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Summary of Contents

This Supplement contains the Tables of results from the Monte Carlo experiments detailed in
Sections 3 and 5 of our paper “Determining the Cointegration Rank in Heteroskedastic VAR
Models of Unknown Order”.

In particular, the results reported in Table 1 relate to the impact that the value of the lag
length used has on the ability of information-based and PLR based procedures to determine
the cointegration rank by reporting the frequencies with which the wild bootstrap PLR based
procedure and a BIC-based procedure, which minimises the quantity BIC(k, r) defined in (3.5)
over r = 0,1, ...,p, select the true cointegration rank, in each case fixing the lag length used
at each of k£ = 1,...,6. The results in Table 2 relate to the behaviour of the information
criteria IC(k, p) defined in (3.10) in determining the autoregressive lag length k. The results in
Tables 3.1, 3.2 and 3.3 relate to cointegration rank determination for the methods considered in
section 3 of the paper for the cases of no cointegration (ro = 0) and GJR-GARCH innovations
(Case A), Autoregressive Stochastic Volatility (Case B) and a single volatility break (Case
C), respectively. Finally, the results in Tables 4.1, 4.2 and 4.3 relate to cointegration rank
determination for these methods for the case of a single cointegration vector (ro = 1) in Cases
A, B and C, respectively.

In all of the tables, the frequencies with which the various procedures select the true coin-

tegration rank or true lag length are highlighted in bold text.



TABLE 1: Cointegration rank determination for different values of lag length k. VAR(2) model, i.i.d. Gaussian

€ITrors.

BIC(k, r) kT
T y k=1 2 3 4 5 6 k=1 2 3 4 5 6
ro=0 100 02 97.7 98.9 985 97.7 967 949 | 89.8 957 958 959 959 96.0
0.5 625 985 979 969 947 918 | 428 95.6 958 958 958 95.7
0.8 14 96.0 938 90.6 858 80.0 0.9 951 944 947 942 945
400 0.2 999 100 100 100 100 100 | 89.6 95.2 950 952 952 95.4
0.5 8.4 100 100 100 100 100 | 40.8 95.2 953 954 955 95.2
0.8 59 100 100 100 99.9 99.9 0.9 952 954 954 952 95.2
ro=1 100 0.2 8.5 26.7 14.6 11.0 9.2 9.6 28.5 40.0 23.1 15.4 10.7 8.0
0.5 22.2 76.1 43.4 26.5 18.4 16.2 42.2 73.2 43.4 25.3 15.8 10.8
0.8 433 955 894 662 432 336 | 442 94.2 785 481 26.7 16.0
400 0.2  99.8 99.9 100 99.4 945 822 | 915 953 954 954 955 947
0.5 89.2 100 100 100 99.8 97.9 58.0 95.5 95.6 95.5 95.5 95.4
0.8 185 99.9 99.9 99.9 99.9 99.9 74 955 954 955 955 95.4
ro =2 100 0.2 3.2 21.0 6.3 2.6 1.3 1.1 25.7 40.6 19.4 10.2 5.1 2.6
0.5 2.2 787 361 137 57 33| 186 77.9 438 218 9.6 47
0.8 10.1 94.9 89.2 60.2 27.4 14.2 23.9 94.3 82.3 49.7 21.4 9.7
400 0.2 99.3 99.8 99.8 99.7 99.2 943 | 931 953 956 955 955 95.2
0.5 90.6 99.8 99.7 99.7 99.7 99.6 | 734 955 955 953 953 953
0.8  40.0 99.6 99.7 99.7 99.7 99.6 | 26.0 95.4 954 951 953 95.2




TABLE 2: Sequential determination of lag length using IC(k, p): kic. VAR(2) model with rank ro = 1.

HQC(k, p) BIC(k, p) HQC(k, p) BIC(k, p) HQC(k, p) BIC(k, p)
GJR-GARCH errors [Case A] Autoregressive Stochastic Volatility [Case B] Single Volatility Break [Case C]

N T k=1 2 3456 k=1 2 3456 | k=1 2 3456 k=1 2 3456 | k=1 2 3456 k=1 2 3,456
0.0 50 99.2 0.6 0.3 100.0 0.0 0.0 89.9 4.6 5.5 99.0 0.8 0.3 35.6 9.9 54.5 95.4 3.7 0.9
100 100.0 0.0 0.0 100.0 0.0 0.0 | 93.7 4.6 1.7 99.5 0.5 0.0 | 80.9 10.5 8.7 99.6 0.4 0.0

200 100.0 0.0 0.0 100.0 0.0 0.0 90.4 7.2 24 98.9 1.0 0.1 92.7 5.6 1.6 100.0 0.1 0.0

400 100.0 0.0 0.0 100.0 0.0 0.0 83.2 11.5 5.3 97.5 2.2 0.2 96.3 3.3 0.4 100.0 0.0 0.0

0.3 50 76.2 22.7 1.1 98.4 1.7 0.0 57.6 31.6 10.8 90.6 8.8 0.6 16.4 18.5 65.1 78.5 18.7 2.8
100 39.1 60.9 0.0 89.6 10.4 0.0 32.3 63.2 4.5 742 25.6 0.2 176 60.7 21.7 68.5 31.2 0.3

200 2.0 98.0 0.0 47.9 52.1 0.0 6.4 87.3 6.2 359 63.6 0.4 1.8 89.4 8.8 28.3 71.6 0.1

