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1. Introduction

This online supplement to Bierens (2014) contains the omitted proofs. Through-
out I will use the same notations as in Bierens (2014), as follows. The indicator
function is denoted by I(.), and N and N0 denote the sets of positive and non-
negative integers, respectively. The partial derivative to a parameter with index
k will be denoted by ∇k, and ∇k,m denotes the second partial derivatives to pa-
rameters with indices k and m. To distinguish infinite dimensional parameters
from finite dimensional ones, the former are displayed in bold face. Following
Billingsley (1968), I will use the double-arrow ”⇒” to indicate weak convergence
of sequences of random function in the metric space C[0, 1] of continuous real
functions on [0, 1], endowed with the metric sup0≤u≤1 |f(u)− g(u)|, and following
van der Vaart (1998), the wiggling arrow ”Ã” indicates weak convergence of a
sequence of random elements in a Hilbert space. Finally, the operator πn applied
to an infinite sequence δ = {δm}∞m=1 replaces all the δm’s for m > n by zeros.

2. Proof of Lemma 2.1

Consider first the case that X is a single random variable, and β0 6= 0, and
suppose that there exist a distribution function H on [0, 1] and coefficients α∗,
β∗ such that H0(G(α0 + β0X)) = H(G(α∗ + β∗X)) a.s. Obviously, this is only
possible if β∗ 6= 0, with the same sign as β0. Next, denote Z = α∗ + β∗X and
suppose that the distribution of Z has support R. Then

H(G(z)) = H0(G(α0 − cα∗ + c.z)) for all z ∈ R,



where c = β0/β∗ > 0. For 0 < u1 < u2 < 1, let z1 = G−1(u1), z2 = G−1(u2). Then
under the quantile conditions H(u1) = H0(u1) = u1, H(u2) = H0(u2) = u2,

H(u1) = H0(G(α0 − cα∗ + c.z1)) = H0(u1) = H0(G(z1)),
H(u2) = H0(G(α0 − cα∗ + c.z2)) = H0(u2) = H0(G(z2)),

hence by the strict monotonicity of H0(G(z)),

α0 − cα∗ + c.z1 = z1, α0 − cα∗ + c.z2 = z2,

which implies c = β0/β∗ = 1 and α0 = α∗.
Consider now the case X = (X1, X

0
2)
0 ∈ Rq, q ≥ 2, where X2 ∈ Rq−1. Let us

assume again that there exist an absolutely conditional distribution function H
and parameters α∗ and β∗ =

¡
β∗,1, β

0
∗,2
¢0 ∈ Rp−1 such that

H0
¡
G(α0 + β0,1X1 + β00,2X2)

¢
= H

¡
G(α∗ + β∗,1X1 + β0∗,2X2)

¢
a.s.

Moreover, suppose that the conditional distribution of X1 given X2 has support
R, and that β0,1 6= 0. It follows from the previous argument and the quantile
restrictions that conditional on X2, β∗,1 = β0,1 and

α∗ + β0∗,2X2 = α0 + β00,2X2 a.s. (2.1)

Assuming that E[X 0
2X2] <∞, so that E[X2] is defined and Var(X2) is finite, (2.1)

implies that (β∗,2 − β0,2)
0 (X2 −E [X2]) = 0 a.s., hence

(β∗,2 − β0,2)
0Var (X2) (β∗,2 − β0,2) = 0

Therefore, if Var(X2) is nonsingular then β∗,2 = β0,2 so that by (2.1), α∗ = α0. The
lemma follows now from the fact that the nonsingularity of Var(X2) is implied by
the nonsingularity of Var(X) .

3. Proof of Lemma 4.1

It follows from the mean value theorem and the choice of G as the logistic distri-
bution function that

|G((1, X 0)θ1)−G((1,X 0)θ2)| ≤ |(1, X 0)(θ1 − θ2)| sup
x
G(x)(1−G(x))

≤ ||θ1 − θ2||.(1 + ||X||)/4
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whereas for δi = {δi,m}∞m=1, i = 1, 2,

sup
0≤u≤1

|H(u|δ1)−H(u|δ2)| ≤
Z 1

0

|h(u|δ1)− h(u|δ2)|du

= O

⎛⎝vuut ∞X
m=1

(δ1,m − δ2,m)2

⎞⎠
similar to Theorem 3.1. Hence

|H(G((1,X 0)θ1)|δ1)−H(G((1, X 0)θ2)|δ2)|
≤ |H(G((1, X 0)θ1)|δ1)−H(G((1,X 0)θ2)|δ1)|

+ |H(G((1, X 0)θ2)|δ1)−H(G((1,X 0)θ2)|δ2)|

≤ H ( ||θ1 − θ2||.(1 + ||X||)/4| δ1) +O

⎛⎝vuut ∞X
m=1

(δ1,m − δ2,m)2

⎞⎠
The lemma under review follows now from the continuity of H (u|δ1) in u.

4. Proof of Theorem 4.1

Let α > 0 be arbitrary. Then by condition (i) there exists an n0(α) ∈ N such that
Q(ξn0(α)) ≥ Q(ξ

0)− α, hence for nN ≥ n0(α),bQN(bξN) ≥ bQN(ξn0(α)) ≥ bQN(ξn0(α))−Q(ξn0(α)) +Q(ξ0)− α

≥ Q(ξ0)− α−RN(α), (4.1)

where
RN(α) =

¯̄̄ bQN(ξn0(α))−Q(ξn0(α))¯̄̄ a.s.→ 0.

The latter follows from Kolmogorov’s strong law of large numbers.
Denote Ξc(ε) = {ξ ∈ Ξc : d(ξ, ξ

0) ≥ ε}, so that the result of Theorem 4.1
reads:

lim
N→∞

Pr[bξN ∈ Ξc(ε)] = 0.

If Ξc(ε) = ∅ then trivially, Pr[bξN ∈ Ξc(ε)] = 0. Therefore, assume that Ξc(ε) 6= ∅.
Then Ξc(ε) is compact.1

1See for example the proof of Theorem II.6 on page 290 in Bierens (2004).
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Next, observe that for each ξ ∈ Ξc(ε), supξ∗∈Ξ: d(ξ∗,ξ)<η f(Z, ξ∗)−f(Z, ξ) is a.s.
non-negative and monotonic increasing in η ∈ (0,∞), hence if E[f(Z, ξ)] > −∞
then by condition (d) and (e) and the dominated convergence theorem,

lim
η↓0
E

"
sup

ξ∗∈Ξ: d(ξ∗,ξ)<η
f(Z, ξ∗)− f(Z, ξ)

#

= E

"
lim
η↓0

sup
ξ∗∈Ξ: d(ξ∗,ξ)<η

f(Z, ξ∗)− f(Z, ξ)
#

= E[f(Z, ξ)− f(Z, ξ)] = 0.

Thus, for each ξ ∈ Ξc(ε) for which E[f(Z, ξ)] > −∞ we have

lim
η↓0
E

"
sup

ξ∗∈Ξ: d(ξ∗,ξ)<η
f(Z, ξ∗)

#
= E[f(Z, ξ)] ≤ sup

ξ∈Ξc(ε)
Q(ξ)

= Q(ξ0)−
Ã
Q(ξ0)− sup

ξ∈Ξc(ε)
Q(ξ)

!
.

Now choose α > 0 such that Q(ξ0)− supξ∈Ξc(ε)Q(ξ) > 2α. Then there exists
an η(ξ,α) > 0 such that

E

"
sup

ξ∗∈Ξ: d(ξ∗,ξ)<η(ξ,α)
f(Z, ξ∗)

#
< Q(ξ0)− 2α. (4.2)

In the case E[f(Z, ξ)] = −∞ it follows from condition (e) and the monotone
convergence theorem that

lim
η↓0
E

"
sup

ξ∗∈Ξ: d(ξ∗,ξ)<η
f(Z, ξ∗)

#

= E[f(Z)]− lim
m→∞

E

"
f(Z)− sup

ξ∗∈Ξ: d(ξ∗,ξ)<1/m
f(Z, ξ∗)

#

= E[f(Z)]−E
"
f(Z)− lim

m→∞
sup

ξ∗∈Ξ: d(ξ∗,ξ)<1/m
f(Z, ξ∗)

#
= E[f(Z, ξ)] = −∞,
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so that also in this case there exists an η(ξ,α) > 0 such that (4.2) holds.
By the compactness of Ξc(ε) there exist a finite number of elements ξ1, ..., ξK

of Ξc(ε) such that

Ξc(ε) ⊂ ∪Ki=1{ξ∗ ∈ Ξ : d(ξ∗, ξi) < η(ξi,α)}.

Hence, denoting
g(z, ξ|α) = sup

ξ∗∈Ξ: d(ξ∗,ξ)<η(ξ,α)
f(z, ξ∗),

it follows from (4.2) that

sup
ξ∈Ξc(ε)

bQN(ξ) ≤ max
1≤i≤K

Ã
1

N

NX
j=1

g(Zj, ξi|α)
!

≤ max
1≤i≤K

Ã
1

N

NX
j=1

g(Zj, ξi|α)−E[g(Z, ξi|α)]
!

+ max
1≤i≤K

(E[g(Z, ξi|α)])

< SN(α) +Q(ξ
0)− 2α, (4.3)

where

SN(α) = max
1≤i≤K

¯̄̄̄
¯ 1N

NX
j=1

g(Zj, ξi|α)−E[g(Z, ξi|α)]
¯̄̄̄
¯ a.s.→ 0.

Note that by conditions (e) and (j), E[|g(Z, ξi|α)|] <∞ for i = 1, 2, ..,K, so that
the convergence result involved follows from Kolmogorov’s strong law of large
numbers.
Combining (4.1) and (4.3), it follows now that bξN ∈ Ξc(ε) implies Q(ξ

0)−α−
RN(α) ≤ bQN(bξN) < SN(α) +Q(ξ0)− 2α and thus SN(α) +RN(α) ≥ α, so that

Pr[bξN ∈ Ξc(ε)] ≤ Pr[SN(α) +RN(α) ≥ α]→ 0.

Finally, let Ξc be an arbitrary compact subset of Ξ containing ξ
0 in its interior.

Then infξ∈Ξ\Ξc d(ξ, ξ
0) = ε > 0, hence Pr[bξN ∈ Ξ\Ξc] ≤ Pr[d(bξN , ξ0) ≥ ε] → 0 if

plimN→∞d(bξN , ξ0) = 0, so that the latter implies limN→∞ Pr[bξN ∈ Ξc] = 1. The
other way around, i.e., limN→∞Pr[bξN ∈ Ξc] = 1 implies plimN→∞d(bξN , ξ0) = 0,
follows from the first part of Theorem 4.1.
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5. Proof of Theorem 4.2

The case in Assumption 4.2(a) follows trivially from Theorem 4.1. In the case of
Assumption 4.2(b), denote

α =
1

2

Ã
Q(ξ0)−E

"
sup

ξ∈Ξ\Ξc
f(Z, ξ)

#!
.

