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This supplementary appendix presents proofs for the identification results under extended
models (Sections B.1-B.4) and discuss the consistency of the analog estimator for the law of

state transition (Section C).

B Additional Proofs

B.1 Proof of Theorem 2

Our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f;3 (a:ﬂdt_l,wt_l, :1:;"_1): First,

we show the identification of the parameters and the distributions in transition of x;. Since

Ty = xite = Z H{di1 = d}[a® + BYwiy + 2 + 0] + &
d

= Z 1{d;—1 = d}[ad + ﬁdwt—l + ’det—l + 77? - ’Vd??t—l] + &4
d



we obtain the following equalities for each d:
Elz; |di1=d] = o+ BElwi1 | dio1 =d] +7Ezs_1 | di1 = d
—E[y%e 1 |di1 =d] +Ent | dioy = d] + Eley | di_1 = d]
= a4+ BYElwi_y | di—1 = d) + Y B[z | di—1 = d]
Elzywi1 |die1 =d] = a®Blwioy | diy =d] + B E[wi | dioy = d] + y* Elve_1wi—1 | di1 = d]
—E[yle w1 | dio1 = d] + E[nfws_1 | di—1 = d] + Eleqwy_1 | dy—y = d]
= o%Elwiy |diy =d] + BIE[w? | | di—y = d] + Y Blzi_qwiy | di—y = d]
Elzw | dioy =d] = o®Elwy | dimy = d) + B Elwi—1w; | di—1 = d] + ¥ E[zi—1wy | dy—1 = d]
—E[yerqwy | di—y = d] + E[nfwy | di—1 = d] + Eleswy | dy—1 = d]
= adE[wt | di—1 = d] + 5dE[wt—1wt | di—1 = d +’Yd Elz;_1w; | di—1 = d]

by the independence and zero mean assumptions for n¢ and ;. From these, we have the linear

equation
Elz; | di—1 = d] 1 Elwi—1 | di—1 = d] E[zi—1 | di—1 = d] ol
Elziwi—y |di1 =d] | = | Blwi—y | dim1 =d]  E[w? ;| di-1 =d] Elpi—qwi— | di—y = d] B4
Elzwe | di—1 = d] Elwy | di—1 =d]  Elwi_iwi | diy =d]  Elx_ywy | dimq = d] 74

Provided that the matrix on the right-hand side is non-singular, we can identify the parameters

(a?, B, 7%) by

-1

Oéd 1 E[wt,l | dtfl = d] E[."L‘tfl | dtfl = d] E[."L‘t | dtfl = d]
Bd = E[wt,l | di—1 = d] E[th_l | di—1 = d] E[l’tflwtfl | di—1 = d] E[$twt71 | di—1 = d]
’}/d E[wt | dtfl = d] E[wt,lwt | dtfl = d] E[IL‘tfl’wt ’ dtfl = d] E[l‘t’wt ’ dtfl = d]

Next, we show identification of the distributions of €; and n{ for each d. Observe that
E [exp (is12-1 + is92¢) |di—1 = d]
= E[exp (is1 (z}_; +&-1) +is2 (o + Bwiy + %2 + 0l + &) |diy = d]
= E [exp (z (slx:,l + soa + $96%_q + Swdac;l)) |dy—1 = d]
x E [exp (is1g,-1)] E [exp (iss (0] 4+ &¢))]
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follows from the independence assumptions for n¢ and ;. Taking the derivative with respect

to s yields

0
. InE [exp (is124-1 + is92¢) |di—1 = d]

S92 s20=0

E [z’(ad + Bhw;_q + v} ,) exp (islxjf_l) |di—1 = d]
E [exp (is12]_y) |di—1 = d]
[iwy_y exp(isizf_y) | dior =d] ;0 :
—InE y di_1=d
E[GXP(Z'S1$I,1) | dt—l _ d] +y 381 n [eXp (Zslxtfl) | t—1 }
[iw_1 exp(is1xi—1) | di—q = d]
Elexp(isixi—1) | di—1 = d|

B
= ia’+p?

+ 7‘183 InE [exp (isw,f_l) |di1 = d}
S1

— gatg BdE
where the switch of the differential and integral operators is permissible provided that there
exists h € L'(Fu,_ 127 jd,_1—a) such that |i(a? + B%w,_y + y%;_y) exp (is12;_1)| < h(wi—1,2}_4)
holds for all (w;_1,x; ), which follows from the bounded conditional moment given in Assump-
tion 10, and the denominators are nonzero as the conditional characteristic function of z; given
d; does not vanish on the real line under Assumption 10. Therefore,

s 0
E [exp (isxffl) |di—q = d} = exp [/ {—— InE [exp (is12,_1 + isomy) |dy—1 = d]] ds;
0

$2=0

_/5 @ds B sﬁ_dE[iwt_l exp(isiry_1) | diq = d]d ]
o 7? ' o 74  Elexp(isizi—1) | dio1 = d !

/5 E [z(mt —a® — Bhw,_ ) exp (is1x1) |di_y = d]
= exp p ; — dsy| .
0 Y E [exp (is124-1) |di—1 = d]

From the proxy model and the independence assumption for &,
E [exp (isz¢_1) |di—1 = d] = E [exp (isz}_,) |di—1 = d] E [exp (ise;_1)] .

We then obtain the following result using any d.

E [exp (iszy—1) |di—1 = d]
E [exp (isz}_,) |dior = d]
E [exp (iszy—1) |di—1 = d]

s E[i(mt—a‘i—ﬁdwt_1) exp(is1xt_1)|dt_1:d]
exp f(] v Elexp(isizt—1)|di—1=d]

E [exp (ise;1)] =

d81




This argument holds for all ¢ so that we can identify the characteristic function of ; with

B fexp (ise))] = E [exp (isx¢) |dy = d] (B.1)
s E[i(wtﬂ—ad—ﬁdwt)eXP(islmt)\dt:d]d
exp fO ~v4 Elexp(is1zt)|d:=d] 51

using any d.

In order to identify f,4 for each d, consider
z+ %1 = o’ + Blwy + Y w1 + &+ 0
and thus

E [exp (iszy) |di—1 = d| E [exp (is*ydst_l)] = E [exp (is(ad + B,y + ’ydxt_l)) |di—1 = d]

< F [exp (z’snf)] E [exp (isey)]

follows by the independence assumptions for n¢ and ;. Therefore, by the formula (B.1), the

characteristic function of n¢ can be expressed by

E [exp (isz¢) |dy—1 = d] - E [exp (is7%e4-1)]
E [exp (is(a? 4+ Bw—y + ylx_1)) |di—1 = d] E [exp (isey)]

s E[i(xH_l—ozd—ﬁdwt) exp(islmt)\dt:d]

E [exp (iS%t) ‘dtfl = d] - €Xp |: 0 ~v4 Elexp(is1xt)|de=d] dsy

E [exp (is(a? 4+ w1 + yxy 1)) |di—1 = d] - E [exp (iszy) |dy = d]

E [exp (isvdxt_l) |di—1 = d}

E [exp (z’snf)} =

ox syd E[i(xt—ad—ﬂdwt,ﬂ exp(islaztfl)\dtflzd] ds
P1Jo ~v4 Elexp(isizi—1)|di—1=d] 1

The denominator on the right-hand side is non-zero, as the conditional and unconditional
characteristic functions do not vanish on the real line under Assumption 10. Letting F denote

the operator defined by

(Fo) (€) S / e p(s)ds  for all p € L'(R) and & € R,

:27r

we identify f,q4 by
fen) = (Fo,6) () for all m,
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where the characteristic function ¢4 is given by

s E[i(act+1 —ad—ﬁdwt) exp(isizt)|ds :d]

E lexp (isx) |di—y = d] - exp { 0 T Elexp(im ) [di=d] dsy

Onp(s) = E [exp (is(a? 4+ w1 + yx 1)) |di—1 = d] - E [exp (iszy) |dy = d] %

E [exp (isvdxt_l) |diq = d]

sve B [z(a:t —ad—pBdw;,_q)exp(isizi—1)|di—1 :d]
exp v . — ds;
0 Y4 Elexp(isizi—1)|di—1=d]

We can use this identified density in turn to identify the transition rule f3 (xﬂdt_l, Wy_1, :E;“_l)
with
3 (xzk’dt—17wt—17 qu) = Z Hdyy = d}fng (xi‘ —a’ - ﬁdwt—l - 7%;1) .

d

In summary, we obtain the closed-form expression

fa@) [ deoy, w2y ) = Y 1{dyy =d} (7'—%;1) (x] — a® = Bhwyy — v} )

d

I]_ d_ - d . * *
- Z % /exp (—zs(l’t —at = hw — ’detfl)) X
d

[i(zt+1 —ad 7Bd/wt) exp(is1zt)|dt :d/]

. S E
E [exp (isxy) |di—1 = d] - exp {fo 7 Bloxp(isio0)|dimd] dsy

E [exp (is(a? 4+ B%ws_q + yxy 1)) |di—1 = d] - E[exp (iszy) |dy = d]
E [exp (isydxt,l) |di— = d’}

X

ds.

ox svd E[i(xtfad/fﬁdlwtfl) exp(islzt,1)|dt,1:d’]
b 1Jo ~4 Elexp(isi@s—1)|di—1=d’]

d81

using any d’. This completes Step 1.

