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1. Introduction

This online supplement to Bierens (2013) contains the omitted proofs. Through-
out I will use the same notations as in Bierens (2013), as follows. The indicator
function is denoted by I(.), and N and Ny denote the sets of positive and non-
negative integers, respectively. The partial derivative to a parameter with index
k will be denoted by Vi, and Vy ,, denotes the second partial derivatives to pa-
rameters with indices £ and m. To distinguish infinite dimensional parameters
from finite dimensional ones, the former are displayed in bold face. Following
Billingsley (1968), I will use the double-arrow ”=" to indicate weak convergence
of sequences of random function in the metric space C[0, 1] of continuous real
functions on [0, 1], endowed with the metric supg<,<; | f(u) — g(u)|, and following
van der Vaart (1998), the wiggling arrow ”~” indicates weak convergence of a
sequence of random elements in a Hilbert space. Finally, the operator 7, applied
to an infinite sequence 8 = {6,,}5°_; replaces all the 6,,’s for m > n by zeros.

2. Proof of Lemma 2.1

Consider first the case that X is a single random variable, and (3, # 0, and
suppose that there exist a distribution function H on [0,1] and coefficients av,
Bs« such that Hyo(G(ap + (oX)) = H(G(aw + 5.X)) a.s. Obviously, this is only



possible if 8, # 0, with the same sign as ). Next, denote Z = «, + (5,X and
suppose that the distribution of Z has support R. Then

H(G(z)) = Ho(G(ap — caye + c.2)) for all z € R,

where ¢ = 3y/8, > 0. For 0 < u; < ug < 1, let 2; = G (uy), 22 = G7'(uy). Then
under the quantile conditions H(uy) = Ho(uy) = uy, H(uz) = Ho(uz) = us,

H(U1> = H()(G(OCO — CQy + C.Zl>> = Ho(’ul> = H()(G(Zl)),
H(Ug) = HQ(G(OZQ — COly + C.Zg)) = Ho(’dg) Ho(G(ZQ)),

hence by the strict monotonicity of Hy(G(2)),
Qg — COly + C.21 = 27, Qg — COQy + C.29 = 29,

which implies ¢ = §y/F, = 1 and ay = .

Consider now the case X = (X1, X}) € RY, ¢ > 2, where X, € R97L. Let us
assume again that there exist an absolutely conditional distribution function H
and parameters o, and (3, = (/3*,1, ;,2), € RP~! such that

Hy (Glag + Boa X1 + 32 X2)) = H (Gow + 1 X1 + (. ,X5)) as.

Moreover, suppose that the conditional distribution of X; given X, has support
R, and that Gy; # 0. It follows from the previous argument and the quantile
restrictions that conditional on Xs, 8.1 = (o1 and

ay + 6;72X2 = Qg + 6672X2 a.sS. (21)

Assuming that F[X}X5] < oo, so that E[X5] is defined and Var(X5) is finite, (2.1)
implies that (8.2 — foz2) (X2 — E [X3]) = 0 a.s., hence

(Be2 — Bo2) Var (X2) (B2 — foz) =0

Therefore, if Var(Xs) is nonsingular then 5, » = (2 so that by (2.1), a. = . The
lemma follows now from the fact that the nonsingularity of Var(X3) is implied by
the nonsingularity of Var(X).



3. Proof of Lemma 4.1

It follows from the mean value theorem and the choice of G as the logistic distri-
bution function that

G((1,X")601) = G((1, X)) < [(1,X)(61 — 02)| sup G(z)(1 = G(2))
< 160 = 6af|. (1 + [|XT]) /4

whereas for §; = {6;m}oe_1, 1 =1,2,

sup |H (ul61) — H(u|82)]

0<u<l

IN

/0 |h(u|61) — h(u|b2)| du

- 0 ( J > (b1m — 62,,”)2)

[H(G((1, X")01)[61) — H(G((1, X")02)[62)]
< [H(G((1,X")01)|61) — H(G((1, X")82)|61)|
+ [H(G((1, X)62)|61) — H(G((1, X)6,)]62)|

similar to Theorem 3.1. Hence

< H ([|6h = 6o].(1 + [[X][) /4] 61) + O (J > (Brm— 62,m)2)

m=1

The lemma under review follows now from the continuity of H (u|6;) in u.

4. Proof of Theorem 4.1

Let a > 0 be arbitrary. Then by condition (i) there exists an ng(«) € N such that
Q(Eno(a)) 2 Q(EO) —Q, hence for ny Z nO( )7

@N(EN) @N(Eno(a)) > Q\N(éno(a)) — Q(&p(a) T Q&) —
Q&%) — a — Ry(a), (4.1)

(AVARAVS

where

Ry(a) = Q\N(Eno(a)) — Q(&(a) 22 0.
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The latter follows from Kolmogorov’s strong law of large numbers.
Denote Z.(¢) = {&€ € Z. : d(£,€°) > €}, so that the result of Theorem 4.1
reads:

lim. Pr[€y € E.(c)] = 0.
If Z.(¢) = 0 then trivially, Pr[gN € E.(¢)] = 0. Therefore, assume that Z.(¢) # 0.
Then Z.(¢) is compact.!
Next, observe that for each £ € Z.(¢), supg_cz. e, 6)<y f(Z:€.) — f(Z,€) isas.
non-negative and monotonic increasing in 7 € (0, 00), hence if E[f(Z,£)] > —oo
then by condition (d) and (e) and the dominated convergence theorem,

lim F
nl0

sup f(Zaé*)_f<Z7€)

£.€E: d(€,,6)<n

=FE |lim  sup  f(Z,&,)— f(Z,€)

M0 ¢, ez: de..£)<n
Thus, for each & € Z.(g) for which E[f(Z,€&)] > —oo we have

lillngE sup  f(Z,€)| = E[f(Z,§)]< sup Q&)
n £.€5: d(E, £)<n £€E.(e)
= Q(&")- (Q(é”)—gsgz)@(é)) :

Now choose a > 0 such that Q(£°) — SUPgez, () @(€) > 2a. Then there exists
an 7(&€, a) > 0 such that

Bl sw f(ZE)] <QE) -2 (42)
§.€E: d(€,,6)<n(€,q)
In the case E[f(Z,€)] = —oco it follows from condition (e) and the monotone

convergence theorem that

lim &
nl0

sup  f(Z,€,)

£,€E: d(€,,6)<n

1See for example the proof of Theorem I1.6 on page 290 in Bierens (2004).
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f(2) - sup f(Z,€.)

= E[f(Z)] - lim E

m—00

— E[f(Z)] - E |F(Z) — lim sup f(Z,¢.)

