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Abstract

This paper gathers the supplementary material to Tan and Zhang (2017). Section 1 establishes
the connection between our tail restrictions and the information of «e. Section 2 derives consistent
estimators of the EV indices of €. Section 3 collects additional simulation results. Section 4 and 5
contain the proofs of Theorems 1.1 and 2.1 in this supplementary material, respectively. Section
6 contains the proof of Theorem 4.1 in Tan and Zhang (2017). All technical lemmas are collected

in Section 7.

1 Tail Conditions and the Efficiency Bound

Khan and Tamer (2010) pointed out that « is irregularly identified because its Fisher information
is zero. Following Chamberlain (1986), the next theorem recalculates the Fisher information of «,
using a different subpath from the one used in Khan and Tamer (2010). The new result sheds light

on the direct connection between the Fisher information and the tail behaviors of V and e.

Theorem 1.1. If Assumptions 1(2)-1(4) hold, and for any § > 0, there exists a function Cs(-) :
R — RN such that
E(l —Cs(a+V))2 <4 (1.1)

and
EC5(e) =0, (1.2)

then « has zero information.
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Theorem 1.1 illustrates the direct link between the information and the tail conditions. Let Cs(t) =1
when [t| < M;s for some Ms — oo as 6 — 0. If Cs(t) was bounded from below when |¢| > M;, then
(1.2) would not hold because P(le| > Ms) — 0 as Ms — oo. Therefore, we need Cs(t) — —oo
as |t| — oo so that the negative part of Cs(t) at the tails (|t| > Ms) can cumulate and cancel the
positive part of Cs(t) in the middle (|t| < Ms). On the other hand, (1.1) implies CZ(¢) diverges to
—o0 slower than the decay rate of fy (t) as t — oco. Therefore, the existence of such Cjs implies that,

heuristically,

decay rate of fy/(t) > divergence rate of C3(t)
> divergence rate of Cy(t) = decay rate of f.(t),

i.e., V has thinner tails than € does. This case is ruled out by our Assumption 5. Intuitively,

Assumption 5 requires the tails of V' to be thicker than the tails of &.

2 Estimating the Tail Index of the Unobservable

In this section, we propose an estimator of the EV index of the unobservable ¢, and show it is

consistent. For simplicity, we consider the model without covariates:
Y=1{a+V —e >0}

where V' 1L €. Denote the CDF of e —« as F._,. Then, the conditional expectation of Y given V = v
is Fr_q(v). By finding ¢(7,) such that F._,(q(7,)) = 7, we obtain the 7,-th quantile F~(7,) of €
as q(7,) +a. Note that, for any m > 0, [ > 0, and some positive integer r, F~ (ml"1,) — FS (I"1,) =
g(ml™1,) — q(I"1,). By replacing the CDF of ¢ — a by its nonparametric estimator ﬁa_a, we can
estimate ¢(7,) by §(m,) = Ii‘:a(m). We estimate F._q(v) by

n

Fooale) = (;Zﬁlm(”;”))/(;ZK(”;%)

=1

for v € S, where S, is the same as is defined in Section 3.2 of Tan and Zhang (2017).

We focus on the left EV index );. Let R and {w,}2; be some positive integer and a set of positive

weights, respectively. Then, we estimate A\; by
N Wy Q(mi' ) — 4("72)
A= Z log| — - .
“ log(l) G(mlr=tm,) — (1" ~m)
Theorem 2.1. If Assumptions 1-4 and 6 hold, the PDF of ¢ is monotone in the lower tail, and T,

is chosen such that 7, — 0, T,n — 00, and (L,nI+2)P/(nh))/2 /7, — 0 where p = py(1 + &), then
A A




Two comments are in order. First, under Assumption 6, (L,nt?)?/(nh))'/2 — 0. Therefore, there
always exists a sequence of 7, that satisfies the condition in Theorem 2.1. Second, in order to
construct a rigorous statistical test for the EV index, one has to establish the limiting distribution

of \;. This is left as a useful research direction.

3 Additional Simulations

In this section, we report the coverage of the true parameter « using t-statistics constructed based
on our estimator &. The simulation designs and choices of tuning parameters are exactly the same
as in Section 5 of Tan and Zhang (2017). We found that for the first five designs, in which the
tail restrictions hold and there exists a regular estimator of the intercept, the coverage rate of our
estimators, Ex and L, is close to the nominal rate as well as those of the untrimmed estimator (L4).
In design 6, in which there does not exist any regular estimator, our estimators as well as other
trimmed and untrimmed estimators all perform poorly even when the sample size is as large as
6,400. The coverage rate of the untrimmed estimator is closer to the nominal rate than those of the
rest. Note that the asymptotic bias is defined as the ratio between the raw bias and the standard
error of the estimator. Then the smaller the asymptotic bias, the better the coverage. When there
is no trimming at all, the bias becomes the smallest, while the variance becomes the largest. Both
facts help in terms of reducing the asymptotic bias, and improving the coverage. However, the
root-mean-square errors in Table 6 of Tan and Zhang (2017) indicate that the untrimmed estimator
achieves the best coverage by sacrificing precision, i.e., the confidence interval for the untrimmed

estimator is the widest among all estimators.

Design 1
N Ex L L1 L2 L3 L4
200 | 0.910 0.933 0.921 0.951 0.951 0.951
400 | 0.933 0.941 0.904 0.951 0.951 0.951
800 | 0.962 0.969 0.886 0.968 0.969 0.969
1,600 | 0.962 0.965 0.798 0.965 0.966 0.966
3,200 | 0.964 0.964 0.631 0.963 0.965 0.965
6,400 | 0.964 0.964 0.362 0.962 0.964 0.964
Table 1: 95% coverage
Design 2



N Ex L L1 L2 L3 L4
200 | 0.863 0.886 0.856 0.906 0.907 0.907
400 | 0.887 0.894 0.816 0.902 0.907 0.907
800 | 0.913 0.923 0.662 0.924 0.928 0.928
1,600 | 0.903 0.910 0.510 0.905 0.912 0.912
3,200 | 0.937 0.947 0.209 0.920 0.951 0.951
6,400 | 0.930 0.932 0.021 0.889 0.930 0.932
Table 2: 95% coverage
Design 3
N Ex L L1 L2 L3 L4
200 | 0.947 0.942 0.776 0.948 0.948 0.948
400 | 0.965 0.964 0.716 0.964 0.965 0.965
800 | 0.978 0.979 0.575 0.979 0.979 0.979
1,600 | 0.983 0.983 0.375 0.983 0.983 0.983
3,200 | 0.989 0.989 0.143 0.988 0.989 0.989
6,400 | 0.985 0.984 0.016 0.984 0.984 0.984
Table 3: 95% coverage
Design 4
N Ex L L1 L2 L3 L4
200 | 0.897 0.920 0.947 0.958 0.958 0.958
400 | 0.939 0.950 0.955 0.971 0.971 0.971
800 | 0.968 0.969 0.958 0.971 0.971 0.971
1,600 | 0.981 0.981 0.951 0.981 0.981 0.981
3,200 | 0.970 0.970 0.937 0.970 0.970 0.970
6,400 | 0.978 0.978 0.913 0.978 0.978 0.978
Table 4: 95% coverage
Design 5



N | Ex L L1 L2 L3 L4
200 | 0.870 0.873 0.592 0.874 0.874 0.874
400 | 0.908 0.908 0.438 0.905 0.908 0.908
800 | 0.916 0.916 0.244 00911 0.916 0.916
1,600 | 0.940 0.940 0.052 0.932 0.940 0.940
3,200 | 0.943 0.943 0.006 0.938 0.943 0.943
6,400 | 0.943 0.943 0.000 0.927 0.943 0.943
Table 5: 95% coverage
Design 6
N Ex L L1 L2 L3 L4
200 | 0.745 0.805 0.791 0.900 0.900 0.900
400 | 0.787 0.840 0.656 0.894 0.905 0.905
800 | 0.731 0.788 0.371 0.856 0.891 0.891
1,600 | 0.719 0.781 0.129 0.780 0.881 0.883
3,200 | 0.776 0.827 0.010 0.742 0.886 0.900
6,400 | 0.749 0.810 0.000 0.521 0.854 0.885
Table 6: 95% coverage
4 Proof of Theorem 1.1
Let go(t) = P(e <t) and the subpath be
95(t) = go(t) + n(t),
where 7 is a function from R to R such that n(+o00) = n(—o0) = 0. In addition, we assume

n(t) = o(ﬁ) as [t| = oo. Since Ee = 0, we need [ tgj(t)dt = 0, or equivalently,

/tn’(t)dt =0.

