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This appendix provides proofs for all technical lemmas and Theorem 3.2 in the paper titled “Testing

Homogeneity in Panel Data Models with Interactive Fixed Effects” by Liangjun Su and Qihui Chen

C Proofs of Technical Lemmas

Proof of Lemma A.2. We follow closely the proofs of Theorems 2.1 and 3.1 in Moon and Weidner

(2010a, MWa hereafter) to study the asymptotic property of β̂ under H1 ( )  By allowing local
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Clearly, 1 and 2 are linear and quadratic in  = 0 −   = 1  respectively, and 

reflects the terms in the third order likelihood expansion that are asymptotically negligible (argued below).
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where the  × 1 vectors (1) and 
(2)

 are defined in (A.2) and (A.3), respectively. Next,
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and the result follows. ¥

Proof of Lemma A.3. The proof follows from that of Corollary A.2 in Hall and Heyde (1980) subject

to obvious modifications on notation. ¥

Proof of Lemma A.4. The proof follows from that of Lemma 2.2 in Sun and Chiang (1997) by using

Lemma A.5 to replace their Lemma 2.1. ¥

Proof of Lemma A.5. The proof is analogous to that of Lemma 2.1 of Sun and Chiang (1997) with

obvious modifications. ¥

Proof of Lemma A.6. Without loss of generality (wlog) we consider the case  = 3 It suffices to show
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We consider four cases for the time indices in the set  ≡ {1 2  6} inside the summation: () # = 6
() # = 5 () # = 4 and () # = 3 We use    and  to denote  when the

time indices are restricted to cases ()-()  respectively. By Cauchy-Schwarz’s and Jensen’s inequalities,
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Proof of Lemma A.7. () Following the proof of Lemma A.1() in Su and Jin (2012), we have
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H()
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For 31 we further decompose it as follows

31 = 
−1−12

X
=1

0Ω
−1
  0

 + 
−1−12

X
=1

0(Ω
−1
 − Ω̂−1 ) 0



≡ 311 +312 say. (C.3)

We dispense with 312 first. By Lemma A.7,

|312| ≤ 
−1 max

1≤≤

°°°Ω−1 − Ω̂−1 °°°(−12 X
=1

k0k k 0
k

)
= 

−1 ( )

³
12 32

´
= 

³
14

´
=  (1)  (C.4)

9



For 311 we have

D
¡
2
311

¢
= −3−32

X
=1

X
1≤1234≤

D
£
13̄

0
1
̄2

0
2
 ̄

0
3
̄4

0
4

¤

+−3−32
X

1≤6=≤

X
1≤1234≤

D
£
13̄

0
1
̄2

0
2
 ̄

0
3

̄4
0
4


¤

≡ 11 +12 say,

where recall ̄ ≡ Ω−12  For notational simplicity, we assume that  = 1. For 11 we con-

sider two cases for the time indices {1 2 3 4} inside the summation: () #{1 2 3 4} = 4 ()

#{1 2 3 4} ≤ 3 We use 11 and 11 to denote 11 when the individual indices in the sum-

mation are restricted to be cases () and ()  respectively. By direct moment calculations, 11 =

−3−32

¡
 3

¢
= 

¡
−12

¢
 For case ()  we consider two subcases: (1) either 1 or 3 is

largest in the set {1 2 3 4}  (2) 1  2  3  4 2  1  3  4 or (1 ↔ 3)  or (2 ↔ 4) 

and (3) 1  3  2  4 or (1 ↔ 3)  or (2 ↔ 4)  where, e.g., (1 ↔ 3) means that 1 and 3

can exchange positions. We use 11 () to denote the corresponding summation when the individual

indices are restricted to be subcases () for  = 1 2 3 respectively. In subcase (1)  11 (1) = 0. In

subcase (2)  wolg consider 1  2  3  4 Then we can separate variables indexed by 4 from those

indexed by (1 2 3) and apply the fact that  (3 |F3−1) = 0 and Davydov’s inequality to obtain¯̄
D

£
13̄1̄22 ̄3̄44

¤¯̄ ≤ 84D (1 2 3 4)D (4 − 3)
(1+2)(4+2)



where 4D (1 2 3 4) ≡
°°13̄1̄22 ̄3

°°
2+D

°°̄44
°°
4+2D  Note that

4D ≤ 1

2

n°°13̄1̄22 ̄3

°°2
2+D +

°°̄44
°°2
4+2D

o
≤ 1

2

n°°13̄1̄3

°°
4+2D

°°̄22
°°
4+2D +

°°̄44
°°2
4+2D

o
≤ 1

4

n°°13̄1̄3

°°2
4+2D +

°°̄22
°°2
4+2D + 2

°°̄44
°°2
4+2D

o
≤ 1

8

n°°1̄1

°°2
8+4D +

°°3̄3

°°2
8+4D + 2

°°̄22
°°2
4+2D + 4

°°̄44
°°2
4+2D

o
and 4D (1 2 3 4) ≤

P4
=1 ̄4D ()  where ̄4D () ≡ 1

4
[
°°̄

°°2
8+4D +3

°°̄
°°2
4+2D] satis-

fies ( )−1
P

=1

P
=1 ̄4D () =  (1)  Then

11 (2) ≤ 8−4−32
X
=1

X
=1

X
1≤1234≤

4X
=1

̄4D ()D (|4 − 3|)(1+2)(4+2)

≤ 8

(
−1−32

X
=1

X
=1

4D ()

)(
X
=1

D ()
(1+2)(4+2)

)
= 

³
−12

´


In subcase (3)  we consider 1  3  2  4 Using  (3 |F3−1) = 0 and Lemma A.3 yields¯̄
D

£
13̄1̄22 ̄3̄44

¤¯̄ ≤ 85D (1 2 3 4)D (2 − 3)
(1+2)(4+2)
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where 5D (1 2 3 4) ≡
°°13̄1̄3

°°
4+2D

°°̄22̄44
°°
2+D satisfies 5D (1 2 3 4)

≤P4
=1 ̄5D () where ̄5D () =

1
2
[
°°̄

°°2
8+4D+

°°̄
°°2
4+2D] Then 11 (3) ≤ −1−32P

=1

P
=1 ̄5D ()