MO0 g €E: d(€,.£)<1/m

= E[f(Z7£)] = =00,

so that also in this case there exists an (€, «) > 0 such that (4.2) holds.
By the compactness of =.(e) there exist a finite number of elements £, ...,k
of Z.(¢) such that

Ee(e) C UL {€, € 21 d(E,. &) <n(&;, o)}

Hence, denoting

9(z,&la) = sup f(z€.),
£.€5: d(€,.8)<n(6,0)

it follows from (4.2) that

N
sup QOn(€) < max (%szj,sim)

£€E.(e) R =
| XN
< max (N;g(zj,sz\a) E[g(Z,EAa)])
+ max (Elg(Z,&;la)))
< Sn(a) +Q(&") - 20, (4.3)
where
Sn() = max NZQ &ila) — Elg(Z,€]a)]| =5 0

Note that by conditions (e) and (j), E[|g(Z, &;|a)|] < oo for i =1,2,.., K, so that
the convergence result involved follows from Kolmogorov’s strong law of large
numbers. R

Combining (4.1) and (4.3), it follows now that £y € Zc(e) implies Q&%) —

Ry(a) < Qn(€y) < Sy(a) + Q(€°) — 2a and thus Sy(a) + Ry(a) > a, so that
Prl€y € Z.(e)] < Pr[Sy(a) + Ry(a) > o] — 0.
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Finally, let =, be an arbitrary compact subset of Z containing £° in its interior.
Then infeezz, d(€,£°) =& > 0, hence Pr[gN € Z\Z] < Pr[d(gN,éo) >¢e] — 0if
plimNﬂood(gN,éo) = 0, so that the latter implies limy_, o, Pr[EN € Z.) = 1. The
other way around, i.e., limpy_, o Pr[EN € E. = 1 implies plimNﬂood(gN,fo) =0,
follows from the first part of Theorem 4.1.

5. Proof of Theorem 4.2

The case in Assumption 4.2(a) follows trivially from Theorem 4.1. In the case of
Assumption 4.2(b), denote

a==(Qe)—E| sw fz,8)|).
2 E€E\E,

Then v

sup On(€) < D0 sup f(7,,6) < T + QE") ~ 20,

EEBE\E, j=1 EEBE\E,
where N

Tw=|v> sw f(2,6 - B| sw [(28)]"0

j=1 §€E\Ec ECE\E.

It follows now similar to the proof of Theorem 4.1 that E ~ € E\E. implies Ry(a)+
Ty > a, hence limy .o, Pr[€y € E\Z,] = 0 and thus limy .., Pr[€y € Z] = 1.
Combined with Theorem 4.1, the latter implies that limy_.., Pr[d(€y,£") > €] =
0.

6. Proof of Lemma 5.1

I will prove Lemma 5.1 via the following sub-lemmas. In each sub-lemma, m =
0,1,...,¢, and for each m, C,, € (0,00) is a generic constant depending on m and
the norm [|4]|,..

Lemma 5.1(a). supyc,<; [h™ (u]6)| < Cy,



Proof. Write
_ f(u]8)?
S T

where

f(uld) =1+ \/iiék cos (kmu)

and denote fO(ul8) = f(u|d), f™ (u|6) = d™f(u|d)/(du)™ for m = 1,..., L.
Observe that for m =0,1,....¢

F () = I(m=0)+V2r™ Y k" Spem(kmu), (6.1)
k=1
where ¢,,(x) = d™ cos(x)/(dz)™,
hence
sup |/ (ul6)] < max(L, v21"||6]|) (6.2)
0<u<1
Moreover,
1) 2 (u]6)fD(ul6)
S S T
@) _ 2 (u]8)? + 2 (u]8) f) (ulé)
e = SV
3) 2 (ul8) f ) (u|8) + 6 (u|6) fP(u]6)
o) S vt

etcetera, and more generally,

) (u) — o S " (0) /T wl) (63

L4+, 6

for m =0,1,2,.....,¢, where wy,, € Ny. Since obviously ||6][x < ||6]] for 0 < k <
m it follows therefore from (6.2) and (6.3) that

sup | (u|8)] < Zwkym sup \f(m_k)(u|6)\0iugl|f(k)(u\6)|

0<u<1 P Osusl
s(Z}MJmMUJWWWMW
k=0
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(Z wk,m> (1 + 27" ([|6]]m)?) ,

which proves Lemma 5.1(a). W
Lemma 5.1(b). supy<,<; |Vih™ (u|8)| < C,.i™.

Proof. 1t follows from (6.1) that for i € N,

(m)(y
Vif ™ (u|6) = afTS(l‘é) = V2(m.i) ™ (i), (6.4)

Moreover, it follows from (6.3) that

<<1 + Zé2> ) (u]6) ) = 26, (u|6) + (1 + iéi) V™ (u]6)

k=1

SNG) i W (1.8)™ ey (i) f O (u)6)
k=0

V2 wp (1) e (i) £ (u]6),
k=0

so that
Vih™ (u|6) = Z {f > Wi (.8)™F e (i) £ (1] 6)
k= 1 _

+/2 Z Wi (7.3)* g (3.70u) fOF) (] §) — 26ih(m)(u\6)} (6.5)

k=0

hence

VAP )] < VIS whm (1E@8)] + LS ul8)])
+2\5i|-\h<1:":>2u|6>\
< VIS i (1O @I8)] £ 17 l6)])
28] K ul8)
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The result involved now follows straightforwardly from Lemma 5.1(a), (6.2), (6.4)
and (6.5). W

Lemma 5.1(c). supg<,<i |Vi i, h™ (u|6)| < CppiTi5".

Proof. Tt follows straightforwardly from (6.5) that

1 m
Vi h(m)(u|6) = ———=—<327" whmz’{”_kigcm_k(ilﬂru)ck(i2.7ru)
. D RS
+ 27™ Z Wh 5 iR e (i 7mu) g (i1 70)
k=0

— 26, Vi, '™ (u]§) — 26,V h™ (u]6) — 2.1(i1 = i2)h™ (ul6)}  (6.6)

It follows therefore similar to the proof of Lemma 5.1(b) that the result of Lemma
5.1(c) holds. W

Lemma 5.1(d). supg<,<; |h(m)(u|6*) — h(m)(u\6)| < Cri([|164 =8| m+|6.—8]|2,).

Proof. Tt follows trivially from (6.1) that
sup £ (ul6.) = [ (ul6)] < V21|68, — 6]l

0<u<1
and therefore by (6.1),
sup | £ (ul) £ (ulé.) — F 0 (u]) f O (ul8))|

0<u<l1

< sup |f"(u]6,) ~ f(m”“’(UIé)l-oiugl\f(’“’(UIé*) — f®(ul§)]

0<u<l1

+ sup [19(]6)] sup [/ w]8.) = 7 ulo)

0<u<l
+ sup F P (] 6)] Sup. [P (u]6.) = f*) (u]6)]
<216 — 6||m—t-1|6« — 6|k
+ V2™ max(1, V27|68 [1)1[6. — 6] m—s
+ V2" max(1, V25" |6 k) [|6. — 8k

< 277 (|6 — 8[m)” + dn™ max(L, ||6]1) |8 — 611
< 4n™ max (L, [|8]m). (|6« — 8]lm + 116+ — 8]7,)-
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Moreover, it follows from (6.3) that
I (m)(u|5 ) = h(ul6)]

< Zwkm sup [ £ (u]6.) fE (u]é.) — £O 70 (u]6) f P (ul6))|

k—0 0<u<1

| Sup [ (ul6)|
<u<1

Furthermore,
> 62 < Z(m—6k|+2\6k|).|62,k—61,k\
k=1 =1
2 o0 o0
< Z|5*k_5k) +2 <Z|5k|) <Z|5*,k—(5k|>
k=1 k=1
= (16, — 61l + 21161l,-116. — 611,
< (16, = 8ll7, +2116]l,,-116. — 6l,,- (6.7)

