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This supplementary appendix presents proofs for the identification results under extended

models (Sections B.1–B.4) and discuss the consistency of the analog estimator for the law of

state transition (Section C).

B Additional Proofs

B.1 Proof of Theorem 2

Our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f3

(
x∗t |dt−1, wt−1, x

∗
t−1

)
: First,

we show the identification of the parameters and the distributions in transition of x∗t . Since

xt = x∗t + εt =
∑
d

1{dt−1 = d}[αd + βdwt−1 + γdx∗t−1 + ηdt ] + εt

=
∑
d

1{dt−1 = d}[αd + βdwt−1 + γdxt−1 + ηdt − γdεt−1] + εt
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we obtain the following equalities for each d:

E[xt | dt−1 = d] = αd + βd E[wt−1 | dt−1 = d] + γd E[xt−1 | dt−1 = d]

−E[γdεt−1 | dt−1 = d] + E[ηdt | dt−1 = d] + E[εt | dt−1 = d]

= αd + βd E[wt−1 | dt−1 = d] + γd E[xt−1 | dt−1 = d]

E[xtwt−1 | dt−1 = d] = αd E[wt−1 | dt−1 = d] + βd E[w2
t−1 | dt−1 = d] + γd E[xt−1wt−1 | dt−1 = d]

−E[γdεt−1wt−1 | dt−1 = d] + E[ηdtwt−1 | dt−1 = d] + E[εtwt−1 | dt−1 = d]

= αd E[wt−1 | dt−1 = d] + βd E[w2
t−1 | dt−1 = d] + γd E[xt−1wt−1 | dt−1 = d]

E[xtwt | dt−1 = d] = αd E[wt | dt−1 = d] + βd E[wt−1wt | dt−1 = d] + γd E[xt−1wt | dt−1 = d]

−E[γdεt−1wt | dt−1 = d] + E[ηdtwt | dt−1 = d] + E[εtwt | dt−1 = d]

= αd E[wt | dt−1 = d] + βd E[wt−1wt | dt−1 = d] + γd E[xt−1wt | dt−1 = d]

by the independence and zero mean assumptions for ηdt and εt. From these, we have the linear

equation
E[xt | dt−1 = d]

E[xtwt−1 | dt−1 = d]

E[xtwt | dt−1 = d]

 =


1 E[wt−1 | dt−1 = d] E[xt−1 | dt−1 = d]

E[wt−1 | dt−1 = d] E[w2
t−1 | dt−1 = d] E[xt−1wt−1 | dt−1 = d]

E[wt | dt−1 = d] E[wt−1wt | dt−1 = d] E[xt−1wt | dt−1 = d]



αd

βd

γd


Provided that the matrix on the right-hand side is non-singular, we can identify the parameters

(αd, βd, γd) by
αd

βd

γd

 =


1 E[wt−1 | dt−1 = d] E[xt−1 | dt−1 = d]

E[wt−1 | dt−1 = d] E[w2
t−1 | dt−1 = d] E[xt−1wt−1 | dt−1 = d]

E[wt | dt−1 = d] E[wt−1wt | dt−1 = d] E[xt−1wt | dt−1 = d]


−1 

E[xt | dt−1 = d]

E[xtwt−1 | dt−1 = d]

E[xtwt | dt−1 = d]


Next, we show identification of the distributions of εt and ηdt for each d. Observe that

E [exp (is1xt−1 + is2xt) |dt−1 = d]

= E
[
exp

(
is1

(
x∗t−1 + εt−1

)
+ is2

(
αd + βdwt−1 + γdx∗t−1 + ηdt + εt

))
|dt−1 = d

]
= E

[
exp

(
i
(
s1x
∗
t−1 + s2α

d + s2β
dwt−1 + s2γ

dx∗t−1

))
|dt−1 = d

]
×E [exp (is1εt−1)] E

[
exp

(
is2

(
ηdt + εt

))]
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follows from the independence assumptions for ηdt and εt. Taking the derivative with respect

to s2 yields[
∂

∂s2

ln E [exp (is1xt−1 + is2xt) |dt−1 = d]

]
s2=0

=
E
[
i(αd + βdwt−1 + γdx∗t−1) exp

(
is1x

∗
t−1

)
|dt−1 = d

]
E
[
exp

(
is1x∗t−1

)
|dt−1 = d

]
= iαd + βd

E[iwt−1 exp(is1x
∗
t−1) | dt−1 = d]

E[exp(is1x∗t−1) | dt−1 = d]
+ γd

∂

∂s1

ln E
[
exp

(
is1x

∗
t−1

)
|dt−1 = d

]
= iαd + βd

E[iwt−1 exp(is1xt−1) | dt−1 = d]

E[exp(is1xt−1) | dt−1 = d]
+ γd

∂

∂s1

ln E
[
exp

(
is1x

∗
t−1

)
|dt−1 = d

]
where the switch of the differential and integral operators is permissible provided that there

exists h ∈ L1(Fwt−1x∗t−1|dt−1=d) such that
∣∣i(αd + βdwt−1 + γdx∗t−1) exp

(
is1x

∗
t−1

)∣∣ < h(wt−1, x
∗
t−1)

holds for all (wt−1, x
∗
t−1), which follows from the bounded conditional moment given in Assump-

tion 10, and the denominators are nonzero as the conditional characteristic function of x∗t given

dt does not vanish on the real line under Assumption 10. Therefore,

E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
= exp

[∫ s

0

[
1

γd
∂

∂s2

ln E [exp (is1xt−1 + is2xt) |dt−1 = d]

]
s2=0

ds1

−
∫ s

0

iαd

γd
ds1 −

∫ s

0

βd

γd
E[iwt−1 exp(is1xt−1) | dt−1 = d]

E[exp(is1xt−1) | dt−1 = d]
ds1

]
= exp

[∫ s

0

E
[
i(xt − αd − βdwt−1) exp (is1xt−1) |dt−1 = d

]
γd E [exp (is1xt−1) |dt−1 = d]

ds1

]
.

From the proxy model and the independence assumption for εt,

E [exp (isxt−1) |dt−1 = d] = E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
E [exp (isεt−1)] .

We then obtain the following result using any d.

E [exp (isεt−1)] =
E [exp (isxt−1) |dt−1 = d]

E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
=

E [exp (isxt−1) |dt−1 = d]

exp

[∫ s
0

E[i(xt−αd−βdwt−1) exp(is1xt−1)|dt−1=d]
γd E[exp(is1xt−1)|dt−1=d]

ds1

] .
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This argument holds for all t so that we can identify the characteristic function of εt with

E [exp (isεt)] =
E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

] (B.1)

using any d.

In order to identify fηdt for each d, consider

xt + γdεt−1 = αd + βdwt−1 + γdxt−1 + εt + ηd,

and thus

E [exp (isxt) |dt−1 = d] E
[
exp

(
isγdεt−1

)]
= E

[
exp

(
is(αd + βdwt−1 + γdxt−1)

)
|dt−1 = d

]
×E

[
exp

(
isηdt

)]
E [exp (isεt)]

follows by the independence assumptions for ηdt and εt. Therefore, by the formula (B.1), the

characteristic function of ηdt can be expressed by

E
[
exp

(
isηdt

)]
=

E [exp (isxt) |dt−1 = d] · E
[
exp

(
isγdεt−1

)]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d] E [exp (isεt)]

=

E [exp (isxt) |dt−1 = d] · exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d] · E [exp (isxt) |dt = d]

×

E
[
exp

(
isγdxt−1

)
|dt−1 = d

]
exp

[∫ sγd
0

E[i(xt−αd−βdwt−1) exp(is1xt−1)|dt−1=d]
γd E[exp(is1xt−1)|dt−1=d]

ds1

] .
The denominator on the right-hand side is non-zero, as the conditional and unconditional

characteristic functions do not vanish on the real line under Assumption 10. Letting F denote

the operator defined by

(Fφ) (ξ) =
1

2π

∫
e−isξφ(s)ds for all φ ∈ L1(R) and ξ ∈ R,

we identify fηdt by

fηdt (η) =
(
Fφηdt

)
(η) for all η,
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where the characteristic function φηdt is given by

φηdt (s) =

E [exp (isxt) |dt−1 = d] · exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d] · E [exp (isxt) |dt = d]

×

E
[
exp

(
isγdxt−1

)
|dt−1 = d

]
exp

[∫ sγd
0

E[i(xt−αd−βdwt−1) exp(is1xt−1)|dt−1=d]
γd E[exp(is1xt−1)|dt−1=d]

ds1

] .
We can use this identified density in turn to identify the transition rule f3

(
x∗t |dt−1, wt−1, x

∗
t−1

)
with

f3

(
x∗t |dt−1, wt−1, x

∗
t−1

)
=
∑
d

1{dt−1 = d}fηdt
(
x∗t − αd − βdwt−1 − γdx∗t−1

)
.

In summary, we obtain the closed-form expression

f3(x∗t | dt−1, wt−1, x
∗
t−1) =

∑
d

1{dt−1 = d}
(
Fφηdt

)
(x∗t − αd − βdwt−1 − γdx∗t−1)

=
∑
d

1{dt−1 = d}
2π

∫
exp

(
−is(x∗t − αd − βdwt−1 − γdx∗t−1)

)
×

E [exp (isxt) |dt−1 = d] · exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d] · E [exp (isxt) |dt = d]

×

E
[
exp

(
isγdxt−1

)
|dt−1 = d′

]
exp

[∫ sγd
0

E[i(xt−αd′−βd′wt−1) exp(is1xt−1)|dt−1=d′]
γd′ E[exp(is1xt−1)|dt−1=d′]

ds1

] ds.
using any d′. This completes Step 1.

Step 2: Closed-form identification of the proxy model f4 (xt | x∗t ): Given (B.1), we can

write the density of εt by

fεt(ε) = (Fφεt) (ε) for all ε,

where the characteristic function φεt is defined by (B.1) as

φεt(s) =
E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is′xt)|dt=d]
γd E[exp(is′xt)|dt=d]

ds′
] .
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Provided this identified density of εt, we nonparametrically identify the proxy model

f4(xt | x∗t ) = fεt(xt − x∗t )

In summary, we obtain the closed-form expression

f4(xt | x∗t ) = (Fφεt) (xt − x∗t )

=
1

2π

∫
exp (−is(xt − x∗t )) · E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

]ds
using any d. This completes Step 2.

