ‖H∗‖ = OP ∗(1) and ‖V ∗−1‖ =

OP ∗(1)such that

f̂∗i −H∗
′
f̂i = V ∗−1

4∑
l=1

A∗il,

where

A∗i1 =
1

pTn

n∑
j=1

f̂∗j

T∑
t=1

(Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt), A∗i2 =

1

pTn

n∑
j=1

f̂∗j

T∑
t=1

E∗Ũ∗
′
it Ũ

∗
jt,

A∗i3 =
1

pTn

n∑
j=1

f̂∗j

T∑
t=1

f̂ ′jΛ̂
′
tŨ
∗
it, A∗i4 =

1

pTn

n∑
j=1

f̂∗j

T∑
t=1

f̂ ′iΛ̂
′
tŨ
∗
jt.

(I.8)

We first treat A∗i2 −A∗i4. Because Ũ∗it and Ũ∗jt are independent if i 6= j, we have

1

n

∑
i

‖A∗i2‖22 =
1

n

∑
i

‖ 1

pTn

n∑
j=1

f̂∗j

T∑
t=1

E∗Ũ∗
′
it Ũ

∗
jt‖22

=
1

n

∑
i

‖ 1

pTn
f̂∗i

T∑
t=1

E∗Ũ∗
′
it Ũ

∗
it‖22

= OP ∗

(
1

n2

)
.

By Lemma I.12, 1
n

∑
i ‖A∗i3‖22 + 1

n

∑
i ‖A∗i4‖22 = OP ∗(∆

2
F ). Hence

4∑
l=2

1

n

∑
i

‖A∗il‖22 = OP ∗(∆
2
F ). (I.9)

Now we bound 1
n

∑n
i=1 ‖A∗i1‖22. A preliminary rate is provided by Lemma I.11 where we

have that
1

n

n∑
i=1

‖A∗i1‖22 = OP ∗

(
∆2
F +

1

n

)
.
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However, this rate is not sharp due to the OP ∗(n
−1) term and can be improved. Specifically,

the proof of Lemma I.11 (iii) uses a Cauchy-Schwarz inequality and is not sharp for terms

involving E [U ′itUjt]. To see this intuitively, consider a simple example where we bound

1

n

n∑
i=1

‖ 1

nTp

n∑
j=1

T∑
t=1

fjEU
′
itUjt‖22.

Since Uit and Ujt are independent when i 6= j, this term may be simplified to

1

n

n∑
i=1

‖ 1

nTp

T∑
t=1

fiEU
′
itUit‖22 = OP

(
1

n2

)
.

In contrast, using the Cauchy-Schwarz inequality gives

1

n

n∑
i=1

‖ 1

nTp

n∑
j=1

T∑
t=1

fjEU
′
itUjt‖22 ≤

1

n

∑
j

‖f̂j‖22
1

n2

∑
j

n∑
i=1

(
1

Tp

T∑
t=1

EU ′itUjt

)2

= OP

(
1

n

)
.

Lemma I.11 (iii) does provide a useful preliminary rate to build upon. Applying Lemma

I.11 (iii) and (I.9), we obtain a preliminary rate

1

n

n∑
i=1

‖f̂∗i −H∗
′
f̂i‖22 = OP ∗

(
∆2
F +

1

n

)
.

Our goal is to remove the term 1
n through improving the bound for 1

n

∑n
i=1 ‖A∗i1‖22. By the

triangle inequality,

1

n

n∑
i=1

‖A∗i1‖22 ≤
2

n

n∑
i=1

∥∥∥∥∥∥ 1

pTn

n∑
j=1

H∗
′
f̂j

T∑
t=1

(Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt)

∥∥∥∥∥∥
2

2

+
2

n

n∑
i=1

∥∥∥∥∥∥ 1

n

n∑
j=1

(f̂∗j −H∗
′
f̂j)

1

pT

T∑
t=1

(Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt)

∥∥∥∥∥∥
2

2

≤(a) OP ∗(∆
2
F ) +OP ∗(∆

2
F )

1

n2

∑
ij

(
1

pT

T∑
t=1

(Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt)

)2

= OP ∗(∆
2
F )

where in (a) we used Lemma I.13 and the last equality follows from (I.15). Hence combining

with (I.9), we have 1
n

∑n
i=1 ‖f̂∗i −H∗

′
f̂i‖22 = OP ∗(∆

2
F ). Thus, we have ∆∗F = ∆F .
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(ii) We now verify the conditions in Assumption D.5:
√
nT |J |20∆∗2F = o(1), ∆∗eg =

o( 1√
nT

), ∆∗ud = o(
√

log p
nT ), |J |20

√
log p∆∗ud = o(1), ∆∗2F = o( log p

T log(pT )), and ∆2
max|J |20T∆∗2F =

o(1).

∆∗F : We have previously proven that ∆2
F = 1

n2 + 1
nT 2 + 1

pT . In addition, Lemma I.1 gives

∆max = 1√
n

+
√

logn
Tp . Hence it is straightforward to verify the required conditions involving

∆∗F , given the assumption that |J |20 log n = o(p).

∆∗ud: ∆∗ud is defined in Lemma I.5 which gives ∆∗ud = bn + ∆ud for

bn =
1

T

√
log p log(np)

np
+

√
log n

npT
+

log p

n
√
T

+
1

pT
+

√
log p

npT
+

√
log p

n
+

√
|J |0
nT

+

√
|J |0
npT

.

In the proof of Proposition D.1, we verified ∆ud = o

(√
log p
nT

)
and |J |20

√
log p∆ud = o(1).

It is also straightforward to verify that bn = o

(√
log p
nT

)
and that |J |20

√
log pbn = o(1) given

that log n = o(p), |J |40n = o(p2T ), |J |20 log3 p = o(n), and |J |40 = o(nT 3). In particular,

we need to verify |J |50 log p
(

1
n2T 2 + 1

npT

)
= o(1). To verify this condition, we use |J |40n =

o(p2T ) and |J |40 = o(nT 3) to show

|J |50 log p

(
1

n2T 2
+

1

npT

)
= |J |30 log p

(
|J |20
n2T 2

+
|J |20n1/2

n3/2pT

)

= o(1)|J |30 log p

(
n1/2T 3/2

n2T 2
+

pT 1/2

n3/2pT

)

= o(1)
|J |30 log p

n3/2T 1/2

= o(1)(
|J |0 log p

n1/2
)3 = o(1).

∆∗eg: Note that for ĝtm ∈ {Λ̂′tγ̂d, Λ̂′tγ̂y, δ̂dt, δ̂yt, λ̂tm}, we have

ω∗n = max
m≤p

1

T

T∑
t=1

‖ĝtm‖22 = OP (|J |20).

Hence by Lemma I.4, ∆∗2eg =
(

1
n2 + logn

npT + logn
n2T 2 + log1/2 n

n2T 1/2

)
|J |20. Given |J |20 log n = o(p) and

|J |20T = o(n), it is then straightforward to verify ∆∗2eg = o
(

1
nT

)
which follows by verifying
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|J |20 logn
nT = o(1). To see

|J |20 logn
nT = o(1), note that we have, by |J |4/30 = o(n1/3T ),

|J |20 log n

nT
=
|J |2/30 |J |

4/3
0 log n

nT
= o(1)

|J |2/30 n1/3T log n

nT
= o(1)

|J |2/30 log n

n2/3
= o(1).

�

Lemma I.4. In the bootstrap sampling space, let z̃∗it = ẑitw
Z
i where {wZi }ni=1 are i.i.d. with

mean zero and bounded variance and independent of {wUi } and ẑit = η̂it or ẑit = ε̂it. In

addition, let {ĝtm} be a deterministic sequence (in the bootstrap sampling space) of vectors

with a fixed dimension, m ≤ p. Then for ω∗n = maxm≤p
1
T

∑T
t=1 ‖ĝtm‖22,

max
m≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

ĝtmz̃
∗
it(f̂

∗
i −H∗

′
f̂i)
′

∥∥∥∥∥
2

F

= OP ∗

(
1

n2
+

log n

npT
+

log n

n2T 2
+

log1/2 n

n2T 1/2

)
ω∗n

where the term OP ∗
(

1
n2 + logn

npT + logn
n2T 2 + log1/2 n

n2T 1/2

)
ω∗n defines ∆∗2eg .

Proof. It follows from (I.8) that

max
m≤p
‖ 1

nT

n∑
i=1

T∑
s=1

z̃∗is(f̂
∗
i −H∗

′
f̂i)ĝ

′
sm‖F ≤

3∑
l=1

C̄lOP (1),

where each term C̄l is defined and bounded below.

First, we have

C̄1 = max
m≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

z̃∗is
1

pTn

n∑
j=1

f̂∗j

T∑
t=1

Ũ∗
′
it Ũ

∗
jtĝ
′
sm

∥∥∥∥∥∥
F

≤

 1

pT

∑
t

‖ 1

n

n∑
j=1

f̂∗j Ũ
∗′
jt ‖2F

1/2(
1

T 2p

∑
s,t

‖ 1

n

n∑
i=1

z̃∗isŨ
∗
it‖22

)1/2

ω∗1/2n

= OP ∗

(
∆F +

1√
n

)
1√
n
ω∗1/2n

= ω1/2
n OP ∗

(
1√
npT

+
1

n

)
,
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where we used

1

pT

∑
t

‖ 1

n

n∑
j=1

f̂∗j Ũ
∗′
jt ‖2F ≤ OP ∗(∆2

F ) +OP ∗(1)
1

pT

∑
t

‖ 1

n

n∑
j=1

f̂jŨ
∗′
jt ‖2F

= OP ∗

(
∆2
F +

1

n

)
,

1

T 2p

∑
s,t

‖ 1

n

n∑
i=1

z̃∗isŨ
∗
it‖22 =

1

T 2p

∑
s,t

‖ 1

n

n∑
i=1

ẑisw
Z
i w

U
i Ûit‖22

= OP ∗

(
1

n

)
,

(I.10)

and ∆F = ∆∗F .

For the second term, we have by Lemma I.13 that

C̄2 = max
m≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

z̃∗is
1

pTn

n∑
j=1

f̂∗j

T∑
t=1

f̂ ′jΛ̂
′
tŨ
∗
itĝ
′
sm

∥∥∥∥∥∥
F

≤ OP ∗(ω∗1/2n )

(
1

T

T∑
s=1

‖ 1

pTn

n∑
i=1

T∑
t=1

Λ̂′tŨ
∗
itz̃
∗
is‖22

)1/2

= OP ∗

(√
log n

npT
+

√
log n

nT
+

1

n
+

1

n
(
log n

T
)1/4

)
ω∗1/2n .

Finally,

C̄3 = max
m≤p

∥∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

z̃∗is
1

pTn

n∑
j=1

f̂∗j

T∑
t=1

f̂ ′iΛ̂
′
tŨ
∗
jtĝ
′
sm

∥∥∥∥∥∥
F

≤

(
1

T

T∑
s=1

(
1

n

n∑
i=1

z̃∗isf̂
′
i)

2

)1/2

ω∗1/2n

∥∥∥∥∥∥ 1

nTp

n∑
j=1

T∑
t=1

f̂∗j Λ̂′tŨ
∗
jt

∥∥∥∥∥∥
2

= OP ∗

(
ω∗1/2n

1√
n

)(
∆2
F +

√
∆2
F log n

n

)
where we used Lemma H.14 to obtain 1

T

∑
t ‖

1
n

∑n
i=1 z̃

∗
itf̂i‖22 = OP ∗

(
1
n

)
.