These inequalities together with the result of Lemma 5.1(a) prove Lemma 5.1(d).
|

Lemma 5.1(e). suppc,<; |Vih(m)(u|61) — Vih(m)(u|62)} < Copd™. (164 — 6]|m +
16 = 6l7,)

Proof. This result follows straightforwardly from (6.5) and a similar argument as
in the proof of Lemma 5.1(d). W

Lemma 5.1(f). supg<,<; |V,~17i2h(m)(u|6*) — Vi, ih™ (u|6)| < Cop a5 .([|6 —
6|lm + 116, — 6117,)-

Proof. Using (6.6), this result follows similar to the proof of Lemma 5.1(d). W

7. Proof of Lemma 6.1

Recall that by the first-order condition it follows that for k < n, Zjv:l Vi fi (En) =

0 whenever Zn € =t Moreover, it follows from Assumptions 6.1(c) and 6.2 that
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for any fixed K < n, and n — oo,

~

Pr[(€y s s En i) € ERY] = Po(K) — 1.

This implies that there exists a sequence K, converging to infinity with n such
that also lim, . P, (K;,) — 1. To see this, denote P, (K) = inf,,>, P,,(K) and
note that for each K, P, (K) T 1 monotonically as n — oo, and for each n, P,,(K)
is non-increasing in K. For m > 1, let n,, be the smallest n > m for which
P,(m)+m™2 > 1, for example. Obviously, n; = 1. Moreover, since P,(m) +
m=2 > P, (m+ 1)+ (m+ 1)7% we have n,, 11 > n,,. Now let K,,,, = m for
Ny <N < Nyppyy — 1. Then for all m € N,

o~ ~

Pr[(&n,l? "'7£n,Km’n> € :I[?:n n] 2 1-— m72.

Replacing m by a subsequence m,, of n and denoting K,, = K,,, , it follows that

~

Pr[(gn,b "'agn,K ) € :III(lt] — L

Lemma 6.1 now follows straightforwardly from the latter result.

8. Proof of Lemma 6.2

Recall that

i( ;kag )()

where n = ny and
ne(u) = 2772 cos(kmu). (8.1)
Obviously, Z,(u) is an a.s. continuous random function on [0, 1], or in other words,

Zn(u) is a random element of the space C[0,1] of continuous functions on [0, 1]
endowed with the sup metric || f — g||sup = SUPg<y<1 | f(1) — g(u)].

Now let
Z(u) Z( Zwﬂ&”) u).

k=1
It follows from Assumptions 6.4 and 6.5 that

’Z“N(u)—in(u)(] < V2 i ok

E [ sup
k=K,+1

0<u<l1

N
NN f;(€0)
j=1
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IN

\/éfjr’“

k=Kn+1

(N—l/2 Z kaj(§0)> ]

= V2 Y 2B E)

k=K,+1
— 0 asn — oo,

because by Schwarz inequality and Assumption 6.5,

Z? “VEIahi(E Jzz kJZwEuvkm@))ﬂ (32)

k=1 k=1
< 0Q.

Hence, 2n(u) = ZN(u)+0p(1) uniformly in u € [0, 1]. Therefore, it suffices to show
that Z n converges weakly to a zero mean Gaussian process Z on [0, 1], denoted
by Z N = Z.

Note that by (8.2),

var(Zy(u)) = ( 2 F7e fi(€ fcos(knru))

k=1

< 2E (Z 27 Tk f1(€°)|> ]

= 22 Z 27527 E [| i f1(E)].| Vi f1(E°)]]
k=1 m=1

< 23 2t SB[ A€ Bl fi(€0)
k=1 m=1

- <Z2 “VEIf(E)? ]) < 0.

It is well-known (see for example Billingsley 1968) that Zy = Z holds if
and only if Zy(u) is tight and the finite distributions of Zy(u) converge to the
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corresponding finite distributions of Z(u). As to the latter, we need to show that
for arbitrary points us, us, ..., up in [0, 1],

(Zn(wr), ooy Za(urg)) S (Z(ur), .., Z(uar))'- (8.3)

This is easy to verify for the case M = 2:

(2] - (A M)( E%)

5 wwu(@zzzz’;zz; ))

)
2 )
(2t )~ [(0) (v vhomre) )]

where the latter follows from the standard central limit theorem, with I'(uy, usg)
defined in Lemma 6.2.

Tightness is a generalization of the notion of stochastic boundedness to random
functions, and since convergence in distribution implies stochastic boundedness,
it follows similarly that tightness is a necessary condition for weak convergence.
In particular, Zy is tight if for an arbitrary € € (0, 1) there exists a compact set
K () € C[0,1] such that infys; Pr[Zy(.) € K(g)] > 1 —e.

As to the tightness of Z ~(u), it suffices to show that for arbitrary e > 0,

sup Zn(u1) — Zy(ug)| = £.0,(1), (8.4)

|lur —u2|<e, u1,u2€(0,1]

as then condition (8.3) of Theorem 8.2 in Billingsley (1968) holds.? This follows
easily from the fact that by (8.1) and the mean value theorem,

Sup 7k (u1) — ne(ug)| < eV2rk. 27"

|u1—u2|<e, u1,u2€[0,1]

2Note that condition (8.2) of Theorem 8.2 in Billingsley (1968) follows from (8.3).
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so that by Assumptions 6.4 and 6.5,

E sup

|lur —u2|<e, ui,u2€(0,1]
00 N

<3 5|V )
k=1 j=1

gzmmms%m swp ) — ()|

|lur —usz|<e, ui,u2€[0,1]

ZN(ul) - ZN(UZ)‘]

] sup |k (1) — M (uz)|

\ul—u2|§€, ul,uze[o,l}

<5\/_7T2k2 \/E (v fi(€7))?]

=1

WJ > k2o kJ D k27FE[(Vrf1(€%))?] = £.0(1).

Finally, using the Cauchy-Schwarz and Liapounov inequalities and (8.1) it
follows that

sup [Pl w)] < 2373 E[(VeA(€)(Vahi(€)2 2"

0<u1 <1, 0<uz<1 1 =1

233 BT (€) BV su(€)22 2

<
= 2 (Z 2"”\/E[(me1(£°)>2]>

me— 12 m\/E mfl £0 2 - k
- 2( PR ) <Z2 )
<

Yo 2" E[(Vin i (€)% [ ook
’ 21278 <Z ?

= (Z 2 " E[(Von f1(€9))? ]) 22_7’“) < 0
where the latter inequality follows from Assumption 6.5.
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9. Proof of Lemma 6.5
First, note that

= 2 (TR EN (T €)= (TafiEN (T i (E)))

1
N

N
< 3 219 5E) = Tub(EH T £5€) ~ T

N
3 D1 e SN T &) = €
1 J;[ ~
3 2 I S T fi(€a) = I 5(€°)]

X
1 & 1 &
- N;mfj (€")? N; Vindi(€n) = T fi(€0))?