Step 2: Closed-form identification of the proxy model f; (z; | z}): Given (B.1), we can

write the density of ¢; by

fe(e) = (Foo,) () for all ¢,
where the characteristic function ¢, is defined by (B.1) as

E [exp (iszy) |dy = d]

s E[i(:vt+1fadf,8dwt)exp(islxt)|dt=d]
exp fO ~v4 Elexp(is’xt)|di=d]

P, (8) =

ds’



Provided this identified density of ¢;, we nonparametrically identify the proxy model

falwe | 27) = fe (20 — 27)

In summary, we obtain the closed-form expression

falwe [ 27) = (Fo2,) (w0 — )
1 / exp (—is(xy — x7)) - E[exp (isxy) |dy = d] s

2

s E[i(a}t+1—ad—ﬁdwt)exp(islxt)|dt:d]d
€xXp f(] ~v4 Elexp(is1zt)|di=d] 1

using any d. This completes Step 2.

Step 3: Closed-form identification of the transition rule f, (wt|dt_1,wt_1,x;‘_1): Con-

sider the joint density expressed by the convolution integral

f (-Tt—lawt | dt—1>wt—1) = /fa,,_l (5171:—1 - 33:_1) f (33:_17“1:5 ’ dt—lawt—l) d$;k_1

We can thus obtain a closed-form expression of f (xjf_l, wy | dy_q, wt,l) by the deconvolution.

To see this, observe

E [exp (is124-1 + isowy) |dy_1,w;—1] = E [exp (isle_l + 181641 + ngwt) |di_1, wt_l}

= E [exp (isle,l + isgwt) |d;_1, wt_l} E [exp (is16¢-1)]

by the independence assumption for £;, and so

E [exp (is12¢—1 + iSowy) |dy—1, wi—1]

E [exp (is164-1)]
. . s1 Eli(zi—at—B%ws_1) exp(ishzi_1)|di—1=d
E [exp (is12-1 + isowy) |dy—1, we—1] - exp | [) = vdE[exit(i;'l;pl()nlzttli?i] e

E [exp (is124-1) |di—1 = d]

E [exp (islx;‘_l + iSth) |di_1, wt_l] =

/
ds}

follows. Letting J5 denote the operator defined by

(Fa0) (&1,&) = # //eislgli”g"’(b(sl, So)ds1dsy for all ¢ € L'(R?) and (£1,&) € R?,



we can express the conditional density as

F (@i wildes ) = (Faberyanddesans ) (w0 770)

where the characteristic function is defined by

¢$:71th|dt717wt71 <817 52)

. . Eli(zi—a%—B%w;_1) ish i1 )|di—1=d
B lexp (111 + isyun) s, v exp | [ HHe ol st

E [exp (is174-1) |di—1 = d]

/
ds}

with any d. Using this conditional density, we can nonparametrically identify the transition
rule fo(wy | di—q, w1, ;) with

— f<xz<—17wt|dt—1,wt_1>
[ f (g, weldp—1, wey) dwy

In summary, we obtain the closed-form expression
*
(F2¢$f,1,wt|dt71,wt71> (xtflth)
*
f <‘F2¢It*_17wt|dt—1,wz—1> (xt—lth)dwt

= Z 1{d;_1 = d} //exp (—isiwy — isow; ) - Elexp (is13—1 + isowy) |dioy = d, wy_q] X
d

fa (wt|dt—17 W1, 1‘:_1)

f2 (wt‘dtfla Wt-1, .1':_1) =

[i(xt_o‘d/ —B% wi1) exp(isaxt71)|dt,1:d,]

exp | [ £ ds
ol
510489

E [exp (is124-1) |di—1 = d]

///exp (—isiwy — isox; ) - Blexp (is1z-1 + isowy) |dy—1 = d, wy—q] ¥
81 E[i(xt—ad/—ﬁd/wt_l)exp(is’lxt_l)|dt_1:d’]
exp 0 ~ E[exp(is&xt,1)|dt,1:d’]

E [exp (is124-1) |di—1 = d]

d '1]
dsidssdw,

using any d’. This completes Step 3.

Step 4: Closed-form identification of the CCP f (d;|w;, x}): Note that we have
E [1{d; = d} exp (isxy) lwy] = E[1{d; = d}exp (isx] + ise;) |wy]
= E[1{d: = d} exp (isx]) |wi] E [exp (ise;)]
= E[E[1{d; = d}|wy, x}] exp (isz}) |we] E [exp (isey)]
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by the independence assumption for £; and the law of iterated expectations. Therefore

E [1{d; = d} exp (isz;) |w]
E [exp (isey)]

E [E [1{d; = d}|wy, x;] exp (isx}) |wi]
— [ e (ise) E (14 = Y. a7 f (7)o

This is the Fourier inversion of E [1{d; = d}|wy, x}] f (x}|w¢). On the other hand, the Fourier

inversion of f (z}|w;) can be found as

E [exp (iszy) |wy]

E [exp (isz}) |we] = E [exp (isey)]

Therefore, we find the closed-form expression for CCP f; (di|wy, x}) as follows.

B [1{d; = d}w,, %] f (xf|w)  (Féaysiw) (£7)

Pr (dy = dfuwy, 7) = B[1{d, = d}wy, z7] = F (zilwr)  (Fougiun) @)

where the characteristic functions are defined by

E [1{d; = d} exp (isz;) |w]

¢(d)$:|’wt (S) = E [exp (i86t)]
. s Bli(x 1—o¢d/—,3d/wt)exp(is x)|de=d’
B [1{d; = d} exp (isay) ] - exp | fy ZLt P eniomacd] )
- E [exp (isz;) |d; = d]
and
E |exp (2sz:) |w
(b:cﬂwt(S) [ ( t) | t]

E [exp (isey)]

) E i(a:t+1fad,fﬁd,wt)exp(islxt)|dt:d’
R e

E [exp (iszy) |dy = d']




by (B.1) using any d’. In summary, we obtain the closed-form expression

(Foaariw) (27)

= /exp (—iszy) - E[1{d; = d} exp (is2) [wy] x

Pr (dy = djwy, x})

[i(a:t_._l —a? —5dlwt) exp(is1zt) \dt:d’]

s B d
exp fo 7? Elexp(isizt)|di=d'] ! d/
s

E [exp (iszy) |dy = d']

/exp (—isxy) - E[exp (iszy) |wy] x

/ / .
i(xpr1—a® —B% wy) exp(zslxt)\dt:d’]

s E[(
exXp |:f0 ’yd’ Elexp(isix¢)|de=d'] d81:|
d
B exp (isw) [dy = d]

S

using any d’. This completes Step 4. O]

B.2 Proof of Theorem 3

Similarly to the baseline case, our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f;3 (xﬂdt_l,wt_l, xf_l): First,

we show the identification of the parameters and the distributions in transition of x}. Since

vo= Y W{diy = d}[o"s} + <]
d

= Y 1{dyy = d}[e’s" + B45%w,y +716%;y + 3 + €]

d
dsd dsd 0 ad . a a0
= ZZl{dt_lzd}]l{dt_de’} a®0? + BYO%w_1 + 7y ﬁxt_l—i—& ny +ey—n Wgt_l
d



we obtain the following equalities for each d and d':

Elz; |dioy =d,diy =d] = %%+ U Elw,_y | diy = d, dy_y = d]
5d
+7dﬁ E[.Tt_l | dt—l = d, dt_Q = d/]

Elzawe_ |di1 =d,diy =d] = a%Blw,_y |diy =d,dy_y = d]

+B% Blw? | | diy = d,dy_y = d]
déd /
+ F E[It—lwt—l | dioy =d,di—o = d]

Elzw, | dioy =d,dy_y =d] = a6 Elwy | diy = d, dy_y = d]