Combining the above, we have

max
m≤p
‖ 1

nT

n∑
i=1

T∑
t=1

ĝtmz̃
∗
it(f̂

∗
i −H∗

′
f̂i)
′‖2F = OP ∗

(
1

n2
+

log n

npT
+

log n

n2T 2
+

log1/2 n

n2T 1/2

)
ω∗n.
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�

Lemma I.5. For ĥtk ∈ {δ̂yt, δ̂dt, λ̂tk}, we have

max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
t=1

(f̂∗i −H∗
′
f̂i)Ũ

∗
it,mĥ

′
tk

∥∥∥∥∥
F

≤ OP ∗
(

1

T

√
log p log(np)

np
+

√
log n

npT
+

log p

n
√
T

+
1

pT
+

√
log p

npT
+

√
log p

n
+

√
|J |0
nT

+

√
|J |0
npT

)
+OP ∗(∆ud)

for ∆ud defined as in Lemma I.3. The term on the right-hand-side of the inequality defines

∆∗ud.

Proof. We have maxm,k≤p ‖ 1
nT

∑n
i=1

∑T
s=1(f̂∗i −H∗

′
f̂i)Ũ

∗
is,mĥ

′
sk‖F ≤

∑5
l=1Dl, where each

Dl is defined and bounded below.

D1 = max
m,k≤p

∥∥∥∥∥∥ 1

T

T∑
t=1

1

n

n∑
j=1

f̂∗j Ũ
∗′
jt

1

nTp

n∑
i=1

T∑
s=1

(Ũ∗itŨ
∗
is,m − E∗Ũ∗itŨ∗is,m)ĥ′sk

∥∥∥∥∥∥
F

≤

 1

T

T∑
t=1

‖ 1

n

n∑
j=1

f̂∗j Ũ
∗′
jt ‖22

1/2

× max
m,k≤p

(
1

T

T∑
t=1

‖ 1

nTp

n∑
i=1

T∑
s=1

(Ũ∗itŨ
∗
is,m − E∗Ũ∗itŨ∗is,m)ĥ′sk‖2F

)1/2

= OP ∗

(√
log(pT )

n
(
log n log(pT )

n
+

log(np)

T
)

)(
∆F +

1√
n

)
where we used Lemma I.13 and equation (I.10) from the proof of Lemma I.4 which gives

1

pT

∑
t

‖ 1

n

n∑
j=1

f̂∗j Ũ
∗′
jt ‖2F ≤ OP ∗

(
∆2
F +

1

n

)
.

Next,

D2 = max
m,k≤p

∥∥∥∥∥∥
p∑
l=1

1

T

T∑
t=1

1

pn

n∑
j=1

f̂∗j Ũ
∗′
jt,l

1

nT

n∑
i=1

T∑
s=1

E∗(Ũ∗it,lŨ
∗
is,m)ĥ′sk

∥∥∥∥∥∥
F

≤ max
tl

∥∥∥∥∥∥ 1

n

n∑
j=1

f̂∗j Ũ
∗′
jt,l

∥∥∥∥∥∥
2

max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

E∗(Ũ∗it,lŨ
∗
is,m)ĥ′sk

∥∥∥∥∥
F
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= OP ∗

(√
log(pT )

n
+ ∆F

)(
∆F +

√
log(pT ) log p

n
+

√
log(pT )

nT

)

where we used Lemma I.13 and maxmt ‖ 1
n F̂
∗′Ũ∗t,m‖2 = OP ∗

(√
log(pT )

n + ∆F

)
due to

Lemma H.14. We then have

D3 = max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂∗j

T∑
t=1

f̂ ′jΛ̂
′
t(Ũ
∗
itŨ
∗
is,m − E∗Ũ∗itŨ∗is,m)ĥ′sk‖F

≤ OP ∗(1) max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̂′t(Ũ
∗
itŨ
∗
is,m − E∗Ũ∗itŨ∗is,m)ĥ′sk‖F

= OP ∗

(√
log p

n
(
log n log(pT )

n
+

log(np)

T
)∆2

F

)
by Lemma I.13. We also have

D4 = max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
s=1

1

pTn

n∑
j=1

f̂∗j

T∑
t=1

f̂ ′jΛ̂
′
tE
∗Ũ∗itŨ

∗
is,mĥ

′
sk‖F

≤ OP ∗(1) max
m,k≤p

‖ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̂′tE
∗Ũ∗itŨ

∗
is,mĥ

′
sk‖F

= OP ∗

(
1

pT
+

√
log p

npT
+

√
log p

n
+

√
|J |0
nT

+

√
|J |0
npT

)
+OP ∗(∆ud)

where the inequality follows from Lemma I.14 (iii). Finally,

D5 = max
m,k≤p

∥∥∥∥∥∥ 1

pTn

n∑
j=1

f̂∗j

T∑
t=1

Λ̂′tŨ
∗
jt

1

nT

T∑
s=1

n∑
i=1

f̂iŨ
∗
is,mĥ

′
sk

∥∥∥∥∥∥
F

≤

∥∥∥∥∥∥ 1

pTn

n∑
j=1

f̂∗j

T∑
t=1

Λ̂′tŨ
∗
jt

∥∥∥∥∥∥
2

max
m,k≤p

∥∥∥∥∥ 1

nT

T∑
s=1

n∑
i=1

f̂iŨ
∗
is,mĥ

′
sk

∥∥∥∥∥
F

=(a) OP ∗

(
∆2
F +

√
∆2
F log n

n

)
max
m,k≤p

∥∥∥∥∥ 1

nT

T∑
s=1

n∑
i=1

f̂iŨ
∗
is,mĥ

′
sk

∥∥∥∥∥
F

= OP ∗

(
∆2
F +

√
∆2
F log n

n

)
where equality (a) results by applying Lemma I.13 (iii). Note that the upper bound

achieved in the last equality is not sharp but is sufficient to verify Assumptions about

∆∗ud.
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Combining the above terms, we reach

max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

(f̂∗i −H∗
′
f̂i)Ũ

∗
is,mĥ

′
sk

∥∥∥∥∥
F

= OP ∗

(√
log(pT )

n
(
log n log(pT )

n
+

log(np)

T
)

)(
∆F +

1√
n

)

+OP ∗

(√
log(pT )

n
+ ∆F

)(
∆F +

√
log(pT ) log p

n
+

√
log(pT )

nT

)

+OP ∗(∆ud + ∆F

√
log n

n
) +OP ∗

(
∆F

√
log p

n
(
log n log(pT )

n
+

log(np)

T
)

)

+OP ∗

(
1

pT
+

√
log p

npT
+

√
log p

n
+

√
|J |0
nT

+

√
|J |0
npT

)

= OP ∗

(
1

T

√
log p log(np)

np
+

√
log n

npT
+

log p

n
√
T

+
1

pT
+

√
log p

npT
+

√
log p

n
+

√
|J |0
nT

+

√
|J |0
npT

)
+OP ∗(∆ud)

where ∆ud is defined as in Lemma I.3. �

I.3. Technical lemmas for Proposition D.1: the original data.

Lemma I.6. Let Ai1 be as defined in (I.1). Then

1

n

n∑
i=1

‖Ai1‖22 = OP

(
1

n2
+

1

npT
+

1

nT 2
+

1

pT 2

)
.

Proof. First, we have the following equality:

1

T

T∑
t=1

Ũ ′itŨjt =
1

T

T∑
t=1

U ′itUjt−Ū ′i·Ūj·−
1

T

T∑
t=1

U ′itŪ·t+Ū
′
i·

¯̄U+ ¯̄U ′Ūj·− ¯̄U ′ ¯̄U− 1

T

T∑
t=1

Ū ′·tUjt+
1

T

T∑
t=1

Ū ′·tŪ·t.

Therefore, 1
n

∑n
i=1 ‖Ai1‖22 ≤

1
n2

∑n
i=1

∑n
j=1( 1

pT

∑T
t=1 Ũ

′
itŨjt − U ′itUjt)2OP (1), and

E

[
1

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

(Ũ ′itŨjt − U ′itUjt))2


≤ CE

[
1

n

n∑
i=1

(
1

pT

T∑
t=1

Ū ′·tUit)
2

]
+ CE

[
(

1

pT

T∑
t=1

Ū ′·tŪ·t)
2

]
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+ CE

 1

n2

n∑
i=1

n∑
j=1

(
1

p
Ū ′i·Ūj·)

2

+ CE

[
1

n

n∑
i=1

(
1

p
Ū ′i·

¯̄U)2

]
+ CE

[
(
1

p
¯̄U ′ ¯̄U)2

]

:=

5∑
l=1

∆l.

We now separately bound ∆1 −∆5.

∆1 =E

[
1

n

n∑
i=1

(
1

pT

T∑
t=1

Ū ′·tUit)
2

]

=
1

n3

n∑
i=1

n∑
j=1

n∑
l=1

1

p2T 2

T∑
t=1

T∑
s=1

E
[
U ′isUjsU

′
itUlt

]
=

1

n3

n∑
i=1

1

p2T 2

T∑
t=1

T∑
s=1

E
[
U ′isUisU

′
itUit

]
+

1

n3

n∑
i=1

∑
j 6=i

1

p2T 2

T∑
t=1

T∑
s=1

E
[
U ′isUjsU

′
itUjt

]

=
1

n3

n∑
i=1

n∑
j=1

1

p2T 2
E

( T∑
s=1

U ′isUjs

)2


=
1

n3

n∑
i=1

n∑
j=1

1

p2T 2
Var

(
T∑
s=1

U ′isUjs

)
+

1

n3

n∑
i=1

n∑
j=1

1

p2T 2

(
E

[
T∑
s=1

U ′isUjs

])2

=
1

n3

n∑
i=1

n∑
j=1

1

p2T 2

T∑
t=1

T∑
s=1

Cov(U ′isUjs, U
′
itUjt) +

1

n3

n∑
i=1

1

p2T 2

(
T∑
s=1

E
[
U ′isUis

])2

=
1

n3

n∑
i=1

1

p2T 2

T∑
t=1

T∑
s=1

Cov(U ′isUis, U
′
itUit)

+
1

n3

n∑
i=1

∑
j 6=i

1

p2T 2

T∑
t=1

T∑
s=1

p∑
m=1

p∑
v=1

E [Uis,mUit,vEUjs,mUjt,v]

+
1

n3

n∑
i=1

1

p2T 2

(
T∑
s=1

p∑
m=1

E
[
U2
is,m

])2

≤ 1

n2T
max

i≤n,t≤T

T∑
s=1

∣∣∣∣Cov

(
1

p
U ′isUis,

1

p
U ′itUit

)∣∣∣∣
+

1

n3

n∑
i=1

∑
j 6=i

1

p2T 2

T∑
t=1

p∑
m=1

max
istmv

|E [Uis,mUit,v]|
p∑
v=1

T∑
s=1

|E [Ujs,mUjt,v]|
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+
1

n2
max
i,s,m

Var2(Uis,m)

= O

(
1

n2
+

1

npT

)
,

where we used the condition that maxi≤n maxm≤p,t≤T
∑T

s=1

∑p
v=1 |Cov(Uit,m, Uis,v)| =

O(1).

∆2 = E

( 1

pT

T∑
t=1

Ū ′·tŪ·t

)2


= E

[
1

p2T 2

T∑
t=1

T∑
s=1

Ū ′·tŪ·tŪ
′
·sŪ·s

]

=
1

p2T 2

T∑
t=1

T∑
s=1

1

n4

n∑
i=1

n∑
j=1

n∑
k=1

n∑
h=1

E
[
U ′itUjtU

′
ksUhs

]

=
1

p2T 2

1

n4

n∑
i=1

E

( T∑
t=1

U ′itUit

)2
+

1

p2T 2

1

n4

n∑
i=1

∑
j 6=i

E

( T∑
t=1

U ′itUjt

)2


+
1

p2T 2

1

n4

n∑
i=1

∑
k 6=i

T∑
t=1

E
[
U ′itUit

] T∑
s=1

E
[
U ′ksUks

]
+

1

p2T 2

T∑
t=1

T∑
s=1

1

n4

n∑
i=1

∑
j 6=i

E
[
U ′itUjtU

′
jsUis

]
= O

(
1

n2

)
.