P
=1 D ()

(1+2)(4+2)
= 

¡
−12

¢
 Consequently,11 =  (

−12) =  (1) 

Note that if either 1  2 or 3  4 the term inside the summation for 12 is 0 by Assumption

A.2(). This, in conjunction with the fact that () are independent across  conditional on D by

Assumption A.2(), leads to

12 = −3−32
X

1≤≤

X
1≤12≤

D(1̄1̄22)
X

1≤34≤
D(3̄

0
3

̄4
0
4

)

By Davydov’s inequality,

¯̄
D(1̄1̄22)

¯̄
≤ 86D (1 2)D (|2 − 1|)(5+4)(8+4)

where 6D (1 2) ≡
°°1̄1

°°
8+4D

°°̄2
0
2

°°
4+2D satisfies 6D (1 2) ≤

P2
=1 ̄6D () where

̄6D () = 1
2
{
°°̄

°°2
8+4D +

°°̄
°°2
4+2D}, and similar result holds for D(3̄ 0

3
̄4

0
4

)

It follows that

12 ≤ −112

(
−1−1

X
=1

X
=1

̄6D ()
X
=1

D ()
(5+4)(8+4)

)2
= 

³
−112

´


In sum we have shown that D
¡
2
311

¢
= 

¡
−12 + −112

¢
=  (1)  implying that 311 =

 (1)  Combining this with (C.3)-(C.4) yields 31 =  (1) 

For 32 we further decompose it as follows

32 = 
−1−12

X
=1

0 0Ω
−1
  0

 + 
−1−12

X
=1

0 0(Ω
−1
 − Ω̂−1 ) 0



≡ 321 +322 say. (C.5)

As in the study of 312 we can readily determine that 322 = 

¡
14

¢
=  (1) 

D
¡
2
321

¢
= −5−32

X
=1

X
1≤126≤

1245D
¡
14̄

0
2
̄3

0
3
 ̄

0
5
̄6

0
6

¢

+−5−32
X

1≤6=≤

X
1≤126≤

1245D
¡
14̄

0
2
̄3

0
3
 ̄

0
5

̄6
0
6


¢

≡ 21 +22 say.

For21 we consider two cases for the time indices {1 2  6} inside the summation: ()#{1 2  6}
= 6 and () #{1 2  6} ≤ 5 We use 21 and 21 to denote 21 when the individual indices

in the summation are restricted to be cases () and ()  respectively. It is easy to see that 21 =



¡
−12

¢
. For case ()  if either 1 or 4 is largest in the set {1 2  6}  thenD(14̄ 0

2
̄3

0
3


11



̄ 0
5
̄6

0
6
) = 0; otherwise, one can use the m.d.s. property of {F} and Davydov’s inequality

as above to bound the last expectation and obtain

21 ≤ −1−32
X
=1

X
=1

̄7D ()

(
−2

X
1=1

X
2=1

12

)2
= 

³
−12

´
=  (1) (C.6)

for some ̄7D () with −1−1
P

=1

P
=1 ̄7D () =  (1) 

Note that if either 1  (2 ∨ 3) or 4  (5 ∨ 6) where  ∨  ≡ max ( )  the term inside the

summation for 22 is 0. This, in conjunction with the fact that () are independent across 

conditional on D, leads to

22 = −5−32
X

1≤6=≤

X
1≤1(2∨3)≤

X
1≤4(5∨6)≤

1245D(1̄
0
2
̄3

0
3
)

×D(4̄
0
5

̄6
0
6

)

Note that¯̄
D(1̄

0
2
̄3

0
3
)
¯̄

≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
8D ((2 ∧ 3)− 1)

(1+)(2+) k1k8+4D
°°̄ 0

2
̄3

0
3

°°
(8+4)3D if 1  2 and 1  3

8D (3 − 1)
(1+)(2+)

°°1̄2

°°
4+2D

°°̄3
0
3

°°
4+2D if 2  1  3

8D (2 − 1)
(1+)(2+)

°°1̄3
0
3

°°
(8+4)3D

°°̄2

°°
8+4D if 3  1  2

where  ∧  ≡ min ( )  Similar result holds for D(4̄ 0
5

̄6
0
6

) It is easy to see that

k1k8+4D
°°̄ 0

2
̄3

0
3

°°
(8+4)3D ≤ 1

4
{2 k1k28+4D +

°°̄2

°°
8+4D +

°°̄3
0
3

°°
4+2D}°°1̄2

°°
4+2D

°°̄3
0
3

°°
4+2D ≤ 1

4
{k1k8+4D +

°°̄2

°°
8+4D + 2

°°̄3
0
3

°°2
4+2D}°°1̄3

0
3

°°
(8+4)3D

°°̄2

°°
8+4D ≤ 1

4
{k1k8+4D + 2

°°̄2

°°2
8+4D +

°°̄3
0
3

°°
4+2D}

Let ̄8D () ≡ kk28+4D +
°°̄

°°2
8+4D +

°°̄
0

°°2
4+2D + 1 Then

22 ≤ −112

⎧⎨⎩−2−1
X
=1

X
1≤12≤

2X
=1

̄8D ()12

X
=1

D ()
(1+)(2+)

⎫⎬⎭
2

= 

³
−112

´


This, together with (C.5) and (C.6), implies that D
¡
2
321

¢
=  (1)  Then 32 =  (1).

The proofs of 33 =  (1) and 34 =  (1) are analogous to those of 31 =  (1) and

33 =  (1)  respectively, and thus are omitted. This completes the proof of ()  ¥

D Proof of Theorem 3.2

By Theorem 3.1 and the Slutsky lemma, it suffices to prove the first two parts of the theorem. In

fact, we prove a slightly stronger result, i.e., under H1 ( ) in (3.5), () ̂ =  +  (1) and ()

12



̂ =  +  (1)

Step 1. We prove () ̂ =  +  (1) under H1 ( )  Let  ≡  denote a  × 1 vector
with 1 in the ’th position and zeros everywhere else. Then  =

P
=1

P
=1 

0
 ()

−1
 =

0 0
 0 and ̂ = 0̂

̂  We decompose ̂ − as follows:

̂ − =
1√


X
=1

X
=1

³
̂2̂ − 2

´
=

1√


X
=1

X
=1

¡
̂2 − 2

¢
 +

1√


X
=1

X
=1

³
̂ − 

´
2

+
1√


X
=1

X
=1

¡
̂2 − 2

¢ ³
̂ − 

´
≡ ̂1 + ̂2 + ̂3 say.