Then

sup
ξ∈Ξ\Ξc

bQN(ξ) ≤ 1

N

NX
j=1

sup
ξ∈Ξ\Ξc

f(Zj, ξ) ≤ TN +Q(ξ0)− 2α,

where

TN =

¯̄̄̄
¯ 1N

NX
j=1

sup
ξ∈Ξ\Ξc

f(Zj, ξ)−E
"
sup

ξ∈Ξ\Ξc
f(Z, ξ)

#¯̄̄̄
¯ a.s.→ 0.

It follows now similar to the proof of Theorem 4.1 that bξN ∈ Ξ\Ξc impliesRN(α)+
TN ≥ α, hence limN→∞ Pr[bξN ∈ Ξ\Ξc] = 0 and thus limN→∞ Pr[bξN ∈ Ξc] = 1.

Combined with Theorem 4.1, the latter implies that limN→∞Pr[d(bξN , ξ0) ≥ ε] =
0.

6. Proof of Lemma 5.1

I will prove Lemma 5.1 via the following sub-lemmas. In each sub-lemma, m =
0, 1, ..., `, and for each m, Cm ∈ (0,∞) is a generic constant depending on m and
the norm ||δ||m.

Lemma 5.1(a). sup0≤u≤1 |h(m)(u|δ)| ≤ Cm

Proof. Write

h(u|δ) = f(u|δ)2
1 +

P∞
m=1 δ

2
m

where

f(u|δ) = 1 +
√
2
∞X
k=1

δk cos (kπu)
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and denote f (0)(u|δ) = f(u|δ), f (m)(u|δ) = dmf(u|δ)/(du)m for m = 1, ..., `.
Observe that for m = 0, 1, ..., `

f (m)(u|δ) = I(m = 0) +
√
2πm

∞X
k=1

kmδkcm(kπu), (6.1)

where cm(x) = dm cos(x)/(dx)m,

hence
sup
0≤u≤1

|f (m)(u|δ)| ≤ max(1,
√
2πm||δ||m) (6.2)

Moreover,

h(1)(u|δ) =
2f(u|δ)f (1)(u|δ)
1 +

P∞
k=1 δ

2
k

h(2)(u|δ) =
2f (1)(u|δ)2 + 2f(u|δ)f (2)(u|δ)

1 +
P∞

k=1 δ
2
k

,

h(3)(u|δ) =
2f(u|δ)f (3)(u|δ) + 6f (1)(u|δ)f (2)(u|δ)

1 +
P∞

k=1 δ
2
k

etcetera, and more generally,

h(m)(u|δ) =
Pm

k=0 ωk,mf
(m−k)(u|δ)f (k)(u|δ)

1 +
P∞

k=1 δ
2
k

(6.3)

for m = 0, 1, 2, ...., `, where ωk,m ∈ N0. Since obviously ||δ||k ≤ ||δ||m for 0 ≤ k ≤
m it follows therefore from (6.2) and (6.3) that

sup
0≤u≤1

|h(m)(u|δ)| ≤
mX
k=0

ωk,m sup
0≤u≤1

|f (m−k)(u|δ)| sup
0≤u≤1

|f (k)(u|δ)|

≤
Ã

mX
k=0

ωk,m

!
max

¡
1, 2π2m(||δ||m)2

¢
≤

Ã
mX
k=0

ωk,m

!¡
1 + 2π2m(||δ||m)2

¢
,

which proves Lemma 5.1(a).
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Lemma 5.1(b). sup0≤u≤1 |∇ih(m)(u|δ)| < Cm.im.

Proof. It follows from (6.1) that for i ∈ N,

∇if (m)(u|δ) =
∂f (m)(u|δ)

∂δi
=
√
2(π.i)mcm(i.πu). (6.4)

Moreover, it follows from (6.3) that

∇i

ÃÃ
1 +

∞X
k=1

δ2k

!
h(m)(u|δ)

!
= 2δih

(m)(u|δ) +
Ã
1 +

∞X
k=1

δ2k

!
∇ih(m)(u|δ)

=
√
2

mX
k=0

ωk,m(π.i)
m−kcm−k(i.πu)f

(k)(u|δ)

+
√
2

mX
k=0

ωk,m(π.i)
kck(i.πu)f

(m−k)(u|δ),

so that

∇ih(m)(u|δ) =
1

1 +
P∞

k=1 δ
2
k

(
√
2

mX
k=0

ωk,m(π.i)
m−kcm−k(i.πu)f

(k)(u|δ)

+
√
2

mX
k=0

ωk,m(π.i)
kck(i.πu)f

(m−k)(u|δ)− 2δih(m)(u|δ)
)

(6.5)

hence ¯̄
∇ih(m)(u|δ)

¯̄
≤
√
2imπm

mX
k=0

ωk,m
¡
|f (k)(u|δ)|+ |f (m−k)(u|δ)|

¢
+2|δi|.|h(m)(u|δ)|

≤
√
2imπm

mX
k=0

ωk,m
¡
|f (k)(u|δ)|+ |f (m−k)(u|δ)|

¢
+2im||δ||m.|h(m)(u|δ)|

The result involved now follows straightforwardly from Lemma 5.1(a), (6.2), (6.4)
and (6.5).
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Lemma 5.1(c). sup0≤u≤1
¯̄
∇i1,i2h(m)(u|δ)

¯̄
≤ Cm.im1 im2 .

Proof. It follows straightforwardly from (6.5) that

∇i1,i2h(m)(u|δ) =
1

1 +
P∞

k=1 δ
2
k

(
2πm

mX
k=0

ωk,mi
m−k
1 ik2cm−k(i1.πu)ck(i2.πu)

+ 2πm
mX
k=0

ωk,mi
m−k
2 ik1cm−k(i2.πu)ck(i1.πu)

− 2δi1∇i2h(m)(u|δ)− 2δi2∇i1h(m)(u|δ)− 2.I(i1 = i2)h(m)(u|δ)
ª

(6.6)

It follows therefore similar to the proof of Lemma 5.1(b) that the result of Lemma
5.1(c) holds.

Lemma 5.1(d). sup0≤u≤1
¯̄
h(m)(u|δ∗)− h(m)(u|δ)

¯̄
≤ Cm(||δ∗−δ||m+||δ∗−δ||2m).

Proof. It follows trivially from (6.1) that

sup
0≤u≤1

|f (m)(u|δ∗)− f (m)(u|δ)| ≤
√
2πm||δ∗ − δ||m

and therefore by (6.1),

sup
0≤u≤1

¯̄
f (m−k)(u|δ∗)f (k)(u|δ∗)− f (m−k)(u|δ)f (k)(u|δ)

¯̄
≤ sup

0≤u≤1
|f (m−k)(u|δ∗)− f (m−k)(u|δ)|. sup

0≤u≤1
|f (k)(u|δ∗)− f (k)(u|δ)|

+ sup
0≤u≤1

|f (k)(u|δ)| sup
0≤u≤1

|f (m−k)(u|δ∗)− f (m−k)(u|δ)|

+ sup
0≤u≤1

|f (m−k)(u|δ)| sup
0≤u≤1

|f (k)(u|δ∗)− f (k)(u|δ)|

≤ 2πm||δ∗ − δ||m−k.||δ∗ − δ||k
+
√
2πm−kmax(1,

√
2πk||δ||k)||δ∗ − δ||m−k

+
√
2πkmax(1,

√
2πm−k||δ||m−k)||δ∗ − δ||k

≤ 2πm (||δ∗ − δ||m)2 + 4πmmax(1, ||δ||m)||δ∗ − δ||m
≤ 4πmmax(1, ||δ||m).(||δ∗ − δ||m + ||δ∗ − δ||2m).

Moreover, it follows from (6.3) that¯̄
h(m)(u|δ∗)− h(m)(u|δ)

¯̄
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≤
mX
k=0

ωk,m sup
0≤u≤1

¯̄
f (m−k)(u|δ∗)f (k)(u|δ∗)− f (m−k)(u|δ)f (k)(u|δ)

¯̄
+

∞X
k=1

¯̄
δ2∗,k − δ2k

¯̄
. sup
0≤u≤1

|h(m)(u|δ)|

Furthermore,

∞X
k=1

¯̄
δ2∗,k − δ2k

¯̄
≤

∞X
k=1

(|δ∗,k − δk|+ 2|δk|) . |δ2,k − δ1,k|

≤
Ã ∞X
k=1

|δ∗,k − δk|
!2
+ 2

Ã ∞X
k=1

|δk|
!Ã ∞X

k=1

|δ∗,k − δk|
!

= ||δ∗ − δ||20 + 2||δ||0.||δ∗ − δ||0
≤ ||δ∗ − δ||2m + 2||δ||m.||δ∗ − δ||m. (6.7)

These inequalities together with the result of Lemma 5.1(a) prove Lemma 5.1(d).

Lemma 5.1(e). sup0≤u≤1
¯̄
∇ih(m)(u|δ1)−∇ih(m)(u|δ2)

¯̄
< Cm.i

m.(||δ∗ − δ||m +
||δ∗ − δ||2m)

Proof. This result follows straightforwardly from (6.5) and a similar argument as
in the proof of Lemma 5.1(d).

Lemma 5.1(f). sup0≤u≤1
¯̄
∇i1,i2h(m)(u|δ∗)−∇i1,i2h(m)(u|δ)

¯̄
< Cm.i

m
1 i
m
2 .(||δ∗ −

δ||m + ||δ∗ − δ||2m).

Proof. Using (6.6), this result follows similar to the proof of Lemma 5.1(d).

7. Proof of Lemma 6.1

Recall that by the first-order condition it follows that for k ≤ n,
PN

j=15kfj(bξn) =
0 whenever bξn ∈ ΞIntn . Moreover, it follows from Assumptions 6.1(c) and 6.2 that
for any fixed K ≤ n, and n→∞,

Pr[(bξn,1, ...,bξn,K)0 ∈ ΞIntK ] = Pn(K)→ 1.
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This implies that there exists a sequence Kn converging to infinity with n such
that also limn→∞ Pn(Kn) → 1. To see this, denote P n(K) = infm≥n Pm(K) and
note that for each K, P n(K) ↑ 1 monotonically as n→∞, and for each n, P n(K)
is non-increasing in K. For m ≥ 1, let nm be the smallest n ≥ m for which
P n(m) + m

−2 ≥ 1, for example. Obviously, n1 = 1. Moreover, since P n(m) +
m−2 > P n(m + 1) + (m + 1)−2, we have nm+1 > nm. Now let Km,n = m for
nm ≤ n ≤ nm+1 − 1. Then for all m ∈ N,

Pr[(bξn,1, ...,bξn,Km,n
)0 ∈ ΞIntKm,n

] ≥ 1−m−2.