400 0.0 100.0 0.0 0.7 99.3 0.0 0.4 88.4 11.3 5.7 93.2 1.1 0.0 96.0 4.0 0.6 99.4 0.0

0.5 50 11.2 86.3 2.5 53.2 46.5 0.3 11.1  73.0 15.9 44.5 54.3 1.2 2.8 24.5 72.7 36.3 56.6 7.1
100 0.0 100.0 0.0 1.3 98.7 0.0 0.5 93.8 5.7 6.5 93.1 0.4 0.1 75.8 24.1 4.0 95.2 0.8

200 0.0 100.0 0.0 0.0 100.0 0.0 0.0 93.4 6.6 0.1 99.3 0.6 0.0 91.0 9.0 0.0 99.9 0.1

400 0.0 100.0 0.0 0.0 100.0 0.0 0.0 88.0 12.0 0.0 98.8 1.2 0.0 95.9 4.1 0.0 100.0 0.0

0.9 50 0.0 95.9 4.1 0.0 100.0 0.0 0.0 76.5 23.5 0.1 97.8 2.1 0.0 17.3 82.7 0.0 86.2 13.8
100 0.0 100.0 0.0 0.0 100.0 0.0 0.0 92.9 7.1 0.0 99.4 0.6 0.0 73.9 26.1 0.0 99.1 0.9

200 0.0 100.0 0.0 0.0 100.0 0.0 0.0 91.5 8.5 0.0 99.1 0.9 0.0 90.6 9.4 0.0 99.9 0.1

400 0.0 100.0 0.0 0.0 100.0 0.0 0.0 84.6 15.4 0.0 98.1 1.9 0.0 95.8 4.2 0.0 100.0 0.0




TABLE 3.1: Determination of cointegration rank. VAR(2) model with rank rq = 0, GJR-GARCH errors [Case A]
HQC(k, ) BIC(k,r) HQC(karc,7) HQC(kpic, 7) BIC(karc, ) BIC(knqc, )
o1 T r=0 1 234 r=0 1 234 | r=0 1 234 r=0 1 234 r=0 1 234 r=0 1 234
0.0 50 61.8 29.3 9.0 95.4 4.6 0.0 50.6 25.1 242 61.8 29.2 8.9 80.9 11.7 7.4 95.4 4.6 0.0
100 81.3 159 2.7 99.4 0.6 0.0 75.3 20.8 4.0 78.4 176 4.0 100.0 0.0 0.0 100.0 0.0 0.0
200 93.1 4.8 2.2 98.9 1.1 0.0 | 8.9 125 1.6 86.9 116 1.6 100.0 0.0 0.0 100.0 0.0 0.0
400  92.7 6.8 0.4 99.7 0.3 0.0 | 92.6 7.0 04 92.7 6.9 0.4 99.7 0.3 0.0 99.7 0.3 0.0
0.3 50 33.6 398 26.6 80.5 15.2 4.3 19.8 252 55.0 34.6 415 239 56.3 229 208 77.9 16.9 5.2
100  65.1 27.2 7.8 95.7 3.7 0.6 | 66.4 26.0 76 53.0 35.6 11.4 97.2 2.2 0.6 96.6 2.9 0.6
200 80.7 159 3.4 97.7 2.3 0.0 | 85.3 125 22 77.0 186 4.5 99.7 0.3 0.0 99.7 0.3 0.0
400  92.0 7.1 0.9 99.7 0.3 0.0 | 91.9 7.2 09 921 7.1 0.9 99.7 0.3 0.0 99.7 0.3 0.0
0.5 50 28.4 350 36.5 64.2 274 8.4 14.0 19.1 669 11.4 358 528 45.5 21.0 335 70.3 20.8 8.9
100 69.6 25.8 4.7 97.8 1.9 0.3 | 65.0 28.0 71  67.1 26.2 6.8 96.9 2.8 0.3 98.4 1.3 0.3
