
PROBLEMS AND SOLUTIONS

PROBLEMS

03.5.1. A Concise Derivation of the Wallace and Hussain
Fixed Effects Transformation

Badi H+ Baltagi
Texas A&M University

Consider the panel regression model with two-way error component distur-
bances defined by

uit 5 m i 1 lt 1 nit i 5 1, + + + ,N t 5 1, + + + ,T+

Wallace and Hussain~1969! derive the fixed effects transformation for this model
by “trial error and generalization+” Use the Frisch–Waugh–Lovell theorem de-
scribed in Davidson and MacKinnon~1993, p+ 19! to obtain a concise deriva-
tion of this Within transformation+
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03.5.2. Consistent Standard Errors for Target Variance
Approach to GARCH Estimation

Dennis Kristensen and Oliver Linton
London School of Economics

In a recent paper Engle and Sheppard~2001! have used a “target variance”
approach to estimate a class of multivariate generalized autoregressive condi-
tional heteroskedasticity~GARCH! models+ The question we pose here is how
to derive the asymptotic distribution of the estimators and find the correct stan-
dard errors for a univariate version of this+ Suppose that

yt 5 «t st , st
2 5 v 1 bst21

2 1 gyt21
2 ,

where«t is independent and identically distributed mean zero and variance one+
The parameters are assumed to be positive, v,b,g . 0, and satisfy

b 1 g , 1+ (1)
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Under~1!, the unconditional variance, s2, is well defined and is given by

s2 5 E~st
2! 5

v

12 g 2 b
+

We can reparameterize the model in terms of~s2,b,g!:

st
2 5 s2~12 g 2 b! 1 bst21

2 1 gyt21
2 +

The target variance approach is to choose the estimator ofu 5 ~ b,g! as
Zu 5 arg minu[Q ,T~u, [s2! where

,T~u, [s2! 5 2
1

2T (
t51

T

log st
2~u, [s2! 2
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t51

T yt
2

st
2~u, [s2!

and

st
2~u, [s2! 5 [s2~12 g 2 b! 1 bst21

2 1 gyt21
2 ,

[s2 5
1

T (
t51

T

yt
2+

This method has a nice computational advantage over the usual GARCH esti-
mation because the optimization is only with respect to the two parametersb,g,
and avoids the usual problem where there is a high covariance between the
maximum likelihood estimates ofv andb+

Derive the asymptotic variance ofMT ~ Zu 2 u! and suggest consistent stan-
dard errors+
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SOLUTIONS

02.5.1. A Mixingale Inequality Using an Exponential Moment

Robert M+ de Jong
Michigan State University

First note that for allK . 0,

7E~Xt 6G2`
t2m! 2 EXt7p

# 7E~Xt I ~6Xt 6 # K !6G2`
t2m! 2 EXt I ~6Xt 6# K !7p

1 7E~Xt I ~6Xt 6 . K !6G2`
t2m! 2 EXt I ~6Xt 6 . K !7p

# 6a~m!10pK 1 2~E6Xt 6 pI ~6Xt 6 . K !!10p,
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where the last equation follows from the inequality

7E~Yt 6G2`
t2m! 2 EYt7p # 6a~m!10p210r 7Yt7r

with r 5 ` andYt 5 Xt I ~6Xt 6 # K ! and the inequality

7E~Xt I ~6Xt 6 . K !6G2`
t2m! 2 EXt I ~6Xt 6 . K !7p

# 27Xt I ~6Xt 6 . K !7p 5 2~E6Xt 6 pI ~6Xt 6 . K !!10p+

Next, note that for allK $ 1,

E6Xt 6 pI ~6Xt 6 . K ! 5E
K p

`

P~6Xt 6 . s10p! ds

5E
K p

`

P~exp~6Xt 6! . exp~s10p!! ds

# E exp~6Xt 6!E
K p

`

exp~2s10p! ds

# E exp~6Xt 6!Cp1 K p21 exp~2K !

for some constantCp1, where the first inequality is the Markov inequality, im-
plying that for allK $ 1,

7E~Xt 6G2`
t2m! 2 EXt7p # 6Ka~m!10p 1 ~2Cp1 E exp~6Xt 6!K p21 exp~2K !!10p

# 6Ka~m!10p 1 2Cp1
10p~E exp~6Xt 6!!10pK 1210p exp~2K0p!+

Now settingK 5 2pEexp~6Xt 6! log~1 1 a~m!21! ~and noting thatK . 1! will
turn the preceding inequality into

7E~Xt 6G2`
t2m! 2 EXt7p

# 12pEexp~6Xt 6! log~11 a~m!21!a~m!10p

1 2Cp1
10p~E exp~6Xt 6!!10p~2pEexp~6Xt 6!

3 log~11 a~m!21!!1210p~11 a~m!21!22E exp~6Xt 6!+
5 a 1 b, say+

Now note thatE exp~6Xt 6! . 1, implying that the last expression can be bounded
by

a 1 Cp2 E exp~6Xt 6!~11 a~m!21!21 ~log~11 a~m!21!!1210p

# a 1 Cp3 E exp~6Xt 6!a~m!10p log~11 a~m!21!

for constantsCp2 andCp3+ SettingCp 5 12p 1 Cp3 now gives

7E~Xt 6G2`
t2m! 2 EXt7p # Cpa~m!10p log~11 a~m!21!E exp~6Xt 6!,

which is the stated result+
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02.5.2. Durbin–Watson Statistic and Random Individual Effects

Stanislav Anatolyev
New Economic School, Moscow

In all regressions, the residuals consistently estimate corresponding regres-
sion errors+ Therefore, to find a probability limit of the Durbin–Watson statis-
tic, it suffices to compute the variance and first-order autocovariance of the
errors across the stacked equations

p lim
nr`

DW 5 2S12
®1

®0
D,

where

®0 5 p lim
nr`

1

nT (
t51
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(
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n

uit
2, ®1 5 p lim

nr`

1

nT (
t52

T

(
i51

n

uit ui, t21,

anduit ’s denote regression errors+ Note that the errors are uncorrelated where
the indexi switches between individuals, hence summation fromt 5 2 in ®1+

Consider the original regression~1! where uit 5 m i 1 vit + Then ®0 5
sv

2 1 sm
2 and
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1

T (
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Thus

p lim
nr`

DWOLS 5 2S12
T 2 1

T
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2 1 sm

2D5 2
Tsv

2 1 sm
2

T~sv
2 1 sm

2!
+

Consider the Within regression~2! whereuit 5 vit 2 Svi{+ Then
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T
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Thus

p lim
nr`

DWWithin 5 2
T 1 1

T
+

Consider the Between regression~3! whereuit 5 m i 1 Svi{+ Then

®0 5
1

T (
t51

T

p lim
nr`
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~m i 1 Svi{ !2 5 sm
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2D+
Thus

p lim
nr`

DWBetween5
2

T
+

The generalized least squares transformation orthogonalizes the errors;
therefore,

p lim
nr`

DWGLS 5 2+

Because all computed probability limits except that forDWOLS do not depend
on the variance components, the only way to construct an asymptotic test of
H0 :sm

2 5 0 vs+ HA :sm
2 . 0 is by usingDWOLS+ UnderH0, MnT~DWOLS2 2! d

&&

N~0,4! as n r ` ~estimation ofb does not affect the limiting distribution!+
UnderHA, p limnr`DWOLS , 2+ Hence a one-sided asymptotic test forsm

2 5 0
for a given levela is

Reject ifDWOLS , 2S11
za

MnT
D,

whereza is thea-quantile of the standard normal distribution+
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