Replacing m by a subsequence mn of n and denoting Kn = Kmn,n it follows that

Pr[(bξn,1, ...,bξn,Kn
)0 ∈ ΞIntKn

]→ 1.

Lemma 6.1 now follows straightforwardly from the latter result.

8. Proof of Lemma 6.2

Recall that bZn(u) = KnX
k=1

Ã
1√
N

NX
j=1

5kfj(ξ
0)

!
ηk(u)

where n = nN and
ηk(u) = 2

−k√2 cos(kπu). (8.1)

Obviously, bZn(u) is an a.s. continuous random function on [0, 1], or in other words,bZn(u) is a random element of the space C[0, 1] of continuous functions on [0, 1]
endowed with the sup metric ||f − g||sup = sup0≤u≤1 |f(u)− g(u)|.
Now let eZN(u) = ∞X

k=1

Ã
1√
N

NX
j=1

5kfj(ξ
0)

!
ηk(u).

It follows from Assumptions 6.4 and 6.5 that

E

∙
sup
0≤u≤1

¯̄̄ eZN(u)− bZn(u)¯̄̄¸ ≤
√
2

∞X
k=Kn+1

2−kE

"¯̄̄̄
¯N−1/2

NX
j=1

5kfj(ξ
0)

¯̄̄̄
¯
#

≤
√
2

∞X
k=Kn+1

2−k

vuuutE
⎡⎣ÃN−1/2

NX
j=1

5kfj(ξ
0)

!2⎤⎦
11



=
√
2

∞X
k=Kn+1

2−k
q
E[(5kf1(ξ

0))2]

→ 0 as n→∞,

because by Schwarz inequality and Assumption 6.5,

∞X
k=1

2−k
q
E[(5kf1(ξ

0))2] ≤

vuut ∞X
k=1

2−k

vuut ∞X
k=1

2−kE[(5kf1(ξ
0))2] (8.2)

< ∞.

Hence, bZn(u) = eZN(u)+op(1) uniformly in u ∈ [0, 1]. Therefore, it suffices to show
that eZN converges weakly to a zero mean Gaussian process Z on [0, 1], denoted
by eZN ⇒ Z.
Note that by (8.2),

var( eZN(u)) = E

Ã ∞X
k=1

2−k 5k f1(ξ
0)
√
2 cos(kπu)

!2

≤ 2E

⎡⎣Ã ∞X
k=1

2−k| 5k f1(ξ
0)|
!2⎤⎦

= 2
∞X
k=1

∞X
m=1

2−k2−mE
£
| 5k f1(ξ

0)|.| 5m f1(ξ
0)|
¤

≤ 2
∞X
k=1

∞X
m=1

2−k2−m
q
E[5kf1(ξ

0)2]
q
E[5mf1(ξ

0)2]

= 2

Ã ∞X
k=1

2−k
q
E[5kf1(ξ

0)2]

!2
<∞.

It is well-known (see for example Billingsley 1968) that eZN ⇒ Z holds if
and only if eZN(u) is tight and the finite distributions of eZN(u) converge to the
corresponding finite distributions of Z(u). As to the latter, we need to show that
for arbitrary points u1, u2, ..., uM in [0, 1],

( eZN(u1), ..., eZN(uM))0 d→ (Z(u1), ..., Z(uM))
0. (8.3)

12



This is easy to verify for the case M = 2:Ã eZN(u1)eZN(u2)
!

=
∞X
k=1

Ã
1√
N

NX
j=1

5kfj(ξ
0)

!µ
ηk(u1)
ηk(u2)

¶

=
1√
N

NX
j=1

Ã ∞X
k=1

5kfj(ξ
0)

µ
ηk(u1)
ηk(u2)

¶!

=
1√
N

NX
j=1

Ã ∞X
k=1

2−k 5k fj(ξ
0)

µ √
2 cos(kπu1)√
2 cos(kπu2)

¶!
d→
µ
Z(u1)
Z(u2)

¶
∼ N2

∙µ
0
0

¶
,

µ
Γ(u1, u1) Γ(u1, u2)
Γ(u1, u2) Γ(u2, u2)

¶¸
where the latter follows from the standard central limit theorem, with Γ(u1, u2)
defined in Lemma 6.2.
Tightness is a generalization of the notion of stochastic boundedness to random

functions, and since convergence in distribution implies stochastic boundedness,
it follows similarly that tightness is a necessary condition for weak convergence.
In particular, eZN is tight if for an arbitrary ε ∈ (0, 1) there exists a compact set
K(ε) ∈ C[0, 1] such that infN≥1 Pr[ eZN(.) ∈ K(ε)] > 1− ε.

As to the tightness of eZN(u), it suffices to show that for arbitrary ε > 0,

sup
|u1−u2|≤ε, u1,u2∈[0,1]

¯̄̄ eZN(u1)− eZN(u2)¯̄̄ = ε.Op(1), (8.4)

as then condition (8.3) of Theorem 8.2 in Billingsley (1968) holds.2 This follows
easily from the fact that by (8.1) and the mean value theorem,

sup
|u1−u2|≤ε, u1,u2∈[0,1]

|ηk(u1)− ηk(u2)| ≤ ε
√
2πk.2−k

so that by Assumptions 6.4 and 6.5,

E

"
sup

|u1−u2|≤ε, u1,u2∈[0,1]

¯̄̄ eZN(u1)− eZN(u2)¯̄̄#

≤
∞X
k=1

E

"¯̄̄̄
¯N−1/2

NX
j=1

5kfj(ξ
0)

¯̄̄̄
¯
#

sup
|u1−u2|≤ε, u1,u2∈[0,1]

|ηk(u1)− ηk(u2)|

2Note that condition (8.2) of Theorem 8.2 in Billingsley (1968) follows from (8.3).
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≤
∞X
k=1

q
E[(5kf1(ξ

0))2] sup
|u1−u2|≤ε, u1,u2∈[0,1]

|ηk(u1)− ηk(u2)|

≤ ε
√
2π

∞X
k=1

k.2−k
q
E[(5kf1(ξ

0))2]

≤ ε
√
2π

vuut ∞X
k=1

k.2−k

vuut ∞X
k=1

k.2−kE[(5kf1(ξ
0))2] = ε.O(1).

Finally, using the Cauchy-Schwarz and Liapounov inequalities and (8.1) it
follows that

sup
0≤u1≤1, 0≤u2≤1

|Γ(u1, u2)| ≤ 2
∞X
k=1

∞X
m=1

E[|(∇kf1(ξ0))(∇mf1(ξ0))|]2−m2−k

≤ 2
∞X
k=1

∞X
m=1

q
E[(∇kf1(ξ0))2]

q
E[(∇mf1(ξ0))2]2−m2−k

= 2

Ã ∞X
m=1

2−m
q
E[(∇mf1(ξ0))2]

!2

= 2

⎛⎝P∞
m=1 2

−m
q
E[(∇mf1(ξ0))2]P∞
k=1 2

−k

⎞⎠2Ã ∞X
k=1

2−k

!2

≤ 2

P∞
m=1 2

−mE[(∇mf1(ξ0))2]P∞
k=1 2

−k

Ã ∞X
k=1

2−k

!2

= 2

Ã ∞X
m=1

2−mE[(∇mf1(ξ0))2]
!Ã ∞X

k=1

2−k

!
<∞

where the latter inequality follows from Assumption 6.5.

9. Proof of Lemma 6.4 (Corrections)

Equation (A.4) in the printed version of the paper is incorrect. It should be:

B0k,nΦkBk,n =

µ
B0k,pΦkBk,p B0k,pΦkCk,n−p
C 0k,n−pΦkBk,p C 0k,n−pΦkCk,n−p

¶
.
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Similarly, the next equation after (A.4) should be

lim
k→∞

B0k,nΦkBk,n =

µ
limk→∞B

0
k,pΦkBk,p limk→∞B

0
k,pΦkCk,n−p

limk→∞C
0
k,n−pΦkBk,p limk→∞C

0
k,n−pΦkCk,n−p

¶

10. Proof of Theorem 6.2: Continuation

To complete the proof of Theorem 6.2, it needs to be shown that

lim
n→∞

An,n = A, (10.1)

where for k ≥ n, Ak,n =
R 1
0
ak,n(u)ak,n(u)

0du, with ak,n(u) defined in the proof of
Lemma 6.4. Moreover, recall from Lemma 6.4 and its proof that

lim
n→∞

lim
k→∞

Z 1

0

ak,n(u)ak,n(u)
0du = lim

n→∞

Z 1

0

an(u)an(u)
0du = A

Also, recall from the proof of Lemma 6.4 that, with Bk,n partitioned for k > n as
Bk,n = (Bk,p, Ck,n−p),

b
(2)
k,n(u) = −C 0k,n−pϕk(u), b(2)n,n(u) = −C 0n,n−pϕn(u) = −C 0k,n−p

µ
ϕn(u)
0k−n

¶
,

where ϕk(u) = (η1(u), ..., ηk(u))0 with ηk(u) = 2
−k√2 cos(kπu).

To prove (10.1), it will be shown first that

lim
n→∞

lim
k→∞

Z 1

0

³
b
(2)
k,n(u)− b(2)n,n(u)

´0 ³
b
(2)
k,n(u)− b(2)n,n(u)

´
du = 0, (10.2)

as follows. Partition ϕk(u) as ϕk(u) = (ϕn(u)0,ϕ∗k−n(u)
0)0, so that

b(2)n,n(u)− b
(2)
k,n(u) = C

0
k,n−p

µ
0n
ϕ∗k−n(u)

¶
.

It is easy to verify that
R 1
0
ϕ∗k−n(u)ϕ

∗
k−n(u)

0du = 2−2nΦk−n, where

Φk−n =

Z 1

0

ϕk−n(u)ϕk−n(u)
0du,

15



hence

µk,n =

Z 1

0

³
b
(2)
k,n(u)− b(2)n,n(u)

´0 ³
b
(2)
k,n(u)− b(2)n,n(u)

´
du

= 2−2nC 0k,n−p

µ
On,n On,k−n
Ok−n,n Φk−n

¶
Ck,n−p

= 2−2nC∗0k−n,n−pΦk−nC
∗
k−n,n−p

where C∗k−n,n−p is the matrix of the last k − n rows of Ck,n−p, i.e.,

C∗k,n−p =

⎛⎜⎝ E[∇n+1,p+1f1(ξ0)] · · · E[∇n+1,nf1(ξ0)]
...

. . .
...