We prove () by showing (1) ̂1 =  (1)  (2) ̂2 =  (1)  and (3) ̂3 =  (1) 

First, we prove (1) ̂1 =  (1) under H1 ( )  Using ̂
2
−2 = (̂ − )

2
+2 (̂ − ) 

we have

̂1 =
1√


X
=1

X
=1

(̂ − )
2
 +

2√


X
=1

X
=1

(̂ − )  ≡ ̂11 + 2̂12 say.

Noting that diag() is p.s.d., we have by Cauchy-Schwarz’s inequality

̂111 = −12
X
=1

(̂ − )
0
diag () (̂ − )

≤ 3−12
X
=1

(1 − )
0
diag () (1 − ) + 3

−12
X
=1

02diag () 2

+3−12
X
=1

03diag () 3

≡ 3̂111 + 3̂112 + 3̂113 say.

We will show that ̂11 =  (1) for  = 1 2 3

Using 1 = 0 ( + ) +
P

=1(
0
 − ̂)

(0)



¡
 +  00 + 

¢
and  0 =  −  0 we have

̂111 ≤ 3−12
X
=1

0 0diag () 0 + 3
−12

X
=1

0 0diag () 0

+3−12
X
=1

X
=1

X
=1

(0 − ̂)(
0
 − ̂)

¡
 +  00 + 

¢0


(0)

 diag ()
(0)



¡
 +  00 + 

¢
≡ 3̂111 + 3̂111 + 3̂111 say.

By the fact that tr() ≤tr()tr() for p.s.d. matrices  and , tr() ≤tr()1 () for symmetric
matrix  and p.s.d. matrix  k 0

 0k ≤ 12, tr( 0
 0) ≤  and

P
=1 

0
 =  we

13



have

max
1≤≤

°° 00diag ()
0
°°


= max
1≤≤

tr
£
 00diag ()

0 00diag ()
0
¤12 ≤ max

1≤≤
tr
£
 00diag ()

0
¤

= max
1≤≤

X
=1

tr
¡
 0 

0
 0

 0
00


¢
= max
1≤≤

tr

Ã
 0

 0

X
=1


0


00
  0

!

≤ 1

Ã
X
=1


0


°° 0 °°2
!
≤  max

1≤≤

°° 0 °°2 = 

³
 1(4+2)

´
where the last equality follows because by Boole’s and Chebyshev’s inequalities, Assumption A.1()  and

the dominated convergence theorem, for any   0



µ
max
1≤≤

°° 0 °°2 ≥ ( )1(4+2)¶ ≤
X
=1


³°° 0 °°2 ≥ ( )1(4+2)´

≤ 1



X
=1


h°° 0 °°8+4

1
n°° 0 °°8+4

≥ 
oi
=  (1) 

Similarly,max1≤≤ tr[ 0
diag ()] = max1≤≤

P
=1tr(

0
 0

 0
0
) ≤ max1≤≤ max1≤≤

kk2 =  (( )
1(4+2)

) It follows that

¯̄̄
̂111

¯̄̄
= −2−12

X
=1

tr
n
 00diag ()

0
¡
 00 0

¢−1
 000

0
¡
 00 0

¢−1o
≤ −2−12

X
=1

tr
©
 00diag ()

0
ª
tr
n¡

 00 0
¢−1

 000
0
¡
 00 0

¢−1o
≤ −2−12 max

1≤≤
tr
©
 00diag ()

0
ª £

min
¡¡
 00 0

¢¢¤−2 X
=1

°° 00°°2
= −2−12

³
 1(4+2)

´
 ( ) = 

³
−112 1(4+2)

´
=  (1) by Assumption A.3 () .

For ̂111 we use  0 =  −  0 to decompose it as follows:

¯̄̄
̂111

¯̄̄
= −12

X
=1

0 0diag () 0

= −12
X
=1

0diag ()  +−12
X
=1

0 0diag () 0 − 2−12
X
=1

0diag () 0

≡ ̂1111 (1) + ̂1111 (2)− 2̂1111 (3)  say.

14



Then

̂111 (1) ≤ −12
X
=1

h³
0 − ̂

´
+  

i0
 0
diag ()

h³
0 − ̂

´
+  

i
≤ 

¡
2

¢
−12

X
=1

tr ( 0
diag ()) = 

¡
−1

¢
max
1≤≤

tr [ 0
diag ()]

= 

³
−1 ( )

1(4+2)
´
=  (1) 

̂111 (2) = −12
X
=1

tr
³
 00diag ()

0
¡
 00 0

¢−1
 000

0
¡
 00 0

¢−1´
≤ max

1≤≤
tr
©
 00diag ()

0
ª
−12

X
=1

tr
³


0


0
¡
 00 0

¢−1 ¡
 00 0

¢−1
 00
´

≤ max
1≤≤

tr
©
 00diag ()

0
ª
−12

X
=1

tr (
0
) tr

³
 0
¡
 00 0

¢−1 ¡
 00 0

¢−1
 00
´

≤ max
1≤≤

tr
©
 00diag ()

0
ª
−12

−12
X
=1

kk2 tr
³¡
 00 0

¢−1´
= 

³
 1(4+2)

´
−12

³
12

´
= −1

³
 1(4+2)

´
=  (1) 

and ̂111 (3) ≤ {̂111 (1)}12{̂111 (2)}12 =  (1) by Cauchy-Schwarz’s inequality. It fol-

lows that ̂111 =  (1)  For ̂111 we have

̂111 = −12
X
=1

X
=1

X
=1

³
0 − ̂

´³
0 − ̂

´ ¡
 +  00 + 

¢0


(0)

 diag ()
(0)



¡
 +  00 + 

¢
≤ 3−12

X
=1

X
=1

X
=1

³
0 − ̂

´³
0 − ̂

´
0

(0)

 diag ()
(0)

 

+3−12
X
=1

X
=1

X
=1

³
0 − ̂

´³
0 − ̂

´
00 

(0)

 diag ()
(0)

  00

+3−12
X
=1

X
=1

X
=1

³
0 − ̂

´³
0 − ̂

´
0

(0)

 diag ()
(0)

 

≡ 3̂111 (1) + 3̂111 (2) + 3̂111 (3)  say.