200 84.7 128 2.5 99.7 0.3 0.0 | 84.0 134 2.6 84.7 128 2.6 99.4 0.6 0.0 99.7 0.3 0.0
400 91.5 7.4 1.1 99.7 0.3 0.0 | 91.6 7.2 1.2 91.5 7.4 1.1 99.7 0.3 0.0 99.7 0.3 0.0
0.9 50 3.6 8.5  88.0 56.8 24.9 18.3 0.6 3.2 96.2 3.6 9.2 872 16.3 11.0 72.6 51.4 23.0 256
100 28.5 31.6 39.9 92.8 5.3 1.9 22,1 28.8 49.1 26.7 29.8 435 87.1 9.2 3.7 93.2 6.2 0.6
200 59.6 299 10.5 99.3 0.7 0.0 58.0 31.5 10.6  59.6 29.9 10.5 98.5 1.6 0.0 99.4 0.6 0.0
400 81.9 16.7 1.5 99.9 0.1 0.0 | 81.6 16.7 1.7 81.8 16.7 1.5 99.9 0.1 0.0 99.9 0.1 0.0
HQC(1,7) BIC(1,7) S Q) huge.T @ nreT
0.0 50 59.9 318 8.2 96.3 3.7 0.0 | 92.1 6.5 1.4  96.3 3.4 0.3 96.2 3.5 0.3
100 80.3 174 2.3 99.0 1.0 0.0 | 94.2 5.4 04 94.7 4.7 0.7 94.5 4.9 0.6
200 86.0 134 0.6 100.0 0.0 0.0 | 95.2 4.8 0.0 95.2 4.8 0.0 95.2 4.8 0.0
400  92.9 6.5 0.6 100.0 0.0 0.0 | 94.0 5.2 0.8 94.2 5.1 0.7 94.1 5.1 0.8
0.3 50 36.4 423 214 82.7 158 1.5 | 84.6 14.0 1.4 82.1 156 2.3 81.7 15.8 2.5
100 55.4 35.6 9.0 92.1 7.5 0.4 | 93.0 6.4 0.7 88.1 11.0 1.0 83.2 15.0 1.8
200 64.1 328 3.1 96.0 4.1 0.0 | 94.7 4.6 0.7 94.6 4.7 0.8 86.7 12.0 1.3
400 73.6 218 4.6 98.6 1.4 0.0 | 93.6 5.3 1.2 93.7 5.2 1.1 93.6 5.3 1.1
0.5 50 11.4 320 56.6 44.8 404 148 | 86.6 11.8 1.6 79.2 16.3 4.5 54.5 34.7 10.7
100 20.0 41.8 38.2 62.7 32.3 5.0 | 95.2 4.4 04 96.8 2.9 0.4 93.6 5.4 0.9
200 29.8 449 253 70.3 29.0 0.6 | 93.5 6.4 0.0 93.4 6.5 0.0 93.5 6.4 0.0
400 34.0 43.8 222 85.4 13.6 1.0 | 93.8 5.1 1.1 93.9 5.0 1.1 93.9 4.9 1.2
0.9 50 0.0 0.5 995 0.0 1.7 983 | 81.1 156 3.3 87.5 10.1 2.4 92.4 6.0 1.6
100 0.0 0.8 993 0.0 22 978 | 90.5 6.7 2.8 93.7 4.6 1.7 93.7 4.5 1.8
200 0.0 0.6 99.4 0.0 3.5 96.5 | 93.8 4.9 1.3 94.8 4.0 1.3 94.5 4.2 1.3
400 0.0 1.8 98.2 0.0 3.7 96.3 | 94.6 4.5 09 95.0 4.1 0.9 94.9 4.3 0.9
IC(k,r) denotes the joint IC-based procedure for determining k and r; IC(I%IC, r) denotes the sequential IC-based procedure for determining k in the first step and r in the second step