E[∇k,p+1f1(ξ0)] · · · E[∇k,nf1(ξ0)]

⎞⎟⎠ .
Then for some constant c > 0 and a sufficiently large n,

µk,n = 2−2n
k−nX
m=1

2−2m
nX

s=p+1

¡
E[∇n+m,sf1(ξ0)]

¢2
≤ 2−2nnc

k−nX
m=1

2−2m(n+m)c
nX
s=1

¡
E[∇n+m,sf1(ξ0)]

¢2
(n+m)−cs−c

≤ 2−22−2nnc(n+ 1)c
k−nX
m=1

nX
s=1

¡
E[∇n+m,sf1(ξ0)]

¢2
(n+m)−cs−c

≤ 2−22−2nnc(n+ 1)c
kX

m=1

nX
s=1

¡
E[∇m,sf1(ξ0)]

¢2
m−cs−c

≤ 2−22−2nnc(n+ 1)c
kX

m=1

nX
s=1

¡¯̄
E[∇m,sf1(ξ0)]

¯̄
m−c/2s−c/2

¢2
≤ 2−22−2nnc(n+ 1)c

Ã
kX

m=1

nX
s=1

m−c/2s−c/2
¯̄
E[∇m,sf1(ξ0)]

¯̄!2
where the second inequality is due to the easy inequality

max
m≥1

2−2m(n+m)c ≤ max
x≥1

2−2x(n+ x)c = 2−2(n+ 1)c

for n ≥ c.(2 ln(2))−1 − 1.
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By part (a) of Assumption 6.6,
P∞

k=1

P∞
m=1(k.m)

−2−τE[|∇k,mf1(ξ0)|] < ∞,
hence for c = 4 + 2τ,

µk,n ≤ 2−22−2nn4+2τ(n+ 1)4+2τ

Ã ∞X
j=1

∞X
m=1

(j.m)−2−τE[|∇j,mf1(ξ0)|]
!2

= o
¡
2−2n(n+ 1)8+4τ

¢
= o(1)

Thus, limn→∞ supk≥n µk,n = 0, which proves (10.2).
By a similar argument it can be shown that

lim
k→∞

Z 1

0

³
b
(1)
k (u)− b(u)

´0 ³
b
(1)
k (u)− b(u)

´
du = 0, (10.3)

where b(1)k (u) = −B0k,pϕk(u) and b(u) is defined in Lemma 6.3. It follows now from
(10.2), (10.3) and Theorem B.1 that

lim
n→∞

Z 1

0

(an,n(u)− an(u))0(an,n(u)− an(u))du = 0,

which implies (10.1). This completes the proof of Theorem 6.2.

11. Proof of Lemma 6.5

First, note that

¯̄̄̄
¯ 1N

NX
j=1

³
(5kfj(bξn))(5mfj(bξn))− (5kfj(ξ

0))(5mfj(ξ
0))
´¯̄̄̄¯

≤ 1

N

NX
j=1

| 5k fj(bξn)−5kfj(ξ
0)|.| 5m fj(bξn)−5mfj(ξ

0)|

+
1

N

NX
j=1

| 5k fj(ξ
0)|.| 5m fj(bξn)−5mfj(ξ

0)|

+
1

N

NX
j=1

| 5m fj(ξ
0)|.| 5k fj(bξn)−5kfj(ξ

0)|

17



≤

vuut 1

N

NX
j=1

(5kfj(bξn)−5kfj(ξ
0))2

×

vuut 1

N

NX
j=1

(5mfj(bξn)−5mfj(ξ
0))2

+

vuut 1

N

NX
j=1

(5kfj(ξ
0))2

vuut 1

N

NX
j=1

(5mfj(bξn)−5mfj(ξ
0))2

+

vuut 1

N

NX
j=1

(5mfj(ξ
0))2

vuut 1

N

NX
j=1

(5kfj(bξn)−5kfj(ξ
0))2

Then with ηk(u) = 2
−k√2 cos(kπu), and

bdN = 1

N

NX
j=1

Ã ∞X
k=1

2−k(5kfj(bξn)−5kfj(ξ
0))2

!

we have

sup
u1,u2∈[0,1]

¯̄̄bΓn(u1, u2)− Γn(u1, u2)
¯̄̄

≤ 2

⎛⎝ ∞X
k=1

2−k

vuut 1

N

NX
j=1

(5kfj(bξn)−5kfj(ξ
0))2

⎞⎠2

+ 4

⎛⎝ ∞X
k=1

2−k

vuut 1

N

NX
j=1

(5kfj(bξn)−5kfj(ξ
0))2

⎞⎠
×

⎛⎝ ∞X
k=1

2−k

vuut 1

N

NX
j=1

(5kfj(ξ
0))2

⎞⎠
≤

⎛⎝2bdN + 4qbdN
vuut 1

N

NX
j=1

Ã ∞X
k=1

2−k(5kfj(ξ
0))2

!⎞⎠ ∞X
k=1

2−k

18



where the latter inequality follows from Schwarz inequality. Note that by As-
sumption 6.5,

nX
k=1

2−k
1

N

NX
j=1

(5kfj(ξ
0))2 = Op(1).

Therefore, it suffices to show that bdN = op(1), as follows. For arbitrary ε > 0,

Pr
hbdN = bdN .I ³||bξn − ξ0||` ≤ ε

´i
= Pr

h
||bξn − ξ0||` ≤ ε

i
→ 1

and

E
hbdN .I ³||bξn − ξ0||` ≤ ε

´i
≤

∞X
k=1

2−kE

"
sup

||ξ−ξ0||`≤ε
(5kf1(ξ)−5kf1(ξ

0))2

#

By Assumption 6.9 the latter can be made arbitrarily small. It follows now
straightforwardly that bdN = op(1).
12. Proof of Theorem 6.5

Recall that for fixed s ∈ N,
√
N
³bδnN ,1 − δ0,1, ...,bδnN ,s − δ0,s

´0 d→ Ns(0,Λs) (12.1)

for some positive-definite s× s matrix Λs.
We can write

√
N
³
h(u|πsbδnN )− h(u|πsδ0)´

=

Ps
m=1

√
N
³bδnN ,m − δ0,m

´√
2 cos (mπu)

1 +
Ps

m=1
bδ2nN ,m

×
Ã
2 +

sX
m=1

³bδnN ,m + δ0,m
´√

2 cos (mπu)

!

−
Ps

m=1

√
N
³bδnN ,m − δ0,m

´³bδnN ,m + δ0,m
´

1 +
Ps

m=1
bδ2nN ,m h(u|πsδ0)
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= 2

Ps
m=1

√
N
³bδnN ,m − δ0,m

´√
2 cos (mπu)

1 +
Ps

m=1 δ
2
0,m

×
Ã
1 +

sX
m=1

δ0,m
√
2 cos (mπu)

!

− 2
Ps

m=1

√
N
³bδnN ,m − δ0,m

´
δ0,m

1 +
Ps

m=1 δ
2
0,m

h(u|πsδ0) + op(1),

where the op(1) is uniform in u ∈ [0, 1]. The latter equality follows from the fact
that by (12.1),

Ps
m=1

√
N |bδnN ,m − δ0,m| = Op(1) and plimN→∞bδnN ,m = δ0,m for

m = 1, 2, ..., s.
Denote bZs = √N ³bδ1 − δ0,1, ...,bδq − δ0,s

´
. Using the notations κs(u), δs and

ωs(u) in Theorem 6.5 we can write

bΦs(u) = √N ³h(u|πsbδnN )− h(u|πsδ0)´ = 2

1 + δs0δs
bZ 0sωs(u) + op(1)

It is now easy to verify from (12.1) that bΦs(u) is tight and converges weakly
to a zero-mean Gaussian process eΦs(u), similar to Lemma 6.2, with covariance
function

E[eΦs(u1)eΦs(u2)] = 4

(1 + δ0sδs)
2
ωs(u1)

0Λsωs(u1).

13. Proof of Theorem 6.6

Denote

bφN(u) = 1 +

nNX
m=1

bδnN ,m√2 cos (mπu) ,

φ0(u) = 1 +
∞X
m=1

δ0,m
√
2 cos (mπu) ,

and recall that

h(u|bδnN ) = bφN(u)2/Z 1

0

bφN(v)2dv,
h0(u) = h(u|δ0) = φ0(u)

2/

Z 1

0

φ0(v)
2dv

20



Next, let

bTN(u) =
√
N
³bφN(u)− φ0(u)

´
=

nNX
m=1

√
N
³bδnN ,m − δ0,m

´√
2 cos (mπu)

−
√
N

∞X
m=nN+1

δ0,m
√
2 cos (mπu)

=

nNX
m=1

√
N
³bδnN ,m − δ0,m

´√
2 cos (mπu) + o(1) (13.1)

where the o(1) term is uniform in u ∈ [0, 1]. The latter follows from¯̄̄̄
¯√N

∞X
m=nN+1

δ0,m
√
2 cos (mπu)

¯̄̄̄
¯ ≤ √

2N
∞X

m=nN+1

|δ0,m|

≤
√
2N

n`N

∞X
m=nN+1

m`|δ0,m| = o(1) (13.2)

for
nN ∝ N1/(2`). (13.3)

See Remark B.4 following Assumption 6.3 for (13.3).
First note that the functions bTN(u) are random elements of the Hilbert space

L20(0, 1) = span({
√
2 cos (mπu)}∞m=1).

According to Van der Vaart and Wellner (1996, Ch. 1.8) [VW hereafter],bTN(u) is asymptotically finite-dimensional if for each η, ε > 0 there exists a finite
subset I ⊂ N such that

lim sup
N→∞

Pr

"X
i∈I

µZ 1

0

bTN(u)√2 cos (i.πu) du¶2 > η

#

= lim sup
N→∞

Pr

"
N
X
i∈I

³bδnN ,i − δ0,i
´2
> η

#
< ε. (13.4)

Since by (12.1) N
P

i∈I

³bδnN ,i − δ0,i
´2
converges in distribution to a quadratic

form of zero-mean jointly normal random variables, (13.4) holds, hence bTN(u) is
21



asymptotically finite-dimensional. Then it follows from Lemma 1.8.1 in VW thatbTN(u) is asymptotically tight if for each m ∈ N,Z 1

0

bTN(u)√2 cos (mπu)du = N
³bδnN ,m − δ0,m

´2
I(m ≤ nN)− δ20,mI(m > nN)

is asymptotically tight, which also holds by (12.1). Moreover, by Lemma 1.8.2 in
VW, bTN(u) is then asymptotically measurable. It follows now from Prohorov’s
theorem [van der Vaart (1998, Th.18.12(ii))] that there exists a subsequence Nj
and a tight random element eT ∈ L20(0, 1) such thatbTNj(u) =pNj ³bφNj(u)− φ0(u)

´
Ã eT (u) as j →∞. (13.5)

Moreover, since bφNj(u) p→ φ0(u) uniformly on [0, 1], it follows that

plim
j→∞

sZ 1

0

bφNj(v)2dv =
sZ 1

0

φ0(v)2dv.