N
N Z Vmli(€")) J;]Z (Vefi(€,) — Vrti(€9)?2

Then with n;,(u) = 27%v/2 cos(kmu), and

dy = %Z <Z2 (Vi fi(€ kaj(ﬁo))Q)

we have

sup fn(Ul,Uz) - Fn(u1>u2)’

u1,u2€[0,1]

15



<(23N+4 ﬂ%i(i? Ml ))ng

where the latter inequality follows from Schwarz inequality. Note that by As-
sumption 6.5,

k=1 j=1

Therefore, it suffices to show that d; ~N = 0,(1), as follows. For arbitrary ¢ > 0,
Pr [dy = d.I (1IE, — €lle < ¢)] = Pr[lIE, — &'lle <] — 1
and
Bldy1 (g, —€lle<e)| <> 27t
k=1

By Assumption 6.9 the latter can be made arbitrarily small. It follows now
straightforwardly that dy = o0,(1).

" Sﬁl(l)ﬁ (Virf1(&) — kal(&o))2]

10. Proof of Theorem 6.5

Recall that for fixed s € N,
'~ ~ /
VN (5an1 oty s s — 5075) 4 N0, A,) (10.1)
for some positive-definite s x s matrix A,.
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We can write

VA (hulrBa) ~ hulm.8"))

o~

S VN (6nN,m — 607m) V2 cos (mmu)

~2
1 + an::l 5nN,m

X <2 + i (gnNm + 607m> V2 cos (mwu))
m=1
BV ) )

~2
1 _'_ anZI 6nN,m

o~

ZfRZI \/N <571N7m - 60,m) \/ECOS (mﬂ-u) s
= 2 1+ Zjnzl 5§,m x |1+ mz_:l 50,m\/§ cos (m7T’LL)

St VN (Brvan = B0 ) bom
- L+ et

where the 0,(1) is uniform in u € [0, 1]. The latter equality follows from the fact

that by (10.1), >>° _, \/N|;5\nNm — dom| = Op(1) and plimNﬂoo;S\an = bo,m for
m=1,2,...,s.

Denote ZS = /N (51 — 0.1, ...,gq — 60,s> . Using the notations ks(u), 6 and

ws(u) in Theorem 6.5 we can write

h(u|m,6%) + 0p(1)

Bu(u) = VIV ((ulm.Bay) — h(ulm.8°)) = 2 Zro(u) + 0,(1)

It is now easy to verify from (10.1) that EI\Ds(u) is tight and converges weakly
to a zero-mean Gaussian process ®,(u), similar to Lemma 6.2, with covariance

function 4
E[Cbs (Ul)cbs (Ug)] = m&)s (ul)'Asws(ul).
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11. Proof of Theorem 6.6

Denote

ny
on(u) = 1+ Z Onn.mV 2 cOs (mmu) ,
m=1

¢o(u) = 1+ i So,mV2 cos (mmu) |

m=1

and recall that
1
WufBuy) = Bu(u)?/ / D (0)2dv,

ho(w) = h(ul6®) = do(w)?/ / do(v)?dv

Tn(w) = VN (Gx(w) — 6o(w)
= % VN <3nNm — (507m> V2 cos (mmu)

—V/'N i 80,m V2 cos (mmu)

m=ny+1

ny
= Z VN <6nN7m — 607m) V2 cos (mmu) 4 o(1) (11.1)
m=1
where the o(1) term is uniform in u € [0, 1]. The latter follows from

S \/ﬁ Z |6O,m‘

m=npy-+1

\/i_N > mSoml =o0(1) (11.2)

N m=npy-+1

VN i 80,m V2 cos (mmu)

m=ny-+1

for
ny o NY@9 (11.3)
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See Remark B.4 following Assumption 6.3 for (11.3).

First note that the functions fN(u) are random elements of the Hilbert space
L2(0,1) = span({v/2 cos (mmu) }>_,).

According to Van der Vaart and Wellner (1996, Ch. 1.8) [VW hereafter],
T ~(u) is asymptotically finite-dimensional if for each 7, > 0 there exists a finite
subset I C N such that

lim sup Pr [Z ( /O 1 T (w)V2 cos (i.7u) du>2 > n]

N—oo i€l

= lim sup Pr [Nz (5nNZ — 607i)2 > n] <e. (114)

N—oco icl

2
Since by (10.1) N Zleﬂ ( . 6071) converges in distribution to a quadratic

form of zero-mean jointly normal random variables, (11.4) holds, hence fN(u) is
asymptotically finite-dimensional. Then it follows from Lemma 1.8.1 in VW that
Ty (u) is asymptotically tight if for each m € N,

L ~ 2
/ Tn(u)V2 cos (mau) du = N <6nN7m — 60,m) I(m < ny) =63 1 (m > ny)
0
is asymptotically tight, which also holds by (10.1). Moreover, by Lemma 1.8.2 in
VW, Tn(u) is then asymptotically measurable. It follows now from Prohorov’s
theorem [van der Vaart (1998, Th.18.12(ii))] that there exists a subsequence N;
and a tight random element 7' € L3(0, 1) such that

Tiv, () = v/N; (S, () — 60(w)) ~ T(u) as j — o, (11.5)
Moreover, since gb N L5 ¢o(u) uniformly on [0, 1], it follows that

plim “ ¢N )2dv = “ (;50 )2dw.
j—o0

Next, consider the following sequence of random variables:

\/ﬁ \/folqﬁo(v)de
’ \/fglgNj(UPdU
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Vo oo Wa O, (0
\/fo ol )2dv+ \/fo S, (v)2dv
\/fo ¢o(v)2dv + \/fo O, (v)?
VS (6, 0) = 60(0) (B (0 >+¢o<v>) v
e (e s [ wra)
= S (VA (3, 0) — 60(0) ) o
-7 Vo 6, (0)2dw (\/ Ji 02w+ /[ b, (v)?dv)
2 fi VA (9 () — o)) do(v)d
\/ Ji D, (v)2dv <\/ I ¢o(v)2dv + \/ IS ENj(v)Zdv)
Since by the continuous mapping theorem,
Jo (VA (33, 0) — dofw))) o o R
I, (02dv W [T oo+ /7 gNj@)zdv) 2y ¢o v

= /N;

and
2 Jy V/N; (9, (0) = d0(v) ) do(v)do o [0
\/fo P, (v)*dv (\/fo ¢o(v)?dv + \/fol EEN]- (U)de) fo ¢0 2dv

it follows that
U [ Molrde ) o T@en(wdo
fol gNj(U)QdU fg ¢0 2dv
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Hence,

f( By, (W) $o(a) ) VN (B, () = do(w)
VI wrdo /oo N
+m(m_1)¢o<u>

T(u) Jo T(v)¢o(v)dv ¢o(w)

AN J—

1} po(v)2dw Jy do(v)2dv g \/m
- ([ Vi) x (T - VasGa) [ Ty Rloiao

The latter follows from the condition that hg(u) is uniformly continuous and
positive on [0, 1], so that

¢o(u) > 0 on [0, 1]. (11.6)
Hence,

1

\/fogbo 2dv/ \/fogbo J2dv

Moreover, because ¢N],( u) 25 ¢o(u) uniformly on [0, 1], it follows from (11.6) that

Pl ) O, (u)

o \/ fo ¢N v)?dv
Jim Pr [/ VAl m

=0l = 1,

j—00 O<u<1

lim Pr |: sup

Thus
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say. N
To prove that T'(u) is zero-mean Gaussian, let