based on the lag order kic(p) obtained in the first step; IC(1,r) denotes the semi-parametric IC-based approach by Cheng and Phillips (2009, 2012) for determining r by fixing k = 1;

Q* o T denotes the sequential wild bootstrap PLR test-based procedure for determining r in the second step based on the lag order l;:Ic (p) obtained by an IC-based procedure in the
rkic,

first step.



TABLE 3.2: Determination of cointegration rank. VAR(2) model with rank ro = 0, Autoregressive Stochastic Volatility [Case B]
HQOC(k, ) BIC(k, ) HQC(karc,T) HQC(kpic, T) BIC(kaic, ™) BIC(kuqc, )
ol T r=0 1 234 r=0 1 234 | r=0 1 234 r=0 1 234 r=0 1 234 r=0 1 234
0.0 50 45.5 345 200 83.4 146 20 | 26.8 253 479 46.6 356 179 54.1 247 213 785 16.1 5.3
100 60.1 294 106 91.2 8.2 0.7 | 524 32.1 156 60.4 29.1 105 85.9 123 1.8 90.2 8.9 0.9
200 68.0 258 6.2 94.5 5.3 0.2 | 64.7 279 74 67.5 26.1 6.4 93.7 6.1 0.3 94.0 5.8 0.2
400 75.6 21.0 3.5 97.1 2.9 0.1 75.3 21.1 3.6 74.6 220 34 974 2.6 0.1 97.0 2.9 0.0
0.3 50 29.9 371 330 69.9 245 5.6 13.2 220 64.7 31.1 392 297 383 292 326 62.7 255 118
100 51.4 346 139 84.6 138 1.7 | 45.2 356 192 46.2 372 166 83.6 14.2 2.2 85.6 12.7 1.7
200 65.9 27.6 6.6 93.4 6.3 03| 63.0 29.1 79 61.7 303 8.0 94.0 5.8 0.3 94.2 5.6 0.2
400 76.4 20.2 3.5 973 2.6 0.0 | 76.2 20.3 3.5 75.1 213 3.6 97.6 2.4 0.0 97.5 2.5 0.0
0.5 50 20.3 335 463 56.8 31.1 12.1 8.7 157 756 13.9 348 513 30.0 256 444 54.1 270 19.0
100 49.9 348 153 87.2 114 14| 42.0 358 222 47.0 349 181 82.3 151 26 86.8 11.6 1.6
200 65.3 279 6.8 94.9 5.0 0.2 | 61.8 298 85 65.0 28.1 6.8 93.6 6.1 0.3 94.5 5.3 0.2
400 76.4 20.1 34 974 2.6 00| 76.0 204 3.6 75.8 20.6 3.6 97.6 2.4 0.0 97.5 2.5 0.0
0.9 50 2.9 89 882 42.8 287 285 0.7 22 911 3.5 111 854 9.1 9.2 81.7 32.5 22.8 448
100 20.3 31.0 487 75.7 19.6 4.7 | 14.3 258 599 20.6 315 479 634 25.1 11,5 73.6 204 6.0
200 47.6 348 175 90.7 8.6 0.7 | 42.7 358 214 47.7 350 174 88.6 10.5 09 90.4 8.9 0.8
400 69.6 25.2 5.2  96.8 3.2 0.0 | 68.5 256 59 69.0 25.7 5.3 97.0 2.9 0.1 96.9 3.1 0.0
HQC(1,7) BIC(1,r) Qi,l@Alc,T QT*’:]AVHQC7T Qj»vaIc,T
0.0 50 46.8 357 175 83.6 146 1.9 | 86.2 11.8 20 91.6 7.1 1.4 94.8 4.5 0.7
100 60.4 29.1 10.5 91.1 8.2 0.7 | 89.7 8.9 1.4 93.7 5.4 0.8 94.8 4.6 0.6
200 67.5 26.0 6.5 944 5.4 0.2 | 91.6 7.5 0.9 94.0 5.4 0.7 94.5 4.9 0.6
400 74.6 22.0 3.4 97.0 3.0 0.1 | 934 5.9 0.8 94.2 5.1 0.7 94.6 4.8 0.6
0.3 50 32.9 39.7 275 69.6 2438 5.6 | 83.0 14.8 22 819 154 27 84.3 135 2.2
100 47.0 36.5 166 81.5 16.3 2.1 | 88.7 9.7 1.5 89.2 9.3 1.5 86.4 119 1.7
200 56.6 33.1 10.3 88.3 10.8 1.0 | 91.8 7.2 1.0 93.2 6.0 0.8 91.0 8.0 0.9
400 64.5 294 6.1 93.1 6.7 0.2 | 93.6 5.7 0.7 94.3 5.2 0.6 94.1 5.4 0.5
0.5 50 12.3 358 519 39.8 399 203 | 834 14.0 26 78.6 16.8 46 68.3 242 7.5
100 21.4 404 383 55.3 338 11.0 | 89.3 9.1 1.7 92.7 6.2 1.2 89.9 8.1 2.0
200 28.7 431 282 67.0 272 5.8 | 91.9 7.1 1.0 94.0 5.2 0.8 944 4.9 0.7
400 35.3 434 213 76.4 21.0 2.6 | 934 6.0 0.7 94.2 5.2 0.6 94.2 5.3 0.5
0.9 50 0.0 0.5 995 0.0 24 976 | 779 183 38 77.6 175 49 87.4 8.9 3.7
100 0.0 0.9 991 0.1 3.2 96.8 | 83.9 137 24  89.7 8.7 1.6 91.5 7.2 1.3
200 0.0 1.2 98.8 0.1 49 949 | 90.0 8.6 1.4 92.3 6.6 1.1 92.9 6.1 1.0
400 0.0 1.7 98.3 0.4 7.6 921 | 93.6 5.8 0.6 94.2 5.3 0.5 94.3 5.2 0.5
IC(k,r) denotes the joint IC-based procedure for determining k and r; IC(I%IC, r) denotes the sequential IC-based procedure for determining k in the first step and r in the second step

based on the lag order kic(p) obtained in the first step; IC(1,r) denotes the semi-parametric IC-based approach by Cheng and Phillips (2009, 2012) for determining r by fixing k = 1;

Q* o T denotes the sequential wild bootstrap PLR test-based procedure for determining r in the second step based on the lag order l;:Ic (p) obtained by an IC-based procedure in the
rkic,

first step.