Step 3: Closed-form identification of the transition rule f2

(
wt|dt−1, wt−1, x

∗
t−1

)
: Con-

sider the joint density expressed by the convolution integral

f (xt−1, wt | dt−1, wt−1) =

∫
fεt−1

(
xt−1 − x∗t−1

)
f
(
x∗t−1, wt | dt−1, wt−1

)
dx∗t−1

We can thus obtain a closed-form expression of f
(
x∗t−1, wt | dt−1, wt−1

)
by the deconvolution.

To see this, observe

E [exp (is1xt−1 + is2wt) |dt−1, wt−1] = E
[
exp

(
is1x

∗
t−1 + is1εt−1 + is2wt

)
|dt−1, wt−1

]
= E

[
exp

(
is1x

∗
t−1 + is2wt

)
|dt−1, wt−1

]
E [exp (is1εt−1)]

by the independence assumption for εt, and so

E
[
exp

(
is1x

∗
t−1 + is2wt

)
|dt−1, wt−1

]
=

E [exp (is1xt−1 + is2wt) |dt−1, wt−1]

E [exp (is1εt−1)]

=

E [exp (is1xt−1 + is2wt) |dt−1, wt−1] · exp

[∫ s1
0

E[i(xt−αd−βdwt−1) exp(is′1xt−1)|dt−1=d]
γd E[exp(is′1xt−1)|dt−1=d]

ds′1

]
E [exp (is1xt−1) |dt−1 = d]

follows. Letting F2 denote the operator defined by

(F2φ) (ξ1, ξ2) =
1

4π2

∫ ∫
e−is1ξ1−is2ξ2φ(s1, s2)ds1ds2 for all φ ∈ L1(R2) and (ξ1, ξ2) ∈ R2,
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we can express the conditional density as

f
(
x∗t−1, wt|dt−1, wt−1

)
=
(
F2φx∗t−1,wt|dt−1,wt−1

)
(wt, x

∗
t−1)

where the characteristic function is defined by

φx∗t−1,wt|dt−1,wt−1(s1, s2)

=

E [exp (is1xt−1 + is2wt) |dt−1, wt−1] · exp

[∫ s1
0

E[i(xt−αd−βdwt−1) exp(is′1xt−1)|dt−1=d]
γd E[exp(is′1xt−1)|dt−1=d]

ds′1

]
E [exp (is1xt−1) |dt−1 = d]

with any d. Using this conditional density, we can nonparametrically identify the transition

rule f2(wt | dt−1, wt−1, x
∗
t−1) with

f2

(
wt|dt−1, wt−1, x

∗
t−1

)
=

f
(
x∗t−1, wt|dt−1, wt−1

)∫
f
(
x∗t−1, wt|dt−1, wt−1

)
dwt

.

In summary, we obtain the closed-form expression

f2

(
wt|dt−1, wt−1, x

∗
t−1

)
=

(
F2φx∗t−1,wt|dt−1,wt−1

)
(x∗t−1, wt)∫ (

F2φx∗t−1,wt|dt−1,wt−1

)
(x∗t−1, wt)dwt

=
∑
d

1{dt−1 = d}
∫ ∫

exp
(
−is1wt − is2x

∗
t−1

)
· E [exp (is1xt−1 + is2wt) |dt−1 = d, wt−1]×

exp

[∫ s1
0

E
[
i(xt−αd

′−βd′wt−1) exp(is′1xt−1)|dt−1=d′
]

γd′ E[exp(is′1xt−1)|dt−1=d′]
ds′1

]
E [exp (is1xt−1) |dt−1 = d′]

ds1ds2

/
∫ ∫ ∫

exp
(
−is1wt − is2x

∗
t−1

)
· E [exp (is1xt−1 + is2wt) |dt−1 = d, wt−1]×

exp

[∫ s1
0

E
[
i(xt−αd

′−βd′wt−1) exp(is′1xt−1)|dt−1=d′
]

γd′ E[exp(is′1xt−1)|dt−1=d′]
ds′1

]
E [exp (is1xt−1) |dt−1 = d′]

ds1ds2dwt

using any d′. This completes Step 3.

Step 4: Closed-form identification of the CCP f1 (dt|wt, x∗t ): Note that we have

E [1{dt = d} exp (isxt) |wt] = E [1{dt = d} exp (isx∗t + isεt) |wt]

= E [1{dt = d} exp (isx∗t ) |wt] E [exp (isεt)]

= E [E [1{dt = d}|wt, x∗t ] exp (isx∗t ) |wt] E [exp (isεt)]
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by the independence assumption for εt and the law of iterated expectations. Therefore

E [1{dt = d} exp (isxt) |wt]
E [exp (isεt)]

= E [E [1{dt = d}|wt, x∗t ] exp (isx∗t ) |wt]

=

∫
exp (isx∗t ) E [1{dt = d}|wt, x∗t ] f (x∗t |wt) dx∗t

This is the Fourier inversion of E [1{dt = d}|wt, x∗t ] f (x∗t |wt). On the other hand, the Fourier

inversion of f (x∗t |wt) can be found as

E [exp (isx∗t ) |wt] =
E [exp (isxt) |wt]

E [exp (isεt)]
.

Therefore, we find the closed-form expression for CCP f1 (dt|wt, x∗t ) as follows.

Pr (dt = d|wt, x∗t ) = E [1{dt = d}|wt, x∗t ] =
E [1{dt = d}|wt, x∗t ] f (x∗t |wt)

f (x∗t |wt)
=

(
Fφ(d)x∗t |wt

)
(x∗t )(

Fφx∗t |wt
)

(x∗t )

where the characteristic functions are defined by

φ(d)x∗t |wt(s) =
E [1{dt = d} exp (isxt) |wt]

E [exp (isεt)]

=

E [1{dt = d} exp (isxt) |wt] · exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (isxt) |dt = d′]

and

φx∗t |wt(s) =
E [exp (isxt) |wt]

E [exp (isεt)]

=

E [exp (isxt) |wt] · exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (isxt) |dt = d′]
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by (B.1) using any d′. In summary, we obtain the closed-form expression

Pr (dt = d|wt, x∗t ) =

(
Fφ(d)x∗t |wt

)
(x∗t )(

Fφx∗t |wt
)

(x∗t )

=

∫
exp (−isx∗t ) · E [1{dt = d} exp (isxt) |wt]×

exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd
′ E[exp(is1xt)|dt=d′]

ds1

]
E [exp (isxt) |dt = d′]

ds

/
∫

exp (−isx∗t ) · E [exp (isxt) |wt]×

exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd
′ E[exp(is1xt)|dt=d′]

ds1

]
E [exp (isxt) |dt = d′]

ds

using any d′. This completes Step 4.

B.2 Proof of Theorem 3

Similarly to the baseline case, our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f3

(
x∗t |dt−1, wt−1, x

∗
t−1

)
: First,

we show the identification of the parameters and the distributions in transition of x∗t . Since

xt =
∑
d

1{dt−1 = d}[δdx∗t + εdt ]

=
∑
d

1{dt−1 = d}[αdδd + βdδdwt−1 + γdδdx∗t−1 + δdηdt + εdt ]

=
∑
d

∑
d′

1{dt−1 = d}1{dt−2 = d′}
[
αdδd + βdδdwt−1 + γd

δd

δd′
xt−1 + δdηdt + εdt − γd

δd

δd′
εd
′

t−1

]
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we obtain the following equalities for each d and d′:

E[xt | dt−1 = d, dt−2 = d′] = αdδd + βdδd E[wt−1 | dt−1 = d, dt−2 = d′]

+γd
δd

δd′
E[xt−1 | dt−1 = d, dt−2 = d′]

E[xtwt−1 | dt−1 = d, dt−2 = d′] = αdδd E[wt−1 | dt−1 = d, dt−2 = d′]

+βdδd E[w2
t−1 | dt−1 = d, dt−2 = d′]

+γd
δd

δd′
E[xt−1wt−1 | dt−1 = d, dt−2 = d′]

E[xtwt | dt−1 = d, dt−2 = d′] = αdδd E[wt | dt−1 = d, dt−2 = d′]

+βdδd E[wt−1wt | dt−1 = d, dt−2 = d′]

+γd
δd

δd′
E[xt−1wt | dt−1 = d, dt−2 = d′]

by the independence and zero mean assumptions for ηdt and εdt . From these, we have the linear

equation
E[xt | dt−1 = d, dt−2 = d′]

E[xtwt−1 | dt−1 = d, dt−2 = d′]

E[xtwt | dt−1 = d, dt−2 = d′]

 =


1 E[wt−1 | dt−1 = d, dt−2 = d′] E[xt−1 | dt−1 = d, dt−2 = d′]

E[wt−1 | dt−1 = d, dt−2 = d′] E[w2
t−1 | dt−1 = d, dt−2 = d′] E[xt−1wt−1 | dt−1 = d, dt−2 = d′]

E[wt | dt−1 = d, dt−2 = d′] E[wt−1wt | dt−1 = d, dt−2 = d′] E[xt−1wt | dt−1 = d, dt−2 = d′]




αdδd

βdδd

γd δ
d

δd′


Provided that the matrix on the right-hand side is non-singular, we can identify the composite

parameters
(
αdδd, βdδd, γd δ

d

δd′

)
by


αdδd

βdδd

γd δ
d

δd′

 =


1 E[wt−1 | dt−1 = d, dt−2 = d′] E[xt−1 | dt−1 = d, dt−2 = d′]

E[wt−1 | dt−1 = d, dt−2 = d′] E[w2
t−1 | dt−1 = d, dt−2 = d′] E[xt−1wt−1 | dt−1 = d, dt−2 = d′]

E[wt | dt−1 = d, dt−2 = d′] E[wt−1wt | dt−1 = d, dt−2 = d′] E[xt−1wt | dt−1 = d, dt−2 = d′]


−1

×


E[xt | dt−1 = d, dt−2 = d′]

E[xtwt−1 | dt−1 = d, dt−2 = d′]

E[xtwt | dt−1 = d, dt−2 = d′]

 .
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Once the composite parameters γd δ
d

δ0
and γd = γd δ

d

δd
are identified by the above formula, we can

in turn identify

δd =
γd δ

d

δ0

γd δ
d

δd

for each d by the normalization assumption δ0 = 1. It in turn can be used to identify (αd, βd, γd)

for each d from the identified composite parameters
(
αdδd, βdδd, γd δ

d

δ0

)
by

(αd, βd, γd) =
1

δd

(
αdδd, βdδd, γd

δd

δ0

)
.