Z%” 2 cos (mmu) nym < 00, (11.8)

m=1

be an arbitrary function in L2(0,1), and let for s € N,
= Z Ym V2 cos (mmu)
m=1

It follows from (10.1), (11.1), (11.5) and the continuous mapping theorem that,
with ny, > s and w, = (71, .,7s)",

/O TN (u) Z V'N; ( M 50,m> Ym

4, / w)du ~ N (0, wiAsws) (11.9)
Moreover,
/1T( ()du—/1 (v)du
\// 2dU\// (v))? du
hence

1
/ T(u)f(u)du ~ N (O, lim w;Asws)
0 S§—00

Since T' € L2(0,1) with probability 1 it can be written as
= Z emV/2 cos (mmu) Z e2 < o0 as.,
m=1 m=1
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so that

1 s
/ T(u)fs(u)du = Z EmYm ~ N (0, wiAwy)
0 m=1

1 " o0
/ T fdu = 3 epm ~ N0, lim o/ Aw,)
0 m:1 S—00

Therefore, by Lemma 1.8.3 in VW, the ¢,,’s are zero-mean jointly normal with
Var((eq, ...,e5)") = Ag for all s € N, so that T'(u) is zero-mean Gaussian process,

and so is the process Q(u) in (11.7).
Finally, note that by Theorem 1.8.4 in VW we can only replace N; by N itself

if for all f € LZ(0,1) fo T (w) f(u)du > fol T(u)f(u)du, which by (11.1) and
(11.8) is equlvalent to

Z\/7 ny,m 6Om mHZEme

for all sequences {7y, }2_; satisfying > > | 72 < oc.

12. Proof of Lemma 7.1

For the SNP Logit model in log-likelihood form without penalty function the
function f(Z,&) takes the form

(2,6) = [(Z.(0,6))
~ Yh (H (G()?’e)\é)) +(1-Y)n (1 —H (G()Z’/e)\a)) ,
where Z = (Y, X') and & = (0, §). Denote
X =(1L,X") = (X, Xs,....,X,).

With V, indicating the derivative to the k-th parameter, the first derivatives
of f(Z,&) are

Trf(Z,6) = (Y “H (G(X'e)w)) h (G(fé'e)w)
G'(X') %
H (G()?fe)w) (1 _H (G()?fe)w))

23
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- (Y —H (G()?’e)\(s) h (G(X”H)|6>
y G(X'0)(1 — G(X'0)

H (G(X0)l6) (1 - H (G(X0)|6))

- (Y _H (G(X"e)w)) h (G(f('e)w) S(G(X'0)[6) X, (12.1)

N———

Xk

~—

for k =1, ....,p, where

u(l— )
ld) = Fal8) (1~ H(a]8))’ (12.2)

and
Vrenf(2.6) = (¥ - H(CX0)5))
T H (G(X”H)|6>
1 (c(xo)s) (1-H (G(X0)6))
¢

= (Y - H (GX0)18) ) 6n(GX0)[8)6(G(X'0)|6) (12.3)

X

for m € N, where

Um(ul§) = . (12.4)

12.1. Part (a) for k£ <p
It follows from (12.1) that for £k = 1,2, ..., p,

Vif(Z.€) = Vi f(Z,€")

- (Y —H (G(}?’@)w))

< {n(G(x0)e) (o(G(X0)l6) - 6(G(X'0)[8") X,y
+h (GIX0)8) (9(G(X'0)[6°) = $(G(X'00)]8")) X
+(n(G(X0)6) - h (G(X0)16") ) 6(G(X'80)]8") X
+(h (G(i/e)wo) - ( (X6,)[6° ) G(X'6,)6°) Xk}
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+ (H (G(X'/@)\éﬂ) —H (G(X”H)\é)) h (G()?'eo)w‘)) S(G(X'00)|6%) X,
+ (# (6(X00)8°) — H (G(X0)8°) ) h (G(X'60)[6°) (G(X00)]8°) X
xh (G(X 90)|50) H(G(X'0))|6%) Xy (12.5)
so that with N
Ux = G(X'6,) (12.6)
and &° = 7,8,

(Vif(Z.&n,) — i f(2,€))]
< sup sup h(u|6) }(ﬁ (Ux|6°) — (UX|60)‘.ma,x(1,||X||)

5€Ao(M) 0<u<1

<1 + 2 sup h(u|60)) o(Ux|6°) Oiligl |h(u]62) — h(u|6°)]. max(1,||X]])

0<u<1
By Lemma 5.1 there exists a constant C' > 0 such that

sup |1 (ul6) — h(u|6%)] < C.||6 — &°|]o. (12.7)

0<u<1
Moreover, note that for some constant C,
|p(ul6) — ¢(ul6”)|

|H (u6%) (1 — H(u|8%)) — H(ul8) (1— H(u|8))|
H(ul6) (1 — H(ul8)) H(ul6) (1 — H(ul8"))

=u(l—u)

< 2( sup  sup h(v\5)> 6(ul6).¢(ul8") sup [h(v]6”) — h(v]6)]

§€Aog(M) 0<v<1 0<v<1
< 2.C.0(ul8).H(ul6%).116 — 67
where the second inequality is due (12.7).

At this point I will now use Assumption 2.3, which together with part (d) of
Assumption 2.1 implies that

—2
sup ¢(u|6?) < <Oin£1 h(u\éo)) < 00. (12.8)

0<u<l1
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Moreover, by Lemma 5.1 there exists a d > 0 such that supyc,<; |h(ul6) —
h(u|6%)| < 0.5. infocy<1 h(u]6%) if ||6 — 6°||o < d, so that

sup p(uld) < (inf h(u\6)>_2

0<u<l 0<u<l1

< ( inf (h(u|6) — h(u|8”)) +0££1 h(u|60)>_

0<u<1

< < inf h(u|6°) — sup |h(U\§)—h(U|5O)\)

0<u<1 0<u<1
< 4 (Ogﬂilh(u\éo))z < 0. (12.9)

Hence, there exist constants C' > 0 and d > 0 such that
sup [$(uld) — o(ul6”)| < C.16 — 8°lo if (16 — 6%lo < d. (12.10)

It follows now straightforwardly that

max |ka(Z7 £2+p) - ka(Z’ EO)} <C. maX(L HXH)HE?L - £0H0

1<k<p

if [[¢0 — €]y < d. (12.11)

12.2. Part (a) for k > p

Next, it will be shown that, without the need for Assumption 2.3,

sup sup sup |[¢p,(u]d)| < oo (12.12)
meN §€Ao(M) 0<u<1

and that there exists a constant C' > 0 such that for all m € N,

SUD |V (1|6) — Y (u|6%)| < C.|16 — 8°||o (12.13)

0<u<l1

It follows then straightforwardly from (12.3), (12.12) and (12.13), similar to
(12.11), that there exist constants C' > 0 and d > 0 such that

sup Vot f(Z,€3) = Vprmf(Z,€°)| < C.max(L,]|X]]).]|€, — €"llo

if ||&5 — €°l]o < d. (12.14)
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To prove (12.12), observe from the easy equality