+ﬁd5dE[wt_1wt | dt—l = d, dt_2 = d/]
d 5d i
+ 5T Elz;qw, | diy = d, dy—g = d]

by the independence and zero mean assumptions for n¢ and . From these, we have the linear

equation

E[a:t | dt—l = d, dt—2 = d/]
Elzyjwi—y | di—y =d,dio =d'] | =
E[I‘t’wt | dtfl = d7 dtfg = dl]

1 E[’wt,1 | dt,1 = d, dt,Q = d/] E[.’Et,1 | dt,1 = d7 dt,Q = d/] Oédgd
Elwi—1 |dio1 =d,di—os =d'] Elw},|di-1=d,di—oa=4d] Elz_qwi_y |dio1 =d,di—o = d] B
Ew | di—1 =d,di—o =d]  Elwiwy | de—y =d,di—2 =d']  Elriqwe | dymy = d,dyi—g = d] ’Ydffj}

Provided that the matrix on the right-hand side is non-singular, we can identify the composite

parameters <ad(5d, ﬁdéd,vdﬁ) by

5’
-1
adsd 1 Elwi_1 | di—y = d,dy_y = d'] Elzi1 | diey = d,ds_y = d]
pist | = | Blwy |dioy =dydi—y =d]  Elw? | |dioy =d,dio=d| Bloy_qwe_y | diy = d,dy_o = d]
’ng:f E[wt | di1=d,dy_o= d/] E[wtflwt ‘ di1=d,di_o= d/] E[xtflwt | di—1 =d,dy_o = d/]

E[I’t ‘ dt—l = d, dt_Q = d/]
X E[xtwtfl | di1=d,dy_o= dl}
E[xtwt | dt—l = d, dt_g = d/]
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Once the composite parameters 7 and 7 = 7 are identified by the above formula, we can

in turn identify

for each d by the normalization assumption 6° = 1. It in turn can be used to identify (a?, 3¢, v%)

for each d from the identified composite parameters <ad5d, p5e, 50> by
d pd .d 1 adsd glsd 49"
(Oéa677) 5d 666775
Next, we show identification of the distributions of €¢ and n¢ for each d. Observe that

E [eXP (Z'Slﬂftﬂ + 1'82$t) |dt71 =d,di_9 = d/]
- E [exp <i31 (6d'a:;‘_1 + ef’_1> + sy (%6 + BU6%wy g + 7% + 6 + ef)) ldi oy =d,di_y =d
= E [exp ( (sléd x; |+ 520267 4 598%6%w,_y + 59790 $t_1>> |di 1 =d,dy_o = d'}

x E [exp (i816gl_1)} E [exp (iSQ (5d77fl + 8?))]

follows for each pair (d,d’) from the independence assumptions for n¢ and &f for each d. We

may then use the Kotlarski’s identity

|:i InE [exp (?:81.’1575,1 -+ iSQl’t) |dt,1 = d, dt,Q = dl]:|
852 52=0

E [i(a®d" + 0wy + %"z} y) exp (is10" 27_y) |dir = d dio = d]
E [exp (is10Y2}_) |dioy = d, dy—y = d']

Efiw,_1 exp(is16%xf ) | dimy = d, dy_y = d']
Elexp(is10¥x; ) | i1 = d,dy_o = d]

= jads? 4 pis?

0% 0 g .
+ Wﬁ_llnE [exp (zsléd 351571) |di—1 = d,dy_o = d’}
. E[iw;_q exp(isixi—1) | di—1 = d, dy—o = d']
_ ZOzd5d + d(sd t ‘ >
B Elexp(isizi_1) | dio1 = d, dy_o = d']
0% 0 Cd s
+ WO_IHE [eXp (zsléd :L‘t_1> |di—1 =d,di_9 = d’}

11



Therefore,

E [exp (isad’x;_l) ldioy = d,dy_s = d

ST 67 . .
= exp [/0 {Wa_& InE [exp (is121 + 180x¢) |[dy—1 = d, dy_o = d’]} ds,

s2=0

/s iad5d'd /S B Bliw,_y exp(isize_1) | diy = d,dy_y = d']d }
— 51 — k S
0 ! 0o Elexp(isixi_1) | dio1 = d,dy_o = d'] !

s B [i(%—gxt —ad6? — BT w,_y) exp (is124_1) |dy_y = d, dy_o = d’]
= ex :
P /0 YEE [exp (is124-1) |dio1 = d, dy_o = d']

d81

From the proxy model and the independence assumption for e,

t—

E[exp (isx;_1) |dy—1 = d,d;_o = d]| =E [exp (isdd/xf_l) |di 1 =d,dy_o = d’] E [exp (isedl ﬂ )

We then obtain the following result using any d.

B [eXp <i38 , )} _ E [exp (iszy_1) |di—1 = d,dy_o = d']
o E [exp (is0? 2} ) |dio1 = d,dy—y = d]
E [exp (iszy_1) |di—1 = d,dy_o = d']

s’

E |:i(—d:vzfad5d/ —B46d w; 1) exp(islxtfl)|dt,1:d,dt,2:d’:|
S 8
exp fo dsq

’yd E[exp(isl Ti—1) |dt71:d,dt72:d’]

This argument holds for all ¢ so that we can identify the characteristic function of & for each

d with

E ) di=d,di_1 =d
E [exp (ise)] = B oxp (iszy) |d = &', di- = d] . (B2
s E[i(;vxt+1—o¢d,5d—ﬁd,5dwt)exp(islxtﬂdt:d’,dtfl:d]
exp | [ ~@ Elexp(is12t)|di=d’ ,ds—1—=d] 51

using any d’.
In order to identify fnf for each d, consider
5
E [exp (isx,) |di—1 = d,dy—o = d| E {exp (isydﬁsf_l)]

5d
= kK |:6Xp (is(ad5d + Bd5dwt_1 + ’ydﬁxt_l)> ’dt—l = d, dt_g = d/:|

x E [exp (is5dntdﬂ E [exp (z'sgf)]

12



by the independence assumptions for n¢ and 2. Therefore,
E [exp (isxy) |di—1 = d,dy_o = d']
E [exp <i3(ad6d + Be6%w,_q + fyd%xt,l)) |di—y = d,dy_o = d’]
E [exp <isyd§—;€f/_1>}
E [exp (isef)}
and the characteristic function of n¢ can be expressed by
E [exp (is(sidxt) |di 1 =d,dy_5 = d’]
E [exp (is(ad + Bwy_y + ’ydé%:ct,l)) |di—y = d,di—y = d’]
1
E [exp (isszef) | E [exp (—isvdé—i,sfl_lﬂ
E [exp (iséidxt) |di—y = d,dy—y = d’]
E [eXp (is(ad + Blw_q + vdé%xt_l)> |di 1 =d,dy_5 = d’]

E [exp (is5dnf)] =

X

E [exp (isnf)] =

X

d ! !
s/8¢ E[i(%xt+1—ad §d—pd (det) exp(islxt)\dt:d’,dt_lzd]
eXp [fo : ’yd/ E[exp(islxz)|dt=d’,dt71=d} d81
X .
E [eXp (zsé—ldxt) |dy =d' dy 1 = d}
E [exp <i3’yd5%mt_1> |di 1 =d,dy_o = d’}
X

Y4 .
S'yd/5d/ E{z(‘;—dxt—ad(sd/—ﬁddd/wt,l)exp(zslxtfl)|dt71:d,dt72:d’] p
eXP | Jo ~v4 Elexp(is1zt)|di—1=d,dt—2=d’] 51

by the formula (B.2). We can then identify fna by

fm) = (Fo) () for all

where the characteristic function ¢4 is given by

E [exp (is(sidxt) |di—1 =d,dy_9 = d’]

Gpa(s) = , -
E [exp <zs(ad + Bhw_q + ’ydgxtq)) di—1 =d,dy_y = d’]
d ! /
s/84 E[i(;7mt+1—ad 54— 6dwt)exp(islmtﬂdt:d',dt,l:d]
exp [fo ~@ Elexp(isiat)|di=d’ di—1=d] 51
X .
E [exp (zséida:t) |dy = d',dy—1 = d]
E [exp (z’s*ydé—lli,xt,1> |dy 1 =d,dy_o = d’}
X .
sy /64! E{i(%xt*adt;d/fﬂd&d/wt,l)exp(islxtfl)|dt,1:d,dt,2:d’]
exp fO ~va Elexp(isizt)|di—1=d,di_2=d'] dSl
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We can use this identified density in turn to identify the transition rule f3 (xﬂdt_l, Wi—1, x;"_l)
with

f3 ($:|dt71; l'tfl,%rfl) = Z {d1 = d}fng (l': —at - 5dwt71 - ’Vdﬁq) :
d

In summary, we obtain the closed-form expression

fo @ildevmn,@iny) = 3 Wdes = d} (Foe) (af = af = flwey = 9%a;,)
d
H{d, 1 =d
= Z % /exp (—is(zy — o = Bfw_y — %)) ¥
d
E [exp (isé%xt) |di—1 =d,dy_o = d/}

X
E [GXP <i5<04d + Blwy_y + 7%%%—1)) di—1 =d,di_y = d’}
exp s/8% E[i(%$t+1—jd/5d—ﬁél5dwt)exp(islwt)|dt:d/,dt71:d] ds,
0 ~v4 Elexp(isizt)|di=d’ ,di—1=d)
X

E [eXp (z’séidxt) |dy = d' di—1 = d]
E [exp (isydé%xtq) |di 1 =d,dy_5 = d’]

!
d/sa B i(%xt—adzsd,—ﬂdcsd/wt,l)exp(islztfl)\dt71:d,dt72:d’
exp | [0 /0 g ds
p 0 ~v4 Elexp(isizt)|di—1=d,dt—2=d’] 1

using any d’. This completes Step 1.