Next, we show identification of the distributions of εdt and ηdt for each d. Observe that

E [exp (is1xt−1 + is2xt) |dt−1 = d, dt−2 = d′]

= E
[
exp

(
is1

(
δd
′
x∗t−1 + εd

′

t−1

)
+ is2

(
αdδd + βdδdwt−1 + γdδdx∗t−1 + δdηdt + εdt

))
|dt−1 = d, dt−2 = d′

]
= E

[
exp

(
i
(
s1δ

d′x∗t−1 + s2α
dδd + s2β

dδdwt−1 + s2γ
dδdx∗t−1

))
|dt−1 = d, dt−2 = d′

]
×E

[
exp

(
is1ε

d′

t−1

)]
E
[
exp

(
is2

(
δdηdt + εdt

))]
follows for each pair (d, d′) from the independence assumptions for ηdt and εdt for each d. We

may then use the Kotlarski’s identity[
∂

∂s2

ln E [exp (is1xt−1 + is2xt) |dt−1 = d, dt−2 = d′]

]
s2=0

=
E
[
i(αdδd + βdδdwt−1 + γdδdx∗t−1) exp

(
is1δ

d′x∗t−1

)
|dt−1 = d, dt−2 = d′

]
E
[
exp

(
is1δd

′x∗t−1

)
|dt−1 = d, dt−2 = d′

]
= iαdδd + βdδd

E[iwt−1 exp(is1δ
d′x∗t−1) | dt−1 = d, dt−2 = d′]

E[exp(is1δd
′x∗t−1) | dt−1 = d, dt−2 = d′]

+γd
δd

δd′
∂

∂s1

ln E
[
exp

(
is1δ

d′x∗t−1

)
|dt−1 = d, dt−2 = d′

]
= iαdδd + βdδd

E[iwt−1 exp(is1xt−1) | dt−1 = d, dt−2 = d′]

E[exp(is1xt−1) | dt−1 = d, dt−2 = d′]

+γd
δd

δd′
∂

∂s1

ln E
[
exp

(
is1δ

d′x∗t−1

)
|dt−1 = d, dt−2 = d′

]

11



Therefore,

E
[
exp

(
isδd

′
x∗t−1

)
|dt−1 = d, dt−2 = d′

]
= exp

[∫ s

0

[
δd
′

γdδd
∂

∂s2

ln E [exp (is1xt−1 + is2xt) |dt−1 = d, dt−2 = d′]

]
s2=0

ds1

−
∫ s

0

iαdδd
′

γd
ds1 −

∫ s

0

βdδd
′

γd
E[iwt−1 exp(is1xt−1) | dt−1 = d, dt−2 = d′]

E[exp(is1xt−1) | dt−1 = d, dt−2 = d′]
ds1

]

= exp

∫ s

0

E
[
i( δ

d′

δd
xt − αdδd

′ − βdδd′wt−1) exp (is1xt−1) |dt−1 = d, dt−2 = d′
]

γd E [exp (is1xt−1) |dt−1 = d, dt−2 = d′]
ds1

 .
From the proxy model and the independence assumption for εt,

E [exp (isxt−1) |dt−1 = d, dt−2 = d′] = E
[
exp

(
isδd

′
x∗t−1

)
|dt−1 = d, dt−2 = d′

]
E
[
exp

(
isεd

′

t−1

)]
.

We then obtain the following result using any d.

E
[
exp

(
isεd

′

t−1

)]
=

E [exp (isxt−1) |dt−1 = d, dt−2 = d′]

E
[
exp

(
isδd′x∗t−1

)
|dt−1 = d, dt−2 = d′

]
=

E [exp (isxt−1) |dt−1 = d, dt−2 = d′]

exp

[∫ s
0

E

[
i( δ

d′

δd
xt−αdδd′−βdδd′wt−1) exp(is1xt−1)|dt−1=d,dt−2=d′

]
γd E[exp(is1xt−1)|dt−1=d,dt−2=d′]

ds1

] .

This argument holds for all t so that we can identify the characteristic function of εdt for each

d with

E
[
exp

(
isεdt

)]
=

E [exp (isxt) |dt = d′, dt−1 = d]

exp

[∫ s
0

E
[
i( δ

d

δd
′ xt+1−αd′δd−βd′δdwt) exp(is1xt)|dt=d′,dt−1=d

]
γd′ E[exp(is1xt)|dt=d′,dt−1=d]

ds1

] . (B.2)

using any d′.

In order to identify fηdt for each d, consider

E [exp (isxt) |dt−1 = d, dt−2 = d′] E

[
exp

(
isγd

δd

δd′
εd
′

t−1

)]
= E

[
exp

(
is(αdδd + βdδdwt−1 + γd

δd

δd′
xt−1)

)
|dt−1 = d, dt−2 = d′

]
×E

[
exp

(
isδdηdt

)]
E
[
exp

(
isεdt

)]
12



by the independence assumptions for ηdt and εdt . Therefore,

E
[
exp

(
isδdηdt

)]
=

E [exp (isxt) |dt−1 = d, dt−2 = d′]

E
[
exp

(
is(αdδd + βdδdwt−1 + γd δ

d

δd′
xt−1)

)
|dt−1 = d, dt−2 = d′

]
×

E
[
exp

(
isγd δ

d

δd′
εd
′
t−1

)]
E
[
exp

(
isεdt

)]
and the characteristic function of ηdt can be expressed by

E
[
exp

(
isηdt

)]
=

E
[
exp

(
is 1
δd
xt
)
|dt−1 = d, dt−2 = d′

]
E
[
exp

(
is(αd + βdwt−1 + γd 1

δd′
xt−1)

)
|dt−1 = d, dt−2 = d′

]
× 1

E
[
exp

(
is 1
δd
εdt
)]

E
[
exp

(
−isγd 1

δd′
εd
′
t−1

)]
=

E
[
exp

(
is 1
δd
xt
)
|dt−1 = d, dt−2 = d′

]
E
[
exp

(
is(αd + βdwt−1 + γd 1

δd′
xt−1)

)
|dt−1 = d, dt−2 = d′

]

×
exp

[∫ s/δd
0

E
[
i( δ

d

δd
′ xt+1−αd

′
δd−βd′δdwt) exp(is1xt)|dt=d′,dt−1=d

]
γd′ E[exp(is1xt)|dt=d′,dt−1=d]

ds1

]
E
[
exp

(
is 1
δd
xt
)
|dt = d′, dt−1 = d

]
×

E
[
exp

(
isγd 1

δd′
xt−1

)
|dt−1 = d, dt−2 = d′

]
exp

[∫ sγd/δd′
0

E

[
i( δ

d′

δd
xt−αdδd′−βdδd′wt−1) exp(is1xt−1)|dt−1=d,dt−2=d′

]
γd E[exp(is1xt)|dt−1=d,dt−2=d′]

ds1

]
by the formula (B.2). We can then identify fηdt by

fηdt (η) =
(
Fφηdt

)
(η) for all η,

where the characteristic function φηdt is given by

φηdt (s) =
E
[
exp

(
is 1
δd
xt
)
|dt−1 = d, dt−2 = d′

]
E
[
exp

(
is(αd + βdwt−1 + γd 1

δd′
xt−1)

)
|dt−1 = d, dt−2 = d′

]

×
exp

[∫ s/δd
0

E
[
i( δ

d

δd
′ xt+1−αd

′
δd−βd′δdwt) exp(is1xt)|dt=d′,dt−1=d

]
γd′ E[exp(is1xt)|dt=d′,dt−1=d]

ds1

]
E
[
exp

(
is 1
δd
xt
)
|dt = d′, dt−1 = d

]
×

E
[
exp

(
isγd 1

δd′
xt−1

)
|dt−1 = d, dt−2 = d′

]
exp

[∫ sγd/δd′
0

E

[
i( δ

d′

δd
xt−αdδd′−βdδd′wt−1) exp(is1xt−1)|dt−1=d,dt−2=d′

]
γd E[exp(is1xt)|dt−1=d,dt−2=d′]

ds1

] .
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We can use this identified density in turn to identify the transition rule f3

(
x∗t |dt−1, wt−1, x

∗
t−1

)
with

f3

(
x∗t |dt−1, xt−1, x

∗
t−1

)
=
∑
d

1{dt−1 = d}fηdt
(
x∗t − αd − βdwt−1 − γdx∗t−1

)
.

In summary, we obtain the closed-form expression

f3

(
x∗t |dt−1, xt−1, x

∗
t−1

)
=

∑
d

1{dt−1 = d}
(
Fφηdt

) (
x∗t − αd − βdwt−1 − γdx∗t−1

)
=

∑
d

1{dt−1 = d}
2π

∫
exp

(
−is(x∗t − αd − βdwt−1 − γdx∗t−1)

)
×

E
[
exp

(
is 1
δd
xt
)
|dt−1 = d, dt−2 = d′

]
E
[
exp

(
is(αd + βdwt−1 + γd 1

δd′
xt−1)

)
|dt−1 = d, dt−2 = d′

] ×
exp

[∫ s/δd
0

E
[
i( δ

d

δd
′ xt+1−αd

′
δd−βd′δdwt) exp(is1xt)|dt=d′,dt−1=d

]
γd′ E[exp(is1xt)|dt=d′,dt−1=d]

ds1

]
E
[
exp

(
is 1
δd
xt
)
|dt = d′, dt−1 = d

] ×

E
[
exp

(
isγd 1

δd′
xt−1

)
|dt−1 = d, dt−2 = d′

]
exp

[∫ sγd/δd′
0

E

[
i( δ

d′

δd
xt−αdδd′−βdδd′wt−1) exp(is1xt−1)|dt−1=d,dt−2=d′

]
γd E[exp(is1xt)|dt−1=d,dt−2=d′]

ds1

]

using any d′. This completes Step 1.