∆3 =
1

n2

n∑
i=1

n∑
j=1

E

[(
1

p
Ū ′i·Ūj·

)2
]

=
1

n2

n∑
i=1

E

(1

p

p∑
m=1

Ū2
i·,m

)2


+
1

n2p2T 4

n∑
i=1

∑
j 6=i

T∑
k=1

T∑
v=1

T∑
s=1

T∑
t=1

p∑
m=1

p∑
l=1

E [Uit,mUiv,lEUjk,lUjs,m]

≤ 1

n2

n∑
i=1

Var

(
1

p

p∑
m=1

Ū2
i·,m

)
+

1

n2

n∑
i=1

(
1

p

p∑
m=1

E
[
Ū2
i·,m
])2



124 CHRISTIAN HANSEN AND YUAN LIAO

+
1

n2p2T 4

n∑
i=1

∑
j 6=i

T∑
s=1

T∑
t=1

p∑
m=1

max
l≤p

T∑
k=1

|E [Ujk,lUjs,m]| max
i≤n,m≤p,t≤T

p∑
l=1

T∑
v=1

|E [Uit,mUiv,l]|

≤ 1

n2

n∑
i=1

Var

(
1

p

p∑
m=1

Ū2
i·,m

)
+

1

n

[
max

i≤n,m≤p
Var

(
Ūi·,m

)]2

+
C

pT 2

= O

(
1

npT 2

)
+O

(
1

nT 2

)
+O

(
1

pT 2

)
where we assumed 1

n

∑
i Var

(
1
p

∑p
m=1 Ū

2
i·,m

)
= O

(
1
pT 2

)
.

∆4 = E

[
1

n

n∑
i=1

(
1

p
Ū ′i·

¯̄U

)2
]

=
1

np2

1

n2T 4

n∑
i=1

T∑
t=1

T∑
s=1

T∑
k=1

T∑
v=1

p∑
m=1

p∑
l=1

E [Uit,mUis,mUik,lUiv,l]

+
1

np2

1

n2T 4

n∑
i=1

∑
j 6=i

T∑
t=1

T∑
s=1

T∑
k=1

p∑
m=1

p∑
l=1

T∑
v=1

E [Uit,mUik,lEUjv,lUjs,m]

≤ 1

n3

n∑
i=1

E

(1

p

p∑
m=1

Ū2
i·,m

)2


+
1

n3T 4p2

n∑
i=1

∑
j 6=i

T∑
t=1

T∑
s=1

p∑
m=1

max
itml

T∑
k=1

|E [Uit,mUik,l]|max
jsm

p∑
l=1

T∑
v=1

|E [Ujv,lUjs,m]|

= O

(
1

n2p
+

1

n2T 2

)
+O

(
1

npT 2

)
.

∆5 = E

[(
1

p
¯̄U ′ ¯̄U

)2
]

=
1

p2
E

 p∑
m=1

(
1

nT

n∑
i=1

T∑
t=1

Uit,m

)2
2

=
1

n2

1

n2

n∑
i=1

E

(1

p

p∑
m=1

Ū2
i·,m

)2


+
1

p2

1

n2T 2

1

n2T 2

n∑
i=1

T∑
t=1

∑
j 6=i

T∑
s=1

p∑
l=1

p∑
m=1

T∑
v=1

E [Uiv,lUit,m]

T∑
b=1

E [Ujb,lUjs,m]
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+
1

p2

1

n2T 2

1

n2T 2

n∑
i=1

∑
j 6=i

T∑
v=1

T∑
b=1

p∑
l=1

E [Ujv,lUjb,l]

T∑
t=1

T∑
s=1

p∑
m=1

E [Uit,mUis,m]

+
1

p2

1

n2T 2

1

n2T 2

n∑
i=1

p∑
m=1

T∑
t=1

∑
j 6=i

T∑
s=1

p∑
l=1

T∑
v=1

E [Ujv,lUjs,m]

T∑
b=1

E [Uib,lUit,m]

≤ O
(

1

n3p
+

1

n3T 2

)
+O

(
1

n2pT 2

)
+O

(
1

n2T 2

)
+O

(
1

n2pT 2

)
.

Hence, 1
n

∑n
i=1 ‖Ai1‖22 = OP (1)

∑5
l=1 ∆l = OP

(
1
n2 + 1

npT + 1
nT 2 + 1

pT 2

)
. �

Lemma I.7. Let Ai2, ..., Ai5 be as defined in (I.1). Then

1

n

n∑
i=1

‖Ai2 + ...+Ai5‖22 = OP

(
1

pT
+

1

n2

)
.

Proof. Ai2: We prove 1
n

∑n
i=1 ‖Ai2‖22 = OP

(
1
Tp

)
. By (I.2),

1

n2

n∑
i=1

n∑
j=1

E

( 1

pT

T∑
t=1

U ′itUjt − EU ′itUjt

)2


=
1

n2

n∑
i=1

n∑
j=1

Var

(
1

pT

T∑
t=1

U ′itUjt

)

=
1

n2

n∑
i=1

1

p2T 2

T∑
s=1

T∑
t=1

p∑
m=1

p∑
v=1

Cov(U2
it,m, U

2
is,v)

+
1

n2

n∑
i=1

∑
j 6=i

1

p2T 2

T∑
s=1

T∑
t=1

p∑
m=1

p∑
v=1

E [Uit,mUis,vEUjs,vUjt,m]

≤ 1

np
max

i≤n,m≤p
max
t,s≤T

p∑
v=1

∣∣Cov(U2
it,m, U

2
is,v)

∣∣
+ max
j,s,v,t,m

|EUjs,vUjt,m|
1

pT
max
i≤n

max
m≤p,t≤T

T∑
s=1

p∑
v=1

|Cov(Uit,m, Uis,v)|

= O

(
1

pT

)
,

(I.11)

where we used the conditions

max
i≤n

max
m≤p,t≤T

T∑
s=1

p∑
v=1

|Cov(Uit,m, Uis,v)| = O(1),
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max
i≤n,m≤p

max
t,s≤T

p∑
v=1

|Cov(U2
it,m, U

2
is,v)| = O(1),

and T = o(n).

Ai3 : We prove 1
n

∑n
i=1 ‖Ai3‖22 = OP

(
1
n2

)
.

1

n

n∑
i=1

‖Ai3‖22 =
1

n

n∑
i=1

∥∥∥∥∥ 1

pTn
f̂i

T∑
t=1

EU ′itUit

∥∥∥∥∥
2

2

= O

(
1

n2

)
.

Ai4 : We prove 1
n

∑n
i=1 ‖Ai4‖22 = OP

(
1
pT

)
. Note that

1

T

T∑
t=1

Λ̃′tŪi· =
1

pT

T∑
t=1

Λ̃′t
¯̄U = 0.

Then

1

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

f̃ ′jΛ̃
′
tŨit

)2

≤ 2

n2

n∑
i=1

n∑
j=1

(f̃ ′j
1

pT

T∑
t=1

Λ̃′tUit)
2 +

2

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

f̃ ′jΛ̃
′
tŪ·t

)2

≤ 2

n

n∑
j=1

∥∥∥f̃j∥∥∥2

2

1

n

n∑
i=1

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′tUit

∥∥∥∥∥
2

2

+
2

n

n∑
j=1

∥∥∥f̃j∥∥∥2

2

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′tŪ·t

∥∥∥∥∥
2

2

.

The first term following the inequality is OP

(
1
pT

)
given the condition

max
i≤n

max
m≤p,t≤T

T∑
s=1

p∑
v=1

|Cov(Uit,m, Uis,v)| = O(1).

The second term is OP

(
1
np

)
and is negligible since T = o(n).

Finally, 1
n

∑n
i=1 ‖Ai5‖22 = OP

(
1
pT

)
is bounded similarly to 1

n

∑n
i=1 ‖Ai4‖22. �

Lemma I.8. Let {zit} be a random sequence with E(zit|ft, Ut) = 0, E(z2
it) = O(1), and

max
ism

T∑
h=1

p∑
k=1

|E[Uis,mUih,k|zi1, ..., ziT ]| < C
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almost surely in {zit}. Then for z̃it = zit − z̄i· − z̄·t + ¯̄z,

1

T

T∑
t=1

∥∥∥∥∥ 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sŨisz̃it

∥∥∥∥∥
2

2

= O

(
1

pTn

)
.

Proof. Since Λ̃′s has K number of rows with fixed K, for notational simplicity, we assume

that Λ̃′s is a row vector without loss of generality as we can always look at each row of Λ̃′s
separately. Then

E

 1

T

T∑
t=1

∣∣∣∣∣ 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sŨisz̃it

∣∣∣∣∣
2
 ≤ C 7∑

l=1

Āl

where each Āl is defined and bounded below.

Ā1 = E

 1

T

T∑
t=1

∣∣∣∣∣ 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sUiszit

∣∣∣∣∣
2


=
1

T

T∑
t=1

1

p2T 2n2

p∑
m=1

p∑
k=1

T∑
h=1

n∑
i=1

T∑
s=1

λ̃smλ̃hkE
[
z2
itUis,mUih,k

]
≤ O(1)

1

T

T∑
t=1

1

p2T 2n2

p∑
m=1

n∑
i=1

T∑
s=1

E

[
z2
it

T∑
h=1

p∑
k=1

|E [Uis,mUih,k|zit]|

]
= O

(
1

pTn

)
.

Ā2 = E

 1

T

T∑
t=1

∣∣∣∣∣ 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sUisz̄i·

∣∣∣∣∣
2


≤ O(1)
1

T

T∑
t=1

1

pT

1

n2

1

T 2

T∑
h=1

1

pT

n∑
i=1

T∑
v=1

T∑
s=1

p∑
m=1

E

[
|zihziv|

T∑
w=1

p∑
k=1

|E [Uis,mUiw,k|zi]|

]

= O

(
1

pTn

)
.

Ā3 = E

 1

T

T∑
t=1

∣∣∣∣∣ 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sUisz̄·t

∣∣∣∣∣
2


≤ O(1)
1

T

T∑
t=1

1

pT

1

n4

n∑
i=1

T∑
s=1

1

pT

p∑
m=1

E

[
z2
it

p∑
k=1

T∑
v=1

|E [Uis,mUiv,k|zi]|

]

+O(1)
1

T

T∑
t=1

1

pT

1

n4

n∑
i=1

T∑
s=1

∑
j 6=i

1

pT

p∑
m=1

E
[
z2
jt

] T∑
v=1

p∑
k=1

|E [Uis,mUiv,k] |
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= O

(
1

Tpn2

)
.

Ā4 = E

[
1

T

T∑
t=1

| 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sUis ¯̄z|2
]

= O

(
1

n2pT

)
.

Ā5 = E

[
1

T

T∑
t=1

| 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sŪi·z̃it|2
]

= 0 (because
1

T

∑
s

Λ̃s = 0).

Ā6 = E

[
1

T

T∑
t=1

| 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′sŪ·sz̃it|2
]

= 0 (because
1

n

∑
i

z̃it = 0).

Ā7 = E

[
1

T

T∑
t=1

| 1

pT

1

n

n∑
i=1

T∑
s=1

Λ̃′s
¯̄Uz̃it|2

]
= 0.

�

The following lemmas are used to bound 1
T

∑T
t=1 ‖

1
n

∑n
i=1 ẽit(f̂i −H ′f̃i)‖22 and

maxs≤T,m≤p | 1n
∑n

i=1(H
′
f̃i − f̂i)Ũis,m|.

Lemma I.9. (i) maxm,s

∥∥∥ 1
pTn2

∑
i,j f̂j

∑T
t=1(U ′itUjt − EU ′itUjt)Ũis,m

∥∥∥
2

= OP

(
1
n + 1

pT

)
.

(ii) maxm

∥∥∥ 1
pT

∑T
t=1 Λ̃′t

1
n

∑n
i=1 UitŪi·,m

∥∥∥
2

= OP

(√
log p
nT 2p

+ 1
pT

)
.

(iii) maxm,s

∥∥∥ 1
pTn2

∑
i,j f̂j

∑T
t=1 f̃

′
jΛ̃
′
t(ŨitŨis,m − UitUis,m)

∥∥∥
2

= OP

(√
log p
nT 2p

+ 1
pT +

√
log(pT )
n2pT

)
.