Next, consider the following sequence of random variables:

p
Nj

⎛⎝
qR 1

0
φ0(v)2dvqR 1

0
bφNj(v)2dv − 1

⎞⎠
=
p
Nj

qR 1
0
φ0(v)2dv −

qR 1
0
bφNj(v)2dvqR 1

0
bφNj(v)2dv

×

qR 1
0
φ0(v)2dv +

qR 1
0
bφNj(v)2dvqR 1

0
φ0(v)2dv +

qR 1
0
bφNj(v)2dv

= −

R 1
0

p
Nj
³bφNj(v)− φ0(v)

´³bφNj(v) + φ0(v)
´
dvqR 1

0
bφNj(v)2dvµqR 10 φ0(v)2dv +

qR 1
0
bφNj(v)2dv¶

=
−1p
Nj

R 1
0

³p
Nj
³bφNj(v)− φ0(v)

´´2
dvqR 1

0
bφNj(v)2dvµqR 10 φ0(v)2dv +

qR 1
0
bφNj(v)2dv¶
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−
2
R 1
0

p
Nj
³bφNj(v)− φ0(v)

´
φ0(v)dvqR 1

0
bφNj(v)2dvµqR 10 φ0(v)2dv +

qR 1
0
bφNj(v)2dv¶

Since by the continuous mapping theorem,R 1
0

³p
Nj
³bφNj(v)− φ0(v)

´´2
dvqR 1

0
bφNj(v)2dvµqR 10 φ0(v)2dv +

qR 1
0
bφNj(v)2dv¶

d→
R 1
0
eT (v)2dv

2
R 1
0
φ0(v)2dv

and

2
R 1
0

p
Nj
³bφNj(v)− φ0(v)

´
φ0(v)dvqR 1

0
bφNj(v)2dvµqR 10 φ0(v)2dv +

qR 1
0
bφNj(v)2dv¶

d→
R 1
0
eT (v)φ0(v)dvR 1
0
φ0(v)2dv

it follows that

p
Nj

⎛⎝
qR 1

0
φ0(v)2dvqR 1

0
bφNj(v)2dv − 1

⎞⎠ d→ −
R 1
0
eT (v)φ0(v)dvR 1
0
φ0(v)2dv

Hence,

p
Nj

⎛⎝ bφNj(u)qR 1
0
bφNj(v)2dv −

φ0(u)qR 1
0
φ0(v)2dv

⎞⎠ =

p
Nj(bφNj(u)− φ0(u))qR 1

0
bφNj(v)2dv

+
p
Nj

⎛⎝
qR 1

0
φ0(v)2dvqR 1

0
bφNj(v)2dv − 1

⎞⎠ φ0(u)qR 1
0
φ0(v)2dv

Ã
eT (u)qR 1

0
φ0(v)2dv

−
R 1
0
eT (v)φ0(v)dvR 1
0
φ0(v)2dv

× φ0(u)qR 1
0
φ0(v)2dv

=

µZ 1

0

p
h0(v)dv

¶
×
µeT (u)−ph0(u)Z 1

0

eT (v)ph0(v)dv¶
The latter follows from the condition that h0(u) is uniformly continuous and
positive on [0, 1], so that

φ0(u) > 0 on [0, 1]. (13.6)

23



Hence, p
h0(u) =

φ0(u)qR 1
0
φ0(v)2dv

,

Z 1

0

p
h0(v)dv =

1qR 1
0
φ0(v)2dv

.

Moreover, because bφNj(u) p→ φ0(u) uniformly on [0, 1], it follows from (13.6) that

lim
j→∞

Pr

⎡⎣ sup
0<u<1

¯̄̄̄
¯̄qh(u|bδnNj )− bφNj(u)qR 1

0
bφNj(v)2dv

¯̄̄̄
¯̄ = 0

⎤⎦ = 1,

lim
j→∞

Pr

⎡⎣Z 1

0

q
h(v|bδnNj )dv = 1qR 1

0
bφNj(v)2dv

⎤⎦ = 1.

Thus p
Nj

µq
h(u|bδnNj )−ph0(u)¶

Ã
µZ 1

0

p
h0(v)dv

¶µeT (u)−ph0(u) Z 1

0

eT (v)ph0(v)dv¶
= eΩ(u), (13.7)

say.
To prove that eT (u) is zero-mean Gaussian, let

f(u) =
∞X
m=1

γm
√
2 cos (mπu) ,

∞X
m=1

γ2m <∞, (13.8)

be an arbitrary function in L20(0, 1), and let for s ∈ N,

fs(u) =
sX

m=1

γm
√
2 cos (mπu)

It follows from (12.1), (13.1), (13.5) and the continuous mapping theorem that,
with nNj ≥ s and ωs = (γ1, ..., γs)

0,Z 1

0

bTNj(u)fs(u)du =
sX

m=1

p
Nj
³bδnNj ,m − δ0,m

´
γm

d→
Z 1

0

eT (u)fs(u)du ∼ N (0,ω0sΛsωs) (13.9)
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Moreover, ¯̄̄̄Z 1

0

eT (u)f(u)du− Z 1

0

eT (u)fs(u)du¯̄̄̄
≤

sZ 1

0

eT (u)2dusZ 1

0

(f(u)− fs(u))2 du

=

sZ 1

0

eT (u)2du
vuut ∞X

m=s+1

γ2m
p→ 0 as s→∞

hence Z 1

0

eT (u)f(u)du ∼ N ³0, lim
s→∞

ω0sΛsωs
´

Since eT ∈ L20(0, 1) with probability 1 it can be written as
eT (u) = ∞X

m=1

εm
√
2 cos (mπu) ,

∞X
m=1

ε2m <∞ a.s.,

so that Z 1

0

eT (u)fs(u)du =
sX

m=1

εmγm ∼ N (0,ω0sΛsωs)Z 1

0

eT (u)f(u)du =
∞X
m=1

εmγm ∼ N (0, lim
s→∞

ω0sΛsωs)

Therefore, by Lemma 1.8.3 in VW, the εm’s are zero-mean jointly normal with
Var((ε1, ..., εs)0) = Λs for all s ∈ N, so that eT (u) is zero-mean Gaussian process,
and so is the process eΩ(u) in (13.7).
Finally, note that by Theorem 1.8.4 in VW we can only replace Nj by N itself

if for all f ∈ L20(0, 1),
R 1
0
bTN(u)f(u)du d→

R 1
0
eT (u)f(u)du, which by (13.1) and

(13.8) is equivalent to

nNX
m=1

√
N(bδnN ,m − δ0,m)γm

d→
∞X
m=1

εmγm

for all sequences {γm}∞m=1 satisfying
P∞

m=1 γ
2
m <∞.
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14. Proof of Lemma 7.1

For the SNP Logit model in log-likelihood form without penalty function the
function f(Z, ξ) takes the form

f(Z, ξ) = f(Z, (θ, δ))

= Y ln
³
H
³
G( eX 0θ)|δ

´´
+ (1− Y ) ln

³
1−H

³
G( eX 0θ)|δ

´´
,

where Z = (Y,X 0)0 and ξ = (θ, δ). DenoteeX = (1, X 0)0 = ( eX1, eX2, ..., eXp)0.
With ∇k indicating the derivative to the k-th parameter, the first derivatives

of f(Z, ξ) are

5kf(Z, ξ) =
³
Y −H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ)|δ

´
× G0( eX 0θ)

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ eXk
=

³
Y −H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ)|δ

´
× G( eX 0θ)(1−G( eX 0θ))

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ eXk
=

³
Y −H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ)|δ

´
φ(G( eX 0θ)|δ) eXk (14.1)

for k = 1, ...., p, where

φ(u|δ) = u (1− u)
H(u|δ) (1−H(u|δ)) , (14.2)

and

5p+mf(Z, ξ) =
³
Y −H

³
G( eX 0θ)|δ

´´
×

5mH
³
G( eX 0θ)|δ

´
H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´
=

³
Y −H

³
G( eX 0θ)|δ

´´
ψm(G( eX 0θ)|δ)φ(G( eX 0θ)|δ) (14.3)

26



for m ∈ N, where
ψm(u|δ) =

5mH(u|δ)
u(1− u) . (14.4)

14.1. Part (a) for k ≤ p

It follows from (14.1) that for k = 1, 2, ..., p,

5kf(Z, ξ)−5kf(Z, ξ
0)

=
³
Y −H

³
G( eX 0θ)|δ

´´
×
n
h
³
G( eX 0θ)|δ

´³
φ(G( eX 0θ)|δ)− φ(G( eX 0θ)|δ0)

´ eXk
+h
³
G( eX 0θ)|δ

´³
φ(G( eX 0θ)|δ0)− φ(G( eX 0θ0)|δ0)

´ eXk
+
³
h
³
G( eX 0θ)|δ

´
− h

³
G( eX 0θ)|δ0

´´
φ(G( eX 0θ0)|δ0) eXk

+
³
h
³
G( eX 0θ)|δ0

´
− h

³
G( eX 0θ0)|δ0

´´
φ(G( eX 0θ0)|δ0) eXko

+
³
H
³
G( eX 0θ)|δ0

´
−H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ0)|δ0

´
φ(G( eX 0θ0)|δ0) eXk

+
³
H
³
G( eX 0θ0)|δ0

´
−H

³
G( eX 0θ)|δ0

´´
h
³
G( eX 0θ0)|δ0

´
φ(G( eX 0θ0)|δ0) eXk

×h
³
G( eX 0θ0)|δ0

´
φ(G( eX 0θ0)|δ0) eXk (14.5)

so that with
UX = G( eX 0θ0) (14.6)

and δ0n = πnδ
0,¯̄

5kf(Z, ξ
0
n+p)−5kf(Z, ξ

0)
¯̄

≤ sup
δ∈∆0(M)

sup
0≤u≤1

h (u|δ)
¯̄
φ(UX |δ0n)− φ(UX |δ0)

¯̄
.max(1, ||X||)µ

1 + 2 sup
0≤u≤1

h(u|δ0)
¶
φ(UX |δ0) sup

0≤u≤1
|h(u|δ0n)− h(u|δ0)|.max(1, ||X||)

By Lemma 5.1 there exists a constant C > 0 such that

sup
0≤u≤1

|h (u|δ)− h(u|δ0)| ≤ C.||δ − δ0||0. (14.7)

27



Moreover, note that for some constant C,¯̄
φ(u|δ)− φ(u|δ0)

¯̄
= u (1− u)

¯̄
H(u|δ0)

¡
1−H(u|δ0)

¢
−H(u|δ) (1−H(u|δ))