(14 >52, 6eV/2 cos (kmu)) V2 cos (mru)
L+ 305 6

h(u|6)

nh(ul6) =2 _ o)
Vmh(ul8) S S

— 20m,

that
<1 + 262) Vm H(u|6)

sin (mmu) sin((m + k)mu)
= )
=V Z " (m+ k)m

+ Z §.I(k # m) Sm((f;”_ kk))”“) 46, (u— H(u|6))

_ (1 )m\/—sm(mﬂ Z‘S m+ksm (m+Ek)r(1 —u))

(m+ k)

S m—ksnl((m k)m(l—u))

6 (4 — H(u]6)) (12.15)

hence

u 1> 68 mmu = (m+ k)mu

VmH(ul6) 2 {ﬁsin (mmu) N iéksin((m + k)mu)

+ i Sl ) SmUm = R)mw) 6mM} (12.16)

(m — k)mu u

and

VmH(u|b) 2 m =sin(mm(1 —u))
1—u _1—1—220162{ (-1)mv2 mm(1 — u)

B m+ksm (m+k)m(1—u))
Z(S (m+ k)m(1 —u)

) v mgSin((m —k)m(1 —u))
Z(Skl(k 7 m) =) T — )

_ ;:+ 5, (i(“w)) } (12.17)

1—u
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Adding these two expressions up and taking absolute values yield
VmH (u|é VmH (u|d
aulg)] = |YoO) | T H0)
U 1—wu
22\/5 + 4 ey [0k] 4 16| (H(u]§)/u+ (1 — H(ul§))/(1 —u))
- 1+377, 8
22\/§ + 421211 |5k‘ + 2|5m‘ SUDp<y<1 h(u|6)
- 1+372, 6 ’
which implies (12.12).

Similarly, it is not hard to verify from (12.15) that there exists a constant
C > 0 such that (12.13) holds for all m € N.

12.3. Part (b)

Part (b) of Lemma 7.1 follows trivially from (12.1), (12.3) and
E[Y|X] = H(G(X"0,)|6°) a.s.

12.4. Part (c)

It follows from (12.1) and (12.3) that in general
max B [(74/(2,€))"] < s h (ul6")’ B [5(G(X60)18°)? max(1,[|X])]

1<k<p 0<u<l

wp B |(Vpenf (2,€9)°] < sup sup  sup [urn(uld)|E |9(G(X'00)[6")?]

meN §eAg(M) 0<u<l

so that by Assumption 2.3 and its implication (12.8),
2
sup B [(ka(z, £%) } < C.E [max(1, || X|])] < o
S

for some constant C' > 0.

13. Proof of Lemma 7.2

13.1. Part (a)

The second derivatives /mf(Z, &) for k,m =1,2,...,p are
Vi (2,€) = (¥ = H (G(X0)8) ) h (G(X'0)])
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G"(X'0) = =
(c(Xo)8) (1- B (G(X6)5)) i

H
- (Y _H (G()’E'e)w)) h (G(X"e)|6>2

G'(X'0)? - -
= — XX
H (G(X’H)\(S) (1 —H (G(X’H)\é))
Using the function ¢(u|8) in (12.2) and the fact that for the logistic distribution
function G(z), G'(z) = G(z)(1 — G(z)) and G"(z) = G(x)(1 — G(z))(1 — 2G(x)),

we can write

~{ (v~ (o)
EURECEUL)
# (v - (exe))

(( |) S(G(X'0)|6)G" (X' )}kam, km=1,..p (13.1)

( X9\6)1 2G(X'0))p(G(X'0)|86)

)
h( X9|6> G(X'0)|6)? (1—2H(G(5€’9)|6>>
ht ( X9|6) G(X'0)6)C"(X')

0)
Recall from (12.10) that there exist constants C' > 0 and d > 0 such that
(X'

¢(G

s 0)16) — (G(X'0)(6")| < CI[5— &Iy i [16 — &°]lo < .

Moreover, note that
u(l =)' (u|6°) = (1 — 2u)p(u]8°) — h(u|6°)(1 — 2H (u|6°)).¢(u|6°)?,
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so that

|dp(G(2)[6°)/dz| = G(x)(1 -

G(x))|¢(G(2)[6”)]

< ¢(G(2)]8") + h(G(2)[67)8(G(x)[67)*.

Therefore, by (12.8) and the mean value theorem, with mean value 6.,

9(GIX0)|6%) = 6(G(X'6)[6")

< (¢<G<55'9*>\6°> + sup h<u|6°>.¢<a<55'9*>\6°>2)

0<u<l1

x max(L, [ X[])-]16 = ol
< C.max(1, || X|]).]|0 — 6o|] (13.2)

for some constant C.

Furthermore, by Lemma 5.1 and the mean value theorem, with C a generic

constant,
G(X'0) — G(X'80)| < Comax(L,|[X]]).116 — ]
)G’ (X'0) — G'(X'00)| < C.max(1,]|X]]).]|0 — 6]
|h, (G()?/@)\(s) —h ( (X'6,) |50) < C.max(1, [|X]]).]10 — 6ol + C.||6 — 6o
'h (G()’E'e)w)Q iy (G(X 90)\60>2 < C.max(L, [|X]]).]|0 — 6ol + C.||6 — 6°o
H (G(f{"e)\&) ~H (G(f{"eo)wo) < C.max(1, ||X]]).]|0 — 60| + C.||6 — &[]
)hﬂ) (G()}"e)\a) — p® (G()?'eo)wﬂ) < C.max(1, || X]]).]|0 — bo|| + C.||6 — 6|
where the latter follows from
sup  sup A (uld) < oo (13.3)

§€Ax (M) 0<u<l

due to Lemma 5.1 and the choice £ = 2 in Assumption 7.1, and

sup \h(l) (u]6) — h(l)(u|60)\ < C.|6 - 60H1.

0<u<l

3The inequality (13.3) is one of the reasons why ¢ = 2 is needed in Assumption 7.1.
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It follows now easily that for k,m = 1,2, .., p, and some constant C' > 0,

| Vi F(Z.€) = Vimf(Z,€°)] < C.max(L, || X|P).||€ - €[l (13.4)

if ||€ — £°|; is sufficiently small.
Next, observe that for kK =1,...,p and m € N,

Vepinf(2,€) = (¥ = H(GX0)8)) vmh (G(X'0)]6)
y G'(X'0) %
H (G(}?f@)w) (1 —H (G(X’/e)\a))
. (Y —H (G(X'/H)|6>> T H (G()?’e)w)

a'(X') (1 _9H (G()?'e)\(s))

X 5 = - Xk
H (G(X"H)|6> (1 —H (G(Xf@)\é))
—h (G(f{"e)\&) G'(X'0) T H (G()’Z'e)w)
1 ~
“u (G(X"H)|6> (1 —H (G()?/e)\(s)) e

which can be written as

Vk p+mf(Z é)

