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This supplementary material contains all technical proofs for results (Section A), im-
plementation details for the DWB and RDWB methods (Section B), and full power curves
for all the models (Section C).

A Technical Appendix

The symbols O,(1) and o,(1) signify being bounded in probability and convergence to
zero in probability, respectively. Denote by P*, E*, and var® the probability, expectation,
and variance, respectively, conditional on data X, = (Xi,,...,X,,). For notational
simplicity, the dependence of X,,, u;,, and W;, on n are often suppressed, and these
quantities are written as X;, u;, and W;, respectively. For a sequence of random variables
{Y.}, Yo = 0;(1) in probability is used if for any € > 0, P*{|Y,| > ¢} — 0 in probability,
as defined in Chang and Park (2003, p.386). We define S; = S;,, = Z;l Uin. The
positive constant C' is generic and may vary from place to place. The symbol Z; is used
in different places to indicate different objects. For notational simplicity, we often write
G(s,Fi) = G, (s, Fr) and c(s; h) := c¢,(s; h), omitting the subscript (s, where (5 = j such
that s € [bj,b;11) and ¢, =7 if s = 1. Let y,(r) = [ ¢(s; h)ds. Notice that by definition,
70(1) = 02, and these symbols are interchangeably used in the proofs.

Recall that F; = (...,&i-1,&¢) with & 1.i.d. (0,1), and {e}} is an i.i.d. copy of {e:}.
Following Wu (2005), for I C Z, define F;; be the same as F; except that ¢; is replaced
by ¢; for j € I. In particular, for i < t, iy = (..., €i-1,€},€i41,---,6¢). Denote by
Fii = Fi{kezk<iy-

To keep the proofs concise, the case with no deterministic trend functions, i.e., § = 0,
is presented. The statements in Theorems 2.1, 3.1, and 3.2 hold by replacing B, (r) with
Byz(r) and X, with )A(t. The following four lemmas prove some basic properties of {u;}
and {X;} that are useful in the subsequent proofs.
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Lemma A.1. Assume (A1)-(A4). Fiz j € {0,1,...,7}.

(i) For any t,t' € [bjn,bjiin),

cov(ug, uy) — c;(t/m; [t — )| < C(|t = t'|/n).

(it) For any s # s € [b;, bj+1],

cj(s;h) — c;(s'; h)| < Cls — /| uniformly over h € N.

(iii) For any p > 0, SUD (b ;1] Yoo }h"cj(s, h)‘ < CY 2, hex" < oo

i) o(s) o) _

sup < C.
bj<s#s'<bji1 |8 - S/|<_ log |S - S/| + 1)
In addition, if 7 = 7, (i) and (iv) also hold for all t,t' € [b.n,n] or for supremum over
{b; <s#s <1},

Proof of Lemma A.1. (i) For all ¢, € [bjn,bj11n),
cov(ug, uy) = ¢;(t/n; |t —t']) — cov{G;(t/n, F), G;(t/n, Fu) — G;(t' /n, Fy)}.

From the Cauchy-Schwartz inequality and (A1), |cov{G;(t/n, F;), G;(j/n, Fo)—G;{t' /n, Fp) }| <
|G, (t/n, F)ll2 ||G4(t/n, Fe) — Gt /n, Fv)||2 < C(|t — t'|/n), which completes the proof.
If 7 = 7, the same argument holds for all £,¢" € [b,n,n|.

(ii) It follows from the triangular inequality, Cauchy-Schwartz inequality, and (A1) that
for any s # 5" € [bj, bj11], [c;(s:h) — ¢;(s"s )| < [|G;(s, Fo)ll2l|G(s, Fr) — Gj(s', Fu)ll2 +
|G, (s, Fu)ll2||G,(s, Fo) — G;(s', Fo) |2 < Cls — §'| holds uniformly over h € N.

(iii) This is a straightforward consequence of Lemma A.1 in Shao and Wu (2007),
Theorem 1 in Wu (2005), and the assumption (A3).

(iv) It follows from (A3) that |c;(s;h) — ¢;(s';h)| < 2Cx" for all h € N and s,s" €
[bj,bj+1). Let m be the smallest positive integer such that x™ < |s — §/|. Then using
(i), [o(s) — o () < S5 les(sih) = (5] < O prams 15 = 1+ Spom &) <
C{mls = ' + x™(1 = x)~'} < Cls = §'|[(=logx) (= 1log|s — s'|) + C(1 = x)7'[s — §| <
Cls — §'|[(—log|s — s'| +1). Notice that constant C’s do not depend on s or s’. Thus the
proof is complete. If j = 7, the same argument holds for s, s’ € [b,, 1]. O

Lemma A.2. Under the conditions (A2)-(A3), for anyi=1,...,n—h, h=0,...,n—1,
|E(uguipn)| < CX",

where C' is a constant that does not depend on h, i, or n and x is from (AS3).



Proof of Lemma A.2. By definition, F; and F},, ; are independent. Therefore, E{G(i/n, F;)G((i+
h)/n, z*—&-hz)} =0, and

E(uuicn) = E|G(i/n, F){G((i+ h)/n, Fipn) — G((i + h)/n, Fiingiy)}]
+E [G(i/n, F){G((i + h)/n, Fipngay) — G((i+ k) /n, Fip )}

Then, by the Cauchy-Schwartz inequality,

|E(uiuipn)l < (G(i/n, F)ll2|G((0 + h)/n, Fin) = G((E+ h)/n, Fisniy)ll2
HIG@/n, F)ll2l|G((@ + h) [, Fingiy) — G+ h)/n, Fiop o)l

By (A2), ||G(i/n, Fi)||2 < C < oo, and by (A3) ||G((i4h)/n, Fisn)—G((i4+h)/n, Fign )|z <
|G((i + h)/n, Fisn) — G((i + h) /n, Fizngay)|ls < Cx". Thus the first term is bounded by
Cx", where C' does not depend on h, i, or n.

Now the proof is complete if the following statement is shown:
IG((i + h)/n, Fisngiy) — GG + ) /n, Fiop)lla < Ox".

Define 7}, 1y ,n = Fith,a, where A = {k € Z: k <i—m—1}{{:}. In particular, if m = 0,

o = Frons: Then |GG + B/, Foon i) — GG+ by Fron)lla = | 555 GG +
D) Foo i) — GU )/, Feyn gy ms s < S0 1G(G + B/, ey o) — GG +
W Fiongiymi)lla < C 0o xMmH = Cx"1/(1 - x) < OX", where the last C' does

not depend on h, 7, or n. Thus the proof is complete. O

Let cum(Yp, Yy, Ys,Ys) denote the fourth-order cumulant. When E(Y;) = 0, i =
0,1,2,3, the following relation (see page 36 in Rosenblatt (1985), for example) is often
used in the subsequent proofs:

cov(YoY1, YaYs) = E(YY2) EMYs) + E(YY3) E(V1Ya) + cum(Yp, Y1, Y2, Y3).  (A.L)

Lemma A.3. Assume (A1)-(A4). Then

sup lcum (ue,, Ug,y, Uy, g, )| < Cx /3,

1< <. <t4<n
with x as in (A3).