TABLE 3.3: Determination of cointegration rank. VAR(2) model with rank rq = 0, Single Volatility Break [Case C]
HQOC(k, ) BIC(k, ) HQC(karc,T) HQC(kpic, T) BIC(kaic, ™) BIC(kuqc, )
o1 T r=0 1 234 r=0 1 234 | r=0 1 234 r=0 1 234 r=0 1 234 r=0 1 234
0.0 50 14.4 269 587 76.1 204 3.6 1.2 120 868 26.9 392 339 16.6 409 425 33.3 336 33.1
100 41.5 396 19.0 90.3 9.1 0.6 17.6 39.8 425 43.2 397 171 68.9 26.5 4.5 84.6 135 1.9
200 56.4 33.0 106 96.5 3.4 0.1 | 41.5 393 192 57.0 326 104 91.0 8.6 04 95.9 4.0 0.2
400 66.8 27.1 6.1 98.8 1.2 0.0 | 58.3 324 94 67.0 269 6.1 97.8 2.1 0.1 98.7 1.3 0.0
0.3 50 6.8 21.7 715 523 36,5 11.2 0.6 82 912 13.6 38.0 484 114 36.6 52.0 19.0 36.5 445
100 30.3 420 277 73.2 235 3.3 15.5 39.2 453 25.0 455 295 65.8 28.7 55 72.6 23.1 4.4
200 51.9 34.7 134 92.0 7.4 0.6 | 39.5 40.1 204 44.8 38.0 172 91.3 8.1 0.6 94.3 5.4 0.4
400 65.0 28.1 6.9 98.6 14 0.0 | 57.7 328 9.5 64.7 284 6.9 97.9 2.0 0.1 98.5 1.5 0.0
0.5 50 3.5 150 815 40.0 40.0 20.0 0.2 46 951 5.3 276 67.1 7.6 304 621 14.6 30.7 5H4.7
100 29.7 404 299 83.0 15.0 2.1 13.7 369 494 29.7 40.8 295 63.2 304 6.4 76.1 20.0 3.8
200 50.0 358 143 95.3 4.5 0.2 | 374 406 220 50.3 357 14.0 90.1 9.2 0.7 94.2 5.5 0.3
400 63.6 29.1 7.3  98.5 1.5 00| 56.6 334 10.0 63.6 29.2 7.3 97.7 2.3 0.1 98.4 1.6 0.0
0.9 50 0.2 20 978 293 338 369 0.0 0.1 999 1.5 9.2 89.3 0.6 5.3 94.1 3.7 9.8 86.5
100  12.0 30.8 57.3 70.0 245 5.5 3.0 169 80.1 13.8 334 528 39.2 392 216 58.1 302 11.7
200 32.7 402 271 90.4 9.0 06 | 22.2 394 384 33.2 403 265 81.8 16.0 22 89.0 10.0 1.0
400 51.5 355 13.0 97.5 2.5 0.1 | 44.6 39.0 164 51.5 355 13.0 95.5 4.3 0.2 97.2 2.7 0.1
HQC(1,r) BIC(1,r) QT*';EAIC»T Qi,éHQC,T Qj»’%Blc,T
0.0 50 28.5 40.1 314 76.5 20.1 3.3 | 82.2 158 20 721 236 4.2  91.2 7.1 1.7
100 43.4 396 17.0 90.3 9.1 06 | 749 214 3.7 88.0 9.9 2.1 93.6 5.5 0.9
200 57.0 326 104 96.5 3.4 0.1 | 84.8 132 2.1 929 6.4 0.7 93.8 5.6 0.6
400 67.0 26.9 6.1 98.8 1.2 0.0 | 90.9 7.8 1.2 94.5 4.9 0.6 94.7 4.7 0.6
0.3 50 16.9 412 420 52.8 36.2 11.0 | 82.7 153 20 674 274 5.3 727 227 4.6
100 25.4 460 28.6 67.0 285 4.5 | 75.4 209 3.8 79.0 17.7 3.3 76.9 20.2 3.0
200 33.8 444 218 77.7 202 2.1 | 85.1 128 21 911 7.7 1.2 85.4 127 1.9
400 39.8 434 16.8 85.2 13.7 1.0 | 91.1 7.7 1.3  94.0 5.4 0.7 94.1 5.3 0.6
0.5 50 59 316 625 24.3 46.1 296 | 82.7 152 2.1  68.7 26.2 51 57.4 323 104
100 8.7 39.1 522 329 472 199 | 76.0 20.6 34 84.2 132 26 86.5 10.5 3.0
200 11.9 415 46.7 42.6 434 140 | 85.1 128 21  91.8 7.1 1.0 93.1 6.1 0.8
400 14.0 44.7 413 51.7 38.7 9.6 | 90.7 8.1 1.3 94.0 5.4 0.7 94.2 5.2 0.6
0.9 50 0.0 0.8 99.2 0.0 3.5 965 | 75.7 205 3.7 62.0 311 6.9 723 198 7.9
100 0.0 0.9 991 0.0 34 965 | 72.5 23.6 39 79.7 173 3.0 89.3 9.2 1.5
200 0.0 1.0 99.0 0.0 3.8 96.2 | 84.9 1238 24  91.1 7.8 1.1 92.7 6.4 0.9
400 0.0 1.2 988 0.1 5.2  94.7 | 90.3 8.4 1.3 93.9 5.4 0.7 94.2 5.1 0.6
IC(k,r) denotes the joint IC-based procedure for determining k and r; IC(I%IC, r) denotes the sequential IC-based procedure for determining k in the first step and r in the second step

based on the lag order kic(p) obtained in the first step; IC(1,r) denotes the semi-parametric IC-based approach by Cheng and Phillips (2009, 2012) for determining r by fixing k = 1;

Q* o T denotes the sequential wild bootstrap PLR test-based procedure for determining r in the second step based on the lag order l;:Ic (p) obtained by an IC-based procedure in the
rkic,

first step.



TABLE 4.1: Determination of cointegration rank. VAR(2) model with rank rq = 1, GJR-GARCH errors [Case A]
HQOC(k, ) BIC(k,7) HQC(kaic,T) HQC(kgic, ) BIC(kaic, ) BIC(kuqc, )

N~ T r=0 1 234 r=0 1 234 |r=0 1 234 r=0 1 234 r=0 1 234 r=0 1 234
0.0 50 375 44.4 182 89.4 10.3 0.3 30.1 39.1 308 372 44.6 18.3 784 13.9 7.7 88.8 10.7 0.6
100 10.7 74.0 15.3 78.1 21.3 0.6 14.4 68.9 16.7 15.2 69.7 15.1 73.7 25.5 0.8 76.0 23.2 0.8

200 0.0 86.3 13.7 8.3 91.7 0.0 0.0 86.3 13.7 0.0 86.3 13.7 9.3 90.7 0.0 8.3 91.7 0.0

400 0.0 90.3 9.7 0.0 99.7 0.3 0.0 90.3 9.7 0.0 90.4 9.6 0.0 99.7 0.3 0.0 99.7 0.3

0.3 50 377 36.3 259 85.7 12.4 1.9 151 31.1 53.8 42.1 36.9 21.0 51.9 28.4 19.7 76.2 20.5 3.3
100 15.8 66.7 176 86.3 13.3 0.4 6.2 73.8 20.1 244 52,5 231 56.8 42.3 0.9 63.5 35.7 0.9

200 0.0 86.2 13.8 278 171.3 1.0 0.0 86.2 139 0.0 79.3 20.7 5.7 94.0 0.3 54 93.9 0.7