By Cauchy-Schwarz’s inequality and the fact that 1(diag()) ≤ 1, we have

̂111 (1) ≤ −12
X
=1

X
=1

³
0 − ̂

´2
0

(0)

 diag ()
(0)

 

≤ 12

X
=1

³
0 − ̂

´2
tr

Ã


(0)

 
(0)

 −1
X
=1


0


!

≤ 12

(
X
=1

(0 − ̂)
2
°°° (0)



°°°2


)
1

Ã
−1

X
=1


0


!
= 12

¡
2

¢
 (1 + ) = 

¡
−1 +−1

¢
=  (1)
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where we have used the fact that

1

Ã
−1

X
=1


0


!
≤ 1

Ã
−1

X
=1

 (
0
)

!
+

°°°°°−1
X
=1

[
0
 − (

0
)]

°°°°°


=  (1) + () 

Similarly, using the fact that
°°° (0)

  0
°°°

=  (1) we have

̂111 (2) ≤ −12
X
=1

X
=1

³
0 − ̂

´2
00 

(0)

 
(0)

  00

≤ −12
X
=1

³
0 − ̂

´2 °°° (0)

  0
°°°2

1

Ã
−1

X
=1

0
00


!
= 12

¡
2

¢
 (1) = 

¡
−1

¢
=  (1)  and

̂111 (3) ≤ 12

X
=1

³
0 − ̂

´2 °°° (0)

  0
°°°2

−1

X
=1

kk2

= 12

¡
2

¢


¡
2

¢
= 

³
−12−1

´
=  (1) 

It follows that ̂111 =  (1)  In sum, ̂111 =  (1) 

For ̂112 we have

̂112 ≤ 3−12
X
=1

0
(1)diag ()

(1) + 3
−12

X
=1

00 
00 (1)diag ()

(1) 00

+3−12
X
=1

0
(1)diag ()

(1)

≡ 3̂112 + 3̂112 + 3̂112 say.

Observe that

̂112 ≤ −12
X
=1

0
(1) (1) = 12tr

Ã
 (1) (1)−1

X
=1


0


!

≤ 12
°°° (1)

°°°2

1

Ã
−1

X
=1


0


!
= 12

¡
−1

¢


¡
1 + −1

¢
=  (1) by Assumption A.3 () 

Similarly, we can show that ̂112 =  (1) and ̂112 =  (1)  Thus ̂112 =  (1) 

By the fact that 1 (diag ()) ≤ 1 () ≤ 1 (B.2)-(B.3) and Assumption A.3(), we have

̂113 ≤ −12
X
=1

k3k2 ≤
°°° (2) + ()

°°°2−12 X
=1

°° +  00 + 
°°2

= 

¡
−4

¢


³
12

´
=  (1) 

In sum, we have shown that ̂11 =  (1) 
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Now, we consider ̂12. We first decompose it as follows

̂12 =
1√


X
=1

(̂ − )
0
diag()

=
1√


X
=1

(1 − )
0
diag() +

1√


X
=1

02diag() +
1√


X
=1

03diag()

≡ ̂121 + ̂122 + ̂123 say.

We only show that ̂121 =  (1) since the proof for ̂12 =  (1) for  = 2 3 is similar. We

further decompose ̂121 as follows:

̂121 =
1√


X
=1

Ã
 0 + 0 +

X
=1

³
0 − ̂

´


(0)



¡
 +  00 + 

¢!0
diag()

=
1√


X
=1

0 0diag() +
1√


X
=1

0 0diag()

+
1√


X
=1

X
=1

³
0 − ̂

´


(0)



¡
 +  00 + 

¢0
diag()

≡ ̂121 + ̂121 + ̂121 say.

Observe that

̂121 =
1√


X
=1

X
=1

X
=1


00


¡
 00 0

¢−1
 0 

0
 0

 0

=
1√


X
=1

X
=1

X
=1


00


¡
 00 0

¢−1
 0 

0




+
1√


X
=1

X
=1

X
=1


00


¡
 00 0

¢−1
 0 

0
 0

 0

− 1√


X
=1

X
=1

X
=1


00


¡
 00 0

¢−1
 0 

0
 0



− 1√


X
=1

X
=1

X
=1


00


¡
 00 0

¢−1
 0 

0


 0

≡ ̂121 (1) + ̂121 (2)− ̂121 (3)− ̂121 (4)  say.

As in the proof of Lemma A.8, replacing ( 0
 )

−1 by Ω−1 and then applying Chebyshev’s inequality

yields

̂121 (1) = −1−12
X
=1

X
=1

X
=1


00


¡
 00 0

¢−1
 0

0
(

0
 )

−1

= −1−12
X
=1

X
=1

X
=1


00


¡
 00 0

¢−1
 0

0
Ω
−1
  +  (1)

= 

³
−112

´
+  (1) =  (1) 
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Similarly, we can show that ̂121 () =  (1) for  = 2 3 4 It follows that ̂121 =  (1)  For

̂121 we have

̂121 = −12
X
=1

h
(β0 − β̂) +  

i0
 0
 0diag()

= −12(β0 − β̂)0
X
=1

 0
 0diag() +−12

X
=1

0
0
 0diag()

= 

³


12
´
= 

³
14−12

´
=  (1) by Assumption A.3 ()

as we can readily show that

°°°°−12 P
=1

 0
 0diag()

°°°°


= 

¡
12

¢
 Similarly, we can show that

̂121 =  (1)  It follows that ̂121 =  (1)  Analogously, we can ̂12 =  (1) for  = 2 3

and thus we have ̂12 =  (1)  This completes the proof of (1) ̂1 =  (1) under H1 ( ) 