By integration by parts, we have

/tn'(t)dt = —/n(t)dt =0.

Denote 94 (y,v) and 95(y,v) as the scores for @ and 4, respectively. Khan and Tamer (2010) showed
that

Yalyr0) = 3 {ygola+v) 2 = y(1 = gola -+ ) gh(a +v)



and
¥s(y,v) = %{ygo(a +0) 72— y(1 = gola +v)) " n(a +v).

Then, as Equation (5) of Chamberlain (1986), I, is the information of o where

I, = /(wa(ya U) - 1/15(y,v))2d,u(y,v)

:/ (gh(c +v) — n(ar+v))?
go(a+v)(1 — go(a +v))

fv(v)dv.
Let n(t) = g;(t)C(t) for some C(t) such that

/ C(t)gh(t)dt = EC(e) = 0.

Then

B (gh(er +v))? e
O Pre e e (UL CE RO

Khan and Tamer (2010) has shown that 7 (aii{))((?f;}gzi ) is bounded by some constant M uniformly

over v € R. Therefore, by letting C(t) = Cjs(t) which is assumed to exist by the assumption in

Theorem 1.1, we have
I < M/(l — Cy(t+ )2 fy (£)dt = ME(L — C5(V + a))? < Mo,

Therefore, we can conclude the proof by letting § — 0.

5 Proof of Theorem 2.1

By Lemma 7.4, we know S, is nested by S;F w.p.a.1. Next, we divide the proof into three steps.
First, we bound Fi_o(v) — Fr_o(v) uniformly over v € S;7. Second, we derive the order of magnitude

of §(r,) — q(m). Last, we prove the desired result.

Step 1
Denote F(v) and F(v) as F_o(v) f(v) and LS YlK(%), respectively, where f(-) is the PDF
of V. Then we have

Fi(v) = Fi(v)

ﬁe—a(v) —Fea(v) = ———— + Fe—a(v)

f) flo ol

By Lemma 7.9, R
sup |f(v) = f(v)] =0, <(Lnn(1+o)p/(nh))1/2>'

vEST f(v)

For the first term of (5.1), denote G = {Y K (Y22)/(hf(v)(1=9)/2) : v € S;} with envelope CL,n(1=)?/2/h.




Then, by Lemma 7.9,

i) - Bl _ | Re) - FE)
TR SR o)+ o))

Sn(1+o)p/2LnHPn _ 73”9 +nPL,hY = Op ((Lnn(lJro)P/(nh))l/Z)

where the last equality is by Corollary 5.1 of Chernozhukov, Chetverikov, and Kato (2014) and the
fact that

supEg? < sup IEKQ(V v

)/ (R f()'77) ST
g€y veSt h

Therefore, denote 7, = (L,n"+t9)?/(nh))1/2,

sup |Fi_o(v) = Fa_a(v)] = Op(ry).
ves;t

Step 2

Next, we invert ﬁs,a(-) at 7, i.e., finding §¢(7,) € S, such that

ﬁa—a(@n) > Tp > ﬁa—a(én - T2)-

n

Let q(mn) = FZ,

£

(7n). Then

Foo(4(n)) = Feea(q(Tn)) <Feea(d(mn)) — sta(‘?(Tn) - Ti)

L=}

=0p(1).
Similarly, we can obtain the inequality for the other direction that
Fe_o(q(mn)) — Fema(q(ma)) = Op(rn).

This implies that, for R, = Fr_o(4(mn)) — Fr—a(q(n)), Rn = Op(ry). Therefore,

1+Rn/7—n

i) =) = Pl + Bo) = Foa) = [ s

Multiplying fe—o(F:Z, (7)) on both sides, we have

~ Ry,

1+Rn/™n — Tn m
el B am ) —atr) = [ melelm

!By choosing a proper 7, such §(7,) exists w.p.a.1. This is because F._q(I;7) — 0 where I, is the lower endpoint
of S;f. So 7, > Fo_o(I}}) suffices.




In addition, by Proposition 0.7 of Resnick (2007) (for the regularly varying case) or Lemma 4.2
of D’Haultfoeuille, Maurel, and Zhang (2016) (for the rapidly varying case), fe—o(F:Z, (7)) =
O(mn/(FZ,(em,) — F:Z,(1))). Therefore,

q(7n) — q(1n) = Op(%(Feta(eTn) — FZo(m))) = Op(—(gq(emn) — q(70)))-

Step 3
For any m > 0 and [ > 0,

G(mmy,) — q(lm,) :q(an) —q(lm,) n G(mmy,) — q(mmy,) n q(lm,) — q(lm,)
q(emn) — q(Tn) q(emn) — q(Tn) q(en) — q(n) q(etn) — q(Tn)
Calmn) —allm)
= glera) —a(r) TP/

So d =0, 5 log< (m(;*”;j:;_%?qln)> + Op(rn /) = M + 0p(1).

6 Proof of Tan and Zhang (2017, Theorem 4.1)

We decompose ® which is defined in (4.3).

.1 ]l{V>O}) I ZiY - {vi>0}) NS
¢ = ﬁ ; Inal + E ; f(Ui)z In,z(f(Uz> - f(Uz)) + Rn,l + Rn,2 + Rn,g

in which U; =V -S4,

1~ (Zi(Yi = 1{V; > 0} -
Rn,l ﬁ ; < f(Uz) ) (In,i - In,i)a
IS (ZiYi-L{Vi> 0D (F0) - FWO)Y ;L
mo = X () ( 70 ) e =)
1~ [Z:(Y = 1{Vi > 0] | (f(Us) — F(T))?
Rn, = — ~= In,i
T ; { F(U:) ] F(U) ()
By Lemma 7.10,
Zan,j = Op(\/lﬁ
Hence,
s AN 41> 0) IS ZY - 0h e w1
= n; foy it n; Fogr il U) = FUD) +op( o) (6.1)



Next, we further decompose f(U;) — f(U;). Define f(U;) = ﬁ D it K(@) in which A is the
tuning parameter defined in Assumption 12. Then, we have

) = () = f(U;) = f(Us) + F(U;) = F(Uy)

= f(Ui) (n—ll)h;K(UjhUz)—i_(n—ll)hj#i(K(UJ;Ul)_k(U];UZ))

= /() (n_ll)hZK(UjhUZ) (n 11)hQZK/(UJhUl)(UJ_U’L—([AjJ—Uz))
J?éi 3 e

3m . E ;K//(Uj 0 U0y - v - (0 - 02

where ﬁj — UZ is between ﬁj — Ul and U; — U;.
Since .
max |U; — Uy| = [max |Z (=M= 0p (\/ﬁ>

1<i<n

and h =n" for H < %, we have, uniformly over 1 < i <mn,

2 2 2
max | n_1h3ZK )(U; — Ui = (U = U3))?|

J#i
1 " U—Uz " U—UIL " U—U’L
3> 1K (< )— K (— )|+ 1K (2 )l
h oy h h h
1 " U U u 1 " U
=Op(grt) + o supz(m B =B (L) s IR ()
1 1 1
:Op(n3/2h4 + n3/217/2 + W)
1
:0p<ﬁ)-

This implies

n

Z[ ]1{V>0})I ( h3ZK )U; UZ(U]UZ'))2>”
;; Y; — ]l{V > O}|In7i0p(\/1%) < Op(\/lﬁ),

in which the last inequality is because 1 "7, (1) by Lemma 7.12(2) or 7.13(2).