(iv) maxmktl

∥∥∥ 1
nT

∑n
i=1

∑T
s=1(Uit,lUis,m − EUit,lUis,m)g̃′sk

∥∥∥
F

= OP

(√
log(pT )
nT

)
, Here {gsk :

k ≤ p}, as in Lemma I.3, is a deterministic sequence of vectors of fixed dimension with

maxsk ‖gsk‖2 = O(1), and g̃sk = gsk − 1
T

∑
s gsk.

Proof. (i) Let W̃i = 1
pTn

∑n
j=1 f̂j

∑T
t=1(U ′itUjt − EU ′itUjt). We first bound 1

n

∑
i ‖W̃i‖22.

1

n

∑
i

‖W̃i‖22 ≤
2

n

∑
i

∥∥∥∥∥∥ 1

pTn

n∑
j=1

(f̂j −H ′f̃j)
T∑
t=1

(U ′itUjt − EU ′itUjt)

∥∥∥∥∥∥
2

2

+
2

n

∑
i

∥∥∥∥∥∥ 1

pTn

n∑
j=1

H ′f̃j

T∑
t=1

(U ′itUjt − EU ′itUjt)

∥∥∥∥∥∥
2

2

≤ 2

p2T 2n3

n∑
l=1

‖f̂l −H ′f̃l‖22
∑
i

n∑
j=1

(
T∑
t=1

U ′itUjt − EU ′itUjt)2
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+OP

(
1

p2T 2n3

)∑
i

∥∥∥∥∥∥
n∑
j=1

fj

T∑
t=1

(U ′itUjt − EU ′itUjt)

∥∥∥∥∥∥
2

2

+OP

(
‖f̄‖22
p2T 2n3

)∑
i

∣∣∣∣∣∣
n∑
j=1

T∑
t=1

(U ′itUjt − EU ′itUjt)

∣∣∣∣∣∣
2

= OP

(
∆2
F

p2T 2n2

)∑
i

n∑
j=1

Var

(
T∑
t=1

U ′itUjt

)
+OP

(
1

p2T 2n3

)∑
i

Var

 n∑
j=1

T∑
t=1

U ′itUjt


+OP

(
1

p2T 2n3

)∑
i

E

∥∥∥∥∥∥
n∑
j=1

T∑
t=1

fj(U
′
itUjt − EU ′itUjt)

∥∥∥∥∥∥
2

2

.

Below we bound each of the three terms on the right of the equal sign in the preceding

display. First,∑
i

n∑
j=1

Var

(
T∑
t=1

U ′itUjt

)
=
∑
i

n∑
j=1

T∑
t=1

p∑
m=1

T∑
s=1

p∑
v=1

Cov(Uit,mUjt,m, Uis,vUjs,v)

≤ pnT max
mti

T∑
s=1

p∑
v=1

Cov(U2
it,m, U

2
is,v) +O(n2Tp) max

tm

T∑
s=1

p∑
v=1

|EUit,mUis,v|

= O(n2Tp).

Hence, OP

(
∆2
F

p2T 2n2

)∑
i

∑n
j=1 Var

(∑T
t=1 U

′
itUjt

)
= OP

(
∆2
F

pT

)
.

Second,

∑
i

Var

 n∑
j=1

T∑
t=1

U ′itUjt

 =
∑
i

n∑
j=1

p∑
m=1

T∑
t=1

n∑
l=1

p∑
v=1

T∑
s=1

Cov(Uit,mUjt,m, Uis,vUls,v)

=
∑
i

p∑
m=1

T∑
t=1

p∑
v=1

T∑
s=1

Cov(U2
it,m, U

2
is,v)

+
∑
i

∑
j 6=i

p∑
m=1

T∑
t=1

p∑
v=1

T∑
s=1

EUit,mUis,vEUjs,vUjt,m

≤ O(Tpn) max
tmi

p∑
v=1

T∑
s=1

Cov(U2
it,m, U

2
is,v)
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+O(n2Tp) max
tmi

p∑
v=1

T∑
s=1

|EUit,mUis,v|

= O(n2Tp).

Hence, OP

(
1

p2T 2n3

)∑
i Var

(∑n
j=1

∑T
t=1 U

′
itUjt

)
= O

(
1

pTn

)
.

Third, for each k ≤ K,

∑
i

E

∣∣∣∣∣∣
n∑
j=1

T∑
t=1

fjk(U
′
itUjt − EU ′itUjt)

∣∣∣∣∣∣
2

≤ 2
∑
i

E

∣∣∣∣∣
T∑
t=1

fik(‖Uit‖22 − E‖Uit‖22)

∣∣∣∣∣
2

+ 2
∑
i

Var

∑
j 6=i

T∑
t=1

fjkU
′
itUjt


= O(np2T 2) + 2

∑
i

∑
l 6=i

T∑
s=1

p∑
v=1

T∑
t=1

p∑
m=1

E [Uit,mUis,v]E
[
f2
lkUlt,mUls,v

]
= O(np2T 2) +O(n2Tp) max

tmi

T∑
s=1

p∑
v=1

|EUit,mUis,v|

= O(np2T 2 + n2Tp).

Hence, OP

(
1

p2T 2n3

)∑
iE
∥∥∥∑n

j=1

∑T
t=1 fj(U

′
itUjt − EU ′itUjt)

∥∥∥2

2
= OP

(
1
n2 + 1

pTn

)
. There-

fore,

1

n

∑
i

∥∥∥∥∥∥ 1

pTn

n∑
j=1

f̃j

T∑
t=1

(U ′itUjt − EU ′itUjt)

∥∥∥∥∥∥
2

2

≤ OP
(

1

pTn
+

1

n2

)
. (I.12)

By ∆2
F = 1

n2 + 1
nT 2 + 1

pT , 1
n

∑
i ‖W̃i‖22 = OP

(
∆2
F

pT + 1
pTn + 1

n2

)
= OP

(
1
n2 + 1

p2T 2

)
. Hence,

the object we aim to bound is maxms

∥∥∥ 1
n

∑n
i=1 W̃iŨis,m

∥∥∥
2
≤
(

1
n

∑
i ‖W̃i‖22

)1/2
maxms

(
1
n

∑
i Ũ

2
is,m

)1/2
.

We now show maxms

(
1
n

∑
i Ũ

2
is,m

)1/2
= OP (1). Once this is done, then maxms

∥∥∥ 1
n

∑n
i=1 W̃iŨis,m

∥∥∥
2

=

OP

(
1
n + 1

pT

)
as desired. Note that

max
ms

1

n

∑
i

Ũ2
is,m ≤ max

ms

2

n

∑
i

(Uis,m − Ūi·,m)2 + 2 max
ms

(Ū·s,m − ¯̄Um)2
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Let Ui,ms = 2(Ums,i−Ūi·,m)2−2E(Ums,i−Ūi·,m)2. Then EUi,ms = 0 and maxi,ms Var(Ui,ms) <
C. Hence by the Bernstein inequality for independent data, we have

max
ms

1

n

∑
i

Ui,ms = OP (

√
log(Tp)

n
) = oP (1).

This implies maxms
2
n

∑
i(Uis,m−Ūi·,m)2 ≤ oP (1)+maxms

2
n

∑
iE(Uis,m−Ūi·,m)2 = OP (1).

On the other hand,

max
ms

(Ū·s,m − ¯̄Um)2 ≤ 2(max
ms
|Ū·s,m|)2 + 2(max

ms
| ¯̄Um|)2

≤ 2(max
ms
|Ū·s,m|)2 + 2(max

ms
| 1
T

∑
s

Ū·s,m|)2 ≤ 4(max
ms
|Ū·s,m|)2

≤ 4(max
ms
| 1
n

∑
i

Uis,m|)2 = OP

(
log(Tp)

n

)
.

This shows maxms
1
n

∑
i Ũ

2
is,m = OP (1).

(ii) Define Γim = 1
pT 2

∑T
t=1

∑T
s=1 Λ̃′t(UitUis,m − EUitUis,m). Without loss of generality,

we assume Λ̃′t has a single row, as we can always conduct the analysis for each fixed row

of Λ̃′t. Then EXim = 0, and

max
im

Var(Xim) ≤ max
im

1

T 4p2

T∑
t=1

p∑
k=1

T∑
h=1

p∑
l=1

T∑
v=1

T∑
s=1

|Cov(Uit,kUis,m, Uih,lUiv,m)|

= O

(
1

T 2p

)
.

By the Bernstein inequality for independent data, maxm ‖ 1
n

∑n
i=1Xim‖2 = OP

(√
log p
nT 2p

)
.

Thus,

max
m

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′t
1

n

n∑
i=1

UitŪi·,m

∥∥∥∥∥
2

≤ max
m

∥∥∥∥∥ 1

n

n∑
i=1

Xim

∥∥∥∥∥
2

+ max
m

∥∥∥∥∥ 1

pT 2

T∑
t=1

1

n

T∑
s=1

n∑
i=1

Λ̃′tEUitUis,m

∥∥∥∥∥
2

≤ OP

(√
log p

nT 2p
+

1

pT

)
.

(iii) With
∥∥∥ 1
n

∑
i f̂j f̃

′
j

∥∥∥ = OP (1) and the equalities 1
T

∑
t Λ̃t = 0 and

1

n

n∑
i=1

(ŨitŨis,m − UitUis,m) = − 1

n

n∑
i=1

UitŪi·,m − Ū·tŪ·s,m + Ū·t
¯̄Um −

1

n

n∑
i=1

Ūi·Uis,m
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+ ¯̄UŪ·s,m +
1

n

n∑
i=1

Ūi·Ūi·,m − ¯̄U ¯̄Um,

we have that maxm,s | 1n
∑n

i=1
1

pTn

∑n
j=1 f̂j

∑T
t=1 f̃

′
jΛ̃
′
t(ŨitŨis,m − UitUis,m)| is bounded by

OP (1) max
ms

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′t
1

n

n∑
i=1

(ŨitŨis,m − UitUis,m)

∥∥∥∥∥
2

≤ OP (1) max
m

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′t
1

n

n∑
i=1

UitŪi·,m

∥∥∥∥∥
2

+OP (1) max
ms

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′tŪ·tŪ·s,m

∥∥∥∥∥
2

+OP (1) max
m

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′tŪ·t
¯̄Um

∥∥∥∥∥
2

≤ OP (1) max
m

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′t
1

n

n∑
i=1

UitŪi·,m

∥∥∥∥∥
2

+OP (1)

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′tŪ·t

∥∥∥∥∥
2

max
ms

(
|Ū·s,m|+ | ¯̄Um|

)

= OP

(√
log p

nT 2p
+

1

pT
+

√
log(pT )

n2pT

)
,

where the last equality follows from part (ii) that

max
m

∥∥∥∥∥ 1

pT

T∑
t=1

Λ̃′t
1

n

n∑
i=1

UitŪi·,m

∥∥∥∥∥
2

= OP

(√
log p

nT 2p
+

1

pT

)
,

that maxms(|Ū·s,m|+ | ¯̄Um|) = OP

(√
log pT
n

)
, and that

∥∥∥ 1
pT

∑T
t=1 Λ̃′tŪ·t

∥∥∥
2

= O
(

1√
pTn

)
.

(iv) As the dimension of gsk does not grow, without loss of generality, we assume it is a

scalar. Let Xi,mktl = 1
T

∑T
s=1(Uit,lUis,m − EUit,lUis,m)g̃sk. Then EXi,mktl = 0 and we are

calculating the rate of maxmktl | 1n
∑n

i=1Xi,mktl|. Note that by Assumption D.2,

max
imktl

Var(Xi,mktl) ≤ max
imt

1

T 2

T∑
s=1

T∑
v=1

|Cov(Uit,lUis,m, Uit,lUiv,m)| = O

(
1

T

)
.

Hence by the Bernstein inequality with independent data,

max
mktl
| 1
n

n∑
i=1

Xi,mktl| = OP

(√
log(pT )

nT

)
.