Proof of Lemma A.3. Let F{ = Ffy if t > 0, and Fj = F; if t < 0. Define F/ , =

,m

Fiikez:—m<k<oy for m >0 and ¢ > 0. The argument is similar to the proof of Proposition



2 in Wu and Shao (2004). Let 1 <t; < ... <ty <mn, and my = tp41 — ty for k € {1,2,3}.
Since for a fixed s € [0, 1], the process {G(s, F;)}: is stationary,

cum(ug, , Ugy, Uty , U, )
= Cum{G(tl/na El*h@)’ G(t2/n7 EZ*tk)
+eum{G(t1/n, Fi, ), G(ta/n, Fi, 1), G
+cum{G(t1/n, Fi,—+,), G(ta/n, Fio1 ), G
+eum{G(t1/n, Fi, -y, ), G(ta/n, Fi, 4, ), G
= L+ L +I3+1,

(tQ/nv 'Ftlg tk)v G(t3/n7 Esﬂfk)a G<t4/n7 ftz;*tk)}
(t /TL, 'Fts tk) (t3/n7 Hgﬁtk)? G(t4/n7 ‘E4—tk>}
(t3/n’ '/—_Zg t )’ (t4/n’ ‘E4_tk) - G(t4/n’ "T_;t/4—tk)}
(t3/n"’rt/ )’ (t4/n"/__;f/4—tk)}

3—tk

k

due to the additive property of cumulants [the property (iii) on page 35 in Rosenblatt

(1985)]. First we claim that Z, = 0. If k = 1, F4, 4, = Fo is independent of F;, , , F/. , ,
Fi,_t,» 50 Ly = 0 using the property (ii) on page 35 in Rosenblatt (1985). If k = 2, then

Fi,_s, = Fo = Fo by definition, and F;, _;, and Fq are independent of ¥/, , , F/,_, , which
leads to Z, = 0. Similarly, if k = 3, F, 4, Fi,,, = Ft,—t,, and Fy are independent of
Fiot,- Thus Zy = 0 for all k = 1,2,3. Also, notice that since F{ = F; if t < 0, it can
be shown that Z; = 0if £ = 2 and Z; = Z, = 0 if k = 3. Thus the proof is done if the
following statement is proved for each k = 1,2, 3:

max |Z;| < C'x™*. (A.2)

k<i<3

Once (A.2) is shown, it follows that for each k = 1,2,3, |cum(us,, ws,, sy, ur, )| < CX™.
Taking the minimum over & for both sides yields |cum (uy, , sy, gy, ur, )| < C ming_y 23 x™ =
Cxmaxi—tzame < Ox(t=t)/3 since ty —t; = Y, ,(t; — tj1) < 3maxj_oza(t; — tj1) =
3maxy—y 23 M.

The subsequent arguments prove (A.2). For each £ = 1,2,3, fix any j =k +1,...,4.
Let Yo = G(tj/n, Fyy—r,) — G(t;/n, F;, ) and Y1, Ya, and Y3 be the other variables in
T;_1 so that we can write 7;_; = cum(Yp, Y1,Y5,Y3). Since ||Yo|ls < |{G(t;/n, Fiy—,) —
Glts /By oo )l + 5o G /1, F ) = Glts/n i) Hle < OO +
oo Xty < Oyttt holds by the triangular inequality and (A3), it follows that

m=

[Yolls < Cx9 7, (A.3)

where C' is a constant that does not depend on ¢;, j, or n. Observe that due to (A.1),
T, = E(YoV1YaYs) — E(Y,Y1) E(YaYs) — E(YyYa) E(Y1Ys) — E(YoY3) E(YiYz). By Holder's
inequality, (A.3), and (A2), it follows that |E(YY1Y2Y3)| < ||Yo|[4]|Y1Y2Y5]|la/s < Cx5
and |E(YoY;)| < ||Yoll2||Yill2 < Cx% ™. Thus |Z,4| < Cx% ' < Cx™, and (A.2) is
proved. &



Lemma A.4. Assume (A1)-(A4). Under the local alternatives p =1+ c¢/n, ¢ <0,

sup {E(XD)/t} <C and  sup {E(X})/1?} < C,

1<t<n 1<t<n
where C' is a positive constant that does not depend on n.

Proof of Lemma A./. In this proof, all C's indicate a constant that do not depend on t or
n. Suppose 1 < iy < iy < i3 < iy <t for somet=1,...,n. By (A.1) and Lemmas A.2
and A.3,

E(uilui2ui3Ui4) - E(ui1ui2)E(ui3ui4) + E(Ui1ui3>E(ui2ui4) + E<ui1ui4)E(ui2ui3>
—l—cum(uil, Uiy s Uig, Uz’4)
C(Xig—i1Xi4—i3 + Xi3—i1Xi4—i2 + Xi4_i1Xi3_i2 + X(i4_i1)/3)'

IN

It follows that E(X}') = E(Zz P )t =24 D 1<i <ip<is<ia<t pht T B (g, i, Uiy ws,) <

Ct?, where the last inequality holds by observing the following four simple facts:

14—1 1
L Zl<z1<22<13<14<t X( 8 = I;L 0( h)(h + 1)2Xh/3 < Ct.

i {305 X H D X < ()%
iii. x is strictly positive.
iv. p" = (1+¢/n)""* <1 for any i < t.

Similarly, E(X?) = E(ZZ:1 pru)? = 2 219'19‘29& PR Bug ) < C E?;B(lf—h)xh <
Ct. ¢

The following lemmas contain key results needed in the proof of Theorem 2.1 and they

may be of independent interest.
Lemma A.5. Assume (Al1)-(A4).
(i) 0728y = 072w = By(r) = [y o(s)dB(s).

(it) For a fized r € (0, 1] and a fized integer h > 0, |n_1szJA " i — ()| =
0p(1). Recall that v(r) = [ cc,(s; h)ds, where ¢, = j such that s € [bj,bj11).



Proof of Lemma A.5. (i) Define a step function o,(s) = o(t/n) for s € [t/n,(t +1)/n
and t = 0,1,...,n, with an(l) = o(1). Let BM( ) = [ 6 (s)dB(s) and B, ,(r) =
Jo on(s)dB(s). Recall that B,(r) = [; of

By the triangle inequality, supre 0,1] ]B,w( ) — By (1) < sup,epo1) | Bno (1) = Buo(r)] +
SUP,e(0,1] | Bno (1) — Bo(r)| = Zi + Zy. Tt follows that Z; = o0,(1) because sup,¢joq; |7 —
[}l < 1/ and sup, oy | [0 on($)AB($)| < Csupy_y_, |B(t/m) = B((t — 1)/m)| =
op(1). Notice that by Lemma A.1 (iv), sup,¢o 1) [04(1) =0 ()| = supg<j<, SUPy, <5, lon(5)—
7(5)] = $UPoz;<. SUDy <ycs,,, 10(Lns) /) — 0(5)] < (v + )C]Lns) /m — s|(— log | s /n —
s|+1) = O(n"tlogn) = o(1). Thus Zy = 0,(1) holds by Kurtz (2001, Proposition 5.19).
It follows that

U | B (r) — Ba(r)] = 0y(1). (A.4)

re(0,1]
From Proposition 5 in Zhou (2013), on a richer probability space, there exist i.i.d. standard
normal random variables Vi, ..., V,, such that

51[1p] \n_l/ZSWJ — Bna(r)\ = 0,(1), (A.5)
rel0,1

where B,,,(r) = n™ 2" a(i/n)Vi. Since {B,(r)}bepn = (S0 o(t/n)[B(t/n) —
B{(t = 1)/n}}repon) 2 {Bro(r) e,

Bo(r) = By(r) (A.6)
by (A.4). Then (i) follows from (A.5) and (A.6).