Step 2: Closed-form identification of the proxy model f; (z; | di—1,2}): Given (B.2),

we can write the density of £ by

f(e) = (Foy)(e)  foralle,

where the characteristic function ¢4 is defined by (B.2) as

: /
E [exp (iszy) |dy = d', dy—1 = d]
s E[z(%d,act+1—ad/(5d—6d/6dwt)exp(islxt)|dt:d’,dt71:d]
exp | [; —2 ; 51
0 ~4 Elexp(is1zt)|de=d’ ,dt—1=d)

Pea(s) =

Provided this identified density of €%, we nonparametrically identify the proxy model

falae [ dey = d,27) = fsg|dt,1=d(37t — 0%y) = fef($t — 0%x;)
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by the independence assumption for €. In summary, we obtain the closed-form expression

fila | divay) = > 1der = d} (Fou ) (a = 8%)
d

Z :H-{dt—l = d} exp <—i5($t — 5d‘T:)) -E [exp (’iS.Z't) |dt = d/, dt—l = d]
27 E[i(‘s—%mprl—ad/&d—ﬁd'édwt)exp(islmt)|dt:d’,dt,1:d]

d 5 g4
exp {fo ~@ Elexp(is12t)|di=d',ds_1—=d]

S

S1
using any d’. This completes Step 2.

Step 3: Closed-form identification of the transition rule f, (wt|dt_1,wt_1,x;‘71): Con-

sider the joint density expressed by the convolution integral

/ (ﬂft—l,wt | di—1, W1, di_o = d) = /fggl_l (l"t—l - 5d$r_1> f (x;:k_pwt | di—1,Wi—1,di—o = d) df;gk_1

We can thus obtain a closed-form expression of f (xjf_l, wy | dy—1, w1, dt,g) by the deconvolu-

tion. To see this, observe

E [exp (is124-1 + iSowy) |dy—1, w1, dy—2 = d
= E |:€Xp (?:815d.13:71 + iSlé‘?fl + z'szwt) ’dtfl, We—1, dt,Q = d}

= E [exp (islédx;‘_l + isgwt) |di—1, w1, di—o = d] E [exp (islef_l)}

by the independence assumption for €4, and so

E[exp (is121-1 + isowy) |dy—1, w1, dy—o = d]
E [exp (is1ed ;)]
=E [GXP (islxt—l + iszwt) |dt717 Wy—1,dy_o = d]

E [exp (isléda::,l + z'sgwt) |di—1,wi_1,dy—o = d] =

., sd / / .
fsl E[z(;thfad §d—pd 6dwt,1)exp(zs’lzt,l)|dt,1:d’,dt,2:d
ex
P 1o 74" Elexp(isizi—1)|dio1=d' di—2=d]

E [eXp (’iSlﬂft,l) |dt,1 = d/, dt,Q = d]

QU

/
S1

X

15



follows with any choice of d’. Rescaling s; yields

E [exp (isle_l + iSth) |di 1, w1, di_o = d}

1
= E [exp (@'51 5att-1 + ZSth> |dy 1, w1, dy—o = d] X

sl/5d E[( ;,zt ad 5 ,Bd Sy 1)exp(zslaxt 1)|dt 1=d'\di_o= d]d ,
eXp ~a! E[exp(zslxt_1)|dt_1—d ,dt_g—d] 51

E [exp (iSl 6%.1',5,1) ’dt,1 = d/, dt,Q = d]

We can then express the conditional density as

f (@ welder, w1, dys = d) = (-FQbe;_l,wt|dt_1,wt_1,dt_2:d> (we, z7_1)

where the characteristic function is defined by

1 .
wat,x;_l\dt_l,wt_l,dt_gzd(&, 32) = E [exp <251ﬁxt—1 + 18wy |dt—1awt—17 di—g =d| %

WL E[( ST _ad'§d_ ,Bd 8%, _ 1)exp(zslxt 1)|dt 1=d',dt—2= d] ,
exp [ ! E[exp(zslxt_1)|dt_1—d ,dt_g—d] dsl

E [exp (Z'S15id$t—1) ‘dt—l = d,, dt_g = d}
Using this conditional density, we nonparametrically identify the transition rule

>oaf (xf L Weldy—1, Wiy, dy—g = d) Pr(dio =d| di—1,wi1)
de (fft LWl g1, w1, dy o = )PT (di—g = d | dp—y, wy— 1)dwt

f2 (wt’dt—l, W¢—1, 1‘:_1) =

16



In summary, we obtain the closed-form expression
fo (wildy—y, w1, 25 1) = > {dy = d} x
d

> (f2¢xj71,wt|dt,1:d,wt,1,dt,2:d’) (wi, zf_q) - Pr(di—2 = d' | dy—1 = d,wi—1)
DY (-7:2%;_1,wt|dt,1:d,wt,1,dt,2:d’> (we, xf_q) - Pr(di—o = d' | di—1 = d, wi—1)dwy

= Z 1{di—1 = d} {Z Pr(di_o=d' | di—y = d, wt_l)//exp (—islwt — iszxf_l) X

d d’

E [exp (z’sl 6%:675_1 + iszwt) |di—1 = d,wp—1,di—o = d’}

E [exp (isl(;—(li,xt,1> |di—qy = d",dp—o = d/}

d

51/5‘1, E |:’L(§df/l,£€t — Oédu(sdl — 5d,,(5d/wt_1) exXp (’iSlll‘t_l) |dt_1 = d//, dt_Q = d/:|
exp / dsy | dsidso
0

X

4" E [exp (ishxi—1) |d—1 = d", dy—o = d]

{Z/Pr(dtg =d |di1=d, wtl)//exp (—islwt - iSQx:_l) X
dl

E [exp (isl ﬁxt_l + iSth) ’dt—l = d, Wt—1, dt_Q = d/}

E {exp <Z'815%/$t71) |di—q1 = d",di—o = d’}

s1/67 E [i(%xt — a5 — ﬂdﬂéd/wt,l) exp (is)xi—1) |di—1 = d",dy—o = d’}
exp / ds'l dsidsodwy
0

X

YT E [exp (is21) [dit = d", dr—s = ]

using any d’ and d” This completes Step 3.

Step 4: Closed-form identification of the CCP f (d;|wy, x}): Note that we have
E[1{d; = d} exp (isz,) |wi,dios = d] = E [Il{dt = d} exp (z‘séd'a;;; + isg;l’) wy, dp_y = d’]
= E []l{dt = d}exp (iséd,xZ> |wy, di—1 = d’] E [exp (issf/ﬂ
= E [E [1{d; = d}|wy, x},dy_1 = d'] exp (@'55‘[/@) \wy, dy—q = d/} E [exp (z’saflﬂ

by the independence assumption for ¢ and the law of iterated expectations. Therefore,

E [1{d; = d} exp (iszy) |wy, dy—1 = d']
E [exp (isef')]
= E [E [1{d; = d}|wy, x},di_1 = d'] exp <z’s5d/x2‘> \wy, dy—q = d’

_ / exp (is0" a7 ) B(1{d, = Y, a7, dos = ) f (5w, dpor = ) da}
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and rescaling s yields
E []l{dt =d}exp (isé%a:t> |we, dy—1 = d’}
E [exp (isﬁef’)}

= /exp (isx}) E[1{d; = d}wy, x},dy—y = d'] f (2} |wy, dy—q = d') dz}

This is the Fourier inversion of E [1{d; = d}|wy, x},d;—1 = d'] f (¢}|wy, d;—1 = d’). On the other
hand, the Fourier inversion of f (x}|w;,d;—1) can be found as
E [exp <z’s§%xt) |we, dy—y = d’}

E [exp (isﬁsf’)]

Therefore, we find the closed-form expression for CCP f; (di|wy, x}) as follows.