:( ( |5>) G(X'0)|8)p(G(X'0)|6)G(X'0) X,
(Y H(G X9\6>) G(X'9)|6)p(G(X'0)|6)?
(1—2H (G (X'6) |6))
~h (G(X'0)[8) $n(G(X'0)|6)6(G(X'0)|6) X (13.5)

where ,,,(u|6) is defined in (12.4).
To prove that for k =1,2,...,p and m € N,
| Vhantp F(Z,6) = Vimspf (Z,€")] < Comax(L,[|X]]%).[1€ €10 (13.6)
if ||€ — &°||; is sufficiently small, it suffices to show that for some constant C,
[m(G(X'0)|6) = Y (G(X'0)[6°)] < C.[[6 -8y (13.7)
[ (G(X'0)]6") — (G (X'0p)6")] < C.max(L, ||X|]).[16 — bol] (13.8)
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as all the other inequalities involved have already been derived.
It follows straightforwardly from (12.16) and (12.17) that

| Vi H(u]6) — i H (u]8")

sup sup < CJ|6 — 6o,
meN 0<u<l1 u
d mH (u]8°
sup sup u|— (w)‘ < C.|8°%), < oo,
meNo<u<1 |du u
m H(ul8) — 7 H (u]8°
sup sup |V (u| ) V (u| )‘ §C||6_60||0a
meN 0<u<1 1—u
d mH (u]8°
sup sup (1 —u)|— (V—(M)) < C.||6°]1 < oo,
meN 0<u<l1 du 1—u
hence
sup sup |¢m(u|d) —¢m(u\60)| < Cl6 - 8o, (13.9)
meN 0<u<l
sup sup u(l—u), (u|6°) < oo. (13.10)
meN 0<u<l

Clearly, (13.9) implies (13.7), and by the mean value theorem, (13.10) implies
(13.8).

Finally, for k£, m € N we have

Voikpinl (2,€) = (V= H(G(X0)s))
Ve H (G(f{"e)\&)
H (G()?/e)\(s) (1 ~H (G(X'/e)\a))
— (v - H (G(X0)5)) (1-2H (G(X0)s))
Vil (G(X'0)8) v H (G(X0)(5)

X

" (G(féle)\a)Q (1-# (G |6>>2
( !/
'0)

X

X

)
Vi (G(X"H)|6) 7o H (G X 9)\5)
H (G(X’fe)\&) (1 _H (G(}Z \6)) ’




which can be written as

Vp—f—k,p—i-mf(Zv 5)
= (v - H (G(X0)18) ) Yman(G(X'0)]8)

- (Y —H (G(X"e)w)) (1 _oH (G(}?’@)\a)) Dr(G(X'0)|6)1bm (G(X'0)6)
—H (G(}?'e)w) (1 —H (G(}?’@)\a)) Ur(G(X'0)|8) b (G(X'0)|6)  (13.11)

where H(ul6)
Vk,m U
mk(u]d) = ————.
I will show that
sup sup  sup |¢gm(u|d)| < oo, (13.12)
k;meNscAq (M) 0<u<l
sup  sup [Ypm(u|6) — Vim(u|6®)] < C.||6 — 8°||o, (13.13)

k,meN 0<u<l

u(l — w)h , (ul6) = Vamh(ul6) — (1= 2u)ihpm(ul6),  (13.14)

so that B B
[,k (G(X'0)[6) — i (G(X'6)]6°)] < C.1|6 — &°o

and by the mean value theorem,
U e (G(X'0)[8°) — 1 (G(X'6)[8°)| < C.max(1, || X[]).]|60 — 60].
It follows then easily that

| Votkprm [(Z,€) = Vpikprmf(Z,€°)| < C.max(L, [|X|])-||€ — €°lo.  (13.15)
To prove (13.12)-(13.14), observe from (12.15) that for k # m,

1 o0
O o H (u|6) + 5 <1 + ;613) Vkm H(u|6)

_ sin((m + k)mu)

T b (atH(a]6)
- 2y I — b v G0
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Hence

Vk,mH<u‘6) — 2
U I+ 221 61‘2
sin((m + k)mu)
{2 B 1t (i (ul8) + 18 |
and
Vk,mH(u‘(” _ 2
1—u 1Y 82
gy R =)
X { 2(—1) Ep S B (Vi (| 8) + i ( |6>>}
so that
_ VemH(ul6)  —26n (m(u]6) + P (ul6))
Ume(ul6) = wl—w) [ S (13.16)
2 sin((m + k)mu) marSin((m +k)m(1 —u))
TS { LT A ey sy }
Similarly, for £ = m we have
VwnH(u8) 2
U 1+ 2?21 61‘2
[ )y Tt
and
VumHl8) 2
I —u L+>07, 6
sin(2mm(1 — u)) 1 — H(ulé) VmH (u]6)
X{_ 2mm(1 — u) - 1—u ~ 20m 1—u }
hence
bmm(u]§) = Y HlO) 2 (13.17)

ul—u) 1432, 82
y {s1n(2m7ru) _sin(ma(l—w) 1-—H(uls) H(Z‘é) — 25m¢m(u|6)}

The results (13.12)-(13.14) follow now straightforwardly from (13.16) and (13.17).
Combining (13.4), (13.6) and (13.15), part (a) of Lemma 7.2 follows.

2mmu 2mm(1 — u) 1—u
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13.2. Part (b)
Part (b) of Lemma 7.2 follows trivially from (13.1), (13.5) and (13.11).

13.3. Part (c)

Using the function ¢(u|6°) in (12.2), the notation (12.6), and the fact that for
the logistic distribution function G(z), G'(z) = G(x)(1 — G(z)) and G"(x) =
G(x)(1 - G(x))(1 — 2G(x)), it is not hard to verify that for k,m =1,2,...,p,

o B (Ux|8) (Ux(1-Ux))” <
P 28 =5 (0080 (1 1 Gxla)

Hence, the matrix B, , takes the form B, , = —Ep where

o[ (Uxl8) W~ U (3 ¥ )]

P H (Ux]8%) (1- H (Ux]6%) \ X XX

which is a.s. finite.

To prove that Ep is nonsingular, suppose that there exists a nonzero vector
v = (70,7}) € R x RP~! such that 4B,y = 0. Obviously, this is only possible if
12 429X + (11 X)? = 0 a.s.,’ hence 7} X = —vp a.s. and thus v} Var(X)y; = 0.
Since by part (c) of Assumption 2.1, Var(X) is nonsingular, it follows that ~; = 0,
hence v9 = 0, which contradicts v # 0. Thus, Ep is nonsingular.

Recall from (12.1) that for k = 1,2, .., p,

Vif(2.€%) = (Y — H (Ux]8")) h (Ux|8") #(Ux|6°) X
hence for k,m = 1,2, ..., p,
E [Vif(2.6") Vm [(2.6)X]
= B[(v = H (Ux8"))"| X] b (Ux]6")" 6(Ux[8°)2 X Xon
— H (Ux|6°) 2( — H (Ux[6°)) h (Ux|6°)° $(Ux|6°)2 X, X,

1
_ h(Ux|6°) (Ux(1-Ux))® < <
S H(Ux18%) (1= H Ux)6)

4See for example Lemma 3.1 in Bierens (2004).