(ii) Define Y; = Y;,, = wuiyn, — E(usuirp). We claim that [n™? ZWJA nhy; Yinl = 0p(1).
Observe that by (A.1), fori > ', E(Y;Yy) = cov(ujtisn, upuyrn) = E(ujuy ) E(wiptin) +
E(uitsryp) B (wipnuy)Feum (u;, tign, i, wpyn) < OV 4Oyl =hlHlith=d Oy lith=d1/3 <
Cx"=7I/3 where the first inequality is due to Lemmas A.2 and A.3. Then, by Chebyshev’s
inequality, for any 6 > 0, P(| 1AMy | > ng) < (nd)2E(ImINMy, )2 <
(nd)~ z}’;ﬂf(" " E(Y;\Yin) < C(nd)~ z}’;”“" " \li=i'1/3 < (ng)=2Cn = o(1). There-
fore, |n_1 21:1 {uittign — E(uzui+h)}| = 0p(1).

Now it remains to show that |n~! ZLWJA(n_h) E(usuitn) —n(r)] = o(1). For r € (0, 1],
let B, = {i:i/n <b; < (i+ h)/n for some b; and 1 < i < Lm“J (n —h)} and 7, be the
number of break points in (0, 7). Since n~! ZWJA n—h) E(uguiyp) =n~ ZigBr E(ujuiyn)+
n 'Y E(uitivn) = Iy, + Iy, it suffices to show that

sup |Zi, — y(r)] =o(1)  and sup |Zy.| = o(1). (A7)
re(0,1] r€(0,1]



For Z,,, it follows from Lemma A.1 (i) that |Zi, — y(r)] < n7' 305 [E(uitivs) —
e, i/ W)+ 071370 g leg,,, (i/n; h)] < Ch/n holds for a constant C' that does not de-
pend on 7. For Zy,, sup,¢(o 1) [Zor| < sup,¢o1) C7oh/n < Cth/n = O(h/n). Thus (A.7)
holds, and the proof is complete. &

Lemva A.6. Assume (A1)-(A4). Let Sy = S i_ win. The following statements hold jointly.
(i) For anyr € (0,1], n~2 Zgﬁj 52,2 Jo B2(s)ds.
(ii) For anyr € (0,1], n= 21" 5, juy 25 271 {B2(r) — 70(r)}.

(iii) For any r € (0,1], = " S, quyn = 27N {B2(r) — 20(r)} — Sy w(r)
for any fixed integer h > 1.

(iv) For any r € (0,1], n=3/2 ZtLZJ [ — Jy Bo(s)ds.

Proof of Lemma A.6. The proof can be done by standard arguments using the identity
25 qu; = S? — S? | — u?, the continuous mapping theorem, and Lemma A.5. %

Lemma A.7. Assume (A1)-(A4). Under the local alternatives p =1+ c¢/n, ¢ <0,

Lnr]

n_szflé/ J2,(s)ds, (A.8)
t=1 0

n! tZ:;thut o, /0 (Mo (B 4 2 { /0 2 (r)dr — ag} O (A9)

and
n

2= (-2 (X, — puXer)? (1) =02 for c=0. (A.10)
=1

Proof of Lemma A.7. First observe that e/™ = 1+ ¢/n + O(n™2) so that p, = e/ +

O(n™%). Then X, is asymptotically equivalent to Z§'=1 elt=ae/ny, ie, X, = 2321 phiu; =

Sy €Dy 4+ 0, (n=/?). Following the argument in Phillips (1987), page 539, and

using Lemma A.5 (i), it can be shown that n~!/2 Z]LZ"IJ elt=0e/my; = J, ,(r), which implies

n_1/2XLan = JCJ(T). (A.ll)



Then (A.8) follows from the continuous mapping theorem. For (A.9), squaring both sides
of (3) yields X? = (1 + en )2 X2, +uf + 2(1 + en ') Xy qu, so that Y X2 = (1 +
2en M) > XA Y ui+ 230" Xioqug + Op(1). Thus

2n 'Y Xy = nTT XD —2en”? Z? W XE =T Y w4 Op(nT)
N J2 —2c fo oo (r)dr — o2
= 2 fo ol )+ {fo o?(r)dr — o2},

which implies (A.9). Here, the last equality is due to

fo d?“—|—2cf0 2 (r)dr +2f0 co(r)o(r)dB(r),

which follows from It6’s formula.?

For (A.10), notice that s2 = (n—2)"' >0 (Xy —puXio1)? = (n—2)" 130 u? + (n—
2) (P —p)2 S X2 +2(n—2) " p—pn) S0y Xyoyuy := Ty +Tp+Ts. Here Ty — ~(1)
by Lemma A.5 (ii). For Z,, under the null hypothesis p = 1, S; = X; = 22:1 u;. By
Lemma A.6 (i) and (ii), p, — p = Op(n™1) and Y 7 | X2 | = O,(n?) so that Z, = O,(n™1).
Under the null, 7 X; ju; = O,(n%?) by the Cauchy-Schwartz inequality, which leads
to Z3 = O,(n~%/?). Thus the proof is complete.

¢

Proof of Theorem 2.1. The proof is straightforward using the continuous mapping theo-
rem, Lemma A.7, and Slutsky’s theorem. &

We now prove bootstrap consistency. The proof can be done using the large-block
small-block argument as presented in the proof of Theorem 3.1 in Shao (2010). Let L, =
| (n/1,)"/?| be the length of a large-block and [,, be that of a small-block. Note that L,, — 0o
and [, = o(L,). Our goal is to assign points ¢ € {1,2,...,|nr]} to alternating large and
small blocks. Let K,, = K,,, = |[nr](L,+1,)"" | be the number of the large (small) blocks.
Define the kth large-block £, = {j € N: (k — 1)(L, + 1) + 1 < j < k(l, + L,) — l,,} for
1 <k < K, and the kth small-block Sy = {j e N: k(L, +1,) —l,+1<j <k(l,+ L,)}
for 1<k<K,—land Sk, ={j e N: K, (L, +1,,) = I, +1<j<|nr]}.

Let U, = de/: Wiu; and Vj, = Zjesk Wiu;, k = 1,...,K,. Define B, = {k : L
contains a break point b; for some j =0,...,7} and Bg = {k : Sy contains a break point
b; for some j =0,...,7}. Notice that there are only finitely many (less than 7) elements

in By and Bg.

'Recall that J.,(r) is defined as d.J. ,(r) = cJC J( )dr +o(r )dB( ). Using Itd’s formula, we can derive
J2,(r) = J2,(0)+ [y 2¢J2,(s)ds + [y 20(5)Jeo )+ J; o%(s)ds, which leads to the desired result.