Next, we prove (2) ̂2 =  (1) under H1 ( )  Observing that

̂ − = ̂
̂ − 0

 0

= (̂ − 0)
(̂ − 0) + 0

(̂ − 0) + (̂ − 0)
 0 (D.1)

we have

̂2 =
1√


X
=1

X
=1

0
¡
̂

̂ − 0
 0

¢


2


=
1√


X
=1

X
=1

0(̂ − 0)
(̂ − 0)

2
 +

2√


X
=1

X
=1

0 0
(̂ − 0)

2


≡ ̂21 + 2̂22 say. (D.2)

By the fact that
°°̂ − 0

°°

=  (

−12) by (B.1)-(B.3) and noticing that

1

Ã
−1

X
=1

X
=1


0

2


!
≤ 1

Ã
max
1≤≤

"
−1

X
=1


¡
2
¢# X

=1


0


!
+

°°°°°−1
X
=1

X
=1


0


£
2 −

¡
2
¢¤°°°°°



= max
1≤≤

"
−1

X
=1


¡
2
¢#
+ ()  (D.3)

we have by Assumption A.3()¯̄̄
̂21

¯̄̄
≤ 1√



X
=1

X
=1

0(̂ − 0)(̂ − 0)
2


= tr

"
(̂ − 0)(̂ − 0)

Ã
1



X
=1

X
=1


0

2


!#

≤ 12
°°̂ − 0

°°2

1

Ã
1



X
=1

X
=1


0

2


!
= 12

¡
−1

¢
 (1 + ) =  (

−12 + −32) =  (1) (D.4)
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Using (B.1) we decompose ̂22 as follows

̂22 =
1√


X
=1

X
=1

0 0

X
=1

³
0 − ̂

´


(0)

 
2


+
1√


X
=1

X
=1

0 0
 (1)

2
 +

1√


X
=1

X
=1

0 0
( (2) + ())

2


≡ ̂221 + ̂222 + ̂223 say.

Using  0 =  −  0 we further decompose ̂1221 as follows

̂1221 =
1√


X
=1

X
=1

0

X
=1

³
0 − ̂

´


(0)

 
2


− 1√


X
=1

X
=1

0 0

X
=1

³
0 − ̂

´


(0)

 
2


≡ ̂221 − ̂221, say.

Following the arguments used in the proof of Lemma A.7(), we can show thatmax1≤≤ −1
P

=1 
2
 =

 (1 + ̄ ) where ̄ is defined as  with the exchange of  and  in the latter’s definition. This,

together with the fact that kk ≤ kk 1 () for p.s.d. matrix  and symmetric matrix  and

k
k ≤ 12 implies that

¯̄̄
̂221

¯̄̄
=

¯̄̄̄
¯ 1√

X
=1

X
=1

³
0 − ̂

´
tr

Ã



(0)



X
=1


0

2


!¯̄̄̄
¯

=

¯̄̄̄
¯ 1√

X
=1

³
0 − ̂

´
tr

Ã


(0)



X
=1


0


X
=1

2

!¯̄̄̄
¯

≤

°°°β0 − β̂°°°
√



X
=1

°°° (0)



°°°


°°°°°
X
=1


0
 max
1≤≤

X
=1

2

°°°°°


≤ 

³
−12

´ X
=1

°°° (0)



°°°

max
1≤≤

X
=1

2 = 

³
12

´Ã
max
1≤≤

−1
X
=1

2

!
= 

³
14−12

´
 (1 + ̄ ) =  (1) by Assumption A.3.

Similarly, we can show that ̂221 =  (1) by symmetrizing  0
by ( 0

+
 0)2 Thus

̂221 =  (1)  For ̂222 we have ̂222 = −12
P

=1

P
=1 

0


 (1)
2
−−12

P
=1

P
=1
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0 0
 (1)

2
 ≡ ̂222 − ̂222 Note that

¯̄̄
̂222

¯̄̄
=

¯̄̄̄
¯ 1√

X
=1

X
=1

 0
 (

0
)

−1
 0


(1)
2


¯̄̄̄
¯

=

¯̄̄̄
¯ 1√ tr

Ã
 (1)

X
=1



X
=1

2
0
 (

0
)

−1
 0


!¯̄̄̄
¯

≤ −12
°°° (1)

°°°


°°°°°
X
=1



X
=1

2
0
 (

0
)

−1
 0


°°°°°


= −12
°°° (1)

°°°


⎧⎨⎩tr
⎡⎣ X
=1



X
=1

2
0
 (

0
)

−1
 0


X
=1

X
=1

2
0


¡
 0


¢−1


0


⎤⎦⎫⎬⎭
12

= −12
°°° (1)

°°°


⎧⎨⎩
X
=1

X
=1

2
0
 (

0
)

−1
 0


X
=1

2
0


¡
 0


¢−1


⎫⎬⎭
12

= −12

³
−12

´


³
−12

´
= 

³
−12

´
=  (1) 

Similarly, we can show that ̂222 = 

¡
−12

¢
=  (1)  Thus ̂222 =  (1)  Next, write

̂223 = −12
P

=1

P
=1 

0


( (2)+ ())
2
−−12

P
=1

P
=1 

0
 0

( (2)+ ())
2


≡ ̂223 − ̂223 Then

¯̄̄
̂223

¯̄̄
=

¯̄̄̄
¯ 1√

X
=1

tr

(


( (2) + ())

X
=1


0

2


)¯̄̄̄
¯

=

¯̄̄̄
¯ 1√ tr

(
( (2) + ())

X
=1


0


X
=1

2

)¯̄̄̄
¯

≤ 1√


°°°( (2) + ())
°°°


°°°°°
X
=1


0


X
=1

2

°°°°°


= 

³√
−2

´
max
1≤≤

−1
X
=1

2 = 

³√
−2

´
 (1 + ̄ ) =  (1) 

Similarly, ̂223 =  (1)  Thus ̂223 =  (1)  In sum, we have shown that ̂22 =  (1) 

which, in conjunction with (D.2) and (D.4), implies that ̂2 =  (1) 

Now, we prove (3) ̂3 =  (1) under H1 ( )  Using 
2− 2 = (− )

2
+2 (− )  we have

̂3 =
1√


X
=1

X
=1

(̂ − )
2
³
̂ − 

´
+

2√


X
=1

X
=1

(̂ − ) 

³
̂ − 

´
≡ ̂31 + 2̂32 say.