Step 2: Closed-form identification of the proxy model f4 (xt | dt−1, x
∗
t ): Given (B.2),

we can write the density of εdt by

fεdt (ε) =
(
Fφεdt

)
(ε) for all ε,

where the characteristic function φεdt is defined by (B.2) as

φεdt (s) =
E [exp (isxt) |dt = d′, dt−1 = d]

exp

[∫ s
0

E
[
i( δ

d

δd
′ xt+1−αd′δd−βd′δdwt) exp(is1xt)|dt=d′,dt−1=d

]
γd′ E[exp(is1xt)|dt=d′,dt−1=d]

ds1

] .
Provided this identified density of εdt , we nonparametrically identify the proxy model

f4(xt | dt−1 = d, x∗t ) = fεdt |dt−1=d(xt − δdx∗t ) = fεdt (xt − δ
dx∗t )
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by the independence assumption for εdt . In summary, we obtain the closed-form expression

f4(xt | dt−1, x
∗
t ) =

∑
d

1{dt−1 = d}
(
Fφεdt

)
(xt − δdx∗t )

=
∑
d

1{dt−1 = d}
2π

∫
exp

(
−is(xt − δdx∗t )

)
· E [exp (isxt) |dt = d′, dt−1 = d]

exp

[∫ s
0

E
[
i( δ

d

δd
′ xt+1−αd′δd−βd′δdwt) exp(is1xt)|dt=d′,dt−1=d

]
γd′ E[exp(is1xt)|dt=d′,dt−1=d]

ds1

]ds
using any d′. This completes Step 2.

Step 3: Closed-form identification of the transition rule f2

(
wt|dt−1, wt−1, x

∗
t−1

)
: Con-

sider the joint density expressed by the convolution integral

f (xt−1, wt | dt−1, wt−1, dt−2 = d) =

∫
fεdt−1

(
xt−1 − δdx∗t−1

)
f
(
x∗t−1, wt | dt−1, wt−1, dt−2 = d

)
dx∗t−1

We can thus obtain a closed-form expression of f
(
x∗t−1, wt | dt−1, wt−1, dt−2

)
by the deconvolu-

tion. To see this, observe

E [exp (is1xt−1 + is2wt) |dt−1, wt−1, dt−2 = d]

= E
[
exp

(
is1δ

dx∗t−1 + is1ε
d
t−1 + is2wt

)
|dt−1, wt−1, dt−2 = d

]
= E

[
exp

(
is1δ

dx∗t−1 + is2wt
)
|dt−1, wt−1, dt−2 = d

]
E
[
exp

(
is1ε

d
t−1

)]
by the independence assumption for εdt , and so

E
[
exp

(
is1δ

dx∗t−1 + is2wt
)
|dt−1, wt−1, dt−2 = d

]
=

E [exp (is1xt−1 + is2wt) |dt−1, wt−1, dt−2 = d]

E
[
exp

(
is1εdt−1

)]
= E [exp (is1xt−1 + is2wt) |dt−1, wt−1, dt−2 = d]

×
exp

[∫ s1
0

E
[
i( δ

d

δd
′ xt−αd

′
δd−βd′δdwt−1) exp(is′1xt−1)|dt−1=d′,dt−2=d

]
γd′ E[exp(is′1xt−1)|dt−1=d′,dt−2=d]

ds′1

]
E [exp (is1xt−1) |dt−1 = d′, dt−2 = d]
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follows with any choice of d′. Rescaling s1 yields

E
[
exp

(
is1x

∗
t−1 + is2wt

)
|dt−1, wt−1, dt−2 = d

]
= E

[
exp

(
is1

1

δd
xt−1 + is2wt

)
|dt−1, wt−1, dt−2 = d

]
×

exp

[∫ s1/δd
0

E
[
i( δ

d

δd
′ xt−αd

′
δd−βd′δdwt−1) exp(is′1xt−1)|dt−1=d′,dt−2=d

]
γd′ E[exp(is′1xt−1)|dt−1=d′,dt−2=d]

ds′1

]
E
[
exp

(
is1

1
δd
xt−1

)
|dt−1 = d′, dt−2 = d

] .

We can then express the conditional density as

f
(
x∗t−1, wt|dt−1, wt−1, dt−2 = d

)
=
(
F2φx∗t−1,wt|dt−1,wt−1,dt−2=d

)
(wt, x

∗
t−1)

where the characteristic function is defined by

φwt,x∗t−1|dt−1,wt−1,dt−2=d(s1, s2) = E

[
exp

(
is1

1

δd
xt−1 + is2wt

)
|dt−1, wt−1, dt−2 = d

]
×

exp

[∫ s1/δd
0

E
[
i( δ

d

δd
′ xt−αd

′
δd−βd′δdwt−1) exp(is′1xt−1)|dt−1=d′,dt−2=d

]
γd′ E[exp(is′1xt−1)|dt−1=d′,dt−2=d]

ds′1

]
E
[
exp

(
is1

1
δd
xt−1

)
|dt−1 = d′, dt−2 = d

] .

Using this conditional density, we nonparametrically identify the transition rule

f2

(
wt|dt−1, wt−1, x

∗
t−1

)
=

∑
d f
(
x∗t−1, wt|dt−1, wt−1, dt−2 = d

)
Pr(dt−2 = d | dt−1, wt−1)∫ ∑

d f
(
x∗t−1, wt|dt−1, wt−1, dt−2 = d

)
Pr(dt−2 = d | dt−1, wt−1)dwt

.
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In summary, we obtain the closed-form expression

f2

(
wt|dt−1, wt−1, x

∗
t−1

)
=
∑
d

1{dt−1 = d} ×

∑
d′

(
F2φx∗t−1,wt|dt−1=d,wt−1,dt−2=d′

)
(wt, x

∗
t−1) · Pr(dt−2 = d′ | dt−1 = d,wt−1)∫ ∑

d′

(
F2φx∗t−1,wt|dt−1=d,wt−1,dt−2=d′

)
(wt, x∗t−1) · Pr(dt−2 = d′ | dt−1 = d,wt−1)dwt

=
∑
d

1{dt−1 = d}

{∑
d′

Pr(dt−2 = d′ | dt−1 = d,wt−1)

∫ ∫
exp

(
−is1wt − is2x

∗
t−1

)
×

E
[
exp

(
is1

1
δd′
xt−1 + is2wt

)
|dt−1 = d,wt−1, dt−2 = d′

]
E
[
exp

(
is1

1
δd′
xt−1

)
|dt−1 = d′′, dt−2 = d′

] ×

exp

∫ s1/δd
′

0

E
[
i( δ

d′

δd′′
xt − αd

′′
δd
′ − βd′′δd′wt−1) exp (is′1xt−1) |dt−1 = d′′, dt−2 = d′

]
γd′′ E [exp (is′1xt−1) |dt−1 = d′′, dt−2 = d′]

ds′1

 ds1ds2


/

{∑
d′

∫
Pr(dt−2 = d′ | dt−1 = d,wt−1)

∫ ∫
exp

(
−is1wt − is2x

∗
t−1

)
×

E
[
exp

(
is1

1
δd′
xt−1 + is2wt

)
|dt−1 = d,wt−1, dt−2 = d′

]
E
[
exp

(
is1

1
δd′
xt−1

)
|dt−1 = d′′, dt−2 = d′

] ×

exp

∫ s1/δd
′

0

E
[
i( δ

d′

δd′′
xt − αd

′′
δd
′ − βd′′δd′wt−1) exp (is′1xt−1) |dt−1 = d′′, dt−2 = d′

]
γd′′ E [exp (is′1xt−1) |dt−1 = d′′, dt−2 = d′]

ds′1

 ds1ds2dwt


using any d′ and d′′ This completes Step 3.

Step 4: Closed-form identification of the CCP f1 (dt|wt, x∗t ): Note that we have

E [1{dt = d} exp (isxt) |wt, dt−1 = d′] = E
[
1{dt = d} exp

(
isδd

′
x∗t + isεd

′

t

)
|wt, dt−1 = d′

]
= E

[
1{dt = d} exp

(
isδd

′
x∗t

)
|wt, dt−1 = d′

]
E
[
exp

(
isεd

′

t

)]
= E

[
E [1{dt = d}|wt, x∗t , dt−1 = d′] exp

(
isδd

′
x∗t

)
|wt, dt−1 = d′

]
E
[
exp

(
isεd

′

t

)]
by the independence assumption for εd

′
t and the law of iterated expectations. Therefore,

E [1{dt = d} exp (isxt) |wt, dt−1 = d′]

E
[
exp

(
isεd

′
t

)]
= E

[
E [1{dt = d}|wt, x∗t , dt−1 = d′] exp

(
isδd

′
x∗t

)
|wt, dt−1 = d′

]
=

∫
exp

(
isδd

′
x∗t

)
E [1{dt = d}|wt, x∗t , dt−1 = d′] f (x∗t |wt, dt−1 = d′) dx∗t
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and rescaling s yields

E
[
1{dt = d} exp

(
is 1
δd′
xt

)
|wt, dt−1 = d′

]
E
[
exp

(
is 1
δd′
εd
′
t

)]
=

∫
exp (isx∗t ) E [1{dt = d}|wt, x∗t , dt−1 = d′] f (x∗t |wt, dt−1 = d′) dx∗t

This is the Fourier inversion of E [1{dt = d}|wt, x∗t , dt−1 = d′] f (x∗t |wt, dt−1 = d′). On the other

hand, the Fourier inversion of f (x∗t |wt, dt−1) can be found as

E [exp (isx∗t ) |wt, dt−1 = d′] =
E
[
exp

(
is 1
δd′
xt

)
|wt, dt−1 = d′

]
E
[
exp

(
is 1
δd′
εd
′
t

)] .