400 0.0 90.9 9.1 0.0 99.7 0.3 0.0 91.0 9.0 0.0 91.0 9.0 0.1 99.6 0.3 0.0 99.7 0.3

0.5 50 10.7 38.3 51.1 56.9 36.1 7.1 46 27.1 68.3 11.7  39.2 49.0 36.5 37.7T7 258 52.6 37.0 10.4
100 06 77.2 222 255 71.8 2.8 0.6 75.9 235 0.7 76.2 231 23.2 173.8 3.1 23.1 741 2.8

200 0.0 85.2 14.8 0.0 98.9 1.1 0.0 84.7 15.3 0.0 84.4 156 0.3 99.1 0.6 0.0 99.7 0.3

400 0.0 90.7 9.3 0.0 99.7 0.3 0.0 90.5 9.5 0.0 90.6 9.4 0.1 99.6 0.3 0.0 99.7 0.3

0.9 50 0.3 8.9 908 1.7 56.6 41.6 0.3 2.5 973 0.3 8.8 91.0 0.8 25.9 732 1.4 54.5 441
100 0.0 41.4 58.6 0.0 89.8 10.2 0.0 39.3 60.8 0.0 41.4 58.6 0.0 88.1 11.9 0.0 89.9 101

200 0.0 72.8 272 0.0 97.7 2.3 0.0 727 273 0.0 727 273 0.0 97.7 2.3 0.0 97.7 2.3

400 0.0 84.9 15.1 0.0 99.7 0.3 0.0 84.5 15.5 0.0 85.0 15.0 0.0 99.7 0.3 0.0 99.7 0.3

HQC(1,r) BIC(1,r) Q:J%AICvT Q:i@HQCyT Q:J%BIC,T
0.0 50 40.3 39.8 19.9 90.1 9.4 0.5 87.7 11.1 1.3 90.3 8.8 1.0 90.8 8.6 0.6
100 124  70.8 16.8 76.7 23.0 0.3 55.9 40.7 3.4 56.6  40.2 3.2 56.8 40.1 3.1
200 0.0 84.7 153 9.9 90.1 0.0 2.2 91.7 6.1 2.1 91.9 6.0 2.1 92.0 5.9
400 0.0 90.2 9.8 0.0 99.9 0.1 0.0 944 5.6 0.0 94.6 5.4 0.0 94.6 5.4
0.3 50 376 43.2 19.2 86.0 12.3 1.7 83.4 15.5 1.2 83.7 14.7 1.6 86.4 12.1 1.5
100 284 49.3 224 88.8 10.4 0.9 51.1 44.6 4.3 53.0 42.9 4.1 64.9 29.8 5.4
200 0.6 73.9 256 49.4 494 1.2 1.1 93.7 5.2 0.8 94.0 5.3 5.6 83.6 10.8
400 0.0 76.0 24.0 0.0 97.9 2.1 0.1 95.0 4.9 0.0 94.8 5.2 0.0 94.7 5.3
0.5 50 20.6 46.3 33.2 59.1 33.6 7.3 82.2 17.0 0.9 76.0 21.5 2.5 66.3 29.6 4.2
100 23.2 39.0 378 72,5 244 3.1 26.9 68.7 4.4 26.9 69.3 3.8 26.9 68.9 4.2
200 0.6 50.8 48.6 64.9 27.0 8.1 0.3 94.3 5.4 0.0 95.2 4.8 0.0 95.2 4.8
400 0.0 46.8 53.2 0.0 86.1 13.9 0.0 94.7 5.3 0.0 94.5 5.5 0.0 94.6 5.5
0.9 50 0.5 6.9 926 1.2 16.9 819 50.9 444 4.7 174 77.0 5.6 17.0 78.2 4.8
100 0.2 9.7 90.1 1.2 22.6 76.2 1.7 904 7.8 0.2 94.2 5.7 0.1 94.2 5.7
200 0.0 1.2 98.8 1.8 25.7 725 0.0 94.8 5.2 0.0 95.3 4.7 0.0 95.0 5.0
400 0.0 0.6 994 0.6 1.8 97.6 0.0 95.3 4.7 0.0 95.5 4.6 0.0 95.4 4.6
IC(k,r) denotes the joint IC-based procedure for determining k and r; IC(I%IC, r) denotes the sequential IC-based procedure for determining k in the first step and r in the second step

based on the lag order kic(p) obtained in the first step; IC(1,r) denotes the semi-parametric IC-based approach by Cheng and Phillips (2009, 2012) for determining r by fixing k = 1;

Q* o T denotes the sequential wild bootstrap PLR test-based procedure for determining r in the second step based on the lag order l;:Ic (p) obtained by an IC-based procedure in the
rkic,

first step.