Y;— n{w>o}’



Then, we can simplify (6.1) as

b Z% 3 4 Vi >0h 12{21-(1% “ V=0, (f(Ui) - (n—ll)hZK(Uj - Ui))}

i=1 f(Us) n & [GAE 2
L ~[Zi(Y; = 1{V; >0}) 1 U —Up .
Tn P [ f(U:)? I””((n — 1)n? ;K (=T Ui - (U; - UZ)M +op(—=)

= On,1 + 02+ Ong + op(\/lﬁ),

To compute 5,172, we follow the same steps in the proof of Theorem 3.1 which we will not repeat.

The key condition for applying the same argument is that G(u) € L£2(f(u)'~du) where

E(Zi(Yi — 1{V; > 0})|Ui = u)

Glu) = 7w

1{u € S,}.

To see this, we note that

E(Z;(Y; — 1{Vi > 0})|U;)
F(U;)2+e
Y, — 1{V; > 0}
F(U)2 < 0,

‘ / G2 () f (1) =7 du 1{U; € S,

:‘E

SE

~

in which the second last inequality is because Z; is bounded and the last inequality is by Lemma
7.12(2) or 7.13(2). Then, we obtain

E(Z;(Y; — 1{V; > 0})|U;) 1

s L REZ(Y -1V > 000, . -
e == 2 70 i+ 70 it ol )
By Lemma 7.12(1) or 7.13(1), we have
E(Z(Yi - 1{Vi > 0PIU;) , _ pB(Zi(Yi - 1{V; > 0})|Ui) 1., ol
E O I,;=E i + (\/ﬁ) YoB + (\/ﬁ)-
So
: I REZY -1V >0y, o (L

Now let us turn to 5,%3, whose presence is due to the fact that U; is estimated by Uz Let W, =
(Y;, Si, U;). Then, we write

in which



and

P, 3(W;, Wj)
U2 MVi> ) L (U= U oo LGV 0) 1 (U= U5 oo
_5 f(Uz)Q In;zﬁK <]h> (SJ Sz) + J\7J f(UJ)g In]h2K < ; ]>(S’L S]):| '

Later we will show

Ups = —E <Z( - 1V >f(22£;( DES: — 5) ) T op(1) (6.3)
and
Zi(Yi — 1{Vi > 0}) f"(Ui) (ES; — Si)'
E '( o >) < o0 (6.4)

Given (6.3), (6.4), and the fact that

1
= Z i + Op
in which ¢; = X 15’ U;, we have

5o — (20— 1Y >fo(}U)£;( )(S: — ES)’ Z@“p

(6.5)

For (6.4), by Lemma 7.12(2) or 7.13(2), we have

Z(Y: — 1{Vi > 0} f'(U:) (ES: — S.)' Y~ 1{V; > 0}
E'( 7(0,)? >'<E 7O

To show (6.3), we first show Var(U,3) = o(1). This implies Uy, 3 = ElUy, 3 + 0p(1). To see that
Var(Upz3) = o(1), we note

~

E|Pp3(Wi, W;)I?

gl4i- V> 0P, 1 (,K(U hU)| 1S; — S| |W>

~ fUa)* ht
(Vi —1{Vi>0})], 1

fSE f(U )3-1—0 In,zﬁ

Lo |0 — 14V >0})'

Nh f(U )3+U

<Ln

Nh37

11



where the second inequality is because

(K’(U i Uiy \S—S!!W><h/fU+hU)[K’( WPdu < hf(U)"

and the last inequality is because of Lemma 7.12(2) or 7.13(2). In addition, since H < 1/3,

Ly,
h3

= o(n)

and thus
E| P, 3(Wi, Wj)[* = o(n).

By Lemma A of (Serfling, 2009, Chapter 5), (6.6) implies the desired result
2 2
VarUnz) < —E|Pos(Wi, Wj)|” = o(1).
Next, we compute El,, 3. Since U L S, we have E(S;|U;) = E(S;) and

Ely,3 = EP, 3(W;, W;)
(o (58, )

h2E( (UJ; ) /K f(U; 4 hn)dn

Ui) + Rn(Ui)

First, note

in which |R,,(U;)| < h”. Because y/nh” — oo and

Zi(Yi —1{V; > ON(ES; = Si) , | _
s| {OAE i
we have
LY=LV > 0N (U (S - ESy) 1
EU,3 =E f(Ui)2 In; + O(\/ﬁ).
In addition, we have
Zi(Yi = 1{Vi > 0N f'(Ui)(Si = ES))"  p, Zi(Yi = 1{Vi > 0}) f'(U;)(Si — ES;)’
f(Ui)? n’l f(Ui)?
e Z:(Y — 1{Vi > ODF(U(S: —BS;) | | _ [¥i=1{Vi > 0}
f(U:)? B f(U:)?

12

(6.6)



Hence, by the dominated convergence theorem,

Zi(Y: — (Vi > ONF(U)(S: ~ BS)) |
f(Ui)?

Zi(Yi = 1{Vi > 0}) f'(Ui)(Si — ES;)

B F(U:)?

nz—E

+o(1),

and thus,

Zi(Y; — 1{V; > 0}) f'(U;)(S; — ESj)
f(Ui)?

This verifies (6.3). So (6.5) holds. Combining (6.1), (6.2) and (6.5), we have

un,S = Eun,S + Op(]-) =K + 0p(1).

n n

b8 1 Z Zy(Yi — 1{V; > 0})In,i 1 Z E(Z;(Y; — 1{V; > 0})\Ui)1n7i

n i fU) — f(U)
Zi(Yi = 1{Vi > 0}) f'(Ui) (Si — ESi)
e (Ui ) Z@ tolm
By Lemma 7.12(1) or 7.13(1) and the Markov’s inequality,
1~ Zi(Y; — 1{V; > 0}) 1~ E(Zi(Y; — 1{Vi > 0})|U;) 1
- (1 —=1In;) — — (1 = Ini) = op(—=).
n ; f(U:) n ; 1(U;) NG

Hence, ® — ¥,,8=13" 0, + o/p(ﬁ) where

U, =

bi.-
(6.7)

Zi(Y; - 1{vi > 0})  E(Zi(Yi — 1{V; > 0})|Uy) L E <Z( — 1{Vi > 0}) f"(U:)(Si — ES;)’ )
f(Ui) f(Ui) f(U:)?

Last, it is easy to see that E¥; = 0 and

Zi(Y; —1{V; > 0N |?
Bl B[ 2RO g
Y, —-1{V; >0

This implies the Lindeberg condition holds. Then, we have

~

VA(f = 8) = (Bl Ee) " ELW 1Y Z (ZiX! — £20)B) + 0p(1) = N(0,55).

in which

Y= (W) IR W WS, (L, WE,,) !

and
Yo =E(V; — (Z:X] — £:2)B)(Vi — (Z:X; — £.2)B)".
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7 Technical Lemmas

7.1 Notations

Throughout this section, we denote C' as a generic positive constant, whose value may differ in
different contexts. L,, is a generic function of n, which is slowly varying as n — oo, i.e., % — 1 as

n — oo for any k > 0.

7.2 Lemmas for Tan and Zhang (2017, Theorem 3.1)

Note that fm =1{V; € S’n} in which S,, = (fn, 7n). The unusual feature of our trimming function
is that the two endpoints are random. In order to deal with the randomness, we next propose two
non-random intervals S; and S such that S; C S, € S w.p.a.1. We define

p= max(pT(l + gT)a pl(l + &))) S;l_ = (_Mn,l + ln, Mn,r + rn)a and S; = (Mn,l + ln, _Mn,r + Tn)a
in which the two positive sequences M, , and M, ; are chosen in Lemma 7.4. Then, by letting
A, = {|fn - Tn‘ < Mn,r} N {|Zn - ln| < Mn,l},

Lemma 7.4(1) shows P(A,) — 1, and on A,, IAm <1{V; € S;} and
i — il < 1{Vie ST} —1{V; € S, } < min(l -W{V;e S L, 1{V; € SJ}). (7.1)

We derive bounds for various terms by replacing the random interval S, with two non-random
intervals S, and S;. This has been done in Lemmas 7.6-7.9. These bounds are applied to derive

the desired results in Lemma 7.1.

Lemma 7.1. Under the assumptions of Theorem 3.1, we have

1
Rn,l + Rn,Q + Rn,S = Op(i)-

vn

Proof. First, on A,, we have

—1{Vie S, }).