Using the arguments as used in the proof of Lemma A.7()  we can show that max1≤≤ −1 kk2 =
 (1 +  ) =  (1)  Then by (B.1) and the fact that

°°̂ − 0

°°

= 

¡
−12

¢
max1≤≤ max1≤≤
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kk =  (( )
1(8+4)

) and max1≤≤
°° 0 °° =  (

1(8+4)) we have that uniformly in ( )¯̄
0 0

(̂ − 0)
¯̄

≤
¯̄
0

(̂ − 0)
¯̄
+
¯̄
0 0

(̂ − 0)
¯̄

≤
¯̄̄
 0
 (

0
)

−1
(̂ − 0)

¯̄̄
+
¯̄̄
 00 (

0
00)

−1
 0

(̂ − 0)

¯̄̄
≤ −1

°°̂ − 0

°°


n°°°( 0
 )

−1
°°°

kk kk+

°°°( 000 )−1°°°°° 0°° °° 0 °° k
k
o

= 

³
−1−12

´©kk kk+
°° 0°°°° 0 °°ª = 

³
−12−12 ( )

1(8+4)
´
 (D.5)

By (D.1) and (D.5)

max
1≤≤

max
1≤≤

¯̄̄
̂ − 

¯̄̄
≤ max

1≤≤
max
1≤≤

¯̄
0(̂ − 0)

(̂ − 0)
¯̄

+2 max
1≤≤

max
1≤≤

¯̄
0 0

(̂ − 0)
¯̄

≤
°°̂ − 0

°°2

+ 2 max

1≤≤
max
1≤≤

¯̄
0 0

(̂ − 0)
¯̄

= 

¡
−1

¢
+ 

³
−12−12 ( )

1(8+4)
´
 (D.6)

As in the study of ̂11 we can readily show that

−1
X
=1

k̂ − k2 ≤ 3−1
X
=1

k1 − k2 + 3−1
X
=1

k2k2 + 3−1
X
=1

k3k2

=  (1) +

¡
1 + −1

¢
+  (1) = 

¡
1 + −1

¢
 (D.7)

It follows from (D.5) and (D.7) and Assumptions A.3 ()-() that

̂31 ≤ 12 max
1≤≤

max
1≤≤

¯̄̄
̂ − 

¯̄̄ (
−1

X
=1

k̂ − k2
)

= 12
³


¡
−1

¢
+ 

³
−12−12 ( )

1(8+4)
´´



¡
1 + −1

¢
=  (1) 

We now decompose ̂132 as follows:

̂32 =
1√


X
=1

(̂ − )
0
diag

³
̂ −

´


=
1√


X
=1

{(1 − )
0
diag

³
̂ −

´
 + 02diag

³
̂ −

´
 + 03diag

³
̂ −

´
}

≡ ̂321 + ̂322 + ̂323 say.

Using the expression for 1 we further decompose ̂321 as follows:

̂321 =
1√


X
=1

0 0diag
³
̂ −

´
 +

1√


X
=1

0 0diag
³
̂ −

´


+
1√


X
=1

X
=1

³
0 − ̂

´ ¡
 + 00 

00 + 
¢


(0)

 diag
³
̂ −

´


≡ ̂321 + ̂321 + ̂321 say.
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To study the terms on the right hand of the last equation, we find that it is convenient to boundP
=1

°°°P
=1

³
̂ − 

´
 0 

°°° and P
=1

P
=1 |̂ − | kk  Notice that by (D.1) and the

triangle inequality,

X
=1

°°°°°
X
=1

³
̂ − 

´
 0 

°°°°° ≤
X
=1

°°°°°
X
=1

0(̂ − 0)
(̂ − 0)

0
 

°°°°°
+2

X
=1

°°°°°
X
=1

0 0
(̂ − 0)

0
 

°°°°°
≡ 1 + 22  say.

By (B.1),
°°(̂ − 0)

°°

≤
°°°β0 − β̂°°°P

=1

°°° (0)

 

°°°

+
°° (1)

°°

+
°°¡ (2) + ()

¢

°°

 It is

easy to show that uniformly in 
°°° (0)

 

°°°

= 

¡
−12

¢ °° 0 °°  °° (1)
°°

= 

¡
−12−12

¢
(1 +°° 0 °°) = 

¡
−12−12

¢ °° 0 °°  and °°¡ (2) + ()
¢

°°

= 

¡
−2 + −1 

¢
= 

¡
−2

¢


Thus °°(̂ − 0)
°°

= 

³
−12−12

°° 0 °°+ −2

´
 (D.8)

It follows that

1 ≤
X
=1

X
=1



³
−12−12

°° 0 °°+ −2

´2
k

k
°° 0 °°

= 

¡
−2 + −2

¢
 ( ) = 

¡
−1 +−1

¢


Using  0 =  −  0 

2 ≤
X
=1

°°°°°
X
=1

 0
 (

0
)

−1
 0


(̂ − 0)

0
 

°°°°°


+

X
=1

°°°°°
X
=1

 00 (
0
00)

−1
 0

(̂ − 0)
0
 

°°°°°


≡ 21 + 22 say.