TABLE 4.2: Determination of cointegration rank. VAR(2) model with rank ro = 1, Autoregressive Stochastic Volatility [Case B]
HQOC(k, ) BIC(k,7) HQC(kaic,T) HQC(kgic, ) BIC(kaic, ) BIC(kuqc, )

vy T r=0 1 234 r=0 1 234 |7r=0 1 234 r=0 1 234 r=0 1 234 r=0 1 234
0.0 50 29.7 39.6 308 75.5 20.2 4.3 18.0 30.2 51.7 30.3 40.4 294 51.3 29.8 19.0 71.5 21.4 7.1
100 141 54.9 31.0 63.2 32.2 4.7 13.9 52.6 33.6 139 55.1 311 61.7 33.1 5.2 62.0 33.0 5.1

200 1.4 68.7 299 18.3 76.1 5.6 34 66.8 298 1.0 68.6 30.3 30.3 65.2 4.4 19.0 75.4 5.6

400 0.2 175.2 246 0.9 95.6 3.5 0.7 76.0 233 0.1 74.6 253 10.4 86.9 2.8 1.6  95.0 3.5

0.3 50 27.8 36.1 36.1 726 224 5.0 10.1 24.6 65.3 319 36.9 311 364 34.9 287 58.4 29.1 12.5
100 13.9 514 34.7 70.4 25.0 4.7 8.6 52.6 38.8 20.6 45.8 33.7 50.1 42.8 7.1 52.4 40.7 6.9

200 0.8 69.5 298 229 71.3 5.9 1.9 674 308 09 67.2 319 207 744 4.9 11.8 82.5 5.7

400 0.1 77.0 229 0.6 96.1 3.3 02 77.2 225 0.1 76.1 238 4.8 924 2.8 1.0 95.9 3.2

0.5 50 85 35.2 564 477 39.2 131 35 194 771 10.3 36.5 53.2 242 36.8 39.0 385 40.5 21.0
100 2.7 56.9 404 274 63.8 8.8 3.5 53.1 435 3.0 56.0 41.0 29.5 61.1 9.5 24.8 65.6 9.6

200 0.2 69.5 304 2.3 91.5 6.2 0.8 67.4 318 0.1 69.3 306 10.7 83.6 5.7 2.8 91.0 6.2

400 00 77.2 228 0.2 96.7 3.2 0.1 77.2 227 0.0 76.6 234 2.3 94.8 2.9 0.3 96.5 3.1

0.9 50 0.1 9.8 90.2 3.2 48.6 482 0.0 3.1 96.9 0.1 11.9 88.0 1.5 19.7 788 2.5 40.5 57.0
100 0.0 35.0 650 0.3 78.7 21.0 0.1 29.9 700 0.0 35.3 64.6 3.9 71.0 252 04 777 219

200 0.0 58.8 412 0.0 91.0 9.0 0.1 56.0 439 0.0 58.7 413 2.0 88.4 9.5 0.1 90.9 9.0

400 0.0 74.6 254 0.0 96.3 3.7 0.1 74.5 255 0.0 74.3 258 0.3 96.2 3.5 0.0 96.3 3.7

HQO(L, 1) BIC(L, 1) %y %yn %y
0.0 50 30.4 40.5 29.1 75.6 20.3 4.2 81.8 15.2 3.0 85.7 11.3 3.0 89.0 8.8 2.3
100 139 55.2 310 63.1 32.3 4.7 62.4 31.9 5.7 65.0 29.7 5.3 66.5 28.5 5.0
200 1.0 68.7 303 18.1 76.3 5.6 25.0 67.7 7.3 18.8 74.3 6.8 19.0 74.6 6.5
400 0.0 74.6 254 0.7 95.7 3.6 6.1 87.0 6.9 1.9 92.0 6.1 1.5 92.7 5.8
0.3 50 349 37.8 274 73.4  22.1 4.5 79.7 17.2 3.2 79.6 16.9 3.5 84.5 12.9 2.5
100 269 43.0 30.1 76.9 19.1 4.0 55.7 37.9 6.4 57.1 36.3 6.5 66.6 27.6 5.8
200 27 63.3 340 45.5 47.7 6.8 17.9 74.7 7.4 12.6 80.5 6.9 18.4 73.3 8.3
400 0.1 69.6 303 23 911 6.6 3.1 90.1 6.8 1.0 93.1 5.9 0.7 93.3 5.9
0.5 50 204 394 403 53.8 34.6 11.6 774 19.3 3.3 72.0 23.6 4.4 69.2 25.7 5.1
100 21.7 37.0 41.3 64.7 27.8 7.5 40.5 52.6 6.9 37.3 56.2 6.5 374 56.0 6.6
200 3.3 43.9 528 53.8 32.7 135 10.6 82.2 7.1 4.7 89.2 6.2 4.3 89.9 5.8
400 0.1 48.3 51.6 3.9 78.1 18.0 1.7 91.7 6.6 0.5 93.6 5.9 0.3 93.9 5.8
0.9 50 0.1 8.2 91.7 09 17.7 813 60.9 32.9 6.2 28.3 61.7 10.0 26.2 64.8 8.9
100 0.3 9.7 90.0 1.6 23.6 747 12.3 77.8 9.9 2.8 88.9 8.2 2.3 90.3 7.4
200 0.1 1.1 98.8 27 25,5 718 3.5 88.9 7.6 0.3 934 6.2 0.1 93.9 6.0
400 0.0 0.6 994 1.4 2.3 963 0.5 93.3 6.1 0.1 94.1 5.8 0.0 94.2 5.7
IC(k,r) denotes the joint IC-based procedure for determining k and r; IC(I%IC, r) denotes the sequential IC-based procedure for determining k in the first step and r in the second step

based on the lag order kic(p) obtained in the first step; IC(1,r) denotes the semi-parametric IC-based approach by Cheng and Phillips (2009, 2012) for determining r by fixing k = 1;

Q* o T denotes the sequential wild bootstrap PLR test-based procedure for determining r in the second step based on the lag order l;:Ic (p) obtained by an IC-based procedure in the
rkic,

first step.