E [exp (isxy) |wy, diy = d'] =

Pr(d, = dlw, x}) = ZPI’ (dy = d|wy, xf,dy—y = d')Pr(de—y = d' | wy, xf)
d/

= Y E[1{d = d}wy, 2], diy = d|Pr(diy = d' | wy, z)
d/

Z E [ﬂ{dt = d}|wt,x2‘, di—y = d’] f ($f|wt7 di—y = d')
f ($f|wt7dt71 = d’)

Pr(diy =d' | wy, x)
d/

(Fbyaswniar) (77) :
= t Pr d 1 = d w ’x*
% (F ¢t puwnay) (1) (dea | we, x7)

where the characteristic functions are defined by

B E [Il{dt = d}exp (z’sé—}l,wt> |wy, di—q = d’]
P s) = B o (it
E [l{dt = d} exp (is%xt) lwg, dy—1 = d']

d/
s/s9 i [“;579%1 —ad" 54 —g" 54 w,) exp(isll't)|dt:d”1dt71:d/:|
€XP | Jo 4" Elexp(isixy)|dy=d" ,dy—1=d'] dsl

X
E [exp (z’sa—i,xt> |dy =d',dy 1 = d”]
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and

E [exp <is5%xt> |wt]
Pazlun () (8) = 1
E [exp <Z$678t )]

(Sd//

-1
E [eXp (zs(w xt> |wt} exp [ 0 L e T - ds,

E [exp (isﬁ@ dy = d', dy_y = d"]

li/
s/5% E {i(‘s—:ptﬂ —ad" 57 —gd" 54" w,) exp(isize) \dt=d”,dt71=d’}

by (B.2) using any d”. In summary, we obtain the closed-form expression

(F(ayas jwuia) (27)
Pr (d; = d|wy, x}) = ¢
( t ’ t t) ; (fgbzﬂwt(d/)) (QE:)

- ZPr (diy =d' | wy,x}) /exp(—isx:) X
d/

Pr(diy =d' | wy, x)

o1
E {Il{dt = d} exp <zsﬁxt) |wy, dy—1 = d’] X

d/
5/ E {i(;dﬁa:t_'_l —ad" 54" _gd" 54"y, ) exp(isize) |dt:d//7dt—1:d/:|
exp

0 ~d&" Elexp(isiat)|di=d" ,di_1=d'] dsl]
ds

E [exp <i35%xt) dy = 'y, = dﬂ}

/exp (—iszy) - E [exp (is%xt) \wt} X

/

d
s/64 E{“;7“4-1_“(1””/—ﬁdﬂfs’i/wt)eXP(iSwt)|dt=d”7dt—1=d/}
exp dsy
d

0 4" Elexp(is1ot)|di=d" ,ds—1=d']

E [exp <z‘s5%xt> |dy =d',dyq = d”} "

This completes Step 4. ]

B.3 Proof of Theorem 4

Our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f, (wt,xﬂdt,l,wt,l,x;‘fl):

First, we show the identification of the parameters and the distributions in transition of zj.
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Since

Ty = xite = Z 1H{d1 = d}[a® + B%wiy + 2 + 0] + &
d

= Z 1{di—1 = d}[ad + Bdwtfl + 'detfl + 7)? - ’Vd??t—l] + &¢
d

we obtain the following equalities for each d:

Elz; |di1=d = o+ BElwi1 | dio1 =d] +7 Elzy_1 | di_y = d
— B 1 | dioy = d| +E[nd | di—1 = d] + Eles | di—y = d]
= a4+ BE[wi_y | dioy = d) + Y B[z | di1 = d]
Elzidy—o | dy =d] = o’Eldis | diy =d] + B*Elw_1dy—s | dy—y = d) + ¥ E[zy_1ds—2 | dy—1 = d]
—E[y%e 1di o | di—1 =d] + E[nld; 5 | dy—1 = d] + Eleds_o | dy—1 = d]
= a’Eld—2 | di—1 = d] + B*Elwe_1ds—s | di—1 = d] + v E[wi1dy—2 | dy—1 = d]
Elzidi—3 | di1 =d] = a®Eld_3 | di—1 = d] + B*Elwy_1di—3 | dy—1 = d] + V' Elzy_1di—3 | dy—1 = d]
—El’e1di—s | dyy = d] + E[nfdy 3 | di—1 = d] + Eleydy—3 | di—1 = d]

= Bl 3| dy =d| + B Elwi1dy g | diy = d] + 7 Bz 1di—3 | dyy = d]

by the independence and zero mean assumptions for n¢ and ;. From these, we have the linear

equation
E[xt | dtfl = d] 1 E[wt,l | dtfl = d] E[l‘tfl ‘ dtfl = d] Oéd
Elzidi—o |di1 =d] | = | Eldi—2 | di—1 =d] Elwi_1di—2 | d—1 =d] Elzi—1di—2 | di—1 = d] B4
Elzidi—3 | di—1 = d] Eldi—3 | di—1 =d] Elwiidi—3|di—1 =d| Elz;_1di—3 | di—1 = d] 72

Provided that the matrix on the right-hand side is non-singular, we can identify the parameters

(a?, B, 7%) by

Oéd 1 E[wt,1 | dt,1 = d] E[:L't,1 | dt,1 == d] E[.It | dt,1 = d]
B | = | Eld—2 | di—1 =d] Elwi_1di—s | die1 =d] Elvi—1di—s | di—1 = d] Elxidi—o | di—1 = d]
ok Eld;3|di1=d] Elwe1dis|di1=d] Bz, adis|diy=d Elzdy 3 | di—y = d]
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Next, we show identification of the distributions of €; and n{ for each d. Observe that

E [exp (Z'Sll’tfl + iSQl’t) ‘dt,1 = d]
= E [exp (iSl (fEI_l + €t71) + 189 (Oéd + 5dwt,1 + ’Yd‘f;k_l + 77td + 5t)) ‘dt,1 = d}
= E [exp (z (slx;‘_l + s90 + 59 8%0_q + Sﬂdx;‘_l)) |di—1 = d]

x E[exp (is16,-1)| E [exp (is? (77? + 5t))}

follows from the independence assumptions for n¢ and &,. Taking the derivative with respect

to s yields

0
— InE [exp (is12_1 + is92y) |dy—1 = d]
882 59=0

E [i(a® + 8wy +v2;_y) exp (is12]_y) |di—1 = d]
E [exp (islx;“_l) |di—q = d]

. Eliw;_1 exp(isiz} ;) | dio1 = d] o .
d d t—1 d *
- —InE d1=d
s Elexp(is12;_y) | di-1 = d] T 0s1 . [exp (Zslxt_l) -1 }
- Eliw;_q exp(isizi—1) | di—1 = d] 0 ,
o Bl [ds =] 7 Bsy M E 0 (1) [y = d]

where the switch of the differential and integral operators is permissible provided that there
exists h € L'(Fu, a7 jd,_,—a) such that [i(a? + B%w,_y + y%;_y) exp (is127_1)| < h(wi—1,7}_4)
holds for all (w;_1,x; ), which follows from the bounded conditional moment given in Assump-
tion 10, and the denominators are nonzero as the conditional characteristic function of z; given
d; does not vanish on the real line under Assumption 10. Therefore,

*T1 0

E [exp (isx;“_l) |dy—1 = d] = exp [/ {—— InE [exp (is124-1 + 1592¢) |di—1 = d]] ds;

0 s2=0

S il * BLE[iw;_y exp(isizi_1) | di_y = d]
— —ddsl — _d - — d81
o o 7 Elexp(isizi—1) | oy = d]
[/S E [z(mt —a? — Bhwy_)exp (isimi_1) |di—1 = d] ]
= exp d81 .
0

Y E [exp (is12¢-1) |di—1 = d]
From the proxy model and the independence assumption for &,
E [exp (isw¢_1) |di—1 = d] = E [exp (isz}_,) |di—1 = d] E [exp (ise;—1)] .
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We then obtain the following result using any d.

E [exp (iszy_1) |di—1 = d]
E [exp (isz}_) |dim1 = d]
E [exp (iszy_1) |di—1 = d]

E [exp (ise;1)] =

s E[i(zt—ad—ﬂdwtfl) exp(is1mt,1)|dt71:d] d
exp 0 ~v4 Elexp(isizi—1)|di—1=d] 51

This argument holds for all ¢ so that we can identify the characteristic function of ; with

E [exp (ise;)] = E lexp (ise) |di = d] (B.3)

eXp [fs E[i(l‘z+1—ad_6dwt) exp(islctt)‘dt:d] d81:|

0 v Elexp(isix¢)|d¢=d]
using any d.