Therefore, we find the closed-form expression for CCP f1 (dt|wt, x∗t ) as follows.

Pr (dt = d|wt, x∗t ) =
∑
d′

Pr (dt = d|wt, x∗t , dt−1 = d′) Pr (dt−1 = d′ | wt, x∗t )

=
∑
d′

E [1{dt = d}|wt, x∗t , dt−1 = d′] Pr (dt−1 = d′ | wt, x∗t )

=
∑
d′

E [1{dt = d}|wt, x∗t , dt−1 = d′] f (x∗t |wt, dt−1 = d′)

f (x∗t |wt, dt−1 = d′)
Pr (dt−1 = d′ | wt, x∗t )

=
∑
d′

(
Fφ(d)x∗t |wt(d′)

)
(x∗t )(

Fφx∗t |wt(d′)
)

(x∗t )
Pr (dt−1 = d′ | wt, x∗t )

where the characteristic functions are defined by

φ(d)x∗t |wt(d′)(s) =
E
[
1{dt = d} exp

(
is 1
δd′
xt

)
|wt, dt−1 = d′

]
E
[
exp

(
is 1
δd′
εd
′
t

)]
= E

[
1{dt = d} exp

(
is

1

δd′
xt

)
|wt, dt−1 = d′

]

×
exp

[∫ s/δd′
0

E

[
i( δ

d′

δd
′′ xt+1−αd

′′
δd
′−βd′′δd′wt) exp(is1xt)|dt=d′′,dt−1=d′

]
γd′′ E[exp(is1xt)|dt=d′′,dt−1=d′]

ds1

]
E
[
exp

(
is 1
δd′
xt

)
|dt = d′, dt−1 = d′′

]
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and

φx∗t |wt(d′)(s) =
E
[
exp

(
is 1
δd′
xt

)
|wt
]

E
[
exp

(
is 1
δd′
εd
′
t

)]

=

E
[
exp

(
is 1
δd′
xt

)
|wt
]
· exp

[∫ s/δd′
0

E

[
i( δ

d′

δd
′′ xt+1−αd

′′
δd
′−βd′′δd′wt) exp(is1xt)|dt=d′′,dt−1=d′

]
γd′′ E[exp(is1xt)|dt=d′′,dt−1=d′]

ds1

]
E
[
exp

(
is 1
δd′
xt

)
|dt = d′, dt−1 = d′′

]
by (B.2) using any d′′. In summary, we obtain the closed-form expression

Pr (dt = d|wt, x∗t ) =
∑
d′

(
Fφ(d)x∗t |wt(d′)

)
(x∗t )(

Fφx∗t |wt(d′)
)

(x∗t )
Pr (dt−1 = d′ | wt, x∗t )

=
∑
d′

Pr (dt−1 = d′ | wt, x∗t )
∫

exp (−isx∗t )×

E

[
1{dt = d} exp

(
is

1

δd′
xt

)
|wt, dt−1 = d′

]
×

exp

[∫ s/δd′
0

E

[
i( δ

d′

δd
′′ xt+1−αd

′′
δd
′−βd′′δd′wt) exp(is1xt)|dt=d′′,dt−1=d′

]
γd′′ E[exp(is1xt)|dt=d′′,dt−1=d′]

ds1

]
E
[
exp

(
is 1
δd′
xt

)
|dt = d′, dt−1 = d′′

] ds

/
∫

exp (−isx∗t ) · E
[
exp

(
is

1

δd′
xt

)
|wt
]
×

exp

[∫ s/δd′
0

E

[
i( δ

d′

δd
′′ xt+1−αd

′′
δd
′−βd′′δd′wt) exp(is1xt)|dt=d′′,dt−1=d′

]
γd′′ E[exp(is1xt)|dt=d′′,dt−1=d′]

ds1

]
E
[
exp

(
is 1
δd′
xt

)
|dt = d′, dt−1 = d′′

] ds.

This completes Step 4.

B.3 Proof of Theorem 4

Our closed-form identification includes four steps.

Step 1: Closed-form identification of the transition rule f2

(
wt, x

∗
t |dt−1, wt−1, x

∗
t−1

)
:

First, we show the identification of the parameters and the distributions in transition of x∗t .
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Since

xt = x∗t + εt =
∑
d

1{dt−1 = d}[αd + βdwt−1 + γdx∗t−1 + ηdt ] + εt

=
∑
d

1{dt−1 = d}[αd + βdwt−1 + γdxt−1 + ηdt − γdεt−1] + εt

we obtain the following equalities for each d:

E[xt | dt−1 = d] = αd + βd E[wt−1 | dt−1 = d] + γd E[xt−1 | dt−1 = d]

−E[γdεt−1 | dt−1 = d] + E[ηdt | dt−1 = d] + E[εt | dt−1 = d]

= αd + βd E[wt−1 | dt−1 = d] + γd E[xt−1 | dt−1 = d]

E[xtdt−2 | dt−1 = d] = αd E[dt−2 | dt−1 = d] + βd E[wt−1dt−2 | dt−1 = d] + γd E[xt−1dt−2 | dt−1 = d]

−E[γdεt−1dt−2 | dt−1 = d] + E[ηdt dt−2 | dt−1 = d] + E[εtdt−2 | dt−1 = d]

= αd E[dt−2 | dt−1 = d] + βd E[wt−1dt−2 | dt−1 = d] + γd E[xt−1dt−2 | dt−1 = d]

E[xtdt−3 | dt−1 = d] = αd E[dt−3 | dt−1 = d] + βd E[wt−1dt−3 | dt−1 = d] + γd E[xt−1dt−3 | dt−1 = d]

−E[γdεt−1dt−3 | dt−1 = d] + E[ηdt dt−3 | dt−1 = d] + E[εtdt−3 | dt−1 = d]

= αd E[dt−3 | dt−1 = d] + βd E[wt−1dt−3 | dt−1 = d] + γd E[xt−1dt−3 | dt−1 = d]

by the independence and zero mean assumptions for ηdt and εt. From these, we have the linear

equation
E[xt | dt−1 = d]

E[xtdt−2 | dt−1 = d]

E[xtdt−3 | dt−1 = d]

 =


1 E[wt−1 | dt−1 = d] E[xt−1 | dt−1 = d]

E[dt−2 | dt−1 = d] E[wt−1dt−2 | dt−1 = d] E[xt−1dt−2 | dt−1 = d]

E[dt−3 | dt−1 = d] E[wt−1dt−3 | dt−1 = d] E[xt−1dt−3 | dt−1 = d]



αd

βd

γd


Provided that the matrix on the right-hand side is non-singular, we can identify the parameters

(αd, βd, γd) by
αd

βd

γd

 =


1 E[wt−1 | dt−1 = d] E[xt−1 | dt−1 = d]

E[dt−2 | dt−1 = d] E[wt−1dt−2 | dt−1 = d] E[xt−1dt−2 | dt−1 = d]

E[dt−3 | dt−1 = d] E[wt−1dt−3 | dt−1 = d] E[xt−1dt−3 | dt−1 = d]


−1 

E[xt | dt−1 = d]

E[xtdt−2 | dt−1 = d]

E[xtdt−3 | dt−1 = d]
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Next, we show identification of the distributions of εt and ηdt for each d. Observe that

E [exp (is1xt−1 + is2xt) |dt−1 = d]

= E
[
exp

(
is1

(
x∗t−1 + εt−1

)
+ is2

(
αd + βdwt−1 + γdx∗t−1 + ηdt + εt

))
|dt−1 = d

]
= E

[
exp

(
i
(
s1x
∗
t−1 + s2α

d + s2β
dwt−1 + s2γ

dx∗t−1

))
|dt−1 = d

]
×E [exp (is1εt−1)] E

[
exp

(
is2

(
ηdt + εt

))]
follows from the independence assumptions for ηdt and εt. Taking the derivative with respect

to s2 yields[
∂

∂s2

ln E [exp (is1xt−1 + is2xt) |dt−1 = d]

]
s2=0

=
E
[
i(αd + βdwt−1 + γdx∗t−1) exp

(
is1x

∗
t−1

)
|dt−1 = d

]
E
[
exp

(
is1x∗t−1

)
|dt−1 = d

]
= iαd + βd

E[iwt−1 exp(is1x
∗
t−1) | dt−1 = d]

E[exp(is1x∗t−1) | dt−1 = d]
+ γd

∂

∂s1

ln E
[
exp

(
is1x

∗
t−1

)
|dt−1 = d

]
= iαd + βd

E[iwt−1 exp(is1xt−1) | dt−1 = d]

E[exp(is1xt−1) | dt−1 = d]
+ γd

∂

∂s1

ln E
[
exp

(
is1x

∗
t−1

)
|dt−1 = d

]
where the switch of the differential and integral operators is permissible provided that there

exists h ∈ L1(Fwt−1x∗t−1|dt−1=d) such that
∣∣i(αd + βdwt−1 + γdx∗t−1) exp

(
is1x

∗
t−1

)∣∣ < h(wt−1, x
∗
t−1)

holds for all (wt−1, x
∗
t−1), which follows from the bounded conditional moment given in Assump-

tion 10, and the denominators are nonzero as the conditional characteristic function of x∗t given

dt does not vanish on the real line under Assumption 10. Therefore,

E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
= exp

[∫ s

0

[
1

γd
∂

∂s2

ln E [exp (is1xt−1 + is2xt) |dt−1 = d]

]
s2=0

ds1

−
∫ s

0

iαd

γd
ds1 −

∫ s

0

βd

γd
E[iwt−1 exp(is1xt−1) | dt−1 = d]

E[exp(is1xt−1) | dt−1 = d]
ds1

]
= exp

[∫ s

0

E
[
i(xt − αd − βdwt−1) exp (is1xt−1) |dt−1 = d

]
γd E [exp (is1xt−1) |dt−1 = d]

ds1

]
.

From the proxy model and the independence assumption for εt,

E [exp (isxt−1) |dt−1 = d] = E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
E [exp (isεt−1)] .
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We then obtain the following result using any d.