Then by (D.8),

21 ≤
X
=1

°°°( 0
)

−1
 0



°°° X
=1



³
−12−12

°° 0 °°+ −2

´
kk

°° 0 °°
= 

¡
−2

¢


³
 12

´
 and

22 ≤
X
=1

°°°( 000)−1  0

°°°


X
=1



³
−12−12

°° 0 °°+ −2

´°° 0 °°°° 0 °°
= 

¡
−2

¢


³
 12

´


Consequently,
X
=1

°°°°°
X
=1

³
̂ − 

´
 0 

°°°°° = 

³
−2 12

´
 (D.9)
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Similarly, we can show that

X
=1

X
=1

¯̄̄
̂ − 

¯̄̄
kk = 

³
−2 12

´
 (D.10)

By (D.9) and Assumptions A.3()-()

̂321 =
1√


X
=1

0 0diag
³
̂ −

´


=
1√


X
=1

X
=1


0
 (

00 0)−1
X
=1

 0

³
̂ − 

´


≤ 1√


°°( 00 0 )−1°° max
1≤≤

°°°°°−1
X
=1


0


°°°°°
X
=1

°°°°°
X
=1

 0

³
̂ − 

´


°°°°°
= 

³
−12

´
 ( )

³
−2 12

´
= 

³
12 12 

−2


´
=  (1) 

where we have used the fact that max1≤≤
°°°−1P

=1 
0


°°° =  ( ) which can be proved by

following the arguments used in the proof of Lemma A.7()  Observe that¯̄̄
̂321

¯̄̄
≤

¯̄̄̄
¯ 1√

X
=1

0diag
³
̂ −

´


¯̄̄̄
¯+

¯̄̄̄
¯ 1√

X
=1

0 0diag
³
̂ −

´


¯̄̄̄
¯

≡ ̂321 (1) + ̂321 (2) 

By (D.10) and Assumption A.3() 

̂321 (1) =

¯̄̄̄
¯ 1√

X
=1

X
=1

h³
β0 − β̂

´
+  

i0


³
̂ − 

´¯̄̄̄¯
≤  ( )

X
=1

X
=1

kk
¯̄̄
̂ − 

¯̄̄
≤  ( )

³
−2 12

´
= 

³
−2

34
´
=  (1) 

and

̂321 (2)

=

¯̄̄̄
¯ 1√

X
=1

X
=1

h³
β0 − β̂

´
+  

i0


00


¡
 00 0

¢−1
 00diag

³
̂ −

´


¯̄̄̄
¯

≤  ( )
°°°¡ 00 0¢−1°°° 1√



X
=1

X
=1

kk
°° 0 °°

°°°°°
X
=1

³
̂ − 

´
 0 

°°°°°
≤ 

³


−12
´(

max
1≤≤

−1
X
=1

kk
°° 0 °°

)
X
=1

°°°°°
X
=1

³
̂ − 

´
 0 

°°°°°
= 

³
−12−34

´
 (1 +  )

³
−2 12

´
= 

³
−2

14
´
=  (1) 

where we use the fact that max1≤≤ −1
P

=1 kk
°° 0 °° =  (1 +  ) which can be proved by

using arguments as used in the proof of Lemma A.7()  It follows that ̂321 =  (1)  Using the
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fact that
°°° (0)

 ( +  00 + )
°°° =  (1)

n°°0°°+ ( )
−12 kXk +  kk

o
and

°°°β0 − β̂°°° =
 ( ) and Assumption A.3, we have¯̄̄
̂321

¯̄̄
=

¯̄̄̄
¯ 1√

X
=1

X
=1

³
0 − ̂

´¡
0 + 00 

00 + 
¢


(0)

 diag
³
̂ −

´


¯̄̄̄
¯

≤  ( ) max
1≤≤

max
1≤≤

¯̄̄
̂ − 

¯̄̄
1√


X
=1

³°°0°°+ ( )
−12 kXk +  kk

´
kk

=  ( )

³
−1 + −12−12 ( )

1(8+4)
´
12 12 =  (1) 

In sum, we have shown that ̂321 =  (1) 

Now, we study ̂322 We first decompose ̂322 as follows:

̂322 =
1√


X
=1

¡
0 + 00 

00 + 0
¢
 (1)diag

³
̂ −

´


=
1√


X
=1

{0 (1)diag
³
̂ −

´
 + 00 

00 (1)diag
³
̂ −

´
 + 0

(1)diag
³
̂ −

´
}

≡ ̂322 + ̂322 + ̂322 say.

Note that
¯̄
0

(1)
¯̄
= 

¡
−1−1

¢n°°°P
=1 

0


°°°°° 0 °°+ °°°P
=1 

0


°°°°° 0 °°o + 

¡
−12−32

¢°° 0 °°°° 0 °°  By Boole’s inequality, Doob’s inequality (e.g., Hall and Heyde (1980, pp.14-15)) for m.d.s.,
and then Davydov’s inequality, for any   0 we have

D

Ã
max
1≤≤

°°°°°−12
X
=1


0


°°°°°


  18

!
≤

X
=1

D

Ã°°°°°−12
X
=1


0


°°°°°


  18

!

≤ 1

48

X
=1

D

°°°°°
X
=1


0


°°°°°
8



=  (1) 

It follows that max1≤≤
°°°P

=1 
0


°°° = 

¡
12 18

¢
 So uniformly in ( ) we have¯̄̄

0
(1)

¯̄̄
= 

³
−12−78

´¡°° 0 °°+ °° 0 °°¢+

³
−12−32

´°° 0 °°°° 0 °° 
Then ¯̄̄

̂322

¯̄̄
=

1√


¯̄̄̄
¯
X
=1

X
=1



X
=1

0
(1)

³
̂ − 

´


¯̄̄̄
¯

≤ −12
X
=1

X
=1

kk
X
=1

kk
¯̄̄
̂ − 

¯̄̄
×
n


³
−12−78

´ ¡°° 0 °°+ °° 0 °°¢+

³
−12−32

´°° 0 °°°° 0 °°o
≤ 

³
−12−78

´
−12

X
=1

X
=1

kk
X
=1

kk
¯̄̄
̂ − 

¯̄̄ °° 0 °°
+

³
−12−78

´
−12

X
=1

X
=1

kk
°° 0 °° X

=1

kk
¯̄̄
̂ − 

¯̄̄ °° 0 °°
24



+

³
−12−32

´
−12

X
=1

X
=1

kk
°° 0 °° X

=1

kk
¯̄̄
̂ − 

¯̄̄ °° 0 °°
≡ ̂322 (1) + ̂322 (2) + ̂322 (3)  say.