In order to identify f,, .« for each d, consider
ze+ %1 = o’ + Blw + Y1 + &+ 0
and thus

E [exp (iszy) |di—1 = d,wy| E [exp (isvdst_l)} = E [exp (is(ad + By + ’ydxt_l)) |d;—1 = d, wt]

x E [exp (isn!) | w] E [exp (ise;)]

follows by the independence assumptions for n¢ and ;. Therefore, by the formula (B.3), the

conditional characteristic function of n¢ given w; can be expressed by

E [exp (iszy) |di—1 = d,wy) - E [exp (z’s*ydst_l)]
E [exp (is(a? 4+ Bw_y + ylxi_1)) |dim1 = d, wy] E [exp (isey)]

s E[i(a}t+1—o¢d—ﬁdwt)exp(islzt)|dt:d]d
0 ~v4 Elexp(isizt)|dt=d] 51
pr— N . ><
E [exp (is(a® 4+ w1 + yixy 1)) |di—1 = d,wy] - E [exp (isxy) |dy = d]
E [exp (isydxt_l) |di—1 = d}

sy E[i(wt—ad—ﬂdwtfl)exp(is1xt71)|dt71:d]d 1:|

E [exp (isn) | w] =

E [exp (iszy) |di—1 = d,wy] - exp [

eXP | Jo ~v4 Elexp(isizi—1)|di—1=d]

The denominator on the right-hand side is non-zero, as the conditional and unconditional

characteristic functions do not vanish on the real line under Assumption 10. Letting F denote
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the operator defined by

(Fo) (&) S /e‘isgqb(s)ds for all ¢ € L'(R) and ¢ € R,

:27T

we identify fwt,nf by

Fuot @) = fur (@) (Foygpu (- | w)) () for all m,

where the conditional characteristic function P, 1S given by

s E[i(xtﬂfad*ﬁdm)eXp(iswt)ldt:d]d
0 ~T Efoxp(i5120)|di=d] S1

S w = X
P, (5 | w) E [exp (is(a + Bw;y + y42i 1)) |diy = d,wy = w] - E [exp (iszy) |d; = d]

E [eXp (is*yda:t,l) |di—1 = d]

E [exp (isxy) |di—1 = d, w; = w] - exp [

ox sv4 E[i(ztfadfﬁdwt_l) exp(islxt_1)|dt_1=d] ds
P Jo v Elexp(is1z¢—1)|di—1=d] 1

We can use this identified joint density in turn to identify the transition rule f, (wt, x| di_1, w1, x;ﬂl)

with

Ja (whxﬂdt—lywt—la x:_1) = Z ]l{dt—l = d}fwt,nf (wt, ﬁ —at - Bdwt—l - vdwi_l) .
d

In summary, we obtain the closed-form expression

folwn i [y wpr i) = S0 W{diy = A} fuw) (Foygu, - | w) (5] = a® = By = 4%;))

d
- Z l{dt_Q—lw:d}fwt(wt) /exp (—is(ff — o — fhwy — “Ydl’:fl)) X
d

Teg1 —a? —,Bdlwt) exp(isizt)|de :d’]
4 Elexp(isizt)|di=d']

‘ s Bli(
E [exp (isx;) |di—1 = d, wy] - exp {fo | o

: , X
E [exp (is(a? 4+ w1 + yixi_q)) |di—1 = d,wy] - E[exp (isxy) |dy = d]

E [exp (z’s*ydxt,l) |di—1 = d’}

ox fs,yd E[i(zt—ad/—ﬁd/wt,l)exp(islxt,1)|dt,1:d’] ds
P 1Jo ~4 Elexp(isizi_1)|ds—1=d’] 1

ds.

using any d’. This completes Step 1.
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Step 2: Closed-form identification of the proxy model f; (z; | z7): Given (B.3), we can
write the density of ¢; by
fe(e) = (Foe,) () for all e,

where the characteristic function ¢, is defined by (B.3) as
E [exp (iszy) |dy = d]

s E[i(a;t_._l—ad—,@dwt)exp(islmtﬂdt:d]
EXP 1 Jo ~v4 Elexp(is’xt)|di=d]

P, (8) =

ds’

Provided this identified density of &;, we nonparametrically identify the proxy model

fs(@e | f) = fo, (w0 — 7)

In summary, we obtain the closed-form expression

fa(we | 2p) = (Foe,) (w0 — a7)

1 exp (—is(zy — x7)) - B lexp (iszy) |dy = d] ]
T oo S
27 exp |:fs E[i(:z’t+1—ad—,8dwt)exp(is1:vt)|dt:d] d )

0 ~v4 Elexp(isizt)|d:=d]

using any d. This completes Step 2.
Step 3: Closed-form identification of the CCP f; (d;|wy, x}): Note that we have
E[1{d; = d} exp (isz;) |w)] = E[1{d; = d}exp (isx] + ise;) |wy]
= E[1{d; = d} exp (isx]) |w;] E [exp (ise;)]
= E[E[1{d; = d}|wy, x}] exp (isz}) |we] E [exp (isey)]

by the independence assumption for £; and the law of iterated expectations. Therefore

E [1{d; = d} exp (isz;) |w]
E [exp (isey)]

E[E[1{d; = d}|wy, z}] exp (isx}) |wy]

_ / exp (isz?) B[1{d, = d}|ws, 7] f (" |wy) da’
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This is the Fourier inversion of E [1{d; = d}|w, z]] f (xf|w;). On the other hand, the Fourier
inversion of f (z}|w;) can be found as

E [exp (iszy) |wy]
E [exp (isey)]

E [exp (isz})) |wy] =

Therefore, we find the closed-form expression for CCP f; (di|wy, x}) as follows.

U{d, = d}wy, a7] [ (w5 |we) _ (Fyariw) (27)

E
Pr(d, = dluwe, 25) = B[1{d, = d} g, 2] = 2L

where the characteristic functions are defined by

E [1{d; = d} exp (isz) |wi]

qb(d)zﬂwt (8) = E [exp (iS(‘ft)]
. s B i(a:t+1—adl—6d/wt)exp(z’slxt)|dt:d’
B{1{d, = d)exp s - exp | J; Lty |
B E [exp (iszy) |dy = d]
and
E [exp (iszy) |wy]
¢mf|wt(5>

E [exp (isey)]

) s B i(xt+1fadlfﬁd,wt)exp(islxt)|dt:d’
B lexp isi) ] -enp | ; 2Lty |

E [exp (iszy) |dy = d']

by (B.3) using any d’. In summary, we obtain the closed-form expression

(Fo@atw) (27)

_ / exp (—is}) - E[L{d; = d} exp (iszy) [wy]

Pr (dt = d]wt,:v:) =

’ ’ i
i(xpr1—a® —B% wy) exp(zslxt)\dt:d’]

s E[(
exXp |:f0 ’yd/ Elexp(isix¢)|de=d’] d81:| ] /
S

E [exp (iszy) |dy = d']

/exp (—iszy) - E[exp (isxy) |wy] x

[i(xt_H —ad’ 7ﬁd/wt) exp(is1zt)|dt :d’]

s B
exp fo v4" Elexp(isiz¢)|di=d] o d
E [exp (isxy) |dy = d']

S

using any d’. This completes Step 3. O
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B.4 Proof of Theorem 5

Our closed-form identification involves three steps.