]1{V>0}‘

=1
Lemma 7.6(1) or 7.7(1) shows

Yi—L{Vi> 0} | g e 1) = o L
| HVE S D = o).

. 7
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Hence, by Markov’s inequality, we have

Similarly, on A,, we have

n

RS

=1

1-1{V; €5,}) 1{V; € 5}

i)

f(V;) = f(Vi)
fVi

(Vi)

Lemma 7.9 shows

max f(Vz)—f(Vz) : + max f(”)—f(v) _ log(n)np(Ha) 1/2 o
BTy | S ) T o) | (5 ) =osth
Hence,
I~ Y=V 0 0 i e oo (1) = o (L
Raal <13 [P 0 0w e slap) = ol o)

i=1

For R, 3, we have, by Lemma 7.9,

n

1
Ros| < —
V| ,3|_nz

i=1

f({/i)2+a

Yi — 1{V; > 0} (f(V) = f(V))?
[\/ﬁ|f(Vi)1—“(1 Fop ()

By Lemma 7.7(2),

n n

Y, —1{Vi > 0} _12 Y, —1{Vi > 0}

fF(Vi)

240
= 0,(1).

1
w2 e |

=1

=1

In addition, by Lemma 7.9 and the fact that H < 1/2,

121?;1 \/ﬁ(f(‘;jg‘;z)f_(y)yjm = Op(”_l/Qh_an> = op(1).
This implies Ry, 3 = Op(ﬁ). O
Lemma 7.2. L PV 11V 5 0 ,
2 =72 = }W{i)i ol )
Proof. We first claim
E(P2(Wi, W;)) = o(n). (7.2)

To see this, first recall that, by Lemma 7.4(2), on V; € S,, € S;', f(V;) > Cn~PL,. Second, by

15



Lemma 7.6(2) or 7.7(2),
Y, — 1{V > 0}
fV)

Last, by Assumption 2(3), f(v + hu) < Cf(v)}~°. Combining the above three facts, we have

240

E = 0(1).

Y; - 1{V; > 0} L Vi-Vi, 17
D [f(vi)g(f(vi) - E(— ))In,i:|
Vi MV 0} RN TR (F (G ()Y S
e =TI (o < 25w [ K0 moau [ S 10w 1

(Y; — 1{V; > 0})% 1

S (A
_cg|iz Vi >0} 7 o ln
f(v) h
—~0(:52) = o).
Define )
Un=0n+ > ;m(w) —6n),

in which r,(W;) = E(P,(W;, W;)|W;), 6, = Er,(W;), and W; = (Y;,V;). Because (7.2) holds, we
can apply Lemma 3.1 in Powell, Stock, and Stoker (1989) and obtain

V(bam — Up) = 0p(1). (7.3)
Next, we compute r,(W;). Note that

Pa(Wi) = 3 (i (W) + rp(W3),

n which Y; — 1{V; > 0} 1 ViV,
n1(Wi) = E | ——5—(f (Vi) = - K(———2)) L.4|W;

() =B (S O - ()
and Y, — 1{V; > 0} 1 VieV

n2(Wi) =E | - J V) = ~K(=———) 1 ;|W; ) .

(W) = & (S (00) - R )
By the mean-value theorem and Assumption 2(2), we have

Y; — 1{V; > 0} ~
n W’L = L S [ni ‘/’L (V)h’l).
Thus, by Lemma 7.6(2) or Lemma 7.7(2),
Y —1{V > 0}

Vitlba] < VRElra (W] < CVahE( VL= O((nh™)3) = o(1),  (7.4)

fV)

16



1+ﬂr(1+§7“)
1+2v

where the last equality is because H > > 115; > 2V

Hence,
n

S (rat (W) — ) = op%). (7.5)

=1

1
n

Now, we define P(v) = E(Y;|V; = v). For 7, 2(Wj;), we have

N Y; — 1{V; > 0} O N Y; — 1{V; > 0} o N
Tn,Q(VVZ) =E ’ f(V]J) J G Kh(vl) =E ’ f(‘/j) In7] G(VZ) Tn,u
in which * means convolution,?
. _ P(v) —1{v >0} y
G(v) o) 1{v e S,}
1 v
Kn(v) = 7K (7),
and
Then,
W)=t = - | P Oy sy - v (PR v e 5 |- @m0,
If ET%Z- = o(1), then we have
1 & ' 1 & ]l{V>O} ' P(V;) —1{V; >0} 1
2 0na) 0= = 3 | FE S e (FE ) o).
(7.6)
Next, we compute IETT%Z By Minkowski’s inequality, we have
BT, = [ ([ (G0 hu) - Glo) K (w)du (v}
(7.7)

<( / ( / (G(v— hu) — G0))? f(v)dv) K (u)du)®.

By Lemma 7.8, we have, for each fixed u,

/(G(v — hu) — G(v)*f(v)dv — 0

2For two generic functions f and g, f * g(t) = Joen F(t —u)g(u)du.

17



as h — 0 and
/(G(v — hu) — G(v)2f(v)dv < /(G% — hu) + G*(v)) f(v)dv < C,

where C' is a positive constant independent of u. Therefore, by the dominated convergence theorem,
the RHS of (7.7) vanishes as h — 0; that is,

[/ (/ (G —hu) = G(v)*f (v)dv)

This concludes the claim ET?; = o(1).

NI

2
K(u)du] — 0.

O
Lemma 7.3. Denote
2 2 R
Lo (Yi-1{vi> 01\ L s (Y- 1{Vi> 03\ (1) = F)
Topg=—) 2| ———| Uni—Ini)lni, Tho=— - ~ nis
T ( ) >( e ngl( ) ) ( (v )
R 2
_ly Y—W>0}> L) 1y (Yi—n{mO})? AR
Tn,3 - n ; < f(vz) (In,z In,z) ) and Tn,4 n ; f(‘/;) f(‘/;) n,0-

Then, T, ; = op(1), j=1,--- 4.

Proof. Since

we have
E|Tn71| — 0 and Tn71 = Op(l).

Second,

T2] < %Z (W) 0p(1) = 0,(1).
i=1 v

Similarly, T}, 3 and T}, 4 are asymptotically negligible, i.e.,
T3 = 0p(1), Tna = 0p(1).

Therefore, we have

1 & Y; — 1{V; > 0}\?
=Nz L ]E<> .
DI (Vi)

18



In addition, %2?21 Zni L+ a. So we have shown

n

1 1 « ?
2 = % E Zr21,z - [n E Zn,i
i=1

RNy

i=1

O]

Lemma 7.4. For ln,rn,in and 7, defined in Section 3.2, if Assumption 2 holds, then there exist
two positive sequences My, , and M, such that for S = (=M + by, My, +10), S, = (M +
ln, =My + 1), and

Ap ={|fn —rn| < My, 0 {|Zn —ln| < My},

we have (1) P(A,) — 1 and on A,, S;; C S, C S, and (2) for any v € S, f(v) > enPL,.

Lemma 7.4(1) states that the feasible random interval S,, nests and is nested by two deterministic
intervals S, and S;', respectively, w.p.a.1. Lemma 7.4(2) shows that, on interval S;", the decay rate

of the density f(v) is controlled by tuning parameters p, and p;.

We first introduce a lemma on the asymptotic properties of extremal quantile estimators [, and T,
derived by Dekkers and De Haan (1989). Recall that F' is the CDF of the special regressor V. Let
U= (:25)", V(t) = U(e!). Then, we have V'(t) = U’(e')e'. By Assumption 4, U'(t) € RVg,_1(0).
Denote E((l)) E((2)) <... E((n; as the ascending order statistics of Fq, Fo, - -+ Ey,, where E1, Fs,--- Ey,
are i.i.d. standard exponential random variables.