35



so that V, = —B,,, where V, is the variance matrix of (\71f(Z,€°), ..., v, f(Z, €°))".
Also, it is not hard to verify that for k = 1,...,p and m € N,

E[Viprmf(Z.€)|X] = —h (Ux|6°) ¥ (Ux|8°)$(Ux|6°) X, (13.18)
and for k,m € N,
E[Vp-l-k,p-i-mf(Z» EO)|X] = —H (UX|60) (1 - (UX|6O))
X (Ux|6°)hm (Ux ) |6°). (13.19)

whereas by (12.1) and (12.3),

E [ka(Zv 50) VPer f(Z, 50)|X:| =h (UX‘(SO) ¢m(UX|6O>¢<UX|6O>)’Zk

for k=1,...,pand m € N, and

B [Tyt (2, €) Tyim FZENX] = H (UxI8) (1 H (Ux]6)
X (Ux|6°)1hm (Ux|6°)
for k,m € N. Hence,
Vo =—B,, for alln € N,

where V,, is defined in Theorem 6.2.
To show that V,, is nonsingular, suppose first that V;, is singular. Since it
has already been verified that V), is nonsingular, singularity of V,4; implies that

Vpi1f(Z,€") is as. alinear combination of (571f(Z,€°), ..., v, f(Z,€°))":
(Y — H (Ux[6°)) ¥1(Ux|8°) 6 (Ux|6°)
= (Y — H (Ux|6°)) h (Ux|6°) 6(Ux|6°) X"y a.s.
for some vy € R?, hence

vi1H(Ux|6°) ~ 0(Ux]6%) 5,
Ux(l— U h(Ux]8%) — h(Uxl6® 02

Next, write Ux = G(ag + fo1X1 + (), X2) and X'y = v +1X; + 74X, and
recall from Assumption 2.1 that X; has support R, conditional on X5. Therefore,
we may take the partial derivatives to Xj:

OUx/0X, = Ux(1 — Ux)Bo1, 0X'v/0X1 = .
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Then

Y2 VlH(UX|‘5O>

Bot (Ux(1 — Ux)h(Ux|6%))?
x ((1 = 2Ux) h(Ux|8°) + Ux(1 — Ux)h™M (Ux|6°))

Vih(Ux|6")
XUx(]_ — UX) + UX(l _ UX>h(UX‘60)UX(1 — UX)

Vih(Ux|6°)  v1H(Ux|6°) (1 - 2Ux)
h(Ux|6%) Ux(1 — Ux)h(Ux|8°)
h(Ux|8°) 71 H(Ux|8")

- h(Ux|6°)2

Thus, the singularity of V,;; implies that for all u € [0, 1],

Y2 _ Vih(ul6®)  iH(u|6%) (1—2u)  hO(u|6%) 71 H(u]6°)
Bop  h(u|6®) u(1 — u)h(u|6%) h(u|6°)2

Taking the derivative to u yields:

0 = VihOl8)  vih(u]6’)
h(u|6°) h(u|6)?
 Vih(u|8°) (1 — 2u) 9 ViH (u6°)

u(1 — u)h(u|6°) u(1 — u)h(u|6”)
Vi H (u|6°) (1 - 2u)

(u(1 — u))2h(ul6°)?
Vi H (u|6°) (1 - 2u)

(u(1 — u))2h(ul6°)?
h(u]8°) 71 H(u]6) M (u]8”) 71 h(u]6°)

)

(1 — 2u) h(u|6°)

u(1 — u)h™ (u]6°)

h(u]6°)? h(u]6°)?
A (ul6") 1 H(uls"
2 ht" (u]6°
* h(u]6)? (ul&)

hence

h(u|8°
0 = Tiuis?) - T i)
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h(ul8”) (1 - 2u) 1 H(ul6")

u(l —u) u(l —u)
VIH<U‘6O) (1 — 2u>2 VIH<U|6O> (1 — 2“) (1)(u|¢50)
(u(l —u))? u(l —u)h(ul6’)
A (u]6%) 71 H(u|8)  hM(u|8°) 71 h(u|6°)
h(ul6”) h(ul6%)
(1) 0\2 H 0
h(u|67)
Now observe from (12.16) and (12.17) that
0 h(0]6%) 0
lim L"? W) _ 53 | — V20— no}o )62
ulo u(l —u) \/m + 2 k1 o
whereas by Theorem 3.1,
Th(uls) — 2 (14X, 6okV2 coio(lmrzu)) V2 cos (mmu)
L4 021 064
5 h(u|6%).60.m
L+ 3702, 65
14+ >72 6o, kV/2cos ( kwu
RV (u]6%) = — ( = 7r ko2 sin (kmu
(18 S v I RS
A (u]8°)
0y _
Vmh W (u]6°) = 5> 5§k260’m
—2v/2 cos (mmu) LW k:(so’ko\o/ﬁ 312n ()
1+ 01 0o
1 b k
_2( LW Ok\[CQOS( ) Tm/2sin (mau)
L+ 3202 60
14+3°2 50kfcos k7ru
@ (160 = 2 ( k=1 2 2
h'“)(u]6”) S 1 Zk So.xV/2 cos (kmu)

o (T kboyv/2sin (kru))’
1+ 00, (58,1:
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(the latter result is the other reason why we need ¢ = 2 in Assumption 7.1) so
that

h(0]6° 0
ul0 14+ 62, 142 1 05

Letting u — 0 in (13.20) it follows now that

o ViH(@8) (i H(u]8°) 0 : 1
0 = 211%1 u(l —u) —Hﬁ% u(l —u) Vih(ul&) Xl&ﬁ}u(l—u)

= 42 A0I8") — 2v/2604 h(0I8%)

A7 N0 2
V1D 68 1+ 2021 60k

h(0]6°) . 1
2~ v/2) oy — e x 1
+< \/_> 60’11+Z;1153’k 0w —w)’

which is impossible. Consequently, V. is nonsingular.
Along the same lines it can be shown that for all m € N the variance matrix

of (V1f(Z,£%),....0pf(Z,£€°), Vpimf(Z,£")) is nonsingular.
Next, suppose that for some m € N, V,,1,, is nonsingular but V) ;,,1 is singular,

so that \/,+m+1f(Z, 50) is a.s. a linear combination of (71 f(Z, EO), s Vprm f (2, EO))’:
(Y — H (Ux|6%)) ¥ms1(Ux|6°)p(Ux|6°)
= (Y — H (Ux|6°)) h (Ux|6°) o(Ux|6°) X"y

+ 3 M (V= H (Ux|8°)) i (Ux|6°)(Ux|6°) as

k=1

for some v € RP and a nonzero vector A = (Aq, ..., Ap,) € R™, so that
1/Jm+1 Ux‘(s Z)\k wk Ux‘éo) (UX\(SO) 5(:/”}/ a.s.
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Note that if A = 0 then the variance matrix of (71 f(Z,€°), ..., Vpf (Z, €°), Vprmi1
f(Z, &) is singular, which is not true.

Replacing the operator v/; in (13.20) by (Vmt+1 — D ey AeVe) it follows now
similar to the previous case that the singularity of V1,1 implies

2 Vimt1h(u]6”) — > ket M Vi h(ul6”)
Box h(u]6°)
_ ( 1 —2u h(l)(u|50)> (VmHH(U\fSO) — D k1 M Vi H(U\fSO))
u(l—u)  h(u]6%) h(u]6°)

which contradicts Assumption 7.2. Thus, V{41 is nonsingular. By induction it
follows now that V,, is nonsingular for all n € N, and so is B,,,, = —V,,.

13.4. Part (d)

Part (d) of Lemma 7.2 follows trivially from the nonsingularity of Bjp ktp-
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