TABLE 4.3: Determination of cointegration rank. VAR(2) model with rank rq = 1, Single Volatility Break [Case C]
HQOC(k, ) BIC(k,7) HQC(kaic,T) HQC(kgic, ) BIC(kaic, ) BIC(kuqc, )

vy T r=0 1 234 r=0 1 234 |7r=0 1 234 r=0 1 234 r=0 1 234 r=0 1 234
0.0 50 6.9 28.6 645 60.6 31.9 7.5 14 144 842 12.6 40.8 46.7 19.0 43.1 379 282 394 325
100 4.8 54.1 411 46.8 48.9 4.4 8.3 39.0 527 4.3 55.4 40.2 53.8 38.6 7.7 442 49.6 6.2

200 0.1 65.9 34.1 6.7 90.1 3.3 3.4 56.9 39.7 0.0 66.1 339 41.3 55.1 3.7 7.4 89.2 3.4

400 0.0 73.1 269 0.0 98.5 1.5 0.1 68.4 315 0.0 173.2 268 9.4 88.8 1.8 0.0 98.5 1.5

0.3 50 4.8 22.0 73.2 51.6 36.4 12.0 09 114 878 11.3 35.1 53.6 14.2  41.2 44.7 176 40.8 41.6
100 3.7 48.7 476 49.1 43.7 7.2 5.8 36.6 57.6 5.9 46.2 479 46.3 43.4 103 31.1 584 106

200 0.1 63.7 36.3 9.7 85.2 5.1 1.8 56.6 41.6 0.1 60.1 398 29.5 66.1 4.5 4.1 91.6 4.2

400 0.0 72.0 28.0 0.0 98.3 1.7 0.0 67.8 322 0.0 71.8 28.2 3.8 94.2 2.1 0.0 98.3 1.7

0.5 50 1.5 16.0 824 277 50.0 223 0.3 8.3 914 3.2 26.3 705 9.8 37.3 530 109 38.1 510
100 09 473 519 155 T74.4 10.1 39 349 611 0.5 48.7 50.8 371 49.7 132 14.8 72.1 13.2

200 0.0 61.7 383 0.3 95.1 4.6 0.8 54.7 444 0.0 61.9 381 19.8 74.6 5.6 0.6 94.3 5.1

400 0.0 71.1 289 0.0 98.3 1.7 0.0 67.0 33.0 0.0 71.2 2838 1.4 96.4 2.3 0.0 98.3 1.7

0.9 50 0.0 2.6 974 2.8 43.7 535 0.0 0.9 99.1 0.1 8.7 912 1.5 13.3 852 0.8 15.9 833
100 0.0 27.8 722 01 77.8 221 0.3 17.7 821 0.0 30.2 69.8 13.3 55.5 31.2 0.6 71.2 283

200 0.0 49.2 50.8 0.0 91.6 8.4 0.0 41.7 583 0.0 49.9 50.1 3.1 853 116 0.0 90.8 9.2

400 0.0 63.2 36.8 0.0 97.1 2.9 0.0 58.4 41.6 0.0 63.3 36.7 0.0 96.2 3.8 0.0 97.0 3.0

HQC(1,7) BIC(1,7) Qo Qe Qo
0.0 50 133 42.0 447 61.1 316 7.3 | 8l4 163 23 668 274 58 844 124 3.2
100 44 555 401 46.7 49.0 43| 587 333 80 592 342 6.6 649 307 44
200 0.0 66.2 338 66 90.1 33| 342 568 90 116 822 62 11.6 82.6 58
400 0.0 73.2 268 0.0 985 15 49 876 75 00 944 56 00 94.6 55
0.3 50 152 39.1 458 546 34.8 106 | 821 157 22 629 30.9 62 703 24.2 54
100 89 46.5 447 567 358 7.5 | 546 37.0 84 458 453 89 543 385 7.2
200 0.2 53.5 463 256 63.5 11.0 | 260 64.4 9.6 71 85.8 7.1 106 80.4 9.0
400 0.0 56.2 4338 0.0 89.5 105 2.2 89.9 7.9 0.0 94.2 5.8 0.0 94.3 5.7
05 50 85 34.0 574 328 44.8 225 | 822 155 23 622 31.2 6.6 539 36.8 94
100 65 354 581 385 43.9 176 | 49.1 41.8 92 311 596 93 338 587 T4
200 04 33.1 665 265 487 248 | 176 725 99 12 917 71 1.0 926 64
400 00 322 678 02 682 316 0.8 91.1 8.1 0.0 941 59 00 942 58
09 50 01 6.9 930 06 17.2 8.2 | 771 195 34 519 39.2 89 262 61.1 128
100 01 7.6 923 1.0 214 776 | 370 51.7 113 29 852 11.8 08 90.8 84
200 01 1.1 988 12 194 794 58 83.5 108 00 921 79 00 93.0 7.0

400 0.0 0.4 996 0.5 1.9 97.6 0.0 92.2 7.8 0.0 94.1 5.9 0.0 94.3 5.7
IC(k,r) denotes the joint IC-based procedure for determining k and r; IC(I%IC, r) denotes the sequential IC-based procedure for determining k in the first step and r in the second step

based on the lag order kic(p) obtained in the first step; IC(1,r) denotes the semi-parametric IC-based approach by Cheng and Phillips (2009, 2012) for determining r by fixing k = 1;

Q* o T denotes the sequential wild bootstrap PLR test-based procedure for determining r in the second step based on the lag order l;:Ic (p) obtained by an IC-based procedure in the
rkic,

first step.