E [exp (isεt−1)] =
E [exp (isxt−1) |dt−1 = d]

E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
=

E [exp (isxt−1) |dt−1 = d]

exp

[∫ s
0

E[i(xt−αd−βdwt−1) exp(is1xt−1)|dt−1=d]
γd E[exp(is1xt−1)|dt−1=d]

ds1

] .
This argument holds for all t so that we can identify the characteristic function of εt with

E [exp (isεt)] =
E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

] (B.3)

using any d.

In order to identify fwt,ηdt for each d, consider

xt + γdεt−1 = αd + βdwt−1 + γdxt−1 + εt + ηd,

and thus

E [exp (isxt) |dt−1 = d, wt] E
[
exp

(
isγdεt−1

)]
= E

[
exp

(
is(αd + βdwt−1 + γdxt−1)

)
|dt−1 = d, wt

]
×E

[
exp

(
isηdt

)
| wt
]

E [exp (isεt)]

follows by the independence assumptions for ηdt and εt. Therefore, by the formula (B.3), the

conditional characteristic function of ηdt given wt can be expressed by

E
[
exp

(
isηdt

)
| wt
]

=
E [exp (isxt) |dt−1 = d, wt] · E

[
exp

(
isγdεt−1

)]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d, wt] E [exp (isεt)]

=

E [exp (isxt) |dt−1 = d, wt] · exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d, wt] · E [exp (isxt) |dt = d]

×

E
[
exp

(
isγdxt−1

)
|dt−1 = d

]
exp

[∫ sγd
0

E[i(xt−αd−βdwt−1) exp(is1xt−1)|dt−1=d]
γd E[exp(is1xt−1)|dt−1=d]

ds1

] .
The denominator on the right-hand side is non-zero, as the conditional and unconditional

characteristic functions do not vanish on the real line under Assumption 10. Letting F denote
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the operator defined by

(Fφ) (ξ) =
1

2π

∫
e−isξφ(s)ds for all φ ∈ L1(R) and ξ ∈ R,

we identify fwt,ηdt by

fwt,ηdt (w, η) = fwt(w)
(
Fφηdt |wt(· | w)

)
(η) for all η,

where the conditional characteristic function φηdt |wt is given by

φηdt |wt(s | w) =

E [exp (isxt) |dt−1 = d, wt = w] · exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d, wt = w] · E [exp (isxt) |dt = d]

×

E
[
exp

(
isγdxt−1

)
|dt−1 = d

]
exp

[∫ sγd
0

E[i(xt−αd−βdwt−1) exp(is1xt−1)|dt−1=d]
γd E[exp(is1xt−1)|dt−1=d]

ds1

] .
We can use this identified joint density in turn to identify the transition rule f2

(
wt, x

∗
t |dt−1, wt−1, x

∗
t−1

)
with

f2

(
wt, x

∗
t |dt−1, wt−1, x

∗
t−1

)
=
∑
d

1{dt−1 = d}fwt,ηdt
(
wt, x

∗
t − αd − βdwt−1 − γdx∗t−1

)
.

In summary, we obtain the closed-form expression

f2(wt, x
∗
t | dt−1, wt−1, x

∗
t−1) =

∑
d

1{dt−1 = d}fwt(wt)
(
Fφηdt |wt(· | wt)

)
(x∗t − αd − βdwt−1 − γdx∗t−1)

=
∑
d

1{dt−1 = d}
2π

fwt(wt)

∫
exp

(
−is(x∗t − αd − βdwt−1 − γdx∗t−1)

)
×

E [exp (isxt) |dt−1 = d, wt] · exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (is(αd + βdwt−1 + γdxt−1)) |dt−1 = d, wt] · E [exp (isxt) |dt = d]

×

E
[
exp

(
isγdxt−1

)
|dt−1 = d′

]
exp

[∫ sγd
0

E[i(xt−αd′−βd′wt−1) exp(is1xt−1)|dt−1=d′]
γd′ E[exp(is1xt−1)|dt−1=d′]

ds1

] ds.
using any d′. This completes Step 1.
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Step 2: Closed-form identification of the proxy model f3 (xt | x∗t ): Given (B.3), we can

write the density of εt by

fεt(ε) = (Fφεt) (ε) for all ε,

where the characteristic function φεt is defined by (B.3) as

φεt(s) =
E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is′xt)|dt=d]
γd E[exp(is′xt)|dt=d]

ds′
] .

Provided this identified density of εt, we nonparametrically identify the proxy model

f3(xt | x∗t ) = fεt(xt − x∗t )

In summary, we obtain the closed-form expression

f3(xt | x∗t ) = (Fφεt) (xt − x∗t )

=
1

2π

∫
exp (−is(xt − x∗t )) · E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αd−βdwt) exp(is1xt)|dt=d]
γd E[exp(is1xt)|dt=d]

ds1

]ds
using any d. This completes Step 2.

Step 3: Closed-form identification of the CCP f1 (dt|wt, x∗t ): Note that we have

E [1{dt = d} exp (isxt) |wt] = E [1{dt = d} exp (isx∗t + isεt) |wt]

= E [1{dt = d} exp (isx∗t ) |wt] E [exp (isεt)]

= E [E [1{dt = d}|wt, x∗t ] exp (isx∗t ) |wt] E [exp (isεt)]

by the independence assumption for εt and the law of iterated expectations. Therefore

E [1{dt = d} exp (isxt) |wt]
E [exp (isεt)]

= E [E [1{dt = d}|wt, x∗t ] exp (isx∗t ) |wt]

=

∫
exp (isx∗t ) E [1{dt = d}|wt, x∗t ] f (x∗t |wt) dx∗t
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This is the Fourier inversion of E [1{dt = d}|wt, x∗t ] f (x∗t |wt). On the other hand, the Fourier

inversion of f (x∗t |wt) can be found as

E [exp (isx∗t ) |wt] =
E [exp (isxt) |wt]

E [exp (isεt)]
.

Therefore, we find the closed-form expression for CCP f1 (dt|wt, x∗t ) as follows.

Pr (dt = d|wt, x∗t ) = E [1{dt = d}|wt, x∗t ] =
E [1{dt = d}|wt, x∗t ] f (x∗t |wt)

f (x∗t |wt)
=

(
Fφ(d)x∗t |wt

)
(x∗t )(

Fφx∗t |wt
)

(x∗t )

where the characteristic functions are defined by

φ(d)x∗t |wt(s) =
E [1{dt = d} exp (isxt) |wt]

E [exp (isεt)]

=

E [1{dt = d} exp (isxt) |wt] · exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (isxt) |dt = d′]

and

φx∗t |wt(s) =
E [exp (isxt) |wt]

E [exp (isεt)]

=

E [exp (isxt) |wt] · exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (isxt) |dt = d′]

by (B.3) using any d′. In summary, we obtain the closed-form expression

Pr (dt = d|wt, x∗t ) =

(
Fφ(d)x∗t |wt

)
(x∗t )(

Fφx∗t |wt
)

(x∗t )

=

∫
exp (−isx∗t ) · E [1{dt = d} exp (isxt) |wt]×

exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (isxt) |dt = d′]

ds

/
∫

exp (−isx∗t ) · E [exp (isxt) |wt]×

exp

[∫ s
0

E
[
i(xt+1−αd

′−βd′wt) exp(is1xt)|dt=d′
]

γd′ E[exp(is1xt)|dt=d′]
ds1

]
E [exp (isxt) |dt = d′]

ds

using any d′. This completes Step 3.
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B.4 Proof of Theorem 5

Our closed-form identification involves three steps.

Step 1: Closed-form identification of f2x

(
x∗t |dt−1, x

∗
t−1

)
and f2y

(
y∗t |dt−1, y

∗
t−1

)
: First, we

show the identification of the parameters and the distributions in the transition law of x∗t . Since

xt = x∗t + εxt =
∑
d

1{dt−1 = d}[αx,d + γx,dx∗t−1 + ηx,dt ] + εxt

=
∑
d

1{dt−1 = d}[αx,d + γx,dxt−1 + ηx,dt − γx,dεxt−1] + εxt

is true under Assumption 17, we obtain the following equalities for each d:

E[xt | dt−1 = d] = αx,d + γx,d E[xt−1 | dt−1 = d]−

E[γx,dεxt−1 | dt−1 = d] + E[ηx,dt | dt−1 = d] + E[εxt | dt−1 = d]

= αx,d + γx,d E[xt−1 | dt−1 = d]

E[xtdt−2 | dt−1 = d] = αx,d E[dt−2 | dt−1 = d] + γx,d E[xt−1dt−2 | dt−1 = d]−

E[γx,dεxt−1dt−2 | dt−1 = d] + E[ηx,dt dt−2 | dt−1 = d] + E[εxt dt−2 | dt−1 = d]

= αx,d E[dt−2 | dt−1 = d] + γx,d E[xt−1dt−2 | dt−1 = d]

The independence and zero mean assumptions for ηx,dt and εxt stated in Assumption 17 are used

above. We thus obtain the linear equation E[xt | dt−1 = d]

E[xtdt−2 | dt−1 = d]

 =

 1 E[xt−1 | dt−1 = d]

E[dt−2 | dt−1 = d] E[xt−1dt−2 | dt−1 = d]


 αx,d

γx,d

 .
By the non-singularity of the matrix on the right-hand side stated in Assumption 18, we can

identify the parameters (αx,d, γx,d) by αx,d

γx,d

 =

 1 E[xt−1 | dt−1 = d]

E[dt−2 | dt−1 = d] E[xt−1dt−2 | dt−1 = d]


−1  E[xt | dt−1 = d]

E[xtdt−2 | dt−1 = d]
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Next, we show the identification of the distributions of εxt and ηx,dt for each d. Observe that

E [exp (is1xt−1 + is2xt) |dt−1 = d]

= E
[
exp

(
is1

(
x∗t−1 + εxt−1

)
+ is2

(
αx,d + γx,dx∗t−1 + ηx,dt + εxt

))
|dt−1 = d

]
= E

[
exp

(
i
(
s1x
∗
t−1 + s2α

x,d + s2γ
x,dx∗t−1

))
|dt−1 = d

]
E
[
exp

(
is1ε

x
t−1

)]
E
[
exp

(
is2

(
ηx,dt + εxt

))]
follows from the independence assumptions for ηx,dt and εxt stated in Assumption 17. Taking

the derivative with respect to s2 yields[
∂

∂s2

ln E [exp (is1xt−1 + is2xt) |dt−1 = d]

]
s2=0

=
E
[
i(αx,d + γx,dx∗t−1) exp

(
is1x

∗
t−1

)
|dt−1 = d

]
E
[
exp

(
is1x∗t−1

)
|dt−1 = d

]
= iαx,d + γx,d

∂

∂s1

ln E
[
exp

(
is1x

∗
t−1

)
|dt−1 = d

]
where the switch of the differential and integral operators is permissible provided that there

exists h ∈ L1(Fx∗t−1|dt−1=d) such that
∣∣i(αx,d + γx,dx∗t−1) exp

(
is1x

∗
t−1

)∣∣ < h(x∗t−1) holds for all

x∗t−1, which follows from the bounded conditional moment condition provided in Assumption

19, and the denominator is nonzero as the conditional characteristic function of x∗t given dt

does not vanish on the real line under Assumption 19. Therefore, we have

E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
= exp

[∫ s

0

E
[
i(xt − αx,d) exp (is1xt−1) |dt−1 = d

]
γx,d E [exp (is1xt−1) |dt−1 = d]

ds1

]
.