�
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Lemma I.10. (i) max
s≤T,m≤p

∣∣∣ 1
n

∑n
i=1(H

′
f̃i − f̂i)Ũis,m

∣∣∣ = OP

(
1
n + 1

T
√
n

+ 1
T
√
p +

√
log(pT )
npT

)
.

(ii) 1
T

∑T
t=1

∥∥∥ 1
n

∑n
i=1 ẽit(f̂i −H ′f̃i)

∥∥∥2

2
= OP

(
1
n2 + 1

Tpn

)
.

Note that the rate of convergence in (i) is better than the rate obtained from the simple

inequality

max
s≤T,m≤p

| 1
n

n∑
i=1

(H
′
f̃i − f̂i)Ũis,m| ≤ OP (∆F ) max

ms

√
1

n

∑
i

Ũ2
is,m = OP

(
1

n
+

1

T
√
n

+
1√
pT

)
in some regimes such as when p/n� T � n2/p.

Proof. (i) We have 1
n

∑n
i=1(f̂i −H

′
f̃i)Ũis,m = V −1

∑7
l=1Dl,ms where

D1,ms =
1

n

n∑
i=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

(U ′itUjt − EU ′itUjt)Ũis,m,

D2,ms =
1

n

n∑
i=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
t(ŨitŨis,m − UitUis,m)

D3,ms =
1

n

n∑
i=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

(EU ′itUjt)Ũis,m,

D4,ms =
1

n

n∑
i=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
t(EUitUis,m),

D5,ms =
1

n

n∑
i=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

(Ũ ′itŨjt − U ′itUjt)Ũis,m,

D6,ms =
1

n

n∑
i=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′iΛ̃
′
tŨjtŨis,m,

D7,ms =
1

n

n∑
i=1

1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
t(UitUis,m − EUitUis,m).

We respectively bound these terms.

Bounding D1,ms and D2,ms: The bounds

max
ms
‖D1,ms‖2 = OP

(
1

n
+

1

pT

)
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and

max
ms
‖D2,ms‖2 = OP

(√
log p

nT 2p
+

1

pT
+

√
log(pT )

n2pT

)
directly follow from Lemma I.9.

Bounding D3,ms and D4,ms:

max
ms
‖D3,ms‖2 = max

ms

∥∥∥∥∥ 1

n

n∑
i=1

1

n
f̂iŨis,m

1

Tp

T∑
t=1

E‖Uit‖22

∥∥∥∥∥
2

= OP

(
1

n

)
.

max
ms
‖D4,ms‖2 = OP (1) max

ms

1

pTn

n∑
i=1

T∑
t=1

p∑
v=1

|EUit,vUis,m| = OP

(
1

pT

)
.

Bounding D5,ms: By the Cauchy-Schwarz inequality and Lemma I.6, we have

max
ms
‖D5,ms‖2 ≤ max

ms

(
1

n

∑
i

Ũ2
is,m

)1/2(
1

n

n∑
i=1

‖Ai1‖22

)1/2

= OP

(
1

n
+

1√
npT

+
1

T
√
n

+
1

T
√
p

)
.

Bounding D6,ms: First note that
∥∥∥ 1
npT

∑n
j=1

∑T
t=1 Λ̃′tŨjtf̂

′
j

∥∥∥
F
≤ OP

(
∆F√
pT

+ 1√
pTn

)
.

Then

max
ms
‖D6,ms‖2 ≤ O(1) max

ms

∥∥∥∥∥ 1

n

n∑
i=1

Ũis,mf̃i

∥∥∥∥∥
2

∥∥∥∥∥∥ 1

npT

n∑
j=1

T∑
t=1

Λ̃′tŨjtf̂
′
j

∥∥∥∥∥∥
F

= OP

(
∆F√
pT

+
1√
pTn

)√
log(pT )

n
.

Bounding D7,ms: Let Xi,ms = 1
pT

∑T
t=1 Λ̃′t(UitUis,m − EUitUis,m). Then EXi,ms = 0;

and for each k ≤ K where K denotes the number of factors,

max
ims

Var(Xi,ms) = max
ims

1

p2T 2
Var

(
T∑
t=1

p∑
v=1

λtk,vUit,vUis,m

)

= max
ims

1

p2T 2

T∑
j=1

p∑
l=1

T∑
t=1

p∑
v=1

λjk,lλtk,v Cov(Uit,vUis,m, Uij,lUis,m)

≤ O
(

1

pT

)
max
imstv

T∑
k=1

p∑
l=1

|Cov(Uit,vUis,m, Uik,lUis,m)| = O

(
1

pT

)
.
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Hence, by the Bernstein inequality for independent data,

max
ms
‖D7,ms‖2 ≤ OP (1) max

ms
‖ 1

n

n∑
i=1

Xi,ms‖2 = OP

(√
log(pT )

npT

)
.

Combining the above results, we reach

max
s≤T,m≤p

| 1
n

n∑
i=1

(H
′
f̃i − f̂i)Ũis,m| = OP

(
1

n
+

1

T
√
n

+
1

T
√
p

+

√
log(pT )

npT

)
.

(ii) 1
T

∑T
t=1 ‖

1
n

∑n
i=1 ẽit(f̂i −H ′f̃i)‖22 ≤

∑3
l=1 B̄l where each B̄l is defined and bounded

below making use of (I.1).

B̄1 =
1

T

T∑
s=1

∥∥∥∥∥∥ 1

n

n∑
i=1

ẽis
1

pTn

n∑
j=1

f̂j

T∑
t=1

Ũ ′itŨjt

∥∥∥∥∥∥
2

2

≤ 1

T

T∑
s=1

∥∥∥∥∥∥ 1

n

n∑
i=1

ẽis
1

pTn

n∑
j=1

f̃j

T∑
t=1

Ũ ′itŨjt

∥∥∥∥∥∥
2

2

OP (1)

+
1

T

T∑
t=1

∥∥∥∥∥∥ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũ ′jt

∥∥∥∥∥∥
2

F

1

T 2

T∑
s=1

T∑
t=1

∥∥∥∥∥ 1

pn

n∑
i=1

Ũitẽis

∥∥∥∥∥
2

2

≤ 1

T

T∑
s=1

1

T

∑
t

∥∥∥∥∥ 1

n

n∑
i=1

ẽisŨit

∥∥∥∥∥
2

2

1

T

∑
t

∥∥∥∥∥∥ 1

pn

n∑
j=1

f̃jŨjt

∥∥∥∥∥∥
2

OP (1)

+
1

pT 2

T∑
s=1

T∑
t=1

∥∥∥∥∥ 1

n

n∑
i=1

Ũitẽis

∥∥∥∥∥
2

2

max
tm

∥∥∥∥∥∥ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũjt,m

∥∥∥∥∥∥
2

2

≤ OP
(

1

n2

)
+

1

n
OP

(
1

n2
+

1

T 2n
+

1

T 2p
+

log(pT )

npT

)
= OP

(
1

n2
+

1

T 2pn

)
. (Lemma I.10)

B̄2 =
1

T

T∑
s=1

∥∥∥∥∥∥ 1

n

n∑
i=1

ẽis
1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′jΛ̃
′
tŨit

∥∥∥∥∥∥
2

2

≤ OP (1)
1

T

T∑
s=1

∥∥∥∥∥ 1

n

n∑
i=1

ẽis
1

pT

T∑
t=1

Λ̃′tŨit

∥∥∥∥∥
2

2
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= O

(
1

pTn

)
. (Lemma I.8)

B̄3 =
1

T

T∑
s=1

∥∥∥∥∥∥ 1

n

n∑
i=1

ẽis
1

pTn

n∑
j=1

f̂j

T∑
t=1

f̃ ′iΛ̃
′
tŨjt

∥∥∥∥∥∥
2

2

≤ 1

T

T∑
s=1

∥∥∥∥∥∥ 1

n

n∑
i=1

ẽis
1

pTn

n∑
j=1

f̃j

T∑
t=1

f̃ ′iΛ̃
′
tŨjt

∥∥∥∥∥∥
2

2

OP (1)

+
1

T

T∑
t=1

∥∥∥∥∥∥ 1

n

n∑
j=1

(f̂j −H ′f̃j)Ũ ′jt

∥∥∥∥∥∥
2

F

1

T

T∑
s=1

1

p

∥∥∥∥∥ 1

n

n∑
i=1

f̃ ′i ẽis

∥∥∥∥∥
2

2

= OP

(
1

n2pT

)
+

1

n
OP

(
1

n2
+

1

T 2n
+

1

T 2p
+

log(pT )

npT

)
= OP

(
1

n3
+

1

T 2n2
+

1

T 2pn
+

log(pT )

n2pT

)
.

Hence,

1

T

T∑
t=1

∥∥∥∥∥ 1

n

n∑
i=1

ẽit(f̂i −H ′f̃i)

∥∥∥∥∥
2

2

= OP

(
1

n2
+

1

Tpn

)
.

�

I.4. Technical lemmas for Proposition D.1: the bootstrap data.

Lemma I.11. (i) 1
n

∑n
j=1

(
1
pT

∑p
m=1

∑T
t=1

1
n F̃
′Ũt,mŨjt,m

)2
= OP

(
1
n2 + 1

nT 2 + 1
pTn

)
.

(ii) 1
n

∑n
i=1

(
1
pT

∑T
t=1

∑p
m=1

1
n F̃
′Ũt,mÛit,m

)2
= OP

(
1
n2 + 1

nT 2 + 1
pTn

)
.

(iii) 1
n

∑n
i=1 ‖A∗i1‖22 = OP ∗

(
∆2
F + 1

n

)
for A∗i1 defined in (I.8).

Proof. (i) Note that
∑
f̃i =

∑
i Ũit =

∑
t Ũit = 0. We may then bound

1

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n
F̃ ′Ũt,mŨjt,m

)2

from above with

C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n

n∑
i=1

f̃iŨit,mUjt,m)2 +
C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n

n∑
i=1

f̃iŨit,mŪ·t,m)2
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≤ OP
(

1

n2

)
+
C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n

n∑
i=1

f̃iUit,mUjt,m

)2

+
C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n

n∑
i=1

f̃iŪi·,mUjt,m

)2

≤ OP
(

1

n2
+

1

nT 2

)
+
C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n

n∑
i=1

f̃i(Uit,mUjt,m − EUit,mUjt,m)

)2

+
C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n

n∑
i=1

f̃iEUit,mUjt,m

)2

= OP

(
1

n2
+

1

nT 2
+

1

pTn

)
,

where we used (I.12) that

1

n

∑
i

∥∥∥∥∥∥ 1

pTn

n∑
j=1

f̃j

T∑
t=1

(U ′itUjt − EU ′itUjt)

∥∥∥∥∥∥
2

2

≤ OP
(

1

pTn
+

1

n2

)
.

(ii) The conclusion follows from part (i) and the following inequality:

1

n

n∑
i=1

(
1

pT

T∑
t=1

p∑
m=1

1

n
F̃ ′Ũt,m(Ûit,m − Ũit,m)

)2

≤

(
1

pT

T∑
t=1

p∑
m=1

1

n
F̃ ′Ũt,mλ̃tm

)2

OP (∆2
F ) +

(
1

pT

T∑
t=1

p∑
m=1

∥∥∥∥ 1

n
F̃ ′Ũt,m

∥∥∥∥2
)2

= OP

(
∆2
F

nTp
+

1

n2

)
.

(iii) Note that maxij Var∗(wUi w
U
j ) < C.

1

n2

n∑
i=1

n∑
j=1

E∗

(
1

pT

T∑
t=1

Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt

)2

=
1

n2

n∑
i=1

n∑
j=1

Var∗

(
1

pT

T∑
t=1

Ũ∗
′
it Ũ

∗
jt

)
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=
1

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

Û
′
itÛjt

)2

Var∗(wUi w
U
j )

≤ 8

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

(Ũ
′
itŨjt − EU ′itUjt)

)2

C︸ ︷︷ ︸
a1

+
8

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

EU
′
itUjt

)2

C︸ ︷︷ ︸
a2

+
8

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

Û
′
itÛjt − Ũ ′itŨjt

)2

C︸ ︷︷ ︸
a3

.