Lemma A.8. Assume (Al1)-(A4) and (B1)-(B2). Then

sup [n 12 Z cov(uj, uy)a{(j — 7)) /ln} — / o(1). (A.12)
rel0,1] k=1 j.j'€Ls
Proof of Lemma A.8. Suppose k &€ Br. We shall first show that
sup |n~ Z Z cov(uj,uj)a{(j — j')/ln} — / o(1). (A.13)
refo.1] kZBr, j,j' €Lk

Recall that (; = j such that s € [bj,b;11) and (; = 7, and ¢(s; h) = ¢¢,(s; h). Since a(-) =0
outside of its support [-1,1], by Lemma A.1 (i) and (ii), it follows that L, ' 3, ., . cov(u;, uj)a{(j—
P/} = e(k/Kn;0) + O(Ly/n) + 2325, (1 = h/La)alh/la){c(k/Kn; h) + O(Ly/n)} =
o?(k/Ky,) — 2> dpe(k/Ky; h) + O(l,Ly, /n), where dy, = 1 — (1 — h/Ly)a(h/l,) if 0 <
h <l,and 1if h > [,. By (B2) and Lemma A.1 (iii), >~ dpc(k/K,;h) < ClL; 9k, +
o(1)} 377, hic(k/Ky; h) + CaL,t > 07 he(k/ Ky h) < C(1;74 L,') = o(1), where a =
SUPse(—1,1] @(s) and C is a constant that does not depend on & or r.
Therefore,

Lt Y cov(ugup)a{(j = 7)/la} — o (k/Ka)| < C{LO+ L'} = o(1)  (A14)

3,3 €Lk

sup
keBL

so that sup,.cio 1y (07" Yopgps, Do) e, cOV(ug,up)a{(G— ") /ln} — n_l > ongsy, 0 (k/Ky)Ly| =
: _ k/Kn
o(1). Since sup,.¢po [ >4 gp, 07 (k/Kn)L Zkﬂﬁ f(k/ 1)k, 0 (s)ds| = o(1) by Lemma
k/Kn
A1 (iv) and sup,epo ) | 2 opes, f(k/ /K, O (s )ds — [5 o%(s)ds| = o(1), (A.13) is proved. If
k € Br, (A2) implies that

n! Z Z cov(uj, uy)a{(j —j") =O0(n'7L2) = o(1). (A.15)
keBy, 7,j' €Ly
Thus (A.12) follows from (A.13) and (A.15). O

Lemma A.9. Assume (A1)-(A4) and (B1)-(B2). For a fized constant r € (0,1],

7 ,
n-1/2 Z Wiy 2, N(O,/ 02(s)ds) in probability. (A.16)
0

t=1



Proof of Lemma A.9. The left-hand side of (A.16) can be decomposed into large- and
small-block parts as n~'/2 ttgj Wy, = n=1/? Zfz“’l Up+n~12 ZkK:”l V. Note that E*(U},) =
0 for all k =1, ..., K,, and since W}’s are [,,-dependent, Uy, ..., Uk, are independent random
variables conditional on &,,. The same property holds for Vi, ..., Vi .

n

First it will be shown that the large-block part converges to the limit in (A.16), i.e.,

Ky r
n-1/2 Z U, DoN (()7 / 02(3)ds) in probability. (A17)
k=1 0

Using the same argument as in the equation (A.3) in Shao (2010) and Hélder’s inequality,

it follows that
Ky Ky
SCEUN < CRL DY Yyl (A.18)
k=1 k=1 jeLy,
The argument in Shao (2010) applies here because everything is conditional on &, and
the property of W; remains the same. From (A2), E|u;|* < C for j = 1,...,n, so that
WS ier, luglt < S0 uglt = Op(n). Tt follows that Y E*|Uk|* = O,(12L,n) =
0,{(nl,)*?}. Since for any e > 0, E{U1(|Us| > n}/2e)} < (n/2e) “E*{|UpJ*1(|U| >
n'%e)} < n~'e 2E*|Ug|* holds for all k, it follows that n=' Y"1 E*{U21(|Uy| > n'/?¢)} =
Op{(lg/n)lﬂ} = 0,(1). Then (A.17) follows from Lemma A.8.
Next it will be shown that the contribution from small-blocks n~1/2 ZkKil Vi is negligi-
ble, i.e.,

Kn
n? V= op(1). (A.19)
k=1

For k ¢ Bs, by Lemma A.1 (i) and (iii), E{E*(V2)} = E[ Y. .cs, wjuya{(j — 3')/1n}] =
5, yes, covlugu)af(G = 1)/} < b S0 etk/Kuih) + Cllu/m)}a(h/l) < Cl,. For
k = K,, using a similar argument, E{E*(VZ )} < CL,. For k € Bs and k # K,,
E{E*(V{ )} < C7l2. Since T < 00, it follows that S B{E* (V)Y < C(Kply+12+1L,) =
o(n). Then (A.19) follows from the Markov inequality, independence of V;’s, and linearity
of expectation. The proof is completed in view of (A.17) and (A.19). &

The following two lemmas are used in the proof of Theorem 3.1,
Lemma A.10. Assume (A1)-(A4) and (B1)-(B2). Then for 0 < ry <ry <1 and n > ng
for some positive integer ng, conditional on the data X,

[nr2] 4
E*n™? 3" Wiy < C(X){(ra—r)” +n " (rs— 1)}, (A.20)

t=|nri]+1

10



for some p; > 0, C(X,,) that does not depend onry orry, and C(X,,) = O,(1). Furthermore,

[rr]
n~1/? Z Wiuy = By(r)  in probability. (A.21)
t=1
Proof of Lemma A.10. First (A.20) will be proved using the large-block small-block ar-
gument. Recall that Uy = >, Wiu; and Vi = 3 s Wy for k =1, K, L, =
| (n/1,)"?], and K,,, = O(||nr] (L, +1,)7']). Let K; = K,,,,, and Ky = K, for conve-
nience. Define ps = (1 — 3k)/2 > 0 and p3 = kg, where k and ¢ are from (B1) and (B2),
respectively. Define p; = min(ps, p3). By the Cr-inequality,

[nra] 4 Ko Ko 4 Ko 4 Ky 4
Bl Y W =E| Y Uk YW (E > U +E| Y W )
t=LnT‘1J+1 k=Kji+1 k=Ki1+1 k=K1+1 k=Ki+1

Since U}, and V}, are independent conditional on the data and have mean 0,

Ko 4 Ko K> K> 2
Bl U = Y BUH+Y B < > E*(U,j})+{ > E*(Ug)},
k=K1+1 k=Kji+1 k#k' k=Ki+1 k=K1+1

and similarly for V.
For the large-block part, from (A.18) and (A2),

K2 K2
n? Y ENUN) <nTCRLy Y Y fut < Ci(X)n T (ry — 1), (A.22)
k=Ki1+1 k=Ki14+1jeLy

where C1(X,) = O,(1). By (A.12), (A.14), and (A.15), for any 0 < r; < 1 < 1,
Eln~! ZkKjKIH EX(U3) — [ o?(s)ds| < C{l;9+ L'} < C(n7P* +n~P2) < Cn~P'. Note

r1
that the constant C' does not depend on ry or ry. Therefore,

TL_2 { Z E*(U,§>} S OQ(XTL)(TQ - T1>2 + Og(Xn)n_pl (7’2 — 7”1), (A23)

k=Ki1+1

where ¢ = {sup,cj,; 0°(s)}* < 00 is a constant and C5(&,) and Cs(&,) are both O, (1).
For the small block part, note that Ky — K7 < Cn(ry — 1) /L, = C(ry — rl)(nln)1/2 by
the definition of K7, K», and L,, and E*(V}) = O,(I}) by (A2) and (B1). Therefore,

nt Y BNV = Op{n T (K — Ka)} = Ca(X) (I /n)n 72 (ry — 1), (A.24)

k=Ki1+1

11



where Cy(X,

) = O,(1). Also, it has been shown that n=' S 2, E*(V}?) = O,{(K> —
Kl)ln/n} =0 ( ) P

(ro — 71), which implies that

{nl > E*(V,f)} = Cs(X)n 22 (ry — 1), (A.25)

k=Ki+1

where C5(&X,) = O,(1). It is worth noting that C;(X,), j = 1,...,5 in (A.22), (A.23),
(A.24), and (A.25), does not depend on r; or ro. Therefore an upper bound for the left-
hand side of (A.20) is

[{Cz ) + Cs(Xn)n™ 2p2}(7”2—7“1 +{C1 w) + Cs(X,) + Cu( X, )(l /n}n P 7"2—7“1)],

so that (A.20) holds for large enough n with C'(&;,) = 2% max{Cy(AX,), C1(X,)+C3(X,) }+1.