¯̄
H(u|δ) (1−H(u|δ))H(u|δ0)

¡
1−H(u|δ0)

¢
≤ 2

Ã
sup

δ∈∆0(M)

sup
0≤v≤1

h (v|δ)
!
.φ(u|δ).φ(u|δ0) sup

0≤v≤1
|h(v|δ0)− h(v|δ)|

≤ 2.C.φ(u|δ).φ(u|δ0).||δ − δ0||0

where the second inequality is due (14.7).
At this point I will now use Assumption 2.3, which together with part (d) of

Assumption 2.1 implies that

sup
0≤u≤1

φ(u|δ0) ≤
µ
inf

0≤u≤1
h(u|δ0)

¶−2
<∞. (14.8)

Moreover, by Lemma 5.1 there exists a d > 0 such that sup0≤u≤1 |h(u|δ) −
h(u|δ0)| < 0.5. inf0≤u≤1 h(u|δ0) if ||δ − δ0||0 < d, so that

sup
0≤u≤1

φ(u|δ) ≤
µ
inf

0≤u≤1
h(u|δ)

¶−2
≤

µ
inf

0≤u≤1

¡
h(u|δ)− h(u|δ0)

¢
+ inf
0≤u≤1

h(u|δ0)
¶−2

≤
µ
inf

0≤u≤1
h(u|δ0)− sup

0≤u≤1
|h(u|δ)− h(u|δ0)|

¶−2
≤ 4

µ
inf

0≤u≤1
h(u|δ0)

¶−2
<∞. (14.9)

Hence, there exist constants C > 0 and d > 0 such that

sup
0≤u≤1

¯̄
φ(u|δ)− φ(u|δ0)

¯̄
≤ C.||δ − δ0||0 if ||δ − δ0||0 < d. (14.10)

It follows now straightforwardly that

max
1≤k≤p

¯̄
5kf(Z, ξ

0
n+p)−5kf(Z, ξ

0)
¯̄
< C.max(1, ||X||).||ξ0n − ξ0||0

if ||ξ0n − ξ0||0 < d. (14.11)
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14.2. Part (a) for k > p

Next, it will be shown that, without the need for Assumption 2.3,

sup
m∈N

sup
δ∈∆0(M)

sup
0≤u≤1

|ψm(u|δ)| <∞ (14.12)

and that there exists a constant C > 0 such that for all m ∈ N,

sup
0≤u≤1

|ψm(u|δ)− ψm(u|δ0)| < C.||δ − δ0||0 (14.13)

It follows then straightforwardly from (14.3), (14.12) and (14.13), similar to
(14.11), that there exist constants C > 0 and d > 0 such that

sup
m∈N

¯̄
5p+mf(Z, ξ

0
n)−5p+mf(Z, ξ

0)
¯̄
≤ C.max(1, ||X||).||ξ0n − ξ0||0

if ||ξ0n − ξ0||0 < d. (14.14)

To prove (14.12), observe from the easy equality

5mh(u|δ) = 2
¡
1 +

P∞
k=1 δk

√
2 cos (kπu)

¢√
2 cos (mπu)

1 +
P∞

k=1 δ
2
k

− 2δm
h(u|δ)

1 +
P∞

k=1 δ
2
k

that

1

2

Ã
1 +

∞X
k=1

δ2k

!
5m H(u|δ)

=
√
2
sin (mπu)

mπ
+

∞X
k=1

δk
sin((m+ k)πu)

(m+ k)π

+
∞X
k=1

δkI(k 6= m)
sin((m− k)πu)
(m− k)π + δm (u−H(u|δ))

= −(−1)m
√
2
sin(mπ(1− u))

mπ
−

∞X
k=1

δk(−1)m+k
sin((m+ k)π(1− u))

(m+ k)π

−
∞X
k=1

δkI(k 6= m)(−1)m−k
sin((m− k)π(1− u))

(m− k)π
+δm (u−H(u|δ)) (14.15)
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hence

5mH(u|δ)
u

=
2

1 +
P∞

k=1 δ
2
k

(
√
2
sin (mπu)

mπu
+

∞X
k=1

δk
sin((m+ k)πu)

(m+ k)πu

+
∞X
k=1

δkI(k 6= m)
sin((m− k)πu)
(m− k)πu + δm − δm

H(u|δ)
u

)
(14.16)

and

5mH(u|δ)
1− u =

2

1 +
P∞

k=1 δ
2
k

½
−(−1)m

√
2
sin(mπ(1− u))
mπ(1− u)

−
∞X
k=1

δk(−1)m+k
sin((m+ k)π(1− u))
(m+ k)π(1− u)

−
∞X
k=1

δkI(k 6= m)(−1)m−k
sin((m− k)π(1− u))
(m− k)π(1− u)

− δm + δm

µ
1−H(u|δ)
1− u

¶¾
(14.17)

Adding these two expressions up and taking absolute values yield

|ψm(u|δ)| =
¯̄̄̄
5mH(u|δ)

u
+
5mH(u|δ)
1− u

¯̄̄̄
≤ 2

2
√
2 + 4

P∞
k=1 |δk|+ |δm| (H(u|δ)/u+ (1−H(u|δ))/(1− u))

1 +
P∞

k=1 δ
2
k

≤ 2
2
√
2 + 4

P∞
k=1 |δk|+ 2|δm| sup0≤u≤1 h(u|δ)

1 +
P∞

k=1 δ
2
k

,

which implies (14.12).
Similarly, it is not hard to verify from (14.15) that there exists a constant

C > 0 such that (14.13) holds for all m ∈ N.

14.3. Part (b)

Part (b) of Lemma 7.1 follows trivially from (14.1), (14.3) and

E[Y |X] = H(G( eX 0θ0)|δ0) a.s.
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14.4. Part (c)

It follows from (14.1) and (14.3) that in general

max
1≤k≤p

E
h¡
5kf(Z, ξ

0)
¢2i ≤ sup

0≤u≤1
h
¡
u|δ0

¢2
E
h
φ(G( eX 0θ0)|δ0)2max(1, ||X||2)

i
,

sup
m∈N

E
h¡
5p+mf(Z, ξ

0)
¢2i ≤ sup

m∈N
sup

δ∈∆0(M)

sup
0≤u≤1

|ψm(u|δ)|E
h
φ(G( eX 0θ0)|δ0)2

i
,

so that by Assumption 2.3 and its implication (14.8),

sup
k∈N

E
h¡
5kf(Z, ξ

0)
¢2i ≤ C.E £max(1, ||X||2)¤ <∞

for some constant C > 0.

15. Proof of Lemma 7.2

15.1. Part (a)

The second derivatives 5k,mf(Z, ξ) for k,m = 1, 2, ..., p are

5k,mf(Z, ξ) =
³
Y −H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ)|δ

´
× G00( eX 0θ)

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ eXk eXm
−
³
Y −H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ)|δ

´2
×

⎛⎝ G0( eX 0θ)

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´
⎞⎠2

×
³
1− 2H

³
G( eX 0θ)|δ

´´ eXk eXm
+
³
Y −H

³
G( eX 0θ)|δ

´´
h(1)

³
G( eX 0θ)|δ

´
× G0( eX 0θ)2

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ eXk eXm
− h

³
G( eX 0θ)|δ

´2 G0( eX 0θ)2

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ eXk eXm.
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Using the function φ(u|δ) in (14.2) and the fact that for the logistic distribution
function G(x), G0(x) = G(x)(1−G(x)) and G00(x) = G(x)(1−G(x))(1− 2G(x)),
we can write

5k,mf(Z, ξ)

=
n³
Y −H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ)|δ

´
(1− 2G( eX 0θ))φ(G( eX 0θ)|δ)

−
³
Y −H

³
G( eX 0θ)|δ

´´
h
³
G( eX 0θ)|δ

´2
φ(G( eX 0θ)|δ)2

³
1− 2H

³
G( eX 0θ)|δ

´´
+
³
Y −H

³
G( eX 0θ)|δ

´´
h(1)

³
G( eX 0θ)|δ

´
φ(G( eX 0θ)|δ)G0( eX 0θ)

−h
³
G( eX 0θ)|δ

´2
φ(G( eX 0θ)|δ)G0( eX 0θ)

¾ eXk eXm, k,m = 1, ..., p (15.1)

Recall from (14.10) that there exist constants C > 0 and d > 0 such that

sup
θ∈Θ

¯̄̄
φ(G( eX 0θ)|δ)− φ(G( eX 0θ)|δ0)

¯̄̄
≤ C.||δ − δ0||0 if ||δ − δ0||0 < d.

Moreover, note that

u(1− u)φ0(u|δ0) = (1− 2u)φ(u|δ0)− h(u|δ0)(1− 2H(u|δ0)).φ(u|δ0)2,

so that

|dφ(G(x)|δ0)/dx| = G(x)(1−G(x))|φ0(G(x)|δ0)|
≤ φ(G(x)|δ0) + h(G(x)|δ0)φ(G(x)|δ0)2.

Therefore, by (14.8) and the mean value theorem, with mean value θ∗,¯̄̄
φ(G( eX 0θ)|δ0)− φ(G( eX 0θ0)|δ0)

¯̄̄
≤
µ
φ(G( eX 0θ∗)|δ0) + sup

0≤u≤1
h(u|δ0).φ(G( eX 0θ∗)|δ0)2

¶
×max(1, ||X||).||θ − θ0||

≤ C.max(1, ||X||).||θ − θ0|| (15.2)

for some constant C.

32



Furthermore, by Lemma 5.1 and the mean value theorem, with C a generic
constant, ¯̄̄

G( eX 0θ)−G( eX 0θ0)
¯̄̄
≤ C.max(1, ||X||).||θ − θ0||¯̄̄

G0( eX 0θ)−G0( eX 0θ0)
¯̄̄
≤ C.max(1, ||X||).||θ − θ0||¯̄̄

h
³
G( eX 0θ)|δ

´
− h

³
G( eX 0θ0)|δ0

´¯̄̄
≤ C.max(1, ||X||).||θ − θ0||+ C.||δ − δ0||0¯̄̄̄

h
³
G( eX 0θ)|δ

´2
− h

³
G( eX 0θ0)|δ0

´2 ¯̄̄̄
≤ C.max(1, ||X||).||θ − θ0||+ C.||δ − δ0||0¯̄̄

H
³
G( eX 0θ)|δ

´
−H

³
G( eX 0θ0)|δ0

´¯̄̄
≤ C.max(1, ||X||).||θ − θ0||+ C.||δ − δ0||0¯̄̄

h(1)
³
G( eX 0θ)|δ

´
− h(1)

³
G( eX 0θ0)|δ0

´¯̄̄
≤ C.max(1, ||X||).||θ − θ0||+ C.||δ − δ0||1

where the latter follows from

sup
δ∈∆2(M)

sup
0≤u≤1

h(2) (u|δ) <∞ (15.3)

due to Lemma 5.1 and the choice ` = 2 in Assumption 7.1,3 and

sup
0≤u≤1

|h(1) (u|δ)− h(1)(u|δ0)| ≤ C.||δ − δ0||1.