On the other hand, from the proxy model and the independence conditions for εt stated in

Assumption 17, we also have

E [exp (isxt−1) |dt−1 = d] = E
[
exp

(
isx∗t−1

)
|dt−1 = d

]
E
[
exp

(
isεxt−1

)]
.

Combining the above two equations, we obtain the following identifying formula using any d.

E
[
exp

(
isεxt−1

)]
=

E [exp (isxt−1) |dt−1 = d]

E
[
exp

(
isx∗t−1

)
|dt−1 = d

] =
E [exp (isxt−1) |dt−1 = d]

exp

[∫ s
0

E[i(xt−αx,d) exp(is1xt−1)|dt−1=d]
γx,d E[exp(is1xt−1)|dt−1=d]

ds1

] .
This argument holds for all t so that we can identify the characteristic function of εxt by

φεxt (s) = E [exp (isεxt )] =
E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αx,d) exp(is1xt)|dt=d]
γx,d E[exp(is1xt)|dt=d]

ds1

] (B.4)
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using any d.

In order to identify the distribution of ηx,dt for each d, consider

xt + γx,dεt−1 = αx,d + γx,dxt−1 + εxt + ηx,d

which holds under Assumption 17. From this equality,

E [exp (isxt) |dt−1 = d] E
[
exp

(
isγx,dεt−1

)]
= E

[
exp

(
is(αx,d + γx,dxt−1)

)
|dt−1 = d

]
×E

[
exp

(
isηx,dt

)]
E [exp (isεxt )]

follows by the independence assumptions for ηx,dt and εxt stated in Assumption 17. Therefore,

by the identifying formula (B.4) for φεxt , the characteristic function of ηx,dt can be expressed by

φηx,dt
(s) = E

[
exp

(
isηx,dt

)]
=

E [exp (isxt) |dt−1 = d] · E
[
exp

(
isγx,dεxt−1

)]
E [exp (is(αx,d + γx,dxt−1)) |dt−1 = d] E [exp (isεxt )]

=

E [exp (isxt) |dt−1 = d] · exp

[∫ s
0

E[i(xt+1−αx,d) exp(is1xt)|dt=d]
γx,d E[exp(is1xt)|dt=d]

ds1

]
E [exp (is(αx,d + γx,dxt−1)) |dt−1 = d] · E [exp (isxt) |dt = d]

×
E
[
exp

(
isγx,dxt−1

)
|dt−1 = d

]
exp

[∫ sγd
0

E[i(xt−αx,d) exp(is1xt−1)|dt−1=d]
γx,d E[exp(is1xt−1)|dt−1=d]

ds1

] . (B.5)

The denominator on the right-hand side is non-zero, as the conditional and unconditional

characteristic functions do not vanish on the real line under Assumption 19. Letting F denote

the Fourier transform operator defined by

(Fφ) (ξ) =
1

2π

∫
e−isξφ(s)ds for all φ ∈ L1(R) and ξ ∈ R,

we identify fηx,dt
by

fηx,dt
(η) =

(
Fφηx,dt

)
(η) for all η,

under Assumption 19, where the characteristic function φηx,dt
is identified in (B.5). We can use

this identified density function fηx,dt
in turn to identify the transition rule f2x

(
x∗t |dt−1, x

∗
t−1

)
with

f2x

(
x∗t |dt−1, x

∗
t−1

)
=
∑
d

1{dt−1 = d}fηx,dt
(
x∗t − αx,d − γx,dx∗t−1

)
.
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In summary, we obtain the closed-form identifying formula for the law of state transition f2x(x
∗
t |

dt−1, x
∗
t−1):

f2x(x
∗
t | dt−1, x

∗
t−1) =

∑
d

1{dt−1 = d}
2π

∫
exp

(
−is(x∗t − αx,d − γx,dx∗t−1)

)
×

E [exp (isxt) |dt−1 = d] · exp

[∫ s
0

E
[
i(xt+1−αx,d

′
) exp(is1xt)|dt=d′

]
γx,d′ E[exp(is1xt)|dt=d′]

ds1

]
E [exp (is(αx,d + γx,dxt−1)) |dt−1 = d] · E [exp (isxt) |dt = d]

×

E
[
exp

(
isγx,dxt−1

)
|dt−1 = d′

]
exp

[∫ sγx,d
0

E[i(xt−αx,d′ ) exp(is1xt−1)|dt−1=d′]
γx,d′ E[exp(is1xt−1)|dt−1=d′]

ds1

] ds
using any d′. By similar lines of argument, we also obtain the closed-form identifying formula

for the law of state transition f2y(y
∗
t | dt−1, y

∗
t−1):

f2y(y
∗
t | dt−1, y

∗
t−1) =

∑
d

1{dt−1 = d}
2π

∫
exp

(
−is(y∗t − αy,d − γy,dy∗t−1)

)
×

E [exp (isyt) |dt−1 = d] · exp

[∫ s
0

E
[
i(yt+1−αy,d

′
) exp(is1yt)|dt=d′

]
γy,d′ E[exp(is1yt)|dt=d′]

ds1

]
E [exp (is(αy,d + γy,dyt−1)) |dt−1 = d] · E [exp (isyt) |dt = d]

×

E
[
exp

(
isγy,dyt−1

)
|dt−1 = d′

]
exp

[∫ sγy,d
0

E[i(yt−αy,d′ ) exp(is1yt−1)|dt−1=d′]
γy,d′ E[exp(is1yt−1)|dt−1=d′]

ds1

] ds
using any d′. This completes Step 1.

Step 2: Closed-form identification of f3x (xt | x∗t ) and f3y (yt | y∗t ): We can write the

density function of εxt by

fεxt (ε) =
(
Fφεxt

)
(εx) for all εx,

where the characteristic function φεxt is identified in (B.4) with a closed-form formula. Provided

this identified density function fεxt , we identify the proxy model f3x(xt | x∗t ) by

f3x(xt | x∗t ) = fεxt (xt − x
∗
t ).
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In summary, we obtain the closed-form identifying formula for the proxy model f3x(xt | x∗t ):

f3x(xt | x∗t ) =
1

2π

∫
exp (−is(xt − x∗t )) · E [exp (isxt) |dt = d]

exp

[∫ s
0

E[i(xt+1−αd,x) exp(is1xt)|dt=d]
γd,x E[exp(is1xt)|dt=d]

ds1

] ds

using any d. By similar lines of argument, we also obtain the closed-form identifying formula

for the proxy model f3y(yt | y∗t ):

f3y(yt | y∗t ) =
1

2π

∫
exp (−is(yt − y∗t )) · E [exp (isyt) |dt = d]

exp

[∫ s
0

E[i(yt+1−αd,y) exp(is1yt)|dt=d]
γd,y E[exp(is1yt)|dt=d]

ds1

] ds

using any d. This completes Step 2.

Step 3: Closed-form identification of the CCP f1 (dt|x∗t , y∗t ): We can write

E [1{dt = d} exp (isxxt + isyyt)] = E [1{dt = d} exp (isxx∗t + isyy∗t + isxεxt + isyεyt )]

= E [1{dt = d} exp (isxx∗t + isyy∗t )] E [exp (isxεxt )] E [exp (isyεyt )]

= E [E [1{dt = d}|x∗t , y∗t ] exp (isxx∗t + isyy∗t )] E [exp (isxεxt )] E [exp (isyεyt )]

by the independence assumption for εxt and εyt stated in Assumption 17 and the law of iterated

expectations. Therefore, we obtain

E [1{dt = d} exp (isxxt + isyyt)]

E [exp (isxεxt )] E [exp (isyεyt )]
= E [E [1{dt = d}|x∗t , y∗t ] exp (isxx∗t + isyy∗t )]

=

∫ ∫
exp (isxx∗ + isyy∗) E [1{dt = d}|(x∗t , y∗t ) = (x∗, y∗)] fx∗t ,y∗t (x∗, y∗) dx∗dy∗

This is the two-dimensional Fourier inversion of E [1{dt = d}|(x∗t , y∗t ) = ( · , · )] fx∗t ,y∗t ( · , · ).

On the other hand, the two-dimensional Fourier inversion of fx∗t ,y∗t can be found as

E [exp (isxx∗t + isyy∗t )] =
E [exp (isxxt + isyyt)]

E [exp (isxεxt )] E [exp (isyεyt )]
.

Letting F2 denote the two-dimensional Fourier transform operator defined by

(
F2φ

)
(ξ1, ξ2) =

1

4π2

∫ ∫
e−is1ξ1−is2ξ2φ(s1, s2)ds1ds2 for all φ ∈ L1(R2) and (ξ1, ξ2) ∈ R2,
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we find the closed-form expression for CCP f1 (dt|x∗t , y∗t ) as follows.