For (A.21), the finite-dimensional convergence,

[nry ] [n7r] 1 Tk
12 Z Wat, ...,n"2 3" Wy | = {/ o(s)dB(s),. . / a(s)dB(s)}
t=1 0 0
in probability for any £ € N and ry,...,r, follows from a similar argument presented

in Lemma A.9 and the Cramér-Wold device. The tightness follows from (A.20) and the
argument of Theorem 2.1 in Shao and Yu (1996). This completes the proof for (A.21). {

LemMa A.11. Under the conditions (A1)-(A4) and (B1)-(B2),

[nr]
n-1/2 Z X aWi(p—pn) = 0 in probability

t=1
under the local alternatives p =1+ ¢/n, ¢ <0.
Proof of Lemma A.11. The proof follows once the following two statements are established:

[nr]

n 2 (p — pn) ZXt—lwt =o;(1)  for any r € [0,1] (A.26)
t=1
and
[nra ] 4 B
E” n_l/2(p - ﬁn) Z Xt—lwt S O(Xn){(TZ - 7"1)2 + n_pl(TQ — 7’1)}, (A.27)
t=|nri]+1
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where p; > 0, C(&X,) is a constant that does not depend on 7, or 7, such that C'(&,) =
O,(1). Note that n(p, —p) = (n™' Y1, X)) /(n72 >0, X2 1) = O,(1) under the local
alternatives by Lemma A.7 and the continuous mapping theorem.

Equation (A.26) holds trivially if » = 0. For any fixed r € (0, 1], by Chebyshev’s in-
equality, P*(| 21 X, Wi > A) < A2EA S X, w2 = oa 2 Sl st X X a(hl)
for any A > 0. Observe that E|X; 1 Xiin_1| < || Xio1ll2|| Xen-1llz < C(t —|— h) by the
Cauchy-Schwarz inequality and Lemma A.4. For any 6 > 0, by letting A = n%/24, it follows
that E{P*(jn=32 3" X, s Wi > 6)} < Cn 367230 ST (¢ + h) < Cn30-2(n?l,) =
O(n~!l,) = o(1). Thus (A.26) is established.

Equation (A.27) can be shown using the large- and small- block argument. Define
indices for large and small blocks Sy and L, as before. Decompose Zﬁ? X AW, =

Fr Uy + Y00 Vy into large and small blocks. Recall that K, , = | |nr]| (L, +1,) "] is
the number of large and small blocks, L,, = |(n/l)*/?] is the length of the large block, and
l, < Cn" with k € (0,1/3). Let K; = K,,,, and Ky = K, ,.
Followmg the same argument used in the proof of (A.20), the upper bounds of 312 ko1 EX(UR),
e (U)o o EX(VE), and 30,2, E*(V?) shall be examined. In the sub-
sequent argument, C(X,,), C1(&X,), Co(AX,), C3(X,), and Cy(AX,) are all O,(1) and do not
depend on 75 or ry. In particular, C'(X,,) may have different values in different places.
Following the same argument as in (22) or (A.3) in Shao (2010), k 2 ki1 EX(U)

<
CL2L, Y32 w41 Dyees 1Y LS OX)EL, L5 < OB Ly ([nr [P~ [ P) <

C(X,)2L,n*(rg — 1), Where the second inequality is due to Lemma A.4. Since [2L,n"3 =

13207512 < On=Br+5)/2 letting p; = (3k + 5)/2, it follows that

Z E*(UY < CHX)n P (ry — ). (A.28)
k=K1+1
By Lemma A.4, E{E*(U})} = B{E*(Y,cr, Xee1tWi)*} < Sier, St |B(Xe1 Xeorin)la(h/l) <
CS s, Sone gt so that 312 ) E{E*(U})} < Cly(|nrs)? — |nri)?) < Clin(ry — 1)
and
n6{ > E*(Ui)} < Bn7205(X,) (ry — )2, (A.29)

The same arguments work for small blocks, replacing Uy in (A.28) and (A.29) with Vy,
which complete the proof of (A.27). O

We are now ready to prove Theorems 3.1 and 3.2.

13



Proof of Theorem 3.1. Observe that n~='/2 t@ﬂ uf =n2 Z}ZJ uW, = n=1/? ,:LZZJ (Xi—
P X)Wy = n~1/2 WJ C(pXi1 +up — pp X)Wy = {n_l/z ZtLZJ Xt—lwt} (p — Pn) +
n~1/?2 ZtLZiJ Wiu, =: Ih » + I, Noting that Z;,, = 0 in probability by Lemma A.11 and
7y, = B,(r) in probability by Lemma A.10, the proof is complete. &

Proof of Theorem 3.2. We claim that under the local alternatives,

_IZ{ (uf)” — E*(4;)"} = 0j(1) and (A.30)

nt Y AE () —ui} = 0,(1). (A.31)

Once (A.30) and (A.31) are established, it follows that n='>7" {(u;)* — ui} = o}(1).
Then using a similar argument as in the proof of Lemma A.6 (i) and (ii), Theorem 3.2
follows from an application of the continuous mapping theorem, Theorem 3.1, and the fact
that n=t Y7 | u? 4 62, which is due to Lemma A.5 (ii) and the argument in the proof

u?

of Theorem 5.1 in Paparoditis and Politis (2003).

To prove (A.31), write n™' 30 {E*(u)? — uf} = n Zt (@7 =) =07t 30 [{w
+(p—Pu)Xe1 Y —ui] = (p—pa)*n ™ 30 XP 1 +2(p— Po)r ' 32 Xeywe =t 7y +Zo. Lemma
A.7 implies that Z, = O,(n™!) for all k = 1,2 under the local alternatives.

Now we shall prove (A.30). Observe that Y i {(uj)* — E*(uj)*} = >, u; (W2 —
D). Forany 8 > 0, P, @2 — )] > nd} < (n8) 2B (S, @VE - Df <
(n8)"2C{), S @22, ,}, and it remains to show Y1, ST @2u2,, = op(n?). Since

Uy = s + (P pn)Xt—la

ln  ~o~ In
Z?:l > heo ufuirh = Z?:l > heo U?U?HL .
+2(p = Pn) 2o Zh oluf e n Xen—1 + uf pueXoa }

+(p — Pn) Zt 1 {U2X152+h 1 +u§+hXt2—1 + dwpup 5 X1 Xovn—1}

+2(p — pn)’ 31 1Eh=0{ut+hXt—1Xt+h—1+UtXt+h 1 Xi1}
ln
+p = Pn)! 2o h:ontQ—lthJrh—l
= Li+L+I3+1,+1s.