Step 1: Closed-form identification of fy, (z}|d;—1,2;_,) and fo, (y;|di—1,y;_,): First, we

show the identification of the parameters and the distributions in the transition law of x}. Since

T = T +e = Z 1{dy—1 = d}[a™" + "2} + 0] + &f
d

- Z 1{d;—1 = d} [ax’d + ’Yx’dl’tfl =+ Uf’d - ”Yx’dgtx—l] + &}
d

is true under Assumption 17, we obtain the following equalities for each d:

E[l’t | dt—l == d] == Oéx7d + fo’dE[xt—l ’ dt—l = d] -
Ely"efy | diy = d] + B[ | dioy = d) + E[e} | iy = d]

= o™+ "Bz | dy = d]

Elzdy o | diy =d] = o™ Eldi_s | dio1 = d) + 7" Elx,_1di_s | dyy = d] —
Ely"lel (di—s | dioy = d] + E[n?ddtﬂ | diy = d] + Elefdy—2 | diy = d]

= o™ Eldi s | dioy =d] + " Elr;1di_s | di—y = d]

The independence and zero mean assumptions for 7; 4 and e stated in Assumption 17 are used

above. We thus obtain the linear equation

E[l’t | dt,1 = d] 1 E[xtfl | dt,1 = d] Oéx’d

Elxidi—o | di—1 = d] Eldi—2 | di—1 = d] Elxi_1di—2 | di—1 = d] y&d

By the non-singularity of the matrix on the right-hand side stated in Assumption 18, we can

identify the parameters (a®9,y%?) by

-1
Ckm’d 1 E[l’t_l ’ dt—l = Cl] E[(Et ’ dt—l = d]

’Y‘T’d E[dt—2 ’ di—1 = d] E[l“t—ldt—Q \ di—1 = d] E[xtdt—2 ’ di—1 = d]
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Next, we show the identification of the distributions of ¥ and n; @ for each d. Observe that

E [exp (?:811}71 + ?:8233}) ’dt,1 = d]
= E [exp (isl (z;_1+e7 ) +ise <ax’d +ydr gt Ef)) |di—1 = d}

= E[exp (i (s12}_; + s20"" + 559"z} ,)) |di—1 = d| E [exp (isie7_;) | E [exp <i32 <77f’d + 5?))}

follows from the independence assumptions for 7, @ and e} stated in Assumption 17. Taking

the derivative with respect to s, yields

E [i(a™d +~y"z;_ ) exp (is1z]_y) |di1 = d]
E [exp (is12]_y) |di—1 = d]

0
— InE [exp (is1241 + is2x¢) |dy—1 = d] =
882

$52=0
= o™+ Vgc’dai InE [exp (isle_l) |dy—1 = d}

S1
where the switch of the differential and integral operators is permissible provided that there
exists h € L'(Fy: |4, ,—a) such that |i(a™? + "z} |)exp (isizj_1)| < h(z}_;) holds for all
x;_,, which follows from the bounded conditional moment condition provided in Assumption
19, and the denominator is nonzero as the conditional characteristic function of z; given d,

does not vanish on the real line under Assumption 19. Therefore, we have

E [exp (isz}_;) |d—1 = d] = exp [/0 E|

On the other hand, from the proxy model and the independence conditions for e; stated in

a:,d)

i(xy — a™®)exp (is124-1) |di—1 = d}

: s
y=dE [exp (is124-1) |di—1 = d !

Assumption 17, we also have
E [exp (iszy_1) |di—1 = d] = E [exp (isz}_,) |dim1 = d] E [exp (ise]_,)] .

Combining the above two equations, we obtain the following identifying formula using any d.

E [exp (iszy_1) |di—1 = d] _ E [exp (iszy_1) |di—1 = d]
E [exp (z’sx;*_l) |di—1 = d] exp [ s Bli(zi—a®) exp(isiz;—1)|d;—1=d] dsl]

E [exp (isef_,)] =

0 ~v%:d Elexp(is1zt—1)|di—1=d)]
This argument holds for all ¢ so that we can identify the characteristic function of €7 by

0s(5) = Elexp (is=p)] = Eloxp (i5.) dp = d (B.4)

s E[i(:thrlfaw’d) exp(islxt)|dt:d]
exp 0 ~v=:d Elexp(isiz¢)|di=d]
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using any d.
In order to identify the distribution of 7; “ for each d, consider
Ty + ’)/x’dét_l = Oér’d + ’Yz’dl‘t_l + &Tf + Ur’d
which holds under Assumption 17. From this equality,
E [exp (isz;) |di—1 = d] E [exp (is7"%,-1)] = E [exp (is(a™® +v"9z;_1)) |diy = d]
x E [exp <z’snf’d)} E [exp (ise})]

follows by the independence assumptions for 7, 4 and ef stated in Assumption 17. Therefore,

by the identifying formula (B.4) for ¢.z, the characteristic function of n; @ can be expressed by

E [exp (iszy) |di—1 = d] - E [exp (isy™%e} )]
E [exp (is(a®® 4+ y=dx; 1)) |dy—1 = d] E [exp (ise7)]

¢ za(s) = E [exp (isnf’dﬂ

t

s E[i(mt+1—a”*d) exp(is1xt)\dt:d]

E [exp (iszy) |di—1 = d] - exp [ 0 T (2 d=d]

d81

E [exp (is(a®® + y=dx;, 1)) |dy—1 = d] - E [exp (isxy) |dy = d]
E [exp (isyx’dxt_l) |di—1 = d}

ox sy E[i(mt—az’d) exp(islztfl)\dt71:d] d
p 0 ~&d Elexp(is1xt—1)|di—1=d] 1

X (B.5)

The denominator on the right-hand side is non-zero, as the conditional and unconditional
characteristic functions do not vanish on the real line under Assumption 19. Letting F denote

the Fourier transform operator defined by

(Fo) (€) S / e " p(s)ds  for all p € L'(R) and & € R,

T o
we identify fnf,d by

fpan) = (Foea) () for all .
under Assumption 19, where the characteristic function anzc,d is identified in (B.5). We can use
this identified density function fntz,d in turn to identify the transition rule fo, (xj |d;_1, xf_l)
with

Jow (#f|diy, 27 ) = Z {dy— = d}fnf’d (27 — a®? — ’Yx’dl';l) :
d
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In summary, we obtain the closed-form identifying formula for the law of state transition fo, (2] |

dt—lv x:—l):

foo(@p | diy,y_y) = Z%}/GXP (_25(1} —a”! —y ’dmt—l)) X
d

. / )
s Bli(zi41—a®d )exp(zs1mt)\dt:d’]

E lexp (isxy) |di—y = d] - exp {fo [ ~# @ Elexp(is1 ) |di=d'] ds)

E [exp (is(a®® + y=dx; 1)) |di—y = d] - E [exp (isxy) |dy = d]
E [exp (isvz’d:xt_l) |d;—1 = d’]

X

ds

syod E[i(:ct—azvdl)exp(islxt_l)\dt_lzd’]
exp P - ——ds;
0 ~%:d" Elexp(is1zi—1)|di—1=d’]

using any d’. By similar lines of argument, we also obtain the closed-form identifying formula

for the law of state transition fo,(y; | di—1,y;_4):

Joy(uf | dir, i) = Z %/GXP (—Zs(yt — ¥’ — 7y7dyt—1)) X
d

. s B i(yH.l—oay*d/)exp(islyt)|dt:d’
E [exp (253/15) |dt—1 = d] - €xXp |:f0 [ ,yy,d’ Elexp(isiyt)|di=d’] ]dsl
E [exp (is(a¥d 4+ ~¥dy, 1)) |di—1 = d] - E [exp (isy;) |dy = d]
B [exp (157" 1) 1 1 = o]

syY-d E[i(yt—ayvd,)exp(islyt71)|dt,1:d’]
exp 7 : dsq
0 v¥:4" Elexp(is1yt—1)|di—1=d']

X

ds

using any d’. This completes Step 1.

Step 2: Closed-form identification of f;, (z, | ;) and f3, (y; | y;): We can write the
density function of €} by

fer(e) = (Foer) (€7) for all &”,

where the characteristic function ¢.s is identified in (B.4) with a closed-form formula. Provided

this identified density function f.=, we identify the proxy model fs,(z; | z}) by

fae(we | 77) = for (2 — 7).
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In summary, we obtain the closed-form identifying formula for the proxy model f3,(x; | z7):

1 [exp(—is(z — 7)) - Elexp (isw) |dy = d]

faalw | 27)

s E[i(mt+1—advz) exp(is1zt)|ds

It oxc =] ds
P/ ~3% Elexp(is1zt)|de=d] !

using any d. By similar lines of argument, we also obtain the closed-form identifying formula

for the proxy model fs,(y; | y;):

Say(ye | wf) ! /eXp (—is(y — y;)) - E lexp (isy) |dy = d] .

% |: 5E[i(yHl—ad!y)exp(is1yt)\dt:d] 1
exp | J, dsi

v4Y Elexp(is1y)|d:=d]

using any d. This completes Step 2.
Step 3: Closed-form identification of the CCP f, (di|z},y;): We can write

E[1{d; = d} exp (is"z; + isYy,)] = E[1{d; = d} exp (is"x; + is'y; +is"e} + isYel)]
= E [1{d; = d} exp (is°x] + is"y;)] E [exp (is"¢})] E [exp (is%e})]

= E[E[I{d; = d}|a7, y;]exp (is"x} +is"y; )] E [exp (is"e})] E [exp (is"e})]

by the independence assumption for e and e/ stated in Assumption 17 and the law of iterated

expectations. Therefore, we obtain

[Il{dt = d}exp (is"x; + is¥y;)]
E [exp (i Szgt)] E [exp (is¥ef)]

— [ [ explisa® sty B{1{d: = @} o) = (05" Fa (5" d"dy

= E[E[1{d; = d}|27, y;]exp (is"x; + is"y;/)]

This is the two-dimensional Fourier inversion of E[1{d; = d}|(z},y;) = (-, - )] farp: (-, - ).