Note that

a1 ≤
C

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

(Ũ
′
itŨjt − U ′itUjt))2 +

C

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

(U
′
itUjt − EU ′itUjt))2.

The first term in the upper bound for a1 is OP

(
1
n2 + 1

npT + 1
nT 2 + 1

pT 2

)
by Lemma I.6.

The second term in the bound for a1 is OP

(
1
pT

)
by (I.11). Therefore,

a1 = OP

(
1

n2
+

1

nT 2
+

1

pT

)
= OP (∆2

F ). (I.13)

Next we have a2 = C
n2

∑n
i=1

(
1
pT

∑T
t=1EU

′
itUit

)2
= O

(
1
n

)
. Finally,

a3 =
C

n2

n∑
i=1

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

Ûit,mÛjt,m − Ũit,mŨjt,m

)2

≤ C

n2

n∑
i=1

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

(Ûit,m − Ũit,m)Ûjt,m

)2

+
C

n2

n∑
i=1

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

(Ûit,m − Ũit,m)Ũjt,m

)2

≤ C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

λ̃tmÛjt,m

)2

OP (∆2
F ) +

C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n
F̂ ′Ũt,mÛjt,m

)2

+
C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

λ̃tmŨjt,m

)2

OP (∆2
F ) +

C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n
F̂ ′Ũt,mŨjt,m

)2
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= OP (∆2
F ) +

C

n

n∑
j=1

(
1

pT

p∑
m=1

T∑
t=1

1

n
F̃ ′Ũt,mŨjt,m

)2

+
C

n

n∑
i=1

(
1

pT

T∑
t=1

p∑
m=1

1

n
F̃ ′Ũt,m(Ûit,m − Ũit,m)

)2

= OP (∆2
F ).

(I.14)

where 1
n

∑n
j=1

(
1
pT

∑p
m=1

∑T
t=1

1
n F̃
′Ũt,mŨjt,m

)2
= OP

(
1
n2 + 1

nT 2 + 1
pTn

)
follows from part

(i). Hence, we have proved

1

n2

n∑
i=1

n∑
j=1

E∗

(
1

pT

T∑
t=1

Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt

)2

= OP ∗

(
∆2
F +

1

n

)
. (I.15)

The Cauchy-Schwarz inequality then implies

1

n

n∑
i=1

‖A∗i1‖22 ≤ OP ∗(1)
1

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt

)2

= OP ∗

(
∆2
F +

1

n

)
.

�

Lemma I.12. 1
n

∑
i ‖A∗i3‖22 = OP ∗(∆

2
F ) and 1

n

∑
i ‖A∗i4‖22 = OP ∗(∆

2
F ) for A∗i3 and A∗i4

defined in (I.8).

Proof. By the Cauchy-Schwarz inequality, 1
n

∑n
i=1 ‖A∗i3‖22 ≤ OP ∗(1) 1

n

∑n
i=1

(
1
pT

∑T
t=1 Λ̂′tŨ

∗
it

)2
.

Now

E∗

 1

n

n∑
i=1

(
1

pT

T∑
t=1

Λ̂′tŨ
∗
it

)2
 =

1

n

n∑
i=1

Var∗

(
1

pT

T∑
t=1

Λ̂′tÛitw
U
i

)

=
1

n

n∑
i=1

(
1

pT

T∑
t=1

Λ̂′tÛit

)2

≤ OP (1)
1

n

n∑
i=1

(
1

pT

T∑
t=1

Λ̃′tÛit

)2

+
1

n

n∑
i=1

(
1

pT

T∑
t=1

(Λ̂t − Λ̃tH
′−1)′Ûit

)2
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≤ OP (1)
1

n

n∑
i=1

(
1

pT

T∑
t=1

Λ̃′tÛit

)2

+OP (∆2
F )

+
1

n

n∑
i=1

(
1

pT

T∑
t=1

p∑
m=1

1

n
F̃ ′Ũt,mÛit,m

)2

OP (1)

≤ OP (∆2
F ) +OP (1)

1

n

n∑
i=1

(
1

pT

T∑
t=1

Λ̃′tŨit

)2

+OP (1)
1

n

n∑
i=1

(
1

pT

T∑
t=1

p∑
m=1

λ̃tm(Ûit,m − Ũit,m)

)2

≤ OP (∆2
F ) +OP (1)

(
1

pT

T∑
t=1

p∑
m=1

1

n
F̃ ′Ũt,mλ̃tm

)2

= OP

(
∆2
F +

1

nTp

)
= OP (∆2

F ). (I.16)

where we used Lemma I.11 (ii) to bound 1
n

∑n
i=1( 1

pT

∑T
t=1

∑p
m=1

1
n F̃
′Ũt,mÛit,m)2 = OP (∆2

F )

and the equalities λ̂tm −H−1λ̃tm = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + (F̂ ′F̂ )−1F̂ ′Ũt,m,

Ũit,m − Ûit,m = f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + f̂ ′i(F̂

′F̂ )−1F̂ ′Ũt,m + λ̃′tmH
′−1(f̂i −H ′f̃i).

Hence, 1
n

∑
i ‖A∗i3‖22 = OP ∗(∆

2
F ). 1

n

∑
i ‖A∗i4‖22 is bounded similarly. �

Lemma I.13. (i) 1
n

∑
i ‖

1
pTn

∑n
j=1 f̂j

∑T
t=1(Ũ∗

′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt)‖22 = OP ∗(∆

2
F ).

(ii) 1
T

∑
s

∥∥∥ 1
pTn

∑n
i=1

∑
t Λ̂′tŨ

∗
itz̃
∗
is

∥∥∥2

2
= OP ∗

(
logn
npT + logn

n2T 2 + 1
n2 (1 +

√
logn
T )

)
where z̃∗is ∈

{η̃∗is, ε̃∗is}.

(iii)
∥∥∥ 1
nTp

∑n
j=1

∑T
t=1 f̂

∗
j Λ̂′tŨ

∗
jt

∥∥∥
2

= OP ∗

(
∆2
F +

√
∆2
F logn
n

)
.

(iv)

max
m,k,l,t

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

(Ũ∗it,lŨ
∗
is,m − E∗Ũ∗it,lŨ∗is,m)ĥ′sk

∥∥∥∥∥
F

= OP ∗

(√
log(pT )

n

(
log n log(pT )

n
+

log(np)

T

))
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(v)

max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∥∥∥∥∥ 1

nT

∑
is

E∗(Ũ∗it,lŨ
∗
is,m)ĥ′sk

∥∥∥∥∥
F

= OP

(
∆F +

√
log(pT ) log p

n
+

√
log(pT )

nT

)
,

(vi)

max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

1

pT

∑
s,t

Λ̂′t(Ũ
∗
itŨ
∗
is,m − E∗Ũ∗itŨ∗is,m)ĥ′sk

∥∥∥∥∥
F

= OP ∗

(√
log p

n

(
log n log(pT )

n
+

log(np)

T

)
∆2
F

)
,

where ĥsk ∈ {δ̂ys, δ̂ds, λ̂sk}, s ≤ T, k ≤ p.

Proof. We shall assume fj to be a scalar without loss of generality.

(i)

1

n

∑
i

E∗

∣∣∣∣∣∣ 1

pTn

n∑
j=1

f̂j

T∑
t=1

(Ũ∗
′
it Ũ

∗
jt − E∗Ũ∗

′
it Ũ

∗
jt)

∣∣∣∣∣∣
2

=
1

n

∑
i

Var∗

 1

pTn

n∑
j=1

f̂j

T∑
t=1

Ũ∗
′
it Ũ

∗
jt


=

1

n

∑
i

 1

pTn

n∑
j=1

f̂j

T∑
t=1

Û
′
itÛjt)

2 Var∗(wUi w
U
j


≤ C

n

∑
i

 1

pTn

n∑
j=1

f̂j

T∑
t=1

(Û
′
itÛjt − Ũ ′itŨjt)

2

+
C

n

∑
i

 1

pTn

n∑
j=1

f̂j

T∑
t=1

(Ũ
′
itŨjt − EU ′itUjt)

2

+
C

n

∑
i

 1

pTn

n∑
j=1

f̂j

T∑
t=1

EU
′
itUjt

2

≤ C

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

(Û
′
itÛjt − Ũ ′itŨjt)

)2

︸ ︷︷ ︸
a3

+
C

n2

n∑
i=1

n∑
j=1

(
1

pT

T∑
t=1

(Ũ ′itŨjt − EU ′itUjt)

)2

︸ ︷︷ ︸
a1
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+
C

n

∑
i

(
1

pTn
f̂j

T∑
t=1

EU
′
itUit

)2

= a1 + a3 +OP

(
1

n2

)
= OP (∆2

F )

where a1 and a3 are as defined in Lemma I.11. We also have a1 = OP (∆2
F ) and a3 =

OP (∆2
F ) by (I.13) and (I.14).

(ii) We prove the result for z̃∗is = η̃∗is only. The other results follow similarly. Let

an := logn
npT +

∆2
F logn
n + ∆2

max
n .

E∗

 1

T

T∑
s=1

∣∣∣∣∣ 1

pTn

n∑
i=1

T∑
t=1

Λ̂′tŨ
∗
itz̃
∗
is

∣∣∣∣∣
2


=
1

T

T∑
s=1

Var∗

(
1

pTn

n∑
i=1

T∑
t=1

Λ̂′tÛitη̂isw
U
i w

Z
i

)

=
1

T

T∑
s=1

1

n2

n∑
i=1

(
1

pT

T∑
t=1

Λ̂′tÛitη̂is

)2

Var∗(wUi w
Z
i )

≤ 1

T

T∑
s=1

1

n2

n∑
i=1

η̂2
is

(
1

pT

T∑
t=1

Λ̂′tÛit

)2

C

≤ OP
(

1

n

)
max
i

(
1

pT

p∑
m=1

T∑
t=1

λ̂tm(Ûit,m − Ũit,m)

)2

+OP

(
1

n

)
max
i

(
1

pT

p∑
m=1

T∑
t=1

(λ̂tm −H
′−1λ̃tm)Ũit,m

)2

+OP

(
1

n

)
max
i

(
1

pT

p∑
m=1

T∑
t=1

λ̃tmŨit,m

)2

≤ OP
(

log n

npT
+

∆2
F log n

n
+

∆2
max

n

)
+OP

(
log n

n

)(
1

pT

p∑
m=1

T∑
t=1

λ̂tm
1

n
F̂ ′Ũt,m

)2

+OP

(
1

n

)
max
i

(
1

pT

p∑
m=1

T∑
t=1

(λ̂tm −H
′−1λ̃tm)Ũit,m

)2

≤ OP (an) +OP

(
log n

n

)(
1

pT

p∑
m=1

T∑
t=1

λ̂tm
1

n
F̂ ′Ũt,m

)2
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+OP

(
1

n

)
max
i

(
1

pT

p∑
m=1

T∑
t=1

1

n
F̂ ′Ũt,mŨit,m

)2

+OP

(
∆2
F

n

)
max
i

(
1

pT

p∑
m=1

T∑
t=1

λ̃tmŨit,m

)2

≤ OP (an) +OP

(
1

n

)
max
i

(
1

pT

p∑
m=1

T∑
t=1

1

n
F̃ ′Ũt,mŨit,m

)2

+OP

(
log n

n

)(
1

pT

p∑
m=1

T∑
t=1

λ̂tm
1

n
F̃ ′Ũt,m

)2

≤ OP (an) +OP

(
1

n2

)
max
i

1

pT

p∑
m=1

T∑
t=1

Ũ2
it,m +OP

(
log n

n

)(
1

pT

p∑
m=1

T∑
t=1

λ̃tm
1

n
F̃ ′Ũt,m

)2

+OP

(
log n

n

)(
1

pT

p∑
m=1

T∑
t=1

(λ̂tm −H
′−1λ̃tm)

1

n
F̃ ′Ũt,m

)2

≤ OP

(
an +

1

n2

(
1 +

√
log n

T

))
+OP

(
log n

n

)(
1

pT

p∑
m=1

T∑
t=1

(
1

n
F̃ ′Ũt,m)2

)2

= OP

(
log n

npT
+

∆2
F log n

n
+

∆2
max

n
+

1

n2
+

1

n2

√
log n

T

)

= OP

(
log n

npT
+

log n

n2T 2
+

1

n2
+

1

n2

√
log n

T

)

where we use maxi ‖f̂i −H ′f̃i‖2 = OP (∆max) = OP

(
1√
n

+
√

logn
Tp

)
from Lemma I.1.