We claim that Z; = o,(n?) for all j =1,...,5.
For Ty, since sup, ,, Elu; ui,| < C, Il O,(nl,) = 0,(n?).
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For 7,, write Zy =: Iy 1 + Z52. Observe that

n n n 1/2 n . 2) /2
= u; < 2:0 XHh,luHh) <{>i uj} / {Zm ( 2:0 Xt+h71ut+h) }
1/2 1/2
= {Op(n)} {Zt 1Zh 0 h’ 0 Xtph—1Ut4hXirh'— 1Ut+h’}

by Hoélder’s inequality. Since E\Xnaun Xoon 1t | < || Xirn—1twan] 2| Xeew —1tn||2 <
(X2 hallellad 2 [1XE a2l ufy e l12)12 < C{(E+ R — 1)(t+h’ — 1)}/? by Hélder’s in-
equality, (A2), and LemmaA 4, it follows that E(] "), Zh 0 h, 0 Xith—1Urh Xepn—1Un ) <
CY At + 1) =323 = O(Iin?). Thus Loy = Op{n'*(In 2)1/2} = 0,(n*l,) =
0,(n?). Similarly, it can be shown that Zy 5 = 0,(n?), which leads to Zy = 0,(n?). The proof

for Z3, Z,, and Z5 can be done using Holder’s inequality, (A2), and Lemma A .4 for all sum-
mands. Specifically, for 7y =: T3 1 +Z5 2 +Zs 3, observe that for any ¢y, ¢, 5,4 € {1,...,n},

Elug g, X4, X, | < g sy ||2]] X, Xy |2 < {E(uf ) E(uf,)) E(X ) E(X)* < Cn.

Thus Zy = O,(n"?nnl,) = oy(n). For I, =: I,; + I, observe that for any t1,ts,t3 €

{1,...,n},

8/3~-4/3 8/3 4/3
Elun X2 X0,| < ey |al| X2 X llags < CLE(XPXPN30 < C(1X0 2l X0 |5)2

<
< C{EX])Y3(EXL)Y33/M = (EX?Q)W(EX;*S)V“ < Ctytz < Cn?.

Thus Z, = O,(n~*n*nl,) = o,(n). For I, notice that E(X7 1 X2, 1) < || X2 |21 X7 il =
{E(X})EXL, )2 <Ct—1)(t+h—1) <Cn? Thus Zs = Oy(n"*n’nl,) = 0,(n?),
which completes the proof. O

B The Choice of [ and the Minimum Volatility Method

In this section, we shall investigate the effect of the choice of [ on the finite sample behavior
of the DWB and RDWB methods. A data-driven approach, the minimum volatility (MV)
method, is first proposed. The deterministic choice of [, as suggested in Section 4 of the
paper, is compared to the MV method.

The idea behind the MV method is similar in spirit to that in Politis et al. (1999). The
rationale behind the MV method is that the approximation of the limiting distribution
should be stable if the bandwidth parameter [ is in an appropriate range. We shall propose
the following MV algorithm in the context of finding the optimal bandwidth parameter for
the DWB method.
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ArcoriteM B.1. [The Minimum Volatility (MV) Method|

1. Choose some candidates [, ..., .

2. For each I; (i = 1,...,k), generate the bootstrap sample y;(i) (t =1,...,n) and

calculate Tg’i)

3. Repeat B times so that we have (T;i(l’i), . TZ(B’i)) for each ;.

4. Let D, be the empirical distribution function of (TZ(M), . 7T;‘L(B’i))7 i.e., Di(z) =
B! 21173:1 1(T:§(b’l) < z). Fori =1,...,k — 1, calculate the Kolmogorov-Smirnov
distance between D; and D, 1, H; = sup,cg |Di(z) — Dip1(2)].

5. The optimal [ is [, where 7 = argmin,_,

.....

The MV procedure above is described for the T,, statistics and DWB for simplicity.
The same method can be applied to t,, and RDWB as well. Note that the MV choice of
[ depends on the data {X;,}. Tables B.1 and B.2 present the details of how the choice
of [ affects the empirical size, along with the average of the chosen [ for selected DGPs.
Here, the candidates are [ = 1,...,|12(n/100)/4|. Thus, the maximum value of / that
is considered equals 13 if n = 100, and 17 if n = 400. Although the MV method may
not necessarily choose a theoretically optimal [, it seems to provide a reasonable practical
guidance as long as the range of the candidates for [ is appropriate.

On the other hand, the MV method is computationally costly, with the computational
time proportional to the number of candidate bandwidths we include and the number of
bootstrap replications. Tables B.1 and B.2 indicate that the empirical rejection rates for
DWB and RDWB are not too sensitive to the choice of [, as long as [ is not too small. We
propose to use the middle value, [ = [6(n/100)/*|, as a computationally efficient practical
alternative. Table B.3 further compares this deterministic choice with the MV method for
RDWB, which is recommended in the paper for its finite sample performance. It seems
that the two choices of | are comparable in almost all DGPs for RDWB. This behavior
is observed not just for the size but also for the power in our unreported simulations.

Therefore, we shall recommend RDWB with the aforementioned deterministic choice of [.

C Power Curves for All DGPs

Figures C.1-C.4 present all power curves for the DWB, RWB, and RDWB methods and

for T,, and t,, statistics.
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Table B.1: Empirical sizes for DWB and RDWB with various choices of [ for selected DGPs, matching
with the four panels in Figures 1 and 2. The table represents MA models with 2000 Monte-Carlo repli-
cations, 1000 Bootstrap replications, and p = 1. The lj;y rows indicate the average of optimal [ chosen
by the MV method. The MV rows indicates the empirical sizes with DWB and RDWB using the MB

method. The nominal level is 5%.
(MA4 1) (MAs31) (MA;3) (MAg 3)

DWB | RDWB DWB RDWB DWB | RDWB DWB RDWB

n 1| T, t, | Tn t, T, t,| T, ¢t,| Ty t,| T, t, T, t,| T, ¢t,
1115 15|44 431 935 93.2 | 205 204 || 09 09 | 4.2 49 || 43.9 40.5 | 12.8 12.6
2133 32|51 4.7 || 849 84.7 | 20.6 209 || 2.9 3.2 | 4.8 4.9 || 34.0 32,5 | 12.3 12.0
3135 36|43 44 | 81.2 81.0 | 19.9 20.2 || 4.0 4.2 | 44 5.0 || 33.6 31.6 | 12.2 11.8
414.0 3.7 149 45 | 81.0 80.8 | 20.0 20.0 || 4.5 4.7 | 4.6 5.2 || 33.9 32.0 | 11.9 11.8
9139 39|47 45 || 81.0 81.2 | 20.0 20.1 || 4.4 4.5 | 4.8 5.3 || 345 334 | 122 12.0
6| 4.0 40 | 5.0 49 || 82.2 81.9 | 19.8 20.0 || 4.3 48 | 4.9 5.3 || 354 33.7 | 12.1 12.2
7138 40|49 5.0 || 82.7 82.9 | 19.1 195 || 4.6 4.8 | 5.1 5.4 || 36.6 34.8 | 124 12.5

100 8| 3.8 40| 49 48| 839 83.8 | 19.1 194 || 45 45| 5.3 5.5 || 37.6 356 | 12.5 124
9139 40| 5.0 5.1 8.9 8.0 | 19.2 194 || 4.0 45 | 5.5 5.8 || 38.7 36.3 | 12.8 13.0

10 | 3.9 42 | 5.1 5.0 || 8.2 8.0 | 19.2 19.2 || 4.2 44 | 5.5 5.8 || 39.8 38.0 | 13.0 13.2