By Assumption A.3() 

̂322 (1) ≤ 

³
−1 18

´(
max
1≤≤

−1
X
=1

kk
)

X
=1

X
=1

kk
¯̄̄
̂ − 

¯̄̄ °° 0 °°
= 

³
−1 18

´
 (1)

³
−2 12

´
= 

³
−2

58
´
=  (1) 

Similarly, ̂322 () =  (1) for  = 2 3 So ̂1322 =  (1)  By the same token, we can show

that ̂322 =  (1) and ̂322 =  (1)  It follows that ̂322 =  (1) 

For ̂323 we have

̂323 =
1√


X
=1

03diag
³
̂ −

´


=
1√


X
=1

{0[ (2) + ()]diag
³
̂ −

´
 + 00 

00[ (2) + ()]diag
³
̂ −

´


+0[
(2) + ()]diag

³
̂ −

´
}

≡ ̂323 + ̂323 + ̂323 say.

Noting that 0[
(2)+ ()] = 

¡
−2

−78¢ ¡°° 0 °°+ °° 0 °°¢+

¡
−2

−32¢ °° 0 °°°° 0 °°+

¡
−1 

¢


we have ¯̄̄
̂323

¯̄̄
=

¯̄̄̄
¯ 1√

X
=1

X
=1

X
=1


0
[

(2) + ()]

³
̂ − 

´


¯̄̄̄
¯

≤ 

³
−2

−78
´ 1√



X
=1

X
=1

X
=1

||
°° 0 °° ¯̄̄̂ − 

¯̄̄
||

+

³
−2

−78
´ 1√



X
=1

X
=1

X
=1

||
°° 0 °° ¯̄̄̂ − 

¯̄̄
||

+

³
−2

−32
´ 1√



X
=1

X
=1

X
=1

||
°° 0 °°°° 0 °° ¯̄̄̂ − 

¯̄̄
||

+

¡
−1

¢ 1√


X
=1

X
=1

X
=1

||
¯̄̄
̂ − 

¯̄̄
||

≡ ̂323 (1) + ̂323 (2) + ̂323 (3) + ̂323 (4) 

By Assumption A.3() 

̂323 (1) = 

³
−12−2

18
´Ã

max
1≤≤
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³
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´
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³
−2 12

´
= 

³
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12 58
´
=  (1) 
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Similarly, ̂323 () =  (1) for  = 2 3 4 So ̂323 =  (1)  By the same token, we can show

that ̂323 =  (1) and ̂323 =  (1)  It follows that ̂323 =  (1) 

In sum, we have shown that ̂32 =  (1)  This completes the proof of () 

Step 2. We prove () ̂ = + (1) under H1 ( ) Recall  = −−1
P

=1 D () 

̄ = Ω
−12
  and ̂ = Ω̂

−12
 [ − −1

P
=1 ̂] It follows that

̂ −  = 4−2−1
X
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X
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⎧⎨⎩
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−1X
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#2
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"
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−1X
=1

̄
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X
=2

X
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⎧⎨⎩
"
̄

0


−1X
=1

̄

#2
−D

"
̄

0


−1X
=1

̄

#2⎫⎬⎭
≡ 41 + 42 say.

Noting that D (2) = 0 and VarD (2) =  (1) by direct moment calculations, we have 2 =

 (1) by Chebyshev’s inequality. Thus we are left to show that 1 =  (1)  Again, using 
2 − 2 =

(− )
2
+ 2 (− )  yields

1 = −2−1
X
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X
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"
̂̂
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−1X
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−1X
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̄

≡ 11 + 212

Let ̄12 ≡ −2−1
P

=2

P
=1[̄

0


P−1
=1 ̄]

2 By Cauchy-Schwarz’s inequality 12 ≤ {11}12©
̄12

ª12
 It is straightforward to show that ̄12 =  (1)  implying that it suffices to prove that

1 =  (1) by showing that 11 =  (1)  Using ̂̂ = (̂̂−̄)+̄ and Cauchy-Schwarz
inequality,

11 ≤ 3−2−1
X
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X
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We complete the proof of () by showing that (1) 111 =  (1)  (2) 112 =  (1)  and (3)

113 =  (1) 
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We first show (1) 111 =  (1). Using ̂̂ − ̄ = (̂ − ) ̄ + (̂ − ̄) +

(̂ − ) (̂ − ̄) and Cauchy-Schwarz’s inequality,

111 ≤ 3−2−1
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ByMarkov’s and Davydov’s inequalities we can show that −2−1
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2 =  (1) 

By Boole’s inequality, Doob’s inequality (e.g., Hall and Heyde (1980, pp.14-15)) for m.d.s., and then

Davydov’s inequality, for any   0 we have
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It follows that max1≤≤ max2≤≤
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=1 ̄
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¡
 1218

¢
 Using this, the fact that max1≤≤
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) and Assumption A.3 yields
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To determine the probability order of 111 and 111 we use the uniform probability order of

̂ − ̄ We decompose ̂ − ̄ as follows
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−12
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X
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≡ 1 − 2 − 3 − 4 − 5 say. (D.11)
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By Lemma A.7() and the fact that max1≤≤ max1≤≤ kk =  (( )
1(8+4)

) by Boole’s and

Markov’s inequalities, we have max1≤≤ max1≤≤ k1k =  ( ( )
1(8+4)

) Similarly max1≤≤

max1≤≤ k3k =  (
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Then by Assumption A.3,
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It follows that 111 =  (1) 
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To show (2) and (3)  we find that it is convenient to bound  ≡ −12
P−1

=1(̂̂ − ̄)
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as we can show that max1≤≤
°°°−1P

=1 
0
 [ −D ()]

°°° =  ( ) by following the arguments

used in the proof of Lemma A.7()  It follows that max1≤≤ max1≤≤ k1k =  (1)  Similarly,

using the expression for ̂ in (B.4) and (D.11), we can show that max1≤≤ max1≤≤ k2k =  (1)

and max1≤≤ max1≤≤ k3k =  (1) after tedious calculations. Hence max1≤≤ max1≤≤ kk =
 (1)  It follows that
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as one can readily show that −1−1
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°°°2 =  (1). Thus 11 =  (1)  This

completes the proof of ()  ¥
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