(iii) By (I.16), 1
n

∑n
i=1( 1

pT

∑T
t=1 Λ̂′tŨ

∗
it)

2 = OP ∗(∆
2
F ) and 1

n

∑n
i=1( 1

pT

∑T
t=1 Λ̂′tÛit)

2 =

OP (∆2
F ). Therefore,

E∗

∣∣∣∣∣∣ 1

nTp

n∑
j=1

T∑
t=1

f̂jΛ̂
′
tŨ
∗
jt

∣∣∣∣∣∣
2

=
1

n2

n∑
j=1

(
1

Tp

T∑
t=1

f̂jΛ̂
′
tÛjt

)2

Var∗(wUj )

=
1

n2

n∑
j=1

(
1

Tp

T∑
t=1

Λ̂′tÛjt

)2

f̂2
j

≤ 1

n2

n∑
j=1

(
1

Tp

T∑
t=1

Λ̂′tÛjt

)2

max
j
f̂2
j

= OP

(
∆2
F log n

n

)
.



144 CHRISTIAN HANSEN AND YUAN LIAO

Hence,∥∥∥∥∥∥ 1

nTp

n∑
j=1

T∑
t=1

f̂∗j Λ̂′tŨ
∗
jt

∥∥∥∥∥∥
2

2

≤ OP ∗(∆2
F )

1

n

n∑
j=1

(
1

pT

T∑
t=1

Λ̂′tŨ
∗
jt

)2

+

∣∣∣∣∣∣ 1

nTp

n∑
j=1

T∑
t=1

f̂jΛ̂
′
tŨ
∗
jt

∣∣∣∣∣∣
2

OP ∗(1)

≤ OP ∗
(

∆4
F +

∆2
F log n

n

)
.

(iv) For notational simplicity, we assume ĥsk to be a scalar. Then

max
mklt
| 1

nT

n∑
i=1

T∑
s=1

(Ũ∗it,lŨ
∗
is,m − E∗Ũ∗it,lŨ∗is,m)ĥsk| = max

mklt
| 1
n

n∑
i=1

Γi,mklt|

where Γi,mklt = 1
T

∑T
s=1 Ûit,lÛis,mĥsk

[
(wUi )2 − E∗(wUi )2

]
. We still use the Bernstein in-

equality for independent data to achieve

max
mklt
| 1
n

n∑
i=1

Γi,mklt| = OP ∗(

√√√√max
mklt

1

n

n∑
i=1

Var∗(Γi,mklt)
log(pT )

n
).

So we now bound maxmklt
1
n

∑n
i=1 Var∗(Γi,mklt) below. Recall the equality:

Ũit,m − Ûit,m = f̂ ′i(F̂
′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tm + f̂ ′i(F̂

′F̂ )−1F̂ ′Ũt,m + λ̃′tmH
′−1(f̂i −H ′f̃i),

max
mklt

1

n

n∑
i=1

Var∗(Γi,mklt) = max
mklt

1

n

n∑
i=1

Û2
it,l

(
1

T

T∑
s=1

Ûis,mĥsk

)2

Var∗
(
(wUi )2

)
≤ OP (1) max

imk

(
1

T

T∑
s=1

Ûis,mĥsk

)2

≤ OP (1) max
imk

∣∣∣∣∣ 1

T

T∑
s=1

Ũis,mĥsk

∣∣∣∣∣
2

+ max
mk

1

T

T∑
t=1

∣∣∣λ̃tmĥtk∣∣∣2OP (∆2
F log n+ ∆2

max

)
+OP (log n) max

m

1

T

T∑
t=1

∣∣∣∣ 1nF̂ ′Ũt,m
∣∣∣∣2
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≤ OP
(

∆2
F log n+ ∆2

max +
log n log(pT )

n
+

log(np)

T

)

+ max
imk

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,m(ĥtk −H−1h̃tk)

∣∣∣∣∣
2

.

(I.17)

In the derivation above, we used

max
m≤p

1

n2T

∑
t

‖Ũ ′t,mF̂‖22 = OP

(
log(pT )

n
+ ∆2

fum

)
= OP

(
log(pT )

n
+ ∆2

F

)
from Lemma H.11 and maximk

1
T

∑T
t=1 |λ̃tmĥtk| = OP (1) which follows from maxtm |λ̂tm| =

OP (1) and maxt |ĥtk| = OP (1) for ĥtk ∈ {λ̂tm, δ̂yt}. We now bound the second term on the

right in (I.17) in two cases.

Case 1: ĥtk = δ̂yt for all k ≤ p. Using the equality

δ̂yt −H−1δ̃yt = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1δ̃yt + (F̂ ′F̂ )−1F̂ ′Ũtγy + (F̂ ′F̂ )−1F̂ ′ẽt,

we have

max
imk

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,m(ĥtk −H−1h̃tk)

∣∣∣∣∣
2

≤ max
im

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,mδ̃yt

∣∣∣∣∣
2

OP (∆2
F ) + max

im

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,m
1

n
F̂ ′Ũtγy

∣∣∣∣∣
2

+ max
im

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,m
1

n
F̂ ′ẽt

∣∣∣∣∣
2

≤ log(np)

T
OP (∆2

F ) + max
im

1

T

∑
t

Ũ2
it,mOP

(
|J |0
n

+ |J |20∆2
F

)

=
log(np)

T
OP (∆2

F ) +

(
1 +

√
log(np)

T

)
OP

(
|J |0
n

+ |J |20∆2
F

)
,

where we used Lemma H.11 (iv) that 1
T

∑
t ‖

1
n F̂
′ẽt‖22+ 1

T

∑
t ‖

1
n F̂
′Ũtγ‖22 = OP

(
|J |0
n + |J |20∆2

F

)
.

Case 2: ĥtk = λ̂tk. Using the equality

λ̂tk −H−1λ̃tk = (F̂ ′F̂ )−1F̂ ′(F̃H − F̂ )H−1λ̃tk + (F̂ ′F̂ )−1F̂ ′Ũt,k,

we have

max
imk

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,m(ĥtk −H−1h̃tk)

∣∣∣∣∣
2

≤ max
imk

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,mλ̃tk

∣∣∣∣∣
2

OP (∆2
F )
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+ max
imk

∣∣∣∣∣ 1

T

T∑
t=1

Ũit,m
1

n
F̂ ′Ũt,k

∣∣∣∣∣
2

≤ OP
(

∆2
F log(np)

T

)
+ max

imk

1

T

T∑
t=1

Ũ2
it,m

1

T

∑
t

(
1

n
F̂ ′Ũt,k

)2

= OP

(
∆2
F log(np)

T

)
+

(
1 +

√
log(pn)

T

)(
∆2
F +

log(pT )

n

)
.

Hence maximk | 1T
∑T

t=1 Ũit,m(ĥtk −H−1h̃tk)|2 = OP (an), where

an :=
log(np)

T
(∆2

F ) +

(
1 +

√
log(np)

T

)(
|J |0
n

+ |J |20∆2
F +

log(pT )

n

)
.

Substituting this expression into (I.17), we obtain

max
mklt

1

n

n∑
i=1

Var∗(Γi,mklt) = OP (1) max
imk

(
1

T

T∑
s=1

Ûis,mĥsk

)2

= OP

(
log n log(pT )

n
+

log(np)

T

)
.

(I.18)

Hence, maxmklt
∣∣ 1
n

∑n
i=1 Γi,mklt

∣∣ = OP ∗

(√
log(pT )

n

(
logn log(pT )

n + log(np)
T

))
.

(v) We assume ĥsk to be a scalar for notational simplicity.

max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

E∗(Ũ∗it,lŨ
∗
is,m)ĥsk

∣∣∣∣∣
= max

m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ûit,lÛis,mĥsk

∣∣∣∣∣
≤ max

m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

(Ũit,lŨis,m)ĥsk

∣∣∣∣∣
+ max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ũis,m(Ûit,l − Ũit,l)ĥsk

∣∣∣∣∣
+ max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1n
n∑
i=1

Ûit,lf̂
′
i

∣∣∣∣∣OP (∆F )



FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 147

+
1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1n
n∑
i=1

Ûit,lf̂
′
i

∣∣∣∣∣ max
m,k≤p

∣∣∣∣∣ 1

Tn

T∑
s=1

F̃ ′Ũs,mĥsk

∣∣∣∣∣
+

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1n
n∑
i=1

Ũit,l(f̂i −H ′f̃i)

∣∣∣∣∣OP (1)

≤ OP (∆F ) + max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

(Ũit,lŨis,m)ĥsk

∣∣∣∣∣
+

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1n
n∑
i=1

Ûit,lf̃
′
i

∣∣∣∣∣ max
m,k≤p

∣∣∣∣∣ 1

Tn

T∑
s=1

F̃ ′Ũs,mĥsk

∣∣∣∣∣
≤ OP (∆F ) + max

m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

(Ũit,lŨis,m)ĥsk

∣∣∣∣∣
+ max
m,k≤p

∣∣∣∣∣ 1

Tn

T∑
s=1

F̃ ′Ũs,mĥsk

∣∣∣∣∣OP
(

1√
n

)

≤ OP
(

∆F +

√
log p

n

)
+ max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ũit,lŨis,mĥsk

∣∣∣∣∣
≤ OP

(
∆F +

√
log p

n

)
+OP (1) max

m≤p

1

p

p∑
l=1

∣∣∣∣∣ 1n
n∑
i=1

Ūi·,lŪi·,m

∣∣∣∣∣
+OP (1) max

m≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1n
n∑
i=1

Uit,lŪi·,m

∣∣∣∣∣+ max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Uit,lUis,mĥsk

∣∣∣∣∣
+ max
m,k≤p

1

p

p∑
l=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ūi·,lUis,mĥsk

∣∣∣∣∣
:= OP

(
∆F +

√
log p

n

)
+

4∑
l=1

DlOP (1).

We now bound each of D1 −D4.

D1 = max
m≤p

1

p

p∑
l=1

∣∣∣∣∣ 1n
n∑
i=1

Ūi·,lŪi·,m

∣∣∣∣∣
≤ 1

pT
max
ms

∑
t

p∑
l=1

|EUis,lUit,m|
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+ max
m,l≤p

∣∣∣∣∣ 1n
n∑
i=1

1

T 2

∑
s,t

(Uis,lUit,m − EUis,lUit,m)

∣∣∣∣∣
= O

(
1

pT

)
+ max
m,l≤p

∣∣∣∣∣ 1n
n∑
i=1

Xi,ml

∣∣∣∣∣
where Xi,ml = 1

T 2

∑
s,t(Uis,lUit,m − EUis,lUit,m) with maxml

1
n

∑
i Var(Xi,ml) = O( 1

T 2 ).

Thus, D1 = OP

(
1
T

√
log p
n + 1

pT

)
.

D2 = max
m≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1n
n∑
i=1

Uit,lŪi·,m

∣∣∣∣∣
≤ max

m≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1n
n∑
i=1

1

T

∑
s

EUit,lUis,m

∣∣∣∣∣
+ max

mlt

∣∣∣∣∣ 1n
n∑
i=1

1

T

∑
s

(Uit,lUis,m − EUit,lUis,m)

∣∣∣∣∣
= O

(
1

pT

)
+ max

mlt

∣∣∣∣∣ 1n
n∑
i=1

Xi,mtl

∣∣∣∣∣
where Xi,mtl = 1

T

∑
s(Uit,lUis,m − EUit,lUis,m) with maxmtl

1
n

∑
i Var(Xi,mtl) = O

(
1
T

)
.