Lemma 7.5. For m(n) — oo and m = |m(n)|, we have

(1) {V(Ef‘ iy =12 en) LVED )i = 1,2, n),
(2) If ™) 5 0, m(n) — oo, Let #y = V_ 1), then

vam ( T )wN(O,a%&))
‘/(n m+1) ‘/(n 2m+1)

where o (&) is a constant that only depends on &, .
) (n) (n)
V(E" ) — V(E(Z_2m+l)) 12

Vom | - N(0,1).
QETV/( (( )2 +1)> &
(4)
VI i) &V, 1) = V(log(5%))) P
Vi(log(s)) = V/(log(3%)) +op(5=) = Op( =) = op(1)
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In our definition, for the right tail, m, = n'=# for some 0 < p, < 1. The convergence rate for 7, is

2m,. 2m,. 2m,
n n ~ C n ~ C n Y
(n—my+1) ‘/(anmTJrl) V/(E((n)—Qm,«—i—l)) V’(lOg(er ))

where the first and second equivalences are by Lemmas 7.5(3) and 7.5(4), respectively. Similarly,

for the left tail, the convergence rate for I, is VT 2my

__Vemy — pl=p
Toz@m) where m; = n .

Proof of Lemma 7.4. We only show the results for the right tail. The argument for the left tail is

symmetric.

For (1), by Lemma 7.5, we have 7, — 1, = Op( V2m, )) where m, = n'7Pr. Let M,, be some

V' (log(5-)
. MV (log(%)) .
deterministic sequence such that M, — oo. We define M,, , = — Then we have |7, —

ral = 0p(Mi,).

For (2), because of the monotonicity of f, for z € S;I', we have

f(2) > flrn + My,y) _ f(A=F)" (1= F(rn+ My,)))
flrn) = f(ra) f(A=F)*1—=F(rn)

By Proposition 0.7 of Resnick (2007) (for the regularly varying case) or Lemma 4.2 of D’Haultfoeuille
et al. (2016) (for the rapidly varying case), Assumption 4 implies f((1 — F)) € RV 4+1(0). In
addition, since V has unbounded support, £, > 0 and & +1 > 1. If

1— F(ry + M,,)
1—F(rp)

—1, (7.8)

then % — 1 and thus f(z) > Cf(rp) = Cf((1 — F)*(n=rr)) = Cn=Pr&+D L, - Therefore

we only need to verify (7.8). The proof is divided into two cases.

7‘n+Mn,7‘
n

Case (1): & > 0, 1 — F is regularly varying. We only have to prove — 1 or equivalently,

Ni—"ﬂ” — 0. Note by the choice of M, ;, we have

M. U’ Pr\p Pr
nro__ Mn — (n )n
™ n'F (1= F)*(nr)
nk%Ln

Since p, < 1, the denominator diverges to infinity. Thus, there exists a sequence M,, such that

MTL
M, — oo and ==~ — 0.

Tn
Case (2): & = 0, then by Assumption 4, the right tail of F' is in the attraction domain of type

1 EV distribution. By Proposition 0.10 of Resnick (2007), it implies ﬁ is T-varying with an
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M,
- . — .. . - X 1=F(rn+ 7;,7» fo(rn
auxiliary function fy(t) = lTigt).?’ In addition, we can write ! Fl’ggz;i\f)m) - v 1,]})27&)} o )).

If fM(’; 5 =0, then by the definition of I'-varying function (Equation 0.47 in Resnick (2007)), (7.8)

holds. Since f(1 — F)* € RV1(0),

(1-F)(1—-F)"(n—") 1

n) = 1—F <~ —PrY) ~o ~

fO(T ) fO(( ) )(n ) f(l —F)“(n*PT) Ln7

fo(ry) is slowly varying. Therefore,
Mn,’r MnLn (7 9)
fo(rn) nF .

1—pr
— 0. Thus there exists a sequence of M,, e.g., M, =n N

Furthermore, p, < 1, we have

TL
00, such that fM(" ') — 0. This is the desired result.

O

The next two lemmas verify the high level assumptions that ensure the y/n-consistency of &: (1) the

asymptotic bias vanishes faster than y/n and (2) the Lindeberg condition.

Lemma 7.6. If Assumption 5(1) or (3) holds and the tuning parameters h and p, are chosen as in
Assumption 6, then the following statements hold:
(1) /nE|Y=ti>0) f]w/)foﬂ(l —1{Vie S, }) =0 for any p > 0;

(2) E|%|p < oo for any p > 0.

Proof. We only prove the results for the right tail. The proof for the left tail is symmetric. We note
that, because the special regressor V' is supported on the whole real line, V' can only have type 1
or type 2 tails, i.e., its EV indices are nonnegative. If V' has type 1 tails, then (1 — F')* is slowly
varying, while if it has type 2 tails, then (1 — F))* is regularly varying.

For part (1), under Assumption 5(1), (1— F)“ (z) is a regularly varying function and for any ¢, > 0,

(1 — F.)* (27) is slowly varying as z — 0. Therefore, we have % — o0 as z — 0. Under

Assumption 5(3), for any ¢, > 0, and as z — 0,

(1-F)"() _ T7(=log(z))
(1= Fo)<=(27)  Di(—grlog())

1

= (—log(2)) r % Ly (— log(2)) — oo.

In addition, (1 —F;)*(29") — oo as z — 0. Therefore, under either Assumption 5(1) or Assumption

5(3), for any ¢, > 0 and any constant C independent of n, when z is sufficiently close to zero,

C+(1-F)()

0~ Ry~ () (7.10)

3 A non-decreasing function U is T-varying if U is defined on an interval (2, 20), limzts, U(z) = oo and there exists

a positive function fo defined on (x;, zo) such that for all z, lim¢—_ 4, W = exp(z).
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We define

o 1 —F.(a+v)
B, = A S P
! / my JPT

and

—Tn, 1My 1 F (Oé + 'U)
B, o = = .
e[ flop ™

Then we have E|Ml(l —1{V; € S, }) = Bn1 + By 2. Similar to the proof of Lemma 7.4, we

f(Vi)p
have %&%’m — 1. Therefore, there exists a constant C such that, for n sufficiently large,

(1= F(rp —My,) <C(Q—=F(rp)=C((1=F)((1 = F)"(n ")) =Cn™rL,. (7.11)

(7.11) implies {z : (1 = F)“(2) > rp — Mp,} C{z: 2 < Cn"?L,}. Let v = (1 — F)“(z). By the

change of variables, we have, for an arbitrary ¢, > 0,

Cn~— ”’Ln 1_F€)(a—|—(1—F)<_(z))
an1<\f/ f((1=F)=(2)

- \/» Cn=PrL, P p
= ”A F(a—FP)=)pr"

Cn=Pr Ly
< \/ﬁ/ 20 PEFD () dz
0
= O(n2—Pr@—pE+D+1)

dz

in which L(z) is a slowly varying function. The second and third inequalities in the above display
are by (7.10) and Assumption 4, respectively. Since ¢, is arbitrary, we can choose it to be sufficiently
large so that 3 — p.(g — p(& + 1) +1) < 0. This means /nBy,1 = o(1). Similarly, we can show that
V/nBy 2 = o(1). This concludes lemma 7.6(1).

For part (2), we note

]1{V>0} F.la+v)(1—-1{v>0})+1{v > 0}(1 — F:(a +v))
IE| C/ dv
fVi f(v)pt
_o[TizRlty), [0 Flatoy)
=o(f e [ o

We now only consider the integrability in the right tail. Let z = (1 — F') (v). By the change of

variables, we have
*©1—F.(a+v) / F.(a+v) /OOI—FS(OH—U)
————dv = —dv + ———dv
/0 flwp=t 0 (v)P c flop=t

(1-F)a+(1-F)(2)
<C+A eI

< C—i—/ zq’“_p(gr“)L(z)dz.
0
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Since ¢, is arbitrary, we can choose g, sufficiently large so that ¢, — p(§ + 1) + 1 > 0. This implies
the integral is finite. O

Lemma 7.7. If Assumption 5(2) holds and the tuning parameters h and p, are chosen as in As-
sumption 6, then the following statements hold:

(1) VRE| PR (1 - 1{V; € 5;3) = 0;

(2) For an arbitrary n > 0, Elw\ﬂma"( o) < 0.