Pr (dt = d|x∗t , y∗t ) =
E [1{dt = d}|x∗t , y∗t ] fx∗t ,y∗t (x∗t , y

∗
t )

fx∗t ,y∗t (x∗t , y
∗
t )

=

(
F2φ(d)x∗t ,y

∗
t

)
(x∗t , y

∗
t )(

F2φx∗t ,y∗t
)

(x∗t , y
∗
t )

where the ‘phi’ functions in the last expression are

φ(d)x∗t ,y
∗
t
(sx, sy) =

E [1{dt = d} exp (isxxt + isyyt)]

E [exp (isεxt )] + E [exp (isεyt )]

= E [1{dt = d} exp (isxxt + isyyt)]

exp

[∫ sx
0

E
[
i(xt+1−αx,d

′
) exp(is1xt)|dt=d′

]
γx,d′ E[exp(is1xt)|dt=d′]

ds1

]
E [exp (isxxt) |dt = d′]

×
exp

[∫ sy
0

E
[
i(yt+1−αy,d

′
) exp(is1yt)|dt=d′

]
γy,d′ E[exp(is1yt)|dt=d′]

ds1

]
E [exp (isyyt) |dt = d′]

and

φx∗t ,y∗t (s
x, sy) =

E [exp (isxxt + isyyt)]

E [exp (isεxt )] E [exp (isεyt )]
= E [exp (isxxt + isyyt)]×

exp

[∫ sx
0

E
[
i(xt+1−αx,d

′
) exp(is1xt)|dt=d′

]
γx,d′ E[exp(is1xt)|dt=d′]

ds1

]
E [exp (isxxt) |dt = d′]

exp

[∫ sy
0

E
[
i(yt+1−αy,d

′
) exp(is1yt)|dt=d′

]
γy,d′ E[exp(is1yt)|dt=d′]

ds1

]
E [exp (isyyt) |dt = d′]

from (B.4) using any d′. In summary, we obtain the closed-form identifying formula for the

CCP f1(dt | x∗t , y∗t ):

Pr (dt = d|x∗t , y∗t ) =

(
F2φ(d)x∗t ,y

∗
t

)
(x∗t , y

∗
t )(

F2φx∗t ,y∗t
)

(x∗t , y
∗
t )

=

∫ ∫
exp (−isxx∗t − isyy∗t ) · E [1{dt = d} exp (isxxt + isyyt)]×

exp

[∫ sx
0

E
[
i(xt+1−αx,d

′
) exp(is1xt)|dt=d′

]
γx,d′ E[exp(is1xt)|dt=d′]

ds1

]
E [exp (isxxt) |dt = d′]

exp

[∫ sy
0

E
[
i(yt+1−αy,d

′
) exp(is1yt)|dt=d′

]
γy,d′ E[exp(is1yt)|dt=d′]

ds1

]
E [exp (isyyt) |dt = d′]

dsxdsy

/
∫ ∫

exp (−isxx∗t − isyy∗t ) · E [exp (isxxt + isyyt)]×

exp

[∫ sx
0

E
[
i(xt+1−αx,d

′
) exp(is1xt)|dt=d′

]
γx,d′ E[exp(is1xt)|dt=d′]

ds1

]
E [exp (isxxt) |dt = d′]

exp

[∫ sy
0

E
[
i(yt+1−αy,d

′
) exp(is1yt)|dt=d′

]
γy,d′ E[exp(is1yt)|dt=d′]

ds1

]
E [exp (isyyt) |dt = d′]

dsxdsy

using any d′. This completes Step 3.
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C Consistency of f̂2(x∗t | dt−1, x
∗
t−1)

This section discusses consistency of the analog estimator f̂2(x∗t | dt−1, x
∗
t−1) for the law of state

transition proposed in Section 2.3. For each time period t, consider the sequence {rN,t}∞N=1 of

positive numbers such that

sup
s∈[−h−1

N ,h−1
N ]

∣∣∣φ̂εt(s)− φεt(s)∣∣∣ = op(rN,t) (C.1)

holds as N →∞. Li and Vuong (1998) derive admissible combinations of {rN,t}N and {hN}N

under various cases of smoothness assumptions for the distributions of x∗t and εt. Also let

{cN,t}∞N=1 be the sequence of positive numbers defined by

cN,t = inf
s∈[−h−1

N ,h−1
N ]
|φεt(s)| (C.2)

Note that this sequence also depends on smoothness assumptions for the distribution of εt. We

make the following assumptions.

Assumption 20. The following conditions hold. (i)
∣∣γd∣∣ < 1. (ii)

∣∣γ̂d − γd∣∣ = Op(N
−1/2).

(iii)
∣∣∣ÊN [exp(isxt) | dt−1 = d]− E[exp(isxt) | dt−1 = d]

∣∣∣ = Op(N
−1/2).

(iv)
∣∣∣ÊN [exp(is(α̂d + γ̂dxt−1)) | dt−1 = d]− E[exp(is(αd + γdxt−1)) | dt−1 = d]

∣∣∣ = Op(N
−1/2).

(v) cN,tN
1/2 →∞ as N →∞. (vi)

cN,t
rN,t
→∞ as N →∞. (vii) φK(s) = 1

2
1[−1 ≤ s ≤ 1].

Part (i) requires that the dynamics of x∗t follows a sub-unit-root process. Parts (ii), (iii),

and (vi) require parametric convergence rates for the respective parametric estimators, which is

satisfied under the standard assumptions for central limit theorems. Parts (v) and (vi) require

hN to be chosen to vanis slow enough to have cN,t dominate rN,t as well as N−1/2. Part (v)

and (vi) are consistent with the restrictions imposed by Li and Vuong (1998) under various

smoothness cases. Finally, part (vii) assumes that φK is an indicator function to have the

setting equivalent to that of Li and Vuong (1998). We obtain the following consistency results.
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Lemma 1. If Assumption 20 (i)–(vi) are satisfied, then

sup
s∈[−h−1

N ,h−1
N ]

∣∣∣φ̂ηdt (s)− φηdt (s)∣∣∣ = OP

(
rN,t ∨ rN,t−1

c2
N,t

)
as N →∞.

Proof. By Assumption 20 (i) and (ii) and the uniform continuity of characteristic functions, we

have

sup
s∈[−h−1

N ,h−1
N ]

∣∣∣φ̂εt−1(γ̂
ds)− φεt−1(γ

ds)
∣∣∣ ≤ sup

s∈[−h−1
N ,h−1

N ]

∣∣∣φ̂εt−1(s)− φεt−1(s)
∣∣∣

with probability approaching one as N →∞, and hence

sup
s∈[−h−1

N ,h−1
N ]

∣∣∣φ̂εt−1(γ̂
ds)− φεt−1(γ

ds)
∣∣∣ = op(rN,t−1) (C.3)

holds as N →∞. Also, we can write

φ̂ηdt
(s)− φηdt (s) =

[{(
ÊN [exp(isxt) | dt−1 = d]− E[exp(isxt) | dt−1 = d]

)
·
(
φ̂εt−1(γ̂ds)− φεt−1(γds)

)
+
(

ÊN [exp(isxt) | dt−1 = d]− E[exp(isxt) | dt−1 = d]
)
· φεt−1(γds) + E[exp(isxt) | dt−1 = d]

×
(
φ̂εt−1(γ̂ds)− φεt−1(γds)

)}
· E[exp(is(αd + γdxt−1)) | dt−1 = d] · φεt(s) + E[exp(isxt) | dt−1 = d]

×φεt−1(γds) ·
{(

ÊN [exp(is(α̂d + γ̂dxt−1)) | dt−1 = d]− E[exp(is(αd + γdxt−1)) | dt−1 = d]
)

×
(
φ̂εt(s)− φεt(s)

)
+
(

ÊN [exp(is(α̂d + γ̂dxt−1)) | dt−1 = d]− E[exp(is(αd + γdxt−1)) | dt−1 = d]
)

×φεt(s) + E[exp(is(αd + γdxt−1)) | dt−1 = d] ·
(
φ̂εt(s)− φεt(s)

)}] /
[
E[exp(is(αd + γdxt−1)) | dt−1 = d]2 · φεt(s)2 + E[exp(is(αd + γdxt−1)) | dt−1 = d] · φεt(s)

×
{(

ÊN [exp(is(α̂d + γ̂dxt−1)) | dt−1 = d]− E[exp(is(αd + γdxt−1)) | dt−1 = d]
)
·
(
φ̂εt(s)− φεt(s)

)
+
(

ÊN [exp(is(α̂d + γ̂dxt−1)) | dt−1 = d]− E[exp(is(αd + γdxt−1)) | dt−1 = d]
)
· φεt(s)

+ E[exp(is(αd + γdxt−1)) | dt−1 = d] ·
(
φ̂εt(s)− φεt(s)

)}]
Therefore, using (C.1), (C.2), (C.3), and Assumption 20 (iii)–(vi) yields

sup
s∈[−h−1

N ,h−1
N ]

∣∣∣φ̂ηdt (s)− φηdt (s)∣∣∣ = OP

(
rN,t ∨ rN,t−1

c2
N,t

)
as N →∞.
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Theorem 6. If Assumption 20 is satisfied, then

sup
(x∗,x∗−)

∣∣∣f̂2(x∗ | d, x∗−)− f2(x∗ | d, x∗−)
∣∣∣ = OP

(
rN,t ∨ rN,t−1

hN · c2
N,t

)
+O

(∫ ∞
h−1
N

∣∣∣φηdt (s)∣∣∣ ds
)

as N →∞.

Proof. Assumption 20 (vii) allows us to write

sup
(x∗,x∗−)

∣∣∣f̂2(x∗ | d, x∗−)− f2(x∗ | d, x∗−)
∣∣∣ = OP

(∫ h−1
N

−h−1
N

∣∣∣φ̂ηdt (s)− φηdt (s)
∣∣∣ ds)+O

(∫ ∞
h−1
N

∣∣∣φηdt (s)
∣∣∣ ds)

= OP

(
rN,t ∨ rN,t−1

hN · c2
N,t

)
+O

(∫ ∞
h−1
N

∣∣∣φηdt (s)
∣∣∣ ds)

as N →∞, where the last equality follows from Lemma 1.
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