On the other hand, the two-dimensional Fourier inversion of fg: - can be found as

E [exp (is"x + isYy:)]
E [exp (is"ef)] E [exp (isvef)]

E [exp (is"x] + isYy])] =
Letting 7?2 denote the two-dimensional Fourier transform operator defined by

(F?¢) (&1, &) = ﬁ / / e G Tint (s 5o)ds dsy,  for all ¢ € LY(R?) and (&,,&) € R?,

30



we find the closed-form expression for CCP f (d;|z},y;) as follows.

B[{d: = d} |27, y7] fap iy (27, 97) _ (F2@ayes wp ) (27, 97)
fzf,y;“ (x;*,y;k) (‘Fz(bmf,yf) (xivy;ﬁ)

where the ‘phi’ functions in the last expression are

Pr(d, = dlay, y7) =

E [1{d; = d} exp (is"z; + isYy,)]
E [exp (isef)] + E [exp (ise})]

D)z, (575 8Y)

z’d/) exp(is17t) \dt:d’]

d51

fsa: E |:Z'(.Z‘t+1 —
exp 0 yzd! Elexp(isize)|de=d']

_ E ]1 _ . X F oY
[1{d, = d} exp (is"x, + isYy,)] E [exp (is°a,) |dy = d]

o0 Blilyer1—av ) exp(isiye)|de=d| y
XP | Jo 744 Elexp(is1yt)|de =] 51

E [exp (is¥y;) |d; = d']

X

and

E [exp (is"x; + isYy;)] . :
o p(85,87) = : . = E * Yyp)] X
D (87, 7) E [exp (isef)] E [exp (ise})] [oxp (is" 2 + i)}
5T E[i(xtﬂ—az’d/)eXP(iswt)ldt:d'} d sY E[i(yH—l—Oéy’d/)eXP(i51yt)|dt=d’]
eXp fO ,yz7d’ E[EXP(iSl(Et)'dt:dl] S1 eXp 0 ’Yy’d/ E[exp(islyt)\dt:d’]

dSl

E [exp (is*x;) |dy = d'] E [exp (is¥y,) |d; = d']
from (B.4) using any d’. In summary, we obtain the closed-form identifying formula for the
CCP fild | 7, y;):

F2¢(d)x2‘,y§) (x;:ka y;)
(-’T_.2¢:L‘I,yf) (fUZ? y;fk)

- / / exp (—is"z; — is"yp) - B[1{d, = d} exp (is"z, + is")] x

Pr(d; = d|zf,y;) = (

sz B [i(a:t_H —az’d/) exp(is1xt) \dt:d’] v B [i(yt+1—ay’d/) exp(is1yt) \dt:d’]
f dsy | exp f

0 ~®d" Blexp(isiat)|di=d'] 0 yv:@ BElexp(is1yt)|de=d] d81:|
y - ds®dsY
E [exp (is*x;) |dy = d'] E [exp (is¥y,) |d; = d']

/ / exp (—iszy —is'y;) - Efexp (is"@, + 1s"y,)] ¥

exp {

5T E[i(azt_klfaz’d,)exp(is1mt)\dt:d’] d sY E[i(yt+1fay*dl)exp(islyt)|dt:d’]
exp | Jo v Elexpisieolde=a] L[ P 1o -7 Elexp(is1ye) [ di—=d] 1 ds"dsV
E [exp (is"a7) |d; = d] E [exp (is'yq) |d; = @] o
using any d’. This completes Step 3. O
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C Consistency of ]?2(:(:2‘ | di v, 27 )

This section discusses consistency of the analog estimator f;(x;f | di—1,xf ) for the law of state
transition proposed in Section 2.3. For each time period ¢, consider the sequence {ry+}%_; of

positive numbers such that

-~

sup | ¢c,(s) = de,(s)| = op(rave) (C.1)

s€[-hy' Ry
holds as N — oo. Li and Vuong (1998) derive admissible combinations of {ry:}x and {hn}ny
under various cases of smoothness assumptions for the distributions of z; and ¢,. Also let

{en 132, be the sequence of positive numbers defined by

exi= inf 6. (s)] (C2)

s€[—hy"hy']
Note that this sequence also depends on smoothness assumptions for the distribution of ;. We

make the following assumptions.

Assumption 20. The following conditions hold. (i) |y?| < 1. (it) 3¢ —~v%| = O,(N~V/2).
(iii) )EN[exp(z'sxt) | diy = d] — Elexp(isz:) | dit = d]] — 0,(N~2).
(iv) | Bxfexp(is(@ + 3%, 1)) | diy = d] = Elexp(is(a + 7%z, 1)) | dyy = d]| = O(N~12).

1[-1<s<1].

(v) ensNY?2 — 00 as N — co. (vi 76«]1\\;_2 — 00 as N — oo. (vii) ¢x(s) = 3

Part (i) requires that the dynamics of x} follows a sub-unit-root process. Parts (ii), (iii),
and (vi) require parametric convergence rates for the respective parametric estimators, which is
satisfied under the standard assumptions for central limit theorems. Parts (v) and (vi) require
hy to be chosen to vanis slow enough to have cy; dominate 7y, as well as N~Y/2. Part (v)
and (vi) are consistent with the restrictions imposed by Li and Vuong (1998) under various
smoothness cases. Finally, part (vii) assumes that ¢ is an indicator function to have the

setting equivalent to that of Li and Vuong (1998). We obtain the following consistency results.
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Lemma 1. If Assumption 20 (i)—(vi) are satisfied, then

NV IN—1
=O0p| —@2
CN

Proof. By Assumption 20 (i) and (ii) and the uniform continuity of characteristic functions, we

o~

sup  {@ya(s) — ¢pa(s)

s€[—hy'hy']

as N — oo.

have

By 1 (8) = ey (3)

sup
s€[—hy'hy']

sup
s€[—hy"hy']

$€t71 (?ds) - ¢6t71 (7d8) <

with probability approaching one as N — oo, and hence

sup
s€[—hy"hy']

Ges(3%) = 02 (1%5)] = 0y 1) (C.3)
holds as N — oo. Also, we can write

() = 0y0(s) = [{ (Enlexplism) | dioy = ) = Elexpisz) | dior = d]) - (64 (35) = 621 (779))

o
+ (EN[exp(isxt) | di—1 = d] — Elexp(iszy) | di—1 = d]) < e, (V48) + Elexp(iszy) | di—1 = d
% (e s (3%5) = 6201 (4%5)) } - Blexplis(a? +4%w1)) | diy = d] - 6, (5) + Elexplism) | dy1 = d

X e, 4 ( {(EN exp(is( al —|—'y xi—1)) | d—1 = d] — [exp(zs(oe —|—’y xi-1)) | di—1 = d]
+

)
< (0 (s) = s >) (Exfexp(is(@ +75%w1-1)) | dior = d] - Elexplis(a” + 1)) | di-1 = d))
X2, (s) + Elexplis(a” +7%21-1)) | dior = d) - (6e,(5) = 02,(5)) }
[E[exp(is(ad +9%1)) [ diy = dI - 6, (s)” + Elexp(is(a? + yx1-1)) | dioy = d] - 62, (s)
X {(EN[eXp(is(ad 3%, 1)) | di1 = d] — Elexp(is(a® + 1%z 1)) | di1 = d]) (gbst — e (s )
+ (EN[eXp(iS(ad +7%:1)) | dioy = d] — Elexp(is(a® +7%wi1)) | dioy = d]) “¢e, ()

+ Elexp(is(a’ + 1%2-1)) | dit = d]- (2,(5) = 6,(5)) }

Therefore, using (C.1), (C.2), (C.3), and Assumption 20 (iii)—(vi) yields

sup $ng(8> — ‘ —0p (%)

Cn it

as N — oo. O
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Theorem 6. If Assumption 20 is satisfied, then

sup | fo(z* | d,a*) — fo(a* | d,a*)

(z*,z*)

as N — o0.

Proof. Assumption 20 (vii) allows us to write

sup |fa(a* | d, ) — fo(a* | d,a*)

(z*,z*)

\Y _
- Op (”“ b2 1) +0 (/
hN-cNJ

as N — oo, where the last equality follows from Lemma 1.
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