Proof. For part (1), we first let ¢, be some positive constant such that g, < f\—: Then by Assumption

4(2), for any arbitrary constant C,

C+(1—F)~(z)

~ Q’V‘)\’V‘_g’f‘L —
(1 _ Fg)—)(qu) z (Z) o0

as z — oo in which L(z) is a slowly varying function.

In addition, by Assumption 6, we have m < py OT equlvalently, pr(g’ &) > % It implies
that the ¢, we previously chose can further satisfy p, (¢, — &) > 2. Therefore, the same calculation

in the proof of Lemma 7.6(1) with the new ¢, and p = 1 leads to part (1).

For part (2), when o > 0, we have

57" §r<1 — /\r)
S+ g+ ) F1l= ()L (14 0)) >0,
in which the last inequality is by Assumption 5. Therefore, it implies that the ¢, we previously chose
can further satisfy ¢, — (2 + 0)(§ + 1) + 1 > 0. Then the same argument in the proof of Lemma

7.6(2) with the new ¢, and p = 2 + o leads to part (2).

If 0 =0, then
gr gr(l - )\r)
— =2 +1)+1=((& +1)(+—F—<—-1)>0.
o AE D L= (6D e D
Therefore, we can always find an n > 0 such that
&
- @+mE+1)+1>0
This concludes the proof. ]

Lemma 7.8. Let G(v) = Wﬂ{v € Sp} where P(v) = P(Y = 1|V = v) and f(-) is the
density of V.. If Assumption 2(3) holds, then for any fivred u € [—1,1] and h — 0, we have
(1) [ G*(v = hu) f(v)dv < CE|* 20 2+ < ¢

(2) [(G(v — hu) — G(v))?f(v)dv — 0 as h — 0.
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Proof. For part (1), we have

/Gz(v — hu) f(v)dv = /GQ(v)f(v + hu)dv

< C/(P(U) lev{)v > 0})2f(v)1_"dv
Y —1{V > 0}
FV)*3
(Y —1{V > 0})2
f(v)2te
Y —1{V > 0}
V)

= CE(E V)2

< CE

240
<,

- c|

in which the first equality is by the change of variables and the fact that V has full support, the first
inequality is by Assumption 2(3), the second inequality is by Jansen’s inequality, the third equality
is because |Y — 1{V > 0}| only take value 0 or 1, and the last inequality is by Lemma 7.6(2) or
7.7(2).

For part (2), we will follow the proof of Lemma (0.12) in Folland (1995). Because G(v) € L2(f(v)!=7dv),

for any § > 0, we can pick a continuous function g with compact support, such that

/(G(U) —g()?f(w)"dv < 4.

This implies

[ (60) = g0) )0 < 28
where ¢; = sup, f(v)?. Second, because ¢ is continuous with compact support, we have
[ (60— 1) — g2 s 010 <3
for h sufficiently small. Last, we have
[ (60 =) = g0 = )2 (wydo = [ (G0) - 9(0)2 (0 + hu)de
< [ (G) - g F) "o

< 625.

Combining the three inequalities, we have
/ (G2(v — hu) — G2(0)) f(0)dv < (c1 + 1+ ¢2)5.
Since ¢ is arbitrary, this concludes the proof. O
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Lemma 7.9. If Assumptions 1—4 hold, then

log(n)

sup f(v) = F)I/f(0) 772 = 0,(Z7)2),

S

in+f F) f0) =02 > en=p0+0)2L -y poa.d,
Sn

and

1—0p(1) = inf () fv)] < sup W)/ ()] =1+ 0,(1).

Sn
Proof. Let G = {+ K(52)f(v)"1=9)/2 1 v € S}f}. By Lemma 7.4, for any v € S, f(v) > cn™"Ly,.
Therefore, G has an envelope G = Cnf(1=9)/2[ p—1.

Vi—v
=)~ J()

£ —(1—0o —o 1
sup | f(v) = f(0)|.f(0)""2 <[Py = Plig + 0?7 2L,, sup B K

veSY veS;t

S1IPn = Pllg + 0=/ 1.

Because H > 1+2 , the second term in the RHS is O(( og(n ))%) We now focus on bounding the first

term. Note

hu)
s.upIEgQSh_ls.up/fv+ u) (u)du < R
g€y veS;H

In addition, G is a VC-class with a fixed VC-index. Therefore, by Corollary 5.1 of Chernozhukov
et al. (2014),

E||Py — Pllg S (log(n)/(nh))"/? + log(n)n®' =72 /nh < (log(n)/(nh))'/?,

in which the last inequality holds because H <1 — (14 0)p <1 — (1 —0)p. This leads to the first

result.

For the second result, we note that, w.p.a.l,

i;lflf( o) f(0)"=) Z—isnf F) 2 4 (o)~ (f(0) = f(o ))’

n

S en—PO+a)/2),

where the last inequality is due to H <1 — (1 + o)p.

For the last result, note

)~ f)
WIS R0 iy, f)0R

Y (- Ty B
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where the last equality is due to H < 1 — (1 + o)p. Therefore,

i;lf!f(v)/f(v)l > 1 —sup|(f(v) = f(v))/f(v)] = 1= 0p(1).

fChg

The upper bound can be established by a similar argument. O

7.3 Lemmas for Tan and Zhang (2017, Theorem 4.1)

Lemma 7.10. If the assumptions in Theorem 4.1 hold, then, for R, ;, j = 1,2,3 defined in the
proof of Theorem 4.1, we have

3
> Fn 7)

Jj=1

The key of the proof is to find two deterministic sequences M, , and M, ; such that for
An = {|l~n - ln| < Mn,l N ‘fn - rn‘ < Mn,r})

we have P(A,) — 1. This has been done in Lemma 7.11.

Next, we define S;F = (=M, + b, 7 + M), Sy = (Mg + lnyrn — My ), IF i = = 1{U; € S;''}, and
I, =1{U; € S, } On Ay, we have
I <Ini<I},

for all i =1,--- ,n. This implies
L= 1< I —Ini <Ini— Iy < I, — Iy <min(1 - I, IF). (7.12)

n, — n,.’ T n,i

We derive bounds for various terms by replacing jm‘ by the nonrandom upper and lower bounds.

This has been done in Lemmas 7.12-7.14. Given Lemmas 7.11-7.14, we next prove Lemma 7.10.

Proof. By Lemma 7.11(1), on A,,, we have
i = Ingl <1-1{U; € S, },

and P(A,) — 1. Then, by Lemma 7.12(1) or 7.13(1), on A,,

Y — 1{V; > 0} 1
E|R, 1| <E W (1-1{Uie S, }) = 0(%)
This implies Ry, 1 = op( f) For R, 2, on A,, we have
ool < ~ Z M‘ Ui e S })' (U}(}f(U) 1{U; € S},
=1 7
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By Lemma 7.14, we have

1{U; € S;7} = 0,(1),

Furthermore, we have already shown in Lemma 7.12(1) or 7.13(1) that

n

Dy 0 S = o)
This implies R2 = 0p( 7). For Ry3, on Ay, we have
. 7112 ]1{V >0}‘ ‘f 1+op<f>( )l PSR
By Lemma 7.12(1) or 7.13(1),
" (P~ FO))?
wmax (/(U:) - (U,
ax
< e [F(U) — FOD? + s (F(03) — F(0)?
S T gK%Uj FI) =0 g) = o
=
This concludes that Ry = o( ).

Lemma 7.11. There exist positive sequences My ; and M, ; such that for
Ap = {lln = ln| < My 0|7 — | < My},

S;i_ = (_Mn,l + lnarn + Mn,r) S_ ( n,l + lnvrn - Mn,r); Sf{ = <_2Mn,l + lnyrn + 2Mn,7‘)7 and
S = (2My ) + by, 0 — 2M,,), we have (1) P(A,) — 1 and on Ay,

{(UieS;Yc{Uie Sy c{U;e S, c{U;e SF}yc{U;e ST
fori=1,--- n, and (2) foru € S;}, f(u) > en~PL,, where p=max(p,(1+ &), pi(1 +&)).