Hence, D2 = OP

(√
log(pT )
nT + 1

pT

)
.

D3 +D4 = max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Uit,lUis,mĥsk

∣∣∣∣∣
+ max
m,k≤p

1

p

p∑
l=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ūi·,lUis,mĥsk

∣∣∣∣∣
≤ O

(
1

pT
+

√
log(pT )

nT

)
+ max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Uit,lUis,m(ĥsk −H−1h̃sk)

∣∣∣∣∣
+ max
m,k≤p

1

p

p∑
l=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ūi·,lUis,m(ĥsk −H−1h̃sk)

∣∣∣∣∣ .
To bound the last two terms on the right-hand-side of the last inequality, we discuss two

cases.



FACTOR-LASSO AND K-STEP BOOTSTRAP SUPPLEMENT 149

Case 1: ĥtk = δ̂yt for all k ≤ p. We have

max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Uit,lUis,m(ĥsk −H−1h̃sk)

∣∣∣∣∣
+

1

p

p∑
l=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ūi·,lUis,m(ĥsk −H−1h̃sk)

∣∣∣∣∣ ≤ OP
(

∆F +

√
|J |0 log(pT )

n

)
.

Case 2: ĥtk = λ̂tk. We have

max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Uit,lUis,m(ĥsk −H−1h̃sk)

∣∣∣∣∣
+

1

p

p∑
l=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

Ūi·,lUis,m(ĥsk −H−1h̃sk)

∣∣∣∣∣ ≤ OP
(

∆F +

√
log(pT ) log p

n

)
.

Combining all of the above bounds yields

max
m,k≤p

1

pT

p∑
l=1

T∑
t=1

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

E∗(Ũ∗it,lŨ
∗
is,m)ĥsk

∣∣∣∣∣ = OP

(
∆F +

√
log(pT ) log p

n
+

√
log(pT )

nT

)
.

(vi) We assume λ̂′t is a row vector and ĥsk is a scalar. Now let

max
m,k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̂′t(Ũ
∗
itŨ
∗
is,m − E∗Ũ∗itŨ∗is,m)ĥ′sk

∣∣∣∣∣ = max
m,k≤p

∣∣∣∣∣ 1n∑
i

Xi,mk

∣∣∣∣∣
where Xi,mk = 1

T

∑T
s=1

1
pT

∑T
t=1 Λ̂′tÛitÛis,mĥsk(w

U2
i − E∗wU2

i ). Note that Xi,mk is mean

zero and satisfies

max
mk

1

n

n∑
i=1

Var∗(Xi,mk) = max
mk

1

n

n∑
i=1

(
1

pT

T∑
t=1

Λ̂′tÛit

)2(
1

T

T∑
s=1

Ûis,mĥsk

)2

Var∗(wU2
i )

≤(I.18) 1

n

n∑
i=1

(
1

pT

T∑
t=1

Λ̂′tÛit

)2

OP

(
log n log(pT )

n
+

log(np)

T

)
=(I.16) OP

(
log n log(pT )

n
+

log(np)

T

)
∆2
F .

Hence, maxm,k≤p | 1n
∑

iXi,mk| = OP ∗

(√
log p
n

(
logn log(pT )

n + log(np)
T

)
∆2
F

)
. �
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Lemma I.14. For ĥsk ∈ {δ̂ys, δ̂ds, λ̂sk}, s ≤ T, k ≤ p:

(i)

max
m,k≤p

∣∣∣∣∣ 1

nT

1

pT

∑
ist

Λ̃′tŨitŨis,mĥsk

∣∣∣∣∣
= OP

(
1

pT
+

√
log p

npT 2
+

(√
log(pT )

npT

)(√
|J |0
n

+

√
log(pT )

n

))

(ii) maxm,k≤p

∣∣∣ 1
nT

∑p
v=1

∑n
i=1

1
pnT

∑
st F̂

′Ũt,vŨit,vŨis,mĥsk

∣∣∣ = OP

(√
log p
npT +

√
log p
n + 1

pT

)
(iii)

max
m,k≤p

∥∥∥∥∥ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̂′tE
∗Ũ∗itŨ

∗
is,mĥ

′
sk

∥∥∥∥∥
F

= OP

(
1

pT
+

√
log p

npT
+

√
log p

n
+

√
|J |0
nT

+

√
|J |0
npT

)
+OP (∆ud)

Proof. (i) maxm,k≤p | 1
nT

∑n
i=1

∑T
s=1

1
pT

∑T
t=1 Λ̃′tŨitŨis,mĥsk| is bounded by

max
m,k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′t(EUitUis,m)ĥsk

∣∣∣∣∣+ max
m,k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′tUitŪi·,mĥsk

∣∣∣∣∣
+ max
m,k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′t(UitUis,m − EUitUis,m)ĥsk

∣∣∣∣∣+OP

(
1√
npT

√
log p

n

)
.(I.19)

The first term in (I.19) is OP

(
1
pT

)
. The second term in (I.19) is stochastically bounded

by OP

(
1
pT

)
plus the third term. Note that

max
m,k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′t(UitUis,m − EUitUis,m)h̃sk

∣∣∣∣∣ = OP

(√
log p

npT 2

)
by (I.7). Hence, the third term in (I.19) is bounded by

OP

(√
log p

npT 2

)
+ max
m,k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′t(UitUis,m − EUitUis,m)(ĥsk −H−1h̃sk)

∣∣∣∣∣
≤ OP

(√
log p

npT 2

)
+

[
max
m,s

∣∣∣∣∣ 1n
n∑
i=1

1

pT

T∑
t=1

Λ̃′t(UitUis,m − EUitUis,m)

∣∣∣∣∣×
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max
k≤p

1

T

∑
s

(∣∣∣∣ 1nF̂ ′Ũs,k
∣∣∣∣+

∣∣∣∣ 1nF̂ ′Ũtγ
∣∣∣∣+

∣∣∣∣ 1nF̂ ′ẽs
∣∣∣∣+ ∆F

)]

≤ OP

(√
log p

npT 2

)
+OP

(√
log(pT )

npT

)(√
|J |0
n

+

√
log(pT )

n

)
regardless of whether hsk = δt or λtk. Hence,

max
m,k≤p

∣∣∣∣∣ 1

nT

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

Λ̃′tŨitŨis,mĥsk

∣∣∣∣∣
= OP

(
1

pT
+

√
log p

npT 2
+

(√
log(pT )

npT

)(√
|J |0
n

+

√
log(pT )

n

))
.

(ii) Note that
∑

s h̃sk = 0 for h ∈ {δ, λ}. We then have that

max
m,k≤p

∣∣∣∣∣∣ 1

nT

p∑
v=1

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

1

n

n∑
j=1

f̂jŨjt,vŨit,vŨis,mĥsk

∣∣∣∣∣∣
≤ max

m,k≤p

∣∣∣∣∣∣ 1

nT

p∑
v=1

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

1

n

n∑
j=1

f̂jŨjt,vUit,vŨis,mĥsk

∣∣∣∣∣∣
+ max
m,k≤p

∣∣∣∣∣∣ 1

nT

p∑
v=1

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

1

n

n∑
j=1

f̂jŨjt,vŪt,vŨis,mĥsk

∣∣∣∣∣∣
≤ OP

(
∆F

√
log p√
n

+

√
log p

n

)

+ max
m,k≤p

∣∣∣∣∣∣ 1

nT

p∑
v=1

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

1

n

n∑
j=1

f̂jŨjt,v(EUit,vUis,m)ĥsk

∣∣∣∣∣∣
+ max

m≤p

∣∣∣∣∣∣ 1n
p∑
v=1

n∑
i=1

1

pT

T∑
t=1

1

n

n∑
j=1

f̂jŨjt,vUit,vŪi,m

∣∣∣∣∣∣
+ max
m,k≤p

∣∣∣∣∣∣ 1

nT

p∑
v=1

n∑
i=1

T∑
s=1

1

pT

T∑
t=1

1

n

n∑
j=1

f̂jŨjt,v(Uit,vUis,m − EUit,vUis,m)ĥsk

∣∣∣∣∣∣
≤(a) OP

(
∆F

√
log p√
n

+

√
log p

n
+

1

pT

)
+OP

(
1

T
√
p

+
1√
n

)(√
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f̂jŨjt,v(Uit,vUis,m − EUit,vUis,m)(ĥsk −H−1h̃sk)
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∣∣∣∣∣∣
= OP

(
∆F

√
log p√
n

+

√
log p

n
+

1

pT

)
+OP

(
1

T
√
p

+
1√
n

)(√
log(pT )

nT

)

+OP

(
∆F +

1√
n

)(
∆F +

√
log(pT )

n
+

√
|J |0
n

)√
log(pT )

n

= OP

(√
log p

npT
+

√
log p

n
+

1

pT

)
.

In (a) above, we used the bound in (I.6) for C2. Also, we did not formally treat the term
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as can be bounded similarly to the term C2 in (I.6). The inequality (b) holds for h ∈ {δ, λ}.
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∣∣∣∣∣+

∣∣∣∣∣ 1n
n∑
i=1

1

pT

T∑
t=1

Λ̂′tÛitf̂i
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∣∣∣∣∣
+

(
1

p

p∑
v=1

1

T

T∑
t=1

∣∣∣∣ 1nF̃ ′Ũt,v
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Figure 1. This figure shows the simulation RMSE of each of the estimators
described in the text for estimating the coefficient of interest in an IV partial factor
model. RMSE (truncated at 0.1) is shown in the vertical axis. The horizontal
axes give the fraction of the explanatory power in an infeasible regression of Y
on factors and factor residuals, “%Y,” and the fraction of the explanatory power
in an infeasible regression of D on factors and factor residuals, “%D,” where the
infeasible regressions are described in the text.
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Figure 2. This figure shows the simulation size of 5% level tests based on each of
the estimators described in the text for the IV partial factor model. Size (truncated
at 0.3) is shown in the vertical axis. The horizontal axes give the fraction of the
explanatory power in an infeasible regression of Y on factors and factor residuals,
“%Y,” and the fraction of the explanatory power in an infeasible regression of D on
factors and factor residuals, “%D,” where the infeasible regressions are described
in the text.
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Figure 3. This figure shows the simulation size of 5% level tests based on the
factor-lasso estimator in the IV partial factor model and the asymptotic Gaussian
approximation, the k-step bootstrap, and a score based bootstrap. Size is shown
in the vertical axis. The horizontal axes give the fraction of the explanatory power
in an infeasible regression of Y on factors and factor residuals, “%Y,” and the
fraction of the explanatory power in an infeasible regression of D on factors and
factor residuals, “%D,” where the infeasible regressions are described in the text.
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Table 1. Estimates of the First-Stage Relationship between Settler Mortality
and Protection from Expropriation

π̂ Estimated s.e. Bootstrap C.I.
Latitude -0.549 (0.166) [-0.851,-0.246]
All Controls -0.218 (0.168) [-0.778,0.341]
Double Selection -0.364 (0.178) [-0.885,0.158]
Factor -0.475 (0.173) [-0.880,-0.070]
Factor-Lasso -0.353 (0.183) [-0.708.0.002]

This table presents estimates of the coefficient on the instrument (Settler Mortality) in the
first-stage regression of the endogenous variable from the Acemoglu et al. (2001) example
(Protection from Expropriation) on the instrument and geographic controls using different
methods. The row labeled “Latitude” uses the single variable distance from the equator to control
for geography. “All Controls” uses all 20 geographic controls without dimension reduction.
“Double Selection” uses the approach of Belloni et al. (2014) to select important controls from
among the 20 potential geography measures. “Factor” reduces dimension through positing a
conventional factor model. “Factor-Lasso” makes use of the approach developed in this paper.
Point estimates from each method are provided in the column “π̂” and the associated estimated
asymptotic standard errors are given in “Estimated s.e.”. The k-step bootstrap 95% confidence
interval is reported in “Bootstrap C.I.”.
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