11 | 3.8 4.0 | 5.1 5.5 || 86.1 86.1 | 19.5 198 || 4.2 4.2 | 5.6 5.8 || 40.9 38.5 | 13.1 13.2

12 | 3.8 3.8 | 5.5 5.2 || 8.9 87.0 | 19.1 19.2 || 43 4.3 | 5.6 5.9 || 41.8 39.6 | 13.2 13.3

13 | 3.6 4.2 | 5.5 5.2 || 87.3 874 | 20.0 199 || 4.0 4.2 | 5.8 5.7 || 42.6 40.8 | 13.4 13.2

MV | 40 42| 5.0 4.8 | 83.5 83.7 | 198 19.9 || 44 4.6 | 5.1 5.6 || 37.6 36.0 | 12.3 12.2

Iy | 73 73] 6.9 6.5 75 74| 64 63| 8078|7270 81 79| 73 7.2

0.8 1.0 | 49 48 | 972 970 | 12.8 128 || 0.5 0.6 | 5.3 5.5 || 44.9 419 | 16.2 15.3
24 26 | 47 49 || 89.0 88.7 | 13.1 13.1 || 2.5 2.7 | 5.2 5.4 || 31.2 29.7 | 144 13.5
3.1 3.5 | 45 4.6 || 828 82.2 | 12.7 12.7 || 3.2 34 | 5.3 5.3 || 26.6 25.8 | 13.2 124
3.8 3.8 | 45 4.8 || 79.7 79.6 | 12.8 12.8 || 3.6 3.7 | 5.5 5.2 || 25.4 24.6 | 12.1 11.8
3.8 39| 47 4.7 || 780 782 | 12.1 12.2 || 3.8 4.2 | 5.4 5.7 || 25.0 24.2 | 119 11.5
3.8 40 | 42 44 || 778 779 | 12.3 124 | 4.0 4.0 | 5.5 5.9 || 25.2 24.8 | 11.5 10.9
3.7 40 | 46 4.7 || 780 779 | 124 12.2 || 4.0 4.5 | 5.8 5.8 || 25.7 24.7 | 11.6 11.2
3.6 4.0 | 4.6 4.7 || 785 784 | 12.2 12.0 || 45 43 | 59 59 || 259 25.5 | 11.6 11.1
3.8 4.1 | 46 4.7 || 787 78.6 | 11.8 11.8 || 4.5 4.5 | 5.9 5.9 || 26.8 26.2 | 11.3 11.0
400 10 | 3.8 4.0 | 4.7 4.8 | 78.8 79.0 | 11.7 11.7 || 4.3 4.7 | 6.3 6.2 || 27.0 26.5 | 11.9 11.5
11 | 4.0 4.0 | 4.7 46 || 79.6 79.5 | 11.6 11.6 || 4.3 49 | 6.2 6.3 || 27.8 27.3 | 12.3 11.7

12 | 3.8 39 | 4.6 4.7 || 80.5 80.2 | 11.5 11.5 || 4.5 46 | 6.3 6.4 || 28.2 27.8 | 12.0 11.3
13139 43| 47 48 | 81.0 80.9 | 11.3 11.5 || 4.8 4.7 | 6.4 6.3 || 28.8 28.2 | 12.2 11.7

14 | 3.7 40 | 44 48 || 81.3 81.3 | 11.2 11.3 || 4.6 5.0 | 6.7 6.3 || 30.0 29.3 | 12.2 11.8

15| 3.8 4.1 | 4.8 49 || 82.1 82.2 | 11.3 11.3 || 4.6 49 | 6.7 6.6 || 30.3 29.1 | 12.6 11.9

16 | 3.8 4.3 | 4.8 4.8 || 82.7 82.7 | 11.0 11.0 || 4.5 4.8 | 6.7 6.8 || 30.7 30.2 | 12.8 12.2

17 | 3.6 4.0 | 4.8 45 || 83.2 83.0 | 11.0 10.8 || 44 48 | 6.8 6.9 || 31.8 30.6 | 12.5 12.2

MV | 35 3.7 | 45 46 || 795 79.2 | 11.8 11.8 || 4.2 43 | 6.2 5.9 | 27.1 26.8 | 12.0 11.8
v | 91 91| 85 82 9.7 96| 84 821 96 9.6 | 88 86| 100 98| 92 9.0
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Table B.2: Empirical sizes for DWB and RDWB with various choices of [ for selected DGPs, matching
with the four panels in Figures 1 and 2. The table represents AR models with 2000 Monte-Carlo repli-
cations, 1000 Bootstrap replications, and p = 1. The lj;y rows indicate the average of optimal [ chosen
by the MV method. The MV rows indicates the empirical sizes with DWB and RDWB using the MB
method. The nominal level is 5%.

(AR41) (ARg,1) (ARq3) (ARg 3)
DWB RDWB DWB RDWB DWB RDWB DWB RDWB

n 1| T, t,| T, t, T, t,| T, t, T, t,| T, t, T, t,| T, t,
11 02 0235 35| 636 624 | 78 7.6 0.0 0.0] 55691 316 29.7| 94 93

2| 06 05|35 35| 349 350 | 7.7 7.7 0.0 02157 701 20.7 194 | 87 86

31 1.1 1.1 |36 35| 43.8 43.9 | 7.6 7.6 02 03] 55 701 231221 | 9.0 89

4| 15 15|35 341 40.2 40.1 | 73 74 0.2 0456 71| 234 224| 9.2 9.0

5| 1.5 1.5 |36 3.5 446 445 | 7.6 7.7 05 06|58 701 248 241 | 92 93

6| 1.7 1.7 |36 3.7 451 45.0 | 7.5 7.7 05 06|59 721 261 2564 | 93 93

7] 1.7 1.8 3.5 3.8 470 472 | 76 7.9 05 07]59 741 275 260] 99 96
100 8| 1.8 19| 3.8 40| 481 483 | 8.0 8.1 0.6 06| 6.0 73| 27.7 26.8 | 10.0 9.8
91 1.8 20|42 4.1 || 494 495 | 8.2 8.2 0.5 06| 58 7.0 293 279 | 10.0 9.8

10| 1.7 19| 3.8 42 | 50.8 50.6 | 7.9 8.1 0.8 0.7] 5.7 7.3 30.1 28.8 | 10.3 10.0
11 1.7 1.7 | 40 4.0 || 52.0 51.7 | 8.2 8.3 0.8 0.6 |59 7.3 | 30.6 29.0 | 10.2 10.0
12| 1.8 1.6 | 4.0 4.0 || 52.9 528 | 8.2 83 0.8 08| 6.0 7.4 1] 313 29.6 | 10.4 10.1
13| 1.8 15|39 41| 534 53.5 | 8.6 8.6 0.8 0.7] 6.2 7.6 | 31.8 30.8 | 10.8 10.4
MV | 1.7 18| 38 3.6 | 489 49.1 | 79 8.0 0.8 06|59 731 276 270 | 98 94