Proof. The only difference between Lemma 7.11 and Lemma 7.4 is that, here, U; is unobservable. We
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propose to replace it by the residual U;. Then the feasible trimming points I,, and 7, are computed

as order statistics of U;. By Assumption 9 and the fact that 4 is \/n-consistent, we have
1
vn

Since the convergence rate for the estimator of intermediate order statistics is slower than /n, it is

T < A — —
&%ﬁ'UZ Uil _gggll&llv vl = Op(

).

expected that the convergence rates of I, and 7, to their true values will not be affected by using U

for estimation. In particular, for the left tail, let 7,,; = n™", my = |n7p ], apy = TLlf(F&(TnJ))-
We can show that )
r(n) _
U(ml) —l, = Op(a—nl). (7.13)
Similarly, for the right tail, we have
{7 _ 1
(nemy+1) ~ Tn = On( ), (7.14)

in which Ty = n=fr,m, = U”—n,rjy and Qpp = /%f((l — F)F(Tnﬂa)). Given (713) and (714),

for any sequence M,, — oo, we have

Moy My Mw/n M,

1
Qi r 3 TEr L, Qn,l 7.5;_51 L,
n,

Then w.p.a.l,
{ zgfn}C{Uzgrn‘F‘rn_an

n

C{Ui <rp+ + max |U; — Uy|}
n,r i<n
M, C
c{U; < —
{Z_Tn+0én,r+\/ﬁ}

2M,

n,r

c{U; <mr,+

}.

Similarly,
2M,

n,r

{Uz an} D) {Uz Srn_

.

We can further show

oM, . AM, 2M, . AM,,
{Uigrn—a }oA{U; <rp— } oand {U; <r,+ yc{U; <rp + }.

Zj‘f’: for any M, — oo for the right tail. Similarly, we can choose

M,; = 2Ma_ Therefore, given (7.13) and (7.14), we have already proven part (1) of the lemma.

On 1

This implies we can choose M,, , =

Part (2) and (3) follow the same argument of Lemma 7.4 which we will not repeat. Now, we turn
to (7.13) and (7.14).
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We focus on the left tail and show (7.13). (7.14) can be derived in the same manner. Let p,(u) be
the check function defined as p,(u) = u(7 — 1{u < 0}). Then,
(A]((:l)l) € argqminz an’l(lA]Z- —q).
i=1

Qo z o
Q(Tn,h l Z anl n - + Uz - UZ) - an,l<Ui - ln)]

Then Z,, minimizes Q(7,,, 2).

In the following, we show that, Q(7,,,z), the rescaled version of the objective function, weakly

converges to a limiting process
2

Qoo(z) = —2W + %,

where W ~ N(0,1). Then we can apply the Convexity lemma and the same argument in the proof
of Pollard (1991, Theorem 1) to derive the desired result

Ty~ W = 0,(1).

By equation (9.44) of Chernozhukov (2005),

—2 — Ol -
QTn”Z: Tn,_]l Ui <ln}) + ’ U, —U; Tn,_]l U, <l,
(i 2) m;(l (U <D+ S (U= 0) = U < 1) .
74’2 A'L ’
O, / [1{U; — 1, < s} — 1{T; — 1, < 0}|ds
N po
Next, we aim to show
1 n
S mt ~ MU <) (7.16)
Qnl -
— U, — U, it — L{U; <1, }) = 0,(1), 7.17
\/W;( )(Tng — 1{ 1) =o0p(1) (7.17)
and
52
anl
]l -1, < 1 -1, <0}d — 1
N [1{U; st — 1{U; 0}] s 2 5 (7.18)

(7.16) holds because of the triangular array CLT such as Theorem 3.4.5 in Durrett (2010). Here,
the Lyapunov condition for the CLT holds because nr, — oo.
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For (7.17), we have

Qn i - ~ 1 n , R
) U, —U)(my — H{U; <1,}) = Tt — W{U; <1, Z| [an .
\/W;( )T =14 b m;( 1~ DZ; | leni (5 — )]

(07 .
~0, < ﬁj) = 0)(Llra)rS79%) = 0,(1).

in which the second last equality is because f(F“(7,;)) € RVg41(0), and L(7) is a slowly varying

function at 0 such that L((T)) — 1 for any k> 0as 7 — 0.

Before proving (7.18), we first define d = /n(§—+). Then U;—U; = Z; \df Since 4 is \/n-consistent,
d = O,(1). Next we consider

d
An(z, YU — 1, < s} — 1{U; — 1, < 0}]ds
7’L7'n -
1 2
= Z/ U — 1y € 2y = 1{U; — 1, < 0}]ds
Vil i—1 0 Qn g

22

and show A, (z,d) == % uniformly over |z| < B, |d| < B, for any B > 0. To see this, we note that

Z+QL7’llzid
EA,(z,d) = /T”E/ U 1, < ail} — 1{U; — I, < 0}]ds
z+ lZd
‘/ F(l,+ —)— F(ly)]d

Tn,l / * anl) ( )] §
P lZd =

_ [ / Fl + —) s

Tn,l Qp 1 On|

in which § is between 0 and z+ 2 Z;d. Since |z| < B, |d| < B, |Z;| < B and “2L — 0, § is bounded.
Vvn vn

Then by Equation (9.57) of Chernozhukov (2005), we have

Flln+ =) ~ f(ln).

On 1
Hence we have, uniformly over z,d,
Tn,l f(ln) 1 anl 52
EA,(z,d) ~ 4] — —-E —.
(z,d) noang 2 (z+ N id)* = 2

Next, we show

sup  |An(z,d) — EA,(z,d)| 2> 0.
|d|<B,|z|<B
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Let us consider the class of functions

1 #+Zi da::l S
F= / []I{Ui—lng}—]l{UZ-—ln§0}}d$:\d!<B,|zl<B
vV Tn,l Jo Qn,l
with an envelope F, = —&—. Tt is easy to see that F satisfies the uniform entropy condition, that is,

a\?
sup N(el|F oz, 7+ lloa) < (3) + Ve € (0.1

In addition, since Z; is bounded, for 02 = sup rerE f2, we have

B+ |Z;|B* B+ |Z;| Bt
on ST E H{Ui gm“} —n{UZ- sa—“}
n, n,
_ 1 1
STn,ll (In)— =

Qni /Tl

in which the second inequality is by Equation (9.57) of Chernozhukov (2005). Then by Corollary
5.1 of Chernozhukov et al. (2014), we have

E sSup |An(Zad) _EAH(Z’d)|

|d|<B,|z|<B
= E|Vn(Pn — P)l|F
F 1 F,
s\/a,%logU‘ lez) | L jog(llEellre)
On VAL N On

s log(n) — 0.

Ny

This implies sup|q < |.|<p [An(2,d) — EA, (2, d)| 25 0. Thus

2,2

An(za d) L ?

uniformly in |2| < B, |d| < B. Then uniformly over |z| < B,

A 22

An(z,d) 2 5

and thus (7.18) holds. Combining (7.16)—(7.18), we have
2

Q(Tn 1, 2) ~ —2W + %
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Since the RHS is uniquely minimized at z = W, by the same argument of the proof of Pollard (1991,
Theorem 1), we have
~r(n (e ].
an (U™ — 1)~ W and thus (U™ —1,,) = Op(—).

() () "o

)

This concludes the proof. ]

Lemma 7.12. If Assumption 11(1) or (3) holds and the tuning parameters h and (py, p;) are chosen
as in Assumption 12, then the following statements hold:

Y;—1{V;>0 _
(1) /nE W‘ (1-1{U; € S;;}) = 0 for any p > 0;

Y, —1{V;>0
(2) E| Mgt

< oo for any p > 0.

Proof. For part (1), we have 1 —1{u € S, } = 1{u > r,— My, } +1{u < l,,+ M,,;}. We focus on the
right tail. Since S; has bounded support, U; > r, — M, ,, and % — 0, we have V; = U; + S}~y > 0.

n

Therefore,
JAE Y_flév)fo}‘ LU > r — My}
gy (1 ~1{e S;?{Uﬁi)j Zly + Ui}> AT > v — Mo}
v (P )1 )
A

The RHS of the above display is o(1) by the same argument in the proof of Lemma 7.6.