It follows now easily that for k,m = 1, 2, .., p, and some constant C > 0,

| 5k,m f(Z, ξ)−5k,mf(Z, ξ
0)| ≤ C.max(1, ||X||3).||ξ − ξ0||1 (15.4)

if ||ξ − ξ0||1 is sufficiently small.
Next, observe that for k = 1, ..., p and m ∈ N,

5k,p+mf(Z, ξ) =
³
Y −H

³
G( eX 0θ)|δ

´´
5m h

³
G( eX 0θ)|δ

´
× G0( eX 0θ)

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ eXk
−
³
Y −H

³
G( eX 0θ)|δ

´´
5m H

³
G( eX 0θ)|δ

´
3The inequality (15.3) is one of the reasons why ` = 2 is needed in Assumption 7.1.
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×
G0( eX 0θ)

³
1− 2H

³
G( eX 0θ)|δ

´´
H
³
G( eX 0θ)|δ

´2 ³
1−H

³
G( eX 0θ)|δ

´´2 eXk
−h
³
G( eX 0θ)|δ

´
G0( eX 0θ)5m H

³
G( eX 0θ)|δ

´
× 1

H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ eXk,
which can be written as

5k,p+mf(Z, ξ)

=
³
Y −H

³
G( eX 0θ)|δ

´´
ψm(G( eX 0θ)|δ)φ(G( eX 0θ)|δ)G0( eX 0θ) eXk

−
³
Y −H

³
G( eX 0θ)|δ

´´
ψm(G( eX 0θ)|δ)φ(G( eX 0θ)|δ)2

×
³
1− 2H

³
G( eX 0θ)|δ

´´ eXk
−h
³
G( eX 0θ)|δ

´
ψm(G( eX 0θ)|δ)φ(G( eX 0θ)|δ) eXk, (15.5)

where ψm(u|δ) is defined in (14.4).
To prove that for k = 1, 2, ..., p and m ∈ N,
| 5k,m+p f(Z, ξ)−5k,m+pf(Z, ξ

0)| ≤ C.max(1, ||X||2).||ξ − ξ0||0 (15.6)

if ||ξ − ξ0||1 is sufficiently small, it suffices to show that for some constant C,

|ψm(G( eX 0θ)|δ)− ψm(G( eX 0θ)|δ0)| ≤ C.||δ − δ0||0 (15.7)

|ψm(G( eX 0θ)|δ0)− ψm(G( eX 0θ0)|δ0)| ≤ C.max(1, ||X||).||θ − θ0|| (15.8)
as all the other inequalities involved have already been derived.
It follows straightforwardly from (14.16) and (14.17) that

sup
m∈N

sup
0≤u≤1

| 5m H(u|δ)−5mH(u|δ0)|
u

≤ C.||δ − δ0||0,

sup
m∈N

sup
0≤u≤1

u

¯̄̄̄
d
du

µ
5mH(u|δ0)

u

¶¯̄̄̄
≤ C.||δ0||1 <∞,

sup
m∈N

sup
0≤u≤1

| 5m H(u|δ)−5mH(u|δ0)|
1− u ≤ C.||δ − δ0||0,

sup
m∈N

sup
0≤u≤1

(1− u)
¯̄̄̄
d
du

µ
5mH(u|δ0)
1− u

¶¯̄̄̄
≤ C.||δ0||1 <∞,

34



hence

sup
m∈N

sup
0≤u≤1

|ψm(u|δ)− ψm(u|δ0)| ≤ C.||δ − δ0||0, (15.9)

sup
m∈N

sup
0≤u≤1

u(1− u)ψ0m(u|δ0) < ∞. (15.10)

Clearly, (15.9) implies (15.7), and by the mean value theorem, (15.10) implies
(15.8).
Finally, for k,m ∈ N we have

5p+k,p+mf(Z, ξ) =
³
Y −H

³
G( eX 0θ)|δ

´´
×

5k,mH
³
G( eX 0θ)|δ

´
H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´
−
³
Y −H

³
G( eX 0θ)|δ

´´³
1− 2H

³
G( eX 0θ)|δ

´´
×
5kH

³
G( eX 0θ)|δ

´
5m H

³
G( eX 0θ)|δ

´
H
³
G( eX 0θ)|δ

´2 ³
1−H

³
G( eX 0θ)|δ

´´2
−
5kH

³
G( eX 0θ)|δ

´
5m H

³
G( eX 0θ)|δ

´
H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´ ,
which can be written as

5p+k,p+mf(Z, ξ)

=
³
Y −H

³
G( eX 0θ)|δ

´´
ψm,k(G( eX 0θ)|δ)

−
³
Y −H

³
G( eX 0θ)|δ

´´³
1− 2H

³
G( eX 0θ)|δ

´´
ψk(G( eX 0θ)|δ)ψm(G( eX 0θ)|δ)

−H
³
G( eX 0θ)|δ

´³
1−H

³
G( eX 0θ)|δ

´´
ψk(G( eX 0θ)|δ)ψm(G( eX 0θ)|δ) (15.11)

where

ψm,k(u|δ) =
5k,mH(u|δ)
u(1− u) .

I will show that

sup
k,m∈N

sup
δ∈∆1(M)

sup
0≤u≤1

|ψk,m(u|δ)| <∞, (15.12)
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sup
k,m∈N

sup
0≤u≤1

|ψk,m(u|δ)− ψk,m(u|δ0)| ≤ C.||δ − δ0||0, (15.13)

u(1− u)ψ0k,m(u|δ) = 5k,mh(u|δ)− (1− 2u)ψk,m(u|δ), (15.14)

so that
|ψm,k(G( eX 0θ)|δ)− ψm,k(G( eX 0θ)|δ0)| ≤ C.||δ − δ0||0

and by the mean value theorem,¯̄̄
ψm,k(G( eX 0θ)|δ0)− ψm,k(G( eX 0θ0)|δ0)

¯̄̄
≤ C.max(1, ||X||).||θ − θ0||.

It follows then easily that

| 5p+k,p+m f(Z, ξ)−5p+k,p+mf(Z, ξ
0)| ≤ C.max(1, ||X||).||ξ − ξ0||0. (15.15)

To prove (15.12)-(15.14), observe from (14.15) that for k 6= m,

δk 5m H(u|δ) +
1

2

Ã
1 +

∞X
k=1

δ2k

!
5k,m H(u|δ)

= 2
sin((m+ k)πu)

(m+ k)π
− δm (5kH(u|δ))

= −2(−1)m+k sin((m+ k)π(1− u))
(m+ k)π

− δm5k H(u|δ)

Hence

5k,mH(u|δ)
u

=
2

1 +
P∞

i=1 δ
2
i

×
½
2
sin((m+ k)πu)

(m+ k)πu
− (1− u)δm (ψm(u|δ) + ψk(u|δ))

¾
and

5k,mH(u|δ)
1− u =

2

1 +
P∞

i=1 δ
2
i

×
½
−2(−1)m+k sin((m+ k)π(1− u))

(m+ k)π(1− u) − u.δm (ψm(u|δ) + ψk(u|δ))
¾
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so that

ψm,k(u|δ) =
5k,mH(u|δ)
u(1− u) =

−2δm (ψm(u|δ) + ψk(u|δ))
1 +

P∞
i=1 δ

2
i

(15.16)

+
2

1 +
P∞

i=1 δ
2
i

½
2
sin((m+ k)πu)

(m+ k)πu
− 2(−1)m+k sin((m+ k)π(1− u))

(m+ k)π(1− u)

¾
Similarly, for k = m we have

5m,mH(u|δ)
u

=
2

1 +
P∞

i=1 δ
2
i

×
½
sin(2mπu)

2mπu
+ 1− H(u|δ)

u
− 2δm

5mH(u|δ)
u

¾
and

5m,mH(u|δ)
1− u =

2

1 +
P∞

i=1 δ
2
i

×
½
−sin(2mπ(1− u))

2mπ(1− u) − 1 + 1−H(u|δ)
1− u − 2δm

5mH(u|δ)
1− u

¾
hence

ψm,m(u|δ) =
5m,mH(u|δ)
u(1− u) =

2

1 +
P∞

i=1 δ
2
i

(15.17)

×
½
sin(2mπu)

2mπu
− sin(2mπ(1− u))

2mπ(1− u) +
1−H(u|δ)
1− u − H(u|δ)

u
− 2δmψm(u|δ)

¾
The results (15.12)-(15.14) follow now straightforwardly from (15.16) and (15.17).
Combining (15.4), (15.6) and (15.15), part (a) of Lemma 7.2 follows.

15.2. Part (b)

Part (b) of Lemma 7.2 follows trivially from (15.1), (15.5) and (15.11).

15.3. Part (c)

Using the function φ(u|δ0) in (14.2), the notation (14.6), and the fact that for
the logistic distribution function G(x), G0(x) = G(x)(1 − G(x)) and G00(x) =
G(x)(1−G(x))(1− 2G(x)), it is not hard to verify that for k,m = 1, 2, ..., p,

E[5k,mf(Z, ξ
0)|X] = −

h
¡
UX |δ0

¢2
(UX(1− UX))2

H
¡
UX |δ0

¢ ¡
1−H

¡
UX |δ0

¢¢ eXk eXm
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Hence, the matrix Bp,p takes the form Bp,p = −Bp where

Bp = E

"
h
¡
UX |δ0

¢2
(UX(1− UX))2

H
¡
UX |δ0

¢ ¡
1−H

¡
UX |δ0

¢¢ µ 1 X 0

X XX 0

¶#
.

which is a.s. finite.
To prove that Bp is nonsingular, suppose that there exists a nonzero vector

γ = (γ0, γ
0
1)
0 ∈ R× Rp−1 such that γ0Bpγ = 0. Obviously, this is only possible if

γ20 + 2γ
0
1X + (γ

0
1X)

2 = 0 a.s.,4 hence γ01X = −γ0 a.s. and thus γ01Var(X)γ1 = 0.
Since by part (c) of Assumption 2.1, Var(X) is nonsingular, it follows that γ1 = 0,
hence γ0 = 0, which contradicts γ 6= 0. Thus, Bp is nonsingular.
Recall from (14.1) that for k = 1, 2, .., p,

5kf(Z, ξ
0) =

¡
Y −H

¡
UX |δ0

¢¢
h
¡
UX |δ0

¢
φ(UX |δ0) eXk,

hence for k,m = 1, 2, ..., p,

E
£
5kf(Z, ξ

0)5m f(Z, ξ
0)|X

¤
= E

h¡
Y −H

¡
UX |δ0

¢¢2 ¯̄̄
X
i
h
¡
UX |δ0

¢2
φ(UX |δ0)2 eXk eXm

= H
¡
UX |δ0

¢ ¡
1−H

¡
UX |δ0

¢¢
h
¡
UX |δ0

¢2
φ(UX |δ0)2 eXk eXm

=
h
¡
UX |δ0

¢2
(UX(1− UX))2

H
¡
UX |δ0

¢ ¡
1−H

¡
UX |δ0

¢¢ eXk eXm
so that Vp = −Bp.p,where Vp is the variance matrix of (51f(Z, ξ

0), ...,5pf(Z, ξ
0))0.