v | 80 80| 73 6.7 8.7 85| 6.9 6.7 8.6 84| 7.0 6.9 83 80| 72 7.2

0.0 0.0] 6.5 5.7 659 652 | 5.3 5.3 0.0 0.0 3.8 4.6 | 31.1 29.2 | 10.9 10.1
0.5 04| 58 531 249 249 | 5.5 5.7 0.0 0.0] 3.8 4.7 14.1 13.8| 89 8.3
0.7 0.8 58 53| 378 37.5 | 54 5.3 0.0 00| 4.0 48| 16.2 15.7| 9.0 84
0.8 0953 501 283 283 | 5.5 5.5 0.0 02] 44 49| 148 14.8| 86 8.2
1.5 14|52 49| 335 33.2 | 55 5.5 0.2 03] 42 49| 16.1 15.8| 9.0 8.8
1.5 1.6 | 5.0 5.1 || 30.9 31.0 | 5.5 5.5 03 06| 43 501 16.3 16.2 | 88 84
1.8 1.8 |48 48| 334 33.1 | 5.6 5.5 04 07]42 49| 165 164 | 9.1 85
2.1 20| 5.1 48| 329 33.0 | 5.7 5.5 0.7 11|43 511 173 16.8 | 88 8.6
21 22|49 48 | 344 343 | 5.5 5.5 1.0 1.2 |43 49| 179 175 | 9.3 88
400 10| 24 23|51 49 | 348 348 | 5.3 54 1.1 14|43 5.2 | 184 18.1 9.3 8.9
11 23 24|51 51| 359 359 | 5.8 5.6 1.2 16|45 54 | 189 186 | 9.3 89

12| 25 25| 5.1 49 | 36.7 36.6 | 5.9 5.9 1.5 1.7 | 48 5.1 | 19.5 19.1 9.9 9.3

13| 26 24|51 501 371 37.3 | 5.8 5.8 1.8 1.8 | 47 54| 204 199 | 9.8 9.2

141 25 25| 5.0 49| 380 379 | 5.5 5.6 1.7 21|46 53| 209 20.1 | 10.1 9.3

151 25 25| 5.1 49 | 38.6 38.6 | 5.7 5.7 1.8 2.0 | 4.8 5.5 || 21.3 20.7 | 10.0 9.2

16 | 25 24|53 49| 39.1 395 | 59 5.9 1.9 21|48 56| 21.8 21.4 | 104 9.8

171 25 26| 5.0 5.2 || 40.3 40.0 | 5.8 5.8 21 21|48 5.7 224 21.8 | 104 9.8

MV | 21 21|52 48| 36.0 354 | 5.5 5.5 1.2 14|44 49| 186 183 | 98 89
Ipv | 102 103 | 9.6 8.8 | 11.5 11.5 | 8.4 8.3 || 109 109 | 8.6 86 || 10.1 98 | 9.2 9.0
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Table B.3: Empirical Sizes for RDWB with [ chosen by the MV method and the deter-
ministic choice (DC) [ = |6(n/100)*/*], based on 2000 Monte-Carlo replications and 1000
Bootstrap replications under p = 1 for all (MA, ;) and (AR, ;) models. The nominal level
is 5%.

MA models AR models
n =100 n = 400 n = 100 n = 400
T, t, T, tn T, tn T, tn
DC MV | DC MV | DC MV | DC MV | DC MV | DC MV | DC MV | DC MV
4.7 49| 47 47| 45 51| 44 49 4.0 36| 42 38| 3.7 36| 39 36
50 49| 49 50| 45 45| 45 44 46 46| 4.7 50| 40 3.8| 41 4.0
49 51| 53 56| 59 62| 59 59 59 59| 72 73| 43 44| 51 49
53 52| 53 54| 59 6.7| 6.0 6.2 28 29| 29 32| 56 59| 56 5.8
4.1 44| 4.0 42| 49 47| 50 5.0 35 37| 38 40| 41 42| 4.0 4.0
19.8 19.8 | 20.0 19.9 | 12.2 11.8 | 12.0 11.8 75 79| 77 80| 57 55| 55 55
22.3 22.3 | 22.5 22.4 | 10.6 10.2 | 10.7 10.2 73 78| 72 80| 55 53| 55 53
21.4 22.0 | 20.6 21.3 | 12.4 13.0 | 12.4 12.8 || 11.0 11.6 | 10.6 11.2 | 9.8 9.7 | 9.8 9.4
184 18.9 | 183 18.8 | 11.1 11.2 | 11.2 11.3 6.6 7.6 6.7 74| 6.8 7.2 6.8 7.2
23.4 23.4 | 23.5 23.6 | 12.8 13.3 | 12.8 134 9.0 92| 90 92| 60 62| 6.0 6.4
50 5.2 | 50 51| 47 45| 45 45 4.0 43| 43 48| 48 49| 49 5.1
52 55| 50 52| 48 50| 51 4.9 41 40| 41 46| 35 36| 3.6 3.6
6.1 62| 63 66| 74 74| 7.1 76 6.8 69| 89 89| 49 50| 57 57
55 59| 58 66| 62 65| 6.3 6.5 33 38| 35 36| 55 57| 53 55
6.0 57| 58 59| 52 59| 52 52 35 34| 40 39| 49 48| 4.7 4.6
50 50| 49 48| 46 45| 4.7 4.6 36 38| 37 36| 51 52| 48 4.8
52 52| 50 52| 40 42| 42 4.2 39 40| 39 42| 54 51| 52 56
53 56| 6.6 65| 7.7 84| 75 74 6.0 6.2 11.311.7| 74 75| 86 8.8
48 45| 49 48| 6.2 62| 6.2 6.2 36 36| 36 35| 54 58| 51 5.2
4.7 49| 42 43| 4.9 47| 4.7 48 36 40| 38 40| 54 58| 51 55
6.2 62| 64 66| 57 57| 52 58 52 55| 53 55| 55 55| 50 55
51 49| 52 50| 62 65| 65 6.7 39 38| 37 38| 6.0 65| 6.3 6.7
73 74 9.2 9.2 | 10.1 10.3 | 10.0 10.3 6.9 7.0 14.1 139 | 9.2 9.6 | 10.5 10.9
55 54| 55 53| 57 6.0| 59 6.0 45 49| 42 47| 58 6.0| 55 5.5
53 59| 55 55| 51 51| 51 5.3 42 45| 43 45| 6.2 64| 64 6.6
10.0 104 | 95 98| 80 85| 81 8.2 6.3 62| 6.2 63| 55 58| 55 57
98 96| 99 95| 68 72| 7.0 7.0 6.5 66| 65 65| 48 4.6 | 4.8 4.8
12.1 12.3 | 12.2 12.2 | 11.6 12.0 | 11.1 11.8 9.3 9.8 93 94| 88 9.8| 86 8.9
86 84| 86 89| 6.7 66| 6.7 6.6 64 68| 64 6.7] 59 58| 58 5.9
9.8 100 | 9.7 101 | 6.7 69| 6.7 7.0 6.2 63| 65 63| 51 50| 50 5.0
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MA, i=1, j=5, n=100
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Figure C.1: Rejection frequencies (%) versug —c, where

p=1+c/n for
RDWB unit root tests in MA models. The sample size is n = 100 and the nominal level
is 5%.
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Figure C.2: Rejection frequencies (%) versug —c, where p = 1 + ¢/n for DWB, RWB, and
RDWB unit root tests in MA models. The sample size is n = 400 and the nominal level

is 5%.
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Figure C.3: Rejection frequencies (%) VeTsug —c, where p = 1+ ¢/n for DWB, RWB, and
RDWB unit root tests in AR models. The sample size is n = 100 and the nominal level is

5%.
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Figure C.4: Rejection frequencies (%)
RDWB unit root tests in AR models.

5%.

versu§4—c, where p = 1+ ¢/n for DWB, RWB, and
The sample size is n = 400 and the nominal level is