For part (2), we can choose C; such that when U; > C, V; > 0 and when U; < —C1, V; < 0. On
Yi—1{V;>0}

U;| < C1, the integrand |~“—+-+—L| is bounded. So we only have to check the integrability at £oo.
fU)?P
We focus on the right tail.

E {U; > C1}

Y — 1{V; > 0}‘
f(U)P
SC+/ (1_Fa)(u_c)du

o f(u)p=1
“(1- F)((1- F)(z) - C)
SC*L f(1- ()

dz < 00.

The last inequality holds by the same argument in the proof of part (2) of Lemma 7.6.
O

Lemma 7.13. If Assumption 11(2) holds and the tuning parameters h and (p,, p;) are chosen as in
Assumption 12(2), then the following statements hold:
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nE | S0 (11— 1{U; € 571 - 0

Y;—1{V;>0
%’<O®.

Proof. For part (1), by repeating the proof of Lemma 7.12 with p = 1, for the right tail, we have

MoV O s My < v [ (1= B - O)du

E
vn f(Ui) ’ T M

In order for the RHS to vanish, as in the proof of Lemma 7.7, we need pr(— — &) > 1 which holds
by Assumption 12.

For part (2), by repeating the proof of Lemma 7.12 with p = 3 + o, for the right tail, we have

1{vi > 0} F)(A=F)7(2) = C)

Y - e (1
B\~ —m 11{Uz~>01}§/0 ( B0 =D (7.19)

Then, following the proof of Lemma 7.7, the RHS of (7.19) is finite because —B4+0)(&+1)+1>0
by Assumption 11(2). O

Lemma 7.14.
max |[f(Us) — f(U)]/ F(UD)I{U; € S} = 0p(1),

1<i<n
1—0p(1) < @isﬂn\f( i)/ F(U)|{U; € ST} < ax. |F(U)/ F(UD)U{U; € S} =1+ 0,(1),
and
|f(U:)|1{U; € S} 2 n PL,1{U; € S, },
where p = max(pr(l + fr)vpl(l + él))

Proof. For the first result, we note

F(O:) = f(U:) =F(U) — f(T3) + F(Us) — f(Uy)
=f(U:) — f(U:) + f(U;) —

Kﬁ
—~
=
N—
+
=
—~
=,
N
|
>
—~

(UU

in which f(U;) = ﬁ > jzi K(Z5—). By Lemma 7.9, we have, w.p.a.1,

max |f(U;) = f(U)|/f(U){Ui € S;} < sup. (W) = F(0)|/f(0) = 0p(1).

1<i<n UES
So we only need to prove
glagn\f(ﬁ) FWO)I/FUNI{U; € S} = 0p(1) (7.20)
and
max F(0) — FO)/FOIHU; € S1} = 0,(D) (7.21)
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We first prove (7.20). Let U; = Q(7;) where Q(+) is the quantile function of U. By the construction
of S, for any | < 1, we have S;F € (Q(I7,), Q(1 —I7)). To see this, notice the lower end point of
St is Q(ny) — 2My, /. We claim that Q(7,,1) — 2M,, [y > Q(I7y,) for any [ < 1, and therefore,
U; > Q(I7,,1). The claim is equivalent to

o 1 (Q(Tn1) — QlTny)) > 2M,,.

Note for the intermediate order quantile, the convergence rate is

Qo ~~ C\/nTn,l/(Q(eTn,l) - Q(Tn,l))'

Therefore, the above inequality is equivalent to
c/my > 2M, (7.22)

where c is a generic constant. We can choose M,, in Lemma 7.11 such that (7.22) holds. Similarly,

we can show
Q(l - Tn,r) + 2Mn/an,r < Q(l - lTn,r)-

Furthermore, maxi<i<n |U; — (A]l| < maxi<i<n [Si||y — 7] = Op(i). Hence, for any d,, such that

n
Vnd, — oo and any | < 1,

max | f(U;) — f(U)I/f(U)L{U; € 5} < sup 1F(Q(T) + A) = F(Q(T)I/ F(Q(T)).
Isisn |A|<8n, 7€ (ITp 1,1~ 17,
We want to show the RHS decays to zero by checking the limits of all possible convergent sub-
sequences. Note that 7 = 7, € (I1,y,1 — I7,,). As n — oo, we have three possibilities: (1)

Tn — 70 € (0,1); (2) 7, — 0; and (3) 7, — 1. For case (1), by the mean value theorem, we have

1F(Q(mn) + ) = f(Q(7))|/ f(Q(Tn)) < ¢|A] = 0.

For case (2), we first claim that for any L > 1, there exists some sequence 6, such that 6, — 0,
Vndy, — 0o, and A < 0, < Q(L7,) — Q(7)-

To see the claim, note that, if § = 0, then Q(L7,) — Q(7y,) is slowly varying. But 4, can decay
to zero at a rate arbitrarily close to 1/2. Therefore the claim holds. On the other hand, if & > 0,
Q(Lt,) — Q(7y,) diverges to infinity while §,, will decay to zero. Again, the claim holds. Similarly,

we can show that

A > Q(Tn) - Q(Tn/L)
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Given the density of U is monotonic in the tails, we have

£ (Q(Tn) + An) = f(Q())] <max<f(Q(LTn)) — f(Q(m)) [(Q(n)) — f(Q(Tn/L)))
F(Q(mn)) - F(Q(mn)) ’ F(Q(mn))
—max(LET — 1,1 — L=E+),

where the second line is because f(Q(7)) is regularly varying with varying index £ + 1 > 0. Since

L > 1 is arbitrary, by letting L — 1, we have shown that, as 7, — 0,

f(Q(m))

— 0.

Similarly, we can show that, for case (3),

|f(Q(7_n) + An) — f(Q(Tn))’

F(Qm) -0

Hence there exists some sequence d,, — 0 for which /nd,, — oo and

sup 1F(Q(7) + A) = F(Q(T)I/ f(Q(T)) — 0.

|A|<8n,T€(lTp,1,1=1Tn 1)

Thus (7.20) holds.

Next, we turn to (7.21). Since 1{U; € S} < 1{U; € S} and (7.20), in order to show (7.21), it

suffices to show

sup | f(v) = f(v)|/f(v) = 0p(1).

vesS;t

By Lemma 7.9, we have

sup | f(v) = f(v)|/f(v) = 0p(1).

vesS;t

So we can focus on proving

sup | f(v) = f(0)|/f(v) = 0p(1).

vest

Since U; = U; — Si(y =) and (§ —7) = OP(%), it suffices to show

sup iz”:K(Uj—Sgw/\/ﬁ—v
vest xj<ar P j=1 h

) = f)I/f(v) = op(1).
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Let fs be the PDF of S. Since U 1L S, we have

Uj = Sim/v/n—v
h

[EA( )/h = f()|/f(v) :!//fs(S)f(v+hu—S'W/\/ﬁ)dsK(U)du—f(v)!/f(v)

[f (v +hu—s'n/\/n) — f(v)]
< / / fs(s) ) dsK (u)du.

By the same proof of (7.20), it can be shown that

|[f (v + hu = s'n/v/n) — f(v)]

sup — 0.
veS;T | m|<M,seSupp(S) f(v)
Therefore,
Uj—Sim//n—wv
sup [EK(—— )/h— f)l/f(v) = o(1).
UESTJf,\ﬂ|<M

Let G = {K(Y=5m/vn—v hf(v)1=9)/2 7| < M,v € §F} with envelope Ch™L,,n?1=9)/2. We can
h n

repeat the proof of Lemma 7.9 and show
[P0 = Pllg = Op((log(n)/(nh))"/?).
This is because

supEg® < h~! sup //fs(s)f(v + hu — s'w//n)dsK?(u)du/ f(v)' 77 < b1
g

v€§,f,|7r|<M,s€Supp(S)

Given this and the fact that 1 — H — (14 0)p > 0, we have

1 <& Uj = Sim/vn—v
h

U, -8 -
K( J ]7;/\/5 v

sup ) — EK(

veST |m|<

il h v) = op(1).
) )/HF(0) = 0y(1)

This implies (7.21) holds, and, thus, the first result of the lemma. The second result follows imme-
diately. The third result holds by noticing f(v) > cn= "L, for v € S;. O
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