Also, it is not hard to verify that for k = 1, ..., p and m ∈ N,

E[5k,p+mf(Z, ξ
0)|X] = −h

¡
UX |δ0

¢
ψm(UX |δ0)φ(UX |δ0) eXk, (15.18)

and for k,m ∈ N,

E[5p+k,p+mf(Z, ξ
0)|X] = −H

¡
UX |δ0

¢ ¡
1−H

¡
UX |δ0

¢¢
×ψk(UX |δ0)ψm(UX)|δ0). (15.19)

whereas by (14.1) and (14.3),

E
£
5kf(Z, ξ

0)5p+m f(Z, ξ
0)|X

¤
= h

¡
UX |δ0

¢
ψm(UX |δ0)φ(UX |δ0) eXk

4See for example Lemma 3.1 in Bierens (2004).
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for k = 1, ..., p and m ∈ N, and

E
£
5p+kf(Z, ξ

0)5p+m f(Z, ξ
0)|X

¤
= H

¡
UX |δ0

¢ ¡
1−H

¡
UX |δ0

¢¢
×ψk(UX |δ0)ψm(UX |δ0)

for k,m ∈ N. Hence,
Vn = −Bn,n for all n ∈ N,

where Vn is defined in Theorem 6.2.
To show that Vn is nonsingular, suppose first that Vp+1 is singular. Since it

has already been verified that Vp is nonsingular, singularity of Vp+1 implies that
5p+1f(Z, ξ

0) is a.s. a linear combination of (51f(Z, ξ
0), ...,5pf(Z, ξ

0))0:¡
Y −H

¡
UX |δ0

¢¢
ψ1(UX |δ0)φ(UX |δ0)

=
¡
Y −H

¡
UX |δ0

¢¢
h
¡
UX |δ0

¢
φ(UX |δ0) eX 0γ a.s.

for some γ ∈ Rp, hence

51H(UX |δ0)
UX(1− UX)h(UX |δ0)

=
ψ1(UX |δ0)
h(UX |δ0)

= eX 0γ a.s.

Next, write UX = G(α0 + β0,1X1 + β00,2X2) and eX 0γ = γ1 + γ2X1 + γ03X2, and
recall from Assumption 2.1 that X1 has support R, conditional on X2. Therefore,
we may take the partial derivatives to X1:

∂UX/∂X1 = UX(1− UX)β0,1, ∂ eX 0γ/∂X1 = γ2.

Then

γ2
β0,1

= − 51H(UX |δ0)¡
UX(1− UX)h(UX |δ0)

¢2
×
¡
(1− 2UX)h(UX |δ0) + UX(1− UX)h(1)(UX |δ0)

¢
×UX(1− UX) +

51h(UX |δ0)
UX(1− UX)h(UX |δ0)

UX(1− UX)

=
51h(UX |δ0)
h(UX |δ0)

− 51H(UX |δ0) (1− 2UX)
UX(1− UX)h(UX |δ0)

−h
(1)(UX |δ0)51 H(UX |δ0)

h(UX |δ0)2
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Thus, the singularity of Vp+1 implies that for all u ∈ [0, 1],
γ2
β0,1
≡ 51h(u|δ0)

h(u|δ0)
− 51H(u|δ0) (1− 2u)

u(1− u)h(u|δ0)
− h

(1)(u|δ0)51 H(u|δ0)
h(u|δ0)2

Taking the derivative to u yields:

0 ≡ 51h
(1)(u|δ0)
h(u|δ0)

− 51h(u|δ0)
h(u|δ0)2

h(1)(u|δ0)

−51h(u|δ0) (1− 2u)
u(1− u)h(u|δ0)

+ 2
51H(u|δ0)

u(1− u)h(u|δ0)

+
51H(u|δ0) (1− 2u)
(u(1− u))2h(u|δ0)2

(1− 2u)h(u|δ0)

+
51H(u|δ0) (1− 2u)
(u(1− u))2h(u|δ0)2

u(1− u)h(1)(u|δ0)

−h
(2)(u|δ0)51 H(u|δ0)

h(u|δ0)2
− h

(1)(u|δ0)51 h(u|δ0)
h(u|δ0)2

+2
h(1)(u|δ0)51 H(u|δ0)

h(u|δ0)3
h(1)(u|δ0)

hence

0 ≡ 51h
(1)(u|δ0)− 51h(u|δ0)

h(u|δ0)
h(1)(u|δ0)

−51h(u|δ0) (1− 2u)
u(1− u) + 2

51H(u|δ0)
u(1− u)

+
51H(u|δ0) (1− 2u)2

(u(1− u))2 +
51H(u|δ0) (1− 2u)
u(1− u)h(u|δ0)

h(1)(u|δ0)

−h
(2)(u|δ0)51 H(u|δ0)

h(u|δ0)
− h

(1)(u|δ0)51 h(u|δ0)
h(u|δ0)

+2
h(1)(u|δ0)251 H(u|δ0)

h(u|δ0)2
(15.20)

Now observe from (14.16) and (14.17) that

lim
u↓0

5mH(u|δ0)
u(1− u) = 2

√
2

q
h(0|δ0)q

1 +
P∞

k=1 δ
2
0,k

−
√
2δ0,m

h(0|δ0)
1 +

P∞
k=1 δ

2
0,k
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whereas by Theorem 3.1,

5mh(u|δ0) =
2
¡
1 +

P∞
k=1 δ0,k

√
2 cos (kπu)

¢√
2 cos (mπu)

1 +
P∞

k=1 δ
2
0,k

−2 h(u|δ
0).δ0,m

1 +
P∞

k=1 δ
2
0,k

h(1)(u|δ0) = −2
¡
1 +

P∞
k=1 δ0,k

√
2 cos (kπu)

¢
1 +

P∞
k=1 δ

2
0,k

π
∞X
k=1

kδ0,k
√
2 sin (kπu)

5mh
(1)(u|δ0) =

h(1)(u|δ0)
1 +

P∞
k=1 δ

2
0,k

2δ0,m

−2
√
2 cos (mπu)

π
P∞

k=1 kδ0,k
√
2 sin (kπu)

1 +
P∞

k=1 δ
2
0,k

−2
¡
1 +

P∞
k=1 δ0,k

√
2 cos (kπu)

¢
1 +

P∞
k=1 δ

2
0,k

πm
√
2 sin (mπu)

h(2)(u|δ0) = −2
¡
1 +

P∞
k=1 δ0,k

√
2 cos (kπu)

¢
1 +

P∞
k=1 δ

2
0,k

π2
∞X
k=1

k2δ0,k
√
2 cos (kπu)

+2

¡
π
P∞

k=1 kδ0,k
√
2 sin (kπu)

¢2
1 +

P∞
k=1 δ

2
0,k

(the latter result is the other reason why we need ` = 2 in Assumption 7.1) so
that

lim
u↓0
5mh(u|δ0) = 2

√
2

q
h(0|δ0)q

1 +
P∞

k=1 δ
2
0,k

− 2δ0,m
h(0|δ0)

1 +
P∞

k=1 δ
2
0,k

lim
u↓0
h(1)(u|δ0) = 0

lim
u↓0
5mh

(1)(u|δ0) = 0

lim
u↓0
h(2)(u|δ0) = 0

Letting u→ 0 in (15.20) it follows now that

0 = 2 lim
u↓0

51H(u|δ0)
u(1− u) + lim

u↓0

µ
51H(u|δ0)
u(1− u) −51h(u|δ0)

¶
× lim

u↓0

1

u(1− u)
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= 4
√
2

q
h(0|δ0)q

1 +
P∞

k=1 δ
2
0,k

− 2
√
2δ0,1

h(0|δ0)
1 +

P∞
k=1 δ

2
0,k

+
³
2−
√
2
´
δ0,1

h(0|δ0)
1 +

P∞
k=1 δ

2
0,k

× lim
u↓0

1

u(1− u) ,

which is impossible. Consequently, Vp+1 is nonsingular.
Along the same lines it can be shown that for all m ∈ N the variance matrix

of (51f(Z, ξ
0), ...,5pf(Z, ξ

0),5p+mf(Z, ξ
0))0 is nonsingular.

Next, suppose that for somem ∈ N, Vp+m is nonsingular but Vp+m+1 is singular,
so that5p+m+1f(Z, ξ

0) is a.s. a linear combination of (51f(Z, ξ
0), ...,5p+mf(Z, ξ

0))0:¡
Y −H

¡
UX |δ0

¢¢
ψm+1(UX |δ0)φ(UX |δ0)

=
¡
Y −H

¡
UX |δ0

¢¢
h
¡
UX |δ0

¢
φ(UX |δ0) eX 0γ

+
mX
k=1

λk
¡
Y −H

¡
UX |δ0

¢¢
ψk(UX |δ0)φ(UX |δ0) a.s.

for some γ ∈ Rp and a nonzero vector λ = (λ1, ...,λm)0 ∈ Rm, so that

ψm+1(UX |δ0)−
mX
k=1

λk.ψk(UX |δ0) = h
¡
UX |δ0

¢ eX 0γ a.s.

Note that if λ = 0 then the variance matrix of (51f(Z, ξ
0), ...,5pf(Z, ξ

0),5p+m+1

f(Z, ξ0))0 is singular, which is not true.
Replacing the operator 51 in (15.20) by (5m+1 −

Pm
k=1 λk5k) it follows now

similar to the previous case that the singularity of Vp+m+1 implies

γ2
β0,1

≡ 5m+1h(u|δ0)−
Pm

k=1 λk 5k h(u|δ0)
h(u|δ0)

−
µ
1− 2u
u(1− u) +

h(1)(u|δ0)
h(u|δ0)

¶µ
5m+1H(u|δ0)−

Pm
k=1 λk 5k H(u|δ0)

h(u|δ0)

¶
which contradicts Assumption 7.2. Thus, Vp+m+1 is nonsingular. By induction it
follows now that Vn is nonsingular for all n ∈ N, and so is Bn,n = −Vn.
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15.4. Part (d)

Part (d) of Lemma 7.2 follows trivially from the nonsingularity of Bk+p,k+p.
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